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We study 4d A = 2 gauge theories with a co-dimension two full
surface operator, which exhibit a fascinating interplay of super-
symmetric gauge theories, equivariant Gromov-Witten theory and
geometric representation theory. For pure Yang-Mills and N = 2*
theory, we describe a full surface operator as the 4d gauge theory
coupled to a 2d A = (2,2) gauge theory. By supersymmetric local-
izations, we present the exact partition functions of both 4d and 2d
theories which satisfy integrable equations. In addition, the form
of the structure constants with a semi-degenerate field in SL(N, R)
WZNW model is predicted from one-loop determinants of 4d gauge
theories with a full surface operator via the AGT relation.
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1. Introduction

In [1], a large family of 4d N = 2 superconformal field theories (SCFT),
known as class S theories, has been constructed by compactifying the 6d
N = (2,0) theory on a Riemann surface. This construction as well as ad-
vances in exact results of supersymmetric partition functions has led to the
celebrated AGT relation [2, 3], which amounts to the statement that the
partition function of a 4d N'= 2 SCFT on S} [4, 5] can be identified with a
correlation function of 2d Toda CFT on the corresponding Riemann surface.

The AGT relation becomes particularly enriched when we insert a half-
BPS non-local operator called a surface operator [6] supported on S? C
Si. One can characterize a surface operator by specifying the boundary
condition of the gauge field on S C S;f which breaks the gauge group to the
Levi subgroup L C G. In this paper, we consider the SU(N) gauge group
so that the Levi subgroup L = S[U(Nj) x --- x U(Ny)] is specified by a
partition N = Nj + - - - + Nj; which we denote [Ny, ..., Ny]. Especially, the
surface operator of [1, N — 1]-type is called simple and that of [1,. .., 1]-type
is denoted full. Moreover, the dynamics on a surface operator is described
by coupling a 2d gauge theory to the 4d bulk theory [7-10].

From the 6d view point, there are two ways to realize a surface operator.
One way is to attach a collection of M2-branes on the M5-branes and we call
it a co-dimension four surface operator. It was argued in [11] that the in-
sertion of a completely degenerate field in Toda CFT realize a co-dimension
four simple surface operator in a 4d gauge theory. Thus, the Nekrasov par-
tition function with the surface operator satisfies the BPZ equation [12].
Recently, the authors of [10] provide a complete microscopic description of a
general co-dimension four surface operator in terms of a 2d N' = (2, 2) gauge
theory coupled to the 4d NV = 2 gauge theory and identify the corresponding
degenerate operator in Toda CFT labelled by a Young diagram.

On the other hand, the intersection of M5-branes spanning S? C Sé
and wrapping a Riemann surface also gives rise to a surface operator in
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the 4d gauge theory, which we denote a co-dimension two surface opera-
tor. The effect of wrapping the defect on the Riemann surface results in
the change of the symmetry in 2d CFT. For a surface operator of type
N=[Ny,... , Nar], it was conjectured [13, 14] that the 2d symmetry is the
W-algebra W (sl(N), N) obtained by the quantum Drinfeld-Sokolov reduc-
tion [15-17] for the embedding py : 5I(2) — sl(/V) corresponding to the par-
tition N. For the 4d gauge theory side, the moduli space of instanton with the
boundary condition of the gauge field on the surface is called affine Laumon
space. It was shown in [18, 19] that the affine Laumon space is equivalent to
instanton moduli space on an orbifold C x (C/Zjy) so that it admits quiver
representations, called chain-saw quivers. Using the quiver representations,
one can demonstrate localization computations of the Nekrasov partition
functions [18, 20]. It was checked in [14, 20-22] [23, §6.1] that the instanton
partition function of the pure Yang-Mills theory with a surface operator of
type N is equal to the norm Qf the Gaiotto-Whittaker state in the Verma
module of the W-algebra W (sl(N), N). In particular, for a full surface op-
erator [1,..., 1], more extensive checks have been carried out [24-26] for the
correspondence between instanton partition functions and conformal blocks
of the affine Lie algebra sl(/N). In this paper, we shall provide the con-
tour integral expressions of the Nekrasov partitions functions for the pure
Yang-Mills and the N' = 2* theory with a surface operator by using the su-
persymmetric non-linear sigma model with the chain-saw quiver as a target.

The Nekrasov partition functions in the presence of a surface operator
encode both 4d and 2d non-perturbative dynamics. Hence, when we turn off
the 4d instanton effect, the Nekrasov partition functions reduce to 2d vortex
partition functions which contains the non-perturbative dynamics on the
support of the surface operator. In fact, when the instanton number is zero,
the chain-saw quivers demote to hand-saw quivers so that the generating
function of equivariant cohomology of the hand-saw quivers becomes the
vortex partition function. On the other hand, a surface operator can also
be described as a coupling of the 4d gauge theory with a 2d theory on
the surface. In particular, the description on a surface operator in the pure
Yang-Mills is given by a coupling of the N = (2,2) non-linear sigma model
with a flag manifold G/L. In addition, for the A" = 2* theory, the N' =
(2,2)* non-linear sigma model with the cotangent bundle T*(G/L) of the
flag manifold depicts the dynamics on the support of the surface operator.
Since their ultra-violet descriptions as N = (2, 2) gauged linear sigma models
are known, one can also compute the vortex partition functions by means of
Higgs branch localizations [27, 28]. Therefore, we will see the correspondence
of vortex partition functions computed by the two methods.
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In this paper, we will also demonstrate explicit calculations for one-loop
determinants when a full surface operator is inserted. The N = 2 partition
functions on Sgl require both the Nekrasov partition functions and one-loop
determinants over the instanton configurations [4, 5]. Since the Nekrasov
partition functions in the presence of a full surface operator can be com-
puted by the orbifold method, it is plausible to expect that the one-loop
determinants with a full surface operator is equivalent to those on the orb-
ifold space C x (C/Zy). In fact, we show that the one-loop determinants
calculated by using the index theory on C x (C/Zy) correctly encode both
4d and 2d perturbative contributions.

In the AGT relation, the Nekrasov partition functions correspond to
the conformal blocks while the one-loop determinants is equivalent to the
product of the three-point functions of 2d CFT. When N = 2, the one-loop
determinants of 4d gauge theories with a full surface operator computed by
the orbifold procedure reproduce the structure constant of SL(2,R) WZNW
model determined in [29-31]. Furthermore, using the one-loop determinants
of 4d gauge theories with a full surface operator, we predict the form of the
two-point and three-point functions of SL(N,R) WZNW model.

Let us also mention the algebro-geometric aspect of the AGT relation
with a surface operator. The fundamental idea of algebraic topology is to
extract algebraic objects which encode the information of a given space. Ho-
mology, cohomology groups and fundamental groups can be seen as typical
examples for this idea. This idea has resulted in a great success in mathe-
matics of the 20th century. From the late 80s, inspired by the idea coming
from quantum field theory and string theory, “quantizations” of these in-
variants in algebraic topology have been introduced, which opened up to
the dawn of new geometry and quantum topology. In particular, one of sig-
nificant steps to uncover deeper structures behind “quantization” has been
made by Givental [32-34]. Since Givental’s theory plays an essential role in
this paper, let us briefly review it by using a projective space PV ! as an
example.

It is well-known that the cohomology ring of PV~ is isomorphic to

(1) H*(PY™1) = Cla]/ (") .

The cohomology ring relation 2V = 0 can be resolved by using equivariant
cohomology. To see that explicitly, let us define the S'-equivariant action
on PN-1 by

(2) Mzo i ian—1] =[N 20 -t ANV 1zn 4],
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for A € S1. Then, the S'-equivariant cohomology ring of PV~ is given by

N-1
(3) Hg (PY™1) = Cla, 1)/ (H (z — nﬁ)> :

=0

where A represents the hyperplane class of the base manifold of the universal
Sl-bundle

(4) S2otl — pSt — BS' = P> |

so that H*(BS') = H*(P*) = C[h]. Here the hyperplane class A plays a
similar role to the Planck constant so that it resolves the cohomology ring
relation. Moreover, the cohomology ring is quantized based on Gromov-
Witten theory. The quantum cohomology is ordinary cohomology with a
quantum product defined by

(5) TioTy =Y Cityn™Ty
kol

for a basis T; of the cohomology group. Here the structure constants
Ciji(t) = BT%#F(?T is the third derivative of the genus-zero prepotential
depending on the complexified Kéahler parameter ¢ and n;; := [T; UTj is
the metric on the cohomology group. In fact, the WDVV equation is equiv-
alent to the associativity of the quantum product, and therefore the quan-
tum product can be thought of as quantum deformation of the cup product
of cohomology. Writing ¢ = e, the quantum cohomology ring of PV~ is
isomorphic to

(6) QH* (PN~ = Clz,q]/(2™ —q) .

One of the most intriguing aspects of quantum cohomology is its relation
with differential equations. Actually, Givental’s profound insight perceived
the relation in the equivariant Floer homology of the loop space. Roughly
speaking, the Floer homology is the -dimensional homology theory of
infinite-dimensional manifolds. In this example, it is suitable to consider

the universal covering LPN—1 of the loop space LPN 1 : = Map(S?, PN- 1
of the projective space. For this space, one can obtain the expll(:lt expression
of the S'-equivariant Floer homology

(7) HFE%( (LPN-1 P @ Clh) - (x — mh)* - T (= = 3m)™

meZ k=0 j<m
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P

Remarkably, the S'-equivariant Floer homology HF&, (LPN—1) turns out to
be endowed with Z-module structure

(8) 2/(0N —q) |
where we define

p-J(x,h)=x-J(z,h),
(9) q-J(x,h)=J(x—h,h),

for J(z,h) € HF§ (LPN—1). From the definition, it is easy to see [p, ¢ = hq
so that p can be regarded as a differential operator hqd% on functions of ¢.

Therefore, the Z-module structure (8) can be rephrased as

(10) [(hqjq)N - q] J(g)=0.

Usually, this differential equation is called a quantum (Dubrovin) connec-
tion, which can be considered as a “quantum curve” of the quantum coho-
mology ring. This directly leads to the theory of integrable systems because
2-modules of this kind can be written as flat connections. Furthermore, it
turns out that the solution of the quantum connection (10) is given by the
generating function of the equivariant genus-zero Gromow-Witten invaraints
with gravitational descendants which is called Givental’s J-function of PN 1

(11) JPN Y =en —
; 10 (x + jh)N

The precise definition of the J-function of a compact Kéahler variety is given
in §2.1.2.

The J-functions are sublated by Braverman and Etingof to geomet-
ric representation theory [35, 36]. In [35], the invariant equivalent to the
J-function of the complete flag variety Fly has been constructed as the
generating function of the equivaraint cohomology of the moduli space of
quasi-maps P! — Fly. The moduli space of quasi-maps P' — Fly is called
Laumon space which is indeed described by the hand-saw quivers. Strikingly,
the equivaraint cohomology of the Laumon space turns out to be isomorphic
to the Verma module of the Lie algebra sl(N). Moreover, this relation can be
uplifted to the infinite-dimensional version by using the affine complete flag
variety which can be thought of as a complete flag variety for the loop group.
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In fact, the moduli space of quasi-maps from P! to the affine complete flag
variety is the affine Laumon space, and its equivariant cohomology receives
the action of the affine Lie algebra sl(/N). Therefore, this can be naturally
interpreted in the context of the AGT relation with a full surface operator.
From this view point, the Nekrasov partition function of the pure Yang-Mills
with a full surface operator can be considered as the J-function of the affine
complete flag variety. In addition, the geometric representation theoretic as-
pect of the N' = 2* theory with a full surface operator has been studied by
Negut [37, 38]. In this paper, we just provide a physical interpretation of the
results in [35-38]. Nevertheless, the AGT relation of class S theories with a
surface operator generally provides a rich arena for a vast generalization of
Givental theory, and quantum connections therefore appear as differential
equations of Knizhnik-Zamolodchikov type.

The paper is outlined as follows. In §2, we provide a microscopic de-
scription of a full surface operator and give explicit formulae of the partition
functions of 4d and 2d gauge theory for the pure Yang-Mills and the N/ = 2*
theory. Most of the results in this section have already been proven in lit-
erature of mathematics [19, 35-43]. What is mathematically new is that we
conjecture the explicit expression of the J-function of the cotangent bundle
of the complete flag variety by using the supersymmetric partition function
on S2. In addition, we show the evidence that the one-loop determinants
can be computed by the orbifold method. In §3, we predict the form of the
two-point and three-point function of SL(N,R) WZNW model by using the
one-loop determinants of the 4d gauge theory. §4 is devoted to discuss fu-
ture directions. In Appendix A, we derive the contour integral expressions of
Nekrasov partition functions with a general surface operator, and computa-
tions of one-loop determinants by means of the Atiyah-Singer index theory
is given in Appendix B. Finally, the J-function of the cotangent bundle of
a partial flag variety is presented in Appendix C.

2. Gauge theory with full surface operator

The surface operator was first introduced as a half-BPS non-local oper-
ator supported on a surface in the N'=4 SCFT by Gukov and Witten
[6]. One way to define a surface operator is to specify a singular behav-
ior of gauge fields on the surface. To describe more precisely, let (z1, 22)
be complex coordinate and the surface operator is supported on the plane
C = {(z1, 22)|z2 = 0}. If (1, 0) is the polar coordinate of zo-plane, the singular
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behavior of gauge fields is prescribed as
(12) Aydat ~ diag(a, ..., an)idf

on the place C. Thus, the parameters @ = (aq,...,an) can be considered
as the monodromies of the abelian gauge fields around the operator. If the
singular date has the structure

(13) A= (1) QL) QD)+ -5 QYD) -+ o5 (MY - -+ 5 (M) 5
~~ —
N times N> times Ny times

where (1) > a(741), the gauge group is broken to the commutant of @ on
the surface C:

(14) L = S[U(N1) x U(N2) x --- x U(Np)]

which is called the Levi subgroup. In fact, the subgroup L is the Levi part
of a parabolic subgroup P of the complexified Lie group G¢. For instance, if
a=(a,...,a,(N —1)a), the Levi group is L = SU(N — 1) x U(1), which is
called simple. When all o; are distinct, which is called a full surface operator,
the Levi group is . = U(1)" and the corresponding parabolic group is the
Borel subgroup B of SL(N, C). In addition to the M continuous parameters
«(r), there are “electric parameters” or “2d theta angles” n; corresponding
to U(1)M € L. These parameters enter into the path integral through the

phase factor exp(inym’) where m! are magnetic fluxes on C
(15) ml = = / FI (=1 M)
27T C PR ?

where >, ml = 0.

The other way to describe a surface operator is to couple a 4d N = 2
gauge theory to an N = (2,2) supersymmetric gauge theory on the sur-
face C [6]. For the surface operator in the pure Yang-Mills, the 2d theory
flows at infrared to the N/ = (2,2) supersymmetric non-linear sigma model
(NLSM) with the partial flag variety G¢/P as a target. In this description,
the combined parameters t = 2mi (7 + id) are identified with the complexi-
fied Kahler parameters of the NLSM. Furthermore, for the surface operator
in the A/ = 2* theory, the infrared description of the 2d theory is given by an
N = (2,2) NLSM with the cotangent bundle T*(G¢/P) of the flag variety.

The instanton configurations F'=— % F on R*\C with the singularity (12)
are called ramified instantons. The moduli space of the ramified instantons is
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characterized by the Levi subgroup with N = [N, ..., Ny, the instanton
number k& and the magnetic fluxes m! so that we denote it by M Nkt
The corresponding objects in algebraic geometry is actually rank-/N torsion-
free sheaves on P! x P! with coordinates (21, z2), with framing given at
{z1 = 00} U {22 = 0o} and with parabolic structure of type P given at {z2 =
0}, called affine Laumon space [18, 19]. The affine Laumon space can be
also regarded as the smooth resolution of the space of quasi-maps from
P! into affine flag variety [43]. Furthermore, using the equivalence between
a parabolic sheaf on P! x P! of type P and a Zjps-equivariant sheaf on
P! x P!, the quiver description of M N kot is given by the ADHM quiver on
the orbifold space C x (C/Zjps). The resulting quiver is called a chain-saw
quiver shown in Figure 1. In this prescription, it is convenient to combine
the instanton number k and the magnetic fluxes m’ as follows:

(16) kv =k, krp1 =k +m!t

where the index [ is taken modulo M. Thus, we also denote the moduli
space of ramified instantons by M g - with k= [ki,...,ku). To describe the
ADHM construction of MN’E, let Vi and Wr (I =1,..., M) vector spaces
of dimension

(17) dimW; = N;,  dimV; = ky ,

and we denote Ay € Hom (V7,V7), Br € Hom (V7,Vi41), Pr € Hom (Wp, V7)
and Q7 € Hom (V7, Wr41). Then, the ADHM equations are

(18) 5((31) = A[+1B[—B[A[—|-P[+1Q[:O .
where the index [ is taken modulo M. The moduli space is given by

(19) Mg ¢ =1{(Ar, By, Pr, Q1)|Eg) = 0, stability condition}
JGL(k1,C) ® - - ® GL(kys, C) .

As in the case without a surface operator, the moduli space M NF of ramified
instantons receives the action of the Cartan torus U(1)2 x U(1)Y of the
spacetime and the gauge symmetry. Due the the orbifold operation, one
of the equivariant parameters of U(1)? acts on the spacetime coordinate
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fractionally as
(20) (21,22) — (eielzl,eiQ/Mzg) .

In addition, since there are non-contractible cycles in the asymptotic region
of C x (C/Zyyr), the gauge field can have a non-trivial holonomy. The non-

trivial holonomy shifts the equivariant parameters (a1,...,ay) of U(1)V
by
(21) asy—asr— e, (s=1,...,Np) .

Fixed points under the equivariant action can be labeld by N -tuple of Young
diagrams. For more detail, we refer the reader to [20]. Subsequently, the
character of the equivariant action at the fixed points yields the Nekrasov
insanton partition function [18, 20]

(22> 1nst Z HZ[ Nk (€1,€2,a, m) )

where z; are instanton counting fugacity and Z (€1, €2,a,m) depends on
the matter content of the theory. In the context of the AGT relation, it
was conjectured [13] that the 2d symmetry is the W-algebra W(s[( ),N)
obtained by the quantum Drinfeld-Sokolov reduction [15-17] for the em-
bedding p : sl(2) — sI(N) corresponding to the partition N. In particular,
when a full surface operator is present, it wan first proven in [35, 36] that
the equivariant cohomology of the ramified instanton moduli space M[lN],IZ

receives the action of the affine Lie algebra ET[(N ). The checks of the cor-
respondence between instanton partition functions of 4d SCFTs and s[(N)
conformal blocks have been carried out in [24-26]. For general W-algebras,
it has been checked in [14, 20, 21] that the ramified instanton partition func-
tions of the pure Yang-Mills match with the norm of the Gaiotto-Whittaker
states in the Verma module of the corresponding W-algebra.

By making change of variables

(23) [Ter=a. ar=etiie,
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A Ay An Ay

>1(% 31”% B2>-~-BN1>X£}V BN;‘(/} 5
NN SN

Wi Wo Wi Wh

Figure 1: Chain-saw quiver.

the instanton partition function (22) can be re-arranged with (16) as

oo
(24) %nst[N] = Z Z qketmc@p]\_f’k,ﬁ(eh €2, avm) )
k=0 meAL

If a theory is superconformal, the fugacity of the instanton number k can be
expressed in terms of the complexified gauge coupling 7 by ¢ = €*™7. For an
asymptotically free theory, it is replaced by the dynamical scale A with ap-
propriate mass dimension. The chemical potentials ¢ for the magnetic fluxes
1 are indeed the 2d complexified Kihler parameters ¢ = 27i(7j 4 i@). Hence,
when the instanton number is zero k = 0, the partition function encodes only
2d dynamics on the support of the surface operator. Moreover, the k =0
specialization of the chan-saw quiver in Figure 1 reduces to the hand-saw
quiver [19] in Figure 2, which is equivalent to the smooth resolution of the
space of quasi-maps from P into the flag variety, called Laumon space [44].
The finite W-algebra that can be obtained by quantum Drinfeld-Sokolov
reduction of Lie algebra acts on the equivariant cohomology of the Laumon
space [44]. We shall show that the generating function of the equivariant
cohomology of the Laumon space is actually the vortex partition function of
the A/ = (2,2) NLSM with the partial flag variety specified by the partition
N.In particular, the generating function of the equivariant cohomology of
the Laumon space can be identified with the Givental J-function of the flag
variety [35].

In this section, we concentrate on the pure Yang-Mills and the N =
2* theory with a full surface operator. For these theories, the Nekrasov
partition functions and the vortex partition functions on the support of the
surface operator obey differential equations. Since they can be interpreted as
quantum connections of Givental J-functions, they are written as integrable
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Ay A, An—_2 An_1

(l (l ¢ Q

Bn_2
> Vo — VN1

PN2QN2PJNV‘1

Wn_o Wn_1 Wi

Figure 2: Hand-saw quiver.

Hamiltonians. The pure Yang-Mills is related to the Toda integrable system
[35, 36, 39, 40] whereas the N' = 2* theory is connected to the Calogero-
Moser integrable system [37, 38, 43]. When a general surface operator is
placed, we present the partition functions in Appendix A and C.

Since an N = 2 supersymmetric path integral on Sf} localizes on the
(anti-)instanton configurations on the north (south) pole, in order to obtain
full exact partition functions on 5’{}, one-loop determinants over the (anti-
)instanton configurations have to be computed in addition to instanton par-
tition functions [4, 5]. When a surface operator is present, the calculations of
one-loop determinants have not been demonstrated although the literature
[14, 18, 20, 21, 24-26] has evaluated instanton partition functions. As in the
case of instanton partition functions, it is natural to expect that the one-loop
determinants can be evaluated by the orbifold method. In this paper, we pro-
pose that one-loop determinants in the existence of a full surface operator
can be obtained by means of the Atiyah-Singer index theorem for transver-
sally elliptic operators on the orbifold space C x (C/Zy). To support this
statement, we shall show that the one-loop determinants computed by this
method correctly contain both the 4d and 2d perturbative contributions.

2.1. Pure Yang-Mills

2.1.1. Instanton partition function. The pure SU(NN) Yang-Mills the-
ory is obtained by wrapping N M5-branes on a two-punctured sphere. Al-
though the instanton partition function of the pure Yang-Mills with a surface
operator is expressed as a character of the equivariant action at the fixed
points of the chain-saw quiver shown in Figure 1 [20], here we yield the
contour integral representation of the U(V) instanton partition function by
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using the supersymmetric NLSM with the chain-saw quiver as a target. Since
the detail is presented in Appendix A, we just give the expression (A.6) for
the U(N) instanton partition function of the A' = 2 pure Yang-Mills theory
with a full surface operator

(25) L (1] = Z (H I ) [fflil]rek ’

where

N ks (1)

pure __ ZI 1 dd)s
(26) "@p[lzv],/; B fH H _ (171)62)( (I)

1151

+arp+e—12)

N kr kg [ N  kr k1+1 (I+1)

[T~ HHWg e

I=1s=1t#s st+ 1 71=1s= ltlgbs

The SU(N) instanton partition function could be obtained by simply drop-
ping the “U(1) factor” [2, 20]. Then, the SU(/V) instanton partition function
is dual to the norm of a coherent state, called the Gaiotto-Whittaker state,
of the Verma module of the affine Lie algebra sl(N) [20, 25]. Interestingly,
the instanton partition function satisfies the periodic Toda equation [45]

2 N N N
€ T
(27) 21 Y (2101 — 21410141)* + e Yz — Y x| N =0,

where we impose the periodic condition zy47 = zr on 2z and

(28) ur =apy1 —ay , UrpN = U + €2 .

In fact, making the change of variables as in (23)
(29) [[zr=A, z=etn (I=1,...,N-1),

where A can be interpreted as the dynamical scale of the pure Yang-Mills,
one can bring the equation into the more familiar form

9 ur
(30) 26162A8A + Ay — 2 <Aet’V by Z elt )] G Qﬁgbte[lN])

acll
= (aa)e” 5 ZPNN))

inst
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where II represents the set of simple roots of sI(N) so that > elte) =
S etr=trerand the rest of notations is as follows:

N=1 52 N-1 N
B Ay=) o5, (at)= atr, {a,a)=> aj.
=0 1 I=1 I=1

This was first derived in the context of geometric representation theory
[35, 36] and later reproduced in the context of the AGT relation [45, 46].

OO 0D

Figure 3: Quiver diagram of the 2d-4d coupled system for the pure Yang-
Mills in the presence of a full surface operator where we use the hybrid node
as in [10] to denote a 4d gauge group which gauges a 2d flavor symmetry.
The Higgs branch of N = (2,2) GLSM is the complete flag variety.

2.1.2. J-function of complete flag variety. Since the surface operator
is a half-BPS operator, it preserves four supercharges. Moreover, the surface
operator can be also described as a 2d N = (2,2) supersymmetric gauge
theory coupled to the 4d N = 2 gauge theory. For a full surface operator
in the 4d N' = 2 pure Yang-Mills, the 2d A = (2,2) supersymmetric gauge
theory coupled to the 4d pure Yang-Mills is described by the quiver diagram
above (Figure 3). At UV, the matter content consists of bifundamentals
(1,2)®---&(N—2,N—1) and N fundamentals N — 1. The 2d quiver
gauge theory is coupled to the 4d pure Yang-Mills by gauging the flavor
symmetry U(N). Hence, the Coulomb branch parameters a; in the 4d theory
become the twisted masses of the fundamentals in the 2d theory. Since the
Higgs branch of the 2d theory is given by the complete flag variety Fly =
SL(N, C)/B where B is the Borel subgroup of SL(N, C), the 2d theory flows
to the NLSM with the complete flag variety Fly in the infrared. It is worth
mentioning that there is another description for the complete flag variety as
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an increasing sequence of linear subspaces of CV
(32) 0cCcC?®c..-cCNltcch,

which indeed yields the quiver description. In fact, the description by the
gauged linear sigma model (GLSM) presented in Figure 3 enables us to
compute the exact partition function of the N' = (2,2) quiver gauge theory
on S? [27, 28]. From the S? partition functions, one can extract the Givental
J-function of the Higgs branch of the GLSM [47], which plays an important
role in this paper.

Therefore, let us briefly recall the definition of the Givental J-function
of a compact Kahler variety X. Let Ty = 1,71,...,T,, be the basis of the
cohomology group H*(X,Z), and T1,...,T, be the basis of the second co-
homology group H?(X,Z). We define the matrix gij = fXTi UTj, and its
inverse matrix g% = (g;;)~!, which provide the dual basis

m
(33) T =" g"T,
b=1

so that [ X T U T; = 5; We denote by ﬂg’n (X, ) the moduli space of stable
maps from connected genus g curves with n-marked points to X representing
the class § € Hy(X,Z). Let Lq,...,L, be the corresponding tautological
line bundles over Mg, (X, /). For 71,...,7, € H*(X,Z) and non-negative
integers d;, the gravitational correlation function is defined

n

(34) (M- Td M) g = /[ e [Te(co®™ vev(w) .

The J-function of X is defined by using the psi class 1 = ¢1(L1)

Vs ™
075

where 6 = 37, t;T; and P = els?, Thus, it is regarded as a generating func-
tion for once-punctured genus zero Gromov-Witten invariants with gravita-
tional descendants.

(35) JX)=et 1 > Zq<

/BGHQ(XZ a 1
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Now, let us compute the partition function of the 2d gauge theory on
52, The Coulomb branch formula of the partition function is given by

1
ZIFIN) = [ =y
T arD (N _ip(D B
1) (I) (1) R(I
> / H?S.e%g 7B Zector Zbifund Ztund
- i
B I=1 s=1
I=1-N—1
N—1 I

=2 s<t
o (I+1)
N-2 [ I+1 <T(1) _pen_ B +Bt2 )
Zblfund: H B(I) BIFLY
I=1 s=1t=1 | 1=7{V 47T - =5— 4 =15 )
(N-1)
N—-1 N P<T.(N 1) Bs2 _n
qund = H B(N i) 5

where £0) is the Fayet-Iliopoulos parameter, 8) is the theta angle and BgI)
are quantized magnetic fluxes on S? associated to the gauge group U([I).
In the integrand, the gamma functions have an infinite tower of poles at
negative integers. These towers of poles can be dealt by making changes of
variables

(1)

(37) ) = % — (D 4 pta, -t
where Eg) are non-negative integers. Defining /<:§” = Eg) — Bgl), the summa-

tion can be written as 3 50 ez 2> = 2fins0 2iinso SO that one can
manipulate the partition function into

1
U (N =1

N-1 I
E H (21Z1) hHHD | ==t 3 a0
27Thz
oc€eSN

I=1 s=1

(38) Z[Fly] =

Zl—loop( o(1) ) Zy (aa(i) ) Zay (acr(i) ) )
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> 1[N =2 frU+1) [ | (D) _ (N=-1)
Zirooy = K2 TSNS (D LI HO(141) N H |

—1 I -1
T ITo (- + 1)
1=2 s#t
N—2 I I+1
—1 pp(I41
[T ITTL> () ot i)
I=1 s=1t=1
N—1 N
[T (7 HY Y +hlag)
s=1 t=1
Zy = i SN2k (I41)— kD 1) = Nk -]
k>0
N—1
|k<”|
HH(th(I)hla)I E
e T2 sAt o)D) (D
N—2 I I+1
1
121 31:[1 e} (I—Hi*ngI)_rrlHiIH)_h—la,gt)k§1)7k51+1>
N—1 N
11 :
11 (1+7L’1HéN_l)*ﬁflast)ngfl)
Zoy = (—h)~ SES(EOIT+1) =D 1) = NJe =)
>0
N-1 N-1 1
5 111 1
I h—1H—h—'a,
=1 1=2 s#t ( o DD e
N—2 I I+1
1
=1 5»1:[1 t=1 (Hﬁlew_h*lHyH)—’i’last)zgn,zgun
N-1

1
(4+h= HEY ™D —h=tag,) (v—1)

=

V)
Il
—
-
Il
—

where z; = e 27€" 407 " (See [47] for more detail.) In addition, here we
define

(39) v(x) = m )
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and the Pochhammer symbol () is defined as

Hf Ol(x—i-z) for k>0
k
Hi:ligj—i for k<O0.

As shown in [47], the vortex partition function in the massless limit as = 0
is identical with the Givental J-function of the complete flag variety [41]

(41) J[Fly] = 57 A SOOIk DD =Nk |
jes)
N-—1
I T+
1H(
(I) (1)
I=1 I1=2 s;ﬁt —ky
N-2 I I+1
1
H 1+ﬁ—1H§1)_h,1H(I+1)
=1 s=1t=1 ( t )kgl)fkgf+1)
N-—1

=

1
B = )

V)
Il
—
o+
Il
—

Here we identify a" (s=1,...,I) with Chern roots to the duals of the
universal bundles Sy:

(42) 0CS CSC--CSv_1CSy=C"® 0, .

and we add Ht(N) (t=1,...,N) to the last Pochhammer of Z, by hand.
These additional classes are necessary to become an eigenfunction of the
Toda Hamiltonian as we will see below.
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Performing the residue integral in (38), one obtains the Higgs branch
formula

Z[Fly] =

1! _1; Z H 21Z1) —h7 Y Ao

UESN I=1

Zl-loop(aa(i))Zv(a'a(i))Zav(aa(z’)) )

Zl-loop H v ( — at> )

s<t
(D |(I+1)—|kT+D )= N|k(N =1
Z, = h™
pees)
N—-1
kD]
[I= HH e
(43) I=1 I=2 s#t o
N-2 I I+1 N—-1 N
HH (1—hLas) KD (D H H(l h=lag,) R(V-1) ’
I=1 s= s=1 t=1
Zu = (1) E AP (1)) N D)
v =
o
N-1
H ;! H H
Hase) (1) _ (0
=1 1=2 s#t
-2 I I+1 N-1 N
H (1) [(1+1 H H (N 1y
I=1 s=1 t=1 s=1t=1

It turns out that the vortex partition function can be obtained from the
instanton partition function by setting the instanton number k& = ky = 0

N-1
@) ZPGran = Y (Hz )%i’z‘ﬁzh s coltst =
=1

ki, kn_1

where Q‘”[‘l)ﬁliekh kw1 kn—o 18 independent of €. This implies that the 4d
instanton partition function receives the contribution only from 2d dynamics
when k& = 0. In other words, the vortex partition function can be regarded as
the generating function of the equivariant cohomology of the Laumon space
[18] which can be described by the hand-saw quiver [19]. Moreover, the left
hand side of (44) has been computed from the N' = (2,2) GLSM description
of the 2d theory coupled to the pure Yang-Mills whereas the description of
the surface operator by the boundary condition of the gauge field has led to
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the right hand side. Thus, the identity (44) proves that the two descriptions
for the surface operator are equivalent [6].

It is straightforward to see from (30) that the vortex partition function
becomes an eigenfunction of the Toda Hamiltonian

(45) (rﬂAh —2Ze<aa>> [e— G2 zv[mN]} = (a,a) [e_ AN

acll

where we substitute z; = et ~!r+1, In addition, it is well-known that the
J-function of the complete flag variety becomes an eigenfunction of the
Toda Hamiltonian [48]. To see that, one has to identify H D _ gd+h (s =
1,...,I) as the same cohomology class. Then, the J-function becomes equiv-
alent to the generating function Z,[Fly] of the equivariant cohomology of
the Laumon space by setting Hy, = —as.

2.1.3. One-loop determinant. The localization technique enables us to
demonstrate exact evaluations of supersymmetric partition functions by tak-
ing only the quadratic fluctuations over BPS configurations into account. In
the case of N = 2 supersymmetric gauge theories on Sgl, the BPS configura-
tions correspond to the instantons at the north and south pole of Sj [4, 5].
Then, the quadratic fluctuations over the instanton configurations can be
evaluated by the means of the Atiyah-Singer index theory for transversally
elliptic operators. The minimum explanation is provided in Appendix B.

Since the field content of the N' = 2 pure Yang-Mills consists only of
the vector multiplet, the quadratic fluctuations of the theory is captured
just by the one-loop determinant (B.21) of the vector multiplet over the
instanton configurations, which can be obtained by the equivariant indices
of the self-dual (B.19) and anti-self-dual complex

(46) 2Py = 1] T2 ((a, )€1, €2) T2 ({0, @) + €1 + ealer, e2)] ",
a€A

= H T(<CL,O&>|€1,62) )

acA

where A represents the set of roots of sl[(IN). Note that I'y(z|€1, €2) is the
Barnes double Gamma function (B.33) and Y(z|e1, €2) is the Upsilon func-
tion (B.35).

Since the instanton partition function in the presence of a surface oper-
ator have been computed by the orbifold operation, it is natural to expect
that the one-loop computation can be obtained by the index theorem on
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C x (C/Zy). As in the case of the instanton partition function, the equiv-
ariant parameters are shifted by

€2 1—1
(47) 62—)N, az'—ﬂli—TQ,
due to the orbifold operation. This re-parametrization alters the one-loop
determinant

(48) [ T2 (@ a)ler, e2) T2 ((a, @) + €1 + eser, €2)
aEA
N . .
— H Iy (ai —aj + Feole, %)
i j=1,ij

14+75—1
I'y (ai—aj—i-q—l— K[ 62|61,EN2> .

To get its Z-invariant part, we average over the finite group Zy as in (B.30),
leaving the one-loop determinant in the existence of the full surface operator

N
(19) P (M= [T [ratei— a5+ [ ela,e)
ij=1,i#j

. —1
Po(ai —aj+e€ + {Lfvﬂ-‘ ealer, 62)]

N . .
= ] T((M—%—i—{%}@!ﬁn@),

i,j=1,ij

where [z] denotes the smallest integer > .

As we have seen in the previous sections, the instanton partition function
contains both 4d and 2d dynamics, and the 2d vortex partition function is
left when the 4d non-perturbative effect is switched off. This should be true
for the perturbative contributions. Namely, if the 4d contribution Qﬁ‘fﬁfsp
is subtracted from the one-loop determinant 27°)"C [1V], only the 2d effect
Z1-100p [Fln] should be evident [28, §6]. In fact, using the shift relation (B.38)
of the Upsilon function, one can see that the ratio of ZP10° [1V] to 2] 100p

1-loop
is independent of €3, and we have

f‘?‘iﬁf [1N] (a,0) a, o
(50) ey aa=n= ] %N << : >)
1-loop aEA+

“=7 Zl-loop [FIN](CL, h)
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where “ =” means the equality up to a constant.! This supports the validity
of the orbifold method even in the one-loop computations.

2.2. N = 2* theory

2.2.1. Instanton partition function. The N = 2* theory is the defor-
mation of the N' =4 SCFT by adding the mass fiaqj to the hypermultiplet
in the adjoint representation. From the 6d perspective, the SU(N) N = 2*
theory is obtained by wrapping N Mb5-branes on a once-punctured torus.
Because the standard ADHM description of the AV = 2* theory [49] can be
generalized to the orbifold space C x (C/Zy), one can write the contour in-
tegral representation of the U(NN) instanton partition function of the N’ = 2*
theory with a full surface operator:

N
N=2*11N ki =2
(51) 2NN = (1) 2058
p I=1
where
(52)

€1 — Madj
Qp./\/' 2" _ |:
[1V].F Eluadj
N ki

fHqub(’ Dbar - + p1aa) () + a1 + € — 1% — piagy)
fspeac <&”+ar—ﬂ%ﬁx<”+a11+e—ka

N k;r kr
¢g)(¢gt)+€1 ,Uadj)

IT1111

I
I=1s=1t+#s (ngt) + Madj)(ﬁbgt) + €1)

:| Z;V:1 ky

(I 1)62

jkll
ﬁ ﬁ ]j ) EI—H) + 6)(¢(I) - (I+1) + N - /Ladj)
I I+1 1) I+1) :
I=1s=1 t=1 g) §+)+N)(( <Z5(+ + € — fadj)

It was proven in [38] that, by multiplying an appropriate factor, the in-
stanton partition function Qf{l\gt— [1¥] becomes an eigenfunction of a non-
stationary deformation of the trigonometric Calogero-Moser Hamiltonian.
To avoid repetition, we refer the reader to [38] for the explicit expression
of the differential equation. Instead, let us mention the connection to the

Knizhnik-Zamolodchikov-Bernard (KZB) equation [50-52].

!The author would like to thank Hee-Cheol Kim for suggesting this approach.
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In the AGT relation, the partition function of the AV = 2* theory is dual
to the one-point correlation function on a torus. When a full surface operator
is present, the instanton partition function of the N = 2* theory is the one-
point s[(/V) conformal blocks on a torus. More precisely, the corresponding
conformal block is a semi-degenerate field Vi, _, (z;¢) on a torus with the
K operator [24, 25, 38|

(53) Fic(z;q) == Try, K(2;¢)Viwy_, (75 9) ,

where V; is the Verma module of the affine Lie algebra ;[(N ) with the high-
est weight j. Note that the semi-degenerate field V., (x;q) labelled by
the momentum proportional to the fundamental weight wy_1 depends on
the isospin variables z; (i =1,..., N — 1) and the world-sheet variable gq.
We refer the reader to [24, 25] for the explicit expression of the K opera-
tor. Writing the instanton partition function in terms of ¢ = e?™7 and t;
(t=1,...,N —1) via (23), it is conjectured that it matches with the sl(V)
conformal block up to the U(1) factor

[e'e] ; 7uadj<N51+627Nuadj)+1 AN=2% 4 N P
(54) H(l —q ) ez '%ns‘: [1 ] = FK(:Ef =el Y q)
=1

Here, the parameters are identified by

(55) Lojtp, B Z Z_pinN,

€1 €1 N €1
where p is the Weyl vector and k is the level. We further conjecture that, for
the once-punctured conformal block on a torus, the effect of the insertion of
the IC operator results in the prefactor so that the ordinary conformal block
F(x;q) := Try, Ve, _, (z;q) is proportional to Fi(x;q)

(56) F(zg= """ q) = f(t,q) Fic(ae = e" "5 q) .

When N = 2, the explicit expression of the prefactor is found by computer
analysis, which is f(t,q) =1 —el17!2 — gel2™1 [24, (4.20)]. We expect that
this relation holds for higher rank gauge groups. Then, taking into account
this prefactor and the U(1) factor, we can define the function

(57) Y (t,q,a, fagj, €1, €2)

oo
_an) _ Hadj g . Fadj(Nertea—Nuagj) | 4 o
=e 1 f(t,q) = + H(l —-q") cre * Qfﬁét 2 [1N]

i=1
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so that it should satisfy the KZB equation

(58)

0 1 1
26162qa—q + E%Ab + 2pad; (Madj —€1) Z <mp((t, a);T) + ﬁ)
acA+

= (a,a)¥ .

Note that the Weierstrass elliptic function p(u;7) can be expressed as [53,
§8.5]

(u7) = Ta(u 7) — = Ea(7),

(59) 12

472"
where Fs(7) is the Eisenstein series

n

2 — nq
Ey(r)=1-12

n=1

and we define

qf el
(61) To(u; ) := — Z (

_ gl puN2 T
AL

Since the solution (57) of the KZB equation should reduce to the eigenfunc-
tion (69) of the trigonometric Calogero-Moser Hamiltonian at ¢ = 0, the
q = 0 specialization of the prefactor is

(62) flta=0)= [T @—e).

aEAT

When N = 2, the prefactor is subject to this condition. Nevertheless, it is
crucial to find the explicit expression of the prefactor f(¢,q) for a higher
rank gauge group. Moreover, due to the insertion of the K operator, it is
not obvious that the instanton partition functions of class S theories gener-
ally satisfy the KZ equations [50]. Therefore, it is valuable to gain a better
understanding of the meaning of the K operator.

2.2.2. J-function of cotangent bundle of complete flag variety.
Since the N = 2* theory is a mass deformation of the N'=4 SCFT, the
dynamics on the support of surface operator is also described by a deforma-
tion of an N = (4,4) supersymmetric gauge theory specified by the quiver
diagram (Figure 4) where the matter content is given as follows:
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2d  4d |

.Ni

Figure 4: Quiver diagram of the 2d-4d coupled system for the N' = 2* theory
in the presence of a full surface operator. The Higgs branch of the N' = (2, 2)*
GLSM is the cotangent bundle of the complete flag variety.

e bifundamentals Q) € (I, T+1),QY) e (I,I +1)(I€1,... N —2)
e one adjoint ®() for each gauge group U(I) (Iel,...,N—-1)
e N fundamentals QN and N antifundamentals Q=1 of U(N — 1)

The theory is the deformation of the NV = (4,4) supersymmetric gauge the-
ory with the superpotential

N—-1
(63) W= T QUe"Q" + Z Tr QU+ G
I=1 I=1

by turning on the twisted mass m of QD and o) (I=1,...,N—1). Note
that the R-charges of ) are two and those of Q) and Q are zero. The
infrared dynamics of this theory is described by the hyper-Ké&hler NLSM
with the contangent bundle T*Fly of the complete flag variety [6]. Let us
first compute the exact partition function of this theory without turning
on the twisted masses coming from the Coulomb branch parameters. The
Coulomb branch formula of the partition function is given by

. 1
ZIT"FIN] = - TV D
N—-1 T dT
s 47T£(I)T(I),Z'9(I)B(I)
X s s
> [T
E(I) I=1 s=1
I=1---N—1

Zyect Zadj Zbifund qund—anti ;

N—-1 1
vect—HH< s(tl))> ’

1=2 s<t
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(I (I+1)
T <7’§”—7}(H1>—B§+ B"Q )

N-2 I I+1
(64) Zbifund = | | | | | | B gU+D
S t
I=1 s=1t=1 < 5+ >

I 1775(I>+‘rt(1+1)7 5

(1) (I+1)
F< <I>+T(I+1)+B BfZ —h1m>

B B(I+1) ’
r<1+r§”—n““)+§ - +htm

N1 Ts(N—luBéJ;*l) r 7T§N—1)+B§271)fﬁ‘1m) :
Zy, nd-anti = N—1 N-1
R 3,1:[1 r<1_f§N—1>_gB§2 l)r<1+T<N v, B )+rrlm>
N-1 T F<1+T({) Bif +h m>
Zadj = H H
Defining
B
() SO CRVTRS RIS
the same manipulation as in (38) yields
Z[T*Fln] !
MT v =)
N—-1 T (I
*dHS _ FL_l H(]) ~ ~ o~
% H . (ZIZI) ! |Z1—loopZVZav
fefieie 2mhi
N N—1 I
(66)  Zvoow = [ [[7 <1 - h*lﬂgj)) y (1 +rED ¢ h*lm) :
I1=2 s#t
N—2 I I+1
H 7y <—h_1H(I) + h_lHt(I+1)>
S
I=1 s=1t=1
~ (h—1H§” ~ptgdy - h—lm) ,
N-1 N

[’Y (_h71H§N71)> v (hleéngl) _ fflmﬂ 7
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N-1 _ _
o5 o T
= o 1111 :
v i (h= HID), (1
k(D) = =2 s s 3
N L (R HO —r HIM Y —h=m) () e
s TR
H 1+a—tHD —p—t g
leier 0T PR URNES
N-1
(ﬁ_ngN_l)_h_lm)ng_l) N
L[ QR ETTY) v ’
s= s
N-1

(Hh*lHﬁtI)Jrh*lm)zgn e

oy N1 T
~ e
Zo=3_ 117 "'1111
I o))
— (h~'Hg, ),zgn,egm

— — I+1 —
(A~ HD —p=tHI T _p 1m)€§1)4§,+1)

(1+n—1H" —h—lHt(IJrl))z(gz) _e{THD

N—-1 (ﬁ_lH_gN_l)fh_lm)e(N—l) N
(LR HY) v

Vo)
Il
—

From the expression Z,, we conjecture the J-function of the cotangent bun-
dle T*Fly of the complete flag variety as 2

LA H +h7m) 1) (1)
kS ket

. RO =
(67) JIT"Fly] = Z H I H H (h”Hif))kngy)

k) I=1 1=2 s#t

N-2 T I+1 (h_lH(I)fh_lHt(I-Fl)

H H fﬁ—lm)kgz)_k£1+1)
(4+h= H—h=tHIY) () g
s t

N (hilHéNfl)_hlet(N)—hflm)k(Nfl)
H (1+ﬁ’1H£N_1)7h71Ht(N))kiN71)

It is worth mentioning that the definition given in §2.1.2 is not appropriate
for the J-function of the cotangent bundle of a flag variety. It appears that
one has to introduce the equivariant parameter m of the fiber direction
somehow to its definition. The J-function of the cotangent bundle of a partial
flag variety are given in Appendix C.

2 After posting this paper on arXiv, Bumsig Kim informed that the formula (67)
follows as a special case of Theorem 6.1.2 in [54], using the quantum Lefschetz
theorem [55] and (41).
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Incorporating the twisted mass as; and performing the residue integral,
one can write the Higgs branch formula

. 1
2T FIN] = 1y =1
N-1
Z H 21Z1)" R VAR loop( ())Zv(aa(i)>Zav(aa(i)) )
ceSN I=1
g — Q¢ ar — g —Mm
Zl-loop_H7< . >7< ) ;
s<t h h
gl kD) (1=h~ a<t+ﬁ ") (D (D
Zy = Z H H H k(D (D
o I= 1=2 s#t
N=2 I I+l pong iy " kU+1'N 1N tas—h~t), -
H (1-h~last) (1) A(I+1) H Tas) (N—l) ?
I=1 s=11t=1 s=1 t=1

2
L
|

~

(I=h™tase+h™"'m) (1),
(D _

2

I
]
:]Z
—

(=h=tas), o0,

(—hilast—ﬁ’lm)éz)451“) “lag—h~'m) (N1
(I=h=tast) () _,c+1) H H (1 h=tag.) <N—1) ’
s t

s=1 t=1

Z
| ~
o S
~
Il
—_
~
Il
N
»
S
o~

i~

~
+
—_

T
I
W
i
I
=
i
)

As in the case of the pure Yang-Mills, the vortex partition function can be
obtained by setting the instanton number k = ky =0

(68) Zv [T*FIN] (Z[, a;, m, h)
N-1
- Z <H ) %{\L] il» wkN_1,kn= U(Qi“uadj = m+h’ €1 = h) .
kiyooskn—1 I=1

Multiplying the following factor to the vortex partition function

(69) Y(t,a,mh)=e" % [ 1—e®)~% Z,[T"Fly] |
acAt

it becomes an eigenfunction of the trigonometric Calogero-Moser Hamilto-
nian [37, 43]

1
2
(70) h* Ay —2m(m + h) g (a2 — G /2y2 Y = {(a,a)Y ,
acA+
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where AT represents the set of positive roots of sl(N). It is easy to see
from (59) that the potential of the trigonometric Calogero-Moser Hamilto-
nian (70) can be obtained by taking ¢ — 0 limit of the potential of the elliptic
Calogero-Moser Hamiltonian (58). Furthermore, the monodromy matrices of
this differential equation satisfy the affine Hecke algebra [43]. This algebra
admits a natural physical interpretation as the action of the loop operators
on a full surface operator [6, 56].

2.2.3. Twisted chiral ring. Let us study the twisted chiral ring in the
Landau-Ginzburg (LG) model mirror dual to the NLSM with T*Fly.? When
the FI parameter is negative infinity, the effective theory of the GLSM is
described by the LG model. Moreover, the LG model also provides the mir-
ror description of the NLSM. Since the detail prescription to write the S?
partition function in terms of the LG model is presented in [57], we just use
the essential points of the prescriptoin. To bring the partition function (64)
into the LG description, let us define

‘ BY
() ) = ol —ig
which become the twisted chiral multiplet corresponding to the I-th vector
multiplet for U([). In addition, every ratio of Gamma functions can be
replaced by

D(—iry) [ d*Y Sy . I
(72) I _/ — exp{ —e VLY te —l—erY} ,

where Y, Y represent the twisted chiral fields for the matter sector of the
LG model. To study the Coulomb branch of this theory in the infrared,
we integrate out the twisted chiral fields Y, Y. Performing a semiclassical
approximation of (72)

(73) Y = —In(—irY) , Y = -In(iry) ,

we are left with

I(—irY)

. 1 . = 1=
(74) m ~ exp{w(—zrz) 5 In(—irY) — w(iry) — 5 ln(er)} ,

3The twisted chiral rings of the flag varieties has been investigated in [9] with a
different approach.
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where w(x) = z(lnx — 1). This approximation can be also understood as
the large radius limit 7 — oo [27, 58]. Using this prescription, we can write

N-1 I

d2( rz([ 52
* eff )
(75)  ZIFW] ~ =, / H ’Q Wear(

=1 s=1

where the logarithmic terms in (74) give the measure

(76)
N-1 1T
—irn(D 4+ ZTE( ))( irst) 4+ ZTE( )+ irm)

1=2 s,t:l

s#t
N-2 I+1

H H(—z’rEgI) + irE&”l))*l(irEgI) — irESLIH) — irm)*l
I=1 s=1u=1
N-1

(—irSN=N =L n (V=D )t

@
Il
—

and Weﬁ‘(z) is the effective twisted superpotential of the mirror LG model
in the Coulomb branch

N-1 I

(77) = > > (—2mD 40D (irnl)

I=1 s=1
N—-1 1T
+ 3N w(-irsd +irsf" + irm)
1=2 s#t
N-2 I I+1
+ Z [w(—irEg) + irn{t)
I=1 s=1u=1

w(irn) —irpH) — zrﬁz)}

2

+ [w(—irEngl)) + w(irsVY — zrm)] :

s

Il
—

Here we redefine the twisted mass by m = ¢m. Then, the twisted chiral ring
is given by the equation of supersymmetric vacua [59, 60]

(78) exp aLe(ﬂI) =1
A(ir3s”’)
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Plugging (77) into (78), we obtain the following set of equations: for I =1,

2 (1) (2)
s Z _one) LipD)
(79) I | 0 - —e 2w +i6
i1 2 Z —m

)

forl<I <N -1,

D _ s Il 1-1) | o T4l () o(I41)

Hzg _Eg + H S - t
S U (I U

I ()
»0

CORN | bsvinesy
s 5 — 54

_ :te_gﬂg(l)_m‘g(l)

)

for I =N —1,
- N1 o(N-1) E(N_1) N2 gD Egz\/—z) Y
N-1) N—l o N-1 N-2
s =S - t ) pm t=1 of )_EE )
_ AN
B :Ize_zﬂg(zvq)_,’_w(wq) EgN 1) —m
- EL(ngl)

These equations are called nested Bethe ansatz equations [61, 62] for s[(N)
spin chain. For the cotangent bundle T*Gr(r, N) of a Grassmannian, the
vacuum equation (78) provides the Bethe ansatz equation of an inhomoge-
neous XXX spin chain [59, 60]. Motivated by this physical insight, it was
proven in [623] that the algebra of quantum multiplication in the equivari-
ant quantum cohomology QH7 (I [, T7*Gr(r, N)) is isomorphic to the max-
imal commutative subalgebra By, so-called Baxter subalgebra, of Yangain
Y (sl(2)). Since (80) is the Bethe ansatz equation for sl(N) spin chain, it is
natural to expect that the algebra of quantum multiplication on the equiv-
ariant quantum cohomology QH7.(]] d~T*Fl((f)) is isomorphic to the Baxter
subalgebra of Y (sl[(N)) [64]. (See Appendix C for the definition of a partial
flag variety Fl(a?j) In addition, similar Bethe ansatz equations have been
obtained in the system of multiple M2-branes ending on M5-branes [65]. It
would be interesting to investigate whether there is a duality between the
two systems.

2.2.4. One-loop determinant. The quadratic fluctuations in the N =
2* theory receive the contributions from both the vector multiplet and the
hypermultiplet in the adjoint representation. Particularly, the one-loop de-
terminant (B.25) of the hypermultiplet in the adjoint representation can
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be read off from the index of the Dirac complex tensored with the adjoint
bundle. Thus, the one-loop determinant of the A/ = 2* theory is expressed
as

82) 22

_ H I ((a, a) + Madj + 61—562 €1, 62) I ((a, a) — Madj + 61—562 €1, 62) .
SeA Iy ((a, a)|er, €2) Ia ((a, @) + €1 + €ale1, €2)

Actually, the mass parameter of the hypermultiplet in the instanton parti-

tion function is given by fiaqj = Maqj + 61?2, and then we can re-write the

one-loop determinant with p,q; in terms of the Upsilon functions:

N (a, )€1, €2)
83 '
(83) 2 loop };[AT (a, ) + fiagjler, €2)

With the insertion of a full surface operator, the one-loop determinant
can be computed by the same way as in §2.1.3. After shifting the equivariant
parameters (47) and taking the Zy-invariant part (B.30), we get

(84) Qﬁl loop [ ]
N

1tis
Iy <CL1 Qj+fladgj+ [ —‘62|€1,62>F2 <ai7aj7:uadj+€1+’7 +]<7 Z—‘62|€1,62>
= 11 L
i j=1,itj (tb—aj"r[ —‘62|€1,E2>F2 (ai—a_7+€1+" +]{[ l—|62‘517€2>
N T(az aj + PN—‘62|61,62)

ij=1,i#j T (al aj + Hadj + ’7 ' —‘ 62|€17 62)

This one loop determinant encodes both 4d and 2d quadratic fluctuations.
Indeed, if we subtract the 4d contribution 27V p " from % A{OOQ [1V], then

we obtain the 1-loop determinant Zj jo0p[7*Fly] of the 2d theory on the
surface operator:

2N

(85) %(% Padj = M + h, €1 = h)
1-loop
— hfmfﬁ <a? Oé> _<a’ Oé) —m
1] 7 < )] h
aceAt
“=7 Zl_loop[T*FlN](a, m, h) s

where “ =" means the equality up to a constant. Here we use the same

change of the mass parameter as in (68).
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3. Correlation functions of SL(IN,R) WZNW model
from gauge theory

In a CFT, two-point and three-point functions encode the information about
the dynamics of the CF'T although the conformal blocks are universal since
they are determined by algebras. In the AGT relation, the instanton parti-
tion functions coincide with the conformal blocks of the Wy /Virasoro alge-
bra, while the one-loop determinants of gauge theory reproduce the product
of the three-point functions (the structure constants) of the Toda/Liouviile
theory [66—68]. When a full surface operator is inserted, various checks have
been carried out for the equivalence between SU(N) ramified instanton par-
tition functions and s[(/N) conformal blocks [20, 24-26]. The natural can-
didate for the corresponding part of the one-loop determinants with a full
surface operator is the three-point function of SL(/N,R) WZNW model. In
§2.1.3 and §2.2.4, we have seen the utilities of the orbifold method in the
one-loop computations when a full surface operator is present. In this sec-
tion, we will see that the one-loop determinants of SU(2) gauge theories
computed by the orbifold method indeed reproduce the three-point function
of SL(2,R) WZNW model derived in [29-31]. Since the three-point func-
tion of SL(N,R) WZNW model has not been determined yet, we predict
the forms of two-point and three-point function with a semi-degenerate field
of SL(N,R) WZNW model by using the one-loop determinants with a full
surface operator.

Let us first review the correspondence between a one-loop determinant
of a 4d gauge theory without a surface operator and a product of three-point
functions of Toda CFT. To this end, we consider the one-loop determinant
of the SU(N) SCFT with Np = 2N. i.e. N fundamentals of mass m; and N
anti-fundamentals of m;. The dual correlation function in Toda CFT is the
four point function (Vg VKWN*IngN_IVE} [3, §3] with two semi-degenerate
fields. Making use of the one-loop determinants (B.27) with redefinitions of
the mass parameters

(36) pi=—mit 22 = - T2

the one-loop determinant of the SU(N) SCFT with Ny = 2N can be ex-
pressed by the product of the Upsilon function

QFNF:ZN _ Ha€A+ T(<a7a>‘61762>T<_<a7 >‘617€2)

0]
87 = = ,
BT Zrioo™ = T (0, ha) + mylens ) T(— (@ he) — Fiyler, €2)



1310 Satoshi Nawata

where h; (i =1,...,N) are the weights of the fundamental representation.
On the other hand, the corresponding part of the correlation function in
Toda CF'T can be determined by the conformal symmetry and W-symmetry
[68]. For example, the reflection amplitude in the two point function of pri-
mary fields is expressed as

R—l
(VB(21)Vp-(22)) = o ’
(88) e
B o\ \ HQ—B.a) I(14+6(8—Q,a)T (b~ (8—Q,a
R(B) = (muy (b))~ 7 1 F(g—b<<ﬂ—Q,a>;%(—b’l<5—Q70‘§) ’
acEAt

where zj9 = 21 — 29, the conformal dimension is given by A(S) = (2Q —
B, )/2, and the conjugated vector parameter * is defined in terms of simple
roots (ai,...,an—1) € Il of sl[(N)

(89) (B,ar) = (8%, an—k) -

In addition, since the conformal symmetry fixes the form of the three-point
functions of primaries

C(B1, B2, 43)

(V3,(21) Vg, (22) V3, (23)) =

where Afj = A(Bi) + A(Bj) — A(Br), it amounts to specifying the structure
coefficient C'(f1, B2, B3). Although the general structure coefficient in Toda
CFT is not known yet, the structure coefficient of the three-point function
(V3,Viewy_, Vp,) of Toda CFT with a semi-degenerate field V.., , [68] is
given by

(90) 0(517 HWN -1, 52)

= [Wm(bz)bz_zbz} '
(o) Ty (50) TTaens To((Q — B1, ) Lo ((Q — B2, )
[L; Yo (5 + (81— Q, ki) + (B2 — Q, hy)) ’

where we use the short-hand notation of the Upsilon function for Toda CFT

(91) Tp(z) = T(z|b, b7 1) .

Using the shift relation (B.38) of the Upsilon function, one can convince
oneself that the reflection amplitude (88) can be obtained from the structure
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coefficient (90) in the following way:

(92) R™Y(B) = C(B,0,6) .

Therefore, the relevant part in the correlation function of Toda CF'T can be
expressed as

(93)  C(Br,swn—1, B)R(B)C(B", 3wn—1,B1)
Mocas To((@-8.20) 1 ((8-Q)
[T, Yo (2481~ Quhi) +(B—Q.h)) To (Z— (8- Q.hi)+(Br-Q.hy) )

=A

where we confine the unnecessary part to the coefficient A. Then, it is easy
to see the correspondence between (87) and (93) upon the identification of
the parameters

(94) a=0-Q, m=+Bi-Qh), ji=—%—(Bi—-Qh).

P
v

The natural candidate of the 2d CFT dual to N' = 2 class S theories
with a full surface operator is SL(/NV,R) WZNW model. So far, the two-
point and three-point function of SL(2, R) WZNW model are known [29-31].
The primary field V;(z; z) of SL(2,R) WZNW model specified by a highest
weight j of the affine Lie algebra 5A[(2) depends on the isospin coordinate
x and the worldsheet coordinate z. Then, the two-point function takes the
form

NI
(95) (Ve 0) ¥ o 20)) = BU) 0

where A(j) = %Eii;)) is the conformal dimension of the primary field and the

reflection amplitude B(j) is given by

. 1
k: + 2 V;J’_Q] F (1 + m)

o (2j+1) A U
Vs
7<k]+2) F<1_kT2)

In addition, the conformal invariance and the affine symmetry determine
the three-point function

(96) B(j) =
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(97) (Vj, (215 21) Vy, (225 22) Vi (w35 23))
‘1-12‘2]12 ‘.1'13‘2]13 ‘:I]'23 ‘2J23

= D(]17]27]3) | 12|2A12|213|2A13‘223’2A23

where the structure coefficient D(j1, j2, j3) is given by

(98)  D(js, jo, J1)
v R (DT kg2 (=251 — 1) Thga (=252 —1) Thya (—255—1)

== E+1\5% ;. . NR e NRR e NAE
27727(;#5)Tk+2(—]1—]2—]3—1)Tk+2(Js—Jl—Jz)Tk+2(12—]1—]3)Tk+2(]1—]2—]3)

Here we use the short-hand notation of the Upsilon function for SL(N,R)
WZNW model

(99) Tein(z) = Y(2[l, k- N) .

As in (92), the reflection amplitude can be obtained from the structure
coeflicient via

(100) B(j) = D(5,0,5) -

Yet, the two-point and three-point function in SL(V,R) WZNW model
are not available even with a semi-degenerate field. It was pointed out in
[25] that, although the primary field V;(x, z) of SL(N,R) WZNW model is
dependent of N(N — 1)/2 isospin variables in general, it suffices to consider
only N — 1 isospin variables x; (i =1,..., N —1) when we deal with the
three-point function with a semi-degenerate field. Note that the primary field
V,(&, z) labelled by a highest weight j of s[(/V) has its conformal dimension

A(j) = g(lii?\?; . Besides, the conformal invariance and the affine symmetry

constrain the form of the three-point function with a semi-degenerate field
[25, (4.18)]

(101) <le (:‘U(l); Zl)VJQZNwN 1 ("L‘(Q) ZQ)Vjs( (3); Z3)>

B D(j1, kwn—_1,J3) H| (12 202, h 13)‘ (FZuhi) | 23)‘ (1)
- ’212’2A§2’213|2A |Z23|2A23 Z ’

where we define (47}, hi) = (jk + je — Jm, hi). In the following, let us pre-
dict the form of the two-point and three-point function in SL(N,R) WZNW
model by making use of the one-loop determinant of the SU(N) SCFT with
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Np = 2N in the existence of a full surface operator. Since we have derived
the one-loop determinant (49) of the vector multiplet, we need to determine
the one-loop determinant of the hypermultiplet in the (anti-)fundamental
representation. As the Coulomb branch parameters are shifted by the holon-
omy (47), we shift the mass parameters due to the orbifold method

N —1 ~ o i—1

N €2 , ﬁ’b_>,u”b+ N

(102) i — Ui + € .

As a result, the one-loop determinant of the hypermultiplet in the funda-
mental representation is modified as

N
(103) L1 T2 (ai + myler, e2) To (—as — i + €1 + eale, e2)
ij=1
N . -
- H Ly (ai + oy + T e e, %)
ij=1

i+j—N
FQ (—ai—uj+61+ ]N 62|61,6N2) .

Averaging over the finite group Zy as in (B.30), in the presence of a full
surface operator, the one-loop determinant of hypermultiplet in the funda-
mental representation can be written as

(104) AN = (ai + oy + [WW 62|61,62> :

After performing the same manipulation for the anti-fundamental represen-
tation, the one-loop determinant of the the SU(/N) SCFT with Np = 2N in
the presence of a full surface operator can be written as

(105) 2NN
[T.cat Ya,o)tezler,e2) T (—(a,a)lei,e2) ‘
o, T (@)t | P ale e ) Y= (@)t | Byt alae)

When the correspondence between the instanton partition function of the the
SU(N) SCFT with Ng = 2N and the s[(N) conformal block part of the four
point function (V;, Vi, Vi, V5 ) was checked in [25], the parameters
between the 4d gauge theory and SL(N,R) WZNW model are identified
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with?
a 3 €
1 1

(106) L
M % . 1 x Y
2 B Ho 2 hi) .
) N+<]1+pa Z>7 €1 N <]1+pa Z>

Using this identification, one can easily deduce the form of three-point func-
tion

(107) D(jr, »wn-1, j3)
= A1 (Yk+N(1))N71Tk+N(*7"*1) HaEA+ TkJrN(*<.7'1+1070‘>)Y‘k“\’(7<-7'3er’0£>)
Hﬁ',q:l Tk+N (_%+<j1+07hq>+(j3+pvhp>_ [%—‘ (IH_N))

Subsequently, the form of reflection coefficient can be obtained from the
three-point function

Az

(108) B(j) = D(4,0,5%) = i)
[oca+ v (5w

In fact, the relevant part of the four-point correlation function of SL(N,R)
WZNW model can be written as

D(ji1, 2wn—1,5)D(j*, w1, 1)

. B(j)
= A [[ Tran(G+pa) = (k+N)Tosn(— (G +p.a))
aceAt
TT [Tusar(= G i)~ [ 5228 ()

p,q

~1
oo (= Z — (G4 p )+ G )~ [254] <k+N>>] |

which is equivalent to (105) upon the identification (106) of the parameters.
Furthermore, the corresponding part of the one-point correlation function

4Here we scale the momenta j and x by two and there are trivial sign differences
from [25] due to the notation change.
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on a torus is equal to

D(]v %(/JN—bj*)
B(j)

(110)

Tii v ((+p,0) = (k+N) Trpn (= (+p, )

= Ay — — .
wers Tean (=% ++pa)=(k+N)Tpyn (=% — (i +p,a))

By the identification (55) of the parameters, this corresponds to the one-loop
determinant (84) of the N' = 2* theory. When N = 2, it is easy to see that
(107) and (108) reduce to (98) and (96), respectively. This confirms that,
when a full surface operator is inserted, a one-loop determinant of an SU(2)
N =2 gauge theory coincides with a product of the three-point functions
of SL(2,R) WZNW model. Nonetheless, the one-loop determinant of the
4d gauge theory cannot determine the coefficients A; and As so that it is
important to obtain these coefficients by studying SL(N,R) WZNW model
directly.

4. Discussions

The study of the AGT relation with a surface operator that we have im-
plemented raises several questions. An obvious direction for future work is
to study the correlation functions of SL(/N,R) WZNW model. Although the
gauge theory side has been investigated to some extent, SL(N,R) WZNW
model has not been explored at all. In particular, the immediate problem left
in this paper is to determine the coefficients A; in (107) and A in (108) of
SL(N,R) WZNW model as well as the prefactor f(¢,q) in (56). It is desirable
to obtain a better comprehension of the effect of the K operator.

In this paper, we study only the pure Yang-Mills and the N' = 2* theory
with a surface operator. The extensive study is needed to provide more
complete microscopic descriptions of co-dimension two surface operators in
terms of an N = (2,2) GLSM coupled to a 4d N = 2 theory as done for
co-dimension four surface operators [10]. Since the AGT relation tells us
that an instanton partition function with a full surface operator obeys a KZ
equation, the quantum connection for the Higgs branch of the 2d theory
on the support of the surface operator can be obtained by a certain limit
of the KZ equation. For example, in the case of the SU(N) SCFT with
Np = 2N, the J-function of the Higgs branch of the 2d theory should become
an eigenfunction of the Painlevé VI Hamiltonian [45].

It is intriguing to study K-theoretic J-functions [40] in terms of ' =2
gauge theories on S x S?. K-theoretic vortex partition functions (a.k.a.
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holomorphic blocks) [69-71] should compute K-theoretic J-functions of the
Higgs branches of 3d A/ = 2 gauge theories. It is well-known that the K-
theoretic J-function of the complete flag variety becomes an eigenfunction of
the ¢-difference Toda operator [40]. Recently, it is shown that the K-theoretic
J-function of the cotangent bundle of the complete flag variety is actually
an eigenfunction of a certain Macdonald difference operator [72]. Hence,
it is important to extend these results to the infinite-dimensional version,
namely, to find ¢-difference operators of the 5d instanton partition functions
with a full surface operator, which should be linked to ¢-KZ equations [73,
§4.2]. Besides, it is pointed out in [74] that the algebra of Wilson loops in
3d N = 2 gauge theory with Chern-Simons term is related to equivariant
quantum K-theory of the tautological bundle of a Grassmannian. Further
study is required to examine this relationship in order to clarify it.
Another important problem concerns the relation between co-dimension
two and four surface operators. The Liouville correlation functions with
appropriate number of degenerate field insertions correspond to SL(2,R)
WZNW correlation functions [75, 76], which can be thought of the corre-
spondence between co-dimension two and four surface operators in SU(2)
gauge theories. Nevertheless, the relation in higher rank gauge theories is
not understood at all. Since the W-algebras are complicated, it would be
more amenable to examine the relation by using the microscopic description
of surface operators by a coupling of the 4d theories to 2d gauge theories.
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Appendix A. Instanton partition function with
surface operator

In this appendix, we provide contour integral expressions for the Nekrasov
instanton partition function of the chain-saw quiver by making use of the
S? partition functions as done in [77]. The result in this appendix has been
obtained with Antonio Sciarappa and Junya Yagi.

A D-brane engineering of the N’ =2 U(N) pure Yang-Mills is provided
by a stack of fractional N D3-branes at the singular point of the orbifold
geometry C?/Zy. The non-perturbative instanton contributions are indeed
encoded by D(-1)-branes [78]. In particular, the open string sectors of the
D(-1)-D3 system provides the ADHM description of the instanton moduli
space where the ADHM constraints are provided by the D-term and F-term
equations. Hence, the Nekrasov partition function can indeed be computed
from the D(-1)-branes point of view as a supersymmetric matrix integral
[49, 79].

A more sophisticated description of the construction has been given by
resolving the orbifold geometry C2/Zs to T*S?. More specifically, the N = 2
U(N) pure Yang-Mills is now engineered by NN space-time filling D5-branes
wrapped on S? C T*S? in Type IIB background C? x T%5? x C. Now the
instanton contributions are encoded by D1-branes wrapped on S? C T*S2.
From the D1-branes perspective, the D1-D5 system is described by an N' =
(2,2) GLSM on S? which flows to the NLSM with the instanton moduli
space. In fact, the exact partition function of this GLSM computed in [77]
captures the S2-finite size corrections to the Nekrasov partition function.
Furthermore, it was shown that these corrections encode the equivariant
quantum cohomology of the instanton moduli space in terms of Givental
J-functions. The ordinary instanton partition function can be obtained by
taking the zero radius limit of S2.

Although the instanton partition function can be obtained by the D(-
1)-D3 system, the D1-D5 system contains richer information. Hence, we
shall compute the Nekrasov partition function of the affine Laumon space
by using the GLSM description. We consider Type IIB background on C x
(C/Zypr) x T*S? x R? with the D1-branes wrapping S? and spacetime filling
D5-branes wrapped on S2. To illustrate the GSLM description of the D1-D5
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system, let us briefly recall the chain-saw quiver. The chan-saw quiver M »

is labelled by N = [N1, Na, ..., Ny and k= [k1, ..., k| where the vector
spaces V and W are decomposed according to the representation under the
Zyr action,

M M
(A1) w=pw,, v=pw,
=1 =1
with
(AQ) dlmW[ = N[ y dlm‘/] = ]{] .

In the language of branes, W; and V; are the Chan-Paton spaces of D5-
and D1-branes which give rise to U(k;) gauge symmetry and U(Nj) fla-
vor symmetry in the GLSM. Hence, in the chain-saw quiver (Figure 1), the
linear maps Ay € Hom(V7, Vy) and By € Hom(V7, Vi41) are realized from
D1-D1 open strings, Py € Hom(W7y, V7) from D1-D5 open strings and Qr €
Hom(V7, Wr41) from D5-D1 open strings. The superpotential of this model
is given by W =", Try,{x1(Ar+1Br — BiAr + Pr11Qr)} that yields the
ADHM equations (18). Here the indices I are taken to be modulo M. In
addition, the equivariant parameters of the torus action U(1)2 x U(1)" be-
come the twisted masses of the chiral fields. Since the chiral fields A; and
By are transformed as the coordinate z; and z3 (20) respectively under the
spacetime rotation U(1)2, their twisted masses are given by —e; and -5 It
follows from the fact that the superpotential W is trivial under the equivari-
ant action that the chiral fields has the twisted mass € = €1 + eﬁz Because the
weight of the equivariant action on W7 is given by the Cartan torus U(1)" of
SU(N) with the holonomy shift (21), the chiral fields P; and Q71 possess
the twisted mass MI(;? = —as1 + Iﬁ and Mé; = Qs — Iﬁ — €, respec-

I—-1

tively. All in all, the data about the GLSM is summarized in Table Al.

X1 Ap B Pr Qr-1
D-brane sector D1/D1 D1/D1| D1/D1 D1/D5 D5/D1
gauge (kI, k1+1) Adj (kI, k1+1) kI k1_1
flavor 1 1 1 N; N;
twisted mass | € = €1 + & —€1 - —as1 + % Qg1 — % —€
R-charge 2 0 0 0 0

Table Al: Data of GLSM for chain-saw quiver.
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With these data, it is straightforward to write the Coulomb branch rep-
resentation of the S? partition function of the GLSM

- 1
Z[N,k;a, €1, €] = ——"—

M k;

Z / H H d(L‘gI))e—élmrglggl)_i@Bgm
~ - 2

M ki (I)y2
B
(I) ( Z ) ZXIZAIZBIZPIZQI ’

() (I+1)
M kr kria I‘( 1—iro(D+irg{" ™ —ire— 22 ’+Bt2 >

=1I11111 T
<zra fir0§1+1)+iref—B§ +B*2 >

I=1s=1t=1

(1)
(A?)) M F<7ircr§£)+ir617352t
HH o
T—1st—1 F<1+zro’st —irer— ;t )
(1) (I+1)
ﬁﬁk“rl F<ira’§1)7iro£1+l)+ F2JrB 73‘2 )
(1) (I+1)
(I) I+1 By B
I=1s=1 t=1 F<1 +irol T — e >
M k[ NI T 7iTO'(I)77:T'M(j)7B§I)
=T s
a r 1+iro(”+irM(j>—B£‘I)
I=1s=1j=1 s Pr 2
M k; Nrga (W
=1I111I - u
T=15=1 j=1 17"051)+er“)+3 )
Writing
I)
. B!
(A.4) irolD = 5 —ir¢lD

we obtain the corresponding Higgs branch formula

(A.5) Z[N,E; a, €, €]
1

M k; . (D)

o — —irdD 2 (N, — N = =

% S )(ZIZI) irds r 2ir(Ni=Nis1)os Zl-loovaZava
I=1s=1 2m
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M kr k
(D) N T TT T are® F(zmﬁm—zw( tire:)
I-loop = \ T(1—irer) H H H ZT¢ a Zr¢t ) 1—irg D +ire") —ire,)
I=1s=1t#s

M k; kit
11 H H D(=irg(Dtirg, ™ 4ind) D(14irg()—irg,"" " —ire)
1"(1+zr¢><1) B zr%) F(fir¢,(g”+ir¢>§[+1)+ire)
I=1s=1 t=1
M kr N
1=
v =

I+1

N :
[ (irgD —irMg)) H I (—irgD —irMg))
&) ) i (D) 4 s [€)) ’
I(1—irgl" +irMyg) ) - D(1+irg +irMg))

I
1s=1 [j=1
ki

den
|:T.(N1*N1+1) (_1)N1+IZI:|

M
{j} I=1s=1
M k?I d(I) d(I) (1) o kI (1)
¢ —dg)—irg, tirgg H (D) s ;
11 —irg{D+irg(" (irgs™ —irg” +irer) g _q»
I=1

s<t sF#t
M kr
I=1
NIH irqﬁ(”fing)) o

M k
11T
ey ]_[ zrqﬁ(I)Jrer(J)) a0 ’

1 1
. T . T+1 . € - I - I+1 .
tl:[ (1+irg'" —irgl" " >72rﬁ)d§1+1)7d(81) (—irgSD +irel' ™ )+zre)d<51)7d§1+1)

krya
1

s=1

- Mk e
Zo = Iy es ]
I=1s=1
{d}
T A0 ingD ins® TT () _ iro D 1y
HH e i H(zmbs —irg, +Z7“€1)d~§1)7cz(51)
I=1s<t s#t
M ki kit
ITII1I :
B ORI CES O
[ piein (Itirgs’ —irg,” " —irg3) ) _gen (Zirgs Hirg ey o)

M k .
C ot —irM )

H H HNI —17‘¢( )—l-’LT'M(])) (I)

I=1s=1

Note that Z, can be interpreted as the J-function of the affine Laumon
space. In the zero radius limit r — 0, the partition function receives the
contribution only from Zj.j,0p, leaving the generating function of the equiv-
ariant cohomology of the chain-saw quiver M g
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al 1
A6 e = —_
( ) N,k H k[! 271'7361)’“

i —,
fais it N1 M( ))HjVI-H( (I)—FM(]))

M k’[ k)] M k‘] k1+1

-2 HHH¢S g e

I+ | .
I=1s=11#s st+111s1t1¢s — ¢ + 37

The poles of this contour integral are classified by the N-tuple of Young di-
agram Y = (Y1) (I=1,...,M, s=1,...,Nj) where S VS =k We
verify that the residues match with the result [20, Mathematica file] in var-
ious values of (N, k).

Furthermore, since the N' = 4 ADHM data is given [49, §2.1] [80, X.3.1],
one can derive the instanton partition function with the surface operator for
the /' = 2* theory in a similar manner. For brevity, we just present the final
result:

(A7) fﬂv —

_ H Nadj k
krl( 27TZ€1MadJ)

7{ ﬁ ﬁd¢ T1Y (68 = M) + o) TEEY (68 + M) = pay)
7 1 I+1 1
ot T (@) — M) I (o) + M)

M kr ki

¢5 N ) fer - [hadj)
HHH t t - j

I=1s= 1t7$s st +:uadj)(¢st +€1)

M k; kll I I+1 I I+1
HHﬁ () ¢§I+1)—i_€)(¢g )I ¢§J;)1+M Madj)'
I=1s=1 t=1 <Z5s ¢§+)+€M2)(¢g)_¢§+)+5_ﬂadj)

Let us conclude this appendix by mentioning a relation between quantum
cohomology of the affine Laumon space and quantum integrable system. It
was found in [58] that there is the relation between the gl(/V) intermediate
long wave integrable system and the quantum cohomology of the ADHM
instanton moduli space. More precisely, the authors of [58] shows that the
effective twisted superpotential in the Landau-Ginzburg mirror of the GLSM
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with the standard ADHM instanton moduli space coincides with the Yang-
Yang potential of the gl(N) intermediate long wave integrable system [81].

Thus, to see quantum integrable structure behind the quantum coho-
mology of the affine Laumon space, we can perform the same analysis done
in §2.2.3. By defining

(A.8) v =gl

we can obtain the effective twisted superpotential of the Landau-Ginzburg
mirror of the chain-saw quiver by taking the large radius limit of (A.3):

M k;

. 1
A9 28 Faael~ g | I

1

2 2
d ‘Q 5 - ef ,

where the measure is written as

kr krt1 Ny Niqa

2(1))(2(1)_2(1+1)+6)
o o= T S
0 Q (E(I)—61)(Eg1)—Z;I'H)—i—%)(Ei”—&-M;ﬁI))(Eil)—MC(;‘I)) )

I=1s,t=1u=1j=1 /=1
s;ét

and the effective twisted superpotential is given by

Mk
(A1) W=D > [— 2redD — ioW) (irnD)y
I=1 s=1
krsi1
+ Z —w (z’r(EgI) -y 4 6))
u=1

I NI
+ Ew (—zr(Eg) - 61)> + Ew (—ZT(E( ) + M](D)))
+ > @ (im0 - My))
(=1

It would be interesting to find the quantum integrable system whose Yang-
Yang potential coincides with (A.11). For instance, in the case of N = 2 and
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[1, 1] partition, the vacuum equation

(A.12) exp (W) =1,

leads to the Bethe equation

k1

e -5 —a) 5 -5 )l -5+

U (2§1>—2(1)+q)t:1 SIS IS U
— de —2775(1)4-10(1)( 7MQ1)
(ES +MP1)

(A.13) (3 1o

ORI RS

ko (222) _2(2) € ) k1 (2(2) Egl)
s (B0 =5 4 e) i (27 -5V + 4

— Lo 2mEP4i6® (E( - MQQ)
=P + Mp,)

This can be interpreted as the spin version of the Bethe ansatz equation for
the intermediate long wave integrable system [58, 81].

Appendix B. One-loop determinants

In this appendix, we shall elaborate the computation of one-loop determi-
nants on the orbifold space C x (C/Zy). We start with a brief review of the
one-loop computations using the Atiyah-Singer equivariant index theorem.
For more detail, we refer the reader to [4, 5, 82].

The exact partition functions of N' = 2 supersymmetric Yang-Mills the-
ories on 84 can be evaluated by applying supersymmetric localization. The
value of an infinite-dimensional functional integral is invariant under the
deformation S — S + tQV of the action S by a Q-exact term where Q =
Q + @BRrsT 1s the combination of a supercharge and a BRST operator and
V=V+ Vehost is the combination of V = (\If Q\I') and the gauge fixing
term Vgpost- In the limit of ¢ — oo, the term tQV dominates in the infinite-
dimensional functional integral, which renders the one-loop approximation
at the BPS configurations QV = 0:

1
det Kfermion:| 2
’

B.14 = A. A1oop =
( ) 1-loop > 1-loop |: det Kboson

QV=0
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where Kyoson and Kgermion are the kinetic operators of

~

(B15) QV = (XbOSOIh KbosonXboson) + (Xfermiona Kfermioanermion) .

In this one-loop determinant, there occurs the cancellation between the
bosonic and the fermionic fluctuations when they are paired by the su-
percharge (). Hence it receives the contribution only from the kernel and
cokernel spaces of the transversal elliptic operator D that is the quadratic
operator in V so that

1
detCokerD Rz
detgearp R ’

(B.lG) %—loop = |:

where Q? = R is the generator of the product SO(4) x SU(N) x G of the
spacetime, guage and flavor symmetry. Therefore, the one-loop determinants
can be obtained by the product of weights for the group action R on the
kernel and cokernel spaces of D. This is encoded in the R-equivariant index

(B.17) ind D = trgerpe” — trookerne”

which can then be calculated from the equivariant Atiyah-Singer index the-
orem [83]. Since the index ind D is expressed as the sum over weights, we
can convert the index into the determinant via

(B.18) > gerstrsem) 5 TTwy(er, e0,a,mp)
J J

where (€1, €2, a, my) denote the equivariant parameters for SO(4) x SU(NV) x
Gr.

For N = 2 supersymmetric gauge theories S, the critical points QV =0
consist of self-dual connections F* = 0 at the north pole and anti-self-dual
connections '~ = 0 at the south pole so that we consider the equivariant
index around these configurations [4]. Let us first compute the index for the
vector multiplet. Near the north pole, the operator DY™ for the vector mu-
tiplet is actually the complex of vector bundles associated with linearization
of the self-dual equation F* =0 on R*

(B.19) Dsp : Q0 % 0l &5 2+

where d, is the composition of the de Rham differential and self-dual pro-
jection operator. Then, tensoring the adjoint representation of the gauge
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group with this complex, the U(1)? x U(1)"-equivariant index for the vec-
tor multiplet can be computed by the Atiyah-Singer index theorem [83] in
a simple way

: vin (1 + €Z€1+Z€2 Z a, ’LU
(B.20) ind(D"™)(e1,€2,0) = ey Ty > el
weadj

where w is a weight of the adjoint representation of SU(N). At the south
pole, we expand (B.20) in terms of negative powers of ¢ and e’2, which
results in the sign change (e1,€2) — (—€1, —€2). This can be absorbed into
the reflection of weights w — —w. Hence, it gives rise to the identical contri-
bution to the one-loop determinant. Then, using (B.18), one can write the
one-loop determinant of the vector multiplet

B21) A, =[] T2(a a)le, e2) T2 ((a,0) + &1 + eafer, 2)]
aEA

where the Barnes double Gamma function I'y(z|€1, €2) can be considered as
the regularized infinite product

o0
(B.22) [o(zler, €2) H (z +mey +nex) "t .

n,m=0

The precise definition of the Barnes double Gamma function I'y(z|er, €2) is
given in the end of this section.

Next, we shall evaluate the hypermultiplet contribution to the one-loop
determinant. The transversal elliptic operator D™ for a hypermultiplet
is the Dirac operator Dpjrac that maps the spinor bundle ST of positive-
chirality to the spinor bundle S~ of negative-chirality

(B.23) Dpirac : ST — 57

An equivariant index for a hypermultiplet depends on the representation
of the gauge group. For a hypermultiplet in the adjoint representation, the
Dirac complex is tensored with the adjoint bundle on which the Gp = SU(2)
flavor symmetry acts on. Therefore the U(1)2 x SU(N) x Gf equivariant
index is given by

(B.24) indDgg}(El, €2,a madj)
es L (ie1+ies)

_(1 _ 6“1)(1 _ eisg)(

eiMad; _"_e_lmadj) § : ez(a,w>'
weadj
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where m,gj is the equivariant parameter of the SU(2) flavor symmetry. Since
the contribution from the south pole is the same as that from the north pole,
the one-loop determinant of a hypermultiplet in the adjoint representation
is given by

(B.25) Qflhlrz)losdj H Iy ({a, ) + magj + %2 [e1, €2)
acA
I (<a, a) — Madj + 61—562 €1, 62) .

The equivariant index for a hypermultiplet in an arbitrary representation
R of the gauge group is rather subtle since there occurs an enhancement
of a flavor group in some representations. We refer the reader to [82] in
which the detail analysis is provided. In conclusion, for a hypemultiplet in
an arbitrary representation R, the U(1)? x SU(N) x Gg-equivariant index
can be expressed as

(B.26) indD¥" (e1, €2, a,my)
62(161+162 . Vi
_ i{a,w)—im i{a,w)+im
__(1_6161 1_8152 ZZ(@ Tte f)'
=lweR

where Np mass parameters my with f =1,... Ng parametrizes the Cartan
subalgebra of Gr. Therefore, the one-loop determinant of a hypermultiplet
in a representation R can be expressed as

(B.27) hlrgog H HFQ (a,w) —my + 61+62|61,€2)
f=lweR

FQ (—(a, U}> —|—mf + #‘61,62) .

Since the instanton partition functions with a full surface operator can
be obtained by applying the localization method to the instanton moduli
space on the orbifold space C x (C/Zy), it is reasonable to expect that the
one-loop determinant can be also computed by the orbifold procedure. Due
to the orbifold space C x (C/Zy), we need to take the fractional equivariant
parameter e — $ (20), and the coulomb (21) and mass parameters (102)
with holonomy shift. Hence, the part of a one-loop determinant that takes
the form T'y(x|er, e2) on C? is generally altered in the following way:

617]\[)

(B.28) FQ(SE(CL 77’Lf,61,62)|61,62) — Iy ( (a mf,el) + I]?
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Then, its Zy-invariant part becomes the one-loop determinant on C X
(C/Zn). To take the Zy-invariant part, it is easy to use the index. Writing
t = ¢*2/N  the index that corresponds to the right hand side of (B.28) is

S
B.2 t) =e* .
(5.29) g(t) = e

The Zy-invariant part can be taken by averaging over the Zy group

N— pa
1 k % t’—N-‘N
N 2=ty
k=0

—

(B.30)

where w = exp(27i/N) is the N-th root of unity and [z | denotes the smallest
integer > . Subsequently, the one-loop determinant on C x (C/Zy) can be
written as

(B.31) Zi100p|C X (C/Z)] =Ty (gz(a, my ) + [ 2] ‘51,62) .

For concrete illustration, let us show simple examples in the case of C x
(C/Z3). The fractional equivariant parameter ¢ and the holonomy shift
generally ends up with the Barnes double gamma function I'y(x|er, ) whose
pole structure is depicted in Figure B1. Roughly speaking, we need to take
the even modes from them. For instance, the even modes can be read off by

averaging over the Zo group

Ty (z +eler, §) = T2 (z + ealer, e2) s [ Tty 1
T =2 € 2 B
) I 9 €2|€1, €2 21—t 1_(_t)_ 1—1¢2
o 1] ¢ =t) |_ ¢
Lo (24 $ler, 3) = T2 (@ + ela, @) 2|11 T-(n] 11
(B.32) T (zler, ) — T2 (zfer, e) = + 1 -
. g ) 21—t 1-(-t)] 1-#
Lt (=] 1
2(z = $ler, §) = T2 (zler, e2) ity Time

Let us conclude this section by providing the definitions of the special

functions that appear in this paper. The Barnes double Gamma function
[y(x|e1, €2) is defined by

d
(B.33) [y(zler, €2) := exp [ds

@(s;x\el,@)] ,

s=0
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€2

® @ L4 > €1

e o o

e o o

o o o

o---o--—-0- -

Figure B1: The distribution of poles of I's(x|e1, §). Only poles with black
color are Zso-invariant.

where the double zeta function is provided as

(B.34) Cas;x|er, €2) = Z(mq +ney+x)°

m,n
1 /°° dt tfe
CT(s) Jo ot (1—eat)(l—eet)’

In this paper, we also use the Upsilon function which is the product of the
Barnes double Gamma functions

1

B.35 T(zler, e2) := ’
(B.35) (@ler, ) Pa(zfer, e2)Ta(er + €g — e, €2)

and therefore it obeys

(B.36) Y (z|er, e2) = Y(er + €2 — x|eq, €2) .
Besides, it admits the following line integral representation
(B.37) log Y (x|e1, €2)

[
o t

(€1+ €2 —22)% _,, Sinh2(61 + €9 — 23:)%
e—2t _
4 sinh(e;t) sinh(eat)
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The characteristic property of the Upsilon function is the shift relation

Tz + etler, e2) = &7 (@ /e2) T(aler, e2)

(B.38) 9 /er—1
T(x+ ezer, e2) = € y(w/€e1) T (x|er, €2)

which plays an important role in this paper.

Appendix C. J-function of cotangent bundle of partial
flag variety

s
.
(&1
(2

Figure C1: Quiver diagram for N' = (2,2)* GLSM whose Higgs branch is
the cotangent bundle T*F1(d) of a partial flag variety.

The partial flag variety FI(d) = F1(dy, ..., dy—1,dy = N) is an increas-
ing sequence of linear subspaces of CV

(C.39) 0cCh c...cCdu du — N

Thus, the GLSM given in Figure C1 flows to NLSM with T*Fl(ci}. As
in §2.2.2, one can extract the J-function of T*FI(d) from the S? partition
function of the GLSM:

(1+h~ lHﬁf)-ﬂ-h tm), 1) (D

(C.40) J([T*F1(d) Z H o H H WHD) oo

o I=1 I=1 s#t

M=2 d; disa (hilH(I)—hlet(“rl)—h*lm) () _, (1+1)

s ks —ky
H H H (1+h71H£I)_ﬁ71H£I+1))k‘(SI)7kEI+1)

(R P HM=D—p= H™ —h='m) (1)
H (1+}‘L*1H,§M71)—hilHt(M))k('M—l)




1330 Satoshi Nawata

Here we identify HS(I) (s =1,...,ds) with Chern roots to the duals of the
universal bundles Sy:

(C.41) 0C81CSQC'-'CSM_lCSM:CN®OF1N.

Furthermore, the Higgs branch formula of the vortex partition function can
be written as

(1-h~ ast+h tm), ) (D

(C.42) =Y H . H H CNTT

B I=1 I=1 s#t
d
M—-2 d; dryr 5 - asi—h—1m) <I>,k§1+1)
H H H flst (1)7k(1+1)
I=1 s=1t=1 t
d N
! “tag—hTim) L (M—=1)
H H (1 h=las.) (M=)
s=1 t=1

With the identification d; = Z{]:l Ny, this can be regarded as kj; = 0 spe-
cialization of the instanton partition function (A.7)

(C43)  ZJT*FUd)](z1, as, m, h)

M—-1
k N=2*
Z <H ZII) QFN PNV SVES O( ir Hadj = 10— h,e1 = h) :

ki,.ookn -1 N\ I=1

Among partial flag varieties, the projective space PY~! and the Grass-
mannian Gr(r, N) play a distinctive role since they are particularly simple.
Hence, we write the J-functions of their cotangent bundles explicitly. The
J-function of the cotangent bundle T*PN =1 of the projective space is ex-
pressed as

oy (WYH — i tm) Y
Z (1+htH)Y

whereas that of the cotangent bundle T*Gr(r, N) of the Grassmannian is
given by
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(C.45) J[T*Gr(r,N)]
L (W H = B tm)yY

_ |ks|+h~1 | Hy|
Z + H 1+h le)kS

Hks—kt+h 'Ho—h'H, R 'H,—h 'H;+1+h"'m
h-1H,—h1H,  ki—k+h 'Hi—h 'H+1+h"tm

s<t

Hori and Vafa conjectured in [84] that the J-function of the Grassman-
nian can be obtained by acting Vandermonde differential operators on the
product of the J-functions of the projective spaces:

S Zs Z aZ
(C.46) J[Gr(r, N)] H =y —- R CTETE D] N
s<t o :

where we define J[P)(z1,...,2,) = [[oe; J[PY1](25). This conjecture has
been proved in [85]. From the explicit expressions (C.45) and (C.44), it is
straightforward to find a similar relation between them

(C.47) J[T*Gr(r,N)|(2)

-1
B H 0., — 20, 250, — 2105, + 1+ hlm
h— lH —h- lHt h_le — h_lHt +1+ h_lm

J[T*P)(21, ..., 2r)

b
Zs=%

where we define J[T*P](z1, ..., 2) = [[oey J[T*PY71(z5). Recently, it was
proven in [86, 87] that the quantum connection of Gr(r, N) is the r-th wedge
of the quantum connection of PV ~1. It would be intriguing to study whether
the statement can be extended to their cotangent bundles. Note that the
quantum connection of T*PV~1 is given by

(C.48) (20.)N = 2(20, — R im)N [ J[T*PY () =0 .
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