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Singularities and Gauge Theory Phases

MBOYO ESOLE, SHU-HENG SHAO AND SHING-TUNG YAU

Motivated by M-theory compactification on elliptic Calabi-Yau
threefolds, we present a correspondence between networks of small
resolutions for singular elliptic fibrations and Coulomb branches
of five-dimensional N' =1 gauge theories. While resolutions cor-
respond to subchambers of the Coulomb branch, partial resolu-
tions correspond to higher codimension loci at which the Coulomb
branch intersects the Coulomb-Higgs branches. Flops between dif-
ferent resolutions are identified with reflections on the Coulomb
branch. Physics aside, this correspondence provides an interesting
link between elliptic fibrations and representation theory.
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1. Introduction

M-theory compactifications have always been a rich setup for exploring the
interplay between gauge theory and geometry. Compactification of M-theory
on Calabi-Yau threefolds gives rise to five-dimensional N' = 1 theories with
vector multiplets and hypermultiplets [1]. The vacuum expectation values
(vevs) of scalars in the vector multiplets parametrize the Coulomb branch
of the theory while those of the scalars in the hypermultiplets parametrize
the Higgs branch. There are also mixed branches, which we will call the
Coulomb-Higgs branches, where parts of both the vector multiplet scalars
and hypermultiplet scalars have nonzero vevs. Different crepant resolutions
of the same singular Calabi-Yau threefold correspond to different subcham-
bers of the Coulomb branch [2-4]. Here we present a pedagogical and detailed
demonstration of this correspondence between the network of resolutions
with the subchambers of the Coulomb branch of the quantum field theory.
The analogous story for M-theory compactifications on Calabi-Yau fourfolds
has been considered in [5-13].

We would like to emphasize that our correspondence goes beyond the
context of M-theory. In particular, the total space does not have to be
Calabi-Yau and it can be either a threefold or a fourfold. For this reason,
we will also study the codimension three fibers for our resolutions. On the
gauge theory side, the Coulomb branch can be solely described by the repre-
sentation theory. Thus our correspondence, from a pure mathematical point
of view, provides an interesting link between small resolutions for singular
Weierstrass models and representation theory.

On the geometry side, we focus on elliptically fibered threefolds or four-
folds with a section over the base B. Such elliptic fibrations always admit a
(singular) Weierstrass model [14, 15]. We will use the Weierstrass model as
our starting point and consider those given by the “Tate forms” with gen-
eral coefficients a; ;. Specifically, we will consider the Tate form of type I3,
which has the explicit gauge groups SU(N) after resolving the singularities
[16, 17]. The base B is assumed to be nonsingular and of complex dimension
two or three. We present a simple derivation for small resolutions of the
SU(N) Weierstrass model with N = 2,3,4 by giving a unified description
that can be summarized by a network of successive blow ups. Flop transi-
tions between different resolutions can be visualized from the ramification
of branches in the network of resolutions. Some of the flops are induced by
the Zo automorphism in the Mordell-Weil group of the original Weierstrass
model. The same feature was also observed in the case of the SU(5) model
[18]. We also study the fiber enhancements in codimension two and three
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for each resolution. Over the codimension two loci, we recover the standard
enhancements SU(N) — SU(N + 1) and SU(N) — SO(2N) [19, 20]. In the
SU(4) model, we find a non-Kodaira type fiber of type I§" in codimension
three.

On the gauge theory side, we consider the low energy quantum field the-
ory by compactifying M-theory on an elliptic Calabi-Yau threefold of the
SU(N) Weierstrass model type. This theory is the five-dimensional N' = 1
gauge theory with gauge group SU(N) and hypermultiplets in the funda-
mental representation (L) and antisymmetric representations (H) These
are the representations arising from the rank one enhancements SU(N) —
SU(N +1) and SU(N) — SO(2N) of the Weierstrass model in codimen-
sion two. This theory has a Coulomb branch in its vacuum moduli space
parametrized by the vev of the real scalar field ¢ in the vector multiplet. It
also has a number of Coulomb-Higgs branches in its vacuum moduli space
parametrized by both the vevs of some components of the real scalar ¢
and the vevs of some massless matter scalars @, Q. From a representation-
theoretic perspective, we consider the partitioning of the Coulomb branch
into several subchambers separated by certain codimension one walls Wy,.
Each wall W, is labeled by a weight in the fundamental or antisymmetric
representation. The hypermultiplet scalars Qu, Qu with weight w become
massless at the wall W, and we can activate their vevs to go to the Coulomb-
Higgs branch. These walls are sometimes called the Higgs branch roots in
the physics literature where the Coulomb-Higgs branches and the Coulomb
branch intersect.

After collecting the necessary data on the geometry and the gauge the-
ory side, we present a one-to-one correspondence between the network of
resolutions for the Weierstrass model with the Coulomb branch of the cor-
responding gauge theory. Starting from the bulk of the Coulomb branch,
each subchamber of the Coulomb branch corresponds to a resolution in the
network. Next going to codimension one, each wall W,, corresponds to a
partial resolution in the network. Intersections of walls are also matched
with partial resolutions that appear in earlier branches of the network of
resolutions for the Weierstrass model. In addition, flops between different
resolutions are realized as reflections! with respect to certain walls on the
Coulomb branch. The SU(3) and SU(4) cases are demonstrated in Figure 1

IThese are reflections with respect to certain walls on the Coulomb branch, not to
be confused with the Weyl reflections. We will restrict ourselves to the fundamental
chamber, so we will not talk about the Weyl reflections in this paper.
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Network of Resolutions
Resolution

Partial resolutions
Blowing down

Flop

Coulomb branch
Subchamber
Walls and their intersections
Moving on to the walls or their intersections
Reflection

rront

and 2. We end up with the following dictionary between the Coulomb branch
(left) and the network of resolutions (right):

The vanishing nodes (cycles) in the fiber of the Weierstrass model can
also be read off from this correspondence. For example, one of the four nodes
in the fiber of the SU(4) model shrinks in the partial resolution &} (see Figure
132 or (B.22)). On the gauge theory side, the corresponding line L indeed
lies on the boundary of the Coulomb branch (see Figure 12), where part of
the non-abelian gauge symmetry is restored, signaling vanishing nodes on
the geometry side.

Note added. While this work was finalized, a closely related paper [13]
appeared on arXiv. The authors introduced a powerful graphical tool, called
the box graph, to classify all the subchambers on the Coulomb branch from
the representation theory input. We give the box graph descriptions for the
resolutions studied in this paper in Sec 5. We also generalize the box graphs
to partial resolutions.

2. Geometry: small resolutions of Weierstrass models

We first fix our convention and spell out some basic definitions.

Resolution of singularities. A resolution of singularities is a map f :
X’ — X between a nonsingular variety X’ and a singular variety X such
that the following conditions are satisfied:

1) X' is a nonsingular variety.

2) f is a surjective birational map.

3)
)

f
f is a proper map.
4) f

is an isomorphism away from the singular locus of X.

Small birational map, crepant birational map. A birational map is
said to be small when the exceptional locus has codimension two or higher.

2In Figure 13, the affine node Cj is omitted so only three out of the four affine
Dynkin nodes are shown there.
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Figure 1: Left: The SU(3) Coulomb branch. It is spanned non-negatively
by the two vectors p! and p?. The Coulomb branch is divided by the line
W, into two subchambers C*. The line W, is the codimension one wall
where the Coulomb-Higgs branch intersects the Coulomb branch. Right:
The network of small resolutions for the SU(3) model. Each letter stands
for a (partial) resolution of the original singular Weierstrass model & and
each arrow represents a blow up. By going along (against) an arrow, we
blow down (up) a variety. The identifications between the Coulomb branch
with the (partially) resolved varieties are given by 7+ =C*, & = W,
and &) = O. The flop is realized as the reflection with respect to the line
(wall) W, .

A birational map is said to be crepant when X is normal and f preserves the
canonical class, that is f*Kx = Kx-. A small resolution is always crepant,
but a crepant resolution is not necessary small. One way to construct a small
resolution is to give a sequence of blowups with centers that are non-Cartier
Weil divisors.

When working over C, a morphism 7 : Y — B is flat if and only if the
fibers are all equidimensional. We will require our resolutions to be small,
crepant, and flat.

Notations for blow ups. After a blow up, the center of the blowup
becomes a Cartier divisor called the exceptional divisor. We denote the
exceptional divisor by FE. Since E is a Cartier divisor, it admits a local
equation e = 0 that is a rational section of &(F). If we blow up X along an
ideal (g1,...,9n) to arrive at a new space X’ we use the notation

(glv"'7gn|§1:"':gn)

X ¢ X',
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Figure 2: Left: The SU(4) Coulomb branch. It is the three-dimensional
cone spanned non-negatively by the three vectors u',u?, 3. There are
three triangles (walls) W+, W9 W~ with vertices (py, ¥, 0), (po, ¥, O), and
(p—, ¢, 0), respectively, extending infinitely from the apex O. The three walls
divide the Coulomb branch into four subchambers Ci. The four subcham-
bers are tetrahedrons in the above figure with vertices CT : by, l,ps,0),
Ci :(p+,4,p0,0), CT = (po,¢,p—,0), CZ : ({_,¢,p_,0) extending infinitely
from the apex O. The three triangles intersect at a single line L : (¢, O).
The point O is the origin of the Coulomb branch. Right: The network of
resolutions for the SU(4) Weierstrass model. One needs to blow up three
times to completely resolve the singularity, leading to four resolved varieties
F.E. The identifications with the Coulomb branch are given by Z& = C,
TE=WT, B=W" - =W, & =L, and &) = O. The flops are real-
ized as reflections with respect to the wall WO,

where [g1 : -+ : gn] are projective coordinates of the exceptional locus and
are related to the generators (g1, ..., g,) by the condition
rank <€1 g") =1,
gl PEEEEY gn

which is equivalent to asking all the minors to vanish:
9i9; —9;9: =0, t,7=1,...,n

If we blowup an ideal generated by g;, we express the blowup with the
following notation [21]:

X < (gla"'agn| 6) X/,
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where e defines a generator of the principal ideal corresponding to the excep-
tional locus of the blowup. Such a blowup is induced by the rescaling

gL =c¢€gr, k=1,... n.

We can think of e as a section of 0'(F), where E is the exceptional divisor
of the blowup of (g1,...,9n). Then gi are projective coordinates of the pro-
jective bundle generated by the blowup. If g; is a section of &'(D;), then g;
is a section of 0(D; — E).

Since we will often need successive blowups, we will denote by Ej the
exceptional divisor of the k-th blowup and by ey, a rational section of &' (E},).

2.1. Welerstrass models

A Weierstrass model [14, 15, 22, 23] is an elliptic fibration over a base variety
B, where over each point on the base, the fiber is an elliptic curve described
by a plane cubic algebraic curve with equation

(2.1) Eo Pz + arryz + azyz® — (23 + agx?z + agr2® + ag2’) = 0,

where [z : y : 2] are the homogeneous coordinates of P2 and the coefficients
a; are sections of certain line bundles over the base B described below. The
cubic curve is a projective curve of genus one. It has a clear choice of a
rational point given by z = z = 0. The tangent to the curve at that point is
z = 0 and it has a triple intersection with the curve.

Globally, a Weierstrass model over a base B requires a choice of a line
bundle . — B so that the equation (2.1) is the zero locus of a section of
the line bundle

(2.2) 0(3) @ n* L0
inside the projective bundle
(2.3) T:Plop® L* D L% — B.

The Weierstrass model is Calabi-Yau only when ¢ (B) = ¢1(£) as can be
seen by applying the adjunction formula. The homogeneous coordinates
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x,y, z of the P2-bundle and the coefficients a; are sections of the follow-
ing line bundles:

z is a section of O(1),

r is a section of (1) ® 7*.£2,
y is a section of O(1) ® .23,
a; is a section of 7*.Z".

In the following we will take the base variety B to be a nonsingular algebraic
variety of complex dimension two or three. Some comments on our notation:

e We use the classical convention for the projectivization 7 : P(£) — B
of a locally free sheaf & over B: the fibers of P(&) are the lines of &
passing through the origin and not the hyperplanes?.

e We denote the tautological line bundle of the projective bundle P(&)
by Ops)(—1). Its dual is the canonical line bundle Op(sy(1). When
the context is clear, we will abuse the notation and write &(—1) and
O (1) respectively for Op)(—1) and Op(s)(1). We also write &(—n)
(for n > 0) for the nth tensor product of &(—1). Its dual is &'(n), the
nth tensor product of €/(1).

2.1.1. Mordell-Weil group. A Weierstrass model is a true elliptic fibra-
tion in the sense that the generic fiber is a genus one curve endowed with
a choice of a rational point. As we move over the base, that rational point
becomes a section of the fibration. Here the section is given by the point
x = z = 0 on every fiber. The Mordell-Weil group of the elliptic fibration is
the group of sections of the elliptic fibration. For a Weierstrass model, we
take its origin to be the section x = z = 0. Given a point on the base B in
the Weierstrass model, the opposite of a point [z : y : z] under Mordell-Weil
group is [z : —y — a1x — azz : z]. This defines a fiberwise Zgs automorphism
of 5’0,

(2.4) L:6y =&y Jriyizle [z —y—aix—azz: 2.

If the Weierstrass model is singular, after a resolution ¢ is not necessarily
an automorphism of the resolved space. However, the mapping it induces,

3 The convention we use for projective bundles is the opposite of the convention
used in Hartshorne but matches the convention used in most papers in F-theory,
the conventions of Fulton’s book on intersection theory, and in the (coming) book
of Eisenbud and Harris on intersection theory.
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which will be called the inverse action, can map a resolution of & to another
one and can even be a flop transition.

2.1.2. Singular fibers and Tate forms. An elliptic curve given by a
Weierstrass equation is singular if and only if its discriminant A is zero. If
a Weierstrass equation is defined over k and let k be the algebraic closure
of k, then two nonsingular elliptic curves are isomorphic over k if and only
if they have the same j-invariant. We can write the discriminant and the
j-invariant in terms of variables (be, by, bg) or (c4,cg) which are defined as
follows [14, 24]:

(2.5) by = a? + 4as,
(2.6) by = aras + 2ay,
(2.7) bg = CL% + 4ag,
(2.8) bs = boag — arazay + a2a§ - ai,
(2.9) ¢y = b3 — 24by,
(2.10) cg = —b3 + 36byby — 216bg,
1
(2.11) A = —bibg — 8b3 — 27b2 + bbb = (cd— ),
1728
3

C
2.12 j = 1.
(2.12) I=x

These quantities are related by the following relations:
(2.13) 4bg = bobg — b3 and 1728A = ¢ — 2.

A nonsingular Weierstrass model only has nodal and cuspidial curves as
singular fibers. In order to have more interesting singular fibers, we have to
consider singular Weierstrass models. The singularity of an elliptic fibration
over divisors of the base are classified by Kodaira and Néron [25, 26] and
can be predicted by manipulating the coefficients of the Weierstrass equa-
tion following Tate’s algorithm [27]. We can force a given singularity over a
hypersurface (a Cartier divisor) cut by an equation:

(2.14) €y = 0

by allowing the coefficients a; to vanish on ey with certain multiplicities.
Given the order of eg for each of the sections a;, the types of singularity are
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given by Tate’s algorithm. If a; has vanishing order k, we will write
(2.15) a; = a; ek

(If & = 0 we will simply write a; ;, as a;.)

In this paper we will consider the type I3, Weierstrass model correspond-
ing to gauge group SU(N). For N being even N = 2n or odd N = 2n + 1,
the vanishing orders for I3, : SU(2n) and I3, : SU(2n + 1) are [16, 17]:

(2.16) SU(2n) :a1 = a1, ag = az 1€, a3 = aspeg,
2
ay = a4n€p, a6 = a62n€)

(2.17) SU(2n+1) :a1 = a1, ag = az 1€, a3 = aspeg,

_ n+1 _ 2n+1
a4 = A4n+1€y 5 A6 = A62n+1€5 -

In the case of SU(2n), the discriminant factorizes as follows
(2.18) A =e2"| —alPy, +O(eo)|, Pon = —a1a3,a4n — ain + atag 2n.

The first component 3" is the locus over which we have the fiber of type
5, after resolution of singularities. The second component corresponding
to the bracket is the locus over which we have the nodal curves I;. These
two divisors intersect in codimension two in the base along eg = a; = 0 and
eg = P», = 0. They intersect further in codimension three along ey = a; =
a4, = 0. We see that eg = a; = 0 is on the cuspidal locus ¢4 = ¢ = 0 while
eg = Py, = 0 is not. We will see in later sections that there are rank one
enhancements in the codimension two loci eg = a; = 0 and ey = P, = 0.
In the case of SU(2n + 1) we have

(2.19) A =" —alPyy1 + O(eg) ],

. 2 2
Popt1 = agna3, — 103 na4n41 + a7062n+1-

The discriminant again contains two components. They intersect in codi-
mension two along eg = a; = 0 and ey = Po,4+1 = 0. These two codimension
two loci intersect further in codimension three along eg = a; = a1 = 0 and
ep = a1 = az, = 0. We will see in later sections that there are rank one
enhancements in codimension two loci eg = a; = 0 and eg = Pap41 = 0.
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2.2. I5: The SU(2) model

The Tate form for the SU(2) model is [16, 17]
(2.20) &Y =y +ajzy + as160Yy
— (ac3 + a2’1eox2 + as1e0z + CL6’2€(2)) =0,

where we are in the patch z # 0. It is easy to see that there is no singularity
at z = 0, so we will henceforth stay in this patch and set z = 1. In fact, the
total space is singular at

(2.21) r=y=e¢ey=0,

where all the partial derivatives of Y vanish. The singularity is sitting at a
point = y = 0 over the divisor ey = 0 in the base. Above the divisor ey = 0,
the elliptic curve becomes

(2.22) y? + ajzy —2® =0

which can be written explicitly as a nodal curve:

1 Py Lo
(2.23) (y + 2a1x> —x <a: + 4a1> =0.

In particular, we see that over ej = a; = 0, the nodal curve becomes a cus-
pidal curve

1\2
(2.24) (y + 21‘) — 23 =0.

This suggests a possibility of fiber enhancement for the resolved variety over
€)p = a1 = 0.

To resolve the singularity, we will blow up the singular locus x =y =
€y = 0.

Resolution & : (z,y,eple1). To blow up the center (x,y,ep), we intro-
duce a P? with homogeneous coordinates [Z : 7 : &) such that they are
collinear with x, vy, eg. That is,

(2.25) r=ex, Yy=ey, ey=eién,

where e; = 0 is the exceptional divisor. Note that e; is always defined since at
least one of Z, 1, &g is nonzero. To simplify our notations, we will henceforth
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drop the bar for the new projective coordinates and forget about the original
unbarred coordinates x, y, g. The collinear condition (2.25) is then rewritten
as the replacement,

(2.26) (z,9,e0) — (e12, €1y, e1€g).
The blow up will be denoted as

('Iaya 60’61) @@17

(2.27) &

with the last entry e; in parentheses being the ideal of the exceptional divi-
sor. By doing the replacement (2.26) in & and factoring out e? (which
shows that the singularity has multiplicity two), we arrive at the resolved
variety &7:

(2.28) & v+ arzy + asepy = e1x® + ag,leleoﬂsz + ag1e0r + CL67263.

Since the blow up introduces an extra P2, now the ambient space is paramet-
rized by

(2.29) [er1x ety :z=1|[z:y: el

As one can easily check, & is a nonsingular variety if dim¢ B < 3. There-
fore for the SU(2) model, we need only one blow up to fully resolve the
singularity.

Fiber enhancements. In &, the fibers are singular over ey = 0. Now
after the blow up, the divisor eg = 0 is replaced by e1eg = 0, over which the
fiber is still singular even though the total space is nonsingular. The fiber
over the codimension one hypersurface ege; = 0 consists of the following two
nodes, which are both isomorphic to P!,

(2.30) Co:eo=y>+aizy — ez’ =0,
' C1:e1 =y* +arvy + a3,1€0Y — 4,1€0T — a6,2€% = 0.

Over eg = 0, the ambient space is described by a fibration of Hirzebruch
surfaces 1. This can be seen by introducing the variables X = ejx and
Y = e1y. Indeed we then have the following ambient space parametrized by
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the projective coordinates

(2.31) (XY :z][x:y:0],
together with the relation

(2.32) Y —yX =0,

which is the definition for the Hirzebruch surface [F;.
The equation of Cj is better understood by putting back the projective
variable z into the defining equations for the nodes,

(2.33) Co:eg= zy2 + a1xyz — erzd = 0,
’ CiL:e1= zy2 + a1xyz + a3,1eoy22 — a4,160x22 — 0/6’26(2)2’3 =0.

We see that the equation for Cj fixes the value of e; and hence fixes to a
point in the first P? in the ambient space. It follows that Cj is parametrized
by [z : y]. At z = 0, even though e; is not fixed by the equation, the equation
implies z = 0 since y # 0 if x = 0. Hence the equation also fixes to a point,
ie. [eyx = 0,e1y = 0,z = 1], in the first P2. In other words, Cy describes a
P!-bundle over the divisor ege; = 0 in the base.

Over e; = 0, the ambient space is just a P2-bundle with projective coor-
dinates [x : y : eg]. It follows that O] is a quadric in P2 : [z : y : eg]. In par-
ticular it means that C7 defines a quadric bundles over the divisor ege; = 0.
A quadric bundle, in contrast to a P!-bundle, can have singular fibers. These
singular fibers are located at the zero locus of the discriminant of the quadric
as we will see later. All together, the nodes Cy and (' intersect at two points

(2.34) ConCi:[0:0:1]1:0:0]+[0:0:1]J[1:—aq:0].

This the Iy fiber in Kodaira’s classification. In the gauge theory language,
this is interpreted as the affine Dynkin diagram for SU(2).

Now let us move on to some special codimension two loci on B where
more interesting fibers appear. The fiber formed by Cy and C; can degen-
erate in two different ways: the two intersection points can coincide so that
the fiber becomes a fiber of Kodaira type III, or C; can degenerate into
two lines, giving in this way a fiber of Kodaira type Is. The latter would
happen when the discriminant of the quadric describing C vanishes. This
discriminant is precisely the P, introduced in (2.18).
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Over ege; = 0 and
(2.35) Py = —ajaz a4, — %21,1 +atags =0
but ai,as1 # 0, the quadric Cy splits into two lines,

(2.36) v+ azy + asiegy — a4,1€0% — ame%

1
= [as1y + a1as,12 + arag 2e0] (a1y — aq1€0) = 0.
ai1a4.1

That is, the node C' splits as

(2.37) C| — CF) te] =a41Y+ a1a412 + arag2e0 = 0,
[0:0:1][as 12 : —a1z — arae 260 : aq,1€0],
(2.38) Cf) ter =ay —agie0 =0,
[0:0:1][a1z : as1€0 : arep).

Right next to each node we write their explicit parametrizations. Note
CS) and C£2) intersect at afas 1z + (afap2 + ail)eo = 0. Hence the fiber
enhances from I to the I3 fiber over P, = 0 on the divisor ege; = 0. In the
gauge theory language, this is the rank one enhancement from SU(2) to
SU(3).

Over ege; = a1 = 0, the two fibers Cy and €7 meet at a double point, so
the fiber enhances from Iy to the type III fiber there.

Over epe; = a1 = aq,1 = 0, the node C; becomes

(2.39) C1:e1 =y +ag1e0y — agaeg = 0.

Hence (' splits into two nodes C’fl)/ and C£2)l parametrized by

(2.40) C1 —»CY [0:0: 1z y@ :el)], i =1,2,

where y@ e j =1,2, are the two roots of y? + as;1eoy — CL6726(2) = 0. The
three nodes Cj, C’fl),, and C§2)/ meet at a point [0:0:1][1:0: 0], so the
fiber is of type IV. The fiber enhancements for &) in the SU(2) model are
summarized in Table 1 and Figure 3.
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Network of resolutions. The blow up for the SU(2) model is summa-
rized in the following (degenerate) network,

x,y,eple
& (z,y,eoler)

(galv

where the arrow represents the blow up. This network will be the key data
we extract from the geometry side. We will see more nontrivial networks in
the following.

6061:0 6061:P2=0 6061:(11:0 606120,1:0,471:0
C1— 0 + 07 c, — oM 4o
I I3 III v

X

Table 1: The fiber enhancements for & in the SU(2) model. Here Py =
—a1a3,104,1 — %2;,1 +ajagp = 0.

2.3. I3: The SU(3) model

Let us move on to the SU(3) Weierstrass model [16, 17],

(2.41) v+ arzy + asepy = 3+ &27160$2 + a4,26(2)x + (167368.
Again the total space is singular at

(2.42) r=y=¢ey=0.

To resolve the singularity, we proceed as before by blowing up along the
ideal (z,vy, eo).
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SU(2) 7&13
Tl e
0

a; =0 V

III

codim 1 codim 2 codim 3

Figure 3: The fiber enhancements over the divisor egpe; = 0 for the SU(2)
model. Note that the codimension three locus ege; = a; = P> = 0 is the same
as epe] = a1 = aq,1 = 0 (see (2.35)).

2.3.1. First blow up and conifold singularity: & : (x,y, eole1). By
blowing up along the ideal (z,y, eq)

(2.43) (z,y,e9) — (e1z,e1y, erep),

we obtain the resolved variety &7,

(2.44) & :yly+arx +asiep) — e (ac3 + a2,1eox2 + a4,263m + aﬁjgeg) =0.
The ambient space is parametrized by the following projective coordinates
(2.45) [erx:ery:z=1][x:y: e

Description of the fiber. Generally over the divisor ege; = 0, we have
three nodes in the fiber,

Co:eo=y>+aizy — erx® =0,

(2.46) Ci:ei=y+aiz+ as,1€e9 = 0, [0 :0: 1”33 I —a1r — as1€o : 60],
Ciliegp=y=0,[0:0:1][z:0: e

Below each node is its explicit parametrization. For example, C] is paramet-

rized by z,ep in the last P2 : [z : 0 : eg]. The three nodes intersect pairwise
at three different points and we identify them as the I3 fiber. It should be



1200 M. Esole, S.-H. Shao and S.-T. Yau

emphasized at this point that even though & is still singular as we will see
shortly, we already obtain the full affine Dynkin diagram for SU(3). If we
consider the Kéahler moduli here, while the size of the affine node C is set
by the size of the original P? for the projective bundle, the sizes of C; and
are not independent and are controlled by the size of the P? we introduced
to perform the first blow up. This can be seen by noting that C; and Cf are
both complex lines inside the new P? : [z : y : eo] and scale uniformly with
the new P2. It is only after the second blow up that the two nodes C; and C]
acquire independent Kéhler parameters controlling their sizes. This is quite
in contrast with the usual blow up of a complex surface with A — D — E
singularity, where we obtain new nodes at each step of the blow up.

Conifold singularity. In contrast to the SU(2) model, the variety &
after the first blow up is still singular. To see this, we define

(247> S(I’, Y, 60) =Y + a1z + as 1€,
(2.48) Q(z,e) = 3 + (127160$2 + a4,26(2)a: + (167368,

and rewrite & (2.44) as

(2.49) & 1 ys = e1Q.

In this expression, it is clear there is a conifold singularity at
(2.50) y=e=s=0Q=0.

Note that y = e; = s = 01is precisely the intersection C] N Cy. Over a general
point on the base B, ) can not be zero at the same time as y =e; = s = 0.
Only at

3 2 2 3
(2.51) P3 = az 1 — (102,103 1 +ajasia42 —ajag s = 0

is there a solution to (2.50). Hence the conifold singularity only occurs at a
codimension two locus on the base B defined by P3; = ejeg = 0. Note that
P53 was first introduced as the leading term in the second component of the
discriminant (2.19). As we will see in Appendix A, after the second blow up,
there will be a fiber enhancement at this codimension two locus.

2.3.2. Second blow ups and flop: 71 : (y, e1]|e2) and T~ : (s, e1|ea).
Next we wish to blow up the conifold singularity of ys = e;@Q. As usual for
the conifold singularity, there are two possible blow ups one can do: we can
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either blow up along the ideal (y, e1) or the ideal (s, eq). The two resolutions
J 7T and .7~ are related by the flop exchanging y with —s = —y — a1z —
a3 1ep, which is the inverse action (2.4) induced by the Zy automorphism in
the Mordell-Weil group. Geometrically, .7+ and .7~ are obtained by blow-
ing up along C] : e; =y = 0and C; : e; = s = 0, respectively. Hence the flop
exchanges the two nodes C{ and Cj in the SU(3) Dynkin diagram. Also,
since we blow up along divisors C; or C], the resolutions are guaranteed
to be crepant. One can check that after the second blow up, 7% are both
nonsingular varieties for dim¢ B < 3. We therefore arrive at the network of
resolutions for the SU(3) model in Figure 4.

g—l—

Yo \\\

(g)o x7y760|61) (g)l |
(é’) e /,

]/6’2) ///

-

Figure 4: The network of resolutions for the SU(3) model. Each letter stands
for a (partial) resolution and each arrow represents a blow up. Starting from
&y, there is a unique (crepant) blow up (x,y,eple1) to go to the partial
resolution &7. For the second blow ups, there are two inequivalent blow ups
leading to .7*. The two resolutions .7 * are related by a flop induced by the
Zy automorphism (2.4) in the Mordel-Weil group. Here s = y + ajx + as 1 €.

A detailed analysis of .7 and .7~ can be found in Appendix A. The
fiber enhancements over codimension two and three loci are summarized in
Figure 5.

2.4. Ij: The SU(4) model

For the SU(4) model we need three blow ups to completely resolve the
singularity for a base of dimension two or three. The details can be found
in Appendix B. The SU(4) model is [16, 17]

(2.52) &0 : y2 + arxy + ag,gegy =2+ CL27160$2 + a47ge%x + a6’4eé.
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SU(3)

S
=

S
I
o

codim 1 codim 2 codim 3

Figure 5: The fiber enhancements over the divisor egejeo = 0 for the resolved
SU(3) model .7*. The fiber enhancements are the same for both resolutions
up to relabeling. The trivalent point for IV means that the three nodes
meet at the same point. Note that the codimension three locus egeies =
a; = P3 =0 is the same as epejeg = a1 = az; = 0 (see (2.51)). Here P3 =
a%yl — a1a271a§71 + a%a371a4’2 — a?a673 =0.

After three blow ups, we end up with four resolutions ﬂf. The network of
resolutions is given in Figure 7. The fiber enhancements in codimension two
and three loci are summarized in Figure 6.

In the SU(4) network of resolutions, the red lines are the flops induced
by the Zg automorphism (2.4) of &y. The blue line indicates that the two
varieties are isomorphic to each other and will therefore be identified as one
resolution. See section B.4.1 for a detailed discussion. The fiber enhance-
ments are summarized in Appendix B, Tables B1 and B2.
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a; =0 Py=0 o
ONO, )
Cl2 - 4&4 2= 0
° 18 2,1 ) e 16+
© O )
codim 1 codim 2 codim 3

Figure 6: The fiber enhancements over the divisor egejeses =0 for the
resolved SU(4) model 7. Even though the splittings of the nodes are dif-
ferent for the four resolutions, the fiber enhancements are the same. See
Table Bl and B2 for the splittings of the nodes. Over egejeses = a; =
a%l —4ay42 = 0, we found a non-Kodaira type fiber IS+, which is a degen-
eration of Ij. Note that the codimension three locus epejeses = a1 = Py =0
is the same as epejeses = a1 =as2 =0 (see (B.38)). Here Py = —aiQ —
aiazaags + ajagy = 0.
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N
+

(I‘, Y, 61|f32)

§377?J7 eoler)

& &

|

|

1

1
1
\
\

7

>

e 7
9/6’3) .

Figure 7: The network of resolutions for the SU(4) model. Each letter stands
for a (partial) resolution and each arrow stands for a blow up. For the SU(4)
model, one needs to blow up three time to completely resolve the singularity.
The red lines are the flops induced by the Zs automorphism (2.4) in the
Mordell-Weil group. The blue line indicates that the two resolutions are
identified as a single one (see Section B.4.1). After the identifications, we
end up with four resolutions .7 for the SU(4) model. Later on we will

identify this network of resolutions with the SU(4) Coulomb branch (see
Figure 12).
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3. Gauge theory: Coulomb branches of 5d N = 1 Gauge
theories

In this section we discuss the 5d N' = 1 theories arising from M-theory com-
pactification on elliptic Calabi-Yau threefolds of the type I3, corresponding
to gauge group SU(N). We will not discuss the explicit prepotential or the
5d Chern-Simons term, but focus on the Coulomb branch from a purely
representation theory aspect. We will mainly follow [4].

Consider 5d N/ = 1 gauge theory with a vector multiplet in gauge group
G = SU(N) and massless hypermultiplets in representations R,, where a
labels different representations. We will restrict ourselves to the case where
the R, are the fundamental representation (L), the two-index antisym-
metric representation ({—), and their conjugates. These are the represen-
tation arising from the rank one enhancements SU(N) — SU(N + 1) and
SU(N) — SO(2N), respectively. The numbers for each such representations
will be assumed to be nonzero but otherwise unconstrained.

In the 5d SU(N) N =1 vector multiplet, there is a real adjoint scalar
¢ parametrizing the Coulomb branch. Modding out the residual gauge sym-
metry, the Coulomb branch is described by the fundamental chamber, i.e.

the dual of Cartan subalgebra modulo Weyl reflections, which we will denote
by C,

C : = fundmanetal chamber = {qb ‘ é-a’ >0, o = simple root}

= Coulomb branch.

In C we will associate to each weight w in the representation R, a codimen-
sion one wall W, C C defined by*

(3.53) wau:Ww::{qbec)qs-w:o}cc.

On the Coulomb branch where ¢ acquires a vev, the 5d supersymmetry
induces the following mass terms to the hypermultiplet

(3.54) (¢ w)*1Qul* + (¢ - )*|Qul?

where Q,, and Qg are the two complex scalars in the hypermultiplet with
weights w and w (the conjugate of w). Therefore at the wall W, the matter

4The wall defined here is a codimension one hypersurface on the Coulomb branch
where some matter scalars become massless. This is not to be confused with the
boundary of the Coulomb branch where some of the W-bosons become massless.
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scalars Q, and Qg become massless and we can activate their vevs to go
to the Coulomb-Higgs branch. That is, the codimension one walls are the
intersections of the Coulomb and Coulomb-Higgs branches.

The main object we will study on the gauge theory side is the parti-
tioning of the Coulomb branch C into several subchambers separated by the
walls Wy, (3.53). In the following we will consider three explicit examples.

3.1. SU(2) with 2

The fundamental chamber in this case is a half line,

(3.55) C = R>o.

The relevant representation is the fundamental representation 2 from the
rank one enhancement SU(2) — SU(3). There are two weights in 2. For
rank one, ¢ - w is a scalar product so it is zero if and only if ¢ or w is zero.
Since the weights for 2 are both nonzero, the walls are just the origin O of

the fundamental chamber, ¢ = 0. The SU(2) Coulomb branch is shown in
Figure 8.

3.2. SU(3) with 3

Let us denote the simple roots by o, i = 1, 2, normalized such that |a/|? = 2.
Let 4/ be the fundamental weights such that p' - o = §%. The fundamental
chamber C is spanned by the two fundamental weights 4’ with non-negative
coefficients,

(3.56) C: Rsgpu' + Rxg p?.

The relevant representation here is the fundamental representation 3
from the rank one enhancement SU(3) — SU(4), with weights

(3.57) w1 = [1 0], wo = [—1 1], w3 = [0— 1].
Let

(3.58) ¢ =" +gop? €C, ¢r12>0,
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be a general point in the fundamental chamber C. The inner products ¢ - w
can then be computed as®

¢ wp = %(%1 + ¢2),
(_d’l +¢2)7

1
(3.59) ¢ wy = 3
1
¢ - w3 = g(—dh — 2¢2).
Since ¢1,2 > 0, the inner products ¢ - w; and ¢ - w3 are never zero except
at the origin O. It follows that these walls W, , W,, do not divide the
fundamental chamber C. The only nontrivial wall is

(3.60) W, 1 ¢1 = b2,

dividing the SU(3) Coulomb branch C into two subchambers, which we
will call C* and C~. At the wall W,,,, some hypermultiplet scalars becomes

massless so Wy, is the intersection between the Coulomb and the Coulomb-
Higgs branch. The SU(3) Coulomb branch is shown in Figure 10.

3.3. SU(4) with 4 and 6

Let us denote the simple roots by a’, i = 1,2, 3 and the fundamental weights
by p'. The fundamental chamber C is spanned by p* with non-negative
coefficients,

(3.61) C= Rzo,ul + R20M2 + R20M3-

The relevant representations are 4 and 6 from the rank one enhance-
ments SU(4) — SU(5) and SU(4) — SO(8), respectively. Out of the ten

weights wf,, wg, p=1,...,4, ¢q=1,...,6,in 4 and 6, there are two weights
4

wy, wgl from 4 and two weights wg, w$ from 6 giving vanishing ¢ - w in the
bulk of the fundamental chamber C. Their Dynkin labels are

(3.62) wi =[-110], w§=[0 —11],
' wS=[-101], w8 =[10 —1].
Note that w8 = —w$ so they define the same wall.

5Recall that the inner product between fundamental weights is given by the
inverse of the Cartan matrix, u’ - u/ = (A~');;. Here our normalization is |a/|? = 2
and the Cartan matrix is defined by 4;; = 2a’ - o/ /|a!|?.
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If we parametrize ¢ by

(3.63) ¢ =d1p' + pop® + pap® €C

with ¢123 > 0, the four weights (3.62) define the following three nontrivial
walls in the fundamental chamber C,

1
W= Wy 6wy = 1(—¢1+2¢2+¢3) =0,
1

(3.64) WO i=Wye : ¢-u§ = 71—+ ¢3) =0,

W™= Wya: ¢ ws = i(—@ —2¢9 + ¢3) = 0.

For notational simplicity, we have renamed Wi, Wye, Wy, as wH,
WO, W, respectively. As shown in Figure 12, these three walls divide the
Coulomb branch C into four subchambers, C, Ci, c., C.

The three walls intersect at a single line, which we will denote by L,

(3.65) L=WrnW’nw= :¢y=—¢1+¢3=0.

Since ¢o = 0, L lies on the boundary of the fundamental chamber C. This
will be a crucial fact as we study the vanishing nodes of the fiber.

To summarize, the SU(4) Coulomb branch C is divided by three walls
W+, W% W~ into four subchambers C7, CI, C., CZ, and the three walls
intersect at a line L. The SU(4) Coulomb branch is shown in Figure 12.

In the next section, we will see the partitioning of the Coulomb branch
exactly matches with the topology of the network of resolutions.

4. The correspondence: networks of resolutions and
Coulomb branches

We will now demonstrate the one-to-one correspondence between resolu-
tions in the network and the subchambers in the Coulomb branch. This
correspondence also holds between partial resolutions with walls and their
intersections. Furthermore, flops transitions between different resolutions
are realized as transitions between different subchambers by reflections with
respect to certain walls on the Coulomb branch (not to be confused with the
Weyl reflections). We have the following dictionary between the Coulomb
branch (left) and the network of resolutions (right):
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Network of Resolutions
Resolution

Partial resolutions
Blowing down

Flop

Coulomb branch
Subchamber
Walls and their intersections
Moving on to the walls or their intersections
Reflection

rreny

In the following we will study three explicit examples to demonstrate
this correspondence.

4.1. SU(2)

Oe >(

Figure 8: The SU(2) Coulomb branch.

Sy e— 0 &
X O
0d 1d

Figure 9: The SU(2) network of resolutions. The singular fiber of the reso-
lution is drawn in the second row where the affine node Cj is always ignored.
In this case we have the nodal curve for &) and the (affine) SU(2) Dynkin
diagram as the fiber for &1. The identifications with the Coulomb branch
are given by & = C and &, = O.

In the SU(2) model, we only need to do one blow up and this is consistent
with the fact that the SU(2) Coulomb branch has real dimension one. The
Coulomb branch C is a half line and there is no nontrivial wall dividing it.
This corresponds to the fact that the crepant resolution &1 — &p is unique.
We hence have the following identification,

(4.66) c=é.

By blowing down &) to the singular Weierstrass model &, correspondingly
on the gauge theory side we move from the bulk of the Coulomb branch C
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to the origin O. Hence the origin O is identified with &,
(4.67) 0= é&.

We summarize the identifications for the SU(2) model in Table 2.

Network of Resolutions | Coulomb Branch
SU(2):| 1d & C
0d ) O

Table 2: identifications between the resolution and the (in this case only
one) subchamber on the Coulomb branch of the SU(2) model.

4.2. SU(3)

In the SU(3) model, we need to do two blow ups and the Coulomb branch
is indeed of real dimension two. While the first blow up &1 — &y is unique,
there are two options for the second blow up leading to .7 and .7 . On the
gauge theory side, there are two subchambers C™ and C~ on the Coulomb
branch and these are thus identified with the two resolutions,

(4.68) Ct=9%
,ul
C+
<" © — @)
qu

Figure 10: Left: The SU(3) Coulomb branch. It is spanned non-negatively
by the two vectors p! and p?. The wall W, divides the Coulomb branch
into two subchambers C*. Right: The two subchambers C* intersect at a
line Wy,.
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This identification is consistent with the intersection of the two sub-
chambers C* in the following sense. On the gauge theory side, the two sub-
chambers C* intersect at a line (wall) W, (see Figure 10),

(4.69) Wy, =CTNC™.

Correspondingly on the geometry side, the two resolutions .7+ can meet

0 4 &1 \‘. flop
T«

X OO 0—0

0d 1d 2d

Figure 11: The SU(3) network of resolutions. The singular fiber for each
(partial) resolution is shown in the second row, where the affine node Cj is
always ignored. The identifications with the Coulomb branch are given by
T+ =C*, & =W, and &) = O. The flop is realized as the reflection with
respect to the line W,,, on the Coulomb branch.

with each other at & by blowing down (see Figure 11). We thus have the
identification in codimension one,

(4.70) W, = &1

Finally, blowing down &7 to & corresponds to going along the line (wall)
Wy, to the origin O of the Coulomb branch. Hence

(4.71) 0=&.

We summarize the identifications for the SU(3) model in Table 3.

As a further consistency check, we first note that the singular fiber for
the partial resolution & is already the full affine SU(3) Dynkin diagram
(see (2.46)). This implies the corresponding line (wall) W,,, should not lie
on the boundary of the Coulomb branch (the two black lines in Figure 10)
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Network of Resolutions | Coulomb Branch
2d T+ Cc*
SU(3): | 2d T~ Cc™
1d & W,
0d ) 0

Table 3: identifications between (partial) resolutions and subchambers C*
or the wall W,,, on the Coulomb branch of the SU(3) model.

where part of the non-abelian gauge symmetries is restored. This is indeed
the case as Wy, lies in the bulk of the Coulomb branch C (see Figure 10).
The flop transition is also beautifully identified as the reflection on the
Coulomb branch. The flop induced by the Zs automorphism (2.4) in the
Mordell-Weil group exchanges 7, with .7,
flop

Tt 4ot y T,

which corresponds to the reflection with respect to the wall W° on the
Coulomb branch,

c+ <_£e_fé_;st_i9r_l_>. c-.

4.3. SU(4)

In the SU(4) model, we need three blow ups and the Coulomb branch
is indeed of real dimension three. There are four subchambers CT on the
Coulomb branch shown as tetrahedrons in Figure 12 with vertices

Cir : (€+’£7p+a0)a Ci : (er,f,po,O),
C-|_- : (p07£7p—70)a C_: (e—vgap—70)7

(4.72)

extending infinitely from the apex O. They are identified with the four res-
olutions .7 in Figure 13,

(4.73) ci=7F.

This identifications are consistent with the intersections between C. For
example on the geometry side, we can blow down 7 ++ and .7 to the par-
tial resolution .7+ or blow down .7, ++ and .7, to the partial resolution 2.
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However, there is no way to blow down once so that .7 ++ can meet with 7.
Correspondingly on the gauge theory side, while the subchamber CI share
walls with C* and C., it is not adjacent to C_ by a codimension one wall.
The intersections for the subchambers Ci[ are summarized in the left figure
in Figure 14.

The intersections of the four subchambers give three walls W+, W9 W~
(see the left figure of Figure 14). They are shown as triangles in Figure 12
with vertices,

W+ = Ci— nc—-:-_ : (p-i-vfu O)a
(4.74) W% =cinct:(po,t,0),
W= =C_NC-:(p_,40),

extending infinitely from the apex O. They are identified as the three partial
resolutions in the network in Figure 13,

(4.75) Wr=9%, wWl=2 W =9".

Again the identifications are consistent with the intersections of the walls in
the following sense. The three walls intersect at a single line L rather than
pairwise at three lines (see Figure 12 or the right figure of Figure 14),

(4.76) L=wrnw’nw-.

On the other hand, by blowing down the three partial resolutions .7+, 4,
and .77, they indeed meet at a single partial resolution &) (see Figure 13).
Hence we reach the following identification,

(4.77) L=4&.

Note that the fiber for each of the three partial resolutions is a full affine
SU(4) Dynkin diagram (see (B.33), (B.69), and (B.85)). This is consistent
with the fact that the three walls W*, W9 W~ lie in the bulk of the
Coulomb branch rather than on the boundary.

On the other hand, the fiber for &} is only an affine SU(3) Dynkin
diagram (see (B.22)). That is, one of the four nodes in the affine SU(4)
Dynkin diagram shrinks when we blow down to the partial resolution &.
Correspondingly on the gauge theory side, the line L indeed lies on the
boundary of the Coulomb branch. This provides a nontrivial check for the
correspondence.
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Po

Figure 12: Left: The SU(4) Coulomb branch. It is the three-dimensional
cone spanned non-negatively by the vectors p', p?, p3. The three walls
W+, WO W~ are triangles in the above figure with vertices (py,¥,O),
(po,4,0), and (p_,¥¢,0), respectively, extending infinitely from the apex
O. The three walls divide the Coulomb branch into four subchambers CE.
The four subchambers are tetrahedrons in the above figure with vertices
Cj— : (£+a€7p+70)7 Cj: : (p+7€ap070)7 C; : (pOa&p—aO% C-: (é_,g,p_,O)
extending infinitely from the apex O. The three walls intersect at a semi-
infinite line L : (¢,0) lying on the bottom of the Coulomb branch, which is
spanned by ! and p?. Right: The two-dimensional projection along L.

fj'
LN
+ \
/ 9+ ‘. ; \‘l
\ ‘ZL_ ) //
7
< OO0 O-O-0O O-O-0O
od 1d 2d 3d

Figure 13: The SU(4) network of resolutions. The singular fiber for each
(partial) resolution is shown in the second row, where the affine node Cj is
always ignored. The resolutions are identified with the Coulomb branch as
FJE=CcE, 7 =W, B=W" 7 =W, & =L, and & — O. The flops
are realized as reflections with respect to the wall WV.
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Figure 14: Intersections in the SU(4) Coulomb branch. Left: Intersections
in codimension zero for the subchambers CE. Right: Intersections in codi-
mension one for the walls W+, W9 W~. The trivalent point means that the
three walls intersect at a single line L. Intersections in higher codimensions
are trivial.

Finally as before, the origin O is identified as the original singular Weier-
strass model &,

(4.78) 0= é&.

We summarized the identifications for the SU(4) model in Table 4.
The flop is realized as reflection as follows. The flop induced by the Zo
automorphism (2.4) in the Mordell-Weil group exchanges .7 with .7,

flop

T Lo > Ti
It corresponds to the reflection with respect to the wall W0,

+ reflection —
CL <7 Cx

5. Network of Boxes

In [13] the authors introduce a powerful graphical tool called the box graph
to classify all the subchambers on the Coulomb branch from the representa-
tion theory side. Some of the fibers for the corresponding geometries can also
be predicted from the box graphs.® In this section we describe our (partial)
resolutions using the box graph technology and confirm the fibers predicted
from the box graph with our explicit calculation from the geometry side.

6Not all the fibers can be predicted from the box graphs. For example, the codi-
mension two fiber of type III in Figure 3 for the SU(2) model cannot be distin-
guished from the type I3 fiber in the box graph.
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Network of Resolutions | Coulomb Branch

3d Tr ct

3d T+ ct

3d T C,

3d T Cc”
SU(4): 5 Vi T

2d B wo

2d T~ w-—

1d & L

0od &p O

Table 4: identifications between (partial) resolutions and subchambers Ci,
walls W=, W9, or the intersection of walls L on the Coulomb branch of the
SU(4) model.

Definition of the box graph

We will focus on the SU(4) model while it can also be applied to the other
models studied in the present paper. Let ¢; with ¢ = 1,...,4 be the weights
in the fundamental representation of SU(4) and C; with ¢ = 1,2,3 be the
simple roots of SU(4). We have

(5.79) Cz =&; — &Ej+1-

The traceless condition of SU(4) implies

(5.80) D e=0.

Since we are interested in the general Tate form, both the fundamental
4 and the antisymmetric representation 6 matter fields are present. The
(uncolored) SU(4) box graph with 4 and 6 is shown in Figure 15. The box
labeled by (7,j) corresponds to the weight €; + ¢;.

Next, we will put color to each of the boxes in the box graph according to
the sign of the inner product ¢ - w between the corresponding weight w with
the real vector scalar ¢. The blue (yellow) boxes stand for weights w with
positive (negative) inner products with ¢, which will be called the positive
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(L,1)[(1,2)[(1,3)](1,4)

(2,2)](2,3)](2,4)

Figure 15: The box graph for the SU(4) model with both the fundamental
and the antisymmetric representations. The box labeled by (i, j) represents
the weight ¢; 4+ ¢; where ¢;, 7 = 1,...,4, are the weights in the fundamental
representation. The diagonal boxes (i,7) stand for the weights in the funda-
mental representation 4 while the rest of the boxes are the weights in the
antisymmetric representation 6.

(negative) weights. We use dark (light) color for the weights in the antisym-
metric (fundamental) representation. A consistent assignment of signs to the
boxes corresponds to a possible resolution, or equivalently, a subchamber on
the Coulomb branch. The rules for the sign assignment was discussed in
details in [13]. In the SU(4) model, there are four consistent sign assign-
ments for the box graphs shown in Figure 16, corresponding to the four
resolutions .7 in Figure 13.

Fibers from box graphs

The fiber enhancement for each resolution can be reproduced from the box
graph. Let us work out the case for .7, ++. We start with the fiber enhancement
over the codimension two locus associated with the fundamental represen-
tation. From the box graph, we see that ¢ - €2 > 0 and ¢ - €3 < 0. Hence we
can write the simple root Cy as the sum of two positive weights,

(5.81) Cy = g9+ (—e3).

Correspondingly on the geometry side, the node Cs, which we use the same
notation as the associated simple root, splits into two nodes. This is indeed
what we have seen in Table B1 where Cy — C4 + C5 over the codimension
two locus w = P, = 0.
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T+ T - -

Figure 16: The box graphs for the four resolutions .7 of the SU(4) models.
Each blue (yellow) box represents a weight w with positive (negative) inner
product with the real scalar ¢ in the vector multiplet.

Next moving on to the codimension two locus w = a; = 0 associated
with the antisymmetric representation. From the box graph we see that the
simple root C3 can be written as the sum of three positive weights

(5.82) Cs = (e2+e3) + (—e1 —e4) + C1.

Indeed, from the direct blowup result shown in Table B1, we see that the
node Cf splits into C’él) + C§2) + (4.

The codimension three fiber enhancement can also be read off from
the box graph. Over the codimension three locus w = a; = Py = 0 where
the SU(5) and SO(8) fibers collide, we have the fiber enhancement (5.81)
and (5.82) at the same time. In fact, since €2 in Cy can be written as the
sum of two positive weights in this codimension three locus,

(5.83) 2 = (e2 +€3) + (—e3),

it follows that C5 splits into three nodes there. The fiber enhancements over
the codimension three locus w = a1 = P4 = 0 are then

(5.84) Co = (g2 +3) +2(—¢3),
(5.85) C3 = (62 + 63) + (—51 — 53) + Cf.

Again, this matches with the fiber enhancement obtained directly from the
blowup in Table B1, Co — C4 + C’él) + C§2), Cs — Ch+ C:gl) +C.
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T+ 7 T

Figure 17: The box graphs for the three partial resolutions .7+ and %
in the SU(4) model. Each blue, yellow, or white box stands for a weight
w with positive, negative, or zero inner product with the real scalar ¢ in
the vector multiplet, respectively. The two zeroes in % are correlated due
to the traceless condition, (e1 +&4) + (g2 + €3) = 0. On the corresponding
codimension one loci on the Coulomb branch, the hypermultiplet scalars Q.
and Qy corresponding to the weights w labeled by 0 are massless, so one
can active their vevs to go the Coulomb-Higgs branch. Hence these partial
resolutions correspond to the Higgs branch roots where the Coulomb-Higgs
branches intersect with the Coulomb branch.

Box graphs for partial resolutions

The partial resolutions can also be represented by the box graph by putting
some of the weights to be zero (Figure 17). For example, the partial resolu-
tion 71 has e3 = 0 and % has (g1 + &4) = (g2 + £3) = 0. It should be noted
that the number of zeroes does not necessarily represent the codimension
of the corresponding locus on the Coulomb branch because there are some
relations between the weights in the box graph. For example for the partial
resolution Z, setting (¢; + €4) = 0 implies (2 + £3) = 0 due to the traceless
condition (5.80). Therefore, even though the box graph for % has two zeroes
it still represents a codimension one wall W° on the Coulomb branch.

The fiber enhancements for the partial resolutions can also be read off
from the box graph in Figure 17. Let us start with the codimension two
locus w = P4 = 0 associated with the fundamental representation for the
partial resolution .7 *. The weights in the fundamental representation 4
correspond to the light blue, light yellow, and white boxes on the diagonal
line in Figure 17. In contrast to its final resolution .7, ++, we can no longer
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write any simple root as the sum of two positive weights because the zero
weight e3 is standing between the positive and negative weights. Indeed,
as can be seen from Sec B.2, the fiber for .71 does not enhance over this
codimension two locus w = P, = 0.

On the other hand, there are no zero weights standing in the way between
positive and negative weights for the antisymmetric weights (dark blue and
dark yellow boxes in Figure 17). Hence, the fiber enhancement over the
codimension two locus w = a1 = 0 associated with the antisymmetric rep-
resentation should be the same as .7, ++. This is indeed the case as one can
check from Sec B.2.

Lastly, we can now relate each (partial) resolution to a box graph and
draw the network of resolutions (see Figure 13) in terms of boxes in Fig-
ure 18.

6. Discussion

Let us summarize our results:

e We present a simple and systematic procedure to resolve SU (IN) Weier-
strass models by sequences of blow ups for N = 2,3,4. The fiber en-
hancements in codimension two and three are analyzed for each case.
We found the non-Kodaira type fiber ISJF in codimension three in the
SU(4) model. Such a fiber was observed before in the study of elliptic
threefolds with the assumption of normal crossing for the components
of the discriminant of the fibration [28]. It can also appear in codimen-
sion two or higher [29]. See also [21] and [30].

e From the network of resolutions one can keep track of the way to blow
down to various partial resolutions along the arrows. Furthermore,
flops are manifest from the ramification of the branches in the network.
Since all the resolutions are obtained by sequences of blow ups, they
are manifestly projective varieties provided the base is projective too.

e In connection with physics, the topology of the network of resolu-
tions has an one-to-one correspondence with the Coulomb branch of
5d N =1 gauge theory. We explicitly match the subchambers, walls,
and intersections of walls on the Coulomb branch with (partial) reso-
lutions in the network for the Weierstrass model. In addition, flops are
realized as reflections with respect to the walls. This provides a clean
demonstration of phase transitions from a geometric point of view via
M-theory compactification.
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flop

Figure 18: The network of boxes for the SU(4) model. Each box graph
stands for a (partial) resolution of the SU(4) model. Each blue, yellow, or
white box stands for a weight w with positive, negative, or zero inner product
with the real scalar ¢ in the vector multiplet, respectively.

e Since the singularity structure of the Weierstrass model does not de-
pend on the choice of a specific fundamental line bundle, the total space
does not even have to be Calabi-Yau in particular. In that regard our
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correspondence goes beyond the context of string/M-theory compact-
ification. It suggests a deep connection between small resolutions for
singular Weierstrass models and representation theory.

It would be interesting to study explicitly the network of resolutions
for the other Tate models. For the SU(5) model, a sub-network is already
available from the six resolutions in [18] which are organized as an hexagon
[12, 18]. The full network of resolutions of the SU(5) model should include
all the partial resolutions as well as the known resolutions that are projec-
tive varieties. For example, in addition to the six resolutions of [18], it would
also include the “toric resolutions” of [10, 12, 31], thus clarifying their defi-
nitions in terms of sequences of blow ups. We would also like to extend this
correspondence to the D- and E-series.

Throughout this paper we have only talked about the phase transitions
within the Coulomb branch. It would also be interesting to understand the
conifold transitions [32, 33| from the Coulomb branch into the Coulomb-
Higgs branch in this context to complete the picture. A similar story of
deformation was recently discussed in [34, 35].
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Appendix A. Second blow ups and flop for the
SU (3) model

In this appendix we study the fiber enhancements for the resolved varieties
T* after the second blow up in the SU(3) model. Recall that after the first
blow up we arrive at the partial resolution &3

(A1) é1:ys=eQ

where s = y + a1 + az1e9 and Q = 23 + ag1€02? + ag2edr + ag 3€3. To re-
solve the conifold singularity at y = s =e1 = @Q = 0 over ege; = P3 =0 (Ps
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is defined in (2.51)) on the base B, we can either blow up along the ideal
(y,e1) or the ideal (s,e;). These two resolutions .7+ are related by a flop.

A.1. Resolution 77T : (y, e1|ez2)

By blowing up along (y,e1)

(A-2) (y,e1) — (e2y, e2e1)
we obtain
(A?)) & (@,y,e0le1) & (y,e1lez) g+

(A4) T7 :y(eay + a1z + az1eo) = el(x3 + a2,160x2 + a4,263m + a6,3e3),

where we have written down the chain of blow ups for .71 to keep track
which point in the network of resolutions we are at. The ambient space is
parametrized by the following projective coordinates

(A.5) leserx s e3ery : 2z = 1][z : ey : eo][y : e1].

The original divisor ey = 0 is now blown up to be egejeo = 0. The nodes
in the fiber over the divisor esejeg = 0 are

Co:eg= egy2 + arxy — erz® = 0,
Cy:e1 =exy+ar1x +ageg =0,

A6
( ) Ci L6 = (alx + a3,1eo)y

—ey(x® + a2,160x2 + CL4726(2)1,‘ + a673€%) =0.

They intersect pairwise at three different points so the fiber is of type I3.
This corresponds to the affine Dynkin diagram for SU(3).

Over the codimension two locus epejea = P3 = 0 but a1, az;1 nonzero, we
have simultaneous solution to s(y = 0) = a1z + ag,1e9 = 0 and Q(z,eg) =0,
i.e. Q(as,1,—a1) = 0. Above this locus, we can factor @) as

3 2 2 3
Q(x,e0) = 2° + ag1x7eg + aspxe; + ag 3€;

1 aiag1 — as; ag,3
(A.7) = (a1z + az,1€0) <m2 + ————zep + — e%
ai aj as 1

= (17 + az,1€0)Q(x, €o).
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The defining equation for C] thus becomes
(A.8) Cl:ex = (a1 + as1€o) |y — 61@(1‘, eo)} =0.

Hence C7 splits into two nodes, which we will call Cy, Cs:

Ci — Cy + Cs,
(A.9) Cy: [0:0:1][asy:0:—ai][y : e1],

C3:[0:0:1][x:0:eo)[Q(x,e0) : 1],

From the intersections of Cy, C1, Ca, C's we recognize the fiber to be of type
I4. This is the rank one enhancement from SU(3) — SU(4). Note that this
codimension two locus egeieo = P3 = 0 is precisely the locus of the conifold
singularity (2.50) of the partial resolution &7. After the second blow up, the
singular point (2.50) is blown up to be a full P! and gives rise to the rank
one enhancement to SU(4).

Over the codimension two locus epgeies = a1 = 0, the three nodes inter-
sect at a single point, CoNC1 N CY :eg = e = e2 =0, so we have the IV
fiber.

Over the codimension three locus epeies = a1 = a3z = 0, we note that
(' splits into three components

c; -+ et el
Ci:e0=e1 =0,

(A.10) [0:0:1][z:0:eg][l:0],
Céi) tea = Q(x,e9) =0,
[0:0:1]z%:0: e(()i)][y cel], i=1,2,3,

where 2, e[()i) are the three roots to Q(z,ep) = 0. Also note that the multi-

plicity for C is two now. From the intersections of Cy, 2C4, C, (1) , C’§2), Cég),

we recognize the fiber to be of type Ij.
The fiber enhancements for 71 are summarized in Table Al.

A.2. Resolution .7~ : (s,e1]e2)

For 7~ we choose to blow up along (s, e;) where s =y + a1z + as 1e9. By
replacing

(A.11) (s,e1) — (e2s,ezeq)
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€pe1ey = 0 €pe1ey = P3 =0 €pel1ey = ap = 0 €pe1€2 = ap = az,;1 = 0
Cl = C2+Cs o=+ ol ol
I; L v I;

Table Al: The fiber enhancements for .7+ in the SU(3) model. The trivalent
point for IV means that the three nodes meet at the same point. Here
P = CL%,l — a1a2’1a§71 + a%a371a472 — ai’aﬁ,g =0.

and expressing y = s — a1 — a3 1€9, we arrive at .7,

(A12) (530 (z,y,e0le1) @@1 (s,e1le2) T

(A13) T : (e2s — a1z — age0)s = 61(333 + a2,1ega:2 + CL4726(2)ZL‘ + a6,3eg).

The ambient space is

(A.14) [e2e1z : egeq(e2s — a1z — ag1eg) : 2 = 1]
[ : (e2s — a1z — az 1€p) : eo][s : e1].

Over the divisor egejes = 0, we have the following three nodes in the
fiber,

Cop :eg = (eas — ayx)s — ez’ =0,
C{ e1 = €25 —a1x — ag,1eg = 0,
[0:0:1][z:0:ep][l:0],
(A.15) C1 :ex = (a1 + a3, 1€9)s
+ e (mg + CL27160332 + a4,263x + a67363) =0,
[0:0:1][z: —a1x — a3z ep : e

[7(333 + a27160$2 + a4726(2)3: + a67368) ta1z + ag,1€g).

Note that our labeling for the nodes is consistent with that for the .7+
resolution, where C comes from e; = s = 0 and C] corresponds to e; =y =
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0. Keeping track of the labeling will be important when we discuss the flop
induced by the Zy automorphism (2.4) from the Mordell-Weil group in the
following.

From here we see that the analysis for .7~ is identical to the analysis
for 7 by exchanging s with —y, the inverse action (2.4). One crucial point
is that the role played by Ci :e; =y =0 and C] : e; = s = 0 are switched
when compared .7~ with .7". For example, over egejes = Py = 0, it is C}
that splits into two, rather than C as would be the case of 7.

We here summarize the fiber enhancement for .7~ in Table A2. Note
that it is obtained by exchanging C; with C{ from the fiber enhancement
for .7 in Table Al.

€p€1€y = 0 €pe1ey = P3 =0 €p€l1€2 = a1 = 0 w=ay =agi1 = 0
C1 — Cy+Cs =+ y ) o
*

Iy I, i\ I

Table A2: The fiber enhancements for .7~ in the SU(3) model. It can be
obtained from the fiber enhancements for 7+ (Table A1) by switching Cy <
(. The trivalent point for IV means that the three nodes meet at the same
point. Here P3 = agl — alag,la%l + a2az1a42 — ajags = 0.

Appendix B. Small Resolutions and flops for the
SU (4) model

The SU(4) model is defined by [16, 17]
(B.16) y? + arzy + ag,gegy =2+ a27160x2 + a4,geg$ + a674661.

As before, one can check that the singularities of the total space are sup-
ported on:

(B.17) r=y=¢y=0.
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B.1. Partial resolution & : (x,y, eole1)
We blow up along (z,y,ep) by replacing
(B18) (3772%60) — (€1$7€1y7€1€0)7

in &y and factoring out the exceptional divisor e;. The first partial resolution
@@1 is

(Blg) go (x7y’ 60’61) @({;1,

(B.20) & y? +arxy + azeeredy

2 2 2 4
= 61x3 + ag1€1€0x” + aq2e1€0T + ag4€1€q.

The ambient space is parametrized by the following projective coordinates
(B.21) [er1x ety :z=1]|[z:y: el

Description of the fiber. We have the following three nodes Cy, C1,C}
over the divisor ejeq = 0:

Co:eo=1y>+aizy —ea® =0,
(B.22) Ci:ei1=y+ax=0,
Cl:eg=y=0.

From the intersections we see that it is a I3 fiber. Recall that in the SU(4)
model there are supposed to be four nodes in the affine Dynkin diagram. In
the partial resolution & above, we only have three nodes, which is one less
than what we would have in the fiber of the fully resolved varieties. It follows
that on the Coulomb branch, the line L corresponding to &1 should be on
the boundary of the fundamental chamber where part of the non-abelian
symmetry is restored. This is indeed the case as can be seen from the SU(4)
Coulomb branch in Figure 12.

After the second blow up, we will recover the vanishing node. On the
gauge theory side, this corresponds to moving off the line L to the bulk of
the Coulomb branch.

Conifold singularity. We can write & as

(B.23) &1 :ys =e1Q
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where
(B.24) s(z,y,eq,€1) = y—|—a193—|—a372616(2),
(B.25) Q(z,w,e1) = ° + a27160x2 + a4’2€%.%' + a674eleé.

There is a conifold singularity at

(B.26) y=e =ax =2+ CL271€0:L’2 + (147263% =0.

Over a general point on the divisor ege; = 0, the conifold singularity is at
(B.27) y=e =2 =0.

Over the codimension two locus ege; = aq = 0, on the other hand, the coni-
fold singularity is at

(B.28) y=e] = 13(1'2 + az €07 + a4,263) = 0.
To resolve the conifold singularity, we have the following three options

for the second blow up: 7% : (y,e1), #: (z,y,e1), and T~ : (s,e1). We will
explore these options separately in the following sections.

B.2. Partial resolution 7% : (y,e1|e2)
We start with the .7 T resolution by replacing

(B.29) (y,e1) — (e2y, ezeq).

The partially resolved variety .7 is then

(B.30) & (#,y,e0le1) & (y,e1le2) g+

(B.31) Tt y(eay + a1z + agzederes)

=e¢ (:L’3 + a2’160$2 + CL472€(2).T + a6,4elegeé).
The ambient space is parametrized by the following projective coordinates

(B.32) [eaerx : e3e1y - 2z = 1][z : eay : eo][y : e1].
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Description of the fiber. Over the divisor egejes = 0, we have the fol-
lowing four nodes in the fiber,

Co: eg= egy2 + arxy — erz® = 0,
Ci:e1=ey+arx =0,

(B.33)
CQ e =T = 0,

2 2
C3: ey = a1y — er(x” + az1e07 + agpeg) = 0.

From the intersections we recognize the fiber to be of type Iy, which is the
affine Dynkin diagram for SU(4). As advertised before, we recover all the
affine Dynkin nodes in the second blow up. On the gauge theory side, the
corresponding wall W indeed lies in the bulk of the Coulomb branch (see
Figure 12) where all the Dynkin nodes are present.

Conifold singularity. Let us rewrite the second blow up space .7 as

(B.34) Tt iar =eot

where

(B-35) 7“(% Y, €0,€1) = a1y — 61332 — ag1€1e9x — a4,2€1637
(B.36) t(y, e, 1) = —y* — azzegery + agaeieq.

There is a conifold singularity at

(B.37) T = ey = ary — aserey = —y° — azaegyer + agaeien = 0.
It has solution only if

(B.38) Py = —aZ’Q — a1a32a4,2 + a%a6,4 =0.

(In deriving the above equation we assumed a; # 0. However if we assume
a; = 0, this implies a42 = 0 so also satisfies the above condition.) Recall
that Py is the leading term in the second component of the discriminant for
&y (see (2.18)).

There are two options for the third blow up: ;" : (z,e2) and 7 :
(r,e2). Naively, one might also want to blow up along the ideal (z,r,e2).
However, this resolution is not small. In fact, one of the fiber component is
a P? rather than a P! (node). We will therefore not consider this possibility.
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B.2.1. Resolution .7 _:' (x, ez2|esz). To resolve the conifold singularity, we
blow up along the ideal (z, e2)

(B.39) (x,e3) — (esx,ezea),

arriving at the resolved variety 7.,

(B.40) g vele) o wale) g4 @eles) P
(B.41) fﬁ' cx(ary — €1€§x2 ~ ag1ere0e3T — a4,2616(2))

= eo(—y? — azpedery + agacied).
The ambient space is
(B.42) [e2eseix : e3e3ery - 2 = 1][esx : eseay : eolly : e1][z : ea].

One can check that 7 ++ is a nonsingular variety for dim¢ B < 3 so we do
not need to do any further blow up.

Fiber enhancements. The divisor now is blown up to be egeieses = 0,
over which we have the following four nodes

Co:eyg=airy — elega:?’ + 62y2 =0,

01:61 :a1x+62y=0,
Ba43) T ) > 2 2.4y _
Cy :e3 = (a1y — aspereq)r + ea(y” + azzefery — agaeiey) =0,

Cg ey = a1y — 616%172 — a2,1€1€0€3x — a4’2€16(2) =0.

From the intersections we recognize the fiber to be of type I4. This is the
affine Dynkin diagram for SU(4).

We label the nodes C; by their position in the affine SU(4) Dynkin
diagram rather than the order of blow ups. This is for later convenience when
we compare the fibers between different resolutions. Note that C7 : e = s =
0, Cy : e3 = 0 (the exceptional divisor for eg =2 =0), C5:ea =1 =0 (the
exceptional divisor for e; =y = 0).

Over the codimension two locus egejeges = Py = 0 but ay,as2 # 0, we
have the following factorization

(B.44) Y + azaefery — agaeiel

1

= (a1y — aspeger)(as2y + aragaeger)
a1aq4.2

)
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in C5. Hence Cy becomes
(B.45) Cy:e3= (aly — a4’2€g€1) [a1a4,2$ + 62(a4,2y + a1a674e%el)] =0.

That is, C5 splits into two components, Cy, Cx

(B.46) Cy — Cy+ Chs,
(B.47) C4 ez =ary — a4,26%61 = 0,
(B.48) Cs : e3 = a1a427 + ea(aa2y + a1agaeger) = 0.

Including other fibers, we have the following five nodes in the fiber over
€p€l1€2€3 = P4 =0

Co:eyg=airy — egelx?’ +eoy? =0,
Ci:e1=arx + ey =0,

(B.49) Cy:e3=ary— CL4726361 =0,
Cs : e3 = ajas 27 + ez(as 2y + a1a6,4e(2)el) =0,

. _ 2.2 2 _
C3:e3 = a1y —ere3x” — aze1ep0e3r — ag2eieq = 0,

From the intersections we recognize the fiber to be of type I5. This corre-
sponds to the rank one enhancement SU(4) — SU(5) in codimension two.

Over the codimension two locus egejeze3 = a1 = 0, C3 against splits into
three components, C1, C’éz), i = 1,2. The fibers are

Co:eg= —egelxg + 62y2 =0,
Cy : e1 = eg = 0 (with multiplicity 2),

B.50
( ) Cy:e3 = —a4726163x + 62(3/2 + (1372633/61 — a574e%e§) =0,

i .
C?E) ey = e3x? + az1€pesx + a4,26(2) =0,1=1,2

From the intersections we see that it is the I} fiber. This corresponds to the
rank one enhancement SU(4) — SO(8) in codimension two.

Over egereges = ap = a%l —4ays =0, e%ac? + az,1e0€37 + a4,ge% =0 has
a double root so the two Céz) of coincide, and we end up with the non-
Kodaira Ij" fiber.
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Over the codimension two locus egejezes = a1 = aq2 = 0, Co splits into

three components, C%, Cél), C§2)

Cy — Ch+ OV + 5,
(B.51) Ch:eg =e3 =0,

() . 2 2 2 4 :
Cy’ re3 =y~ + azaegyer — agaeieg =0, i =1,2.

(3 splits into Cf, C’éi), where Céi) become

(B.52) C?El) teg = e3r +ag1ep = 0 and C§2) =C):eg=e3=0.
In total, we have the following nodes in the fiber over egejeses = a; =
a42 = 07
Co:ey = —e%elzv?’ + eay? =0,
Cy : e1 = eg = 0 (with multiplicity 2),
(B.53) CY : ea = e3 = 0 (with multiplicity 2),

Céi) teg =y + a3,2€%61y - ‘16,46%63 =0,1=12,
C’?(,l) teg = e3r +ag e = 0.

From the intersections we recognize the fiber to be of type Ij.
We summarize the fiber enhancements for 7. ++ in Table B1.

w=0 w=P,=0 w=a; =0 w=a; =a2 =0 1u:a1:a§)174a472:0
Cy— Cy+ 0 )
e s

Iy I5 15 17 If‘fr

Table B1: The fiber enhancements for 7," = 2" in the SU(4) model. The
fiber enhancements for .7, = %~ are obtained by exchanging C1 with C3
from <7++%§{>’+. Here w=egejese3 and P4:ﬂ421127a1a372a472+a%a6,4:0.

Cy = Cy+Cs Cy— Cy+ 05V 4 ) Cy — Oy 420
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B.2.2. Resolution 771 : (r,e2|a, ). Recall that F takes the follow-
ing form with manifest conifold singularity,

(B.54) Tt ar = eat,

where r= aly—elz2 —a271€160$—a472€163 and t= —y2 —a372€(2)61y—|—(1674€%83.
Let us now explore the other option for the third blow up, .7 : (r, e2|a, B).

Rather than introducing the parameter eg for the third exceptional divi-
sor, we will explicitly use the homogeneous coordinates [a : 3]” for the extra
P! we introduce for the third blow up. The blow up space .7 ' can then be

described by

(B55) @@0 (z,y,e0ler) éal (y,e1lez) y_,_ (r,e2]a,B) ﬂj
+ aey — ﬁ(my — 61:E2 — a1€1e0T — a47261€%) _ 0,
(B.56) Tt

" ez + B(y? + aszedery — agaeied) =0,

where the second equation is the collinear condition between «, 5 and 7, es.
The ambient space is parametrized by the following projective coordinates

(B.57) [eaerz s edery 2 = 1][x : ey : eo)[y = er][a : B].

One can check that 7 is a nonsingular variety so we do not need to do
any further blow up.

Fiber enhancements. Over the codimension one divisor egejes = 0, we
have the following four fibers

Co : eg = aeg — Bary + Berr? = ax + By* =0,
Cy:ep = aey — fary = azx + By =0,

(B.58) 02:62252.13:0,
Cs:es = a1y — 61(x2 + as1e0r + CL472€3)

=ax+ B(y* + azsegery — a6,4€%€é) = 0.

From the intersections we see that it is the I4 fiber. Note that we label the
C; in the same way as 7. ++.

"o, B are the projective coordinates that we would have called 7, &; according to
our notations. However, to simplify the notation, we will use «, 8 instead.
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Over epejea = Py = 0 but a1, as 2 being nonzero, C3 becomes

(B.59) C3:e2=a1y— 61(x2 + aze0x + a4,ge(2))

2 2
= araq 20 + B(ary — as2eper)(aa2y + arap aejer) = 0.
We can rewrite it as

(B.60) C3:ey=ayy — el (z® + as1e0x + CL472€(2))
= a%a4,2aa: + ﬁe%:p(fc +az1¢€0) [a4,2x2
+ aq2a21€0% + (aiQ + a%a674)e%]
=0.

Hence Cj splits into three components

C3 — Cy + Cs,

Cyi:es=ary— a4’2€1€8 =x=0,

(B.61) Cs i €2 = a1y — e1(a” + az,1€07 + as26)

= a%ama + Be%(m + az 1€0) [a472x2
+ aq2a2 1607 + (QZ,Z + a%a574)eg}

=0.

Hence we have five nodes, Cy, Cq,C5,Cy,Cs5, in the fiber over the codi-
mension two locus egejes = Py = 0. From the intersections we recognize
the fiber to be of type I5. This corresponds to the rank one enhancement
SU(4) — SU(5).

Over egeres = a; = 0,C3 1 ea = e1 (22 + ag1e07 + a4,ge%) =ax + By +
as2eie1y — agseiey) = 0 splits into three components

Oy — C1+CY),

Ciies=e1 =ax+ By> =0,
(B.62) (%) 2 2
C37 1 ea = x° 4+ az 107 + ag2€j

=axr+ B(y2 + a37gegely — a6,4efe§) =0,71=1,2,

where C’éi) corresponds to the two roots of z2 + az,1€0T + a4’ge% = 0. In total,
we have the following nodes in the fiber over egejes = a; =0
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Co : eg = aes + Berz? = ax + By? =0,
201 i1 =es =ax+ fy2 =0,
(B.63) Crieg=p=2=0,
C’éi) teg =1 + az 1€0T + a4,ze%
= ax + B(y* + azgeiery — agaeied) =0, i =1,2.

From the intersections we recognize the fiber to be of type Ij.

Over epe1eo = a1 = a%l —4ago =0, C'?El) = C§2) and it becomes the non-

Kodaira IS+ fiber.
Over the codimension two locus egejes = a3 =aso =0, C3:e3 =
erz(x + azie9) = ax + B(y? + ag,gegely — a674e%e§) = 0 becomes

Cs = C1+Cy+C5) + 08 + ¢,
Cr:er=ey=ax+ By’ =0,

(B.64) Criez=a2=pF=0,
C’?Ei)/ tep =z =y’ + azaefery — asaetey =0,

Chieg =x+asiep = ax + ﬂ(y2 + a3726(2361y — a674e%eé) =0.
In total, we have the following nodes in the fiber over egeies = a1 = as2 = 0,

Co : eg = aes + Bera?® = ax + By? =0,
Cp:[0:0:1][x:0:ep][l:0][1:—z] with multiplicity 2,
(B.65) Cy:[0:0:1][0:0:1][y : e1][1 : 0] with multiplicity 2,
" [0:0:1)0:0: 1D : e][a: 8],
C5:0:0:1][—az1:0:1][y: el][y? + asoe1y — a674e% tag .
From the intersections we recognize the fiber to be of the type Ij.
We summarize the fiber enhancements for .7 in Table B2.

This completes the analysis from the partial resolution .7 . In the fol-
lowing we will return to another option for the second blow up, .7~ : (s, e1).

B.3. Partial resolution .7~ : (s, e1]e2)
The partial resolution .7~ is related to .7 by the inverse action (2.4)

induced by the Zy automorphism in the Mordell-Weil group, hence the anal-
ysis will be identical to 7 by exchanging y with —s = —y — ajz — a3 2e1€3.
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w=a; =0

w=a =as =0

w=a; =a3; —4dagy =0

Cy =+ 4

G- i+ G+ P 4y

03— Oy +204"

1

1

T
Io

Table B2: The fiber enhancements for .7 in the SU(4) model. The fiber
enhancements for .7~ are obtained by exchanging C; with C3 from 7.
Here w = egeqes because we did not introduce e for 7 and Py = —aiz —
arazsas2 + atag s = 0.

Geometrically, this corresponds to switching the nodes C : e; = s = 0 with
C3:e3 =7 =01in .7". Note that C5 in .7 comes from e; =y = 0 in &,
so the inverse action indeed exchanges y with —s. We will not repeat the
details of the analysis as it is similar to 7.

The partial resolution .7~ is

(B66) éao (z,y,eole1) g,l (s,e1]ez) -
(B.67) o Jys=e1(@® + 02.1000% + aser + ag acrere)
y + ayxr + a372€2€16(2) = 6287

with the ambient space parametrized by

(B.68) [eze1x : eze1y : z = 1][x : y : eol[s : e1].

Description of the fiber. Over eyejes = 0, the nodes in the fiber are

Co:eg=ys—e1x> =y+ax—exs =0,
C3:e1=y=a1x —e =0,
[0:0:1)[z:0:ep][l:0],
eo=x=7y=0,
[0:0:1][0:0:1][s: e1],

2 2
Ci:ex=ais+ e (z” +ag €02 + aszef) =y + ajx =0,

(B.69) Cy:

0:0:1)[x: a1z : eg)[x? + az1e0n + aszed : —ay].
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Note that our labeling is consistent with that for .7 . From the intersections
we see that it is the I fiber. Note that we already have the affine SU(4)
Dynkin diagram at the second blow up. On the gauge theory side, this
corresponds to the fact that the wall W~ lies in the bulk of the Coulomb
branch.

Conifold singularity. If we rewrite .7~ as

(B.70) T —z(ars + erz? + as1e1e0x + a4,2eleg)

= 62(—82 + ag,ge%els + a6,4e%eé).
The conifold singularity is clearly at
(B.71) T =ey=a15+ CL472€16(2) =52+ a3’26(2)€18 + a674e%eé =0
which can be satisfied only over Py = 0 on the base B.

B.3.1. Resolution 7 : (z,ez2]lez). One option for the third blow up is
obtained as below

(B72) go (%yueo\el) éal (5761|62) y— (m162‘63) er—
—:Iz(als + elegmz + ag1e3e1e0x + a4,261€(2))
(B.73) T = ea(—s% + 037268615 + a6746%e§),

Y = €328 — a1€3T — a372€3626163,
in the ambient space parametrized by
(B.74) [e2eserx : esesery : 2 = 1)[esz : y : eo)[s : e1][z : ea].

Over the divisor egejeses = 0, the nodes in the fiber are

Co:eg=—ajxs — elegx?’ + 6252 =1y —ezezs +ajesr =0,
Cs:el =aix —eas =y — ezeas + aresr = 0,
(B.75) Cy:e3=y=—z(a1s+ CL472616%) + 62(52 — a3,2€(2)€18 — a6,4e%eé)
= O’

Ci:ea=ais+ ele§$2 + ag,1e3e1e0x + (I472616(2) =0.

The fiber enhancements are the same as 7 j after exchanging C with Cj.
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B.3.2. Resolution 7~ : (r,ez2|a,3). The other option for the third
blow up is

(B.76) & Fvel) g lele) g elaf) g

aes + B(ars + e1w? + az,1€1e0T + a472@16%) =0,
(B.77) T ax + B(s* — azaefers — agaeief) = 0,

Y = €25 —a1x — a3,2€2€1€%;
in the ambient space parametrized by
(B.78) [egerx : ese1y iz = 1]z : y : eol[s: er][a: B].
Over the divisor egejes = 0, the nodes in the fiber are

Co:eg=aey+ fars + e1x?) = ax + Bs* =y — egs + a1z = 0,
Cs:e1 = aes + Bais =ax + Bs> =0,
(B.79) Cy:ea=p=2=0,
Cy:ex = ays+ e1x? + age1eor + agzerel
= ax + B(y? — ag,gegely - a6746%63) =0.
The fiber enhancements are the same as .7 " after exchanging C; with Cs.
Next we will return to the last option for the second blow up, % :

(x,y,e1). As we will see shortly, the resolutions we obtain from this branch
will be identified with those in .7*.

B.4. Partial resolution % : (x,y, e1|e2)

Recall that after the first blow up we end up with the following conifold
singularity:

(B.80) é1:ys =eQ
where s =y 4+ a1x + a372616(2) and Q = 2% + CL271€0:132 + (14726(2)33 + a6,4eleé.
In the previous sections we blow up along (y,e;) obtaining 7. Now

we blow up (z, vy, e1) instead,

(B.81) (x,y,e1) = (eaz, eay, ezeq),



Singularities and Gauge Theory Phases 1239

obtaining the partially resolved variety £,

(B.82) & (z.y,e0le1) & aerles)
(B.83) B:y(y +arx + CL37261€%)

= el(e%x?’ + a2,1€0€21‘2 + a4726(2)$ + a6,4eleé).
The ambient space is parametrized by the following projective coordinates
(B.84) [e2eiz : edery : 2 = 1][eax : eay : o[z : ¥ : e1].

Description of the fiber. The divisor is blown up to be egeres = 0, over
which we have four nodes in the fiber,

Co:eo=yy +aiz) —eesz® =0,

Ci:e1=y+ax=0,
Clier=y=0,

o 2 2 4 _
Cy :e2 = y(y + a1z + azzerey) — e1(as 265z + ag aeiey) = 0.

(B.85)

From the intersections we see that it is the I, fiber. Note that we already
have the affine SU(4) Dynkin diagram at the second blow up. On the gauge
theory side, this corresponds to the fact that the wall W lies in the bulk of
the Coulomb branch.

Conifold singularity. There is a conifold singularity in 4%,

(B.86) PB:yly+arz+ CL3726163)

2.3 2 2 4
= ey (e5z” + ag1epe2x” + aq2e5r + ag a€1€),

located at
(B.87) y=-e = e%xQ + as1e2e0z + a47ze% =0

over the codimension two locus epejes = a; = 0. In the following we will
continue to the blow up this singularity. There are two options for the third
blow up: 87" : (y,e1) and %B~. As we will see shortly, ZT and %~ are
isomorphic to 7. ++ and 7, respectively.
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B.4.1. Resolution %7 : (y,ejles). Let us blow up along (y,e1)
(B.88) (y,e1) = (esy, ezen)

to obtain AT,

(B89) go ($7y’60|€1) éal ($>y761|82) {@ (y,el|e3) %+
(B.90) P y(esy + a1z + azezered)

= el(ega:?’ + a2’1€0€21‘2 + (14,26%.% + a674€3€1€g).
The ambient space is parametrized by the following projective coordinates
(B.91)  [eseserx : e2edery : 2 = 1][eax : esesy : egl[z @ esy : eser][y : ed].

The isomorphism %1 & 9_:'. By comparing Z" (B.90) with 7" (B.42),
we see that the two defining equations are the same by exchanging ey with
e3. To claim that the two varieties are actually isomorphic to each other, one
needs to further check the scalings of each of the variable and the restrictions
on vanishing of the variables. From the chains of blow ups for .7, ++ and T,

(B92) éao (w,y,€0|61) Cgal (y,61|62) y-‘r (Z,€2|e3) y++’
(B93) (gao (x»y760|61) éo]_ (xry’el‘SZ) % (y761|e3) $+,

we can read off the scaling for each variable with respect to the ambient
projective spaces:

€T Yy €y | €1 | €2 | €3

P2 1]1]l0l0]l0]O

(B.94) JFrelIst | 1] 1] 1]-1]0]0
o2nd [ O |1 [ 0] 1 |-1]0

3rd [ 100 1]-1

x Yy €y | €1 €9 | €3

P2 1] 1l0l0]0]O

(B.95) Bt Ist | 1) 1| 1][-1]0]0
ond [ 1 |1 [ 0| 1 |-1]0

3rd [0 [ 10| 1]0]-1
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The second rows in both tables labeled by P? are the scalings from the
original projective bundle P(0p @ £? @ £3). Note that 7++ and #+ differ
only in the last two blow ups.

Now we are going to show that the two sets of scalings above are actually
the same. First we exchange the last two rows in .7, j and then add the last
row to the second last row. Lastly, we exchange the last two columns. In the
end we found that this is the same scaling table as Z+. Hence the scalings
for the two sets of variables are the same.

Lastly, we need to check that the restrictions on the vanishing of variables
are the same for the two varieties. The ambient spaces in the two cases are
parametrized by

(B.96) T : [efeserw : edesery : z=1][esw : ezeay : eo)ly : en][z : ea,

(B.97) BT : [esederx : ededery - 2=1][eaw : egeay : eo)[x 2 e3y : ezer][y : e1).

(Remember that es has to be exchanged with e3 to make the comparison.) It
is easy to see that both varieties have the same restrictions on the vanishing
of variables. For example, we cannot have x =e; =0 in I ++ due to the
projective space [z : eg]. On the other hand, x = e3 (corresponding to = =
ez =0 in ") is forbidden in Z" by the projective space [z : e3y : ese1].

In summary, since .7 ++ and %' have the same defining equations, the
same scalings for the variables, and also the same restrictions on the van-
ishing of the variables, they are indeed isomorphic to each other,

(B.98) B2 TE

The identification of resolutions 4+ and .7 _}:F . Above we have seen
that the two resolutions %% and .7 ++ are isomorphic to each other. Now
we are going to show that these two resolutions should be identified as one
resolution, hence corresponding to a single subchamber on the Coulomb
branch, i.e. Ci.

Let us begin with a general discussion. Given a variety X and two of its
resolutions

(B99) f1 X1 — X,
(BlOO) f2 : X2 — X.

Suppose the two resolutions are isomorphic to each other, X; & Xs, we
arrive at the, not necessarily commutative, diagram shown in Figure B1. In
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X ———m X

/

Figure B1: If two resolutions f; : X1 — X and fo : Xo — X are isomorphic
to each other and the above diagram commutes, we identify them as a single
resolution.

R|6

the case that the diagram is commutative, i.e.

(B.101) fi=facop,

we identify the two resolutions X7 with Xs since the blow up maps are the
same.

Let us consider an example where X; = X5 but we do not identify the
two resolutions. Consider the conifold in C*,

(B.102) X i z1x9 — 2324 = 0 in C*,
and let

X1 :axy — PBry = axy — Prg =0,
(B.103) 1 2 — By 1 — Brs
Xo:axy — Bry = axo — frg =0,

in C* x P! be the two resolutions. Here [a : 8] are the homogeneous coor-
dinates for P'. In these coordinates, the blow up maps f; and fo are the
same,

f1 : Xl — )(7
(B 104) ($1,$2,x3,x4)[a : B] = (1'1,1'2,.’153,.%4),
' fo:Xo— X,

(x1, 2, 23, 24) [0 : B] = (21,22, 3, T4).

The two resolutions X; and X5 are isomorphic to each other by the isomor-
phism ¢ exchanging x; with xo,
© 2X1 — X2

B.
( 105) (1'1,:6'2,.%'3,.%'4)[04 : 5] — ($2,$1,$3,x4)[a : ﬂ]
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However, f1 is not the same as fs o @,

f1 2X1 — X,
(1, 22,23, x4)[x 0 B] = (21, 22, 23, 24),
f2 (e} SO :Xl — X,

(w1, 22,3, x4)[x : B] = (22, 21, T3, T4).

(B.106)

Therefore we do not identify the two resolutions. In fact, they are related
by a flop.

Now back to the case for % and .7". The isomorphism ¢ : Z+ — F.F
is given by

(B.107) @ (ea,e3) = (e3,€2)

with other coordinates kept fixed. Consider the blow up maps f; and fs for
P+ and T j, respectively,

f1 Z%H_ —)(goo,

B.108
( ) fo: TF = &,

where fi and fy are both sequences of three blow ups shown in (B.93).
However, since e5 and eg are not variables in &, they are projected out by f;
and fo. It follows that fi = fa2 o ¢, i.e. the following diagram is commutative

%+

f1=f2o4p\4 A

&

R{€

TF

and we identify the two resolutions (indicated by the blue line as in Figure 7),
Bt b—> T, ++.

The two resolutions therefore correspond to a single subchamber CI on the
Coulomb branch (see Figure 12).

B.4.2. Resolution #~ : (s,e1]es). The other option for the third blow
up from the partial resolution % is Z~ : (s, e1),

(B.109) & Lvele) o (ovale) g als) g
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(e3s —ayx — a3’2€3€1€%)$

(B.110) B~ = er(e3® + ag1epear? + agedr + a674egeleé),
Y =€35— 1T — a3,263€1€(2],
with the ambient space parametrized by
(B.111) [esederr : esedery - 2 = 1][eax s ey : eg)[x : y : eze1][s : eq].

Since 2~ and .7 are related to Z* and 7" by the inverse action (2.4)
respectively and T =~ .7 ++, we immediately conclude that they should be
identified as one single resolution,

B~ — T .
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