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p-adic Berglund-Hiibsch duality

MARCO ALDI AND ANDRIJA PERUNICIC

Berglund-Hiibsch duality is an example of mirror symmetry be-
tween orbifold Landau-Ginzburg models. In this paper we study a
D-module-theoretic variant of Borisov’s proof of Berglund-Hiibsch
duality. In the p-adic case, the D-module approach makes it possi-
ble to endow the orbifold chiral rings with the action of a non-trivial
Frobenius endomorphism. Our main result is that the Frobenius
endomorphism commutes with Berglund-Hiibsch duality up to an
explicit diagonal operator.

1. Introduction

Berglund-Hiibsch duality was originally introduced [3] as a generalization
of the Greene-Plesser construction [4] of mirror pairs. Let W(z) € Clz] =
Clz1,...,zy] be an invertible polynomial defining a Calabi-Yau hypersurface
X and let G C (C*)" be a group fixing W. Then the Berglund-Hiibsch dual
of the orbifold of X by G is the hypersurface X, defined by the “transpose”
invertible polynomial W7 (z) € C[z], orbifolded by an explicitly constructed
group GT C (C*)" fixing WT. As shown in [6] and [8], the Berglund-Hiibsch
construction can be further generalized to Landau-Ginzburg models with
invertible potentials (not necessarily of Calabi-Yau type) as follows. For any
invertible polynomial W (x) the bigraded chiral ring of the orbifold Landau-
Ginzburg model (W (x), @) is isomorphic to the (twisted) chiral ring of the
orbifold Landau-Ginzburg model (W7 (z), GT).

In the context of the vertex algebra approach to mirror symmetry [1],
Borisov [2] has shown that, as an isomorphism of bigraded vector spaces
(that is, disregarding the multiplicative structure), Berglund-Hiibsch dual-
ity can be lifted to the level of chains. Let Clx,y]p be the quotient of
Clx1, .. s Tn, Y1, - - -, Yn) by the ideal (z1y1,...,z0yn) and let A(C™) be the
standard exterior representation of the Clifford algebra with generators e;,
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e/ and relations eie}/ + e}/ei = ¢;; for all i, j = 1,...,n. Borisov’s construc-
tion hinges on the differential

i=1

(1.1) doo = inamiW(x)@)ei—i-Zyi@eiv
i=1

acting on C[x,y]o ® A(C"). As shown in [2], (C[z, y]o ® A(C"), d) contains
a copy of the standard Koszul resolution of the Milnor ring C[z]/dW in such
a way that the inclusion is a quasi-isomorphism. The starting point for this
paper is to deform 0., to

n

O = Z (i0g, + Txi0x,W(x)) ® €; + Z (yiOy, + Tyi) @ €,
i=1 =1

where 7 € C* is an arbitrary constant. As it turns out, the complex
(Clz,yJo ® A(C™),d,) contains a copy of the de Rham complex of the D-
module C[z]e™ (*). The quasi-isomorphism (see e.g. [9]) between the latter
and the Milnor ring allows us to provide an alternate chain-level realization
of Berglund-Hiibsch duality. More precisely, our method yields a chain-level
proof of the “total unprojected” (in the terminology of [8]) Berglund-Hiibsch
duality, from which the usual “projected” duality of [2] can be obtained by
restricting to the invariant sectors as in [8].

The key difference between our construction and [2] emerges if one
replaces C[x] with the ring C}Xm) of p-adic overconvergent power series.
While the de Rham cohomology of the D-module C;}(@e’rw(‘”) (where now
7 is a fixed (p — 1)-th root of —p) is still isomorphic to the p-adic Milnor
ring, the de Rham chain model has extra structure: a non-trivial Frobenius
endomorphism which descends to cohomology. In this paper we show that
the Frobenius endomorphisms extends naturally to a chain map Fr acting
on the full chain complex C;,<I, y)o ® A(Cy). It is then natural to ask how
the Frobenius endomorphism interacts with the Berglund-Hiibsch duality
quasi-isomorphism A. Our main result is that, at the level of cohomology,
A and Fr commute up to an explicit diagonal operator whose entries are
non-negative integer powers of p.

The interplay between the cohomological Frobenius and Berglund-
Hiibsch duality was first noticed in [10] and used to explore some arithmetic
consequences of Berglund-Hiibsch duality in the spirit of [12]. The present
work originated as an attempt to understand the results of [10] at the level
of chains. We hope to further investigate the arithmetic implications of our
construction in future work.
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This paper is organized as follows. In Section 2 we review some basic
facts about invertible polynomials defined over a field F. In Section 3 and
Section 4 we introduce our “de Rham” version of Borisov’s complex attached
to a suitable matrix A, which we denote by B4(F). In Section 5 we point out
that B(F) is the total complex of a Z x Z-bigraded bicomplex. In Section 6
we show that B4(F) is quasi isomorphic to the de Rham cohomology of a
certain D-module. To do this we follow the analogous argument given by
Borisov in [2]. However, the bigrading of [2] is no longer preserved by our
differentials and this is why we need the bigrading introduced in Section 3
instead. In Section 7 we prove that B4(F) is quasi-isomorphic to a subcom-
plex C4(F) which is in turn canonically isomorphic to C4r (IF). Together with
the results of Section 5, this proves unprojected Berglund-Hiibsch duality.
In Sections 8 and 9 we specialize to the p-adic case and observe that the con-
structions of the previous sections can be extended by replacing polynomials
with overconvergent p-adic power series. While not changing cohomology,
this allows for the extra room needed in order to define a natural chain-level
Frobenius endomorphism Fr a la Dwork (see e.g. [9], [11]) whose compatibil-
ity with Berglund-Hiibsch duality is then addressed. Finally, in Section 10
we illustrate our constructions by working out two simple examples.

Acknowledgments: M.A. would like to thank Albert Schwarz for stim-
ulating conversations on the results of [11], which inspired our D-module-
theoretic approach. The work of A.P. was supported by the Natural Sciences
and Engineering Research Council (NSERC) of Canada through the Discov-
ery Grant of Noriko Yui. A.P. thanks the support of the NSERC. A.P. held a
visiting position at the Fields Institute during the preparation of this paper,
and would like to thank this institution for its hospitality.

2. Invertible polynomials
Let I be a field and consider the map

W GLn(Zzo) — F[(l)] = F[xl, c.. ,a:n]

defined by
n
A Wy(x) = eriA,
i=1
where {e;}1<i<n is the standard basis of Z", and for v = (vy,...,v,) €

7%, we write z¥ = z{*---a}". For simplicity, we assume that charF =0
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or charF > det A. A matrix A € GL,(Z>0) is Berglund-Hibsch over F if
Wa(z) is an invertible polynomial, i.e. if W4 (x) is quasi-homogeneous and
(W Wa(x),...,0,Wa(x)) is a regular sequence in F[z]. For each n € Z>( we
let

BH(F) = | BH,(F),
where
BH, (F) = {A € GL,(Z>¢) | A is Berglund-Hiibsch over F} .

Remark 2.1. Berglund-Hiibsch matrices satisfy the following properties.
1) If A € BH,(F) and B € BH,,,(F), then A& B € BH,, 1, (F).

2) If
412 o

then C' € BH(FF). We call A € BH,,(F) irreducible if it cannot be writ-
ten as B & C with B,C € U,,,, BH (F).

3) Let W, C GL,(Z>¢) be the Weyl group. Given S € W, and A €
BH, (F), then SA, AS € BH,,(IF). Moreover,

Wsa(x) = Wy(x) and Wyg(z) = Wa(z)- S,

where - denotes the right action of W,, on F[z]| by permutation of the
variables.

Remark 2.2. Let A € BH,(F) and suppose that F contains a primitive
(det A)-th root of unity (. We define the group of scaling symmetries of
A € BH,(F) to be G4 = Z"/(Z"AT). The terminology is justified by the
following observation. The group Z"/(det(A)Z"™) acts on F[z] by

(2.1) pea =M g

Under this action p - Wa(z) = Wa(z) if and only if uAT = (det A)\ for some
A€ Z" Let v: Gy — Z"/(det(A)Z™) be such that v(\) = Adet(A)A~T for
every A € G 4. Then v provides a canonical identification between G 4 and
the stabilizer of Wy (x) under the action defined by (2.1). In the rest of the
paper we slightly abuse notation and identify each equivalence class A +
7" AT € G 4 with its unique representative A € Z" such that 0 < (AA~T); <
1 for all i =1,...,n. Using this identification, to A € G4 we attach the
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subset Jy C {1,...,n} such that i € Jy if and only if (AA~7T); € Q\ Z. We
define the submatrix A* of A such that Wxa(z) is obtained from W4(x) by
setting x; = 0 whenever i € J).

Proposition 2.3 ([6]). Let A € BH,(F) be irreducible. Then there exists
S € W,, such that Was(x) is in one of the following canonical forms:

1) a loop,
TP @ + 3Py 4+ T, + 2,

2) a chain,

o' wy + a§Pag 4 2y Ty, + Tl

Corollary 2.4. Let A € BH,(F). Then

1) AT € BH,(F),
2) for each X € G4, we have A* € BH,,_;, (F), and
3) the matriz defined by

Aorb — @ A)\

NG 4
15 1N BHn|GA\—Z ‘JAl(]F)
Corollary 2.5. Let A € BHy(F) and let 8 € Z" such that (BA™1); € Q\ Z.

1) If A is a chain, then (BA™Y);, (BA ™)y € Q\Z for all 1< j<i<
k <n.

2) If A is a loop, then (BA™Y);, (BA ™) € Q\ Z for all 1 < j, k < n.
Proof. Both statements follow from
ALBATT )i+ (BA™)ip1 = Bi = (BA™ i1 + Au(BA™Y)i,
where ¢ is considered modulo n in the case of loops. O
3. Exterior operators
Let eq,...,e, be the standard generators of F". We denote by A(F") the

exterior algebra A(Fe; @ - -- @ Fe,,) viewed as a representation of the Clif-
ford algebra Cl,,(F) with generators e; (multiplication) and e} (contraction),
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and (odd) commutators [e;,e/] = 51] for all 1 <i,j <n. As an F-module,

A\(F™) is generated by monomials ¢! = el' ... el where I = (I,...,1I,) €

n

Z%,. In particular, e/ = 0 if and only if I; > 2 for some i. Given A € BH,,(F)
and 7 € F*, for 1 <i <n we also consider

n n
1
T v Via—1
Eai=m E ejAj; and  Ej; = - E ej (A7 )jis
Jj=1 Jj=1
so that

Ak = AL ) = 3 Aw(A s =

Lemma 3.1. If +* € GL(A\(F")) is defined by
*A(% eey) = EAT EAT 'EXT,ik (EAT,IEAT,2 o 'EATJL) J
then

1) ¥AF ;= el4, *AEX’Z- = e;4, and

1

2) x4 %A commutes with the action of Cl,(F) on \(F™).

Proof. By definition,

e, = EAT- and 4 e EAT'

Therefore,

A A T T, A T A \/ A
¥Ep =% WZGjAjz‘:WZEAT]Agz Zek(A )kJA .
J J k.j

Similarly, *1EY ; = e;+. This proves part (1). Part (2) follows from
AT A ATV A AT A

0 xC e = %

and
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Remark 3.2. The operator

n n
ext = Z eie) = Z EAJEXJ
i=1

is diagonal on A(F™). If char F = 0, its eigenvalues count the total exterior
degree. Moreover,

«Aext = Ze esx = (n1d — ext) 7

4. The basic complex

Given a graded vector space V endowed with a differential d of degree 1,
we denote by (V,d) the corresponding chain complex and by H(V,d) its
cohomology. If V' is bigraded and d, d" are differentials of bidegree (1,0) and
(0,1) respectively, we denote the corresponding bicomplex by (V,d,d") and
by H(V,d,d) its total cohomology. If V' is a vector space acted upon by
a collection of commuting endomorphisms ¢y, ..., ¢,, we denote the corre-
sponding Koszul complex by Kos(V, ¢1,...,¢n).

Given A € BH,,(F), consider the subring RA(F) of Flzy,..., 20, y1,. ..,
Yn)] generated by monomials 27y such tlﬁt/()\AfT)i >0 forall<i<n.
We define R4(F) to be the quotient of R4(F) by the ideal generated by
monomials 27y* for which yA~'AT > 0. Given m € F*, we define 04, TXJ.,
V4. Pais € Endr (Ra(F)) by the formulas

0a,i(x7yY) = v 27y
Ty (a7y) =7t (AAT) 27y
P i(@yt) =y MeAT

n
oai(@yt) =7 (O;Walz) 27y =7 Z Aj; arredgh
j=1

We also define the odd linear endomorphisms of R 4(F) @ A(F")

n
dai= (0a; +pas)e, da= ZdA,i
i1
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and

dXz_(TAz_Fd}Az 2/7 dA_Zd

Lemma 4.1. By (F) = (Ra(F) ® A(F"),da + d}) is a chain complex.
Proof. The morphism d4 is the Koszul differential for the sequence

(Oan+9a1,042+0a2,....040+van)

of commuting operators acting on R 4(F). Therefore, [d4,ds] = 0 and simi-
larly [}, d}] = 0. Moreover, since (04, + ¢a,;) and (T ; + 1/)1\4,]') commute,

[dAZ7dA]] [(9141—’_8014’5) €i, (TA] +¢A]) }
= (04, +paq) (TA; + ¥4 ;) [eire j}
= (04, +9ai) (TX,j + 7/JX]) 0

If
0# (0a:TH;) (279 =7 (A7A) a7y,
then 27y = 0 in R4(F) and thus (64, + ©a,) (TXJ. + Wx,i) = 0. For
(@A,i TXJ-) (x'yy)‘) = Z Ajz‘()\AfT)z‘ x'y+€jAy)\

J=1

we note that if for some j we have Aj;, (AA™T); > 0, then
(7 +e;A)ATINT > (e;4) (A7) Z Ajn (AN, > Ay (AT > 0

and conclude as before that 277¢4y* = 0 in R4(F). It is similarly shown
that pa,; @ZJXJ =0and 04, @ZJ}&i = 0. Therefore, [da,d}] = 0. d

Remark 4.2. Since for A € G4 we take 0 < (AA™T); < 1 for each i by
Remark 2.2, the condition yA~'AT = 0 imposed on a monomial 27y means
that ~; = 0 if A acts non-trivially on x;.
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5. Bigrading
Let Py, € Endr (Ra(F)) be given by

0, if ( AMA~T); =0;

A

zVy?, otherwise.

PX,i(ﬂy}\> = {

Lemma 5.1. Let Qa;,Q%;,Qa and Q be linear endomorphisms of
Ra(F) @ A(F") defined by

Qh;=Piielei and Qai=eief +Q);

as well as

Qa=> Qa; and Q4=> QY.
i=1 i=1
Then for each 1 <1i,j5 <n,
1) [QA,i) Q,\Q,J] =0,
2) [Q%»dayl =0 and [Qa,da;] = dijda,
3) [QA,iad\//Lj] =0 and [QX,iadY;,j] = 5ijd,v4,j'

Proof. The operators Qa, and QY j commute because they have monomials

of the form 27y*e! as a common basis of eigenvectors, which proves (1).
For (2),

Q4 dajl = [PXielei,(0a;+vay)e;)

= Pii(0a;+¢ay)lefeie)]

= 0ijPi; (04 +way)ef
The proof of Lemma 4.1 shows that PXJ» @A, = 0. Similarly, PX,Z. 0 Aﬂ-(x’yy)‘)
# 0 implies that 7;(A7'AT); > 0 so that the corresponding term is 0 in
RA(F). Therefore, [Q} ;,da ;] = 0, which in turn implies that

(Qaiydajl = (04 + payj) [eie] ej] = dijda .

For part (3), if i # j

[PX,mTX,j + wX,j] =0=[e]es;, e}/] .
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If ¢ = j, then e/e’e; = 0 and € e;e = e;, which means that
(@A daj] = 0 Pa; (T j +4,) e =didy ;-
Similarly,

[QA,i»d\;/x,j] = [eie] (T,X,j + ¢X,j) e}/} + 5ijdx,j
= (Sij (— (TX,]’ + ¢>/1,j) e}/eje}/ + dXJ) =0. O

Remark 5.2. In particular, with respect to the Spec(Qa) x Spec(QY)
bigrading, B4(F) is the total complex of the bicomplex (Ra(F) @ A(F™),
da,dY).

6. Unprojected orbifold de Rham cohomology
Given A € BH,(F) and 7 € F*, let
M4(F) = Flz]e™ @)

be the module over the Weyl algebra F|x1,...,z,,01,...,0,] on which z;
acts by multiplication and 9; acts according to the formula

(6.1) 0; - P(x) = 0; P(z) + m(O;Wa(x))P(x)

for each 1 < i < n and P(z) € M(F). Note that e™4(*) is a formal symbol
serving as a reminder of the Weyl algebra action. We denote by DR 4(F) the
de Rham complex of M4 (FF), which is by definition the Koszul complex

Kos (MA(F)a 617627 ) 871) )

where each 0; acts as in Equation (6.1). Given A € Z%, such that (AA"TY; >
0 for all 1 <i<mn, let RQ(F) C Ra(F) be generated by monomials of the
form 27y A" for some v, u € Z2,. Then RA(F) @ A(F?) is closed under

d4 + d| and we denote by B}(F) C Ba(F) the corresponding subcomplex.

Lemma 6.1. If A € BH,(F), then

1) BA(F) = @, e, BAF), and
2) B)\(F) is quasi-isomorphic to B9, (F).
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Proof. Part (1) holds because G4 = Z"/Z" AT and (AA=T); > 0for 1 <i <
n. For (2), note that since z;5* = 0 in R} (F) for any i € Jy,

RA(F) = R (F) @ Flod Jqiesy v
and thus
(62)  BA(F) 2 B (F) © Kos (F[Y Jues v (T + 040 iesn) )

The cohomology of the second factor is isomorphic to Fy*, making the inclu-
sion BY, (F) < B} (F) a quasi-isomorphism. O

Proposition 6.2. The complex B%(]F) 18 canonically quasi-isomorphic to
DR 4(F).

Proof. The map ©: M4(F) ® A(F") — RY(F) ® A(F") defined by ©(z7e!)
= 27 el gives rise to an embedding

DR (F) — BY(F)

of complexes. For each v € Z%, let A\, = A (@%:0 Fei). Then

(RAF) & AF"), 1) =D Crr
v,1

where
_ y+1 e, AT I v
Cq/,[ =1 F[y ]('Y+I)i:0 Qe /\’Y+I ’ Z dAvi
(v+1):=0

is a Koszul complex with cohomology Fa7T!el. This implies that

u <RE’4<F> SAE) )

Im©

and using the spectral sequence of first quadrant bicomplexes we conclude
that

H (BY(F)/DR4(F)) = 0.

Therefore, the inclusion DR4(F) < B4 (F) is a quasi-isomorphism. O
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Corollary 6.3. Let A € BH,(F) and let S(A) be the collection of monomi-
als Vel such that |I| =n and 1 < v; < a; = Ay; for alli=1,...,n. Then

1) H(BY(F)) is isomorphic to the Milnor ring Fz]/dW s(x).
2) If Wa(z) is a loop, then H(BY(F)) is generated by monomials in S(A).

3) If Wa(x) is a chain, then H(BY(F)) is generated by those monomials
in S(A) of the form

2m—1 Y2m41

ax az oL oo n
L 2L 3" L4 "+ Loy 1 X2mTomt1 """ Ty
where m > 0 is such that yom41 < G2m+1-

Proof. Part (1) follows from Proposition 6.2 and the fact (see e.g. [9]) that
there is a linear map from Flz]/dW4(z) to H(DR4(FF)) sending monomials
to monomials. Comparison with the standard monomial basis for the Milnor
ring of chains and loops (see e.g. [6]) establishes (2) and (3). O

Proposition 6.4. The natural inclusion of DR gon (F) into Ba(F) is a
quasi-isomorphism.

Proof. The proposition follows from Lemma 6.1 and Proposition 6.2. (|

7. Unprojected duality

Given A € BH,(F) and m € F*, let ¢4;,T4; € Endg(RA(F)) for 1 <i<mn
be defined by

PYai(aTyt) = 7 Tedy
and
Tai(27yY) =7 (yA™) 27y,

so that da =>_1" dAA,Z-, where
dai=(Ta;+vYai)Ea,.

Remark 7.1. Since we are using logarithmic differentials, e; can be natu-
rally interpreted as dz;/x;. One motivation for the change of basis to E4;
is the Shioda map z7 — 274 4e8(4) which sends Wy to z¢rdet(4) 4 ... 4
zendet(4) If we interpret E A as dz;/z;, its definition is simply the chain
rule.
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Let Sa(F) C RA(F) be generated by monomials z7y* such that
(yA™1); > 0for all 1 <i < n. Then SA(F) @ A(F") is closed under d4 + dY.
Let C4(F) C Ba(F) denote the corresponding subcomplex.

Lemma 7.2. The inclusion C4(F) < Ba(F) is a quasi-isomorphism.
Proof. Consider the filtration
SaA(F) CF" CF" 1 C o  CF' =Ru(F),

where [ is spanned by monomials 27y such that (yA~!) j = 0forall j <i.
In particular, F'/F*! is canonically identified with the space of monomials
27y such that (yA™'); < 0. Consider the filtration G*(F) = F* @ \(F") of
Ra(F) ® A(F™). Notice that

(e ath)

is a bicomplex with respect to the Spec(Q4) x Spec(Q) bigrading, while
Gi(F) 5
————d 7y da—d i
(GM(F)’ peTes )
is a bicomplex with respect to the

Spec(Ea; EXZ) X (ext — Ea,; E,Yu)

bigrading. Therefore, in order to prove that

(7.1) H(%,dAerX) =0,

it is sufficient to show that

(7.2) H (C%I(F?F)’JA’i> =0.

If this is the case, the result then follows from the spectral sequence of the
filtered complex (Ba(F), G*(F)). To prove (7.2), we distinguish the following
two cases.

First, suppose that charF = 0. In this case, T4 ; acts by nonzero eigen-
values on F'/F"T1. By looking at the filtration of F*/F*"! by Spec(Ta;),



1128 M. Aldi and A. Perunicié
N
—671'71 //
I
—4r—1 ¢
/ / Sa(F)
—3r~1

a1

A1

—on—1

Figure 1: Eigenspaces of Ty 2 in F? for Wy = 2% 4+ z123, with eigenvalues
designated along the left. Each point represents ~ in z7.

we conclude that T’y ; 4+ 104 ; is injective. Therefore, H (Gz +§()) d A Z) is con-

centrated in top Spec(E4,;E Aﬂ-)-degree and isomorphic to the quotient
F'/(F™ 4+ Im(Ta; + ay)) -

On the other hand, for each f € F? there exists N € N such that P f €

F1 which implies (7.2). See Figure 1 for an illustration. 7
Second, suppose that charlF = p > det A. Let K be a field such that

char K = 0 and F = K/pK. Consider the short exact sequence of complexes

0 (S5 das) —2 (&8 ds) — (& das) ——0,

Taking the long exact sequence and using the characteristic 0 case estab-
lished above yields (7.2). O

Proposition 7.3. Let DA: Sy(F) — Syr(F) be defined by DA(z7y) =
My, Then,

A* = DA @+t SA(F) ® \(F") = Sar(F) ® \(F")
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induces an isomorphism of complexes
Cu(F) —— Cyr(F).

Proof. Since DA" DA = 1d and 4 € GL (A (F")), we only need to prove that
A4 is a chain map. Using

DYy =Pye ;DY and DATy,; = Tyr ;D
it follows that
AN (Tai +vai)Eaq) = (Thr; + e e ) A1

and

A ((TY; + o )eY) = (Tar; +ar ) Ear ) AL, O

Theorem 7.4 (Unprojected Berglund-Hiibsch Duality). The com-
plezes DR gon (F) and DR 4ryon (F) are canonically quasi-isomorphic.

Proof. The theorem follows from Proposition 7.3, Lemma 7.2, and Proposi-
tion 6.4. N

8. Overconvergent power series

Let p € Z>¢ be a prime, K= C,, F = K/pK, A € BH,(F), and 7 € K such

that 77~ = —p. Let ET(K) be the ring of overconvergent power series

A

TAEZY,

such that (AA=T); > 0 for all 1 <i < n, and such that there exists M > 0
for which

(8.1) ordp(ay,n) = M([y] + |A])

for all but finitely many ~, A. Similarly, define ’RL(K), SL(K), BL(K), and
CL(K) as before, by replacing polynomials with overconvergent power series.
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Lemma 8.1. 1) The inclusions

Ba(K) —— B(K)

Ca(K) —— Ch(K)
are quasi-isomorphisms.

2) A4 extends to an isomorphism of complexes
CL(K) = ¢l (K).

Proof. To prove (1), let f =73 a2 27y be an overconvergent power series.
Since ord,(ay,x) > 1 for all but finitely many ~, A, by reducing modulo p
we obtain a polynomial f € F[x1,...,Zn, Y1, ..., Yn]. Therefore, R 4(K) and
RQ(K) both reduce modulo p to R4(F). Since Bs(F) and C4(F) decom-
pose into subcomplexes with cohomology concentrated in top degree, the
statement follows from the long exact sequences of the diagram

0 — BL(K) —2— B(K) —— Ba(F)
| | %T
(

0 —— Ba(K) SN B4(K)
| | T
0 0 0

as in [9, Theorem 8.5]. Therefore B4(K) — BL(K) is quasi-isomorphism.
Similarly, C4(K) < CL(K) is a quasi-isomorphism. The rest of the statement

follows from Lemma 7.2.
Part (2) follows as in Proposition 7.3 after noticing that the overconver-

gence property is preserved by DA, ]

|
[ ]

9. The Frobenius endomorphism

Let p@4,p@4 € End (R;(K) ® /\(K”)) be defined by

pQa (:U”y)‘el) = pfz7yte!  and pQa (:c”yAeI) = pfvaﬂy/\el,

where Qa(z7yrel) = Ex7yrel and QY (z7y?el) = VaTyte!
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Lemma 9.1. If ©/): RL(K) — R;:A(K) is defined by ©',(z7y?) = aPTyP,
then
FI‘/A = (@;‘ (%9 Id/\(Kn)) pQA

defines a chain map BL(K) — B;A(K).
Proof. This follows from

Fryda; = 04 (04 + pai)e P9 = dpa i Fr'y ;
Fr’AdX,i = GZ(TXJ + wfvx,i) QA = dpA 'LFrA O

Lemma 9.2. If ©4: Rl ,(K) — R (K) is defined by
O4(27yY) = Za(x) Zar (y)2"y,
where Za(z) = e Wea(@)=Wal@) then
= (04 @ ldp ) p
defines a chain map B;:A(K) — BL(K).

Proof It is well known (see e.g. [9]) that Z4(x) satisfies (8.1). Therefore,
" is well defined. We compute

(Oai+ pai)O% =04; Wpa(z) — Wa(z))O4 + O Opai + pai O
= O pai — 9, O + 0% Opni+ 04O
= @Zl (919147@‘ + ‘PpA,i) )

from which we see that
Fr') dya; = ©') (HPAz—i—gopAZ)eZp =da,; Fr'y
To see that Fr”, dpA ;= dz\fLZ-FrZ,, note that for each 1 < i < n, TXﬂ. satisfies
TX,Z' (?JAZAT (y))
ZTX,Z»( Aen( pAT<y>fWAT(y>))
=7 (TN Wpar (y) — T ;War (y)) y* Zar (y) + ZAT( )T
=y Zar(y) (o7t =y ) + ZAT(y)pW_l()\*A_ )iy

=y Zar (y) (P%\D/A,i - T/f,\é,z’) + Zar (y) v, pA zy
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We therefore have that
(TX,z' + ?/)X,z‘) )= P@Zlﬁ;\;A,z‘ - @wafvx,i +p@ZlT[>/A,i + GZH/JX,@‘
=pO’) (T;;/A,i + XA,Z‘) ;
and so
Fr')y d;)/A,i =0 (Tva,i + ¢;\;/A,i) e pPal = dX,i Frl).
Lemma 9.3. Let Py, € Endg (SL(K)) be defined by

0 if (yA™1); =0;
A

Pa (7)) =
i@y {xvy otherwise .
1) If we define
Qa; = ﬁA,i EaiEY
Qhi=Ex;Eai+Qa,
then
A QY= Qar; AN and A Qay = QYr AN
2) If we define
&\A,i = (Ta;+a;)Ea; and ﬁx,i = (04, +vA:) Eqy
then
[Qai,di ;] =0=[Q%; day]
and
[Qairdag] =bijday; [QAsdh ] =06 Dy
Proof. We compute
[Qai»dak] = [Pay Eay Xy, (Tay + $ag) Eayl
= 0ij Pai (Taj +vaj) Eaj
= di5daj,

from which we see that

[@\Xﬂ,, JAJ‘] = [EX7Z EA,ia &\A,j] + 513' Ei\A,j = 51'3‘ (-C/Z\A,j + C/l\AJ‘) =0.
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Similarly,
[Qaird4 ) = Pas (0% + v ,) [Eai EX; EX ]
= —0;j ﬁA,i (0n;+9h:) Exs
Since Py, 0% ;(x7y*) # 0 implies (yA™1);(AA~T); > 0, then
(YA™")iAu(AA™T) > 0
and thus yA~'AT > 0. Therefore, [Q 4, c@w] = 0. As a consequence,

(%5 d4 ] = [EX; Bay,dy ] = 05d% .

which concludes the proof of (2). For (1), we compute

A Q=D Pl @ e e; = Pyr; DA ® Eyr Ejfr +* = Qar; A
AYQai=A (eief +Qu;) = (EXTJ- Ear; + QAT,i) At = Qhr; At
O

Proposition 9.4. For each A in BH,(F) the Frobenius endomorphism
defined by

Fry = ((0%40') @ Idp k) p2aTa

is a chain map and
AA Fry = FI"AT AA p2 ext—n p—ZQA pQQVA'

Proof. Since p@ra (0, ® 1d) = (0/, ® Id) p?4, then Fry = Fr/{Fr/, is a chain
map. For the second statement, D4 040, =0":0)+ DA implies
AYTFry = A1 (0740 @ 1d) p?atea
— Fr g p-Qar Qi A4 p@4+Qa
— Fryr A4 p=Qa—Q ,QU+Qa
_ FI'AT AA p2 ext—n p72©A pQQX_ 0
Theorem 9.5. Let #4 (respectively #%) be the operator on Sao(K) diag-

onalized by monomials and such that the eigenvalue of xVy> is the num-
ber of non-integer entries of YA™' (respectively NA~T). If k is such that
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(km)P~1 = p, then the twisted Frobenius endomorphism
TFry = Fry (,WT)(P—U(#A—#X)/?
s a chain map, and
H(AYH(TFry) = H(TFryr)H(AY).

Proof. Since (km)P~D#a—#21)/2 ig diagonalized by monomials and acts triv-
ially on A (K"), it commutes with d4 + d. Therefore, TFry is a chain map.
Using Proposition 9.4, we calculate

AATFry = A4 Fry (k)P DFEa—#20)/2
= Frpr AA p2ext—n p=2Qu 20 (o) (P=D)(#a—#2)/2
= TFrgr A4 p2 Xt p=2Qa ;204 (o) pP—1Fa—#2)

where the last step follows from

(k)" PO AT =#40)/2 AA = A4 ()P~ DF#A—#2)/2,

Therefore, the theorem is proven if the eigenvalues of
(9.1) 2ext —n—20Q4 +2QY and — (#4 — #%)

agree on a monomial basis z7y*e! for H(B)(K)) for each A € G4. By Lemma
6.1 and Corollary 6.3 one can choose generators of the form 27+ y*el, where
[I| =n —|Jy] and 0 < (AMA7Y); <1 for all i =1,...,n. In particular, the
eigenvalue of 2ext —n + 2QY — # on 27 yrel € S(A) is |I|. On the other
hand, inspection of the bases for the cohomology of chains and loops given
in Corollary 6.3 shows that (2Q 4 — #4) = ext on S(A), which concludes the
proof. O

10. Examples

Example 10.1. Let n =1 and A;; = 2. Then Wy (z) = W1 (z) = 2? and
Ga = Gyr =7/2Z. The exterior operators are E4; = 2me; and EXJ =
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5-¢y . Moreover, R (F) = Flz1] @ y?F[y?] and RY(F) = y1F[yf]. The differ-
entials are

d(z]') = 71171 e+ 27ra:71+ e1;

dY(yyer) = >\1y11 T

It follows that H(BY(F)) = Fx1e; and H(BY(F)) = Fy; are mapped one into
the other by A“. The relations in cohomology are

225 le = (—2m) "L (2k — D)o b+, L= (=2m) 7% (2k — D)1 e
2Rl = (“2m) 72k — 1)y 2R=DFL = (—om) R 2k — D)y

Let (¢,) be the sequence of rational numbers defined by

eﬂ(t?—t) _ Z Cm(—ﬂ')mtm.

m>0
The action of the twisted Frobenius map in cohomology is thus
H(TFI‘A)($1€1)
= p(rm) P~/ 2 —aD) Py

— p(m)(p—l)/z Z Cm(—ﬂ)ml‘?(m—i_%)—i_lq
m>0

= p(km)P~1/2 Z cm(—ﬂ)_pT_IQ_(erpT_l)(Q(m — 1) +p)! | z1eq

m>0
— pr(P~1)/2 <<p;1>| + 0(p)> riey.
Similarly,
H(TFTA)( 1)
= p?(rm) 7/ (Zc ™) 2 M (2(m — 1) +p)”) Y

_ p,i(p—n/z <<p;1>' + O(p)> m

Comparison with the non-commutative Weil conjectures of Kontsevich [5]
seems to suggest a further overall rescaling of TFr,. This is likely to be
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o | A 0o ao ey e en] e
AMTT0,0 ] (30 |53 | 3| B3 ]G3
G| A QO TED e @Y |12 |13
AT 1(0,0) | (0,3) | (0,3) | (5.5) | (3:3) | (5.3)
Table 1: Elements of G4 and Gar for Wa(z) = 222 + 23

relevant for arithmetic applications. We hope to come back to this point in
future work.

Example 10.2. Consider the dual chains W4 (z) = z3x2 + 23 and Wyr ()
= 22 + 2123. The elements of G 4 = Z2/Z? AT and G v = 7% /7> A are given
in Table 1. We can find basis elements 27y*e! of C4 and C4r as described in
the proof of Theorem 9.5. Each row of Table 2 contains a pair of elements
dual under A? (up to constants), as well as the eigenvalues of

Qa+Q4 and (F#a—£1)/2

applied to 27y e . Here we are using 4 (e1e2) = 1, ¥4 (eg) = —Ear 1 = —27e;
and
*A(l) = Eyr 1 Ear 9 = (2mey)(mey + 3meg) = 6m2eres.
Note also that
AA(x%xgeleg) = y%yg = 37m:1:1;‘36162,

since (dar + dY\r)(e1) = 3mzizieres + yiys.
We now turn to writing TFra(z7ye!) in terms of this basis for a few
elements. Since for any x7,

(Ba1 + pa) (@A) = 427 + 7 (227144
(B4 + 9a2)(@1TeA) = qou? + 7 (a7+6A 4 ggrresd)

in H (B)(F)) we have the relation

yalytel = (=) (A tel artedytel) A,
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Ca | Qa+QY|#Ha—#0D/2| Car | Qar+QYr | (#ar — #4r)/2
T1T2€1€69 2 1 Y192 4 -1
;L’lx%eleg 2 1 yly% 4 -1
xlsc%eleg 2 1 ylyg 4 -1
x%xgeleg 2 0 $1$%61€2 2 0

Toyi€2 3 0 T1Y2€1 3 0
x%yleg 3 0 xly%el 3 0
Y1Y2 4 -1 T122€169 2 1
Y193 4 -1 z173e1e: 2 1
Yiys 4 -1 rr9e1e9 2 1
yivs 4 -1 zixieies 2 1

Table 2: Duality between C4 and Cyr for Wa(z) = x3xs + 3.

which implies for ¢ = 1,2 that

g te Ay (_ﬂ_)fl (,yAfl)i x'yy)\el‘

Therefore, for i =1, 2,

(10.1) avthedyrel = ()7t ((4 ( ) A) A7) gD
= (=m) 72 ((yA™D)i + (ki = 1))
((,VA—l) ( )) xw—i— (ki—2)e; Ay/\el

(_W)_ki ((’YA 1)2)(]%)'%' y e .

Take w1z e1ez so that v = (1,1) and yA™' = (3, ¢). Suppose that p is a
prime such that 6 | (p — 1). Then we can write

(p.p) = (1,1) + <p;1,pg1> A,
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which using Equation (10.1) gives

TFI"A(.%'le 6162)

= pQ(fiW)p_lengA(x)eleg

_ 3,.P..D k kie1 A k koes A
= pzy Ty g (—m) ey, 2™ g (—m) e,z | erea
k120 k2>0

_2(=1) 1 1
=p(m D omck, <2> <6> ziTheres,
k1,k2>0 (k1+p771) (k2+PT*1)

where we have used the fact that Z,r(y) = 1+ O(y1,y2). Next, consider
TFra(z3yie) = p367r(x2p_mg)e”(yfp_yf)xgpy]f €s.

By Equation (6.2), in cohomology we have the relation

'e T ! _ ’ 3)\1 - )\2
e O e Y PV T G el B
1 6 S

which if 6 | (p — 1) implies that

TFI"A (ac%yg 62)

_7(»=1) 1 2
=p3(—7r) 0 Z Cl!, Choy (2> <3> 95%2/162-
(kir5t) N3/ (bt 2552)

ki,k220
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