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Multisymplectic formulation of
Yang—Mills equations
and Ehresmann connections

FREDERIC HELEIN

We present a multisymplectic formulation of the Yang—Mills equa-
tions. The connections are represented by normalized equivariant
1-forms on the total space of a principal bundle, with values in
a Lie algebra. Within the multisymplectic framework we realize
that, under reasonable hypotheses, it is not necessary to assume
the equivariance condition a priori, since this condition is a conse-
quence of the dynamical equations.

Introduction

The motivation of the following work was at first to provide a Hamiltonian
formulation of the Yang—Mills system of equations which would be as much
covariant as possible. This means that we look for a formulation which does
not depend on choices of space-time coordinates nor on the trivialization of
the principal bundle. Among all possible frameworks (covariant phase space,
etc.) we favor the multisymplectic formalism which takes automatically into
account the locality of fields theories. Following this approach we have been
led to discover a new variational formulation of the Yang—Mills equations
with nice geometrical features.

The origin of the multisymplectic formalism goes back to the discovery
by V. Volterra in 1890 [29, 29] of generalizations of the Hamilton equa-
tions for variational problems with several variables. These ideas were first
developped mainly around 1930 [4, 7, 24, 31] and in 1950 [6]. After 1968 this
theory was geometrized in a way analogous to the construction of symplectic
geometry by several mathematical physicists [10, 11, 23] and in particular
by a group around W. Tulczyjew in Warsaw [20-22]. This theory has many
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recent developments which we cannot report here (see e.g. [1, 9, 12, 15—
17, 19, 25, 26] and, for surveys, [3, 8, 13, 14, 27]). Today the Hamilton—
Volterra equations are often called the De Donder—Weyl equations for ref-
erence to [7, 31|, which is inaccurate [14]. However in this paper we name
them the HVDW equations for Hamilton—Volterra—De Donder—Weyl.

The basic concept is the notion of a multisymplectic (n 4 1)-form w on a
smooth manifold A/, where n refers to the number of independent variables.
The form w is always closed and one often assumes that it is non degenerate,
i.e. that the only vector field £ on the manifold such that £ Jw = 0 is zero.
An extra ingredient is a Hamiltonian function H : N'— R. One can then
describe the solutions of the HVDW equations by oriented n-dimensional
submanifolds T' of N' which satisfy the condition that, at any point M €
N, there exists a basis (X1, ..., X,) of Ty’ such that X1 A+ A X,, Jw=
(—1)"dH. Equivalently one can replace w by its restriction to the level set
H~1(0) and describe the solutions as the submanifolds I' of H~!(0) such that
X1 A+ ANX, Jw =0 everywhere (plus some independence conditions, see
e.g. [14]).

All that have led to elegant formulations of most variational problems in
mathematical physics involving e.g. maps and sections of bundles. However
the multisymplectic formulation of the Yang—Mills raises difficulties [18, 28],
because the dynamical field is a connection and is subject to gauge invari-
ance, hence their geometrical description is delicate. A possible approach
consists in building a suitable reduction of the geometry of connections on a
®-principal bundle as for instance in [2]. We follow another approach, which
is based on ideas which are now quite standard since Elie Cartan: we lift the
connection defined on some manifold M representing the space-time to the
principal bundle P over M with structure group . The connection is then
represented by a g-valued 1-form n on P which satisfies a normalization (3)
and an equivariance (4) hypothesis. Although a priori necessary the equiv-
ariance condition has the drawback of being a constraint on the first order
derivatives of the field, which, to our opinion, is not a natural condition.

In the following we compute the Legendre transform for the Yang—Mills
action by treating connections as normalized and equivariant g-valued 1-
forms on P. We find that the natural multisymplectic manifold can be built
from the vector bundles g ® T*P and g* ® A"t ~2T*P over P, where n + r
is the dimension of P, g is the structure Lie algebra and g* its dual vector
space. These vector bundles are endowed with a canonical g-valued 1-form
1 and a canonical g*-valued (n + r — 2)-form p respectively. Inside g @ T*P
we consider the subbundle g @~ T*P of normalized forms. Then the multi-
symplectic manifold corresponds more or less to the total space of the vector
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bundle R @p (g @~ T*P) &p (¢* @ A"T"=2T*P), equipped with the (n + 7)-
form § = eS A~y +pA (dn+mnAn), where € a coordinate on R and 8 A~ is
the volume form on P. The Hamiltonian function H is (up to a factor —1) the
squared norm of the coefficients p*” such that p A da* A dx¥ 4+ p*” B A vy = 0.
Once this is done, we will see that we may remove the unnatural equivari-
ance constraint and derive the corresponding generalized Hamilton equations
without this assumption; then we discover that, if the structure group of the
gauge theory is unimodular and compact (which is the case for U(1) and all
SU(k)’s), the dynamical Hamilton equations force the g-valued 1-forms to
be equivariant and give us back the Yang—Mills equations.

What are the byproducts of this approach? The fact that we obtain a
first order formulation of the Yang—Mills equations is not new. But, most
importantly, this formulation works on the space of normalized g-valued 1-
forms on a principal bundle which are not equivariant, i.e. which don’t cor-
respond to a connection in the usual sense. Instead these 1-forms correspond
to Ehresmann connections on the total space of the bundle P. However the
classical Euler—Lagrange equations contains conditions which, under some
hypotheses on the structure group, forces these fields to be equivariant on-
shell and hence to correspond to a connection, which turns out to be also a
solution of the Yang—Mills equation. Hence, although it is different from the
standard Yang—Mills variational problem, this problem has the same classi-
cal solutions. We also note that our problem is invariant under an action of
the standard gauge group of the usual Yang—Mills action, plus the action of
another gauge group, which is Abelian and acts additively on the momentum
variables.

It is interesting to note that our new Lagrangian density in (65) is not
that mysterious and could have been invented out of the blue. The merit of
the multisymplectic approach here is to provide a conceptual way to build it
from the standard Yang—Mills action. In particular, performing the Legendre
transform by respecting the equivariance constraint produces automatically
the extra fields p* which play the role of Lagrange multipliers for this con-
straint. A more miraculous fact is however that these extra fields which may
not be equivariant themselves are dynamically decoupled from the other
fields if the gauge structure group is compact unimodular.

Various interesting questions can be set. It seems interesting to study
the quantization of this model and, in particular, to explore the mass gap
question [18] in this setting. Indeed one could expect that the elastic mech-
anism which replaces the usual equivariance constraint could induce a mass
at the quantum level. Another point is that our formulation has some flavor
of a Kaluza—Klein theory, so it would be interesting to study gravitational
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theories by following similar ideas and to build a Kaluza—Klein gravitational
theory where the mechanism of spontaneaous dynamical reduction that we
observed here could be useful.

1. Geometric preliminaries
1.1. Yang—Mills gauge fields

We are interested in the critical points of a Yang-Mills action functional on
an n-dimensional manifold M with coordinates (x!,...,2"). We fix some
Lie group &, which will be the structure group of our gauge theory, and
we denote by g its Lie algebra. The fields are then g-valued 1-forms A =
A,dz" on M. The curvature 2-form of A is F = dA + 1[A A A]. We will
assume for simplicity that & is a group of matrices and write equivalently
F=dA+ AN A. We have in local coordinates F = %Fu,,dx“ A dx¥, where
F,, = %’3: — %’;‘5 [A,, Ay]. We fix a pseudo-Riemannian metric g, on
M and a metric h;; on g which is invariant under the adjoint action of &.

Then the Yang—Mills action of A is

(1) VMIA] = /M dvol <1|F\2>

where |F|? = gV (m)g“a(:n)hinguF,@a and dvolg is the pseudo-Riemannian
measure on M. This action is invariant by gauge transformations A —
fldf + f~LAf, for any map f from M to &. It is well-known that one
interprets geometrically a gauge field A as a connection on a principal bundle
with structure group & over M. Our first task will be to recast this problem
by replacing the gauge fields A by g-valued 1-forms defined on the total
space of the principal bundle, which satisfy suitable conditions.

1.2. Working on the principal bundle

Let P be the total space of a principal bundle which is fibered over M and
with structure group &. We denote by ma : P — M the fibration map.
We assume that & is acting on the right on P:

Px® — P
(z,9) +—— z-g=Ry(2)

This induces an infinitesimal action of g: to any & € g, we associate the
vector field pe on P defined by: Vz € P, V€ € g, pe(2) := %(z - ') |4=0; we
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also set pg(z) = z - €. For any z € P the orbit of the & action containing z
is the fiber P,, where x = m((2); the tangent vector subspace to P, at z is
called the vertical subspace and is denoted by V, := kerd(ma),. Since the
map & 5 g+—— z-g € P, is a diffeomorphism, V. is isomorphic to the Lie
algebra g of & through the differential of the latter diffeomorphism:

g — TP, =V
£ — 2-¢

We denote by «, : V, — g the inverse map. Then alp, is a g-valued 1-form
on P, (the Maurer-Cartan form) and is characterized by one of the two
following conditions: Vz € P,,

(2) [z a(v)=v, YWweV,] <<= |a(z-)=¢ VEeg].

An Ehresmann connection on P is a distribution of ‘horizontal’ vector
subspaces (H).ep, where Vz € P, H, C TP and:

VeeP, H,oV,=T,P.

Ehresmann connections can be described by using the space I'(P, g @ T*P)
of sections of the bundle g ® T*P over P, i.e. of g-valued 1-forms on P.
Indeed any Ehresmann connection (H,),cp can be defined by some 1 €
I'(P,g ® T*P) such that kern, = H,, Vz € P. The 1-form n is unique if,
furthermore, it satisfies the normalization condition

(3) .

We denote by I'y(P, g ® T*P) the subspace of n € I'(P, g ® T*P) which sat-
isfy (3). Alternatively we define the ‘normalized’ affine subbundle of the
bundle g ® T*P to be:

v, =0q,, VzeP.

gNT*P:={(2,n) € g@T*"P;VE € g,n(z- &) =&}

and observe that I'y(P, g ® T*P) is the space of sections of g @~ T*P.

Among the forms in I'y(P, g ® T*P) the ones which lift gauge fields in
the sense of Paragraph 1.1 are characterized by the additional equivariance
condition:

(4) Y(g,2z) € & x P, (R;n)z =Adg10om, = g_lnzg7

where Ry is the pull-back by the right action mapping R;. We denote by
I'%(P, g ® T*P) the subspace of normalized and equivariant g-valued 1-forms
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on P. Assuming that & is connected, Condition (4) is equivalent to its Lie
algebraic analogue:

(5) Lyn+[§n] =0, Veg,

where L,, is the Lie derivative. Lastly if n € T{(P,g ® T*P) the quantity
dn + n A 1 represents the curvature of the connection defined by 1 on M.

All that is made clear through a trivialization of P. Let o : M — P be
a section of P. Then

Mx® — P
(z,9) +— o(x)-g

is a local diffeomorphism. Its inverse map:

p: P — Mx®

;s (ag) where x=mp(z) and o(z) - g = 2,

provides us with a coordinate system. In this setting (2) reads a|p, = g~ 'dg.
Using local coordinates (x!,...,2") on M and the identification n ~ p*n,
we can translate the normalization condition (3) by:

(6) T’(Lg) = gildg + nu(xa g)da?“

Setting A, (z,g) = gnu(:c,g)g*1 and A, ) = Au(z, g)dz*, (6) reads
(7) Nieg =9 dg+9 Az g)9-

We then have the identity

(8) dn+nAn=g ' (dA+ANA)g.

Still assuming (6) the extra equivariance condition (4) then translates as
Az, 9) = Au(x), i.e. that A, does not depend on g € &. If so,

(9) M(a,g) = g 'dg+g'A,g, where A, :=A,(x)dz".

In particular the pull-back of n by o is o*n=A and, if 0/ : M — P
is another section, then there exists v : M — & such that o/(z) = o () -
~(z), Yz € M and the pull-back of n by ¢’ is: (¢/)*n =~"tdy + vy 1 A~.
This shows the correspondence between the normalized and equivariant g-
valued 1-forms on P on the one hand, and the connection 1-forms on the
corresponding principal bundle up to gauge transformations on the other
hand.
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1.3. Coframe on the total space P

Let (t1,...,t,) be a basis of g and, for i = 1,...,7, set p; := p;,. We hence
obtain a rank r family of tangent vector fields on P which, at every point
z € P, spans the vertical subspace V.. We also choose a local orthonormal

moving frame (e, ...,e,) on M. This means that we are given a reference
pseudo-Riemannian metric g, with constant coefficients on R" and that
(€4s€p) = Bap» Va,b=1,...,n. In order to obtain a moving frame on P we

choose a section o : M — P which induces a trivialization z = o(z) - g ~
(z,g) and we set

eq(2) == d(Rgo0)z(e,(x)) ~ e, (x)-g, fora=1,...,n.

Then (e1,...,en,p1,...,pr) is a moving frame on P. We define its dual
coframe

(ﬁla”'vﬂn7717"'7’yr)7

i.e. the family of sections of T*P such that 8%(e;) = 6%, v(p;) = 5; and
B*(p;) = ~*(ep) = 0. This provides us with coordinates on g ® T*P: a point
(z,m) in g @ T*P (where z € P and n € g ® T>P) has the coordinates (z, g,
M6: 1), where 2 = a(x) - g and 1 = t;(n}, 8 + ni77).

Let V be the Levi-Civita connection on 7'M for the metric g, on M
and let w? € Q1(M) be the connection 1-forms of V in the moving frame
(€1,---,€,), i.e. such that V, e, = wj(e,)e.. Using V and the the choice of
a section o, we construct a connection V on TP : we extend w? on P by
letting w? ~ (mpq)*w? and we set

Ve, = wp(eq)ec; Vpep = 0;

Veapj = 0; Vpipj =0.
This connection acts on sections 1 of I'(P,g® T*P): if n = n,3% + n;7",
where mn, and 7, are functions on P with values in g, then Vv € T, P,

Von = (dny(v) — wl(v)my) B + dn;(v)~'. Moreover, because of the torsion
free conditions

(10) dB* +wi AP =0,
we have the following expression for the exterior differential of n,

(11) dn = dn, A B* —nuwi A B+ dn; Ay +mdy'.
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Hence in particular the 3% A 8° component of the curvature dn +n A n is

(12) Fop = (dny, — newp)(ea) — (dng — newq)(ep) + (Mg, M)
= (Ve.)o — (Ve,M)a + (M4, M)

In the decomposition n = n,8% + 17" of some n € I'(P, g ® T*P), con-
ditions (3) and (5) can be expressed as follows. The normalization condition
means that n; = ¢;, so that (3) reads

(13) n=n.8"+t'
and, since L, 3% = 0, V¢ € g, the equivariance condition (5) reads
(14) dna(pi) + [ti,ma] =0, Vi=1,....r
Let us denote by cfj the constants such that
(15) [ti,t5] = cijtn,

where the summation over repeated indices is assumed. Then from the
decomposition ¢~'dg = t;4* and the zero curvature condition d(g~'dg) +
(g7 'dg) A (g7 'dg) = 0 we deduce the relation

A
(16) dv' + §c}k73 AyE = 0.

To conclude, we define 8 := 8L A--- A" and v =~ A--- A4" and, for
1<a,b<n,1<i,57<r, weset (the symbol | denotes the interior prod-
uct)

Ba=eqa B, Ba:=eyd(eaIB), vi=pidv. vj:=pjJpjI).
We note the following useful relations
(17) BN By =048, B NB" A Boa = (5255 — 5460)8
and similarly
(18) VA =6, A A Ak = (6487 — 5167)7.

The following result will be helpful later on. We recall that, if & € g, then
adg : g — g is the linear map defined by ad¢(n) = [£,7], Vn € g.
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Lemma 1.1. The following identities holds

(i) For anyi=1,...,r,
(19) dry; + tr(ad, )y = 0.
(ii) For any a,b=1,...,n,

(20) dBa = wh A By,

(21) dBay = wg A Bep + Wg A Wac-

Proof. The proof of (19) follows from the following computation, where we
assume a summation over each repeated index and we use (16) and (18),

. 1 . ,
dyi = dvy Nyij = —gcfcﬂk A A g = —clyy = —tr(ade, )y;
0) and (21) are obtained by similar computations, by using (10) and wj +
b _

(
w, = 0O:

dﬁa = dﬁb/\ﬁab = _wg/\ﬁc/\ﬁab = _Wg/\/Ba+wZ/\ﬁba
dﬁab = dﬂc A ﬂabc = _Wfl A 6d A ﬁabc = _Wg A Bac + wg A /Bac - WZ A /Bbc-

O

Identity (19) has the following straightforward consequence. We recall
that a Lie algebra is unimodular iff tr(ad¢) = 0, V€ € g. Note that U(1) and
all SU(k)’s are unimodular.

Corollary 1.1. Assume that g is unimodular, then dv; =0, Vi=1,...,r.
2. Towards the multisymplectic formulation
2.1. The multisymplectic framework

In order to set the multisymplectic framework it is simpler to start with
an abstract general description: let Z be a m-dimensional manifold and
consider the fiber bundle A™T*Z of m-forms over Z. By using the fibra-
tion 7z : AMT*Z — Z we define a canonical m-form 6% on A™T*Z by

95’2 oy (X1so o, Xin) = w(r5 X0, 75 Xm), V2 € 2, Vo € AMTLZ,
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VX1, X € Tz, (AT Z). If 2 is itself fibered over a manifold & by
a projection map my : Z — X, this defines in each tangent space T7Z a
vertical subspace Vz which is the kernel of 7%. We then define the subbundle
of so-called (m — 1)-horizontal forms (see [9])

AT'T*Z = {(w, Z) € A"T*Z;Yv1,v9 € Vz,u1 Avy Jw = 0}.

This corresponds to assuming that each m-multilinear map w € A1, Z
has a degree at most one in the vertical coordinates of vectors in Tz Z.
Then AT'T*Z is the geometrical framework for the so-called ‘De Donder—
Weyl’ theory for sections of Z over X which are critical points of a first
order variational problem [15]. We will denote by 6 the restriction of 6%
to AT'T*Z

We use this setting form =n+1r, Z = g® T"P and X = P. Coordinate

functions on A"T™(g ® T*P) are (m“,g) for a point z € P, (1, nj) for the
components of n € g ® TP in the basis (t; ® 8%, t; ®47) and (e, p? ,p]b pf ,

) for the components of @ € AT, (g @ T"P) in the basis (5 A7, dn’ A

Bb A, d77j A By A s ( )ndna ANBA r)/j’ ( )nd% NBA 7/9) The Poincaré-
Cartan form 92 then reads

(22) 0F = eB Ny +pfdnl A By Ay + plldni A By Ay
+ (=1)"pPdni, A B A+ (=1)"pl dni A B A

Since we are interested in normalized sections of g ® T*P, i.e. satisfy-
ing (3), we must actually work on A}T"T*(g @ T*P). The latter space is
a bundle over g @~ T*P and can actually be constructed through a reduc-
tion of AT T*(g ® T*P): we restrict ourself on (mger-p) ! (g @ T*P) and
for any (z,7n) € g @~ T*P, we replace the fiber A’f”T(*ZW) (g @ T*P) by its
quotient by the annihilator of T{, (g ®" T*P), i.e. the space of forms w
in A?*”T(*Z (@®T"P) such that v Jw =0, Yv € T, (g @ T*P). This

amounts to impose (see also (13))

(23) = 9
and to assume that .(é,ﬁfb,ﬁ?j, jb,ﬁgk) ~ (e,p?b,p?j,pgb,pgk) whenever (¢,
P2 pi7) = (e,p, pi?), so that we may forget about coordinates (pl ,pfk)
Denoting simply by # the restriction to A7T"T*(g @~ T*P) of 67 given in
(22), this leads to the simplification

(24) 0 =eB Ay +pPdn’ A By Ay + (=1)"pXdni A B A;.
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2.2. The Legendre correspondence

A Lagrangian for a gauge theory is a real valued function L defined on
the bundle T*P ®ggvr-p (T'(g @~ T*P)/TP) over g @~ T*P, whose fiber at
(z,m) € g @ T*P is the space of linear maps A : T.P — T{, (g @ T*P)
such that d(mp) (., o A = Id7,p (this vector space can be canonically iden-
tified with T"P, ® (1{.,,) (g @™ T"P)/T.P)). We define coordinates (z, g, 1,
Ao Aazg) on TP @geer+p (T(g @ T*P)/TP) in a natural way from the
ones on g ® T*P: for any (z,1n,\) € T*P Qger+p (IT'(g @~ T*P)/TP), take
a section p € I'(P, g @Y T*P) such that n(z) = n and (viewing 1 as a map
from P to the total space of the bundle g @~ T*P) the differential of n
at z is A\. Then A has the coordinates )\g;b(z,n, A) = (Ve,n)a = (d(0), —
newg)(ev) and Ag (2,1, A) := (V,n")a = d(ng)=(p;)-

However we have to take into account the following important fact. The
problem we start with concerns gauge fields on a space-time manifold M
but not all normalized g-valued 1-forms 1 on P, so that we actually need to
compute the Legendre correspondence along equivariant 1-forms 7. In view
of (14) this means that we must impose the extra constraint on A

(25) Afz;j = [naatj]i'

We denote by T*P Qggvr-p (T'(g @~ T*P)/TP)?® the submanifold of points
(z,m,A) € T*P Qgarr+p (T'(g @Y T*P)/TP) which satisfy Condition (25).

The standard Yang—Mills Lagrangian in (1) has the following expression
by using the moving frame (eq, p;):

1 o
- *gacgbdhia‘FéchJm

(26) L(zmA) =

where (see (12))
éb = Az;a - )‘(iz;b + [Um nb]i‘

Such a Lagrangian induces a correspondence between T*P ®ggvrp (T'(g @
T*P)/TP)¢ and a submanifold of AT™"T*(g @~ T*P) as follows (see [15]).

Assume as in the previous section that the coframe (3%, ") is orthonor-
mal, then the volume element dvolg in (1) is equal to S A ~y. We define the
function W on (T*P ®@ggvr-p (T(g @~ T*P)/TP)®) X genr-p AT T*(g @Y
T*P) (sorry for the notation) by:

Wiz, A\ @) =0 pay(Aer), -, A(en), A(p1), .-+, Apr)) — L(z,1,A)
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and we say that (z,7n,\) is in correspondence with (z,1n,w) f (z 7, A, @)
= 0. (This condition amounts to say that (z,n,A\,w) is a crltlcal point of
the restriction of W to the fiber of the map (z,nm, A\, w) — (z,7n,w@).) If so
the value of W at (z,7n, \, @) defines a function H of (z,7,w), which is the
Hamiltonian.

We now need to compute 0., oy (A(e1), ..., A(en), A(p1), ..., A(pr)). In
order to avoid a messy computation we use the following trick: choose the
right coframe (as we learned from Cartan). Here given some (z,7, A\, w), we
replace the coframe (5%, ~%, dn’) by (3%,7%,6nl) in the expression of 0 (2 m,)5
where

5772 = dTl; - )‘fz;bﬁb - nc a - )‘Z ]/7 )
so that
(27) Yo € TP, 6n.(\(v)) =0.
Hence by using (25),
(28) dnfy = 01 + Aoy 8° + 11w + [Mas 5]
This gives us by using (17) and (18)
0= ef Ay +pi*(0m + NoseS* + 16w + [, ] ) A By Ay
+ (= 1)"p§ (1l + Noge B + My + [0y th]' V) A B A
and, noting I', := wj(e,) (so that wi =TI'¢, %),
= eB Ay + B (N + 1iL50) B Ay + 0 [0, 518 Ay
+ 0, A By Ay + (= 1) o0, A B A
Hence by using (27) it follows that
H(Z,n,w) ()\(61), SR )‘(en)? )‘(pl)7 R )‘(:07"))
= e+ p* (Vo + 1eT50) + 9 [, 1]’
and thus

W(z,n,/\,w) :e—i—pl ()‘Z b+770 ba)+pz [navtj] _L(Z7777)‘)'

We hence find immediately that the condition %V/‘\/ = 0 reads

ab oL
pz‘ = i
8>\a'b

(29) (2,1, A).
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We apply this relation with the standard Yang-Mills action (26) and find
(30) P = hijg g Fl, = hyg g™ (Af;;c — Xy + s nal? ) -
We observe that w is subject to the constraints
(31) P+ pit = 0.
We thus define the image of the Legendre correspondence:

N = {(z,n,@) € AT (g @ T*P); p{® + p}* = 0}
We still denote by 6 the restriction of § on N and set w :=df, (N,w) is

the multisymplectic manifold we will work with. Assuming (30) we deduce
from (26) that L(z,n,\) = —%h”gacgbdpgbpgd and, by using (31),

. . 1 . . ) .
pgb(AZ;b + 772 ga) = _7pgb( z;a + T'tl:FZb - )‘Z;b - 77?: lcm)

_ _i abryi_ yi i
=3P (Noa = A + (10> m0]")
— PTG — 5 + e, m]
= —JHEl — ST~ Th) + 0 ]
= Mg — TS~ T6) + e m

We hence deduce the expression for the Hamiltonian function H

1 . 1 .
(32) H(Za U ZU) =c—- Zh”gacgbdp?bp;d - 5??%3( Zb - lcm)
1 . . ,
+ 519?”[77@, )" + 05 [Na, t5]".

2.3. Change of coordinates

We will change the coordinates on N in order to simplify the expression of
the Hamiltonian function and in such a way that 6 depends on 7 uniquely
through the quantity dn 4+ n A n. We set

1 . 1 ; j ;
€= e — op{(Te = Tho) + 57 [ ] + 9 [na, 5]
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We note then that

1 ij ab, cd
(33) H(Zv 777w) = €—= Zh Zac8bdP; p;.

Moreover, from (24),

2 2
+ 7 ((—1)™dnl A B A~ — [ 5] B A7) .

. 1 . 1 .
(31) 0= eBny+pt <d772A6b/w+né( - za>—[na,nbwm)

In order to transform this expression, we need some preliminaries. First
by setting 7, = t;n, and n = 1,5 + t;7; (the canonical g-valued 1-form on
g QN T*P), we get by using (11):

1 .
dn = dng A B — newi; A B° — 5[tk AP

Since on the other hand

NAN= 5 [0as 1] 5 A B+ 3 [tistiln Ay =+ [na, 116 A

we deduce that

1 .
(35) dn+nAn=dn,ApB*+ <2[77a7 ] — ncF2b> BN B+ [Nas i) B A

This implies by using (17) that

(36) (dn+nAn) A Ba Ay
= (dnb A By — d”?a A By — nc(rgb - Fga)ﬂ + ["7(17 nb]ﬁ) A7y

and by using (18):
(37)  (dn+nAn) ABa Ny = (=1)" ((=1)"dna A B A+ [t5,1a]8 A7) -

Hence we deduce from (36) and (31) the second r.h.s. term of (34):
ab i 1 i(C c 1 i
(38) P\ dna A By + 5ne(Uap = T4a) B = 5 [nas el B ) Ay

1 .
= =50 (dn+n An)" A Bas Ay
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and from (37) the last r.h.s. term of (34):

(39) P ((=1)"dige, A B A = [1as 1516 A )
= (=1)"p{(dn +n An)" A Ba A;.

We thus deduce by summarizing (34), (38) and (39):

Proposition 2.1. The Poincaré-Cartan form 6 on N reads:

(40) 0 =eBAY+piA(dn+nAn),
where

1 .
(41) pi = _ip?bﬂab Ay + (=1)"p Ba A ;.

An alternative expression is § = ¢S Ay + p A (dn +n A n), where in the
r.h.s a duality pairing between the g*-valued coefficients of p and the g-
valued coefficients of dn + 1 A 7 is assumed.

2.4. Re-interpretation of the previous result

Let us rephrase the previous result. We see a posteriori that the multisym-
plectic manifold (N, w), where w = df and 6 is given by (40) and (41), has
a simple alternative construction. We consider the pair of vector bundles
g @Y T*P and g* @ A" 2T*P over P (where g* is the dual vector space of
g) and their fibered direct sum over P with R:

N :=R@p (g@" T*P) &p (5" @ A" 27P) .

The base P is equipped with the volume form S A v and € is a coordinate on
R. Denote by (p?,p%, p’*) the g*-valued coordinates on the fibers of g* ®
A2 in the basis (—Bay A7, (—1)"Ba A7, 8 A ). The bundle g @
T*P is equipped with the canonical g-valued 1-form 7 (which reads n,8% +
t;v' in g-valued coordinates) and g* ® A"T"~2T*P with the canonical g*-
valued (n +r — 2)-form p (which reads —3p™Ba Ay + (—1)"p% By Av; +
%p]kﬁ A7ji in g*-valued coordinates). We also define the vector subbun-
dles g* ® AS’LT_QT*P = {(z,p € g* @ A" 2T*P:Va, * Ap =0} and g* ®
APTTATRP = {(2,p € g* @ AVTTT2TFP;Va, b, B A B2 Ap = 0}. In coordi-
nates g* ® Ag+r-2T*P is defined by the equations p® = p% =0 and g* ®
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A’f“’_QT*P by p® = 0. We have the obvious inclusions
g* ®A8+r72T*,P C g* ®A§L+r72T*/P C g* ®An+r_2T*P.

By setting 0 := €S Ay +p; A (dn +n A1), we obtain the same expression
as (40), because, in view of (35), all terms involving p/ ¥ cancel. Hence (N, 0)
is recovered by quotienting out g* @ A" ~2T*P by g* ® AS'H"_QT *P.

In this setting the Hamiltonian function H has also an intrinsic char-
acterization: up to a factor —%, it is the squared norm of all quantities p®
such that p®B A~y + A B Ap=0.

3. The HVDW equations
The multisymplectic form w = df on N is
(42) w=deABANY+dp; A(dn+nAn)' 4 (dypAn—nAdn) Ap;.
3.1. What do we want to do and how to proceed?

The geometrical expression of the HVDW equations in (N,w) for the Hamil-
tonian function H consists in a condition on an oriented submanifold T" of N/
of dimension n + r (representing the graph of a solution), which says that, for
any point M of coordinates (x, g, %, p?, pi?) of T, if (X1,..., Xn, Y1,...,Y)
is a basis of the tangent space to I' at M such that g A y(Xq,..., X, Y1,...,
Y,) =1, then

(43) (Xl/\"'/\Xn/\Yl/\"'/\Y;«)Jw:(—l)n+rdﬂ

(see [15]). However for the Yang-Mills problem we started from a variational
problem on equivariant g-valued 1-forms. But is is not clear a priori whether
we should impose a similar constraint in the Hamiltonian version. In the
following we will derive the HVDW equations in the most general case,
i.e. without assuming any equivariance hypothesis a priori. The HVDW
equations with an equivariance constraint will be simply obtained by adding
this extra constraint to the dynamical equations. We will see however that
both approaches work and that, under some reasonable hypotheses, they
lead to the Yang—Mills system.

Any fixed (n + r)-dimensional submanifold I" which is a graph can be
represented as the image of an unique embedding of P in R&p (g @Y T*P)Sp
(9" @ A" 2T*P) of the form w: z — (2,€(2),n(z),p(2)). It suffices to
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estimate the L.h.s. of (43) when replacing (X1,...,Xp, Y1,...,Y,) by (ueq,
e Uk, Ui Pl, - . ., Uspy). However a direct computation of this quantity
can be very messy. So again we use the same trick as for the Legendre trans-
form and, given some point M of I' of coordinates (z,€(z),n(z),p(2)), we
replace the coframe (8%, 7", de, dnl, dpi®, dp;’) at M by (8%,~", ¢, ont, 5p2,
dp;”), where

de := de — de(eq) B — dé(,Oj)’Yi
(5772 = dn; — dné(eb)ﬁb - d’?iL(Pj)’Yj
5p;-1b = dp?b — dp?b(ec)ﬁc — dp?b(Pj)'Yj
5pi = dp® — dp}? (ep) 8 — dpi? (pj)V,

(44)

It follows in particular that
(45) Se o du, = dn} o du, = 5p® o du, = 5p% o du, = 0.

It will be useful to introduce the covariant derivatives at M €, := V. € =
de(eq), €i:=V,e=de(pi), M, = (Ve,n')y = (dnj —niwp)(ea), P =
(Ve p;)® = (dp$® + pfbwg + p?dwg)(ec), etc., so that:

de = 0 + €48 + €47
dnl, = only + My B+ miw§ + nly’
dpf® = op§® + pil B¢ — piwl — piw? + pilind

dp}’ = op}’ + p{y 8’ — pYwl + Pl

(46)

where we assume implicitly that the symbols in bold characters denotes
components of w at z such that u(z) = M. In the following we evaluate
separately the terms in (42) in view of finding the HVDW equations.

3.2. The computation of dp; A (dn + n A 1)t

To enlight the notations we drop here the upper indices in 7, coefficients
are thus g-valued. Substituting the expression for dn, in (46) and using (10)
and (16) we obtain

dn = dng A B* + nodB® + tidy'

. 1 . .
= (5% + Mo B” + MWl + na;ﬂ”) A B —mawi A B — §[tia tilyt Ay
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hence

1 o
7[ti7 t]]’yl A ,yj'

1 )
7(7717;(1 - ’rla;b)ﬂa A /Bb - na;jﬁa A ’}/J - 2

(47) dip = dna A" + 5

On the other hand
AN = (8% +ty") A (m,8° + t;7)
1 1 ) .
= 5[0 B A B+ [0, 1518 Ay + STt tily' A

Hence

1
(48) d77 +n A n= 677a A ﬁa + i(nb;a - na;b + [’%ﬂ'?b])ﬂa A Bb

- (na;j - [naatj])ﬁa A 7j-

On the other hand we need also to compute dp. We drop the lower indices,
so that coefficients are now g*-valued. This quantity splits in two terms:

(49) dp — —%d(pabﬁab AR+ (—1)"d(p™ By A ).

Substituting the expression for dp® given by (46) and using (21) we obtain
for the first r.h.s. term of (49)

d(p™Bap A7) = dp“” A Bab Ay + PPwg A Bey Ay + PPw A Bac Ay
= (0p™ +pie B — puf p“Cwb+p%bv”)A6abAv
+ (pd’w“ A Bab + p“w" A Bab) Ay
= 0p™ A Bab Ay + (P Ba — Pia/B) A
and for the second r.h.s. term of (49) we substitute the expression for dp®
given by (46) and we use (20) and (19)
d(p™Ba Ai) = dp™ A B i+ Pl A By i+ (=1)"p Ba A tr(ady, )y
= (6p™ + p§ B* — p"wi + YY) A Ba A i
+ pYwi A B Avi + (—1)"tr(ady, ) p™Ba A
= 6p™ A Ba Avi + DU Ay — (=1)" (P — tr(ads, )p™) Ba A Y.

Hence

1
dp = =50p™ A Bap Ny = Py Ba Y
+ (=1)"6p™ A Ba Avi + (=1)"PUB Ay — (P — tr(ady,)p™)Ba Ay
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or

1 )
(50) dp = —§5pab A Bap ANy + (=1)"p™ A Ba Ayi
— (P + p¥ — tr(ad;, )p™)Ba Ay + (—1)"PhB A i

The last step consists in computing the product dp; A (dn + 1 A n)t. For that
purpose we split dp = Iy + Iy + II3 + Il4, where

1 .
I = _§5pabAﬁabA’y; Iy := (=1)"0p™ A Ba Ay
3 := —(p +p§ — tr(adi)p™)Ba Ay Ty = (=1)"plB A i

Similarly we split dn +n An = Hy + Hy + Hs, where

1
Hy = 0ng N\ % Hj := i(nb;a ~ Napp + (70> m])5% A Bb
H3 = _(na;j - [naatj])ﬁa N ryj'

All products I1; A Hi vanish, except the following ones:

—_

Iy A Hy = = (6 A Sp§° A Ba — dmly A Sp§° A By) A,
Iy A Hy = —(—1)"6n% A 5p?j A B A7,
IIs AN Hy = —(pfl{, + pfjj — tr(audtj)p“j)&]fl A BN,

[\

1 ,
I NHy = _i(nb;a — Mo + [Mas M) 6D A B A,

H2 A H3 = (na;j + [tjvna])zép;lj A 5 A7y.
Hence using (31)

(51) dpi A (dn+nAn)' = 0np ASPIEA Ba Ay — (—1)"8n AP A B Ay
— |(pf% + P — tr(ady,)p™)on,

—_

+ 5(7]1);(1 - Tla;b + [77(1: Ub])i@?b

- (na;j + [tjv na])iap?j A /8 A7y.
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3.3. The computation of (dn An —n A dn)t A p;

In the following we note [dn A n] := dn A n —n A dn. From (47) we know that:
b 7 a 1 ) J

(52) dﬁ = (677a + na;bﬁ + 77a;j7 ) A /8 - i[tﬂt]]’y A v

On the other hand, we have [dn A n] = [dn,n,] A B + [dn, t;] A/ and thus

[dn An]" A pi
. o 1
= ([dn, m)’ A BY + [dn, 5] A 'y]) A <—2p§wﬂac A+ (=1)"pf* B, A w)

1 . .
= = [dn,my]" A PI(00Ba — 00 Be) Ay + (=1)"[dn, my]" A PIFSLB A Yk
+ (=1)"[dn, 5] A p* (=1)" 6] B Ay,

which gives us

(53) [dn Anl' Ap;i = —[dn,my)" ApPBa Ay + (—=1)"[dn,na)" A DB A Y,
— [dn, t;]" A D} Ba A y.

The r.h.s. of (53) is the sum of the three quantities My := —[dn, n,)" A
P{"Ba Ay, My = (=1)"[dn,n )" A pf*B Ak and M := —[dn, ;] A pi? Ba A
~v. When substituting the value of dn given by (52) in (53), we see that M,
vanishes and we just have

(54) [y An) Api =P, ona)' A BAY+ DIt 0na)" A B A .

It is here useful to note that the summation over i of the quantities pfb (b,
6na)" is a duality product between p® € g* and [y, 014] = ady, (67,) € g. It
thus coincides with the duality product between ad’:’b (p®) € g* and 61, € g,
Le. with (ad:h (p“b))iéng, Whgre adfh is the adjoint of ad,), . Similarly we have
[t 0ma]" = (ad; (p‘”))iénfl. Hence (54) reads

(55) [dn Al A pi = ((adi‘n (p“”)) + (ad?,. (p™ ))) S0y A BAY.

7
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3.4. Conclusion

Collecting (46), (51) and (55) and substituting in (42), we obtain

(56)  w=03n ANOPLP A By Ay — (—1)”5172/\5]92” NBNYy;+deNB Ay
— (pth = (ady, ™)) +p0 = (ad (0

3
— tr(ady, )p;’ )5773 ABAY
1 )
- 5 (nb;a - na;b + [na7 nb])z 5p?b A 6 A Y

+ (na;j + [tjﬂna])lap;‘w NPB Ay.

We can now come back to the considerations of Section 3.1 and write Equa-
tion (43) with (X1,...,X,,Y1,...,Y,) equal to (useq, ..., uien, uipi,...,
wipr). Writing U = Xq A--- A X, AY] A -+ AY, for short, we deduce from
(45) that, up to the factor (—1)"*", the Lh.s. of (43) reduces to:

1 .
(57) (_1)n+TU Jw = de— 5 (nb;a - na;b + [nm nb])l 5]7;‘11)
+ (Mo + [t )00 — (P — (ad, (™))
+ p;”] - (adfj (p“j)> —tr(ady, )p?j)énfl.
(2
We observe that the first line in the r.h.s. of (56) does not contribute because
it contains terms quadratic in 6(-).

On the other hand we also need to estimate dH. In the following we use
the metric g,, and its inverse g to respectively lower and lift indices. We

set .8 Pop = BacBpaP™, ete.

1 .
dH = de — Sh"pap;dp;”
1 ij ab 1 ij ab e 1 i ab k
:56_§h Pabjépi + e;e_ih PabjPi:e B+ G;k_gh PabjPik | Y

1
= de — ihljpabj(sp?b + H;eﬁe + H;k7ka

where we wrote H := € — %hijpabjp?b for short.
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Let us pose T := (—1)"""U Jw — dH, so that (43) reads T = 0. The
previous computation shows that

(58) T=—H,B"— H;
1, .

7

- 5 (’r]b;a - 7751;17 + [naa "717]Z - hijpabj) 5p?b
+ (nhy + [t;,ma") opf
— (pth = (ad, (p™) + P — (ad, (p)), - tr(ad )P .

(2

4. Classical solutions of the HVDW equations

We study here the solutions of the HVDW system of equations. We first
note that the vanishing of the coefficients of 3% and +* in (58) means that
the solution I' is contained in a level set of H, a general feature in multi-
symplectic geometry. In the following we look more carefully at the other
equations.

As a preliminary we introduce some notations. We denote by h, : g —
g* the vector isomorphisme s.t. (h.&)(¢) = h;;¢°¢7, VE,( € g and by h*:
g — g the inverse mapping. Note that, since the metric h is invariant
by the adjoint action of & on g, the following relations hold

(59) h*[£7 d = _a‘dz(h*C) and [67 h*a = _h*(adzg)v v€7 C € gvvg S g*
4.1. The HVDW equations with the equivariance assumption

We consider here a system of HVDW equations on fields which are assumed
to be equivariant a priori. The equivariance condition on 7 automatically
implies that the coefficients of dp;’ in (58) vanishes. Hence it turns out that
the field p?j is unuseful and that one can set it to be equal to zero a priori.
This leads to the simplification

. 1 . . . ..
T=-— H;a/Ba - H;i")/Z - 5 (n;);a - 772;17 + [nm nb]l - hszabj) 5pgb

— (pZ% - (adi,b (p“b))) o)

Hence equation T' = 0 is equivalent to the condition that H is constant along
T and that u satisfies the system of equations

Nvia = Nasp + [77@7 ,r’b} = h*pab
pY — ad;, (p*®) = 0.
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By (59) one sees that the second equation is equivalent to (h*p“b) U
h*p®] = 0, i.e. the Yang Mills equation.
We note that the first equation implies also

p?ib = h* (nb;a - na;b + [nav nb]);i = _h* (adti (nb;a - na;b + [’r’aa nb]))
= ad; (h* (nb;a - na;b + [nw 775])) = ad;;paba

where we used first (14), then (59). Hence this implies that p? is equivariant
(we may assume it a priori or not, it does not change the result).

4.2. The HVDW equations without assuming the
equivariance a priori

Beside the condition that H is constant along a solution I', the equation
T = 0 gives us the system:

nb;a - na;b + [77@7 771;] = h*pab
(60) Na;j + [tj7 na] =0 )
pfﬁf’ —ady, (p™) + p;} —adj (p¥) — tr(ads, )p™ = 0.

(i) The first equation in (60) is the same as in the previous paragraph.

(ii) The second equation in (60) is just the equivariance condition (14) for
the 1-form n: here this condition is not assumed a priori but is obtained
as one of the dynamical equations ! This is due to the fact that the
fields p}’ plays the role of a Lagrange multiplier for this constraint.
This condition reads also:

. g.

0 =4+ [t = 97" (9ma97"),

It is equivalent to say that there exists g-valued functions A,, for
a=1,...,n, which depends only on z (and not on g) such that

n,(x,9) = gilAa(a:)g, Vo € M,Vg € &.

Plugging this expression in the first equation in System (60) it has the
consequence that

h*pab = g_l(I)abga
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where @, := Ay, — Agyp + [Aa, Ap) does not depend on g. We then
observe that

(61) (hp™?)  + I h'p™] = g7 (@5 + 45, 9)) g.

)

(iii) The third equation in (60) can be translated by using (59) to the form:

(62) (h*p“”)b + [y, W] + (Wp®) .+ [, h*p™] — tr(ady, )h*p® = 0,

)

Let us set ®% := g(h*p¥)g~1, so that
(63) (W'p™),, + [t 5™ = g1 8%,

In view of (61) and (63), (62) is equivalent to
(64) DY + [Ay, @) + B — tr(ady, )Y = 0.
We then have the result:

Theorem 4.1. Assume that g is unimodular and that & is compact, then
for any solution to (60), the 1-form m is a solution of the classical Yang—
Mills equations.

Proof. The assumption that g is unimodular leads to the simplification of

(64):
P9 + [Ap, 2] = — B

g
We observe that the left hand side of this relation does not depend on g € &
(because A, and hence ® are constant along the fibers of P). Hence the
same is true for ®7.
For any x € M, consider the restriction of the g-valued (r — 1)-form
B ~v; on the fiber P,. Corollary 1.1 implies that

d (®9;]p,) = d®Y A yjlp, = ®Flp,.

Hence, since the fiber P, is compact and <I>f1jj is constant on P,

@Z?Vol(Pm):th?/ 7:/ @;?7:/ d(89;) =0,
P P Pe
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thus <I>:zjj = 0. Hence Equation (64) gives us
BY + [Ap, B =0,
i.e. the Yang-Mills system. |

5. The Lagrangian action and gauge symmetries
5.1. The Lagrangian action

It is easy to deduce from our Hamiltonian multisymplectic model a Lagran-
gian formulation (see e.g. [14]). We first restrict the multisymplectic manifold
to the level set H'(0). In coordinates this amounts to eliminate the coor-
dinate € through the relation € = th*”pp,;;. Any submanifold I in H~1(0)
which is a graph over P of a map wu is then given by the collection of g-valued
functions 1, and of g*-valued functions p® and p®. We define the value of

the Lagrangian density L at (n,p) = (n,, p®,p¥) by

L(n,p)B Ay = u"b.

The computation of L(n,, p®, p™) is relatively easy: one deduces from (48)
that U*(dn +nA 77) = %(T’b;a — Masp + [naa nb])ﬁa A ﬁb - (na;j + [tj7 na])ﬁa N
~7 and obviously we have u*(ef Avy) =€ A~y and u*p = —%pabﬂab Ay +
(—1)"p% B, A ;. A straightforward computation thus gives us:

1 1
(65) L(n,p) = Zh”p?bpabj — =™ (Mya — Map + M M)

2
+ pa] (na;j + [tj¢ na])'

Critical points of the functional fp L(n,,p®,p¥)3 A~ are the solutions of
the HVDW system of equations (60).

Alternatively we may decompose n = g 'dg + g 'Ag as in (7) and re-
place the dual variables p by the g-valued (n+ r — 2)-form ® such that
h*p = g~ '®g. Then our action functional reads

1 1 .
L(A,®) = -h(®%® &, ) — ~h, ™ (Apy — Agp + [Aa, Ap)]) + h BT A,
4 2 ’ ’ 7
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5.2. Gauge symmetries

Our variational problem is invariant under the action of the gauge group of
the standard Yang—Mills action. We set this gauge group to be:

Gi={v:P—&VzePVgeB (2 g) =g 'v(2)g}

Note that, through a local trivialization of P induced by a section o : M —
P, we can represent all maps v € G in the form

(66) v(z) =(o(x) - 9) = g F(2)g,

where f : M — & is an arbitrary map. The gauge group G acts on I'y(P, g ®
T*P) through the transformation

(67) n— =~ tdy+~y 0.

Indeed in the decomposition 7 = g~'dg + n,3%, we compute that

n=g 'dg+ g7 (f'df)g+ v 'n.B],

confirming that 7 is still normalized. Alternatively if we write n = g “ldg +

g 'Ag, we then obtain n = g 'dg + g~ 1Ag, where A := fldf + fLAf.
ThlS shows also that, if i is normalized and equivariant, i.e. if A does not
depend on g € &, then 7 is also normalized and equivariant. We also observe
that

(68) dn+nqAn=~""dn+nAn)y=Ady(dn+nAn).
We extend this action of G on sections of
R@p (g T*P) @p (g" @ AV 2T*P)
over P by letting
(69) p—p:i= Adi‘yp
Then p A (dn + 1 A n) is transformed as follows

pA(dn+nAn)— Adip A Ady-1(dn+nAn)
=pA[AdyoAdy-(dn+nAn)]=pAm+nAn),

i.e. is invariant by the gauge action. Hence 6 is invariant by the gauge action
and, obviously the Hamiltonian function H also.
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5.3. An alternative action of the gauge group

The gauge group G has a different action on I'y(P,g® T*P). First we
observe that any v € G acts on P by the map ¢ : z — z - v(z). This induces
the action by pull-back 1 — ¢*n on sections of g ® T*P. If np is normal-
ized and has the form 7, , = g tdg +n,(z,g)p* in a local trivialization,
then ¢ n( ) = g~ 1dg + (e, £(2)9)8° + g~L(F ~'df)g], which shows in
particular that ¢*n is still normalized. If furthermore 7 is equivariant and
reads n = g~ 'dg + g~ " Aq(2) B, then p*n = g 'dg + g1 Ay(x)B%g, where
A, = fldf + f 1A, f. Hence this action coincides with the previous one
on the equivariant normalized sections of g ® T*P. However it differs from
the previous one on non equivariant nomalized sections. In particular the
Lagrangian given by (65) is not invariant off-shell by this gauge action. It is
however an on-shell symmetry if & is unimodular and compact, since then
any solution of the HVDW is equivariant.

5.4. Gauge symmetries on dual fields

Our action functional is also invariant under the action of another group,
which is additive (and hence Abelian). This group is parametrized by the
space G* of sections U of the bundle g* @p 7} TM @p A"TYT*P over P
which satisfy

(70) (dU — ad’ AU)|p, =0, Yze M,

where « is given by (2). This definition requires some comments: for any
z € P, the value of U at z is a (r — 1)-form with coefficients in g* ® T, M,
where z = my((z), hence we can write U = U%,, where (eq,...,¢e,) is a
basis of T;; M and each U® is a g*-valued (r — 1)-form. Then Condition (70)
means that (dU® — 7 Aad; U?) |p, = 0, for any a. If we set U® = h,p® <=
P® = h*U?, where ¥ is a g-valued (r — 1)-form, then the latter condition
reads (dip® + [g~'dg, %)) |p, = 0 or equivalently 3 A (dp® + [g'dg, %)) =
0. Solutions t® of this equation are of the form % = g~ 'p%g, where ® €
g® Q" 2P is closed. In conclusion U = e h, (Adgflgoa), where dp® = 0.
The action of any U € G* is defined by (n,p) — (n,p + (—=1)" B, AU?).
Since components p® are left unchanged, the Hamiltonian function H is
obviously invariant. Moreover under this gauge action @ is changed into

0+ B A (dna+ g7 dg, na]) AU =0+ (=1)"d (8 A Adgna A hup®)
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so that we see that 6 is affected by the addition of an exact form and,
in particular, w = df is left unchanged. An alternative description of this
gauge group is that it coincides with sections V of g* ® A’1‘+T_2T*77 mod
g" @ AJT"2T*P (see Paragraph 2.4) which satisfy dV — ad’, AV = 0, since
any such section has the form g, A U®, where U € G*.

Using the variables ® as in Paragraph 5.1, the G* gauge action reads
(A, ®) — (A, ® + x), where x* = 0 and x*/ satisfies X7 = 0 or equiva-
lently 8 A d(x*;) = 0.

5.5. Gauge fixing

We can fix the action of G by choosing a critical point (with respect to G
deformations) of the functional [, $h(n,,n*)BAY = [55h(Aq, AY)B A .
It leads to the condition [, Ady(n%,)y = [p A%y =0, Vo € M.

Similarly the action of G* can fixed by using, for each x € M, a Hodge
decomposition of the g-valued (r — 1)-form ®%~,|p, . This leads to choose
®% such that, for any z € M, Va, ‘I’“j’yj\pm = h®+ *dV*, where V* is a
function from P, to g and h®|p, is a harmonic g-valued (r — 1)-form on P,
(note that h® = 0 if the de Rham cohomology group H"~1(®) is trivial).

Putting these gauge fixing conditions together with equations (60) then
leads to a well-posed system, which, if H"~(&) = {0}, reduces to the stan-
dard Yang-Mills system in the Lorentz gauge.
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