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A non-perturbative construction of
the fermionic projector on
globally hyperbolic manifolds I
— space-times of finite lifetime

FELIX FINSTER AND MORITZ REINTJES

We give a functional analytic construction of the fermionic projec-
tor on a globally hyperbolic Lorentzian manifold of finite lifetime.
The integral kernel of the fermionic projector is represented by a
two-point distribution on the manifold. By introducing an ultra-
violet regularization, we get to the framework of causal fermion
systems. The connection to the “negative-energy solutions” of the
Dirac equation and to the WKB approximation is explained and
quantified by a detailed analysis of closed Friedmann-Robertson-
Walker universes.
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1. Introduction

The fermionic projector was introduced in [8] as an operator which gives a
splitting of the solution space of the Dirac equation into two subspaces (see
also [9, Chapter 2] and [12]). In a static space-time, these subspaces reduce
to the spaces of positive and negative energy which are familiar from the
usual Dirac sea construction. The significance of the fermionic projector lies
in the fact that it can be constructed canonically even in the time-dependent
setting. It plays a central role in the fermionic projector approach to rela-
tivistic quantum field theory (see the review article [11] and the references
therein).

So far, the fermionic projector was only constructed perturbatively in
a formal power expansion in the potentials in the Dirac equation. In the
present paper, we give a non-perturbative construction of the fermionic pro-
jector. To this end, we consider the Dirac equation on a globally hyperbolic
Lorentzian manifold. For technical simplicity, we assume that space-time
has finite lifetime. A space-time of infinite lifetime (like Minkowski space)
can be treated with the same ideas and methods, using the so-called mass
oscillation property as an additional technical tool. Since the mass oscilla-
tion property is of independent interest, we decided to work out the case of
an infinite lifetime in a separate paper [17].



The fermionic projector in space-times of finite lifetime 763

In order to explain the basic difficulty which prevented a non-perturba-
tive treatment so far, we briefly outline the construction in [8] on a non-
technical level. Suppose that we consider the Dirac equation in Minkowski
space (A, (.,.)) in a given external potential B,

(iv0; + B —m)yp =0.

Then the advanced and retarded Green’s functions sy, and s/, are solutions
of the distributional equations

(70 + B —m) sy (2,y) = 0%z —y) = (/0 + B —m) sp, (2, y) .

They are uniquely defined by the conditions that the distribution sV (z,.)
(and s(z,.)) should be supported in the causal future (respectively past)
of x. Taking the difference of the advanced and retarded Green’s function
gives a solution of the homogeneous Dirac equation, which we refer to as the
causal fundamental solution k,,,

ke (2,y) == = (sV(z,y) — 5" (z,y)) -

2mi

We also consider k,, as the integral kernel of a corresponding operator

(k) () = /m b, 9) 9 (y) d*

which acts on the wave functions in space-time. Here the integral merely is
a notation to indicate a distribution acting on a test function (thus kp,(¢) =
Em(.,%) is the distribution obtained by evaluating the second argument
of the bi-distribution k,,(.,.) with ¢). Formally, the fermionic projector is
obtained by taking the absolute value of this operator,

formally

(1.1) Pm = |kml,

and by forming the combination

1
P(z,y) = 5 (pm(z,y) — km(2,y))
(for the rescaling procedure needed to obtain the proper normalization
see [12]). The basic difficulty is related to the fact that taking the absolute
value of k,, in a rigorous way requires spectral methods in Hilbert spaces.
But the operator k,, acts on the wave functions in space-time, which do not
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form a Hilbert space. More specifically, k,, is symmetric with respect to the
Lorentz invariant inner product on the wave functions

(1.2) <lp> = /J% H@)d(x) dz

(where ) = 140 is the so-called adjoint spinor; we here restrict attention to
square integrable wave functions). But as (1.2) is not positive definite, the
corresponding function space merely is a Krein space. There is a spectral
theorem in Krein spaces (see for example [6, 22]), but this theorem only
applies to so-called definitizable operators. The operator k,,, however, is not
known to be definitizable, making it impossible to apply spectral methods
in indefinite inner product spaces. The methods in [8] give a mathematical
meaning to the absolute value in (1.1) in a perturbation expansion, leading to
the so-called causal perturbation theory. But a non-perturbative treatment
seemed out of reach.

We now outline our method for bypassing the above difficulty, again for
an external potential in flat space-time. One ingredient is to work instead of
the space of wave functions with the solution space of the Dirac equation.
This solution space has a natural Lorentz invariant scalar product

(1.3 Wlo) = | @63 &,

giving rise to a Hilbert space J,,. Our starting point is the observation
(see [7, Proposition 2.2]) that the operator &, relates the scalar product (1.3)
to the space-time inner product (1.2) by

(1.4) (¥ | km ¢) = <th|o>

(valid if 4 is a solution of the Dirac equation; see Proposition 3.1 below).
On the other hand, we can express the bilinear form <.|.> in terms of the
scalar product using a signature operator 8,

(1.5) <Plo> = (¥|89)

(valid if ¢ and ¢ are solutions of the Dirac equation; see equation (3.4)
below). The operator 8§ will turn out to be a bounded symmetric operator
on the Hilbert space (H,,, (.|.)). Comparing (1.4) with (1.5), we find that on
solutions of the Dirac equation, the operator k,, can be identified with the
operator 8. This makes it possible to use spectral theory in Hilbert spaces
to define the absolute value in (1.1).
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In Section 3, we will make this construction mathematically precise in
the setting of a globally hyperbolic space-time of finite lifetime. We point
out that all our constructions are manifestly covariant. They do not depend
on the choice of a foliation of the manifold. It makes no difference whether
the Cauchy surfaces are compact or non-compact. We do not need to make
any assumptions on the asymptotic behavior of the metric at infinity.

In Section 4, it is explained how the fermionic projector gives rise to
examples of causal fermion systems as defined in [14, Section 1].

Our construction of the fermionic projector gives a splitting of the solu-
tion space of the Dirac equation into two subspaces. For the physical inter-
pretation, it is important to understand how these subspaces relate to the
usual concept of solutions of positive and negative energy. To this end, we
analyze the fermionic projector in a closed Friedmann-Robertson-Walker
universe. This has the advantage that the Dirac equation reduces to an
ODE in time, which can be analyzed in detail. In particular, the concept
of “solutions of negative energy” (which for clarity we mostly refer to as
“solutions of negative frequency”) can be made precise by a specific WKB
approximation as worked out in [16]. In Section 5, it is shown that our def-
inition of the fermionic projector agrees with the concept of “all solutions
of negative frequency,” provided that the metric is “nearly constant” on the
Compton scale as quantified in Theorem 5.1 and Theorem 5.2. It is remark-
able that, in contrast to a Gronwall estimate, our error estimates do not
involve a time integral of the error term. This means that small local errors
of the WKB approximation do not “add up” to give a big error after a long
time. Moreover, our estimates also apply near the big bang and big crunch
singularities. Keeping these facts in mind, our estimates show that for our
physical universe, the fermionic projector coincides with very high precision
with the usual concept of the Dirac sea being composed of all negative-
frequency solutions of the Dirac equation. This gives a rigorous justification
of the physical concepts behind the fermionic projector approach.

In Section 6, we analyze what happens if the metric changes substan-
tially on the Compton scale. To this end, we consider a closed Friedmann-
Robertson-Walker universe with a scale function R(7) being piecewise con-
stant. Then, at the times when R is discontinuous, the frequencies of the
solutions change. As a consequence, the concept of positive or negative fre-
quency becomes meaningless. In this situation, our constructions still apply,
giving a well-defined fermionic projector. This fermionic projector consists
of a mixture of positive and negative frequencies. Moreover, as we explain
in an explicit example where § = 0, the fermionic projector may depend
sensitively on the detailed geometry of space-time.
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2. Preliminaries

Let (A, g) be a smooth, globally hyperbolic Lorentzian manifold of dimen-
sion k> 2. For the signature of the metric we use the convention (+, —,..., —).
As proven in [3], A4 admits a smooth foliation (N;);er by Cauchy hypersur-
faces. Thus A is topologically the product of R with a & — 1-dimensional
manifold. In the case k = 4 of a four-dimensional space-time, this implies
that J( is spin (for details see [2, 23|). For a general space-time dimen-
sion we need to impose that 4 is spin. We let S be the spinor bundle
on /U and denote the smooth sections of the spinor bundle by C*° (A, SA ).
Similarly, C§° (M, SA) denotes the smooth sections with compact support.
The sections of the spinor bundle are also referred to as wave functions.
The fibres S, are endowed with an inner product of signature (n,n)
with n = 2[F/2=1 (where [-] is the Gauf bracket; for details see again [2, 23]),
which we denote by <.|.>-. The Lorentzian metric induces a Levi-Civita con-
nection and a spin connection, which we both denote by V. Every vector of
the tangent space acts on the corresponding spinor space by Clifford multi-
plication. Clifford multiplication is related to the Lorentzian metric via the
anti-commutation relations. Denoting the mapping from the tangent space
to the linear operators on the spinor space by v, we thus have

v Tyl — L(Spdl)  with  y(u)y(v) +y(v) y(u) = 2 g(u,v) Lg, () -

We also write Clifford multiplication in components with the Dirac matri-
ces 77 and use the short notation with the Feynman dagger, v(u) = u/ Vi = 4.
The connections, inner products and Clifford multiplication satisfy Leib-
niz rules and compatibility conditions; we refer to [2, 23] for details. Com-
bining the spin connection with Clifford multiplication gives the geometric
Dirac operator D = i V. In order to include the situation when an exter-
nal potential is present, we add a multiplication operator B(x) € L(S,M ),
which we assume to be smooth and symmetric with respect to the spin scalar
product,

B e C®(M,L(SM))  with

(2.1)
<Bo|p=¢ = <¢|Bp=, Vo, € Spl .

We then introduce the Dirac operator by

(2.2) D=V, +B : C®(M,SM) — C®(M,SAM) .
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For a given real parameter m (the “rest mass”), the Dirac equation reads
(2.3) (D—m)y, =0.

For clarity, solutions of the Dirac equation always carry a subscript m. We
point out that throughout this paper, the case m = 0 of a massless field is
allowed.

In the Cauchy problem, one seeks for a solution of the Dirac equation
with initial data v prescribed on a given Cauchy surface A. Thus in the
smooth setting,

(2.4) (D—m)m =0, Yl =1y € CON,S) .

This Cauchy problem has a unique solution ¢, € C°° (A, SA ). This can be
seen either by considering energy estimates for symmetric hyperbolic sys-
tems (see for example [21]) or alternatively by constructing the Green’s ker-
nel (see for example [1]). These methods also show that the Dirac equation
is causal, meaning that the solution of the Cauchy problem only depends
on the initial data in the causal past or future. In particular, if 1y has
compact support, the solution ), will also have compact support on any
other Cauchy hypersurface. This leads us to consider solutions ,, in the
class C2 (M, SA) of smooth sections with spatially compact support. On
solutions in this class, one introduces the scalar product (.|.)x by!

(2.5) (rnlbun) oy = 27 /ﬂ b din (@) |

where ¥ denotes Clifford multiplication by the future-directed normal v (we
always adopt the convention that the inner product <.|y.>- is positive def-
inite). This scalar product does not depend on the choice of the Cauchy
surface N. To see this, we let N’ be another Cauchy surface and Q the
space-time region enclosed by N and A’. Using the symmetry property
in (2.1) together with (2.2) and (2.3), we obtain

(2.6) ivj<¢mh’j¢m>m = '<(_ivj)wmh’j¢m>a: + <wm|(i7jvj)¢m>x
= _<D¢m|¢m>‘x + <7JJTrL|7-)¢m>‘ac =0 s

showing that the vector field <1, |7’ ¢ =, is divergence-free (“current con-
servation”). Integrating over 2 and applying the Gauf divergence theorem,

!The factor 27 might seem unconventional. This convention was first adopted
in [14]. Tt will simplify many formulas in this paper.
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we find that (¥ |dm)x = (Ym|dm)y. In view of the independence of the
choice of the Cauchy surface, we simply denote the scalar product (2.5)
by (.|.). Forming the completion, we obtain the Hilbert space (Fp, (.|.)). It
consists of all weak solutions of the Dirac equation (2.3) which are square
integrable over any Cauchy surface.

The retarded and advanced Green’s operators s), and s, are linear map-
pings (see for example [1, 7])
shse O8O ( M, SM) — C2 (A, SA)

m

They satisfy the defining equation of the Green’s operator

(2.7) (D —m) (s;,\l’vqb) =¢.

Moreover, they are uniquely determined by the condition that the support
of si¢ (or s),¢) lies in the future (respectively the past) of supp ¢. The
causal fundamental solution k,, is introduced by

(2.8) = —

"~ 2mi

(850 = 5p) = CO (M, SAM) — CZ (M, SAM) N Ho, .

m

Note that it maps to solutions of the Dirac equation. Moreover, the distri-
bution k,,(z,y) can be used to construct an explicit solution of the Cauchy
problem, as we recall in the next lemma. We only sketch the proof, because
in Lemma 3.10 an independent proof will be given.

Lemma 2.1. The solution of the Cauchy problem (2.4) has the represen-
tation

() = 27 /ﬂ (2, 9) # () dpin (9)

where ky,(x,y) is the integral kernel of the operator ky,, i.e.

(2.9) (k) () = /m (2, 9) S(y) dpi g (4)

(here again the integrals are a notation for a distribution acting on a test
function).

Sketch of the Proof. For the proof that k,, can be represented with an inte-
gral kernel (2.9) and for analytic details on &, (x,y) we refer to [1]. In order
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to prove (2.4), it suffices to consider a point x in the future of N, in which
case (2.4) simplifies in view of (2.8) to

() = i /N () P) o () i () -

This identity is derived as follows: We let n € C°°() be a function which is
identically equal to one at = and on &, but such that the function 7, has
compact support (for example, in a foliation (A})er one can take n = x(t)
with x € C§°(R)). Then, using (2.7),

(210) (@) = (b)) 2 8 (D = m) (mtbn)) = s0p (9 (9m) m)) »

where we used (2.7) and the fact that v, is a solution of the Dirac equation.
In (*) we used the identity

wzsA((D—m)w) for ¢p € C§° (M, SAM) ,

which follows from the uniqueness of the solution of the Cauchy problem,
noting that the function ¢ — s"((D — m)) satisfies the Dirac equation and
vanishes in the past of the support of . To conclude the proof, as the func-
tion 7 in (2.10) we choose a sequence 1, which converges in the distributional
sense to the function which in the future and past of A is equal to one and
zero, respectively. [

3. Functional analytic construction of the fermionic
projector

3.1. The space-time inner product as a dual pairing

On the wave functions, one can introduce the Lorentz invariant inner product

(3.1) <plp> = /M«Mm diie -

In order to ensure that the space-time integral is finite, we assume that one
factor has compact support. In particular, we can regard <.|.> as the dual
pairing

<|> Hp x Co (M, SA) — C.

The next proposition shows that the causal fundamental solution is the
signature operator of this dual pairing.
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Proposition 3.1. For any ¢, € H,, and ¢ € CC (M, SAM),

(3‘2) (wm ’ Em ¢) = <wm|¢> .

Proof. We first give the proof under the additional assumption that 1, €
CE (M, SAM). We choose Cauchy surfaces N} and N_ lying in the future
and past of supp ¢, respectively. Let €2 be the space-time region between
these two Cauchy surfaces, i.e. 9Q = Ny U N_. Then, according to (2.8),

(| @) = (| i B\, = o (U |55, B,
= i [wm st @)y — (Y | s, ¢)ﬂ_]
.y / V<t | V86 dpa(z) |
Q

where in the last line we applied the Gauf3 divergence theorem and used (2.5).
Using that 1), satisfies the Dirac equation, a calculation similar to (2.6)
yields

(| Ko ) = /Q <o | (D — m) i gmg dps(z) 2 /Q | dii(a)

As ¢ is supported in €2, we can extend the last integration to all of A, giving
the result.

In order to extend the result to %eneral Um € Hpy,, we use the follow-
ing approximation argument. Let wm € H,y NCE (M, SAM) be a sequence
which converges in H,, to 1,,. Then obviously (z/;,(,? ) | km @) = (U, | km @).
In order to show that the right side of (3.2) also converges, it suffices to prove
that wm converges in L (M, SA) to tp,. Thus let K C A be a compact
set contained in the domain of a chart (z,U). Using Fubini’s theorem, we
obtain for any ¢ € H,, N O (A, SA ) the estimate

/ <lpmdpg = / 02 / <ol Tl e < C(K) (414 -
K

Applying this estimate to the functions w 1/Jm wml , we see that wm
converges in L?*(K,SJt) to a function . This implies that 1/)m converges
to ¢ pointwise almost everywhere (with respect to the measure du g ). More-
over, the convergence of wﬁf; ) in Hm to ¥, implies that the restriction of ¢,(£L
to any Cauchy surface N converges to i,,|y pointwise almost everywhere
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(with respect to the measure du ). It follows that )= Ym| Kk, concluding
the proof. O

Corollary 3.2. The operator k,, (2.8), is symmetric with respect to the
inner product (3.1).

Proof. Using Proposition 3.1, we obtain for all ¢, ¢ € C5° (M, SAM ),

<kmo ’ P> = (kaZ) | km"?b) =<9 | kmp>,

concluding the proof. O

3.2. Space-times of finite lifetime

For the construction of the fermionic projector, we need to assume that
space-time has the following property.

Definition 3.3. A globally hyperbolic manifold (/,g) is said to be m-~
finite if there is a constant ¢ > 0 such that for all solutions ¢, ¥y, € Hy N
C2(M, SAM), the function <oy, |1y, =, is integrable on 4 and

(3.3) |<Om|tm>| < c|dmll [|tm]]

(where ||| = (.|.)2 is the norm on ).

Before going on, let us briefly discuss which manifolds are m-finite.
Definition 3.4. A globally hyperbolic manifold (/, g) has finite lifetime
if it admits a foliation (N¢)ie(s,,¢,) by Cauchy surfaces with a bounded time

function ¢ such that the function (v, d;) is bounded on # (where v denotes
the future-directed normal on N; and (v, 0¢) = g(v, 0)).

Proposition 3.5. FEvery globally hyperbolic manifold of finite lifetime is
m-finite.

Proof. Let ¢m,Ym € C (M, SA) be solutions of the Dirac equation (2.3).
Applying Fubini’s theorem and decomposing the volume measure, we obtain

t1
<¢m‘wm> = /M'<¢m‘wm>'(x) dp g (.%') = /t / '<¢mwjm>' <V7 8t> dtd/wvt
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and thus
ty
[<Gmltrm>] < sup00) [t [ 1<lin-]
M to Nt

Estimating the spatial integral by

m|Um>=| d , < m m m m>= d f
[ 1=oubtamldis < [ \J<0ulpon <l dus
< gl 5l

we conclude that
‘<¢m|wm>‘ < (tl - tO) S}ﬂP(”a at> ||¢m|| Hﬂ)mH .
A denseness argument gives the result. OJ

Proposition 3.6. On a globally hyperbolic manifold of finite lifetime, there
is a constant C < oo such that the arc length of every smooth timelike curve
is at most C'.

Proof. Let ~ be a timelike geodesic. Possibly after extending it, we can
parametrize it by the time function t € (to,?1) of our foliation. Then the
vector field 4 — 0, is tangential to ;. Hence we can estimate the length of
the geodesic by

t1 tl
L(y) = t VA ) dt < t VAT vy, ) dt
_ /t1<y, 8, dt < (tr — to) sup(v, ;) .
to M

This concludes the proof. O

We do not know whether an upper bound on the length of timelike geodesics
already implies that the space-time has finite lifetime in the sense of Defini-
tion 3.4. Moreover, we do not expect that every m-finite manifold has finite
lifetime. Unfortunately, entering the study of these questions goes beyond
the scope of the present paper.
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3.3. The fermionic signature operator and the fermionic
projector

Let us assume that (A, g) is m-finite. Then the space-time inner product
can be extended by continuity to a bilinear form

<|>:HyxH, —C.

Moreover, applying the Riesz representation theorem, we can uniquely rep-
resent this inner product with a signature operator 8,

(3'4) 8 Hpy — Hypy with <¢m|wm> = (¢m | Swm) :

We refer to & as the fermionic signature operator. It is obviously a
symmetric operator. Moreover, it is bounded according to (3.3). We conclude
that it is self-adjoint. The spectral theorem gives the spectral decomposition

8 :/ NdE)
o(s)

where F) is the spectral measure (see for example [26]). The spectral mea-
sure gives rise to the spectral calculus

f(8) = FN)AEy @ Hpy — Hopy
o(8)

where f is a bounded Borel function on o(8) C R.

The spectral calculus for the fermionic signature operator is very useful
because it gives rise to a corresponding spectral calculus for the operator ki,
as we now explain. Multiplying k,, from the left by f(8) with a bounded
Borel function f gives an operator

F(S) b+ CE(M, SA) — Fy .

This operator is again symmetric with respect to <.|.>, because for any ¢, €

Coo (A, SAL),

= (km¢ ’ f(S) kmi) = <¢‘ f(S) km >,
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where in the first and last equality we applied Proposition 3.1. In order to
make sense of products of such operators, we can consider the inner prod-
uct <f(8)kmo|g(8)km> (where f,g are bounded Borel functions). Com-
bining (3.4) with the spectral calculus for 8§ and Proposition 3.1, we obtain

<f(8) km &1 9(8) ki > = (f(8) km ¢ [8 9(8) km ¢))
= (km ¢ (f9)(8) 8 km 1) = <& | (f9)(8) S km 1b> .

In view of (3.5), this identity can be written in the suggestive form

(3.6)

formally
)=

(3.7) (f(8)km) (9(8)km f9)(8) 8 k-

Note that this last equation makes no direct mathematical sense because
the image of the operator ¢g(8)k,, does not lie in the domain of k,,, making
it impossible to take the product. However, with (3.5) and (3.6) we have
given this product a precise mathematical meaning.

We now use this procedure to construct the fermionic projector.

Definition 3.7. Assume that the globally hyperbolic manifold (4, g) is
m-finite (see Definition 3.3). Then the operators Py : C§°(M,SAM) — F,p,
are defined by

(38) P, = X[0,00) (S) km, and P_= ~X(~00,0) (8) km

(where x denotes the characteristic function). The fermionic projector P
is defined by P = P_.

Proposition 3.8. For all ¢, € C§°(M,SAM), the operators Py have the
following properties:

(3.9) <Pio|>=<¢|Pryy>  (symmelry)
(3.10) <P ¢|P_y>=0 (orthogonality)
(3.11) <Py ¢| Prip> = <¢||8|PL > (normalization) .

Moreover, the image of Py is the positive respectively negative spectral sub-
space of 8, meaning that

PL(CEo(M, SM)) = E(g,00)(Him) ,  P_(CG(AM, SM)) = E(_o,0)(Fn) -

Proof. This follows immediately from (3.5), (3.6) and the functional calculus
for self-adjoint operators in Hilbert spaces. O
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We finally explain the normalization property (3.11). We first point out
that, due to the factor |§| on the right of (3.11), the fermionic projector
is not idempotent and is thus not a projection operator. The projection
property could have been arranged by modifying (3.8) to

P = X(oo0)(8) 18 o

However, we prefer the definition (3.8) and the normalization (3.11). This
normalization can be understood by working with a spatial normalization
integral, as we now explain. In view of Lemma 2.1, we can introduce an
operator II by

(312) T : F = Hons  (Mip)(x) = 21 /ﬂ Pl ) () (9) dpn (),

where N is any Cauchy surface.
Proposition 3.9. The operator 11 is a projection operator on Iy,.

Proof. Combining Lemma 2.1 with (3.8), we find that II coincides with the
operator X(—oo,0)(8), which is obviously a projection operator. ]

Since (3.12) involves a spatial integral, we also refer to P as the fermionic
projector with spatial normalization. We remark that an alternative me-
thod for normalizing the fermionic projector is to work with a J-normalization
in the mass parameter (for details see [8, Eqgs. (3.19)—(3.21)] or [12]). How-
ever, this so-called mass normalization can only be used in space-times of
infinite lifetime. A detailed comparison of the spatial normalization and the
mass normalization is given in [18].

3.4. Explicit formulas in a foliation

It is instructive to supplement the previous abstract constructions by explicit
formulas in a foliation. We always work with the following particularly con-
venient class of foliations. As shown in [4, 24], there are foliations (N;)ier
by Cauchy surfaces where the gradient of the time function is orthogonal to
the leaves and the lapse function is bounded, i.e.

(3.13) g=p%dt> —gy, with 0<p<1,

where gy, is the induced Riemannian metric on ., and the lapse function g
is a smooth function on . We remark that in space-times of finite life time
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(see Definition 3.4), the time parameter ¢ could be chosen on a bounded inter-

val. In this case, for convenience we prefer to parametrize ¢ on all of R, such

that . lirin B = 0. We denote space-time points by (¢,z) with t € R and = €
—+oo

N;. Moreover, we denote the scalar product (2.5) for N = N, by (.|.);, and
the corresponding Hilbert space by (3, (.|.)¢). Solving the Cauchy problem
with initial data on .A; and evaluating the solution at another time ¢’ gives
rise to a unitary time evolution operator

Ut o H, — Hy .

Clearly, the unitary time evolution operators are a representation of the
group (R, +). The time evolution also gives rise to the unitary mapping

tm 2 He = Hm (), ) = (U ) (2)

which allows us to canonically identify each Hilbert space (3, (.].);) with
(Fm, (1].)). We denote the restriction of a smooth Dirac wave function ¢ €
C°(AM, SA) to the hypersurface N; by 9.

Lemma 3.10. For every ¢ € C5°(AM,SAM),

(3.14) (st0)tra) =i | (U (Bpo) ) @)

— 00

(3.15) () t.0) =5 [ (U(3p0) )@

Proof. The Dirac operator can be written as
D =p""yY(i0, — Hy) ,

where H,; is a purely spatial operator acting on H; (the “Hamiltonian”).
We apply the Dirac operator to the right side of (3.14), which we denote
by F(t,x). As the integrand in (3.14) is a solution of the Dirac equation,
only the derivative of the limit of integration needs to be taken into account,

(D —m)F(t,z) = (B79(t,2)) (U™ (Bpop)) (x) -
Using that U%! is the identity, we conclude that

(D—m)F(t,z) = ¢(t,x) .
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Hence F(t,z) satisfies the defining equation of the Green’s operator (2.7).

Moreover, it is obvious that F'(¢,z) vanishes if ¢ is in the past of the support

of ¢. The unique solution of the Cauchy problem gives the result.
Repeating the above argument for the advanced Green’s operator gives

sty =i [ (U (3po) ) @)

We finally apply (2.8) to obtain (3.15). O

For what follows, it is useful to identify H,, with the Hilbert space
for some fixed time ty. The formulas of the previous lemma are then rewritten
by multiplying with the time evolution operator. For example,

(3.16) - % /OO Ut“’t(5V¢)|t dt : CF° (M, SM) — Hy, .

Lemma 3.11. Assume that (M, g) is m-finite. Then the fermionic signa-
ture operator 8 as defined by (3.4) has the representation

1 [ee]
8= / Ut (By) U dt + Hyy — Hy
™ —0o0

Proof. Rewriting the space-time integral in (3.1) with Fubini’s theorem and
using the identity 1/2 = 1, we obtain

o

<raltom> = / ( / <Gl 1) Bt ) duﬂt<x>) dat

—00 +

1 o0
~ 5= | @ul @i i
= % /—oo(d)lto ’ Uto’t (6¢)|t Ut’to w|to)to dt .

Comparing with (3.4) gives the result. O

Iterating (3.15), we can make the following formal calculation,

1 o0 oo , ,
(0, = oz [t [ a0 U (39) U (3p),,
1 o0

b dt/ dt’ UtO,t(Bl/>|t [rtto Utmt’ (5l/¢>|t' ,

= 42
4 | _ o
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where in the second line we used the group property of the time evolution
operator. Comparing with (3.16), we obtain the simple relation

formall
kb = Sk .

This is precisely the relation (3.7) in the special case f,g = 1. Iteration
gives similar formal expressions for polynomials of k,,, from which (3.7) can
be obtained formally by approximation. Although the last arguments are
only formal, they explain how the functional calculus (3.7) comes about. In
order to give this functional calculus a mathematical meaning, one needs to
evaluate weakly as is made precise by (3.5) and (3.6).

3.5. Representation as a distribution

We now represent the fermionic projector by a two-point distribution on /(.

Theorem 3.12. There is a unique distribution P € D' (M x M) such that
for all ¢, € C§°(M,SAM),

<o|PY>=P(o® ).
Proof. According to Proposition 3.1 and Definition 3.7,

<Q|PY> = (km¢ | Pp) = —(km® [ X(~00,0)(8) km1)) -

Since the norm of the operator x(_o0)(8) is bounded by one, we conclude
that

<o PY>| < [kml| [Em ]| = (<lkmd> <t)lkm>)?

where in the last step we again applied Proposition 3.1. As k;,, € D' (Ml x
A), the right side is continuous on D(M x M ). We conclude that also
<¢|Py> is continuous on D(AM x A ). The result now follows from the
Schwartz kernel theorem (see [20, Theorem 5.2.1], keeping in mind that this
theorem applies just as well to bundle-valued distributions on a manifold
simply by working with the components in local coordinates and a local
trivialization). O
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In order to get the connection to [9], it is convenient to use the standard
notation with an integral kernel P(z,y),

<P|PY> = //M p x) | P2, y) Y (y)=o dppy () dpg (y)
(PY)(x) = /J% Pl.y) (y) dpa ()

(where P(.,.) coincides with the distribution P above). In view of Proposi-
tion 3.8, we know that last integral is not only a distribution, but a function
which is square integrable over every Cauchy surface. Moreover, the sym-
metry of P, (3.9), implies that

P(z,y)" = P(y,x) ,

where the star denotes the adjoint with respect to the spin scalar prod-
uct. Finally, the spatial normalization property of Proposition 3.9 makes it
possible to obtain the following representation of the fermionic projector.

Proposition 3.13. Let (vj)jen be an orthonormal basis of the subspace
X(=0,0)(8) of the Hilbert space Hy,. Then

(3.17) Z | ()= =5 (y))|

with convergence in D'(M x AM).

Proof. Being a projector on X(_0)(8), the operator II defined by (3.12)
has the representation I = 3. [¢;)(;| and thus, in view of (2.5),

(M) (@) =273 0y (a / <05 () [P m(¥) -y dpin (y) -
JEN

Comparing with (3.12) and using that ¢,, can be chosen arbitrarily on N,
one sees that (3.17) holds for all y € .. Since the Cauchy surface N can be
chosen to intersect any given space-time point, the result follows. Il

4. Connection to the framework of causal fermion systems

We now explain the relation to the framework of causal fermion systems as
introduced in [14] (see also [13]). In order to get into this framework, we need
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to introduce an ultraviolet regularization. This is done most conveniently
with so-called regularization operators.

Definition 4.1. A family (fR.).>o of bounded linear operators on H,, are
called regularization operators if they have the following properties:

(i) Solutions of the Dirac equation are mapped to continuous solutions,
R+ Hy — OO, SM) NIy,
(ii) For every ¢ > 0 and = € J, there is a constant ¢ > 0 such that

(4.1) [Retom) (@) < cllbmll Vo € Hip .

(where the norm on the left is any norm on Sy ).

(iii) In the limit € N\ 0, the regularization operators go over to the identity
with strong convergence of R, and R}, i.e.

(4.2) Rethmy Rotbn 5 o in Ko ¥ o € Hom -

There are many possibilities to choose regularization operators. As a typical
example, one can choose finite-dimensional subspaces H® ¢ C(M, SN
H,, which are an exhaustion of H,, in the sense that H© c H® ...
and 3, = UyHO., Setting £(¢) = max([0,1/¢e] NN), we can introduce the
operators fR. as the orthogonal projection operators to HED), An alterna-
tive method is to choose a Cauchy hypersurface &, to mollify the restric-
tion ¥, | x4 to the Cauchy surface on the length scale €, and to define R,y
as the solution of the Cauchy problem for the mollified initial data.

Given regularization operators ‘R., for any € > 0 we introduce the par-
ticle space (Hamicie, (-|-) 3¢ as the Hilbert space

particle)
1
j-cpartide = ker (mg X(—O0,0) (S)) ? <‘|'>j{particle = (‘|‘)|g{particle><g'(particle :
Next, for any x € A we consider the bilinear form
b : g{particle X j_cparticle — C ) b(d)ma Qsm) = _<(m8 wm)(l') | (%5 ¢m)(x)>_a¢

This bilinear form is bounded in view of (4.1). The local correlation opera-
tor F¢(x) is defined as the signature operator of this bilinear form, i.e.

b(wma ¢m) = <'¢m | FS (x) ¢m>g{particle for a‘ll ¢ma ¢m S C]—Cparticlc .
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Taking into account that the spin scalar product has signature (n,n), the
local correlation operator is a symmetric operator in L(H, . uq.) of rank at
most 2n, which has at most n positive and at most n negative eigenval-
ues. Finally, we introduce the universal measure dp = F: du 4 as the push-
forward of the volume measure on # under the mapping F*¢ (thus p(Q2) :=
pa ((F2)71(£2))). Omitting the subscript “particle”, we thus obtain a causal
fermion system as defined in [14, Section 1.2]:

Definition 4.2. Given a complex Hilbert space (3, (.|.)5¢) (the “particle
space”) and a parameter n € N (the “spin dimension”), we let ¥ C L(H)
be the set of all self-adjoint operators on H of finite rank, which (counting
with multiplicities) have at most n positive and at most n negative eigen-
values. On F we are given a positive measure p (defined on a o-algebra of
subsets of J), the so-called universal measure. We refer to (H,J, p) as a
causal fermion system.

The formulation as a causal fermion system gives contact to a general math-
ematical framework in which there are many inherent analytic and geomet-
ric structures (see [10, 13]). In particular, the differential geometric objects
of spin geometry have a canonical generalization to the regularized theory.
Namely, starting from a causal fermion system (H,JF, p) one defines space-
time M as the support of the universal measure, M := supp p. Note that with
this definition, the space-time points z,y € M are operators on H (think-
ing of our above construction of the causal fermion system, this means that
we identify a space-time point = with its local correlation operator F*¢(x)).
On M, we consider the topology induced by ¥ C L(H). The causal structure
is encoded in the spectrum of the operator products xy:

Definition 4.3. For any x,y € F, the product zy is an operator of rank
at most 2n. We denote its non-trivial eigenvalues by A7, ..., A\5Y (where we
count with algebraic multiplicities). The points x and y are called timelike
separated if the )\?y are all real and not all equal. They are said to be
spacelike separated if all the )\fy have the same absolute value. In all other
cases, the points x and y are said to be lightlike separated.

Next, we define the spin space S, by S; = (H) C H endowed with the
inner product <.|.>5 := —(.|z.)5¢. The kernel of the fermionic projector with
regularization is introduced by

(4.3) P (x,y) =mpy + Sy = Sz,



782 F. Finster and M. Reintjes

where 7, is the orthogonal projection to .S, in H. Connection and curvature
can be defined as in [13, Section 3]. We remark for clarity that the Dirac
equation and the bosonic field equations (like the Maxwell or Einstein equa-
tions) cannot be formulated intrinsically in a causal fermion system. Instead,
as the main analytic structure one has the causal action principle. We also
point out that in the abstract framework, it is impossible to perform the
spatial integration in (3.12). As a consequence, it makes no sense to speak
of the spatial normalization of the fermionic projector, and the notion of
a “projector” becomes unclear. Therefore, in the abstract framework one
refers to (4.3) as the kernel of the fermionic operator. For a detailed discus-
sion of the spatial normalization in the context of causal fermion systems
we refer to [18].

We conclude this section by deriving more explicit formulas for the local
correlation operators. Moreover, we compute the regularized fermionic pro-
jector and compare it to the unregularized fermionic projector of Defini-
tion 3.7. To this end, for any x € M we define the evaluation map €, by

(44) e s Hp = Spdl ;€5 Pm = (Re X(—00,0)(8) Ym) () -
We denote its adjoint by ¢Z,

5= (e)" @ Syl — FHp .

T

Multiplying ¢ by €5 gives us back the local correlation operator F€(x)
(extended by zero to the orthogonal complement of H .. iicic)s

(4.5) Fo(z) = —iE €+ Hop — Hom .

Let us compute the adjoint of the evaluation map. For any & € S, 4 and ¥, €
Hm, we have according to (4.4)

((62)*5 | m) = <€ | R X(—oo,O)(‘S) V> = <02& | Re X(—00,0) (8) Ym>,

where ¢, is the J-distribution supported at z (thus in local coordinates,
82(y) = |det g(z)| "2 8*(x — y)). Applying Proposition 3.1 gives

((€2)*E 1 m) = (km 0z & [ Re X(—00,0)(8) ¥m) = (X(—00,0)(8) RZ ki 62 § | ¥m)
and thus

(4.6) i = (e3)" = X(—o0,0) (8) KLk 0 -



The fermionic projector in space-times of finite lifetime 783

Combining this relation with (4.4) and (4.5), the local correlation operator
takes the more explicit form

Ff(x) = =15 €5 = —X(~00,0)(8) L km 0z Re X(~00,0)(S) -
We next introduce the kernel of the regularized fermionic projector by

(4.7) P(z,y) = —e5 ty -
After suitably identifying the spinor spaces S, and Sy with the cor-
responding spin spaces S; and Sy, this definition indeed agrees with the
abstract definition (4.3) (for details see [13, Section 4.1]). Even without
going through the details of this identification, the definition (4.7) can be
understood immediately by computing the eigenvalues of the closed chain.
Starting from the definition (4.3), the corresponding closed chain is given
by A5, = P*(x,y) P*(y,x) = my yx my. Keeping in mind that in (4.3) the
space-time points are identified with the corresponding local correlation
matrices, this means that the spectrum of the closed chain is the same as
that of the product F(y) F'(x) (except possibly for irrelevant zeros in the
spectrum). Taking the alternative definition (4.7) as the starting point, the
closed chain is given by

A(myy) = (e05) (e5)
Since a cyclic commutation of the operators has no influence on the eigen-
values, we conclude that the closed chain is isospectral to the operator

giving agreement with the abstract definition (4.3).
The corresponding regularized fermionic projector is defined by

(P5())(x) = / P(z,y) ¢(y) dpau(y) -

M

Using (4.7) together with (4.6) and (4.4), this operator can be written as
(4.8) P =R X(—00,0)(8) R kim : CG(M, SM) — COLAM, SA) N T, -

The next proposition shows that if the regularization is removed, the
operator P° converges weakly to P.
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Proposition 4.4. For every ¢,v € C3° (M, SAM),
<ol P> 0 <o Py

Proof. Applying Proposition 3.1 and (4.8), we get

<P|PYp> = —(kmd|R. X(—00,0) (8) 9%; km)
= — (R kmo[X(—00,0)(8) Re km1)) -

Now use that the operators R} converge strongly according to (4.2). O

5. Example: a closed Friedmann-Robertson-Walker universe

We now want to complement the abstract construction of the fermionic
projector by a detailed analysis in a closed Friedmann-Robertson-Walker
space-time. In so-called conformal coordinates, the line element reads

(5.1) ds* = R(r)* <d7'2 — dx? — sin(x)? (d¥* + sin? ¥ d(pQ)).

Here 7 € (0,7) is a time coordinate, ¢ € [0,27) and ¢ € (0, 7) are angular
coordinates, and x € (0,7) is a radial coordinate. The scale function R(r)
should have the following properties. We assume that 7 =0 and 7 = 7 are
the big bang and big crunch singularities, respectively. This implies that

R(O) =0= R(ﬂ') and R‘(O,ﬂ') >0.

Moreover, we assume that R is a C?-function which is piecewise monotone
(i.e., the interval (0,7) can be divided into a finite number of subintervals
on which R is monotone). It is convenient to write the scale function as

(5.2) R(7T) = Rmax 9(7) with  Rpax := max R.

(0,7)

A special case is the dust matter model R(7) = Rpax (1 — cos(7)) (see [19,
Section 5.3]).

The spatial dependence of the Dirac equation can be separated by eigen-
functions of the Dirac operator on S? corresponding to the eigenvalues \ €
{£3,£3,...} (for details see [16]). After this separation, the time evolu-
tion operator U™™ € C'((0,7),U(C?)) of the Dirac equation is given as
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the solution of the initial value problem

R 1 0\ (0 N\],mm
s e () ) (0 )]0
(5.4) U = 1,.

According to Definition 3.7 and (3.8) as well as (3.16), we have

(55) P = _X(foo,O)(S) km
69 k@) =y [0y (5 2 e Ry ar.

where ¢ € C§°((0, ), C?).

In the subsequent estimates, we shall work with the WKB approximation
introduced as follows (for more details see [16]). We first define V(7) as a
unitary matrix which diagonalizes the coefficient matrix in (5.3), i.e.

o ) )

where

(5.8) f(r) ==V A2+m?R(1)?.

We now introduce the WKB approximation by

(9) U=V ﬂﬁéﬁoem?kﬁ Vim).

[¢]

Note that for all 7,79 € (0,7), the matrices U™™, V(7) and Uyyy are uni-
tary.

Applying Lemma 3.11, the signature operator 8 as defined by (3.4) takes
the form

(5.10) S — / o (é 01> U™ R(r)dr .
i -

Replacing the time evolution by the WKB approximation, we obtain the
signature operator

T To,T 1 0 T,To
(5.11) Swks = / Uwis (0 _1> Ui R(T) d .
0
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In analogy to (5.5) and (5.6), we introduce the fermionic projector in the
WKB approximation by

(5.12) Pyxs = ~X(~00,0) (Swiks) Fwxs
L (" (1 0
(5.13) Fwks(9) = 27T/0 (Uwxs) <O _1> o() R(T)dr .

In the following two theorems, we specify under which conditions and
in which sense the fermionic projector is well-approximated by WKB wave
functions. We first state the theorems and discuss them afterwards.

Theorem 5.1. For given 19 € (0,7) and a given function g, the func-
tion Pwxp as defined by (5.12) can be represented for any values of the
parameters X\, m and R,q; by

Pus(d) = _% ;V(ro)1 g oo (z’O/TO f> V(r) ((1) _01>
x o(r) R(r) dr <1+0(m>>'

m> Ry
Theorem 5.2. For any constant K > 0, there is a constant ¢ (only depend-
ing on K, 19 and the function g), such that for allm and Ryax with mRyax >
1 the following statement holds: For every A in the range

(514) ’)\’ < KmRpax

and every ¢ € C5°((0,7),C?), we have the estimate

(5.15) (P = Pocs) (91| < ¢ (mRunax) ™5 Runax /Oﬂ lp(r)l dr .

Comparing the exponential factors in (5.9) with those in Theorem 5.1,
one sees that Pykp only involves the factor exp(i [ f), whereas the fac-
tor exp(—i [ f) in (5.9) has disappeared. In this sense, our formula of Pyxg
only involves the negative frequency solutions of the Dirac equation. Thus
this formula corresponds precisely to the naive picture of the Dirac sea as
being composed of all negative-energy solutions of the Dirac equation. The-
orem 5.1 and Theorem 5.2 show that the fermionic projector agrees with
this naive picture, up to error terms which we now discuss. We first point
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out that, according to (5.5) and (5.6), the fermionic projector has the naive
scaling

P(6) ~ /0 " g(r) R(r) dr

In order to compare with the error estimate (5.15), we need to assume that ¢
is supported away from the big bang and big crunch singularities, so that

(5.16) /07r &(7) R(T)d1 ~ Rpax /07T o(1)dr .

This assumption is reasonable because we cannot expect the WKB approxi-
mation to hold near the singularities (in particular because “quantum oscilla-
tions” become relevant; see [15]). Under this assumption, the estimate (5.15)
can be translated to a relative error of the order O((mRmaX)fé). We con-
clude that the error terms are under control provided that the size of the
universe is much larger than the Compton scale 1/m. One should keep in
mind that our theorems hold for a fixed function ¢ in (5.2). This implies
that the metric must be nearly constant on the Compton scale. Note that
our estimates do not involve time integrals over the error, as one would get
in a Gronwall estimate. This means that the local errors in different regions
of space-time do not add up; we merely need to keep the error small at every
space-time point. We also point out that, even when evaluating away from
the singularities (see (5.16)), the behavior of the metric near the singulari-
ties still enters our construction via the integral (5.10). It is a main point of
our analysis to estimate this integral without making any assumptions on
the asymptotic form of g near the big bang or big crunch singularities.

We finally discuss how our estimates depend on the momentum . In
view of (5.14) and the error term in Theorem 5.1, we may choose the quo-
tient |A|/(mRmax) arbitrarily large. This makes it possible to even describe
ultrarelativistic Dirac particles. However, the constant ¢ in (5.15) and the
error term in Theorem 5.1 depend on this quotient. This means that we
cannot take the limit |\| — oo for fixed mRpyax. It is not clear whether in
this limit, the WKB approximation of P really breaks down or whether our
estimates are simply not good enough to give a proper description of the
corresponding asymptotic behavior.

5.1. Computation of Sywks and Pykg

We now derive asymptotic formulas for Sykg and Pykp including error esti-
mates.
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Proposition 5.3. For any 79 € (0,7) there is a constant ¢ which depends
only on 1 and the function g such that the matriz Swkg as defined by (5.11)
has the explicit approximation

™ mR(t)? (1 0

(5.17) Swis = < i (S_)) d7-> V()™ (O _1> V(r) + E
with an error term E bounded by

c
5.18 E|< —
(515) 1B <
(here ||| is some norm on 2 x 2-matrices). Moreover, the eigenvalues ik,
of the matriz 8y xp are given by
(5.19)

2 . 2 2
T T ™ R2
o= ([ ) (3 [ Y (o [ ar)
o f o [ o [
where
(5.20) (1) = —2/ VA2 +m2R?.
Proof. A straightforward computation gives
s (10 70 ~ mR(1)? 1 mR(p) -
i (o &) s =75 5 (MY
R(t) A A mR(1p)
O 0w (mR(To) -\

R(T) . 0 —i

+ ) sin ¢ A <Z 0 > .

Carrying out the integral in (5.11), we can compute the eigenvalues of the
resulting matrix to obtain (5.19). In order to derive asymptotic formulas,
one must keep in mind that the factors sin¢ and cos ¢ oscillate, resulting
in small contributions to Swkg. Let us quantify this effect for the integral
involving cos ¢ (for the integral involving sin ¢ the argument is exactly the
same). We first transform the integral by

r

R(7) _ (T R A [T R() d .
Fir) 0= /o Fn e ar /0 SF(r2 g7 Smedr
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Integrating by parts and using that R vanishes at both end points, we obtain

™ R(r) TR\’ —m’R?)
/0 f(’r) COS¢dT—— o mSlﬂﬁde.

This yields the estimate

" R(7)
/0 ) cos ¢ d1

</“ R
= Jo [N m2R?

——1 /7r iarctan m—R
N ])\m] o |dT A

On an interval where R is monotone, we can carry out the last integral,
giving at most /2. Since R is piecewise monotone, we can subdivide the
interval (0,7) into NN subintervals on which R is monotone and carry out
the integral on each such subinterval. We conclude that

" R(7)
/0 77 cos ¢ d1

Next, a direct calculation shows that the matrix

ol Y

has eigenvalues +1 and is thus uniformly bounded. This completes the proof.
O

dr

dr .

< - 7
— [Am]

1 Nnx
2

Proof of Theorem 5.1. Writing the spectral calculus with residues, we have

1 _
—X(~00,0)(Swks) = 5 %F(SWKB — N hdx,

where I' is a contour which encloses the negative eigenvalue of Sykgp. Esti-
mating the integral in (5.17) by
/7r mR? g > T mR? mR2 .
0 0

dr =c
A2 4+ m2R? VA2 +m?RZ A2 +m2R2

with

c:—/ ¢>dr >0,
0
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we find that I can be chosen as a circle with center puwykg and radius r given
by
mR2

max
/2 212 ’
)\ —"_ m Rmax

Denoting the first summand in (5.17) by 8582{}3 and computing the contour
integral gives

r=c

_1(0 O
~X(—o00) (8Yks) = V(7o) ™" <0 _1> V(o) -

In order to estimate the error term E in (5.17), we write the corresponding
contour integrals as

&A [(SWKB — A7 - (ng(v)LB — )\)_1} A
r
td (0) 1
:¢/ %(SWKB +tE—)\)_ dt d\
rJo L 0
= _55;/ 8O +tE— N TE Sy +tE — N\l dtdA .
rJo

Taking the absolute value and estimating the integrand, we obtain the error

bound
2 2R2
o fUEL gy elBL R
27 Jp r? r m2R2,,«
where in the last step we applied (5.18). Using (5.12), (5.13) and (5.9) gives
the result. |

5.2. Estimates of U — Uy and 8 — Swiks

The goal of this section is to derive the following estimate.

Proposition 5.4. For any 19 € (0,7) there is a constant ¢ which depends
only on 19 and the function g such that for all m and Ryax with mRyax > 1,

4
(521) HS - SV\/KB” < CmiéRglax
(where ||.|| again denotes a matriz norm).

In preparation, we begin with three technical lemmas. Note that, as the

matrices UT™ and Ugry are both unitary, instead of UT™ — Uyl we can
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just as well estimate the matrix W (7) — 1, where W is the unitary matrix
(5.22) W(r) = (Ugrp) U™ .
A short calculation using (5.3), (5.7) and (5.9) shows that

0, W(r) = (Uys)" V()" (0; V() U™
Again using the definition of W (1), we obtain the differential equation
(5.23) O, W(r)=X(1)W(r) with X := (Ugs) V*(0;V) Uy -
A straightforward computation gives

B AmR 1 —iAsin(¢) focos(¢) — imRysin(¢)
(5.24) X = TJCQ% <f0 cos(¢) — imRg sin(¢) iAsin(o) >’

where ¢ is again the function (5.20) and

fo = f(70), Ry := R(70) -

Lemma 5.5. Assume that the function R(T) is monotone on the inter-
val [11,72] C (0,7). Then

1
2

T2

m]i(T) )

T2
-

<

‘HW(T) —1 arctan(

1 T1

Proof. Using Kato’s inequality together with the fact that W is unitary, we
know from (5.23) that

W — 1

“< [Clawelar < [T ixe@lar.

The matrix appearing on the right hand side of (5.24) is anti-Hermitian with
eigenvalues +ify. Hence

AmR

(5.25) X1 < |55

9

_|td rtn(mj)
= |2 Ty

where the last step is immediately verified by computing the derivative of
the arctan and using (5.8). Integrating on both sides and using that R is
monotone gives the result. U
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Lemma 5.6. For any 179 € (0,7) there is a constant ¢ depending only on Ty
and the function g such that

B c|Al
(5.26) ﬂ W)~ 1l < s
(5.27) /0 |W(r) — 1| R(r) dr < C”n’f' .

Proof. The inequality (5.27) follows immediately by integrating (5.26). For
the proof of (5.26), it suffices to consider the case 7 > 79, because the
case 7 < 79 is analogous. We choose intermediate points 7, ..., 7y with

<M< <TN=T,

such that R restricted to the subintervals [7,_1, 7] is monotone for all £ =
1,...N. Then 7 lies in one of the subintervals, 7 € [r,,—1,7,]. Applying
Lemma 5.5 on the interval |79, 71| and using that W (rp) = 1, we obtain

=0

< (5 - avctan (")) 4 (5 - aretan (“)).

Applying the elementary inequality

T1

2[[W(mn) -1 <

arctan <

forallz >0

K=

s
5 arctan(z) <

gives
N,
mR(ro)  mR(r1)

Proceeding similarly on the other intervals, we conclude that

2[[W(n) -1 <

N, AL

W) 1] < mR(7o) mR(7,-1) mR(7) "

Using the scaling (5.2), we obtain

B A vt
W =< SR <g<m>+ +g(rm“)’

giving the result. 0
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4

Lemma 5.7. Suppose that A > (mRuax)>. Then there is a constant ¢ which
depends only on 19 and the function g such that for all m and Ruyax with
MmRmax > 1,

(5.28) IW () = 1| < ¢ (mPmax) "
(5.29) /7r W — 1 B(7) dr < em™ Rias -
0
Proof. We write (5.24) as
d
(5.30) X (1) = h(7) %M(T) ,
where
AmR
h = 4Lf3 and
M= 1 —iAcos(¢) —fosin(¢) — imRy cos(¢)
~ o \Josin(¢) — imRg cos(e) i cos(¢) '

Integrating (5.23), we can employ (5.30) and integrate by parts to obtain

(W(r) - 1)

" :/ XW dr = hMW

T2 T2 d
— M —(hW) d
T1 /7-1 dT( ) T

T2

=hMW

- / h (MhW n MhXW) dr

T1

where in the last line we used (5.23). The matrix M is anti-Hermitian and
has the eigenvalues +i. Moreover, the matrix X can be estimated by the first
inequality in (5.25), which we now write as || X|| < |2fh|. Using furthermore
that W is unitary, we obtain

(5.31) ‘ywm - 1”\:‘ < |(r)| + [h(m)| + / (1] + |2/n2]) dr .

Now suppose that |A| > (mRuyax)? with 8 < 1 (choosing 3 = 4/5 later
will give the result). Using the estimate f > A, we obtain

Am
A3
m2

2fh?| < == R2

‘ f ‘ — 8A3 max
. 1 98 1., 9O 4B |-
’h‘ < 1 (m Ruax)' = 1] + 1 (mBmax)® = (4]

h| < S Ruax |9] < (mBRmax) =22 |4

. 1 38,
‘9‘2 S g (mRmax)2 3 ‘9‘2
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Using these inequalities in (5.31) for 7 = 79 or 72 = 79, we conclude that
there is a constant ¢ as in the statement of the lemma such that

IW(r) = 1| < ¢ (mRumax)® ™.
Choosing = 4/5 gives (5.28). Integrating yields (5.29). O
Proof. of Proposition 5.4. We first derive a bound on the norm of 8 — Sykg
in terms of ||U — Uykgl|- Introducing the notation Y (1) = U™ (Ui (7))*

and applying (5.10) and (5.11), we find
(5.32)

S — Suxes = /0 "y [((1) _01> _Y(r) (é _01> Y(T)*} U™ R(r) dr.

Since U and Y are unitary matrices, (5.32) implies that
I8 = Swics|
<16 %)-vo(y &)rer
_ /0” (1-Y(r) ((1) _01> +Y(r) (é _01> (1-Y(r))
< /OW (1 =Y @) + |1 = Y(o)*|) Rr) dr

= 2/0 [T — Ui (7)[| B(7) dr = 2/0 |W(r) = 1| R(r) dr .

R(r)dr

’ R(7)dr

Now, Lemma 5.6 yields (5.21), while Lemma 5.7 gives the remaining case.
This completes the proof. (|

5.3. An estimate of P — Pyxks
Proof of Theorem 5.2. Introducing the abbreviations
N = —X(—0,0) (8) and Nwks = ~X(~00,0) (Swxks)
we obtain from (5.5) and (5.12)

P — PWKB - N k?m - NWKB kWKB
- (N _NWKB) km +NWKB (km - kWKB) .
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Applying a test function ¢ € C5°((0,7),C?) and taking the norm, we can
use that Myxp has norm at most one to obtain

(5.33) (P = Pwke) ()l < [[(km — Fwice) (D)l + IV = Nyxca |l [|Em ()] -

In order to estimate the first summand in (5.33), we first note that,
according to (5.6) and (5.13),

530 (n ~ ha)(0) = o [ @ -0z (5 1)) o) ROy o

Using (5.22) and Lemma 5.6, we get the estimate
clA\l [T
[ — )@ < 2L [ ot ar
m-Jo
In the case |A| < (mRmax)?, we get the inequality

(5.35) [Fm = Fwrce) ()] < € (MBunax) ™5 Rinax / lo(r)ll dr .

In the remaining case |A| > (mRmaX) , we apply Lemma 5.7 to (5.34), again
giving (5.35).
It remains to estimate the second summand in (5.33). Noting that

o / ()| R(7) / lo(r)lldr

the proof of the theorem is completed by applying Lemma 5.8 below. O
Lemma 5.8. Under the assumptions of Theorem 5.2,
IV = Nses| < € (m Bupa) 5

Proof. Writing the spectral calculus with residues, we have

_ o -1
N=gehe-0",

where I' is a curve in the left half plane enclosing all negative eigenvalues.

Similarly,

Nogres = —— (Swics — €)1 dC .

2mi I'wks
We choose I'yykp as a circle centered at the negative eigenvalue pwip with
radius 7 = |pwksl|/2. Using (5.19) together with (5.14), we can estimate this
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eigenvalue by

_ T m
bl 2 | ﬁ‘“

dr = cRpax ,
/ \/K2m2R2 +m2R2

max

where

™ g2

c:= ———dr > 0.

/0 VEK?+ g2

According to Proposition 5.4, we can treat the operator AS := Syxg — 8
as a perturbation. More precisely, the min-max-principle (see for exam-
ple [25]) yields that the negative eigenvalue of the operator 8 + tAS, ¢ €
[0,1], lies inside I', and that the distance of the eigenvalues of all these
operators from I is at least equal to

Rmax

(5.36) d = ;

>

l\D\ﬁ

It follows that

(5.37) N — Nyks

b [(g Q)7 — (Swis — Q)7 ¢

211

2m§§/ & (5185 - Q) drd
2m§1§/ (S+EAS — ) L AS (S +AS — ¢) L dtdc

where we set AS = Sywip — 8. Taking the norm and estimating gives

IV = sl < 5 max b /(8 -+ ¢85 = 1| 48] dic] < 75 s

te[0,1]

Applying (5.36) and Proposition 5.4 gives the result. O

6. Discussion of examples with a piecewise constant scale
function

Qualitatively speaking, the results of Section 5 show that our definition
of the fermionic projector reduces to the naive notion of the Dirac sea as
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“all solutions of negative frequency”, provided that the metric is nearly
constant on the Compton scale. This raises the question what happens if
the metric varies substantially on the Compton scale. In order to tackle this
question, we now analyze the situation for a closed Friedmann-Robertson-
Walker space-time with a piecewise constant scale function. This analysis
is also instructive because it will give a connection to the well-known Klein
paradox.

We again consider the line element (5.1). Again separating the spatial
dependence, the operator 8 is given by (5.10), where the unitary matrix U7
is defined as the solution of the initial value problem (5.3) and (5.4). In
order to get a better geometric understanding of the dynamics, it is useful
to decompose the matrix in the integrand of (5.10) in terms of Pauli matrices

by setting
1
va(r) i= 5 Tr <aa up” (é _01) U;;;0> :

After cyclically commuting the factors in the trace, we obtain
(6.1) a(T) = (Wa(7), €3) ,

where W, (7) is (for any given «a = 1,2, 3) the vector

1
(6.2) Wo(7) = 35 Tr (G U o ULT) .

Taking the 7-derivative and using (5.3) gives
- 1 - [.00 .70 0,7 i > 7-1777,0 0,7
O0-Wo (1) = §Tr o [z?,UW; oo Uy, } = ZTlr ([a,da] UPos U,y ) ,

where the vector d has the components

(6.3) d=2(\0,—mR).

Using the commutation relations of the Pauli matrices, we obtain
(6.4) Orily = d AT, .

Moreover, evaluating (6.2) for 7 = 0 gives the initial condition

(6.5) Ta(0) = &, .

The differential equation (6.4) describes a rotation of the vector @ around
the axis d, which also depends on 7. This equation can be regarded as the
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Bloch representation of the Dirac equation (5.3) (see the discussion of the
Dirac equation in [15, Section 2]). However, the initial conditions (6.5) and
the connection to the vector ¥ by (6.1), are specific to the construction of
the fermionic projector.

Next, we choose the scale function R(7) to be piecewise constant. Thus
we introduce intermediate points 7o =0 < 74 < --- < 7y = 7 and set

N
R(T) = Z Rn X[Tn,l,Tn)(T)
n=1

with parameters Ri,..., Ry > 0. Then on the subinterval [r,_1,7,), the
dynamics of (6.4) reduces to the rotation of the Bloch vector around the
fixed rotation axis

dp == 2(\,0,—mRy) .

The angular velocity of this rotation is given by 24/A%? + m2R2. This is the
frequency of the so-called Zitterbewegung of the Dirac particle; it is twice
the frequency of the oscillations of the Dirac wave functions. We denote the
number of full rotations of the Bloch vector on the interval [r,_1,7,) by pp.
Then

T Pn

NoErTo

If the scale function is constant, we may decompose the spinors into
eigenfunctions of the matrix dz. This corresponds precisely to the splitting
of the solutions into solutions of positive and negative frequency. However,
this splitting depends on the value of the scale function. In particular, if R
changes discontinuously, the canonical splitting into positive and negative
frequency solutions gets lost. Nevertheless, the fermionic projector is well-
defined. Let us analyze how this comes about: According to (5.10), we must
integrate U over time,

Tn — Tp—1 =

(6.6) S = /0 ! #(t) R(7) dr .

As a consequence, only the “time average” of ¥ enters the construction,
but a canonical splitting of the solution space into solutions of positive and
negative frequency is no longer needed. This time average means that the
fermionic projector will be an “interpolation” of the concepts of negative
frequency before and after the step potential (for a related discussion of a
scattering process see [8, Section 5]). This interpolation is performed in such
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a way that the construction of the fermionic projector is manifestly covariant
and independent of observers.

The last explanation also applies to Klein’s paradox. Namely, in the
setting of the classical Klein’s paradox (see for example [5, Section 3.3]
or [27, Section 4.5]), one considers a potential barrier, i.e. an electric poten-
tial which is time-independent but has a discontinuous spatial dependence.
If the amplitude of this potential exceeds the mass gap, the frequency of
the solutions no longer gives a natural splitting of the solution space of the
Dirac equation into two subspaces. However, this does not cause any prob-
lems in the construction of the fermionic projector, where in analogy to (6.6)
a space-time average is taken (cf. (3.4) or Lemma 3.11).

According to (6.4) and (6.3), the Bloch vector @ rotates around a time-
dependent rotation axis d. This can lead to bizarre effects when the rotation
axis is tilted several times in a fine-tuned way. In order to illustrate such
effects in a simple example, we now construct a space-time where § = 0.
In this case, the fermionic projector defined by (5.5) vanishes identically.
By slightly changing the geometry, one can perturb the eigenvalues of §.
The operator —x(_0,0)(8) in (5.5) is certainly not stable under such pertur-
bations. This shows that in a space-time with 8 = 0, the definition of the
fermionic projector suffers from an instability and thus depends sensitively
on the detailed geometry of space-time. From the physical point of view,
this shortcoming does not seem to be of any significance, because the class
of space-times with § = 0 seems very special and not realistic.

We now introduce our example in detail. With the scale function, we can
adjust the angle of the rotation axis d to the z-axis. We choose R; and Ry
such that this angle equals 10° resp. 70°, i.e.

A A
(6.7) Ry = — cot(10°), Ry = — cot(70°).

m m

Moreover, we always choose the parameters p, such that we rotate a half-
integer times around Jn, so that the rotation amounts to a reflection at the
axis d,. Composing the reflection at dy with the reflection at da gives rise to
a rotation around the axis eo about an angle of 2 - 60° = 120°. Repeating this
construction three times gives in total a rotation by 360°. More specifically,
for the construction so far, we choose N = 6 and

(Rn)n=1,..6 = (R1, R2, R1, R, R1, R»)
(Pr)net....s = (5.5,0.5,5.5,0.5,5.5,0.5)
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Figure 1: The functions v, (7).

with Ry and Ry as in (6.7) (the choices p; = 5.5 and ps = 0.5 are arbitrary;
other half-integer values would work just as well). Moreover, for convenience
we chose A = 3/2 and m = 1. We solve the system (5.3) and (5.4) with 79 =
0. Decomposing the resulting fermionic signature operator 8, (5.10), in terms
of Pauli matrices (6.6), it follows by symmetry in the e;/es-plane that 8; =
83 = 0. However, 89 # 0.

In order to also arrange that 8o = 0, we take the above space-time twice,
with the opposite time orientation. Thus we now choose N = 12 and

(Rp)n=1,...12 = (R1, R2, R1, Ro, R1, R2, Ry, Ri, R, R, Ra, Ry)
(pn)nzlw’lz = (5.5,0.5,5.5,0.5,5.5,0.5, 0.5,5.5,0.5, 5.5,0.5,5.5) .

Then the symmetries imply that § = 0. To illustrate the construction, in
Figure 1 the functions v, (7) are plotted.
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