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Special polynomial rings, quasi modular

forms and duality of topological strings

MURAD ALIM, EMANUEL SCHEIDEGGER,
SHING-TUNG YAU AND JIE ZHOU

We study the differential polynomial rings which are defined using
the special geometry of the moduli spaces of Calabi-Yau threefolds.
The higher genus topological string amplitudes are expressed as
polynomials in the generators of these rings, giving them a global
description in the moduli space. At particular loci, the amplitudes
yield the generating functions of Gromov-Witten invariants. We
show that these rings are isomorphic to the rings of quasi mod-
ular forms for threefolds with duality groups for which these are
known. For the other cases, they provide generalizations thereof.
We furthermore study an involution which acts on the quasi mod-
ular forms. We interpret it as a duality which exchanges two dis-
tinguished expansion loci of the topological string amplitudes in
the moduli space. We construct these special polynomial rings and
match them with known quasi modular forms for non-compact
Calabi-Yau geometries and their mirrors including local P2 and
local del Pezzo geometries with E5, Eg, Er and FEg type singular-
ities. We provide the analogous special polynomial ring for the
quintic.
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1. Introduction

The study of physical theories within their moduli spaces has proven to
be a rich source of insights for mathematics and physics. For SU(2) gauge
theory, the exact low energy effective energy has been deduced in Ref. [1]
by understanding the singularities in the moduli space due to a monopole
and a dyon becoming massless. Tracking the physical behavior of the theory
has been achieved using the periods of an elliptic curve, whose monodromies
take account of the various one loop contributions in different patches of the
vacuum manifold of the theory or the moduli space. A key insight was the use
of two different dual local coordinates on the moduli space a, ap, depending
on which region of moduli space is described. The physical coupling 7 is
computed as 7 = dap/da in the weak coupling, electric phase of the theory
while the dual coupling 7p in the magnetic phase is computed as 7p =
0da/dap. The exchange of the two different expansion loci in the moduli as
well as the two different theories attached to them is the N' = 2 version of
electric-magnetic duality.

The broader context to answer these types of questions about moduli
spaces of physical theories and their dualities is string theory. The elliptic
curve parameterizing the Seiberg-Witten solution can be understood as part
of a Calabi-Yau (CY) threefold [2]. The moduli space in the geometric con-
text is that of complex structures. The singular loci which are the analogs
of the loci where the monopoles became massless correspond to conifold sin-
gularities where a three cycle shrinks to zero size [3, 4]. The physics of this
singularity was understood in Ref. [5].

Topological string theory provides a set of ideas and tools to study ques-
tions related to moduli spaces of theories, it allows one furthermore to use
the power of mirror symmetry which identifies two deformation families of
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topological strings.! The topological string partition function is defined as a
perturbative sum over free energies associated to worldsheets of genus g [7]:

o0

(1.1) Ziop(t, 1) = exp Z)\QQ_Q}—(Q)(@E) )
g=0

where A is the topological string coupling constant and where the dependence
on t, t stands for the dependence on a set of local coordinates and on a choice
of background. This dependence was put forward by Bershadsky, Cecotti,
Ooguri and Vafa (BCOV) in Refs. [7, 8] and interpreted as a change of
polarization of a wave function in Ref. [9]. The wave function interpretation
gives a background independent meaning to the topological string partition
function as an abstract state in a Hilbert space which is obtained from the
geometric quantization of a bundle on the moduli space. This bundle carries
the analogous information as the electric and magnetic variables a and ap
in the Seiberg-Witten setup, the change between these variables can thus be
thought of as a change between conjugate symplectic Darboux coordinates.

The wave function property is also another manifestation of the fact
that the partition function reflects the physical dualities of the target space.
Whenever the duality group has an SL(2,7Z) or a subgroup thereof sitting
in it, the perturbative topological string amplitudes can be expressed as
polynomials of the corresponding quasi modular forms [10, 11] as shown by
BCOV [7] and many subsequent works, e.g. [12-18]. Expressing the higher
genus topological string amplitudes as polynomials in the generators of the
ring of quasi modular forms is in particular useful to examine the global
properties of these functions [16, 17]. In particular, the singular behavior of
the higher genus free energies associated with Seiberg-Witten theory at the
locus where the monopole becomes massless was used in Ref. [16] to fix the
holomorphic ambiguity of the holomorphic anomaly recursion.

In general the differential ring of quasi modular forms for an arbitrary
target space duality group is not known. It was nevertheless possible to
prove that the higher genus topological string amplitudes can be expressed
in terms of polynomials in a finite number of generators using the special
geometry of the deformation space [19, 20], the structure and the freedom in
the choice of generators was further discussed in Refs. [21, 22]. In terms of the

1See Ref. [6] and references therein.
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polynomial generators one can obtain global expressions for the topological
string amplitudes. In particular, the expected physical behavior of these
amplitudes at special loci in the moduli space can be examined and used for
the higher genus computation on compact CYs [23-25].

In this work we start from the differential polynomial rings as defined
in Ref. [20] and show that special choices of the generators as well as of
the coordinate on the moduli space lead to a special form of the polynomial
ring which allows us to define a grading with nice properties. For certain
families of non-compact CY threefolds, we identify the moduli spaces of
complex structures with some modular curves and explore their arithmetic
properties. The generators and the grading coincide with the generators of
the ring of quasi modular forms and the modular weight for CY families with
duality groups for which these forms are known explicitly. They provide a
generalization thereof for the other cases. Having expressed the topological
string amplitudes in terms of quasi modular forms of the duality group it
is furthermore possible to act on the amplitudes with an involution, the
Fricke involution, on the moduli space which exchanges the expansion of
the quasi modular forms at two different cusps. We interpret this involution
as a duality operation which exchanges the large complex structure and
the conifold loci, providing the analogs of the action of electric-magnetic or
N =2 gauge theory S—duality, in the sense put forward by Ref. [1] and
examined in much more detail recently following Refs. [26, 27].

The plan of this paper is as follows. In Section 2 we start by reviewing
the setup and the definition of the differential polynomial rings which are
defined using the special geometry of the moduli space of a CY. The BCOV
anomaly equations lead to a polynomial recursion for the topological string
amplitudes. We work out the polynomial structure in special coordinates for
the functions obtained from the amplitudes which are sections of different
powers of a line bundle on the moduli space. We proceed by defining a
modified set of generators as well as a new coordinate 7 and define the
special polynomial ring obtained in this way and discuss its properties.

In Section 3 we review elements of the theory of quasi modular forms.
In particular we review the construction of the appropriate rings of quasi
modular forms for the subgroups I'g(V), N = 1*,2,3,4 of the full modular
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group PSL(2,7).2 We highlight the Fricke involution which acts on the gen-
erators of the rings of quasi modular forms and exchanges their expansions
at two different cusps of the modular curves. Relating these moduli curves
to the moduli spaces of non-compact CY manifolds, we interpret the action
of the involution as an action of a duality which exchanges the large complex
structure and conifold loci.

In Section 4 we construct the special polynomial rings defined in Sec-
tion 2 for a number of examples. In the case of non-compact CY geome-
tries, which we study on the B-side, the special polynomial rings coincide
with the rings of quasi modular forms when the duality group is I'g(NV) for
N = 1%,2,3,4. We study local P2, and local geometries with E,, singularities
for n = 5,6,7,8. We verify that the duality action exchanges the two differ-
ent expansion loci in the moduli space. We furthermore apply the general
construction of the special polynomial rings to the case of the quintic, this
differential polynomial ring provides a generalization of the rings of quasi
modular forms for this case. Finally, we give our conclusions and provide
some technicalities in the appendices.

2. Special geometry polynomial rings
2.1. Special geometry ring

Special geometry® is the target space geometric realization of the chiral
ring [29] underlying mirror symmetry. It describes the geometry of the mod-
uli space M using the variation of a decomposition of a bundle H over M.
While this structure is common to both the A- and B-sides of mirror sym-
metry we will adopt the language of the B-model in the following. Fixing a
complex structure on M, at any given point in the base manifold the fibre
of the bundle H can be decomposed into the following form [7] (For the
B-model this gives the familiar Hodge decomposition):

(2.1) H=LBLITMSLITMS L,

where L is the Hodge line bundle, 7'M is the holomorphic tangent bundle
and £ and TM are their complex conjugates. An additional ingredient is

2The notation 1* is introduced in Section 3.1
3For a review see [28] and references therein.
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the cubic coupling which is a holomorphic section of £2 ® Sym>T* M, these
are denoted by Cjji, 4,7,k =1,...,n = dimM. The metric on £ is denoted
by e X and provides a Kéhler potential for a metric on M given by Gy =
0;0;K. The curvature of the metric is furthermore given by:

(2.2) “Ry = 3, Di]l; = 8T = 61Gjr + 64Ga — CijpCr

W) T

where D; is the covariant derivative with connection parts which follow from
the context

(2.3) Iy = GkkaiGEj, and K; = 0;K,
for the tangent bundle and the line bundle respectively and
(2.4) 6gk = €2KGkEGZZ65H.

Choosing a section  of £ one can obtain sections of the summands in
Eq. (2.1) by acting on  with the covariant derivatives. The Cj;), furthermore
define a ring structure on sections of . This can be phrased for example as

(25) DlD]Q = iC’ijkeKGkED;Cﬁ.
2.2. Holomorphic anomaly and polynomial ring

Holomorphic anomaly equations. The topological string amplitude or free
energy F9) at genus ¢ as defined in Ref. [7] is a section of the line bun-
dle £2729 over M. The correlation function at genus g with n insertions
Flo)

11 ln
ing covariant derivatives as this represents insertions of chiral operators in
the bulk, e.g. D;FY . = FW

110y [E R T

is only non-vanishing for (29 — 2+ n) > 0. They are related by tak-

In [7] it is shown that the genus g amplitudes are recursively related to
lower genus amplitudes by the holomorphic anomaly equations:

_ 1 (91
(2.6) O F9) = 50;’“ (Z D FM Dy Fl—) 4 Djpkﬂg—l)) .
r=1

At genus 1, an additional equation was given in Ref. [8]

A1) 1 =k X\~
(2.7) OF; = 5CimCs +(1_ﬂ)Gﬂy
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where y is the Euler character of the CY threefold. All higher genus F()
are determined recursively from these up to a holomorphic ambiguity.

A solution of the recursion equations is given in terms of Feynman
rules [7]. The propagators S, S% S¥ for these Feynman rules are related
to the three-point or Yukawa couplings Cj;; as

(2.8) 057 =CY. S =GuSY, 08 =GyS'.

By definition, the propagators S, S* and S% are sections of the bundles
L£7? ® Sym™T M with m = 0, 1,2, respectively. The vertices of the Feynman
rules are given by the correlation functions fi(f )%

Polynomial structure. 1In Ref. [19] it was proven that the higher genus topo-
logical string amplitudes for the quintic and related CY families with one-
dimensional moduli spaces can be expressed as polynomials in a finite num-
ber of generators obtained from the closure of the ring of multi-derivatives
acting on the connections. In Ref. [20], the generalization of this construction
was given for an arbitrary CY. It was proven that the correlation functions
ﬂ(f?,in are polynomials of degree 3g — 3 4+ n in the generators K;, %, S, S
where a grading 1,1,2,3 was assigned to these generators respectively. It
was furthermore shown that by making a change of generators [20]

S — §ii,
St=8"— SUK;,
S=8-S5K;+ %SinZKJ,
(2.9) K; = K,

the 7@ do not depend on K;, i.e. 8]—'(9)/8f(,; =0.
The proof is inductive and starts by expressing the first non-vanishing
correlation functions in terms of these generators. At genus zero these are the
0)

holomorphic three-point couplings .7-'1.(]. = Cjji- The holomorphic anomaly

equation Eq. (2.6) can be integrated using Eq. (2.8) to

(2.10) FO = 30 + (1= XK + 1,

with ambiguity fi(l) . As can be seen from this expression, the non-
holomorphicity of the correlation functions only comes from the generators.
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Furthermore the special geometry relation (2.2) can be integrated:

(2.11) I} = 01K, + 05 K; — CijpS™ + 51,

where sﬁj denote holomorphic functions that are not fixed by the special
geometry relation?, this can be used to derive the following equations which
show the closure of the generators carrying the non-holomorphicity under
taking derivatives [20].7

D; S = §7(SF + SF KL, + 0F (S0 4+ ST ,)
_ sznsmjsnk + hzk 7
D;S7 =265 + 65K, — STK; — kipS7F b
1 . _ .
D;S = §ClmnSmS" —2K;S5 — hijS] + h;,
(212) DZI{J = —Kin — Czjkgk + kij ,

an additional equation for the holomorphic Cj;, can be derived in a similar
fashion:

D;Cjiy = —K;Cjiq — K;Citg — Ki.Cj — KiCjis
(2.13) + CijmS"™" Crtt + CiremS™" Crji + Citm S™" Crji. + hijia

where hgk, h{, hi, ki; and h;;i; denote holomorphic sections of L7272, 72
L0, £? respectively. All these sections together with the functions Séj in
Eq. (2.11) are not independent. It was shown in Ref. [21] (see also Ref. [22])
that the freedom of choosing the holomorphic sections in this ring reduces

to holomorphic sections £¥,&7, € which can be added to the polynomial

generators
S = G 4 €4
S =571,
(2.14) S=S5+¢.

4See Ref. [21] for a discussion of how many of these are independent.
SThese equations are for the tilded gemerators of Eq. (2.9) and are obtained
straightforwardly from the equations in Ref. [20].
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All the holomorphic quantities change according to the following equa-

tions
§fj = sfj + Cijlglk R
kij = kij + Ciji€'
W% = n 4 0,67% 1 8] E™F 4 58 ™I — Oy EMRE™I
—okel —slgk
W =B+ 0,67 —200€ + 8 E™ — CipnEE™ + k&M
R 1 .
(2.15) hi = h; + 6;€ — §Cimngm5n + ki€

The topological string amplitudes now satisfy the holomorphic anomaly
equations where the 0; derivative is replaced by derivatives with respect to
the polynomial generators [20].

5 —i (9 195 19F) 10F@
ol < (85% 2 oSk K; 2 9Si K’“+2 B K3K>
o F )
Y OK;
o f91
(2.16) = %ng (Z Dj]:(T)Dk]:(g—r) + DjDk]_.(g_l)>
r=1

assuming the linear independence of Cg and Gy, this gives two sets of
equations by setting the coeflicients of these functions to zero. The second
set of equations in particular dictates that:

oF(9)
(2.17) oK, 0

2.3. Boundary conditions

The mirror pair of CY threefolds (Z, Z*) we denote by z;, i=1,...,n =
hYY(Z) = h®Y(Z*), the local coordinates on the moduli space M of com-
plex structures of Z* near the large complex structure limit. The loci in
M at which the complex structure becomes singular are described by the
components A,(z) of the discriminant, where a runs over the number of
discriminant components.
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Genus 1. The holomorphic anomaly equation at genus 1 (2.7) can be inte-
grated to give:
(2.18)

F) _ <3+n— %)K—k%logdetG_l +Zn:silogzi+2ralogAa.

=1 a

1
2

The coefficients s; and r, are fixed by the leading singular behavior of F(!)
which is given by [7]

1
(2.19) FO N = logzi/ c2di,

for a discriminant A corresponding to a conifold singularity the leading
behavior is given by

1
2.2 D~ — —logA.
(2.20) F 15108

All physical particles which become massless somewhere in the moduli space
contribute to the genus 1 amplitude [30], this is extremely useful in anticipat-
ing the singularities at higher genus. For instance, we will study two different
types of examples regarding the singularity at the orbifold expansion point.

Higher genus boundary conditions. The holomorphic ambiguity needed to
reconstruct the full topological string amplitudes can be fixed by imposing
various boundary conditions for F9) 6at the boundary of the moduli space.

The large complex structure limit. The leading behavior of F9) at this
point (which is mirror to the large volume limit) was computed in [7, 8, 31—
34]. In particular the contribution from constant maps is

(2.21) FO|, o= (—1)9% | Bag Bag—2|

> 1
229(29-2) (2921 777

where ¢, denote the exponentiated mirror map at this point.

6Technically, these conditions are satisfied by the holomorphic limits of F(9),
which are defined in [7, 8] and recalled below in (2.38).
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Conifold-like loci. The leading singular behavior of the partition function
F) at a conifold locus has been determined in [7, 8, 32, 34-36]

Bo
2.22 FO)=b g +O(t2), >1,
( ) (te) 29(2g — 2) gg_g (tc) g

Here t. ~ A is the flat coordinate at the discriminant locus A = 0. For a
conifold singularity b = 1 and m = 1. In particular the leading singularity
in (2.22) as well as the absence of subleading singular terms follows from
the Schwinger loop computation of [32, 34], which computes the effect of
the extra massless hypermultiplet in the space-time theory [30]. The singular
structure and the “gap” of subleading singular terms have been also observed
in the dual matrix model [37] and were first used in [16, 23] to fix the
holomorphic ambiguity at higher genus. The space-time derivation of [32, 34]
is not restricted to the conifold case and applies also to the case m > 1
singularities which give rise to a different spectrum of extra massless vector
and hypermultiplets in space-time. The coefficient of the Schwinger loop
integral is a weighted trace over the spin of the particles [30, 36] leading to
the prediction b = ng — ny for the coefficient of the leading singular term.

The holomorphic ambiguity. The singular behavior of F@) is taken into
account by the local ansatz

p(z;)
A29-2)°

(2.23) hol.ambiguity ~

for the holomorphic ambiguity near A = 0, where p(z;) is generically a poly-
nomial in z obtained by combining the local information at the various
boundary points of the moduli space.

2.4. Special coordinates

A special set of coordinates on the moduli space of complex structures of
Z* will be discussed which permit an identification with the physical defor-
mations of the underlying theory (see Ref. [28] and references therein). The
discussion in the following is on the B-model side, the special coordinates
defined here provide the mirror maps which give the local coordinates on
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the A-side. Choosing a symplectic basis of 3-cycles A, By € H3(Z*)
AlnB; =6 =-B;nAl, A'nA’=B;NnB;=0,
and a dual basis ay, 37 of H?(Z*) such that
(2.24) / oy =0t gl=6t, 1,0=0,.. 042",
Al B
the (3,0) form Q(zx) can be expanded in the basis a7z, 37:
(2.25) Qz) = X! (x)ar + Fy(z)p7 .

The periods X/ (z), F;(z) satisfy the Picard-Fuchs equation of the B-model
CY family and can be identified with projective coordinates on M and F;
with derivatives of a homogeneous function F(X') of weight 2 such that
Fr= 8“;&?51). In a patch where X%(z) # 0 a set of special coordinates can
be defined

Xa

(2.26) "= 5o

a=1,...,h%(Z%).

The normalized holomorphic (3, 0) form vy = (X")71Q(t) has the expansion:

(2.27) vo = ap + t g + BUFy(t) + (2Fp(t) — t°F.(t))58°,
where

Fi

Fo(t) = (XO72F and  Fu(t) := 0, Fy(t) = 0 8;’5”.

Fy(t) is the prepotential. One can define
(2.28) Vo = g + BOF(t) + (Fu(t) — t°Fo (1)) 8°,
(2.29) vh =B =15,
(2.30) 0 = —p0.

The Yukawa coupling in special coordinates is given by

(2.31) Coape 1= 0a0pDeFo(t) = — / 0 A 0adye -

*
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Defining further the vector with 2h%! 4 2 components
(2.32) v=(vg, Vg, VH, v

it satisfies by construction

Vo 0 (55 0 0 Vo
Vp 0 0 Cabc 0 Ve
(2:33) %l o =10 0o o & T
D a D
V0 0 O 0 0 00

which defines the (2h%! + 2) x (2h*! + 2) connection matrices C,, in terms
of which the equation can be written in the form:

(2.34) (Oa—Ca) v =0,

this is a distinguishing property of the special coordinates.
2.5. Special polynomial ring

The form of the closure of the polynomial ring under derivatives and the
polynomial grading of F(9) suggests that this ring might lead to a general-
ization of the ring of quasi modular forms of Ref. [10]. In the following we
will modify the generators as well as the coordinates on the moduli space in
order to provide the generalization of this ring. We will show later in a num-
ber of examples that these transformations indeed lead to the rings of quasi
modular forms in cases where these are known. For the sake of simplicity we
will first start with one moduli cases, a generalization to more moduli will
be discussed elsewhere.

We will consider one-dimensional deformation spaces with three regu-
lar singular points located at (0,1,00) of an algebraic complex structure
modulus «. This modulus is the more familiar algebraic complex structure
modulus z at large complex structure, up to a constant d dictated by the
Picard-Fuchs (PF) system. The form of the three-point function in these

cases is’:

"In general this is 23C,,, = x/(1 — a)2aTa4 if the Picard-Fuchs operator is a4(1 —
a)0* —aza 0 + - - - see Ref. [38].
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(2.35) 20, = , a=d -z,

1l -«

where x gives the classical triple intersection of the A-model geometry and
(1 — @) is the discriminant and d is determined by the PF system.

Polynomial ring of sections in arbitrary coordinates. The ring of polyno-
mial generators (2.12) for one-dimensional moduli space with local coordi-
nate z becomes:

D.S% =287 + 25K, — C...(S%)* + h**,

D.S* =258 — k..S* + h*,
.1 - - -
D.S = §C’ZZZ(SZ)2 —2K.8 — k..S* + h.,

Dsz = _(Kz)2 - szszz + kzz ;

(2.36)

in addition we have
(2.37) D.C... = —4K.C... + 3(C22.)25% + N .

as discussed before S%7, S% and S are sections of £72 and C.,., is a section
of £2.

These equations expressing the closure of the non-holomorphic gener-
ators as well as the holomorphic three-point function under holomorphic
derivatives in particular also hold if the holomorphic limit is taken. By this
we mean fixing a base point, finding the canonical coordinates (¢,t) at that
point and then treating these as independent variables and taking the limit
t — oo as described in Ref. [7]. In this limit the Kéahler potential and the
metric reduce to

ot
0z’
with the period X° and the flat coordinate ¢ introduced in Eq. (2.26) and

where (s is a constant.
A trivial choice of the freedom in defining the generators discussed in

(2.38) e Bl = X%, Glzlno = Cs

Refs. [21, 22] is such that all the generators vanish. In this limit all equations
are trivial except for the last one which reflects the Picard-Fuchs equation. It
was furthermore shown in explicit examples [6, 20-22, 24, 25] that there are
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choices of £%%,£7, € such that hZ*, hZ, h,,, h;, h.... are rational functions in

z of the form p(z)/A where A is the discriminant, and p(z) is a polynomial
in the algebraic complex structure coordinates.

Polynomial ring of functions in special coordinates. In order to obtain a
ring of functions on the moduli space instead of sections of powers of the line
bundle £, we choose XV, a section of £, to multiply the different sections
and produce functions. Furthermore we switch to the special coordinates ¢
and consider the following transformed objects:

( (X0)2 S7% gt — (azt)(XO)Z sz ’

2. \

(2.39) S (X )2 S, K = ((9Zt)_1 K.,
as well as

(2.40) Cut = (XO)_2 (8Zt)_3CZZZ .

In the holomorphic limit (2.38), the expressions for the connections become:

oo
29t 9227

The polynomial ring in the holomorphic limit, using the special coordinates

(2.41) K,=-0,logX", T?

becomes:
S = 28" + 28" K, — Cyte (S™)? + (X©)2(9.t) h3*,
1St = 285 — (9,t) 2k, S" 4+ (X2 hZ,
(242) 9,5 = %cﬂt(étﬁ — 2K, S0 — (0u8) kSt + (0.6) " (XO)2 D
Ky = —(K1)* — CupS* + (0:1) 2k
01Cy = —4K:Cyyy + 3(Cye)? ST + (X°)72(0,) 4 s

Special polynomial ring in T coordinates. In the following we will redefine
some of the generators as well as use a different coordinate given by:

1
(243) T = *8tFt,
K
which gives furthermore
or 1
2.44 — = —Cus.
(2.44) ot~ Rl
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We define the following functions on the moduli space:

Ko=rChl (0873, Gy =6t, Ky = kO Ko

T, =S", Ty = CylS', Ts=CpiSo,
we furthermore define holomorphic functions A%, h..,h. and h%,, out of
the holomorphic sections hZ?* hZ h, and h,,,, appearing in (2.12) in the
following way:

hiz - C*zz hiz ; hzz — C*zz hi ;

2.45 ~ -
( ) hz = C*** hz y hzzz == (C*—l)zz hzzzz 5

where the star in C,, denotes a fixed modulus, although in the one modulus
case the distinction is not relevant it is made here to clarify the index struc-
ture of the new objects. We will furthermore redefine all objects carrying
indices of the algebraic coordinate z by multiplying (dividing) by z for lower
(upper) indices, i.e.

2.45) Bz, 2k, Frow = 22has, = 2hy
' hZ., — 22 hZ_,, k., = 2%k, , s%, = z8%,.

The ring (2.42) using the new generators and the 7 coordinate becomes:

87[(0 = _2K0 K2 - K02 G% (iézz + 3(8;2 + 1)) )

0,G1 =2G1 K9 — xG1 Ty + K()G?(S;z + 1) ,
0, Ko = 3K3 — 3kKy Ty — k2Ty + K3 Gk, — Ko G? Ko b?

zZzZz )

zZzZ)

1 -
0. Ty = 2Ko Ty — Ty + 26Ty + — K{G1h2
K

. 1
(247) 87T4 — 4K2T4 — 3/4;T2 T4 —+ 2/{;T6 — KO G% T4hz — EKg G'ZlL T2k?zz

+ %KS’ GSh.
0-Ts = 6K Ts — 65T, Ty + 517 %K& G1Tyk.. + %Ké Gih
— 2 Ko Gy TshZ,,

Assuming that all remaining holomorphic functions can be expressed as
rational functions in the algebraic modulus® we need a further generator in

8This assumption is true in all known examples but not proven in general, see
for example the discussion in Ref. [22]. Later we will see that this is well motivated
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order to parameterize these. We choose a geometric object giving a function
on the moduli space:

(2.48) Co=0log23C,., =

)

l-«
the derivative of this generator is computed to be:
(2.49) 0;Co=KoG32Cy(Co+1).

To obtain functions out of the topological string amplitudes we introduce:
(2.50) F) = (x9)%9-2 7o)

The polynomial recursion (2.16) for these functions in the generators (2.45)
for the function becomes:

oF(9) _lap(g) +L3F(g) )
Ty,  r 0Ty " 262 0T 2
(2.51) Lo .
_ —r r 2 —1
_Q;atp(g )8tF()+§3tF(g )
and
OF9)
2.52 =
(2.52) oK, !

The t derivative in Eq. (2.51) can be replaced by:
(2.53) O =K,'G?0-.

The definitions (2.45), the form of the differential ring (2.47) and the poly-
nomial recursion (2.51,2.52) immediately lead to the following proposition,

assuming that there exists a choice of h? h.,,h, and hZ._ and k., which

zz) ZZZ
can be expressed as rational functions in a.

from the theory of quasi modular forms, since all modular invariant functions can be
expressed as rational functions of the so-called Hauptmodul, which is the generator
of the function field of the moduli space and is intuitively the algebraic modulus,
the quasi modular forms which require a non-holomorphic completion correspond
to the elements of the ring (2.47).
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Proposition.

1. The differential polynomial ring generated by the special functions
Co, Ko, G1, Ko, T5, Ty and Tg closes under derivatives w.r.t. 7 = %Ftt.

2. A grading is furthermore assigned to the generators given by their
subscript. The 7 derivative strictly increases the grading by 2.

3. F9) is a polynomial of degree zero in the generators, obtained recur-
sively from Eqgs. (2.51,2.52) up to the addition of a rational function
of the form

Al9) — Kgfl PY(Cy),

where P is a rational function in C chosen such that F(9) respects
the boundary conditions.

4. FT(Lg ) = of'F (9) is a polynomial of degree —n in the generators.

Most of the content of the proposition follows immediately from the
definitions. The grading of F'(9) is proven recursively starting from the initial
data of the recursion given by the first non-vanishing amplitudes at genus 0:

(254) Ft(t(z) = Cttt = HKO_I GI_S,
and at genus 1 (2.10):

T 1o _
(2.55) BV = ShEG G T+ (1 - %)KO LG Ky + G .
It will be later shown in examples that this grading agrees with the modular
weight of quasi modular forms for special geometries with duality groups for
which these are known.

3. Quasi modular forms and duality

In this section we review some concepts of modular curves, modular forms
and quasi modular forms for some of the groups I'g(V), which will be defined
in the sequel. We highlight an involution, the Fricke involution acting on
the modular curves, and thus on quasi modular forms and exchanging their
expansions at two different cusps. We interpret this involution as giving the
mathematical operation which corresponds to a physical duality which is
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the analog of the N’ = 2 gauge theory electric-magnetic or S-duality in the
sense of Refs. [1, 26, 27]. The physical terminology of electric and magnetic
duality is motivated from the N = 2, 4d duality in Seiberg-Witten gauge
theories which refers to the fact that in the coupling space there are different
expansion points where the theory looks completely different. At a weak
coupling region, the electric degrees of freedom are relevant whereas near
a point in the moduli space where magnetic degrees of freedom become
massless a different effective theory is needed. The Seiberg-Witten duality
was used in Ref. [16], where the special geometry of SU(2) Seiberg-Witten
theory was cast in terms of quasi modular forms which were expanded both
in the weak coupling and in the magnetic regime. For an early discussion
of electric magnetic duality and congruence subgroups in Seiberg-Witten
theory see Ref. [39].

Interpreted in terms of the geometry of a CY threefold moduli spaces, the
exchange of these two special expansion points gets mapped to an exchange
of the large complex structure point and the conifold locus. The Seiberg-
Witten theories with different gauge groups were engineered using type
IIB [2] as well as type ITA compactifications on CY geometries [40, 41]. How-
ever, even for non-compact CY geometries, only a subset of these admits an
interpretation in terms of a 4d gauge theory. In general, the 4d physical the-
ory will be characterized by its BPS states which reflect the cohomology of
the CY. It is furthermore known that the conifold locus corresponds to the
point in moduli space where magnetic BPS states become massless, see for
example Refs. [5, 30]. The breakdown of the effective theory and correspond-
ingly of the topological string free energies at the expansion locus where
magnetically charges states become massless is characterized by a leading
singularity discussed in (2.22). This equation has no sub-leading singular
contributions precisely when the coordinate which is used corresponds to
the mass of the state in the vicinity of the locus where it becomes massless,
this is captured by the flat coordinate at the conifold expansion locus. The
use of this as a boundary condition to fix the holomorphic ambiguity for the
topological string free energies was pioneered in Ref. [23]. In order to do so,
the polynomial generators of Ref. [19] were expanded in various patches of
moduli space exploiting their global properties. Similar computations using
the generators defined in Ref. [20] were done in Refs. [21, 24, 25, 42].
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3.1. Basic facts about modular curves and modular forms

In this section we shall give a review of some basic concepts about modular
curves, modular forms and quasi modular forms which will be relevant in
the following, we refer to Refs. [43, 44] and the references therein for more
details on the basic theory.

Modular groups and modular curves. The generators and relations for the
group SL(2,7Z) are given by the following:

(3.1) T:((l] 1) 5:(2 _01> S*— 1, (ST)=—I.

We will consider in the following the genus zero congruence subgroups called
Hecke subgroups of I'(1) = PSL(2,Z) = SL(2,Z)/{£I}

(32 To(N) = { <Z Z)

with N = 2,3,4. We shall also denote SL(2,Z) by T'(1) and the correspond-
ing groups of I'g(N) in SL(2,7Z) by To(N). A further subgroup that we will
consider is the unique normal subgroup in I'(1) of index 2 which is often

c:OmodN}<F(1)

denoted I'o(1)*, this is discussed in Section 4.2.1. By abuse of notation, we
write N = 1* when listing it together with the groups I'o(NV).

The group SL(2,7Z) acts on the upper half plane H = {7 € C|Imr > 0}
by fractional linear transformations:

ar +b
ct+d

T T = for ’y—<a b)GSL(Q,Z).
c d

The quotient space Yy(N) = o(N)\H is a non-compact orbifold with cer-
tain punctures corresponding to the cusps and orbifold points correspond-
ing to the elliptic points of the group I'o(N). By filling the punctures,
one then gets a compact orbifold Xo(N) = Yo(N) = T'o(N)\H* where H* =
H U {ioco} UQ. The orbifold X((N) can be equipped with the structure of
a Riemann surface. The signature for the group I'o(N) and the two orb-

ifolds Yy(NN), Xo(N) could be represented by {p, ut; 2,3, Vo }, Where p is
the genus of Xo(N), p is the index of I'g(N) in I'(1), and v; are the num-
bers of T'g(NV)-equivalent elliptic fixed points or parabolic fixed points of
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order i. The signatures for the groups I'o(N), N = 1*,2, 3,4 are listed in the
following table (see e.g. [45]):

Nilvo|vs|veo || P
1*1 0|1 2 1210
(3.3) 20110] 2 [3]0
3101 2 1410
41010 3 1610

The fundamental domains for these groups are depicted in Figure 1.

The space Xo(N) is called a modular curve and is the moduli space
of pairs (E,C), where F is an elliptic curve and C is a cyclic subgroup
of order N of the torsion subgroup En = Z?V. It classifies each cyclic N-
isogeny ¢ : E — E/C up to isomorphism, see for example Refs. [43, 46] for
more details.

Similarly, we can define the modular curve Xp = I'\H* associated to a
general subgroup I' of finite index in I'(1). We refer the reader to Ref. [43]
for more details on this.

We proceed by recalling some basic concepts in modular form theory
following Ref. [43]. In the following, we shall use the notation I' for a general
subgroup of finite index in I'(1). In particular, we can take I' to be the
modular group I'y(V) described above and discuss the modular form theory
associated to this group.

Modular functions. A (meromorphic) modular function with respect to the
a subgroup T of finite index in I'(1) is a meromorphic function f : X1 — PL.
Consider the restriction of f to Yr = I'\'H. Since the restriction is meromor-
phic, we know f can be lifted to a function f on H. Then one gets a function
f:H — P! such that

(i) fOyr)=f(r), ¥yel.
(ii) f is meromorphic on H.

(iii) f is “meromorphic at the cusps” in the sense that the function

(3-4) fly 7= f(y7)

is meromorphic at 7 = ico for any v € I'(1).
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Figure 1. Fundamental domains for I'y(1)*, T'o(N), N = 2,3, 4.
The empty and full circles stand for cusps and elliptic points respectively.

The third condition requires more explanation. For any cusp class’ [o] €
I'\H* with respect to the modular group I', one chooses a representative

We use the notation [r] to denote the equivalence class of 7 € H* under the
group action of I on H*.
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o € QU {ico}. Then it is easy to see that one can find an element v € I'(1)
so that v : 700 — o. Then this condition means that the function defined
by 7+ fo~(7) is meromorphic near 7 =ioco and that the function f is
declared to be “meromorphic at the cusp o” if this condition is satisfied.

Therefore, equivalently, a (meromorphic) modular function with respect
to the modular group is a meromorphic function f : # — P! satisfying the
above properties on modularity, meromorphicity, and growth condition at
the cusps.

Modular forms. Similarly, we can define a (meromorphic) modular form
of weight k with respect to the group I' to be a (meromorphic) function
f : H — P! satisfying the following conditions:

(i) f(yr) = jy(1)kf(r), Vv €T, where j is called the automorphy fac-
tor defined by

j:I'xH—C, (’yz(i Z),T)l—)j»y(T)ZZ(CT+d).

(ii) f is meromorphic on H.

(iii) f is “meromorphic at the cusps” in the sense that the function

(3.5) Fly 7= gy (1) f(y7)

is meromorphic at 7 = ico for any v € I'(1).

We will need to be able to take roots of modular forms. For this purpose one
introduces a function v : I' — C, called multiplier system of weight k£ for I,
such that |[v(v)| =1 and v(y172) = w(v1, v2)v(71)v(72). Here, w(vy1,72) are
numbers in {1} making v(y)(cr + d) into an automorphy factor. Replac-
ing the automorphy factor by j,(7) = v(v)(cT + d) in Eq. (3.5), one defines
modular forms with respect to a multiplier system, see for example Ref. [45]
for details.

Quasi modular forms. A (meromorphic) quasi modular form of weight &
with respect to the group I' is a (meromorphic) function f : H — P! satis-
fying the following conditions:
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(i) There exist meromorphic functions f;,i=0,1,2,3,...,k—1 such
that

k—1
(3:6) fOym) =gy(D F()+ Y T filr), Yy = ( . Z ) b

=0
(ii) f is meromorphic on H.

(iii) f is “meromorphic at the cusps” in the sense that the function

(3.7) fly 7 jw(T)ikf('YT)
is meromorphic at 7 = ico for any v € I'(1).

For a large class of non-compact CY threefolds, the relevant geometry
of the mirror manifolds are captured by the so-called mirror curves [47]. In
what follows we shall only consider the cases where the mirror curves are
elliptic curves. These already include many interesting examples such as the
mirrors of the canonical bundle of P? and the canonical bundles of the del
Pezzo surfaces dP,, n =5,6,7,8. See for example Refs. [48-51] for details.

As we shall discuss in greater detail later in Section 4.2.1, for the canoni-
cal bundle of P? and the canonical bundles of the del Pezzo surfaces dP,, n =
5,6, 7, the bases of the corresponding families of mirror curves are the mod-
ular curves Xo(N) with N = 3,4, 3,2, respectively. The canonical bundle of
dPs is exceptional in the sense the base of the corresponding mirror curve
family called FEg elliptic curve family is not a modular curve of the form
Xo(N). It is given by T'g(1)*\H*, where I'g(1)* is the subgroup of I'(1)
mentioned earlier and discussed in Section 4.2.1. This base is a copy of P!
parametrized by a particularly chosen coordinate z, and is a 2 : 1 cover of
the j—plane P! realized by the map j(z) = 1/2(1 — 4322). In the following
we shall denote the base of this family of elliptic curves by Xo(1)*. See
Refs. [52-54] for more discussions on this family.

3.2. Rings of quasi modular forms

In this section we show the explicit computation of the rings of quasi modular
forms with respect to the groups I'o(N), for N = 1*,2, 3, 4. Before introduc-
ing these we recall the familiar example of quasi modular forms for the full
modular group I'(1), see e.g. [44] and references therein for details.
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3.2.1. Quasi modular forms for the full modular group PSL(2,7Z).
The familiar Eisenstein series Fy4, Fg are generators of the ring of modular
forms with respect to the full modular group I'(1) = PSL(2,7Z). The Eisen-
stein series F9 is a quasi modular form according to the definition given
in (3.1) since it transforms according to

(3.8) Ey(y7) = (er + d)*Ey(1) + %c(cr +d), Vy= (Z b> el'(1).

The differential ring structure of quasi modular forms for I'(1) is given by!°

1
0, Fy = E(15722 — Ey),
1
(3.9) 0By = S (BB — Es),
1
0rEg = 5 (FaEg — E?).

The non-holomorphic function ﬁ transforms as

(3.10) = (et + al)21L — 2ic(cT +d).

Im~y7 mr7

It follows that the non-holomorphic completion of Fs, which is defined by

— 3
A1 ) = _
(3.11) By(r,7) = Ba(r) - ——,
transforms according to
(3.12) Eax(ym,77) = (1 + d)*Ea(7,7) .

3.2.2. More general rings of quasi modular forms . In the section
we shall consider the genus 0 modular curves Xo(N) with N = 1*,2,3,4 and
discuss the corresponding rings of quasi modular forms. The relevant data
giving the ring of quasi modular forms as well as the modular parameter
T are captured by the periods wy and wy of the corresponding families of

10We omit factors of 27i in the derivatives, i.e. 8; should be ﬁ% throughout
this work.
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elliptic curves described later in Section 4.2.1, see also Refs. [51-55]. The
periods satisfy the following Picard-Fuchs differential equation:

(313) Lew;= (02— (o +1/r)(0s +1—1/r))w;=0, i=0,1.

The parameter « is the so-called Hauptmodul (that is, generator for the
function field of the modular curve) listed in e.g. Ref. [54], and 6, = a%.
The solutions of this equation are given in terms of the hypergeometric
functions:

wo(a) = 2F1 (1/r,1—=1/r, 1) ,

(3.14) wl(a):L oF1 (1/r,1—1/r1;1—a) .

VN

The numbers r are give by the following:

N|1* 2 3 4
r| 6 4 3 2

They are related to the index p of T'g(N) by r = % The modular parameter
T is then given by:

(3.15) T=—.

The weight 1 modular forms (for an appropriate multiplier system) for these
groups are listed for example in Refs. [54, 55]. More precisely, for the cases
N =1%2,3,4, the relevant modular forms are given by

(3.16) A=wy, B=(1-a)rA, C=arA.

Then by definition one has

(3.17) A"=B"+C".

By analytic continuation, it is easy to show that as multi-valued functions

on the modular curve Xy(N) as an orbifold, these modular forms (for a
multiplier system) have divisors given by
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1 1
(3.18) DivA=—-(a=o0), DivB=—-(a=1), DivC = -
T T

(a=0).

S|

These will be useful later when we consider the singular behavior of topo-
logical string amplitudes near different singular points of the moduli space
of certain Calabi-Yau threefolds.

These generators have very nice n—function expansions and arithmetic
properties. For completeness, we recall the results from [54] as follows:

(3.19)
N A B C
1* E4(T)i (E4(T)§2+E5(T))é (E4(T)§2—E5(7'))é
9 (2°n(27)% 4n(r)?4) T n(r)* 95 m(27)!
n(7)2n(27)? n(27)? n(7)?
3 (3%n(37)'24n(r)12) 5 n(r)? 31(37)°
n(T)n(37) n(37) n(7)
4 (24n(47)3+n(r)") % _ _n(2n)* n(r)* 92n(47)*
n(27)? n(r)tn(4r)* n(27)? n(27)?

In particular, by examining the n—expansions of the generators listed above,
we get the relation dy n** = a(1 — )%~V A2
with

, as pointed out in e.g. Ref. [51],

N |1 2 3 4
dy | 432 64 27 16

There are also some nice —function expansions for these modular forms and
relations among these generators and the Eisensteins series Ey4, Eg. These
are listed in the Appendix A. Refs. [44, 54, 55] give more details on the
arithmetic aspects.

Now we shall construct the ring of quasi modular forms and focus on
the differential ring structure. The modular forms defined in (3.16) satisfy
the following equations
(3.20) 2= 0105 S — L (NEy(NT) - Bo(r).

BT N-1
These equalities are proved by direct computations using the n—expansions
of the modular forms. The first equality in the above is equivalent to the
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following equation:
(3.21) dra = a(l — a)A?.

Later, we shall interpret this as the absence of instanton corrections of
Yukawa couplings for elliptic curves, see for example Refs. [22, 52, 56] for
some related discussions on this. To obtain the ring of quasi modular forms,
we introduce the analog of the Eisenstein series Fy as a quasi modular form
as follows:

(3.22) E=20.logB"C".

Using the n—expansions of the modular forms we can show

(323) E :ZngMﬂ+N@mmL N=1%23,
3.24) B — %(4@(47) + Ey(7)) gEQ(zf) C N=4.

It follows then that the generator F transforms as a quasi modular form
under the modular groups I'g(N) with N = 1*,2, 3,4 respectively, using the
above Eisenstein series expressions. Similar to (3.11) , one can define the
non-holomorphic completion E of these quasi modular forms so that they
are non-holomoporhic but modular in the sense that they transform in the
way similar to (3.12).

From Egs. (3.16,3.20,3.22), one can easily deduce the differential ring
structure of quasi modular forms. The results are listed below for N =
1%,2,3,4:

1 Cr—Br
0, B = iB(E — A?),
(3.25) ar
,C = —C(E + A?
0,C 27nC( + A7),
1

_ 2 A4
OB = (B>~ A").
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3.3. Duality action on topological string amplitudes

3.3.1. Fricke involution. For each of the modular curves Xo(N) with
N = 1*%,2,3,4, as a covering of the j—plane I'(1)\'H*, there are three branch
points. According to (3.3), they are two distinguished cusps given by [icc] =
[1/N] and [0] = [1/1]. The third branch point is a cubic elliptic point, quad-
ratic elliptic point, cubic elliptic point and a cusp for N = 1%, 2, 3,4, respec-
tively. The Fricke involution is defined by

(3.26) Wy :T+— _NLT .
It exchanges these two cusps and fixes the third branch point, see Fig. 1.1

Recall that the modular curve Xy(V) is the moduli space of enhanced
elliptic curves (E, C), where C' is an order N subgroup of the torsion group
En =2 ZN & Zpy. Using this interpretation, the Fricke involution acts by
sending (E,C) to (E/C, En/C).

It turns out from e.g. [54] that the Fricke involution maps the Haupt-
modul

(3.27) a to f:=1-a.

The Fricke involution acts on the ring of quasi modular forms according to

VN

Ay Y0 A,
7
VN
B Y70,
1
VN
329 e ¥¥p,
7
12 2N7T
E— NPE+-——"  N=1%223.
AT N 2,3
12 2N
E~NPRE+ 227 N=—g4.
21t 6

'We point out that for the Seiberg-Witten curve family given by y? = (22 —

u)? — A* and with monodromy group I'g(4), the Fricke involution acts as 27 + — 5

2T

In the literature, see for example Ref. [16], by redefining 7 as the above 27, the Fricke
involution is realized as the S-transformation.
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For all cases N = 1%, 2, 3,4, the non-holomorphic completion E (1,7) trans-
forms according to:

(3.29) E s NT°E.

3.3.2. CY moduli spaces as modular curves. For a large class of non-
compact CY geometries, the relevant part of mirror geometry is captured by
the mirror curve. For each of the non-compact CY threefold geometries that
we shall discuss below, the moduli space M of complex structures of the non-
compact CY threefold can be identified with a modular curve Xo(N). The
singular points on the moduli space M are identified with the branch points
on the modular curve thought of as an orbifold T'y(N)\H*. More precisely,
the large complex structure point is identified with the cusp [1/N], conifold
point with [1/1], and the orbifold point is the third branch point on the
modular curve, see Fig. 1.

This identification makes manifest the global meanings of the topological
string amplitudes since they are now geometric objects defined on the mod-
ular curve thus globally defined. More precisely, the full non-holomorphic
topological string amplitudes are built out of the generators A, B, C, E , their
holomorphic limits are quasi modular forms expressible in terms of the gen-
erators A, B, C, E. It also gives access to analyze the enumerative meanings
of the topological string amplitudes at the other points on the moduli space,
e.g., as the generating functions of orbifold Gromov-Witten invariants at the
orbifold point.

The periods of the non-compact CY threefold satisfy the Picard-Fuchs
equations Loym = 0. For geometries with one-dimensional moduli spaces
there are three solutions to this operator, one of which is a constant (see for
example Refs. [48, 49, 57]). The non-trivial periods are identified with ¢ and
F;. The operator Loy furthermore factorizes, s.t.

d
(3.30) Loymi(z) =L 0Owi—1(z.), 1=1,2, 0= Zo
z
where L. denotes the Picard-Fuchs operator associated to a curve family and
where there is a possible sign difference between z and z.. By comparing their
asymptotic behaviors near the large complex structure limit, it is easy to

see that one can choose suitable normalizations for ¢ and F; so that

(3.31) 0t =wy, OF =Tuwp.
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3.3.3. Duality of topological string amplitudes. Since the moduli
space M of the non-compact CY threefold geometry is identified with the
modular curve Xo(/N) and furthermore the action of the Fricke involution
on the algebraic modulus « is:

(3.32) Wy:a—1-a,

it is clear that the effect of the Fricke involution is exchanging the large
complex structure expansion point with the conifold expansion point, and
fixes the orbifold point. Note that this third singularity is an orbifold point
of the moduli space of the non-compact CY threefolds, but it could be an
orbifold point or a cusp of the moduli space of the corresponding enhanced
elliptic curves. We interpret the action of this involution as the action of
a duality which exchanges the expansion points of the topological string
amplitudes around the large complex structure and the conifold points. By
expressing the topological string amplitudes in terms of the generators of the
ring of quasi modular forms (3.25) and applying the Fricke involution (3.28),
we will check this interpretation in Section 4 in a number of examples.

4. Applications

In this section we present applications of the previous ideas. We consider
a number of non-compact geometries, which have all been studied before
using different methods. We start with a detailed discussion of local P2,
which denotes the canonical bundle O(—3) — P2, and its mirror. Higher
genus topolocial string amplitudes on this model have been studied in a
number of works using different techniques, see for example Refs. [50, 58].
The use of a different set quasi modular forms for this example was con-
sidered in Ref. [17], the polynomial generators of Ref. [20] were used in
Refs. [21, 42] for higher genus computations. Our new addition to these pre-
vious discussions consists of the explicit identification of the rings of quasi
modular forms of I'y(3) which are adapted to this specific moduli space as
well as their translation to the special geometry ring of polynomial gener-
ators of Ref. [20]. Furthermore, this example serves as a testing ground for
the duality of topological amplitudes which turns out to exchange the large
complex structure and the conifold expansion loci. The other non-compact
geometries which we consider are canonical bundles of del Pezzo surfaces
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dP,, n=15,6,7,8 and their mirrors. These were considered in the physi-
cal context of non-critical string theories. For the purpose of our work, see
Ref. [48] and references therein. Higher genus computations using the holo-
morphic anomaly equation and enumerative information from the A-model
for these geometries were considered in Ref. [50]. Finally we write down the
polynomial generators for the quintic CY and its mirror, although a precise
description of the quasi modular forms of the quintic is not known, we can
formally define and write down the analogs of the generators used in the
non-compact examples where the rings of quasi modular forms are known.
The rings which are thus provided should therefore define the formal analogs
of the rings of quasi modular forms for these geometries, see also Ref. [59]
for a recent discussion of a ring of functions for the quintic.

4.1. Local P2

4.1.1. Initial data. In order to obtain the effective triple intersection
on this geometry one should consider this non-compact geometry as the
decompactification limit of a compact one, see for example Refs. [21, 58, 60].
We consider the compact geometry given by a degree 18 hypersurface in
Py

IR

6,9 and resolve the singularities. This is described by the toric charge
vectors:

t, — 2 1
(4.1) 1 613 0 0 0
ta 0|0 0 -3 1 1 1

which describe an elliptic fibration over IP2. The classical intersections are
summarized in the classical piece of the prepotential:

1 3 3 1
—Capet®t01¢ = Zt3 4 Zt3 4y + ~t1 13

(42) Fo(t)a = ¢ O -

Decoupling the Kéhler parameter of the fiber should be done such that the
classical volume of a four cycle in the new geometry is finite, from:

3
(4.3) Op Fo(t)]a = §t% +tp,
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we see that this requires a modification of the Kéahler classes first. The
following change:

1
(4.4) t1 —t1 + §t2 ,  tog = ta,

gives the new classical prepotential:

3 1
(4.5) Fo(t)|a = it? - Et%,
which now gives
1
(4.6) O, Fo(t)]a = —gt%,

the classical triple intersection in the CY manifold obtained from taking this
limit becomes effectively

1
(4.7) Ciitla = 30

the geometry is O(—3) — P2

Picard Fuchs equation. A good local coordinate for the moduli space
of the mirror CY manifold centered at the large complex structure point is

given by!?:
o a1a2a3
(4.8) z = a3
The Picard Fuchs equation reads:
d
(4.9) L=0%+32304+1)(30+2)0=L.00, 6=z,

the relation between the two operators is the one discussed in Section 3. L.
is the operator (3.13) for I'g(3) with a = 27z.. The solutions of

(4.10) Lo=0>—32.(30+1)(30 +2),

are given in Appendix B.

2Here z = —2z,, see Ref. [6] and references therein for background material.
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A full discussion of the solutions of £ is found in Ref. [57]. At large
complex structure these have the form

2
@1l =0 ¢ %—t+-~-):(7ro(z) m(z) m(2),

such that their monodromy matrix under ¢ — ¢t + 1 is given by
1 00
(4.12) My=|110
0 1 1
The classical piece of the period mirror to the four cycle volume is expected

to be:

(4.13) OrFy(t) = —étQ,

hence my ~ % is identified with —30;Fp(¢). From this we can obtain the
prepotential.

Relation to periods of the curve. The relation to the periods wqg,wi of the
curve is obtained by

(4.14) Hﬂl‘zz_zc = wo(zc) y 972’,2:—26 = wl(zc) y

which gives in particular

_ Oy oy

4.1 = S|, = =% =-3Fy,
(4.15) T 97r1| . e 3y
this leads to

or
4.16 O = —0; = —3C1:0; .
( ) L= o ttt

Moduli space as a modular curve. Following the mirror construction of
Ref. [47], the family of mirror curves is given in the following form

3 (1 —24z.)3
4.17 1—2.— =0 ] = 0.
( ) x+ ZC y +y I ](ZC) Zg(l _272:@)



436 M. Alim, E. Scheidegger, S.-T. Yau and J. Zhou

This is the Hessian family, see e.g. [46]. It is 3-isogenous to the other version
of the Hessian family in homogeneous coordinates

_ , 1+ 21625)3
xi + 3 4 25 — ZH1/3£U1352333 =0, Jj(zn)= ( 1)

(4.18) " oap(1—27z)3°

Ly =02 —32(30., +1)(30., +2).

These two families are not isomorphic, but they share the same base
as the modular curve X(3). Interestingly, if we denote oy = 27z, then it
is related to o = 27z, by the Fricke involution, due to the fact that these
two families of elliptic curves are 3-isogenous. See Refs. [42, 46, 49] for some
related discussions on these two families.

4.1.2. Special polynomial ring as ring of quasi modular forms. To
fix the special polynomial ring we choose the following rational functions in
z in the construction of the ring (2.47)3

4 1 ~ 1 ~ 1
(4.19) Sﬁz:—g‘f‘aa h§z=@, hizzzﬁv

with A = 1 + 27z. In the notation of Section 2, the generators are T, G and
Cy, their relation to the generators of the differential ring of quasi modular
forms of Section 3 is

(4.20) Ty = %, Gi=A and Cy= gz

We obtain the following ring

(4.21) 9-Co = G5 Oy,

(4.22) 0,C1 = % (201 T+ G3 (gg . 1)) ,
T2 4

(4.23) 0, Ty = ?2 - %

The holomorphic limit of Ty, T and Ko vanishes with this choice. Further-
more since X = 1 for non-compact geometries we get Ko = (1 + Cp)~*. The
algebraic coordinate z. is expressed as

_ 1 G
211+ Cy

(4.24) Zc

13Multiplying (dividing) lower(upper) indices by z.
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Genus 1. The genus 1 amplitude is found to be

(425)  FO =~ L log (00°2(1 4 272)) = - log GG\
12 12 27(1 + Cp)?

Examining the orbifold expansion in terms of the algebraic coordinate ¢ =
z~1/3 and using the knowledge (3.18) of the analytic continuation of 6t =
wo ~ 1, we can check that FM) has no logarithmic singularity in ¢ and
hence no particles of an effective theory become massless at this point. We
can furthermore compute

1
(4.26) o, F = —5(1+ Co)G3 Ty,

giving f! =0 in Eq. (2.55).

4.1.3. Higher genus amplitudes and duality. The anomaly recursion
in terms of the generators (2.51) becomes:

OF9) 1 91 1
(4.27) =Y o FM g P 4~ 9,0, FY.
o1y 2 1 2

Together with the initial amplitude (4.26) the higher genus amplitudes can
be obtained up the the addition of the holomorphic ambiguity which only
needs to take into account the singularity at the conifold expansion locus
and is of the form:

2g—2

(4.28) AW =" a,Cf,
=0

the 2g — 1 coefficients a; can be fixed by first using the duality discussed
in Section 3 and then implementing the vanishing of the subleading singu-
larities in terms of the right flat coordinate at the conifold. This has been
done using methods of analytic continuation in Refs. [21, 42], the use of the
duality operation simplifies this considerably. A simple counting then shows
that this model can be recursively solved.

For example F can be computed to be:

(1+Co)* T (3GT —9GT T» + 10T%)

4.29) F® —
(4.29) 432 GS

+aop +a1Co + ag C2

the coefficients ag, a1 and ay will be fixed using the duality in the following.
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Duality action and conifold expansion. The Fricke involution (3.28)

on this choice of generators becomes':

1
(4.30) T2—>37'2T2, G1—>—i 37’G1, Co—)a
0
The relevant flat coordinate at the conifold corresponds to the analytic con-
tinuation of the period F;, we introduce the following normalization for

convenience:

1
—F,,
i3v3 '

The duality operation will give the expansion of F(9) in terms of the modular

(4.31) te =

coordinate 7 centered at the new cusp. To obtain the expansion in terms of
F; we look at the following relation:

1 Gy
4.32 O F = —= L
which follows from the definitions and becomes after the duality transfor-
mation:
1 1 CoGY
(4.33) Oyt = 01

787’ = a5 s
i3v3 T 211+ Gy

this latter expression admits a Fourier expansion in ¢, = exp(27it), which
can be integrated and inverted to give:

33 19¢d
(4.34) Gr(te) = to— 26 4 20 4 e

5
5 5 3 +O(t)).

In terms of t., the singularity in F(9)(t,) is expected not to have subleading
terms. This together with the contribution from constant maps can be used
to fix the higher genus amplitudes. For example at genus 2 we find the

answer:

(4.35)

F(Q)i(1+C’0)2T2(3G‘11—9G%T2+10T22)_ 7 ., 1
B 432 GS 17280 4320 % 1080 °°

Applying the duality transformation we find:

14 8trictly speaking it is the non-holomorphic completion of fg = g transforms

this way.



Special polynomial rings, quasi modular forms - - - 439

F1(72) - . 2,16

+360(Cy + 1)2C3T2 + 400(Cp + 1)2T23) :

((1103 +28C) + 16)C% + 120(Cy + 1)2CL Ty

with the expansion

(4.37) ; . )
1 1 t 3187t 239¢ 19151¢
F(Q) t) = — c _ c c c O t5 .
D () 58320¢2 + 51840 + 720 518400 12960 483840 +0Ute)

Higher genus amplitudes can be obtained easily by this procedure, since
those are rather lengthy we will only display genus 3 results in Appendix C.

4.2. Local E,, geometries

In the following we shall consider the mirror manifolds (B-model) of the
canonical bundles of P? and del Pezzo surfaces dP,, n = 5,6,7,8 (A-model).
These are non-compact CY threefolds, given by a set of polynomial equations
Wg, = 01in certain weighted projective spaces in Ref. [48]. For these B-model
geometries, as shown in e.g. Ref. [48], the Picard—Fuchs equations factor in
the way described in (3.30). The corresponding families of elliptic curves
are called of E, type in the literature, see e.g. Refs. [52, 53], and will be
recalled below. In this work, we shall refer to the B-model non-compact CY
threefolds as local E,, del Pezzo. Mirror symmetry for these geometries and
some related discussions can be found e.g. in Refs. [48-53, 58].

4.2.1. Initial data.

Families of non-compact CY threefolds. The non-compact CY threefold
families are defined by the following charge vectors, see for example Ref. [48].
These charge vectors correspond to the Mori generators on the A-model
geometry and give the PF operators of the B-model geometry:

N=1": 10 =(-6321-1,1),

(

(4.38) 2 (
3: 18 =(=3;1,1,1,-1,1),

4. (

=2 =2 =
I
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We recall
dy = 432,64,27,16, for N =1%,2,3,4,

respectively. From the Mori generators we obtain the following Picard—Fuchs
operators:

(4.39) £ =00,

with ES\[) being the Picard—Fuchs operators for elliptic curves as shown
in (3.13)1°:

(4.40) L) =67 —dy 20+ 1/r)(0+1—1/r),

with r = 6,4, 3,2 for N = 1%,2, 3, 4. These operators have regular singulari-
tiesat z =0, z = % and z = oo on the moduli space, corresponding to the
large complex structure limit, conifold and orbifold point, respectively. A
pair of linearly independent solutions near z = 0 is given by the hypergeo-
metric functions (3.14)

(4.41)

7
wongllr,l—lr;l;sz, W1:72F117’,1—17”;1;1—d]v2.
(1/ / ) Wi (1/ / )
The normalization is chosen so that 7 = 2. The monodromies about z =

1 o
0, d. 00 are

(4.42) My — (é 1) — T M, = (_1N ?) _ _STNS, Maw = My Mo,
respectively, where S and T are the standard generators of I'(1) = SL(2,7Z).
Hence the monodromy group is I'g(IV) if N # 1, and coincides with the mod-
ular group. For N = 1*, the monodromy group is I'(1). However, there is an
additional Zs symmetry z — 1 — d;z under which the corresponding elliptic
curves are isomorphic. This can be shown e.g. using the analytic continua-
tion formulae for o F}. As a consequence, the modular group is actually the
subgroup of index 2 in I'(1) generated by 72 and T~1S, denoted by T'o(1)*.

5Here the coordinate z is chosen to be the same as z,.
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Families of the elliptic curves of Ey, type. Now we are going to explain
more details about the families of elliptic curves of F,, type mentioned at
the beginning of the section. The explicit equations, j invariants, as well as
the Picard-Fuchs operators are summarized as follows, see Refs. [48, 52, 53]
for more details.

1
:U% —i—:n% — 2z ax9xy =0
E5Z

2 2 -1
xh+ax5—2z 1xqzs =0
(4.43) S

(1+ 2242 + 25622)3
j(z) = TR
z(1—16z)

L=60%—42(20 4+ 1)

The base of this family of elliptic curves is the modular curve Xy(4). It has
three singular points: two cusp classes [ioo], [0] corresponding to z = 0,1/16
respectively; and the cusp class [1/2] corresponding to z = oco.

Ee¢: 23 + a3 + 23 — Z_é.CUl:EQZCg =0,

(4.44) (14 2162)3

(2) = "=, L=0>-3230+1)(30+2).

0= (30 +1)(30 +2)
The base of this family of elliptic curves is the modular curve X(3). It has
three singular points: two cusp classes [ioco], [0] corresponding to z = 0,1/27
respectively; and the cubic elliptic point [ST~1(p)] corresponding to z = oo,
where p = exp(27i/3).

Er: a4+ ad+ 23 - 2Tz moxs = 0,
(4.45) (1+192z)3
i(2) = ~—— . L=0%—42(40+1)(40 + 3).
i) = 46+ 1)(46+3)
The base of this family of elliptic curves is the modular curve X((2). It has
three singular points: two cusp classes [ioo], [0] corresponding to z = 0,1/64
respectively; and the elliptic point [ST1(i)] corresponding to z = oc.

Eg: 33(15 + l‘% + x% — zféxlajgxg =0,
(4.46) ) 1

j(z) = S0 1325) L=0%—122(60 +1)(60 +5).

The base of this family of elliptic curves is the curve Xo(1)*. It has three sin-
gular points: two cusp classes [ioo], [0] corresponding to z = 0,1/432 respec-
tively; and the cubic elliptic point [p] corresponding to z = oco.
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Genus 0: Yukawa couplings. In the above we have identified the moduli
spaces of the local FE, del Pezzo geometries with the bases of the cor-
responding E,, curve families and thus the modular curves Xy(NV), with
N =4,3,2,1" whenn = 5,6,7,8, respectively. From the Picard-Fuchs equa-
tion of the E, elliptic curve families, we get

1
4.47 C,=-— NOyw, = ———
( ) z /Ez Wz Wz Z(l — dNZ) )
where w, is the holomorphic one form on the elliptic curve E,. From this
and the following equation

1 dz 1

(448) CZﬂ'iT = %E zﬁ

=1,

we get (3.21). The above equation (4.48), see e.g. Refs. [22, 52, 56], represents
the fact that there is no quantum correction to the Yukawa coupling of
elliptic curves. It follows that the Yukawa coupling for the corresponding
local E,, del Pezzo is given by

K

4.4 2zZz = 374 3 N\
(4.49) = 23(1 —dnz)

where « is the classical triple intersection on the A-model CY geometry, as
described in (2.35). Therefore, we have

KR

(4.50) Crit = G —da)

Genus 1. The topological invariants for the corresponding A-model non-
compact CY threefolds can be found in [48, 49]'6

k=n-—9, 2 =—-124+2(9 —n),
3= x = —2h(En),  h(Ey) =8,12,18,30.

Near the large complex structure limit, the genus one amplitude, denoted
by Fl(? , is given by

C

1
(4.51) FY = ) log 0t + log(1 — a)%®.

les

16The Chern number ¢, is the integral of the Chern class previously denoted by
J ¢2J in (2.19).
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The constant a is universal and is given by a = —

-4,
(112, this is the analytic continuation

while b = — 5% . Now we

will compute the singular behavior of F,

of Fl(cls) to the orbifold point. In each case above, according to (3.18) we have

near the orbifold point a = oo,

(4.52) 0t = wo ~a " (1+O(a"7)).
Hence
(4.53) X )
Fyy ~ ~1z 08(0™)* (14 0(a™9))(1 = a)a? ~ — 5 loga™F17.

Changing to the local coordinate i = o~ near the orbifold point, we then
have

(4.54) FY) ~ 10y %) = - log ()

The numbers h(E,) = 6 —r(1 + %) for n = 5,6,7, 8 cases are given by 8,12,
18, 30, respectively, they are the dual Coxeter numbers [48, 49] of the Lie
algebra FE,,. Due to the singular behavior of the genus one amplitude, the
higher genus amplitudes will be singular from the polynomial recursion
obtained from holomorphic anomaly equations. This higher genus singu-
larity appears implicitly in the ambiguities determined in Ref. [50]. The
expansions of the higher genus amplitudes which we obtain in terms of the
flat coordinates in this region exhibit singular behavior, the systematics of
which will be discussed elsewhere.

4.2.2. Special polynomial ring as ring of quasi modular forms.

Similar to the local P? case, for these local E,, del Pezzo geometries, the spe-

cial polynomial ring (2.47) constructed out of special geometry will reduce to

exactly the ring of quasi modular forms (3.25) constructed using the arith-

metic of the modular curves with suitable choices of holomorphic functions.
Recall that for local E,, geometries, we have the following table:

n | o 6 7 8
4 3 2 17
-4 -3 -2 -1
dy | 16 27 64 432
r 2 3 4 6

(4.55)

x
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In terms of the quasi modular form generators in (3.25), we have the follow-
ing expressions for Yukawa coupling and genus one amplitude:

K KAT3
(456) Cttt = A3(1 — Oé) = B

]. r rco r reo
(4.57) F“k:—imgA+kg<B*§c*ayA7m )

1 1 1 c 1 c
4. FO— gy A2 (— -2 (1 2y cr—B)A™") .
(4.58) 0 4r + 12 24 (12'+'24)(C7 )

We make the following choices for the ambiguities in (2.47):

la-—p ~ 1 ~ a 3a—p
4.59 l=———, h,=—>=, hi, =-
( ) zz + 27" 5 ) zz (27,)262 ? zzz 6 2,,, B ?
where o = dnyz and 8 = A =1 — « as before. It follows then
1 1 T

Ti= g B =gy =
(4.60) m ;y

Gi=A, Ky= 2 = (1+Cp)7 1,

The other generators vanish in the holomorphic limit. It is immediate to
see that for these special choices of ambiguities, the special polynomial
ring (2.47) is equivalent to the ring of quasi modular forms (3.25) for each
of these geometries. Below we briefly summarize the results.

Local Ey del Pezzo. Holomorphic ambiguities:

3 1 ~ 1 ~ 1 1
(461) Siz 5 + AN hiz = @ ) hjzz - + E
Special polynomial ring generators:
1 C? W

Differential ring structure:

(4.63) 9.Co = G3Cy,
1 Co—1
4. = (1 H
( 64) 0,G1 4<6G1T2+G1 <C()+1>> ,
G4
(4.65) 0. Ty = (1615 o F

4 16
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Local Eg del Pezzo. Holomorphic ambiguities:

4 1 ~ 1 - 1
(466) Siz:_i—i_ﬁA’ hiz:@7 hjzz:ﬁ

Special polynomial ring generators:

c3 B3

1 -1
(467) TQZEE, Cozﬁ, Gi=A, K():ﬁ:(l—l-Co)
Differential ring structure:
(4.68) 0,Co = G2Cy,
1 Co—1
4.69 0.G1 = — [18G1 T» + G} ,
e (e (35))
1 Gi
4. T 1872 - 1
(4.70) 0;1h = 6 < 815 18>
Local E7 del Pezzo. Holomorphic ambiguities:
5 1 ~ 1 ~ 1 5
4.71 L =—+—, h,=—=, hi, = —.
( 7) SZZ 4+8A7 zzZ 64A27 zZZZ +8A
Special polynomial ring generators:
1 ct B
4.72) Ty=_—F = — =A, Ky=—7=(1 !
(4.72) 2=16E CGo=51, & , Ko=—3=0+C)
Differential ring structure:
(4.73) 9-Co = G35 Oy,
1 Co—1
4.74 0,G1 = [16G1 Th + G3 ,
4 (et (G))
G4
4. T 1675 — —
(475) 0.y = J(1673 — T
Local Eg del Pezzo. Holomorphic ambiguities:
7 1 ~ 1 ~ 1 3
4. =—+—, h,=——=, hi, = —.
(4.76) =TT T A =T Tmaaz =T 3T IA
Special polynomial ring generators:
1 C* B¢
4. T,=—-F = — =A, Ky=-—"—72=(1 !
(4.77) 2=, G=45 &1 , Ko=—5=0+C)
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Differential ring structure:

(4.78) 9.Co = G3 Oy,
(4.79) 0,G1 = o <12G1 T+ Gy <Co n 1)) ,
_ 1o Gi

4.2.3. Higher genus amplitudes and duality. Similar to what we did
for local P? case, after we have identified the moduli spaces with modular
curves, we could use the polynomial recursion, combing the Fricke involution
and boundary conditions (2.19), (2.22) to fix the ambiguities in F(9) for the
local E,, del Pezzo geometries. As in the local P? case, when considering the
holomorphic limits of topological string amplitudes, effectively the Fricke
involution (3.28) acts on these generators according to
(4.81) Ty — N72T5, G1—>\/Z,NTG1, Co—>éo.

The same procedure determines the topological string amplitudes. In the
following, the genus 2 expressions are given including the expansions in
terms of the vanishing period ¢, near the conifold point A =0, genus 3
expressions can be found in Appendix C.

Local Es5 del Pezzo.

2754 T3CE + Cf + 16x + Co(119 + 16x) | (109 — 500, + CF) T

2
92160(1 + Co) * 115262
_ (23+24Co + CF) T3 L 1o+ Co)*T3
24G1 3GS ’
@)\ 1 —35—x  1733t.  99421t.2  3349t.3
Fp'(t.) = — _
b (L) 060t 5760 ' 491520 58082400 | 4718502
10556017,
_EEEe L O
38050725888 T Olte)

Local Eg del Pezzo.

—500 — 28Cy — 16C2 — 27x (13 —2Co + C§) Ty
155520 144G?
(11+14Cy +3C3) T35 15(1 + Cp)>T3
- 16G% 8GY ’

2 —
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FO 1) = L 3866 —8ly = Gdlt. 5129587t.2  1287599¢.3

b el r20¢,2 466560 174960 3401222400 = 2295825120
451320911¢.* 5
- L O(t).
2312191720060 ~ O Ue)

Local E7 del Pezzo.

—1835 +36Co — 133C2 — 64 (493 + 14Cy + 61CF) Tp

2 —
368640 4608G?
(47 + 64Cy + 17C3) T3 N 5(1+ Co)?T3
96G1 6GS ’
FO @) = — L 217332 187776 8668429t 1382167t
Dl 480¢,.2 184320 5242880 7549747200 = 4026531840
37720723573t 5
- o).
380639433003120 + OUle)

Local Eg del Pezzo.

() _ 1825+ 36C 299C2 — 36x 5 (294 6Cy +5CZ) Tn

207360 1152G?
(254 36Co + 11C3) T3 5(1 + Co)>T3
96G1 24GS
) (t) = — 1 N —3011 —27x  21151¢, 223349623t
bAe 240t,.2 155520 5971968 290237644800

101569651t 820546280317t .4
626913312768  25277144770805760

+0O(t2).

In the above, we have normalized so that the vanishing period t.(A)
has the form t.(A) = A + O(A?) near the conifold point A = 0. From these
expansions one can see that for each of these local E,, del Pezzo geometries,
at genus 2, the gap condition takes the form F 1(32) (te) = 5 401;-;7&5 + O(tY).

As a consistency check, we have checked that all of these modular func-

tions reproduce the integral Gopakumar-Vafa invariants listed in [50].
4.3. Compact geometry
It was shown in the previous examples that the special differential poly-

nomial ring defined in (2.47) gives the rings of quasi modular forms for
non-compact geometries with a duality group for which these are known.
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In the following we will define the analogous differential ring in terms of
the analogous coordinates for the example of the quintic, a compact CY
threefold. Mirror symmetry for the quintic is the classical example, studied
in detail in Ref. [4]. The polynomial structure of higher genus topological
string amplitudes for the quintic was put forward in Ref. [19] and used in
Ref. [23] together with the boundary conditions to enhance higher genus
computations. The generalization of the polynomial construction [20] gives
slightly different generators. The freedom of adding holomorphic functions
to the generators was discussed in Refs. [21, 22] and used in [22] to discuss
the rationality of the holomorphic functions appearing in the polynomial
setup. A ring of functions for the quintic as a generalization of the Eisen-
stein series was proposed in Ref. [59]. The discussion in this work suggests
that it is the same ring.

4.3.1. Special polynomial ring. A discussion of mirror symmetry for
the quintic can be found in Refs. [4, 28]. The Yukawa coupling is given by'”

5

(4.82) Coma= 3. A=(1-31252).

We fix the holomorphic functions appearing in (2.47) as in Refs. [6, 22]:

3 . 1 - 1 ~ 9 9
483) 5. = —2 B = hy=m——— ho= e k= —.
(4.83) so.=—5 h=pxs he=-gpn he=gans e =gp

The generator of rational functions (2.48) becomes:

31252

4.84 __oteoz
(4.84) Co= 131255

giving the special ring relations:

(4.85) 9,Co = Co (1 + Cp) Ko G?,
(4.86) 9. Ko = —2Ko Ky — CoK2 G?,

3
(4.87) 9,G1 =2G1 Ky —5G1 Ty — 5K0G§,

2 9
(4.88) 0, Ky = 3K3 — 15Ky Ty — 25T + 5 K2GT— (5 + Co> KoG? K, ,

17For the mirror quintic in terms of an algebraic coordinate on the moduli space,
and adopting the convention of multiplying lower tensorial indices by z.
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1
(4.89) 0.Ty = 2Ky Ty — 5T5 + 10Ty + — (1 + Co) K3G1,

25
9
(4.90) 0,Ty = 4KoTy — 15T, Ty + 10T — <5 + 00> KoG3Ty
K,
“ o i el +C“) 0 Gt
5
(4.91) 0,Ts = 6Ky Ts — 30Ty Tp + in o KO G1Ty

9
78125(1 + Co)K§ G — <5 - C’o> KoG? T

4.3.2. Higher genus amplitudes. The higher genus amplitudes can be
obtained from Eq. (2.51), starting with the initial data of genus 1 which can
be fixed using the topological data needed (2.18) '®

31 1
4. 2 — ]_ = —2 e — —_
(4.92) n=1, x 00, s=-15, T=-13
which gives in terms of the generators
1
(4.93) FU = — 5 log (3125725(1 + Cp)*CF K§* GY)

leading to the initial correlation function

(5Cy — 107)G? K¢ + 560K2 + 150T2

1) _
4.94 F
(4.94) t 60G3 Ko

Using the boundary conditions, the genus two amplitude for example can
be determined to be:

(4.95)

1
e — (25 65C2 — 46C, + 2129) GLK3T, + (30C3 + 113C2
36000 K2 GO ( )

—488C) — 571)G§5K3) + (5000G%K0(6(00 — )T

36000 K3 GY
5(107 — 5Co)Ty) + 62500(3T5 — 60757y + 112OT6)) .
We have thus shown in a compact example the general properties of the

special polynomial ring which we defined and the expressions of higher genus
amplitudes in terms of these generators. The study of the analog of the

18See Ref. [6] and references therein.
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duality action and a more careful analysis of the arithmetics of the moduli
space parameterized in terms of 7 will be addressed in the future.

5. Conclusions

We studied differential rings of polynomial generators, defined using the
special geometry of the moduli space of a CY geometry and in terms of
which the topological string amplitudes with this CY as a target manifold
can be expressed. The polynomial generators we use are those defined in
Ref. [20] as a generalization of those in Ref. [19]. The definitions in Ref. [20]
only use the special geometry as an input and can thus be used for any
CY target. We defined new generators based on these and made a special
choice of coordinate 7 on the moduli space. These constructions allowed
us to assign a new grading to the differential ring of generators such that
the derivative w.r.t. 7 strictly increases the grading by 2 and such that the
functions obtained from the topological string amplitudes with n insertions
F,ﬁg) have degree —n.

In a number of examples we showed that the special ring which we
defined in generality coincides with the ring of quasi modular forms where
the latter are known. The grading becomes the modular weight and using
the polynomial form the BCOV anomaly we can construct F¢) as quasi
modular functions for these examples. We studied the action of the Fricke
involution on the quasi modular forms and showed that on the level of the
topological string amplitudes it exchanges the large complex structure and
the conifold expansion loci, giving a form of an electric-magnetic duality.

Motivated by the results relating the special ring of generators to the
quasi modular forms in the known examples we constructed the analogous
ring for the example of the quintic. Since the construction of the special ring
only relied on manipulations of the special geometry this paves the way to
exploring the analogs of quasi modular forms for many more examples. For
the moment we only provided the analogous differential ring of functions
awaiting a more thorough study of the duality group of the quintic and
duality groups of other compact target spaces.

The exchange of cusps of the moduli space for Riemann surfaces as a
geometric origin of N' = 2 dualities has been explored in much more detail
in Refs. [26, 27|, it would be interesting to attach generating functions of
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BPS degeneracies to a given family of theories and express these in terms
of quasi modular forms, the action of the Fricke involution on these should
encode non-trivial wall crossing phenomena.

For general compact CY threefolds, it is challenging to identify the mod-
uli space of complex structures M with certain modular curves. This is basi-
cally due to the lack of a good understanding of the global Torelli theorem
which asserts that the period map is an one to one map from the moduli
space of complex structures to the period domain which carries modular
group actions. We hope to explore more of the arithmetic properties of the
special geometry ring for compact CY threefolds in the future.

The use of the coordinate 7 on the moduli space was motivated to estab-
lish the relation to known modularity in non-compact examples [17]. The
non-trivial map between the exponentiated Kéahler moduli ¢ = exp(2it)
and ¢, = exp(2miT) begs for an explanation of its enumerative and physi-
cal content, so do the ¢, expansions of the topological string amplitudes.
T in the non-compact cases corresponds to the flat coordinated on a lower
dimensional geometry, the mirror curve, which has an interpretation as an
open string moduli space [61]. For more general compact geometries, 7 could
perhaps also be related to some open string data captured by a lower dimen-
sional geometry along the lines of Ref. [62] and references therein.
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Appendix A. Modular forms
We summarize the modular objects that appear in this work. We define (in

the literature the choice for ¢ is a matter of convention, in our paper we
shall take ¢ = exp 27iT)

(Al) 9 [a] (Z, 7_) _ Z qé(n+a)262m'(n+a)(z+b) )

b
neZ
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The following labels are given to the theta functions:

[1/2] )
(AQ) 91 (Z, 7—) =9 / (u’ 7—) — Z ( 1)nq§n 27rznz7
-1/2- ne€Z++
(A3) 02(2, 7') =9 1é2 (u’ 7—) — Z q%n2627rinz 7
L g ne’Z+3
(A.4) O3(z,7) =¥ 8 =Y gi e
L i nezZ
(A.5) 04(z,7) =1 1(/)2 (u,7) = Z(—l)”q%"Qe%i”z,
L i neZ

We also define the following #—constants:
(A.6) O2(7) = 02(0,7), O3(1) =05(0,7), 0O4(7)=02(0,7).
The n—function is defined by

(A.7) *H (1—¢"

It transforms according to

im 1 T
w8 arrn=ciin, u(-1) =/ Tam.
The Eisenstein series are defined by
2% o0 nkflqn
A. E =1-—

where By, denotes the k-th Bernoulli number. Fj, is a modular form of weight
k for k > 2 and even. The discriminant form and the j invariant are given
by

(A10) A(T) = 1o (Ba(r) = Bo(r)?) = (),
(A.11) j(r) = 1728 Ba(r)”

E4(7)3 — Eg(7)%
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The following equalities are used a lot throughout our discussions

(A.12) 0-logn(r) = iEQ(r) ,
(A.13) Or log VIm 7l (r)[* = iﬁ(fﬁ)-

: 1 0
where again by d; we mean 5 -.

One can associate to any lattice A a theta function,

(A.14) OA(T) = Ze%iéllxu%,

zeEA

see Ref. [44] and references therein for details on this.

In the following we give the f#—expansions for the generators of the ring
of modular forms and their relations to the Eisenstein series for the groups
[o(N), with N =1*,2,3, 4:

(A15) N =1": A(r) = 0} (7).
(A.16) A(r) = @1%4 (r), B(r)= 92(27’) , C(r)= 2_%03(7) )
(A.17)

N=2:
N=3:Am= Y ¢ — e
(m,n)ez?

= 05(27)02(67) + 05(27)03(67),

m—n

B(T) _ Z 627ri 3 qmz—mn—f—nz’

(m,n)€z?
C(r) = Z qm2fmn+n2+m—n+§

(m,n)ez?
1 T

= §(A(§) —A(7)),

_ o 2/3

=9 0] (0,27) 9 [ 0 ] (0,67)

1/2 1/6
+ 7 01(0,27)79[0](0,67).

(A18) N =4: A(1) = Oy,g4,(7) = 9%(27‘), B(1) = 63(27),
C(1) = 63(27) .
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The generators for the N = 4 case should be compared to the ring of even
weight modular forms with respect to the principal congruence group I'(2),
which is generated by any two of 03(7),05(7),03(7) since 03(7) = 05(7) +
01(7). Note that the group I'(2) is isomorphic to I'g(4). The are also some
nice relations among these generators and the ordinary Eisenstein series
Ly, Eg:

(A.19) N=2: B*+4C*=E,, A*(B*-8C*% =Es.
(A.20) N=3: A*4+8AC3=FE,, A5—-2043C®-8C°=Fs.
(A.21) N=4: B'+16B*C*+16C" = Ey,

B% —30B*C? — 96B%C* — 64C° = E .

Appendix B. Monodromy group and periods of the mirror
curve for local IP2

In the following the solutions of £, around various points in moduli space
will be studied, z. will henceforth be denoted by z.

B.1. Around z =0

Solutions of the operator L. can be found by making a power series ansatz
o0
f(z) = Z am 2™,
m=0

and solving the recursion

27(m — 1/3)(m — 2/3)

(B.1) = 3 Am—1 ,
which is solved by

_ 1 . T'(m+ 1/3)T(m +2/3) m
(B2 wol®) = 5amrem) %: T(m+ 1)2 (272)"

a second solution can be found by using the Frobenius method:

i

1 d (T(m+p+1/3)T(m+p+2/3 mtp

m p=0
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which gives

B.3)  wi(z) = iwo(z) log(272)

271
= T'(m+ 1/3 L(m +2/3)
+

2mf‘ ; T(m+1)2

X (\I/(m—|—1/3) U(m+2/3) —2¥(m+1)),

(272)"

These solutions can also be given in a compact form using hypergeometric

functions:
12
wo(z) = 2F1 <3, 3,1,27»2) )
(B.4) ()= —om (220 1- 272
. wi(z
1 7 T )
the normalization has been chosen such that w; = %wo logz+ ... and the

monodromy becomes

(B.5) mﬂz(iﬁ).

The modular parameter of the curve in this region in moduli space is given
by 7=t

The solutions wp(z),w1(z) can be written as Barnes integrals which will
enable us to find the analytic continuation to the z = oo locus. These expres-
sions are given by, see for example Ref. [63],

(B.6)

B B B PR I Gt (P )
) = 5 IR oy g () <
(B.7)
wl(z)—4w2r(11)r(2)/cf( PT(s+ 2)T(s + 2)(272)°, Jarg (—2)| <

3 3
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B.2. Around z = 1/27

Choosing a coordinate y = 1/27 — z we can compute the monodromies around
this expansion locus. The periods become

1 2
= o[
2
B. F! 1.2
(B.8) wi(y) = \/32 1(3 g by Ty),

with monodromy

1 -3
B. M,_ = .
( 9) z=1/27 ( 0 1 >

The modular parameter in this case is given by

1wy 1
B.10 -2 _ =
( ) D 3 w1 3T

The transformation from 7 to 7p is

0 -1
o ve-(2 )

B.3. Around z = c©

B.3.1. Solving in local coordinates. Using the local coordinate x =
27! the operator £, becomes

(B.12) Lo=x62—27(0, —1/3)(0, —2/3),

acting with this operator on the ansatz f(x) = Y~ amz"1P, where p € Q
is determined by solving the indicial equation. We find p = 1/3,2/3. We find
two solutions:

o

fo(z) =

1/3F (2/3) I'(m+1/3)? (E)m
(1/3)2 2= T(m + 1)[(m + 2/3) ’

2/3 I'(4/3) — ['(m +2/3)? <£)m
I'(2/3)? £= T'(m + 1)I'(m + 4/3) '

(B.13) fi(z) =
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These solutions diagonalize the monodromy around z = co. As x — €™z,
the solutions transform according to:

fo(x) i3 folz)
(B‘14) ( fl(-l") ) - ( 0 6471'1'/3 ) ( f1<$) ) :

B.3.2. Analytic continuation. In the following we analytically continue
wp(2),w1(z) and express these in the basis fo(z), fi(x). Using the expressions
in terms of Barnes integrals in Eq.(B.6) and closing the contour on the left
we find (o = e~"7/3):

o T(1/3) a? I'(2/3)
@) = 3 a3 0@ = F g )
i T(1/3 i T(2/3
B15)  wile) = S mn S (o) - L R ).

Knowing the monodromy of the solutions fy(z), f1(z) we can now compute:

wo () 1 3 wo(x)
wo (22)-(1 3)(22)

We verify:

~1
1 3 1 -3 1 0
B.1 _ . ,
s (55) (07 ) ()
Hence the monodromy subgroup of SL(2,7) is I'o(3).
Appendix C. Higher genus amplitudes

C.1. Local P2

(C.1)
#0) _ 5359C3 + 12572C3 + 9722C2 + 2668C) + 157
8709120
(211C§ + 557C3 + 500C3 + 169Cy + 15)G1T
51840G1?
N 2(Co + 1)2(293C2 + 277C, + 45)GS T
51840G12
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2(Co +1)%(529CE + 678Cy + 173)GSTS

51840G12
N 40(Co + 1)3(20Cy + 13)G{Ts — 500(Co + 1)*G2 T3
51840G12
200(Co + 1)4T%
51840G12 -
FO 1) = 1 B 1 e 23855t7 55713
D Y7 505213922 117573120 54432 246903552 1259712

15575867t 5

——— < L Ot

sa65264610 T O

C.2. Local Eg del Pezzo

(C.2)
e _ 50 +C)'T¢ 5(1+C0)' TS
16G12 12G1Y
L Co)? (175 + 362 Co + 215 C3) Ty
768GS
(14 Co) (1865 Co + 2743 CF + 1234 C§ + 650) T3
- 10368GS
(13875 + 20716 Cp + 115394 CF + 52387 Cjj + 138540 CF) T3
* 1658880G7
(14 Co) (1263 Cy + 11997 CF + 11684 C§ + 1300) T3
B 2488320G2
o365 1 . 413 - 436981 2
41472 © 5760 89579520 2508226560
265373 5 1491431
627056640 ° ' 5016453120
3 1 _ 528257 1
Fp(t) = 35107145515008 4+ 4232632320 1451520 *
9393421 645246474275 ,  24963215980267 , 4

c

334430208 et 142216445952 ¢ 40633270272
11259598289900599 5
t O (t
152374763520  © +0 ()
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C.3. Local Ey; del Pezzo

C5(14+C) TS 5(1+Co)* (17 +13Co) T3
B G2 B 24G10
(1+ Co)* (2387 + 3582 Cp + 1855 C3) Ty
* 2304GS
(14 Co) (13057 + 23151 Cy + 31323 C§ + 13129 C3) T3
82944GY
(112685 + 17636 Co + 388806 C7 + 460484 C§ + 171029 C3) T3
* 8847360G1
(14 Co) (36625 + 20751 Co + 92651 Cf + 92325 Cf) T»
70778880G?
11269 14473 25157
1358054406 1698693120 ° ' 830803840
607447 5 1767811 1
11890851840 ° ' 47563407360 © _ 1451520 X

B 1 a 289321 1
67645734912 ¢ 2972712960 1451520
21932749 . 37014805643 p2 11337784009t 3
4227858432 ¢ 199766310912 ¢ 2113929216 ¢
9696390763877 L4 0 (1)

71345111040

F&(t.)

C.4. Local Eg del Pezzo

(C.4)
p@ _ 40501+ Co)'TS 45(1+Cp)’ (9+5C) Ty’
16G12 32G10
. (1+Co)* (21 +22Cy + 10C2) Ty
8GS
(14 Co) (993 + 1083 Cp + 1387 C§ + 529 C§) T3
3456GY
N (450 — 88 Co + 807 C§ + 838 C + 293 C3) T3
25920G1




460 M. Alim, E. Scheidegger, S.-T. Yau and J. Zhou

(14 Co) (255 + 142 Co + 258 CZ + 211 CF) T
466560G2
N 7 323 Co+ 1219 )
6718464 35271936 117573120 °
323 5 5359 A 1
* 95104240 ©0 T 705438720 70 ~ 1451520 X

B 1 - 443641 1
4821232752 € 4761711360 1451520 ©
12769 . 1128955631 L2 88674605 .3
4408992 © 19999187712 ¢ 102036672 ¢
7946436569147 5
T O (t
+ 685686435840 ¢ +0 ()

F(tc)

C.5. Local E5 del Pezzo

(C.5)
p _ 801+ Co)' % 10(1+Cp)® (11 +2Cy) T3
G " 3G{0
L Co)? (1007 + 312 Co + 145 C3) T
144G?%
(1 + Co) (3679 + 690 Cyy + 1605 C§ + 398 C) T
5184G¢
N (22325 — 10912 Cp + 15962 CF + 6552 C§ + 1689 Cfy) T3
552960G7
(5395 4 1586 Cp + 9926 C3 + 3228 CF + 1647 Cj + 298 C3) T

4423680G3 (1 + Cp)
1297 3569 1151 5 3847 3

84934656 212336640 * 247726080 ° * 1486356480
n 373 i 1 1 Co (457 + 220 Cp)
594542502 ° 1451520 © 6103152 (1+ 00)2

B 1 - 1 N 1429 229921
~ 1056964608 ¢ 1451520 X " 46448640 198180864 °
62419963 72381647 2724837497
t.2 — St O ()
3121348608 297271296 1114767360

F(te)




Special polynomial rings, quasi modular forms - - - 461

References

[1] N. Seiberg and E. Witten, Electric - magnetic duality, monopole conden-
sation, and confinement in N = 2 supersymmetric Yang-Mills theory,
Nucl. Phys. B426 (1994) 19-52, arXiv:hep-th/9407087 [hep-th].

[2] A. Klemm, W. Lerche, P. Mayr, C. Vafa and N. P. Warner, Selfd-
ual strings and N = 2 supersymmetric field theory, Nucl. Phys. B477
(1996) 746-766, arXiv:hep-th/9604034 [hep-th].

[3] P. Candelas and X. C. de la Ossa, Comments on Conifolds, Nucl. Phys.
B342 (1990) 246-268.

[4] P. Candelas, X. C. De La Ossa, P. S. Green and L. Parkes, A Pair of
Calabi- Yau manifolds as an exactly soluble superconformal theory, Nucl.
Phys. B359 (1991) 21-74.

[5] A. Strominger, Massless black holes and conifolds in string theory, Nucl.
Phys. B451 (1995) 96-108, arXiv:hep-th/9504090 [hep-th].

[6] M. Alim, Lectures on Mirror Symmetry and Topological String Theory,
arXiv:1207.0496 [hep-th].

[7] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Kodaira-Spencer
theory of gravity and exract results for quantum string amplitudes,
Commun. Math. Phys. 165 (1994) 311-428, arXiv:hep-th/9309140
[hep-th].

[8] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Holomorphic anoma-
lies in topological field theories, Nucl. Phys. B405 (1993) 279-304,
arXiv:hep-th/9302103 [hep-th].

[9] E. Witten, Quantum background independence in string theory, arXiv:
hep-th/9306122 [hep-th].

[10] M. Kaneko and D. Zagier, A generalized Jacobi theta function and quasi-
modular forms, The moduli space of curves (Texel Island, 1994), Progr.
Math., Vol. 129, pp. 165-172. Birkhauser Boston, Boston, MA, 1995.

[11] R. Dijkgraaf, Mirror symmetry and elliptic curves, The moduli space
of curves (Texel Island, 1994), Progr. Math., Vol. 129, pp. 149-163.
Birkh&user Boston, Boston, MA, 1995.



462 M. Alim, E. Scheidegger, S.-T. Yau and J. Zhou

[12] J. Minahan, D. Nemeschansky, C. Vafa and N. Warner, E strings and
N =4 topological Yang-Mills theories, Nucl. Phys. B527 (1998) 581—
623, arXiv:hep-th/9802168 [hep-th].

[13] S. Hosono, M. Saito and A. Takahashi, Holomorphic anomaly equation
and BPS state counting of rational elliptic surface, Adv. Theor. Math.
Phys. 3 (1999) 177-208, arXiv:hep-th/9901151 [hep-th].

[14] S. Hosono, Counting BPS states via holomorphic anomaly equations,
Fields Institute Communications (2002) 57-86, arXiv:hep-th/0206206
[hep-th].

[15] A. Klemm, M. Kreuzer, E. Riegler and E. Scheidegger, Topologi-
cal string amplitudes, complete intersection Calabi-Yau spaces and
threshold corrections, JHEP 0505 (2005) 023, arXiv:hep-th/0410018
[hep-th].

[16] M.-x. Huang and A. Klemm, Holomorphic Anomaly in Gauge Theories
and Matriz Models, JHEP 0709 (2007) 054, arXiv:hep-th/0605195
[hep-th].

[17] M. Aganagic, V. Bouchard and A. Klemm, Topological Strings and
(Almost) Modular Forms, Commun. Math. Phys. 277 (2008) 771-819,
arXiv:hep-th/0607100 [hep-th].

[18] T. W. Grimm, A. Klemm, M. Marino and M. Weiss, Direct Integra-
tion of the Topological String, JHEP 0708 (2007) 058, arXiv:hep-th/
0702187 [HEP-TH].

[19] S. Yamaguchi and S.-T. Yau, Topological string partition functions
as polynomials, JHEP 0407 (2004) 047, arXiv:hep-th/0406078
(hep-th].

[20] M. Alim and J. D. Lange, Polynomial Structure of the (Open) Topo-
logical String Partition Function, JHEP 0710 (2007) 045, arXiv:
0708.2886 [hep-th].

[21] M. Alim, J. D. Lange, and P. Mayr, Global Properties of Topological
String Amplitudes and Orbifold Invariants, JHEP 1003 (2010) 113,
arXiv:0809.4253 [hep-th].



[22]

[23]

[24]

[29]

[30]

[31]

32]

33]

[34]

Special polynomial rings, quasi modular forms - - - 463

S. Hosono, BCOV ring and holomorphic anomaly equation, arXiv:
0810.4795 [math.AG].

M.-x. Huang, A. Klemm and S. Quackenbush, Topological string the-
ory on compact Calabi-Yau: Modularity and boundary conditions, Lect.
Notes Phys. 757 (2009) 45-102, arXiv:hep-th/0612125 [hep-th].

B. Haghighat and A. Klemm, Solving the Topological String on K3
Fibrations, JHEP 1001 (2010) 009, arXiv:0908.0336 [hep-th]. With
an appendix by Sheldon Katz.

M. Alim and E. Scheidegger, Topological Strings on Elliptic Fibrations,
arXiv:1205.1784 [hep-th].

P. C. Argyres and N. Seiberg, S-duality in N = 2 supersymmetric gauge
theories, JHEP 0712 (2007) 088, arXiv:0711.0054 [hep-th].

D. Gaiotto, N = 2 dualities, JHEP 1208 (2012) 034, arXiv:0904.2715
[hep-th].

A. Ceresole, R. D’Auria, S. Ferrara, W. Lerche, J. Louis and T. Regge,
Picard-Fuchs equations, special geometry and target space duality, Con-
tribution to second volume of ’Essays on Mirror Manifolds’.

W. Lerche, C. Vafa and N. P. Warner, Chiral Rings in N=2 Supercon-
formal Theories, Nucl. Phys. B324 (1989) 427.

C. Vafa, A Stringy test of the fate of the conifold, Nucl. Phys. B447
(1995) 252-260, arXiv:hep-th/9505023 [hep-th].

M. Marino and G. W. Moore, Counting higher genus curves in a Calabi-
Yau manifold, Nucl. Phys. B543 (1999) 592-614, arXiv:hep-th/
9808131 [hep-th].

R. Gopakumar and C. Vafa, M theory and topological strings. 1.,
arXiv:hep-th/9809187 [hep-th].

C. Faber and R. Pandharipande, Hodge integrals and Gromov-
Witten theory, Inventiones Mathematicae 139 (1999) 173-199, arXiv:
98101173 [math.AG].

R. Gopakumar and C. Vafa, M theory and topological strings. 2.,
arXiv:hep-th/9812127 [hep-th].



464

[35]

[43]

[44]

[45]

M. Alim, E. Scheidegger, S.-T. Yau and J. Zhou

D. Ghoshal and C. Vafa, C =1 string as the topological theory of the
conifold, Nucl. Phys. B453 (1995) 121-128, arXiv:hep-th/9506122
[hep-th].

I. Antoniadis, E. Gava, K. Narain and T. Taylor, N = 2 type II heterotic
duality and higher derivative F' terms, Nucl. Phys. B455 (1995) 109—
130, arXiv:hep-th/9507115 [hep-th].

M. Aganagic, A. Klemm, M. Marino and C. Vafa, Matriz model as
a mirror of Chern-Simons theory, JHEP 0402 (2004) 010, arXiv:
hep-th/0211098 [hep-th].

V. V. Batyrev and D. van Straten, Generalized hypergeometric func-
tions and rational curves on Calabi-Yau complete intersections in
toric varieties, Commun. Math. Phys. 168 (1995) 493-534, arXiv:
alg-geom/9307010 [alg-geom].

J. A. Minahan and D. Nemeschansky, N = 2 superYang-Mills and sub-
groups of SL(2,Z), Nucl. Phys. B468 (1996) 72-84, arXiv:hep-th/
9601059 [hep-th].

S. H. Katz, A. Klemm and C. Vafa, Geometric engineering of quan-
tum field theories, Nucl. Phys. B497 (1997) 173-195, arXiv:hep-th/
9609239 [hep-th].

S. Katz, P. Mayr and C. Vafa, Mirror symmetry and ezxact solution of 4-
D N = 2 gauge theories: 1., Adv. Theor. Math. Phys. 1 (1998) 53-114,
arXiv:hep-th/9706110 [hep-th].

B. Haghighat, A. Klemm and M. Rauch, Integrability of the holomor-
phic anomaly equations, JHEP 0810 (2008) 097, arXiv:0809.1674
(hep-th].

F. Diamond and J. Shurman, A first course in modular forms, Graduate
Texts in Mathematics, Vol. 228, Springer-Verlag, New York, 2005.

D. Zagier, Elliptic modular forms and their applications, The 1-2-3
of modular forms, Universitext, pp. 1-103. Springer, Berlin, 2008.
http://dx.doi.org/10.1007/978-3-540-74119-0_1.

R. A. Rankin, Modular forms and functions. Cambridge University
Press, Cambridge, 1977.



[46]

[47]

[48]

[54]

[55]

[56]

Special polynomial rings, quasi modular forms - - - 465

D. Husemoller, FElliptic curves, Graduate Texts in Mathematics,
Vol. 111, Springer-Verlag, New York, second ed., 2004. With appendices
by Otto Forster, Ruth Lawrence and Stefan Theisen.

K. Hori and C. Vafa, Mirror symmetry, arXiv:hep-th/0002222
[hep-th].

W. Lerche, P. Mayr and N. Warner, Noncritical strings, Del Pezzo sin-
gularities and Seiberg- Witten curves, Nucl. Phys. B499 (1997) 125-148,
arXiv:hep-th/9612085 [hep-th].

T. Chiang, A. Klemm, S.-T. Yau and E. Zaslow, Local mirror symmetry:
Calculations and interpretations, Adv. Theor. Math. Phys. 3 (1999)
495-565, arXiv:hep-th/9903053 [hep-th].

S. H. Katz, A. Klemm and C. Vafa, M theory, topological strings and
spinning black holes, Adv. Theor. Math. Phys. 3 (1999) 1445-1537,
arXiv:hep-th/9910181 [hep-th].

K. Mohri, Fxzceptional string: Instanton expansions and Seiberg- Witten
curve, Rev. Math. Phys. 14 (2002) 913-975, arXiv:hep-th/0110121
[hep-th].

B. H. Lian and S.-T. Yau, Arithmetic properties of mirror map and
quantum coupling, Commun. Math. Phys. 176 (1996) 163-192, arXiv:
hep-th/9411234 [hep-th].

A. Klemm, B. H. Lian, S. S. Roan and S. T. Yau, A note on ODFEs from
mirror symmetry, Functional analysis on the eve of the 21st century,
Vol. IT (New Brunswick, NJ, 1993), Progr. Math., Vol. 132, pp. 301-323.
Birkh&user Boston, Boston, MA, 1996.

R. S. Maier, On rationally parametrized modular equations, J. Ramanu-

jan Math. Soc. 24 no. 1, (2009) 1-73.

R. S. Maier, Nonlinear differential equations satisfied by certain clas-
sical modular forms, Manuscripta Math. 134 no. 1-2, (2011) 1-42.
http://dx.doi.org/10.1007/s00229-010-0378-9.

D. Zagier, A modular identity arising from mirror symmetry, Inte-
grable systems and algebraic geometry (Kobe/Kyoto, 1997), pp. 477—
480. World Sci. Publ., River Edge, NJ, 1998.



466

[57]

M. Alim, E. Scheidegger, S.-T. Yau and J. Zhou

D.-E. Diaconescu and J. Gomis, Fractional branes and boundary states
in orbifold theories, JHEP 0010 (2000) 001, arXiv:hep-th/9906242
[hep-th].

A. Klemm and E. Zaslow, Local mirror symmetry at higher genus,
arXiv:hep-th/9906046 [hep-th].

H. Movasati, Fisenstein type series for Calabi- Yau varieties, Nucl. Phys.
B847 (2011) 460-484.

S. Hosono, Central charges, symplectic forms, and hypergeometric series
in local mirror symmetry, arXiv:hep-th/0404043 [hep-th].

M. Aganagic and C. Vafa, Mirror symmetry, D-branes and counting
holomorphic discs, arXiv:hep-th/0012041 [hep-th].

M. Alim, M. Hecht, H. Jockers, P. Mayr, A. Mertens and M. Soroush,
Flat Connections in Open String Mirror Symmetry, JHEP 1206 (2012)
138, arXiv:1110.6522 [hep-th].

A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher
transcendental functions. Vol. I. Robert E. Krieger Publishing Co. Inc.,
Melbourne, Fla., 1981. Based on notes left by Harry Bateman, With
a preface by Mina Rees, With a foreword by E. C. Watson, Reprint of
the 1953 original.



Special polynomial rings, quasi modular forms - - - 467

DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY

1 OXFORD STREET, CAMBRIDGE, MA 02138, USA &
JEFFERSON PHYSICAL LABORATORY, HARVARD UNIVERSITY
17 OXFORD STREET, CAMBRIDGE, MA 02138, USA

E-mail address: alim@physics.harvard.edu

MATHEMATISCHES INSTITUT, ALBERT-LUDWIGS-UNIVERSITAT FREIBURG
ECKERSTRASSE 1, D-79104 FREIBURG, GERMANY

E-mail address: emanuel.scheidegger@math.uni-freiburg.de

DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY
1 OXFORD STREET, CAMBRIDGE, MA 02138, USA

E-mail address: yau@math.harvard.edu

DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY
1 OXFORD STREET, CAMBRIDGE, MA 02138, USA

E-mail address: jiezhou@math.harvard.edu







<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


