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Properties of ¢, invariants of
Feynman graphs

Francis BROWN, OLIVER SCHNETZ AND KAREN YEATS

The ¢ invariant of a Feynman graph is an arithmetic invariant
which detects many properties of the corresponding Feynman inte-
gral. In this paper, we define the ¢ invariant in momentum space
and prove that it equals the co invariant in parametric space for
overall log-divergent graphs. Then we show that the ¢y invariant
of a graph vanishes whenever it contains subdivergences. Finally,
we investigate how the ¢y invariant relates to identities such as the
four-term relation in knot theory.

1. Introduction

Let G be a connected graph. The graph polynomial of G is defined by
associating a variable z. to every edge e of G and setting

(1 W@ = Y [[ew

T span. tree eZT

where the sum is over all spanning trees T of G. These polynomials first
appeared in Kirchhoff’s work on currents in electrical networks [17].

Let N¢g denote the number of edges of GG, and let hg denote the number
of independent cycles in G (the first Betti number). Of particular interest is
the case when G is primitive and overall logarithmically divergent:

(2) Ng =2hg
N, > 2h, for all strict non-trivial subgraphs v C G .

For such graphs, the corresponding Feynman integral (or residue) is inde-
pendent of the choice of renormalization scheme and can be defined by the
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following convergent integral in parametric space ([4], [24])

(3) Ig —/ / dxl deG ) sz

The numbers I are notoriously difficult to calculate, and have been investi-
gated intensively from the numerical [6, 21] and algebro-geometric points of
view [4, 9]. For graphs in ¢* theory with subdivergences, the renormalised
amplitudes can also be written in terms of graph polynomials by subtracting
counter-terms from the same leading term W *(z) [11].

Given the difficulty in computing I, one seeks more efficient ways to
extract qualitative information about the Feynman integral indirectly. The
motivic philosophy suggests studying the graph hypersurface:

Xg C pNe—1

defined by the zero locus of the graph polynomial W in projective space
(with no restriction on the numbers of edges or cycles in G). In particular,
motivated by a conjecture of Kontsevich [18] (disproved for general graphs
in [3]), one can consider the point counting function

q+ | Xa(Fy)|
where ¢ = p" is a prime power, and I, is the finite field with ¢ elements.
In [12], it was shown that for graphs with at least three vertices there is a
map
co : {graphs with > 3 vertices} — H Z/qZ
prime powers q

such that, writing [Xq|, := | X (F,)|, we have
(4) [Xclg = e2(G)g ¢ mod ¢*

where X € ANe is the affine graph hypersurface given by the zero locus of
V¢, and c2(G), is itself the point counting function on a related hypersur-
face. One of the motivations for studying the co invariant is the following
conjecture, verified for all graphs with < 14 edges, which states that it only
depends on the residue of G whenever it is defined.

Conjecture 1. If Ig, = Ig, for two primitive log-divergent graphs G1, G2
(i.e. which satisfy (2)) then ca(G1) = c2(G2).
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Furthermore, for graphs G which evaluate to multiple zeta values, we
expect the residue I to drop in transcendental weight if and only if c2(G),
is identically zero [14]. All ¢y invariants of primitive log-divergent graphs
with < 20 edges are listed for the first six primes in [13].

1.1. Avatars of the cs invariant

Before stating our main results, it will be helpful to discuss various different
incarnations of the ¢y invariant.

1. Geometric. If k is a field, we can consider the class [X¢] of the affine
graph hypersurface in the Grothendieck ring of varieties Ky(Vary) over k.
Let L = [A}] € Ko(Varg) be the equivalence class of the affine line. Whenever
G has at least three vertices, in other words whenever Ng > hg + 2, it was
shown in [12] that there exists an element

(5) CQ(G) € Ko(val"k)/]L ,
given explicitly by the class of a certain hypersurface, such that
(6) [(X¢] = c2(G)L? mod L3 .

This is a refined version of Equation (4).

2. Arithmetic. For some applications, and for numerical computations,
it is often simpler to restrict the point counting function to the fields F, of
prime order only. Thus in [12] we considered the vector

(7) &(G) = (ca(@)2, 2(@)3,2(@)s,..) € [ Z/pZ .

pprime

It clearly factors through the class (5), but in many cases we are not able to
lift computations of ¢2(G) to the Grothendieck ring. In [12] we gave examples
of graphs such that ¢3(G) is given by the Fourier coefficients of a modular
form, giving explicit counter examples to Kontsevich’s conjecture. Several
more modular ¢ invariants were found in [13].

3. Analytic. It turns out that for a large class of graphs, one can in
principle compute the residue I by integrating in parametric space [9]. After
integrating out a subset of edge variables x1,...,x, in (3), one typically
obtains an expression whose numerator is an iterated integral in the sense



326 F. Brown, O. Schnetz and K. Yeats

of K. T. Chen [15], and whose denominator is a polynomial

D¢(z1, ..., xn) € Z]XTnt1, - - -, TN

of degree at most two in each variable. When D@, factorizes, one can define
Dg“ to be the resultant of its factors with respect to x,1. This sequence
of polynomials (which terminates when D can no longer be reduced) is
called the denominator reduction. When D exists, we showed in [12] that

(®) e2(G)y = (~1)"[Dg], mod g

when 2h < Ng and 5 < n < Ng, as a consequence of the Chevalley-Warning
theorem. This gives an effective way to compute c2(G), and is the main
method for proving properties of the ¢o invariant.

4. Motivic. We expect the co invariant to relate to the framing of the
graph motive [4] given by the Feynman differential form (the integrand of
(3)). This partly justifies Conjecture 1 and the incarnations 1,2,3 above [10].

Hereafter, we shall loosely refer to the ¢y invariant as any of the variants
1 — 3 above, since our results relate to all three different versions. As a
result, there is considerable interplay between geometric, combinatorial, and
arithmetic arguments throughout this paper.

1.2. Results

It will be convenient to make the following definition.

Definition 2. Let X be a scheme of finite type over SpecZ. Let n > 0. We
say that X has a ¢, invariant if [X]|, =0 mod ¢" for all prime powers ¢. In
this case, define the ¢, invariant of X to be the function:

cn(X) = [X]y/¢" mod g
from the set of prime powers ¢ to Z/qZ.
Our results are of three different types.
1.2.1. A c¢g invariant in momentum space. Our first goal is to show
that the ¢y invariant is intrinsic and is not simply a feature of the choice of

integral representation for the Feynman graph. For this, we define a momen-
tum space representation for the co invariant as follows.
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The Feynman integral in momentum space is the integral of an algebraic
differential form with singularities along a union of quadrics Q1,...,QN.-
With an appropriate choice of space-time metric, we show that the scheme
V(Q1---Qn,), which is defined over Z, has a ¢y invariant in the sense of
Definition 2, and we define ¢5*°™(G) to be c2(V(Q1 - - - @n,))- In other words,
we have the equation:

2(G)I™ = [Q1Q2 - Qngle/q® mod gq.

The first result is that the ¢y invariant in momentum space is the same as
the c¢o invariant in parametric space for logarithmically divergent graphs.

Theorem 3. Let G be a graph with hg > 3. If 2hg = Ng then

c2(G)y ™ = ca(G)y mod g.
The proof requires studying the singular locus Sing(X¢) of X¢, and in
particular proving the following intermediate result.

Theorem 4. IfG has at least 3 vertices, then Sing(Xq) has a ¢ invariant.

This suggests studying the ¢,, invariants of the singular locus of X« in its
own right. In fact, we believe that the ¢; invariant of Sing(X¢) should vanish,
in which case one could define its ¢ invariant, which we expect to be non-zero
in general. This would give a new graph invariant c5 °(G) = c2(Sing X¢),
which would be interesting to understand combinatorially.

1.2.2. Vanishing for subdivergences. The second set of results extends
our previous work on criteria for graphs to have weight drop [14].

Theorem 5. Let G be an overall logarithmically divergent graph in ¢* the-
ory. If G has a non-trivial divergent subgraph then ca(G)q = 0.

Such a graph G with a subdivergence can always be written as a 2,3,
or 4-edge join. In the first two cases, we prove that co(G) vanishes in the
Grothendieck ring, but the case of a 4-edge join is more subtle and we can
only show the result on the level of point counting functions. If reduced
denominators D¢ exist for the elimination of all edges of the subdivergence,
then in the last non-trivial step D¢, equals the square of the graph polyno-
mial of G with fully contracted subdivergence. This explains the vanishing
of the ¢y invariant on the level of denominator reduction.
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Given the expected relation between vanishing cs and transcendental
weight drop of Feynman amplitudes, Theorem 5 is evidence for a folklore
conjecture which states that the highest weight part of the lowest logarithmic
power of the renormalised amplitudes in ¢* theory is independent of the
choice of renormalisation scheme.

1.2.3. Combinatorial identities. In the light of Conjecture 1, and the
many observed but unexplained algebraic relations between residues of Feyn-
man graphs, an important question is to understand precisely which combi-
natorial information is contained in the ¢y or related invariants.

For a list of currently known or conjectured properties of the ¢o invariant,
see [12], §4. To these can be added some further relations for the denominator
reduction described in [14], §4.4-4.7, which immediately imply identities for
the ¢y invariant via (8). Although an overarching combinatorial explanation
for all these identities is still lacking, in §6 we describe some new additive
properties of denominator polynomials which give a single explanation for
many of the identities of [14].

Finally, there remains the question of trying to relate c2(G) to other clas-
sical invariants in the theory of graphs. A tantalizing but mysterious connec-
tion between knots and Feynman integrals was investigated by Broadhurst
and Kreimer in the 90’s [5-7, 19], but has proven very hard to verify in con-
crete cases because of the difficulty in computation of Feynman integrals,
and the high loop orders of the diagrams involved. The ¢ invariant provides
us with a tool to investigate such identities without having to compute any
integrals.

In this paper, we investigated the 4-term relation for chord diagrams,
which was shown to hold in some cases in [8], but found no such relation on
the level of ¢y invariants in ¢* theory. To our surprise, however, we found
that the 4-term identity actually holds true on the level of the denominator
polynomials Dé.

2. Reminders on graph polynomials

For the convenience of the reader, we gather some of the results on graph
polynomials and various auxiliary polynomials to be used later.

2.1. Graph matrix

Let G be any graph. We will use the following matrix representation for the
graph polynomial.
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Definition 6. Choose an orientation on the edges of GG, and for every edge
e and vertex v of GG, define the incidence matrix:

1, if the edge e begins at v and does not end at v,
(€c)ew = § —1, if the edge e ends at v and does not begin at v,
0, otherwise.

Let A be the diagonal matrix with entries z., for e € E(G), and set

~ A | &
e = (e T )
&6 0
where the first Ng rows and columns are indexed by the set of edges of G,
and the remaining vg rows and columns are indexed by the set of vertices
of GG, in some order. The matrix Mg has corank > 1. Choose any vertex

of G and let M¢ denote the square (Ng + vg — 1) X (Ng + vg — 1) matrix
obtained from it by deleting the row and column indexed by this vertex.

It follows from the matrix-tree theorem that the graph polynomial sat-
isfies

Ve =det(Mg) .

This formula implies that W vanishes if G has more than one component.
2.2. Dodgson polynomials

We use the following notation.

Definition 7. If f = f; + f'x; and g = g1 + g'x; are polynomials of degree
one in x1, recall that their resultant is defined by:

(9) [f,9)es = flo1 — frg" .

Definition 8. Let I, J, K be subsets of the set of edges of G which satisfy
|I| = |J|. Let Mg(I,J)k denote the matrix obtained from Mg by removing
the rows indexed by the set I and columns indexed by the set J, and setting
re =0 for all e € K. Let

(10) U5l = det M (I, J) -

We write \Ilé 5 as a shorthand for \IléIK and drop the subscript K if it
is empty. Since the matrix Mg depends on various choices, the polynomials
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\I/IGJK are only well-defined up to sign. In what follows, for any graph G,

we shall fix a particular matrix Mg and this will fix all the signs in the
polynomials \I/é‘/}{ too.

We now state some identities between Dodgson polynomials which will
be used in the sequel. The proofs can be found in ([9], §2.4-2.6).

1) The contraction-deletion formula. The graph polynomial is linear in
its variables and fulfills the contraction-deletion relation

(11) Vg = \PG\exe + \I/G//e )

where the graph polynomial of disconnected graphs is zero. Likewise
the contraction (/) of a self-loop is zero in the graph algebra and
Uy = 0. More generally, if |I| = |J|, we have:

TeJJe _ o o I,J LJ L glJ
ok =FVaier and Vo, = V0, ¢ -

2) Dodgson identities. Let I,J be two subsets of edges of G such that
|I| = |J| and let a,b,z ¢ I UJ UK with a,b <z (or z <a,b ). The
first identity is:

1,J la,Jb i lz,JbyIa,Jx
[\IIG,K’\I]G,K ]w - \IJG,K \I’G,K :

Let I,J be two subsets of edges of G such that |J| =|I|+ 1 and let
a,b,x ¢ I UJUK with < a < b. Then the second identity is:

la,J 1b,J o Iz,J g, lab,Jx
[\IIG’,K’ \IIG’,K} x _\IJG,K\IJG,K :

3) Pliicker identities. Let i1 < ig < i3 < ig. Then
\IliGlig,i3i4 B \I]gig,z’m n \I,z'Gm,z@ig —0.
For an increasing sequence of edges i1 < --- < ig we have

\Ijl122137141516 _ \Ij1122147131516 + \1/1112157131416 _ \Ijlllﬂeﬂsuls =0
G G -

G

4) Vanishing. Suppose that E' = {ey1,...,ex} is the set of edges which are
adjacent to a given vertex of G. Then \IIIG x=0if EClorE CJ. Now
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suppose that F = {e1,...,er} is a set of edges in G which contain a
cycle. Then W5, = 0if (ECTUKor EC JUK)and ENTNJ = 0.

2.3. Spanning forest polynomials

Dodgson polynomials are in turn linear combinations of more basic polyno-
mials, called spanning forest polynomials [14].

Definition 9. Let X be a set of vertices of G, and let P = {Py,..., P} be
a partition of X. Define the spanning forest polynomial by

o= I =

F egF

where the sum runs over spanning forests F' = T7 U - - - U T}, where each tree
T; (possibly a single vertex) of F' contains the vertices in P; and no other
vertices of X. Thus V(T;) 2 P, and V(T;) N P; = 0 for j # 1.

We represent @g by associating a colour to each part of P and drawing
G with the vertices in X coloured accordingly.

Proposition 10. Let I,J be sets of edges of G with |I| = |J| and INJ =

@. Then we can write
1J <P,
vy =) fi%
i

where the sum runs over partitions of V(I U J) and f; € {—1,0,1}. In par-
ticular, f; # 0 precisely when each forest consistent with P; becomes a tree
in G/I\J and in G/J\I.

Note that the sign f; can be computed by taking any forest F' consistent
with P; and then considering the determinant of the matrix obtained from
Mg by removing rows and columns indexed by the set of edges not in F.
This determinant reduces [14] to

(12) det[E[N] det[EJN]
where E7 is the matrix of the columns corresponding to edge indices I of

Ec with one row removed, likewise for Ej;, and N is the matrix of columns
corresponding to edges of G\ (I U J) which do not appear in the forest F.
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2.4. Denominator reduction

Definition 11. Let 4, j, k, [, m be five distinct edges in G. The five-invariant
of these edges is the polynomial defined up to a sign by the resultant

Permuting the order of the edges i, j, k, 1, m only affects the overall sign.

Denominator reduction is the name given to the elimination of variables
by taking iterated resultants, starting with the 5-invariant. Let G be a graph,
and order its edges 1, ..., Ng. Set D3,(1,...,5) = £5U(1,...,5), and define
a sequence of polynomials (conditionally) as follows.

Definition 12. Let n > 5 and suppose that D{(1,...,n) is defined, and
further that it factorizes into a product of factors f, g of degree < 1 in xy41.
Then set

‘Dngl(lv'-- N 1) = :l:[fag]n+1 )

We say that G is denominator reducible if there exists an order of edges
such that DZ(1,...,n) is defined for all n. We say that G' has weight drop
if there exists an order of edges such that D (1,...,n) vanishes for some n.

The relation between the denominator reduction and ¢y invariant is given
by the following theorem (Theorem 29 in [12]).

Theorem 13. Let G be a connected graph with 2hg < Ng. Suppose that

D.(e1, ..., ey) is the result of the denominator reduction after 5 <n < Ng
steps. Then
(13) c2(G)g = (—1)"[Dé (e, ... en)]q modq .

3. The ¢y invariant in momentum space

For any primitive log-divergent graph G, the residue I of G can be written
as an integral in various different representations. From a physical point of
view, the most natural of these is the representation of I as an integral in
momentum space [21]. Other possibilities are parametric space as explained
in the introduction, position space, related to momentum space by a Fourier
transform, and dual parametric space which is linked to the parametric
formulation (3) by inversion of the Schwinger coordinates z.. In the spirit
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of Conjecture 1 for graphs which have a residue, all these representations
should lead to equivalent ¢y invariants.

Because we work over a general field & which does not necessarily contain
v/=1 or may have characteristic 2 the choice of metric becomes relevant for
the definition of Feynman rules in momentum and in position space. Here it
is best to use a twistor type metric with signature (+, —, 4+, —). We choose
the metric 1 to be of the form

(14) n=

o O = O
o O O
= o O O
O = O O

and write p = (p*,p~,p'T,p'”). Then the propagator of a massless particle
becomes 1/Q(p) with (see [16])

(15) Qlp)=p p +p"p",

which is linear in the coordinates. The value of the residue does not depend
on the chosen metric. Physically this means that the residue is a scalar.
Likewise, in position space the propagator between z and y in k* is

1/Q(z —y).
In the following we focus on momentum space. We fix a basis of hg inde-
pendent cycles in G with respect to which the momenta p = (p1,...,psn.) are

routed. The graph G has N¢ edges with propagators 1/Q1(p), ..., 1/Qn.(p)-
We will show that the ‘Schwinger trick’ lifts to the ¢ invariant proving the
existence of a ¢ invariant in momentum space if 2hg > Ng and its equiva-
lence with (4) for log-divergent graphs.

—

(98]

Figure 1: The sunset graph.
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Example 14. We consider the sunset graph in Figure 1. The edges 1,2,3
have the propagators 1/Q1,1/Q2,1/Q3 with

Q1 =pipy +p1 P
Q2= (p{ —p3)(py —p3) + (01" — 5" (0 —p5)

Q3 =p3py + 15 Py

An explicit computer calculation using Stembridge’s reduction [23] yields
[Q1Q2Q3] = 3L7 — 75 + 4LL* 4 413 — 312

The momentum space ¢ invariant exists (see Proposition-Definition 17 below)
and is equal to the IL? coefficient of [Q1Q2Q3], namely —3 mod L.

The key tool in the Schwinger trick is the universal quadric

(16) Q(z,p) = 11Q1(p) + 22Q2(p) + - - + N Qng (P)-

From the matrix-tree theorem used in the Schwinger trick [16] we conclude
that there exists a symmetric hg X hg matrix N such that

an or =) (M ) () v
(18) det N(x) = ¥g(z).

Here p* = (pli, A pfg) and likewise p'*.

Proposition 15. 1) The singular locus of Xq is given by
(19) Sing(X¢) = {x : rank N(z) < hg — 1}.

2) Let I C{1,...,Ng} and Ni(z) = N(2)|z,—0,ifkgr be obtained from N
by setting all variables to zero whose index is not in 1. Then

(20) (L — DL Quer] = (L — L2~ [N - p*, N7 - p'f).
3) With Vg 1(7) = VG (2)|z,=0,if kg we have
(21)
[N7-p™, Ny -p'"] = (L? — 1)[¥q 7] — L*[rank Ny < hg — 1]+ LIl mod L*.

Proof. 1) With elementary row and column transformations (which cor-
respond to a change of cycle basis) we can transform N into a matrix
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N with the property that in each diagonal entry N“ there exists
a variable (say x;) which does not occur in any other entry of N.
Because elementary row and column transformations preserve the rank
of the matrix we may assume without restriction that N = N.Letz €
Sing (Xg). We thus have 9, Ug(x) = det Noi(x) =0 fori =1,...,hg
where N/X is the matrix N with rows J and columns K deleted.
We have det N(z) =0, and the Dodgson identity for the symmetric
matrix NV:

(det N*7)2 = det N*¥ det N7 — det N det N,

implies det N(x)*/ =0 forall4,j =1,..., hg. Hencerank N < hg — 1.
On the other hand, if rank N(x) < hg — 1 then det N(x)*/ = 0 for
alli,j =1,...hg, and in particular 9, ¥(z) = det N%(z) = 0 for i =
1,...,hg. Hence x € Sing(X¢) and (19) is established.
2) Consider the universal quadric Q; = Eie 7 £;Q; and calculate its class
in the Grothendieck ring in two different ways.

Firstly, Q; defines a family of hyperplanes in the || dimensional
affine space Al with coordinates x;. Consider the fiber of the pro-
jection V(Qj) — A*'e. In the generic case it is a hyperplane in A/l
whose class is L=, Otherwise, all Q;,7 € I vanish and the fiber is
Al We have

(9] = LMIPY(L4he — [Qyier]) + LM Qiier).

Secondly, from (17) we have

Qr(x,p) = (p,p')( Njéx) NI(EH:) ) < 5’1 )

and so Qj also defines a family of hyperplanes in the p~ variables. We
now consider the fiber of the projection V(Qr) — Al/I*2h and obtain

[Qr] = L1 (LIIH2he _ [N; . p* Nj - p/F]) + L2 [Ny - pT, Ny - p' ).

Together we obtain (20).

3) The equations Ny - p*, Nj - p't form two identical systems of h¢ linear
equations in the variables p™ and p'T, respectively. The vanishing locus
of each system is A™ where n = corank (Nj). Hence
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[N7-p™, N7 -p'"] = [corank N7 = 0] + L?[corank N7 = 1] mod L*
= LI — [corank N7 > 0]
+ L?([corank N > 0] — [corank N7 > 1]) mod L*

Because corank N; > 0 < W 1 = 0 we obtain (21).
O

To progress further we pass to finite fields. Let ¢ = p™ be a prime power.
Given polynomials Py, ..., Py € Z[z1,...,xN], let

[P,..., P, € NU{0}

denote the number of points on the affine variety V (P, ..., P;) C Fév , where
P; denotes the reduction of P; modulo p. The point-counting is compati-
ble with inclusion-exclusion and Cartesian products and therefore factors
through the Grothendieck ring mapping L to ¢.

We are interested in the point-count of the zero locus of the denominator
of the momentum space differential form which is [Q1Q2 - - - @ ng]q-

Proposition 16. Let hg > 2, 2hg > Ng and E be the edge-set of G, then

(@1Q2+ - Qnely = (—0)?e ™| (W], + *[Sing(Xa)l,

(22) — 4 Woydi+ @ Y [Woyeiels] mod

eeElR er,e0€ER

Proof. By inclusion exclusion we obtain

[@Q2---Qnalg= Y. (D" Querly.

0£IC{1,..,Nc}

By Prop. 15 (2) we have [Qjicily = ¢*"e WI[N; - p*, Ny - p'*],. Next, we
use Prop. 15 (3). For 2hg > Ng the second term on the right hand side
of (21) survives mod ¢ only in the case I = {1,..., Ng} where it gives
—¢*[Sing(X¢)], by Prop. 15 (1). The third term on the right hand side of
(21) is multiplied by ¢"<~!/l and vanishes mod ¢°. The first term on the right
hand side of (21) vanishes mod ¢ unless |I| > Ng — 2 and in this case gives
(¢ — DV rlg= (¢ — D¥ay1,...Noy—1)lq by Equation (11). The term pro-
portional to ¢? vanishes trivially for |I| < Ng or 2hg > Ng. If |I| = Ng and
2ha = N¢g then from hg > 2 it follows that hAg + 2 < N¢. In this case we
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know from (4) that ¢*|[¥¢], with the result that the g>-term vanishes mod
¢. Putting everything together proves (22). O

The above proposition allows us to define the ¢o invariant in momentum
space

Proposition-Definition 17. Let G be a graph with hg > 2 independent
cycles and Ng < 2hg edges. Fix a cycle basis in G and define the inverse
propagators according to momentum space Feynman rules with metric (14).
Then the momentum space co invariant of G is given as a map from ¢ to
Z/qZ by

(23) 2(G)™ = [Q1Q2 - Qnelg/q® mod g.

Proof. We use Equation (22) to show that [Q1Q2 - - - Q] is divisible by ¢*.
If 2hg = Ng then from hg > 2 we get hg + 2 < Ng with the result that
¢*|[W¢]y by (4). Moreover, we have either G /e = 0 in the graph algebra or
hgje +1 < Ngje- In any case q|[¥q/elq, see [1]. If 2hg = Ng + 1 then from
hg > 2 we get hg +1 < Ng and thus ¢|[Vg],. In all other cases [Q1Q2 - - -
QnN,]q is trivially divisible by ¢2. O

Note that the point-count [Q1Q2 - - - Q|4 is independent of the chosen cycle
basis, since the change of cycle basis results in linear transformations of the
underlying coordinates.

Theorem 18. Let G be a graph with hg > 3. If 2hg > Ng then co(G) '™ =
0 mod gq.

If 2hg = Ng then the momentum space co tnvariant equals the co invari-
ant in parametric space modulo q,
(24) c2(G)y ™" = c2(G)y mod q.
Proof. We again use Equation (22). If we subtract 2hg — Ng = d from hg >
3 we obtain Ng > hg + 3 — d.

If d > 3 the statement of the theorem follows trivially.

If d = 2 then Ng > hg + 1, hence ¢|[V¢]y, see [1], and the theorem fol-
lows.

If d=1 then Ng > hg+2, hence ¢*|[¥g], by (6) and Ngj. =0 or
Ngje 2 hape + 1, hence q|[¥¢ e]q- Again, the theorem follows.

If d = 0 then Ng . =0 or Ngje > heje + 2, hence ¢*|[¥¢ )4 Likewise
Ngjeres =0 0or Ngjeje, = hajeje, + 1, hence q|[¥q e e,]q- In this case we
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obtain

[Q1Q2 - Qnglg = P (c2(G)q + [Sing(X@)]g) mod ¢’

The theorem follows from [Sing(Xq)], =0 mod ¢ for graphs with Ng >
hg + 2 which we will prove in Theorem 19. O

Note that the residue I, see (3), only exists in the case 2hg = Ng. More-
over, graphs with non-trivial residues have hg > 3. In Example 14 we saw
that we get a non-trivial co(G)™™ if 2hg > N¢g but hg < 3.

The co invariant in parametric space does not in general vanish if 2hqg >
Ng. We rather have c3(G), =0 mod ¢ if 2hg < Ng and Ng > 4, see [12].
For the sunset graph which has 2hg = Ng + 1 in Example 14 we obtain in
parametric space c2(G)y =1 # 4™ (G), = —3 mod q.

It is possible to define a cy invariant in position space co(G)5” and in
dual parametric space CQ(G)gual. If 2hg = Ng both co invariants can be
shown to be equal mod ¢ by translating the methods of Theorem 18 to posi-
tion space. The equivalence of CQ(G)gual and the cy invariant in parametric
space is conjectured for graphs which have a residue in [22]. This has still
not been proved even though dual parametric space and parametric space
are only related by inversion of variables.

It is important to note that only in the case 2hg = N¢ (the case in
which the residue exists) are all ¢y invariants (conjecturally) equivalent. In
this case the information contained in the various cy invariants is carried
by the graph itself rather than by any of the representations of the residue
integral (3).

4. The singular locus of graph hypersurfaces

Let G be a connected graph with edge-set E(G), and let X denote its graph
hypersurface. By linearity of the graph polynomial, the partial derivatives
satisfy
oVg
0T,
The singular locus of X is the affine scheme Sing(X¢q) = V(Vg, e € E(G)).
Let [Sing(X¢)] denote its class in Ko(Varyg), for k a field. We shall prove:

= Vg fore € E(G) .

Theorem 19. Let G be a graph with at least 3 vertices. Then

[Sing(Xg)] =0 mod L .
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In particular, [Sing(Xg)], =0 mod ¢ for all prime powers gq.

Remark 20. We believe that [Sing(X )] should be congruent to zero mod-
ulo L? for all reasonable graphs. If so, then one can define the ¢y invariant of
the singular locus, and one can ask if it is related to the co invariant of X¢.

4.1. Preliminary identities

The proof of Theorem 19 requires some elimination theory and some new
identities between Dodgson polynomials. For simplicity of notation, we drop
the subscript G throughout this section.

Lemma 21. Let i,j,k denote any three distinct edges of G. Then
(25) (W, W), = Wiikgik _ giiikgih
Proof. First observe that from the Dodgson identity and linearity:
WLk - Wy = (U2 = (W 4 w2
Taking the coefficient of x; on both sides of this expression gives:
LR LN TR T8 CUER s CAEP R LRI T
Subtract the same expression with 4, j interchanged:
J g
20, UlF — Wkl ) = 2wkt — opiik gl
Rewriting the left-hand side as a resultant gives
(26) [0}, B]]), = W glt — gk gt
Now we wish to compute
(W, W)y =[OV + W, Wi, + W),
By the Dodgson identity and (26) this reduces to
[0, U], = (Wk)2 4, — (@idaky? i+ \I/”’k\I/{k _ \I/zjjk\p;k

which, after writing W/*F = Wik g, 4 \I/fk and likewise ¥ is Equation (25).
]
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Corollary 22. Let I denote the ideal in Q[z.,e € E(G)] spanned by U*
and V. Then

(27) (O, W), e VI foralli,je E(QG) .
Proof. The Dodgson identity and linearity give
(TF)? = [y, U7, = [0, O], = UFOE — 0, 0k e T .
It follows that W* Wik ¢ \/I. By (25) this gives [0, W], € /1. O

We say that a subgraph v C G is a cycle if v is a topological circle, i.e.,
hy =1 and h, . =0 for all e € E(v).

Lemma 23. Let1,...,k be a cycle in G; let the vertex between edges i and
1+ 1 be v; and let the vertex between edges 1 and k be vi. Then

k—1
(28) (I)Efl}v{vk} — (I)Eh},{vzvk} 4 Z <@E’1U1—1}7{Uﬂk} _ ®§)lvj}7{vj—lvk})
7=3
+ @E’k}y{vlvk—l}

where H = G\1--- k.

Proof. The proof is by induction on the length of the cycle.
Take k& > 4. Consider the first three terms of the right hand side of (28),

(I)gfl},{vzvk} + <(I>Eiwz},{v3vk} _ églvs},{vzvk})
— @EHUSL{WUI@} + (I)g)l},{vzvk%} + (@}}117}2},{113’01@} o @Elvs},{vzvk}>
— q)g)l}v{UZUkUS} 4 @2)1’112}7{’031)79}

— (I)Ejl}’{vkva}

Thus the right hand side of (28) equals

k

—_

(29) @E’l}v{vsvk} 4 (q)g’lvj—l}v{vjvk} _ (I)E)Wj},{vj—lvk}) +(I)gfk}a{vlvk—1}

4

<

which is the right hand side of (28) for the lemma applied to a new graph
G’ defined to be G\2,3 with a new edge ¢ joining vertices v; and vs along
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with the cycle 1,/,4,... k. Note that H = G\1---k = G'\1/4-- -k, and so
inductively (29) is @g}l}’{v’“}.

It remains to check the initial cases. k = 2 is trivial. Suppose k = 3.
Then, as desired,

@271},{”2”3} 4 (IDE]S}’{UM} _ (I)gfl},{vs}

Proposition 24. If1,....k is a cycle in G then

k
(30) vy = Z N U where \j = +1
j=2

Proof. First note that by the contraction-deletion properties for Dodgson
polynomials, any terms of (30) which do not contain z;, for 2 <1 < k, also
appear in (30) for the graph G//i and all such terms appear in this way.
Furthermore, they appear with the same signs since contracting an edge
corresponds to setting the corresponding variable to zero in the Dodgson
polynomials. Clearly, contracting elements of a cycle gives a smaller cycle
and so inductively it suffices to prove the result holds just for the coefficient
of o Tk.

Labelling the vertices as in Lemma 23 and translating into spanning
forest polynomials

{vi ) {on}

v = @g\ll}’{vk} =x9-- 'xkq)G\l---k + terms lower in xo, ...,z
2o U2 = xg@g<l}g{vzvk} = q9-- 'a:kq)g\ll}_’;{zzv’“} + terms lower in xo, ...,z
2 ULF = xk@g}\’“ﬁ}c{vlvk*l}
_ {ve b {vive—1} :
=x9--- xk(I)G\lmk + terms lower in xo, ..., Ty

and for 3<j<k—-1

quj]-vj =z (q){vl”j—l}v{vjvk} _ (I){Ulvj},{vj—lvk})

G\1,j G\1,j
=292 (q)g’\ll”i—kl}v{vﬂk} _ q)g\llvi}]é{vjflvk})
+ terms lower in xo, ..., 2k

By choosing the \; appropriately, the result now follows from Lemma 23. []
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Remark 25. Equation (30) is essentially dual to Lemma 31 in [9], which
states that for a graph H in which edges 1,...,k form a corolla (i.e. the set
of edges which meet a vertex), then

k
Uy =Y A7 where \j = £1 .
j=2
The proof uses the Jacobi determinental formula (Lemma 28 of [9]), and is
easily seen to hold for cographic matroids also (the graph matrix defined in
§2.2 of [9] generalizes to regular matroids by replacing the incidence matrix
with the representation matrix of the matroid). If G denotes the graph in
the statement of the proposition, and H is the dual matroid, then the graph
polynomials are related by ¥y (z.) = Ug(z!) [ecr ) e

Corollary 26. Let G be a graph with edge-connectivity' > 2. Let I be the
ideal in Q[ze,e € B(G)\{1}] spanned by ¥', U2 . . W% Then ¥y € V1.

Proof. It follows from the Dodgson identity that
(U19)? = [0, 9], = (¥, ), = 10 — 0,09 € T,

and so U7 € /T for all j € E(G). Since G has edge-connectivity > 2 it has
a cycle containing edge 1. Then Equation (30) implies the result. O

Corollary 27. For any edge e of G as above, Xcn\(Xa\e N Xje) s smooth.
4.2. Elimination of a variable
The following lemma is a straightforward consequence of inclusion-exclusion.

Lemma 28. Let f;,i €1, h, gj, j € J be polynomials with index sets I and
J. Then

(31) [fis hgjl = [fi, ] + [fis 951 — [fi P, 95]

where © and j run through I and J, respectively.

'The edge-connectivity is the minimum number of edge cuts that splits the graph.
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Proof. Let V(h) be the zero locus of h. Intersection with V' (k) gives [f;, hg;, h]
= [fi, h]. On the open complement U of V' (h) we have

[V(fi7hgj) N U} = [V(fiagj) N U] = [fiagj] - [fi7hvgj]'
Together we obtain (31). O

The next identity expresses the simultaneous elimination of a variable
from the class of an ideal in the Grothendieck ring whose generators are
all linear in that variable. It generalizes Lemma 3.3 in [23] (or Lemma 16
in [12]) to more than two generators.

Proposition 29. Let fi,..., fn denote polynomials which are linear in a
variable z, and write f; = fFx + fiz for 1 <i <mn. Then (Z;l = 2(1) =0)

[fl)"'?fn] = [ficaflxavf:;?fnz]L
+ [[f17f2]$7"‘7[f17fn]$] - [ffvafwﬂ

n—2
(32) + Z ([flxv flxv ey flfv fk‘a?) [fk-‘rla fk+2]x7 sy [fk+17 fn]z]
k=1
- [flzvflxa . ’flfafk:v]) .
Proof. We prove by induction a slightly generalized version of (32) where
we add a set of z-independent polynomials g = g1, ..., gm to all ideals. We

consider [X] = [g, ffz + fiz, f2, - -, fn] With ambient space AY. On the zero
locus V(ff) € AN of f§ we have

[Xa f{c] = [g7f1x;flmaf27-- . ;fn]

Let U denote the open complement of V(ff) in AY. On U the projection

V(X) = V(g [f1, folas - [f1s fale) C AN

is one to one. We hence have

[V(X) N U] = [ga [flan]fL”’ RN [flvfn}fr] - [gaffa [flan]:Jca sy [fl»fn]x]

By the definition of the resultant we have

[gaffv [f17f2]$7' : '7[f17fn]33] - [g7ff:7fl$f§cv" : 7f1zf7f]
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Equation (31) gives for the right hand side

[gaficvflx] + [gaffvféE:?fnx] - [gvffaflw7f§7"'7frf]'

Putting these identities together we arrive at the formula

(33) [X] - [g7flx>f11‘7f27"'7fn] + [gv [f17f2]337"'7[f17fn]$]
- [gaffaflx} - [gvflxvf;v"'vfﬁ] + [gaf%’flxyfgv"'vaﬂ'

For n = 1 this reduces to

The first term on the right hand side defines a trivial A! fibration over
Vg, f¥, fiz) € AN~1. Changing the ambient space for the first term to
AN=1 we get a factor of L and the above equation establishes the initial case
n = 1. To complete the induction over n we can assume that the hypothesis
holds for the first term on the right hand side of (33) with z-independent

pOlyHOTﬂialS 9, fi(:’ flza yleldlng (Zg = Z% = 0)

[g7f1zvf1:raf27" afn} = [gvflzvflxaf;vaIa--- afrfafnx]L
+ [g7f]:_t7f1$7 [f27f3]x7"'7[f2;fn]x] - [gafiraflac;fgw"?frﬂ

n—2
+ Z ([ghfiru flxu o 7f]?a sz7 [fk—i—l)fk:—l—?]r? ey [fk—‘rlu fn]x]
k=2
(34) 0 Fres s £ Fia]).

The third term on the right hand side of (34) cancels the last term on the
right hand side of (33) whereas the second term on the right hand side of (34)
joins with the third term on the right hand side of (33) to form the k =1
term in the sum of (34). Together with the remaining terms this completes
the induction. U

Note that the left hand side of (32) is symmetric under changing the order
of the polynomials f; whereas the individual terms on the right hand side
are not.
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4.3. Proof of Theorem 19

Lemma 30. Let G have edge-connectivity > 2 with edges numbered 1, ...,
Ng. Then
(35)

[Sing(Xe)] + [Sing(Xe\1)] = L[ @1, {01, U }ma, no] + [¥F, 1]

Proof. The clas of the singular locus Sing(X¢) in affine space is given by
(U, Wl ..., wNe] Apply Proposition 29 to the polynomials ¥, Wt ... ¥Ne,
in order, with respect to £ = x1. Each term in the sum is of the form:

VAT SR Vi N L L PR /L /R Y I /R U R /L3I

By Equation (27), each resultant [W¥T! ¥™]; is in the radical of the ideal
spanned by W' ¥;. Thus the reduced schemes defined by these two ideals
are the same and the total contribution is zero in the Grothendieck ring. It
follows that all terms in the sum vanish, and we are left with only the first
three terms:

(36)  [Sing(Xe)] = (W', W, W WL + [0, [, W] - (9, 01,

where in each expression, i ranges from 2 to Ng. Clearly [V, ¥']; = \Ill\lfi1 —
U1 U and hence [W!, [¥, U];] = [¥!, U, ¥l]. Equation (31) gives

(37) (O U O] = [0y + (O, ] — (o vy, B

By Corollary 26, we know that Wy € v/T, where I is the ideal generated
by Wl W' Hence the right hand side of (37) reduces to [¥!, ¥y] in the
Grothendieck ring. The third term on the right hand side of (36) defines the
singular locus of W', which is the graph polynomial of G\1. O

Proof of Theorem 19. If G is disconnected then ¥ =0 and the theorem
holds true.

We now assume that G is connected and prove the theorem by induction
over Ng.

The initial case is the tree with 2 edges which has ¥ = 1 and the theorem
follows trivially.

Let Ng > 3. If G has edge-connectivity 1 then there exists an edge e
that cuts G. Hence ¥ does not depend on z. and Sing(X) is a trivial line
bundle implying the statement of the theorem. We hence may assume that
G has edge-connectivity > 2.



346 F. Brown, O. Schnetz and K. Yeats

By reducing Equation (35) of Lemma 30 modulo L, we get
[Sing(Xg)] = [¥!, ] — [Sing(Xg\1)] mod L .

By Equation (2) in the proof of Proposition-Definition 18 in [12], we know
that hg < Ng — 2 (G has at least 3 vertices) implies

W] = [Weyg, Ueyp] =0 mod L,

from which we obtain that [Sing(X¢)] = —[Sing(X¢y\1)] mod L. Because G
has edge-connectivity > 2 we know that G'\1 is connected with at least three
vertices. By induction [Sing(X\;)] =0 mod L. O

5. Graphs with subdivergences

We show that a graph G in ¢* theory which is not primitive (i.e. which
contains a non-trivial divergent subgraph) has vanishing ¢y invariant.

5.1. Structure of a 3-edge join

Gy G

Definition 31. Let G1, G2 denote connected graphs with distinguished
3-valent vertices v; € V(G1), va € V(G2). A three edge join of G; and G is
the graph obtained by gluing G1\v1 and G3\vs along the 3 pairs of external
half edges in some way. Define n edge joins similarly.

Recall from [12] Lemma 22 that the existence of a 3-valent vertex in G;
implies that

Ve, = fo(z1m2 + w123 + 2223) + (f2 + f3)21 + (f1 + f3)22
+ (f1 + fo)xs + fi23

where the polynomials f; are defined by

Jo=Yanf2yy3, 1= ‘PQG?l , fa= \Pé‘f’Q , f3 = \Ijé?g s J123 = VYa, 123}
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and satisfy the equation

(38) fofizs=fifo+ fifs+ fofs .

Let go, 91, 92, 93, g123 denote the corresponding structure coefficients of the
graph polynomial ¥¢,. The structure of a general 3-edge join is similar.

Proposition 32. Let Gy, Go be as in the definition, and let G be their
3-edge join, with the edges numbered accordingly. Then

(39) fogo¥a = A1 A + A1 Az + ArAs
where
(40) A; = fogoxi + figo + fogi for i =1,2,3

Proof. 1t suffices to show that

(41) Ve = fogo(z1ze + T1203 + T273)
3

+ ) (fogir1 + fogiva + gofisr + gofir2)wi
i=1

+ (f12390 + fogrzs + Y _ figj)
i#j
where the indices in the second sum are taken modulo 3.
To prove (41) we recall the proof of Theorem 23 in [14] and apply the

formula for a 3 vertex join with G1\123 on one side and G\ (G1\123) on the
other side. We get

W = fi2390 + f195 + 195 + fa91 + fag3 + f3g) + 395 + fogios

where the g/, are the corresponding polynomials for the G\(G1\123) side.
However, looking at each ¢/, in terms of the allowable spanning forests we
see that

96 =40
gi = xi90 + g; for i € {1,2,3}
G123 = (2172 + 2173 + T273) g0 + T1(92 + 93) + T2(91 + 93)
+ x3(91 + 92) + 9123

which gives the desired result. O
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5.2. The class of a 3-edge join in the Grothendieck ring

The 3-edge join is simple enough that we can denominator reduce to zero
and hence obtain that the ¢y invariant vanishes.

Proposition 33. Let G be a 3-edge join of G, Ga as defined above. Let 4
be an edge of G1\123 and let 5 be an edge of G2\123. Then

"W(1,2,3,4,5) = 0.
Consequently, the co invariant of G is 0 mod q.

Proof. Consider \111G24’135. Monomials in this polynomial correspond to cer-
tain trees in G'\135/24. Consequently, they correspond to certain spanning
forests of G'\12345 where the end points of 2 and 4 are coloured with three
colours.

Monomials of \IIIG24’135 also correspond to trees in G'\124/35, and hence
to spanning forests of G\ 12345 where the end points of 3 and 5 are coloured
with the same three colours.

But 4 is in G and 5 is in G3. Thus the connected components of G'\123
each contain at least two of the three colours. Therefore, there is a colour
which appears in both components. But all vertices of the same colour must
be in the same tree of the forest, so there can be no such spanning forest of
G\12345. Thus \111G24’135 = 0. The same argument holds with 4 and 5 swapped
and so Wg(1,2,3,4,5) = L[ @124135] — 0, by Definition 11. O

There is a direct way to show that the ¢y invariant of a 3 edge join
vanishes.

Proposition 34. Let G be the 3-edge join of Gy, G2 as defined above. Then
[Xg] =0 mod L3
In other words, the co invariant of G vanishes in the Grothendieck ring.

Proof. Let Uy, and U } 9 denote the open set fo, go # 0 in ambient space ANe
and ANo=3 respectively. From (39), we have

[Xe N Upgl = L2[U7,]

since the right-hand side of (39) defines a quadric in A3 whose class is 2.
Now let Uy C ANe denote the set fy # 0, go = 0, and likewise let Uy denote
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the set go # 0, fo = 0. From (41), the polynomial W restricted to Uy takes
the form

(42) (g1 + 92)y1 + (91 + 93)y2 + (92 + 93)y3 + fog123

where y; = fox; + f; for ¢ =1,2,3. Consider the projection XgNU; —
ANe=3 0 Uy, By Equation (42), the generic fiber is a hyperplane in A3 whose
class is 2. Otherwise, g1, g2, g3 vanish and there are two possibilities: if
g123 = 0 the fiber is isomorphic to A3, otherwise it is empty. We therefore
have

(X NUs) = My, x (L%[g0, g1, 92, 93, 9123] + L*([90] — [90, 91, 92, g3]))

where My, = [ANe173\V(f;)] and all terms in brackets are viewed in ANe2 =3,
A similar equation holds for [X¢ N Uy|. Finally,

[Xe NV (fo,90)] = L[ fo, 90, > figj],
i#j
where the right hand side has ambient space ANe~3, Writing [X¢] = [Xg N
Upgl + [Xag NUf] + [Xa N Uyl + [Xa NV (fo,90)] gives
[(X¢] = LYot —L2(My, [90, g1, 92, 93] + My, [fo, f1, f2, f3] + [fol[g0])
+1° (Mfo [90, 91, 92, g3, 9123] + My, [fo, f1, fo, [3, f123]

+ [f()a 90, Z flg]])
oy

In particular, the ¢y invariant of G in the Grothendieck ring is

CQ(G) = _Mfo[g()?glvg%g?»} - MQO[an f17f27f3] - [fO][g()] mod L .

However, it follows from [12] Proposition-Definition 18 (1) that [fy] =0
mod L since fp is a graph polynomial and therefore linear in every vari-
able. Thus My, =0 mod L, and the same holds for M. It follows that
c2(G) =0 mod L. O

5.3. Four edge joins
The 4-edge joins are trickier, as we can take a denominator calculation part

way there, and then must appeal to the Chevelley-Warning theorem via a
separate argument.



350 F. Brown, O. Schnetz and K. Yeats

Lemma 35. Let G be the 4-edge join of G1 and Go. Let 5 be an edge of
G1\1234 and let 6 be an edge of G3\1234. Then

DE(1,2,3,4,5,6) = £(Pr gijay Po.girjry + Pringey Po.gijny)
for any {i,j,k,1} = {1,2,3,4} where P, g;; iy = i\pgilfl(‘l“)g,g%j(flﬂ)_
Proof. Recall that
59(2,3,4,5,6) = \11236,24511125,46 B \1136,45\112357246.

The graph G\1 is a 3-edge join, so by the proof of Proposition 33, and
contraction-deletion, we immediately obtain W1236:1245 — 1235,1246 — ( Thys
we can denominator reduce edge 1 to get

Dﬁ(l’ 2,3,4,5,6) = \I,%36,245\1J;35,146 B \I,é36,145\1,§35,246 ‘

Now consider \11336’245. Let the vertex on the G; side of edge 1 be a;, and
similarly for b;, ¢;, d; for edges 2, 3, 4, and 5 respectively. Let e; and f; be

the vertices of edge 5 and ey and f5 for edge 6. Then
236,245
L5

_ {a1,az2,e1,e2,d1,c2},{f1,c1},{f2,d2} {ar,a2,e1,e2,d1 },{f1,e1},{f2,dz2,ca}
= jE(q)G\23456 + @\ 23456

{a1,a2,e1,e2,c2},{f1,c1,d1},{f2,d2} {a1,az,e1,e2},{ f1,c1,d1 },{f2,da,ca}
+ @ + &
G\23456 G\23456

=+ the same four terms with e; and f; transposed, es and fo transposed
and both transposed with sign the sign of the permutation)
The internal signs are consequences of Corollaries 17 and 18 of [14]. Focus

on the first four terms. No edges with ends not in the partitions join the two
halves of the graph and so

(I){th702781,ez,dl,Cz},{fl,ﬁ},{fmdz} + (D{al,amel,827d1}7{f1,Cl},{f27d2,02}

G\23456 G\23456
{a1 ,a2,61 ,62702},{f1 ,C1 ,d1},{f2,d2} {al ,a2,€1 ,62},{f1 ,C1 7d1}7{f27d2102}
+ (I)G\23456 + (I)G\23456

— (I)gl;7617d1}v{fl7C1}q)§_}122,€2702}7{f2,d2} 4 (I)glll761,d1}7{f1701}@%22762},{f2,d2702}
+ q)gllhel},{fl,Cl7d1}q)gl22752702}7{f21d2} 4 @1{1}111761}7{]01701,d1}¢)§?22162}1{f27d2702}
_ ((I)Ezll,el,dl},{fl,cl} +©glll,€1},{f1,cl,d1}) (@}—?22762702}7{f27d2} +©21227€2}7{f2ad2y02})

_ slavei b {fi,ei} glaz,ea}{f2,d2}
— (P;l e C (P;z €
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where Hy = G¢\1234 for t = 1,2.
Calculating similarly on the remaining terms

236,245
i

=k (ol ) _ gl (glmeshlinh) _ gosi) )

Let A;"" = <I>{m“€t} {nefi} Q{mt’ft} (e gor t € {1,2} and m,n € {ay,
b, ct, di }. Note that AV = — A L . The preceding calculations show that

\11?36,245 _ iAT’CAg’d.
Calculating similarly we get

\11535,146 — iA?,dAg,C

\11136,145 _ :l:All),cAg,d
235,24

\If 35,246 _ j:AclL,dAczb,c

Furthermore, A‘f’b = :|:\112314’1345 = :l:lllgl4’2345 and similarly for the other
) b qc,d ,c 1b,d
A;nn- Thus Pt,{12,34} = iA? Af ) Pt,{13,24} = iA? CAt , and Pt,{14,23} =
:tAf’dA?’c. Choosing the signs on the P, r;; 1y appropriately we get

Dg(1,2,3,4,5,6) = £(Pr (13001 P2 {1423} + P 14,233 Po, {1324} )-

The other permutations of 1,2, 3,4 in the expression for D° in the state-
ment of the theorem must hold by symmetry. We can also verify them
directly from the identity

ab rcd a,c 4 b,d a,d gb,c
ABPAGT _ gze gbd | gad gbe

for t = 1,2 which can be checked by expanding each term in spanning forests.
OJ

Remark 36. The expression for D in the previous lemma is symmetric
under various twisting operations. From the expressions for the P 1;; 11y in
terms of the A;"" we see that each P; (ijk1y 1s invariant under the permuta-
tions (1234), (2143), and (4321). If we denote the four external vertices of

Gi\{1,2,3,4} by vi, ... v} (not necessarily distinct) then any 4-edge join
of G; and G is obtalned by connecting v} to v2 (i) for i =1,...,4, where
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o is any permutation of 1,2,3,4. Denote the corresponding 4-edge join by
G1 Uy Go. Then we have the following twisting identities:

(43) Dg1U7‘,dG2 = iDglu,yGQ ’

for all o € V = {(1234), (2143), (3412), (4321)}.

Proposition 37. Let G be a j-edge join of G1, G2, and let A; = G;\{1,2,
3,4}. If 2hg < Ng and 2ha, < Na, — 2 then c2(G)y =0 mod q.

Proof. By Theorem 13, the cs invariant of G is computed by its denomi-
nator reduction. By Lemma 35, the zero locus of Dg(l, 2,3,4,5,6) is given
by Z = V(P1Qa + Q1 P) C ANa1~1 x ANa>~1 for polynomials P;, Q; defined
over Z. Consider the projection 71 : ANai =1 x ANax=1 5 ANai =1 onto the
Aj coordinates (minus edge 5), and let Z; = 71(Z). By contraction-deletion,
one sees that deg P, = deg Q2 = 2h4,, and so the fibers of Z over Z; are
of degree 2h,, in AN4~1 Let g =p" where p is prime, and let Z, 7,
denote the reductions mod p. Since 2h 4, < N4, — 1, the Chevalley-Warning
theorem implies that [Z N '(z)], =0 mod g for all x € Z;. Therefore
[Zlg =2 0z, 12N 7 (2)]; =0 mod q. O

5.4. Vanishing of c2 for non-primitive graphs

Theorem 38. Let G be a connected graph in ¢* which is overall log-
divergent. If G has a non-trivial divergent subgraph then c2(G)y =0 mod q.

Proof. Let v be a divergent subgraph of G. Since v € ¢*, it has at most 4
external edges, and so GG can be written as a 2, 3, or 4-edge join. In the case
of a 2-edge join, GG is in particular 2-vertex reducible, so by Proposition 36
of [14], it has weight drop. In the case of a 3-edge join, the statement follows
from Proposition 33 or 34. In the case of a 4-edge join, apply Proposition 37
with A; =~ and G2 = G/~. Since 2hg = Ng and 2hy, > Ny,, we deduce
that 2k, < Na, — 2. In all cases ¢2(G)y; =0 mod g. O

Remark 39. If one knew the completion conjecture for ¢y invariants [12],
then in the previous theorem it would be enough to know that c(G) vanishes
for 2 and 3-edge joins only.
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5.5. Insertion of a subgraph

If we strengthen the hypotheses in the cases of the 3 and 4-edge joins, then
we can obtain stronger conclusions and also clarify what fails in the case of
higher joins.

Let G be an overall log-divergent ¢* graph. Suppose H is a subgraph
of G with 2m external edges. Then Ng = 2hg and Ny = 2hy — 2+ m. In
this case G is a k-edge join of G; = G/H and Gy where G9 is H with those
external edges of H which became internal edges of G all attached to an
additional vertex. In particular, k& < 2m. In the proposition below we will
never require the valence restrictions of a ¢* graph, only the relation between
the edges and cycles for H, and so we drop the superfluous restrictions.

Proposition 40. Let G be a k-edge join of G and G, with the join edges
labelled 1,...,k. Let H = G)\{1,...,k} and let m = Ng — 2hy + 2. Sup-
pose all edges of H can be denominator reduced in G. Let P be the denom-
inator after these reductions. Suppose further that P can be written in the
form > i@g\H@g\H with only the vertices where H is attached involved in
the partitions. Then

0 ifm <2
P=q9,;  ifm=2
Veyu@ ifm=3

for some Q).

Before proving this result let us consider it briefly. From the preceding
discussion we see that if we are in ¢* and H is a vertex subdivergence of
G, then we have m =2 and k = 3 or 4 in the proposition. Thus with the
hypotheses of the proposition we conclude that P = \I/2G JH and hence in
this case we have another way to see that the cy invariant is zero.

The hypothesis on P deserves further explanation. If the denominator
one step before P was expressible as a product of two Dodgson polynomials
then P will be a difference of products of pairs of Dodgson polynomials, and
since every Dodgson polynomial can be written as a signed sum of spanning
forest polynomials, we get the desired hypothesis on P.

The proof of the proposition is a degree counting exercise.

Proof. Any 5-invariant in G has degree 2hg — 5 and each subsequent denom-
inator reduction decreases the degree of the denominator by 1, so

deg P = 2hg — Ny = 2(hgyg + hu) — Nu = 2hgyg +2—m
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Ve g has degree hg g — k + 1. Thus a spanning forest of G\ H with i trees
has degree hgyy — k +i. A partition involving only the vertices where H
is attached has at most k parts. Thus the maximum degree of a spanning
forest polynomial associated to such a partition is hq /-

If m < 2 then P has degree at least 2hg )y + 1, but the maximum degree
of a product of two spanning forest polynomials of the desired form is 2hq /5,
so P =0.

If m =2 then P has degree 2hg . Thus P is a sum of product of
pairs of spanning forest polynomials each with k trees. But there is only one
spanning forest polynomial with k trees and k vertices in the partition: each
vertex is in a different part. Furthermore this spanning forest polynomial is
the same as the spanning forest polynomial with one part when all k£ vertices
are identified. But G\ H with the vertices where H is connected identified is
exactly GJ/H. Thus P = \I%//H.

If m = 3 then P has degree 2hg )y — 1. This means that each term of P
is a product of a spanning forest polynomial with k trees and one with k& — 1
trees. But as shown in the previous paragraph the only spanning forest of
the desired form with k trees is ¥ /p. Thus we can factor out V¢ and
we obtain P = Vg, (@) where () is a linear combination of spanning forest
polynomials with £ — 1 trees. ]

Something similar happens if we reduce the outer graph rather than the
inserted graph. For insertions of ¢* primitive graphs into primitive graphs
this would be the case m =3 and k =3 or m =4 and k = 4.

Corollary 41. Using the notation of Proposition 40, assume we can addi-
tionally reduce the k edges of the join. Let P be the resulting denominator
and assume P satisfies the property satisfied by P in Proposition 40. Then

‘IIG\GQQ me:k'—l

for some Q.
Proof. Begin as in the proof of Proposition 40. Then
deg P = degP — k = 2hqym +2—m — k.
W\ p has degree hg g — k + 1. This is the unique spanning forest polyno-

mial of G\ H of this degree and no such spanning forest polynomial can have
smaller degree. The result follows. O
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6. Denominator identities and c,

Given that denominator reduction computes the co invariant it is natural
to ask how the co invariant relates to identities between denominators. The
double triangle identity [14] is also an identity of ¢y invariants, and is a major
tool to predict the weight of Feynman graphs. For denominator identities
with more than two terms the situation is more subtle. Two important such
identities are the STU-type identity coming from splitting a 4-valent vertex,
and the 4 term relation.

6.1. An identity for 4-valent vertices
Let G be a graph containing a 4-valent vertex with vertices 1,2,3,4 pic-

tured below on the left, where the white vertices denote vertices which are
connected to the rest of the graph. Resolve the 4-valent vertex into three

smaller graphs as shown:
/ e \

G (14,23} G 13,24} G12,31)

There exist three spanning forest polynomials A, B, C' such that
Veer =x(A-B), Yoy =F+(A-C), Vo, =%x(B-C0C),

{14,23} {13,24} {12,34}

where A, B,C € Z[xs, ..., zn,| (by [14], Example 13). Specifically,

9

1,2},{3,4 1,3},{2,4 1,4},{2,3
A= ollBBY g gllahatt o _ gllthi2d

Lemma 42. Consider a fifth edge 5 in G. Then
+°0(1,2,3,4,5) = [A, Bly, + [B, Cla, + [C, Als,

Proof. For any partition p of {1,2,3,4} into two sets, U2, = + 0% . One of
y G G,
the many definitions of the five-invariant is:

+90(1,2,3,4,5) = +[0 % 0, =+[B—C, A~ Cl,, .

The result follows by linearity of the resultant. O
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This is not a typical denominator identity since it uses the decomposition
into A, B, and C'. It becomes a true denominator identity when edge 5 forms
a triangle with 1 and 2. In this case G134} has a double edge which gives
a denominator of 0 when those edges are reduced and so only two terms
remain on the right hand side. Specifically, we get the following proposition.

Proposition 43. Let G be as illustrated above and let edge 5 form a triangle
with edges 1 and 2. Choose any 6th edge from G, then

D&(1,2:3,4.5,6) = £D¢ ..y, (3¢ £,6) £ Dy, (5: €, 1. 6)
where
D4@(2,], k, l) = :I:\Ilg»kl\l,lg;,jl
which depends on the order of the arguments.

Proof. Let A, B,C be defined as above. In the quotient G //5, the vertices
1 and 2 are identified, which implies that B and C vanish at x5 = 0, by
contraction-deletion. By the previous lemma

+50;(1,2,3,4,5) = [A, Bly, + [B, Cla, + [C, Als,
= (C° - B")4;

where we write A = A%z5 4+ As, and so on, as usual. Then, using the fact
that Bs = C5 = 0, we deduce that

+90(1,2,3,4,5,6) = [A5,C%),, — [A5, B®)4,
= [A5 — C5, A® — C®],, — [A5 — Bs, A’ — B,

6

By the Dodgson identity, it is true for any graph polynomial ¥ that
[‘I’Zjv pikidk] - gilikgikal

Writing A — C = ph and A — B = 0%/ , we obtain the statement
Gi13,24) G14,23)

of the proposition. O

If we fix the signs in the D4G by defining D& = \I/g’klllf?;’jl then, following
the signs through the above proof, we obtain

DE(1,2,3,4,5,6) = + (Dg,m%}(s, e.f,6) = D& ., .. (5.¢. f. 6))
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Remark 44. The preceding proposition implies the double triangle identity
from [14]. It also explains the ad hoc identities from subsection 4.6 of [14]
if one also keeps track of the signs from the proof of the proposition. For
example, using the notation of that paper, if we apply Proposition 43 to
the middle left vertex of 8, then we obtain (with signs) 62 — 63 giving the
polynomial (zy + yz + 2z) — xz = y(z + z). Applying the proposition to the
top left vertex of 8, we obtain two permutations of 63 giving the polynomial
Yz + xy.

Likewise, applying Proposition 43 twice to 10 gives the three different
permutations of 63 and so correctly computes p(10;). Consequently, these
types of identities are no longer ad hoc, but come from splitting 4-valent
vertices.

6.2. 4-term relation

One very important relation in mathematics [2], which is also found in quan-
tum field theory [8], is the 4-term relation. The ¢y invariant does not satisfy
this relation, but it is nonetheless a true identity of denominators.

Let

each with the same external graph attached to the white vertices.
Theorem 45. For some choice of signs (see below):

+D{, £ D§, £ DS, £ Df, =0
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Proof. Beginning with G calculate

5 12,34 1,145,235 14,23 1,125,345
+°¥q (1,2,3,4,5) = Ve Ve, Vo5V
Since only edges 1, 5, and 6 are adjacent to vertex f, reducing by edge 6
gives
6 126,346 1. 145,235 146,236 7,125,345
iDG1(1,2737475,6) — \IJG175 qul,G - \IlGl,E) G1,6

Since only edges 2, 6, and 7 are adjacent to vertex g, reducing by edge 7
gives

7 _ 3,126,346 = 1457,2357 146,236 1, 1257,3457
+DF,(1,2,3,4,5,6,7) = WEOHOQ T 20T g pl6286 g 207
_ 3,126,346 = 1457,2357
=Va, 5 Ya.e
. 1257,3457 o )
since U g = 0 by the vanishing property §2.2 (4) as h is 3-valent.
Let

1457,2357 {a,b,c,d,e} .
Note that \I/Gh6 = i@H\172’374’5,6 since both correspond to the same

spanning forest polynomials.

126,346 _ iw}?G,Q?A

Furthermore, e since both correspond up to a sign to

(I){b,d},{c,e} . q){b,e}7{c,d}
H\1,2,3,4,5,6 H\1,2,3,4,5,6°

Thus, up to signs,

D, (1,2,5.8,4,6.7) = W e fibote)

Arguing similarly for Go, G, and G4 we get

7 | 146,236, 1257,3457 | 134,256 1 {a,b,c,d,e}
D¢, (1,2,3,4,5,6,7) = £V 57U g =V T P pi05456

7 . 146,236 1, 1257,3457 124,356 + {a,b,c,d,e}
Dg,(1,2,3,4,5,6,7) = W5 00000 = 4030l odl

7 - 126,346 7,1457,2357 123,456 = {a,b,c,d,e}
D¢, (1,2,3,4,5,6,7) = i\IlG4,57 \I/G%6 = (I)H\l,2,3,4,5,6
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All together

+ D§, £ D§, £ Df, £ Dg,
234,156 134,256 124,356 123,456 ,b,e,d,
= (£ PBHI6 1 34206 4 124356 4 12 )@Ej\l;ﬁjﬁﬁ -0

which vanishes for appropriate sign choices by the Pliicker identity with
n =3 (§2.2). OJ

Although there is no well-defined way to fix the signs in the denominator
reduction for a single graph in general, we can determine signs for the D"’s
of the above graphs. For this, viewing the arguments to the 5 invariant as
ordered, we can choose the sign given by the positive sign in the expres-
sion in Definition 11, following that, fix the signs of later reductions where
either the constant or quadratic term vanishes by choosing the sign of the
constant term in the previous step. With these conventions and the order
and orientations given in the illustrations, the above proof gives that

(44) DE, — DG, + D, — DG, =0

This identity strongly suggests a connection to the 4-term relation for
chord diagrams in knot theory [2]. The other key identity in chord diagrams
is the one-term relation. For denominators, the one-term relation is the fact
that graphs of the form

are zero after integrating the five indicated edges. To see this, write the
5-invariant of the five edges joining a, b, ¢, and d in spanning forest polyno-
mials,

+ ((I){a,c},{b,d} _ q){a,d},{b,c}) plabiedy

This is zero since in both terms of the first factor there are parts which
appear in both components of the graph and no edges remaining to join
them.

Note that, unfortunately the four-term relation does not hold at the level
of the ¢y invariant. As an example take Py ;1 from [21]. From the illustration
in that paper, label the vertices counterclockwise from 3 o’clock starting
with label 0. Next make a double triangle expansion of vertex 1 in triangle
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012 so that the new vertex is adjacent to vertex 6. Remove the new vertex.
This graph has the same ¢ invariant as P711. However if we use the seven
edges 03, 08, 01, 12, 25, 14, and 27 with vertex 7 playing the role of e, then
the four ¢y invariants do not cancel.
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