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Abstract

Quantum non-local charges are central to the quantum integrability of
a sigma model. In this paper we study the quantum consistency and UV
finiteness of non-local charges of string theory in AdSs x S°. We use the
pure spinor formalism. We develop the near-flat space expansion of the
transfer matrix and calculate the one-loop divergences. We find that
the logarithmic divergences cancel at the level of one loop. This gives
strong support to the quantum integrability of the full string theory. We
develop a calculational setup for the renormalization group analysis of
Wilson line type of operators on the string worldsheet.
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1 Introduction

The integrability of N =4 SYM and string theory on AdSs; x S° has
emerged as a major tool in testing the AdS/CFT correspondence. Despite
the impressive progress that the assumption of integrability has enabled,
relatively little is known about the integrable structure that underlies both
theories. Understanding this would be desirable for a number of reasons: the
showpiece of AdS/CFT at present is undoubtedly the asymptotic S-matrix
[1], based on the earlier works [2-6], which seems to correctly capture the
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scattering in infinite volume for both strings and SYM. Applicability of
factorized scattering assumes the existence of quantum non-local conserved
charges [7,8]. Furthermore, the S-matrix alone does not describe the full
spectrum, as it assumes scattering in infinite volume and thus fails to cap-
ture finite-size corrections. This shortcoming was made explicit in the string
theory in [9] and for V=4 SYM in [10]. A possible way to fix this prob-
lem is to apply the thermodynamic Bethe-ansatz procedure, as suggested
in [11], which however may be limited to very specific, low-lying states.
Alternatively, a systematic procedure, based on the Baxter ()-operator, was
proposed in [12,13], which in the case of sinh-Gordon theory enables to com-
pute the finite-size effects for all states. Key to this analysis is, however, the
knowledge of the quantum symmetries of the problem — which in the case
of AdS/CFT remains to be uncovered.

In this paper we would like to take a step in the direction of a better
understanding of the quantum transfer matrix and the associated non-local
charges of string theory in AdSs x S°. We will use the pure spinor for-
malism. One of our motivations is to see how far the computational fea-
sibility of the pure spinors extends beyond flat space. Furthermore, the
pure spinor string in AdSs x S° [14-17] has various features that make it
a natural framework for quantum computations. The theory is conformal
on the worldsheet [18,19] and, as we shall see, quantum computations can
be performed without choosing a specific gauge that breaks the global sym-
metries. In view of integrability, an interesting combination of integrable
and conformal structure of the worldsheet theory emerges. The existence
of classical local conserved charges was established in [20]. Integrability of
the quantum theory was anticipated in [18,21], where an argument showing
BRST-invariance of the non-local charges was put forward.

In this paper we examine the UV finiteness of the transfer matrix. We
analyse the short-distance singularities of the currents. We perform a per-
turbative expansion around flat space, determine the OPE of the currents to
the leading order in curvature corrections and study the logarithmic diver-
gences of the path ordered integrals of currents. We find that the logarithmic
divergences of the transfer matrix cancel at the level of one loop. This gives
support to the claim that the quantum string in AdSs; x S° is quantum
integrable.

Important related works in the WZW literature are [22,23]. Those papers
discussed the short-distance singularities of loop operators in boundary and
bulk WZW models.

The plan of this paper is as follows: in Section 2 we begin with a very brief
summary of the pure spinor string in AdSs x S°, discussing the
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zero-curvature formulation of the equations of motion, and the classical
transfer matrix. In Section 3 we discuss the near-flat space expansion of
the action. We study the short-distance singularities in the OPE of the
currents and calculate the field renormalization, which is necessary in our
formalism. Flat space limit was recently discussed in [17]. Section 4 contains
the general discussion of the renormalization of the Wilson line type of oper-
ators. In Sections 5 and 6 we calculate the logarithmic divergences of the
transfer matrix at the one-loop level, and find that they cancel. As a consis-
tency check of our calculational framework, we show explicitly in Section 7
that logarithmic divergences cancel in the global symmetry charge. Section
8 is a conclusion. Appendix A provides details on the algebra psu(2,2[4). In
Appendix B we discuss linear divergences; they would be important in the
higher loop calculations.

2 Brief introduction to pure spinors
2.1 Action functional and “capital currents” Ji

The target space AdSs x S° is the coset space

PSU(2, 2]4)
SO(4,1) x SO(5)°

A point of this space can be parametrized by the group element g €
PSU(2,2]4) modulo the left shift by h € SO(4,1) x SO(5):

g=hg, heSO(4,1)xS0(5). (2.1)

The action in the pure spinor formalism [14-17] is constructed out of the
“capital” currents’
_ PSU(2,2[4)
Jy=—-0 1 € ’ ,
+ +99 9% 30(4,1) x SO(5)

(2.2)

and bosonic ghosts (A% w1, ). The Lie-algebra psu(2,2]4) has a Z,4 grading

psu(2,2(4) =g =gp © 91 © 92 D g3. (2.3)

This Z4 grading has a clear physical meaning. It depends on the choice of
a point x¢ in AdSs x S°. This same point will be used in our flat space

"We call these currents “capital” because there are also “small case” currents; see
Section 2.4. Capital currents are invariant under the global symmetry PSU(2,2[4). Small
case currents are invariant under the gauge transformations (2.1).
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expansion. The flat space limit is the limit when the string is localized near
this point xg. In this limit the target space AdSs x S° is approximated by
flat space, which is the tangent space Ty, (AdSs x S°). In the flat space
type IIB superstring there are two supersymmetries, €7, and eg, which are
both Majorana—Weyl spinors. One comes from the left sector on the string
worldsheet and the other from the right sector, so they are physically distin-
guished. We say that the Killing spinor on AdSs x S° is in gy if it becomes
€7, in the flat limit near zg, and in g3z if it becomes eg. This is a grading,
because the anticommutator of two left supersymmetries gives us a transla-
tion, while the anticommutator of left and right supersymmetry gives zero
in the flat space limit.

It is useful to label the generators of g = psu(2,2]4) using this flat space
picture. The bosonic generators in the flat space limit are boosts and rota-
tions t([);w]’ and also the translations ti; here p and v are the vector indices
of the tangent space. The fermionic generators are the left supersymmetries
t3 and the right supersymmetries té. Here o and & are both the spinor
indices of the Majorana—Weyl spinors; they have the same chirality (left
Majorana—Weyl spinors). In other words, a versus & do not indicate dif-
ferent chiralities but the grading (3 and 1, respectively). To summarize, we
have the following set of generators:

t = {t0,) tés thoto ) (2.4)

where p=0,...,9 and a,& = 1,...16. The bosonic subalgebra is g5 ® g3,
where gg corresponds to the denominator algebra so(4,1) @ so(5).

The bosonic ghosts (A3, w14+) and (A, ws—) take values in gy @ gz and
satisfy the pure spinor condition

AMTHAL = A3TFAg = 0, (2.5)

where Fgﬁ are the SO(9, 1) gamma matrices. The solution space to the pure

spinor constraint is 11 complex dimensional and is parametrized by the coset
space SO(10)/U(5).

The action functional is [14, 24]

2 1 1
S = R— /dQZ Str <J2+J2_ + §J1+J3— + —J3J1-
T 2 4 4

Fw140-A3 + w304+ A1 + NotJo— + No-—Jot — N0+No> , (26)
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where the ghost currents

Now = —{wit, Az},  No— = —{ws—, A1} (2.7)

can be seen to couple non-trivially to the physical fields. The currents are
contracted with the generators of psu(2,2[4) :

Jog = TG0 Ty = TR Jae =SS, =Tk, (28)

which are chosen in a finite-dimensional representation. The “Str” in the
action is the supertrace in the fundamental representation 4|4 of su(4[4); it
defines the invariant bilinear form on psu(2,2[4). The physical spectrum is
obtained as the cohomology of the BRST-operator. The classical BRST-
transformation is generated by

Q= /Stl‘ ()\1J3,d7'_ + )\3J1+d7‘+) . (29)

Using the pure spinor constraint (2.5) it follows that @ is nilpotent up to
a gauge transformation. Quantum BRST and conformal invariance of the
action were established in [18,19].

It is probably not very easy to define the classical limit, due to the pure
spinor ghosts; it is not obvious that just setting A = w = 0 would yield
the correct classical theory. But the main point in favour of the pure spinor
approach is that it is possible to do perturbative calculations in the quantum
theory without introducing the light cone gauge, and thereby maintaining
the full psu(2,2]4) symmetry.

The only serious obstacle in this direction is lack of experience with the
curved (v systems; for some recent progress in this direction see [25] and
references therein.

2.2 Equations of motion and zero-curvature equations

Classical integrability was established first for the GSMT action [26] by
rewriting the equations of motion in terms of zero-curvature equations [27].
Classical integrability for the pure spinor string can be established likewise.
In the following we will review the analysis in [18,20,21].2 The zero-
curvature conditions on the currents J are

8+J, - 87J+ —|— [J+, J,] - 0 (210)

*Further discussion of the classical dynamics have appeared in [28,29].
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Let us introduce the Dy covariant derivative:
Dy =d+ Jy.

This is just the standard Levi-Civita metric connection in the tangent space
to AdSs x S°. (While the “full” covariant derivative d 4+ J can sometimes be
identified as the “long” connection modified by the Ramond-Ramond five-
form field strength; it is roughly speaking d + %w“bfab + dzF adeeFabcde.)
The tangent space to the space of solutions of (2.10) is parametrized by &:

deJ = dE+ [, €. (2.11)
When & = &3 we obtain the equations for Ji:

Doy Ji— + [z, Jo-] + [Jog, J3-] = [Nog, Ji-] + [J14, No-| =0, (2.12)
Do_J14+ + [Jlf, N0+] - [NU,, J1+] =0. (2.13)

When & = & we obtain the equations for Js:

Dot Js— — [Not, Js—]| + [Js+, No—] =0, (2.14)
Do_Jsq — [N0+, J3_] + [J3+, NO_] — [J2+, Jl_] — [JH_, Jg_] =0. (2.15)

When & = & we obtain the equations for Ja:

Doy o + [J3+, Jgf] — [N0+, Jgf] + [J2+, Nof] =0, (2.16)
Do_Joy — [J14,J1-] = [Nog, Jo—] + [Jo4, No-] = 0.

The pure spinors do not change the condition that

OpJo— — 0—Jos+ + [Joy, Jo—] + [Jot, Jo— | + [J34, Ji-] + [J14+, J3-] = 0.
(2.18)

This is a “geometrical condition” on the worldsheet connection. In deriving
the equations of motion for A we have to take into account that

Str{w1+, /\3}J()_ = Str w1+[)\3, J()_], (2.19)
because w and X\ are both odd elements of the superalgebra. For odd a and
b we have Strab = —Str ba. Therefore the equations of motion for \ are:

Do_XA3 — [No—, A3] =0, (2.20)
D0+)\1 - [N0+, )\1] == O, (221)

A3, Nos] = [A, No_] =0, (2.22)
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where the last equation is kinematical. The equations of motion for w are:

Do_w1+ - [Ng_,wl_;,_} = 0, (2.23)

Dotws— — [Not, w3-] = 0. (2.24)
This also implies that

Do Noy — [No—, Noy| =0, (2.25)

D0+N[), - [N(]+,NO,] - O (226)

It is useful to introduce the combined current, which will play the role of
the Lax pair,

1 1 1 1
J+(2) = Jot+ — Nos + JJse T g + g hie + 7 Nog (2.27)
J (2)=Jo- — No_ +2J1_ +22Jo 4+ 23J3_ + 2*Ny_, (2.28)

where z is the spectral parameter. The equations of motion can then be
written as zero-curvature conditions:

[0+ + J4(2), O-+J_(2)]=0. (2.29)

An important point to notice is that the Lax pair in the pure spinor for-
mulation is different from the one in [27] based on the Metsaev—Tseytlin
action [26]. This is true even after dropping the ghost terms. The Lax
connection in the Metsaev—Tseytlin formulation is

1 1
TN (2) = Jop + 2014 + SELTIE s R (2.30)

and the resulting equations are different in the matter sector. Nevertheless,
the theories are of course classically equivalent, which follows by choosing
the specific gauge in the Metsaev—Tseytlin formulation J;+ = 0 and J3_ = 0.

Now let us notice that the equations of motion (2.20)—(2.22) are equivalent
to the statement that the coefficients:

of 275 in [04 + Jo(2), 271 \g],
of z in [04 + J(2), 2],

of 2% in [0_ + J_(2), 21],

of 271 in [0_ + J_(2), 271 )3
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are all zero. Therefore the BRST transformation is given by this formula:

[€Q. J1(2)] = DY (eA(2)), (2.31)

where A\(z) = %)\3 + zA1. This means that () acts as an infinitesimal dressing
transformation.3

2.3 The transfer matrix

The transfer matrix is defined as the path ordered exponential:

Tl

Q7 (2) = Pexp {—/ (Jo(2)dr T + J_(2)dr7) | . (2.32)

T

The zero-curvature equations (2.29) are equivalent to the flatness of the
connection J(z); this implies that §2(z) does not depend on the choice of the
contour. Classically, with the periodic boundary conditions, the expansion
coefficients of Str €2(z) in z around 0,00 yield an infinite family of local
charges [31], and the expansion around z = 1 results in an infinite set of non-
local charges. Classically, these charges are all in involution (their Poisson
brackets vanish).

Here we will study the logarithmic divergences of Q(z) by explicitly com-
puting the short-distance expansion of the currents.

2.4 “Small case” currents

The “small case currents” ji, js, j3 are defined as follows:
Jo =g ' Jag. (2.33)

We also define jo:
jo=g 'Ng. (2.34)

The most important property of these small case currents is that they are
gauge invariant under (2.1). They do not have a definite grading; it is not

3Dressing transformations are the gauge transformations of the Lax connection preserv-
ing the analytical structure of the connection as a function of the spectral parameter [30].
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true that j; belongs to g7. The global conserved charges corresponding to the
Killing vectors and spinors of AdS5 x S° are given by linear combinations:

global = /*(4j0 + 341 + 272 + J3). (2.35)

Liischer used the small case currents to construct the Yangian conserved
charge in the O(n) non-linear sigma model [8]. In his approach the Yangian
charge was constructed from the ordered double integral of the small case
currents:

+o0 T2 +oo
42, Yangian = / dTZ/ dle(T2>j<T1) +/ di(T) (236)

—0o0

It should be possible to generalize his arguments and prove the finiteness of
the higher conserved charges for the string in AdSs x S°. The logarithmic
divergences were present (and in fact played an important role) in [8,32-34].
They appeared because of the collisions 72 — 71 in (2.36), see Section 4.2.
But they were all proportional to algebraic structures like f(ll’c [tp, tc], which
would vanish for the algebra psu(2,2[4) because the adjoint Casimir is zero
in this case.

In this paper we will take a more pedestrian approach and calculate
the divergences explicitly using the capital currents expanded around flat
space. Our main reason is the following. We feel that the transfer matrix
itself should play a fundamental role, rather than the non-local conserved
charges which are obtained by expanding around z = 1. In [8] only the bilo-
cal charges were explicitly studied (notice that the higher non-local charges
could be obtained by calculating the Poisson brackets of the bilocal charges).
It was important that the only source of logarithmic divergences were dou-
ble collisions of j. In fact, in the expansion of the transfer matrix, triple
collisions contribute to the divergence already at the one-loop level. And
quadruple and higher order collisions would contribute at higher loops. This
does not affect the bilocal charge, but the argument based on generating the
higher order charges by applying the Poisson brackets to the bilocal charges
is rather indirect.

The bilocal charge does not really “probe” the structure of the Lax equa-
tion (2.27)—(2.29). One could imagine that the bilocal conserved charge is
given by an expression of the form (2.36), but this does not yet imply that
the conserved charge can be obtained from Q(z) given by (2.32) with J given
by (2.27) and (2.28). In the pure spinor formalism the expressions (2.27)
and (2.28) for the Lax connection appear rather artificial, and it is useful to
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verify that this is a sensible construction in the quantum theory, by explicit
calculations.

Note that in [21] the BRST-invariance of g2 vangian Was proven. The argu-
ment relied on the vanishing of the ghost-number +1 BRST-cohomology
class.

3 Action and OPE in the near-flat space limit

The flat space limit of AdSs x S° requires taking the large radius limit
R — o0 and rescaling the bosonic and fermionic fields with % so that the
action becomes a quadratic expression like (9x)2 + (90)? plus non-linear
terms proportional to powers of %. We will now explain how to do this
rescaling.

3.1 Viel-bein

A viel-bein is a choice of basis in the tangent space to AdSs x S°. It is equiv-
alent to the choice of the lift g € PSU(2,2|4) for each point in %.

We will parametrize the points of the space AdSs x S° by (z*, 19%,75‘%) as
in [26], so that the viel-bein is

1 1 1
g9(0,x) = exp (Rﬁﬁti + Rﬁ%té) exp (R:c“ti> . (3.1)

Let us introduce the shorthand notations:
xr = x“ti, I = 99t2  and I = IRtk

Note that z, ¥y and ¥ are all even elements of the Lie superalgebra
psu(2,2[4). With this notation the viel-bein can be written as follows:

g= e (L HIR) R (3.2)

If g = exp &%, then

D99 = 06 — S10,6] + £[[06, €L € + -+ (33
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This implies the expansion for the currents in terms of the flat space fields
x and ¢:

s = a+:c e R2 1,0, 05] + £ R2 97, 04 05] + 6;3 (2, [z, 0]
+ gl 90,010l + g 00,0010+ 0 (5 ).
s = RawL + ]; Wn, 0, ]
2}%3 91 . 00l) + R3 91,100 0:011) + 501, 10,001
+ a0 0 040 + s O 1000401 + 0 3 ).
T = EéwR + %[m,mx]
2;3 (O, 00]) + = R3 92,102, 0:92)) + 550, [0, 0292
6 R3 (98, (920 0m]] + R3 01, [0r, 098] + O < R4>
—Jos = R2 @, 0a] + R2 W, a+q9L] 5 R2 W1, 04 97)]
+ g0 0 0ul + 5 O W 0] 40 (). (3)
3.2 Global symmetries
Global symmetries act as constant right shifts:
9(9,2) — g(0,2)g0 = h(V, 2; 90)9(Sg,-(V, 7)), (3:5)

where go is a constant element of psu(2,2[4). We see that in the gauge
(3.1) the action of the global symmetry gy corresponds to the “shift” of
¥,z (which we denoted Sg,.(¥,z)) and a gauge transformation with some
parameter h which is a function of gg and = (this is sometimes referred to
as compensating transformation). For example, the translation corresponds

to go = e®¢ with § € go; the corresponding Sy, and h are:

]+, (3.6)

1
Sgo x+§+3R2[,[
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Sgo¥ =0 + %[197 [z, ]+, (3.7)
h(ﬁ,l‘;eé) = exp <2;2[x7§] + .- > ) (38)

Therefore in our gauge the global isometries act on the currents as gauge
transformations:

Sgo-J = —dhh™t + hJh™L, (3.9)
where h = h(9, z; go).

3.3 Action

The action without the ghost terms is

3

1 1 1 :
S == /d2'U <QCMVJ;+J2V_ + -C J?_tr_t]ig_ + Z

T 4 ap Co'tﬂ']fé-ﬁ-J?)ﬁ—) : (310>
Here C\, Caﬁ- and Cgpg are the invariant tensors, see Appendix A.

The path integral is the sum over histories of e~%.

The near-flat space expansion of the currents yields

5= i/d% (;Cwaw“a—x” + Capdy 930-0]
11 11 . ]
—iﬁfuwaﬂ“ﬂ%a—ﬁi - §§fua6‘9—$w?zaﬂ9§z + - > - (311

Further we will need to know the order 1/R? terms as well. These are
1 9 1
; / d Uﬁstr LQ, (312)

where

Lo = —%[x, 0. 2][x, O]

1 1
- Z[IQR, 6+x] [’IQL, 871‘] + 1[29[/, 8+I] [?93, 87$]

1
— S Wn, 001 [, 0-a]

23
8

1
- g[ﬁL,a—ﬁR] [, O4a]
3

(U1, 0+0R][x, O_x] 8[193,8_19L][:c,8+x]
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1 1
= 54100, 0+9Ll[0r,0-91] — 57 [OR, 0-Vr][VR, 0+IR] (3.13)

1

1
+ 57100 091N O-9R] = S[91, 0-01][Vn. 04 V]

1 1

5 [VR, 049L][VR, 0-0L] 5 (W1, 0-VR][VL, 0+IR]

1 1
— E[§R76+19LH79L76—19R] — i[ﬁL,8+ﬁR][19pL,8_19L].
3.4 The OPEs of the elementary fields

From the quadratic part of the action we have

(zM(w, )z (0)) = —wrC* (80g) ", (3.14)
(03 (1w, )9(0)) = ~7CP(D,0) ", (3.15)
(05w, )91 (0)) = —7C(D,00) . (3.16)

Note that % = 10%(w,w). Therefore

1
w

(zM(w,w)x”(0)) = —C* log |wl|?. (3.17)

3.5 A useful “symmetry”

Notice that all the formulas are valid if J; is exchanged with J_, dotted
spinor indices exchanged with undotted and 'y, with ¥'g. In other words

(B o g gE o gs T e TS e TR, (3.18)

3.6 OPE of currents

The near-flat space expansion of the currents and the OPE of  and 9 imply
the OPE of the currents to order 1/R3

& g 1 3+192 ap 1
T TE ) = gy o 1,7 40 (1 ) (3.19)
« 2 (9+19B ap 1 W3 — Wa . N
Te(ws) 5y (w2) = g T R (g w0

+0 (;4) , (3.20)
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& : 1 o,z iy 1
‘]1+(/wa)e]1ﬁ+(wb) - _ﬁ,wa%%fuaﬂ + 0 <R4) N (321)
o 08 _ 2 6+1»M af 1w —wy af
J3+(wa)<]3+(wb) - _ﬁwa —wp M B ﬁ (UJ — wb)Qa_ #f/‘
1
+0 <R4> : (3.22)
& o 1 1 [676% 1
() Ji (ws) = = g5 =5 O O g1 ) (3.23)
M 14 ]' 1 jng 1
o (W) I3 (wn) = — 2 - )QC +0(21) (3.24)
B
(1] @ _ 1 Ug(wo) 910 (wo) afpv]
Jor (o) i (1) = 2R3 <(wo —wi)?  (wo —wr) T4

1
+0 <R4> , (3.25)
2R3

o (1;4) , (3.26)

y 1 " (w Orx™(w »
J([)i](wo)J2>\+(w2) = 353 <(w0 E ii) + =+ ( 0)> an[u ]

+0 (;) . (3.27)

The OPEs are computed by evaluating all the Feynman diagrams JiJ.,
including the non-linear terms in the action, and thus differ from just evalu-
ating the OPE of J,; J using the expansion in (3.4) and the free field OPEs
of x and 9. This in particular leads to the interesting terms involving w and
the left-moving fields, which are however not unexpected in an interacting
theory, where the decoupling of left- and right-moving modes is generically
not possible. There are analogous OPEs of J_J_ and JyJ_. We will not
write the complete table here. We will compute the necessary singularities
in the following sections as we need them.

The OPEs of the currents were computed also in [35] using the background
field method. Our OPEs are in agreement? with [35].

4There was a mistake in the original version of our paper. The mistake was in the
coefficients of the singularities of JiJ2 and Js.Js, which we are not using in our further
calculations. Notice the difference of notations: gg of our paper corresponds to gz of [35].
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3.7 Field renormalization

The worldsheet theory for the pure spinor superstring in AdSs x S° is
believed to be UV finite. But this does not preclude log divergences, if
these divergences could be absorbed into the field redefinition. It turns out
that there is a renormalization of the field x, because there are logarithmic
divergences of the type 0;x0_x. There exist two sorts of contribution to
such divergences, the normal ordering of the quartic vertices and the fish
diagram from the contraction of the two cubic vertices.

X X

X aX

Quartic vertices: The contribution comes from the interaction terms in
the action of the form x z dx 0x and ¢ ¥ Ox Ox. These terms come from
the JoyJo_, J34+Ji— and Ji4Js— terms in the action. Our definition of the
group element ef (PL+9r)eR™' i guch that the terms in J = —dgg~' not
containing 0z do not contain x at all. Taking this into account, the terms
in Jy relevant to the wave function renormalization are:

1 1 1 1
Jy = —dx — 5[19L,d19L] — 5[193,(&93] - 6[3:, [z, dz]] — i[ﬁL’ [UR, dx]]
1
The quartic terms in the Lagrangian leading to the log divergences of the

type 0;x0_x are:

(@, o, [0, 0-a])) + 502,191, [9m, 0-al)) + 504, [, 92, 0-a1])

1 3
- 1(84-:5? [Vr, [Vr,0-z]]) — 1(8—0—% [, [IR, 0-z])).
The log divergences in the terms with fermions cancel, and the z x dx Oz
vertex leads to the log divergence

1
_6 IOg 62(0+ZL‘, [t/ﬁ’ [tll7 8,33]])

which contributes to the renormalization of the field z.
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Fish diagram: The cubic vertices are —3 ([012, 9], 0_91) and —5([0_z, V],
0+9R). The log divergence in the fish is effectively the same as the log
divergence of the expression —1 ([0, 9.], [0_z,IR]).

Therefore the total log divergence from the quartic vertices and from the
fish is

L log X, . 2 [ti,a_:c]])—%R—loge 030y, {13, [t} 0_a}).
(3.29)

This means that we should replace x with the renormalized x, which is

1
"6R

1 1
x ="+ éﬁ log e [ti, [ti, "] + iﬁ log € C’aﬁ{t [t '}
ren

=" — W log |€|*Cy.z™". (3.30)

In other words, the renormalization of dx is such that this expression
1 1
dx + 6[x7 [x’ d.I‘H + 5[19L7 wRa dx]] (3.31)

remains finite. One can see that this is the same as saying that Jy is finite.
(We should stress that our analysis is only valid to the order R3.)

Equation (3.30) can be checked against the formula (3.6) for the global
shift. The expression for Sy z™" as a function of x'" is the same as the
expression for Sy x as a function of z:

Sgowren _ ren _"_ § _"_ . [xren7 [xren,gﬂ . + .. (332)

3R?

if we take into account that [z, [z, &]] =: [z, [2,€]] : —log|e|?C5.€ + ---. This
agrees with the non-renormalization of R.

4 Renormalization of the Wilson line type of operators
4.1 Logarithmic divergences

We consider a non-local operator of the form

Q[ = Pexp (—/FJ>, (4.1)
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where I is a contour and .J has a regular expansion in powers of R~!, starting
with the leading term of the order R~!. We assume that J is a one-form
and an element of the Lie superalgebra (in our case psu(2,2[4)). We expand
the path ordered exponential in powers of R~! and get an infinite series of
terms of the type

/ )T, (4.2)

When we compute the expectation value of this operator we typically
encounter linear and logarithmic divergences. Linear divergences depend on
the regularization scheme. But logarithmic divergences should not depend
on the regularization scheme.

A Wilson loop type of operator cannot be conformally invariant, and
therefore cannot be independent of the choice of the contour, if logarithmic
divergences are present. Indeed, let us consider two contours I' and I which
are related by a dilatation.

This means that I" = A" pointwise, where ) is a real number (the dilatation
parameter). Both Q[I'] and Q[I] have UV divergences, therefore we should
regularize them. Let us use the contour split prescription, as in Appendix B.
We should use the same regularization for both contours, with the same
parameter €. The renormalized Wilson line Q2" is equal to the regularized
Q. plus counterterms:

Qe [0] = lim (Qe[T] + CL[LY), (4.3)

e—0

where C¢[I'] includes all the counterterms. If it is true that the Wilson line
does not depend on the choice of the contour, then we should have

Q] = Q). (4.4)
But let us apply a dilatation to (4.3). Conformal invariance implies

Qe[I] = \[I]. (4.5)
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By definition Q""[I'] does not depend on €. If it were true that C) [I"] =
C[I'] then (4.5) would imply (4.4). But in fact, if there are logarithmic
divergences, then it is not true that Cy¢[I''] = C[']. Indeed, the logarithmic
divergences are of the form

/d7+8+x f(z)loge, (4.6)

and this expression is not invariant under conformal transformations
(because € has weight 1). Note that the linear divergences, which are of

the form
d +
|5 r@), (17)

are invariant under conformal transformations, but the logarithmic diver-
gences (4.6) are not. Therefore the independence of the Wilson line on the
contour should imply the absence of logarithmic divergences. It is not clear
to us whether the converse is also true.

There are several possible sources of logarithmic divergences. The cur-
rents A are typically composite objects and could therefore get “internal”
logarithmic divergences.? Even if J were elementary fields, in an interacting
theory they could get logarithmic divergences because of field renormaliza-
tion. Also, logarithmic divergences arise when two or more points on the
integration contour collide, for example 71 — 79 or 71 — T9 — T3.

The divergences that we analyse in this paper are the “internal” or “field
renormalization” divergences, and the divergences due to double or triple
collisions on the contour. Let us first discuss the logarithmic divergences
due to the double collisions.

4.2 Double collisions

4.2.1 Double collisions with the second-order pole a c-number

We will now discuss the log divergences in the double collisions of the type
Jj+<—j1. There are also logarithmic divergences in the collisions j+—j_

For example, in the free theory the “composite” vertex operator e'*? gets the anoma-
lous dimension ~k? due to its “internal” divergence.
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and j_«<—j_. Suppose that we have the currents j¢ (w) with the OPE:

[

-q . a 1 aby.c 1 =ab W .
S 0) = P 4 s o) L B e ) 4 )

where k; are some other currents, F* = —F"® are the coefficients of the
singular term in the OPE and dots denote finite terms. We will assume for
a moment that C% are c-numbers, then the second-order pole ﬁ does not
contribute to the logarithmic divergence. Only the simple pole contributes.

Let us consider the path ordered contour integral:

9] w1
/ dw1 ji(wl)ta/ d’wg ji(wg)tb, (4.9)
—00 —00
where [tq,ty] = f$te. When wy — wy we obtain the logarithmic divergence
of the form
1 OO -a be — -a pbey re
fglne (dw j$F,° + dw j2 F,°) fy.te. (4.10)
—00

4.2.2 Double collisions with field-dependent second-order pole

The coefficient of the second-order pole may depend on w,w, as in (3.25)—
(3.27). In this case there are two ways of presenting the singularity:

Cab(wl U_}l) 1 ~ w1 — W2
a b ) aby.c abp.c
=——— 4+ "k, ——— + Fk ——
]+(w1)]+(w2) (wy — w2)2 e +w1 — Wao ek (w1 — w2)2
(4.11)
Cab(w2 11_}2) b b 1
_ &~ \W2, W2) Fa kC aCa - 412
(wl_w2)2+(c ¢+ )wl_wz (4.12)
Cab(w2 TD2) ~.b = ~ab W1 — W2
s + (FRE + 0C7) ——— 5 -
(wy — wa)? ( )(wl — w)?

The path ordered double integral fw1>w2 Jy(wy)dwy jy(we)dws is logarith-
mically divergent because of the collision w; — ws. The logarithmic diver-
gence depends on the order of evaluation of the integrals. Suppose that
we first integrate over ws, and then over wi. Then, using the first formula
(4.11) we obtain the log divergence:

1 ~
-5 / log €[ta, t) (F2kS (w, w)dw + FkE (w, w)dw). (4.13)
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On the other hand, if we first integrate over wy and then over ws, then using
the second formula (4.12) we obtain

1 ~
= / log €[t a, tp] (FOVkS (w, w)dw + F2kS (w, w)dw + dC™).  (4.14)

Notice that the difference between (4.13) and (4.14) is a total derivative.
It can be integrated and contributes only through the contact terms. To
understand these contact terms, consider for example the ordered integral
of three currents:

/ dwlji(wl)ta dngi(wg)tb dngj_(wg)tc. (4.15)
w1>w2>w3

Consider the log divergence coming from the collision of w; with ws. The
difference between (4.13) and (4.14) is equal to [t4,t,]dC?. This is a total
derivative, it almost integrates to zero except for contact term arising from
the condition wy > ws; a similar contact term arises when we first collide
we and ws, and together they give

/ dws[[tas t5)C (w3), IS (w3)te)- (4.16)

But in fact the double pole 1/w? in the product j*j° leads to an additional
log divergence from the triple collision j*j°j¢. This will be explained in the
next subsection. If the coefficient of the double pole is not a constant, then
the log divergence of the triple collision will also depend on the order of
integrations. And the difference in the log divergence of the triple collision

calculated with two different orders of integration will precisely cancel (4.16).

4.3 Triple collisions

4.3.1 Triple collisions when the second-order pole is a c-number

Triple collisions lead to logarithmic divergences in the case when there is a
second-order pole in the OPE j;j;. Let us first assume that the second-
order pole comes with the c-number coefficient:

Y 11,
J4 ()75 (0) =~ 5O 4 (4.17)

The simple pole does not contribute to the logarithmic divergence in the
triple collisions, and therefore in our discussion of the triple collisions we
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can assume that the singularity in the product of two currents is just the
second-order pole, as if j¢ = 0, ¢* with free fields ¢*:

11
. .b b -b .
JLFL0) = =5 =0 A (w)(0) :
Just to understand how the log divergence appears in triple collisions, let
us first consider the situation where n constant matrices Xi,...,X,, are
inserted at the positions ay,...,a, on the contour:

W =P |Xi(ay) - Xp(a,)exp (/j+d7+>} : (4.18)

We assume that X; are constant c-number matrices, and the notation X;(a;)
just means that X, is inserted at the point a; on the contour. This is
only needed to specify the right order of multiplication of matrices. Wick’s
theorem implies

W=pP [Xl(al)---Xn(an)exp <—2]1%2/d71+/d72+ C“Z’t‘:(ﬁ“)tjhj)) :

=1 )?
X exp </j+d7'+> :] .

Again, t* are constant c-number matrices (the generators of the algebra),
but we use the notation ¢%(7) to indicate that t* is inserted at the point 7 on
the contour. This is important because of the path ordering of the product
of the matrices. Let us consider the effect of just one contraction:

W—P[X1(a1)“-X (an) < 2R2/d +/d +Cabta (7 )Zbgf)):

con(firirt) ] 2

Let us first illustrate the main point by focusing on four insertions. There
are three types of terms. The first type has both t* in the same interval
between two consecutive X-insertions:

. . aij41—€ To—¢€ 1
X; t t Xit1: dm dr— = +loge,
a;+2€
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where we again dropped all subleading terms in €. The second possibility is
that they are between consecutive insertions
Xi ta Xi+1 tb XZ'+2 .

ai41—€ aj12—€ 1
x/ dTl/ dry———5 = —loge. (4.20)
a;+e ai+1+€ (Tl - TQ)

Finally, all further separated insertions do not contribute to the log(e) terms:

b .
Xiot" o X Xigp o 7 o Xiypqr e

ai+1—€ Aitk+1—€ 1
x/ dTl/ dry——— = finite. (4.21)
a;+e a;ykte (7-1 - 7—2)

With this rule, we can compute the contribution from Joy Joy:

ﬁ () //C“bt“ﬁ (12)

= IOg(E)Cab Z cee Xj_ng_l(tathj - tantb)Xj+1Xj+3 cee

1
= Xji2Xja <2 loge C[¢?, [tbejH> Xj1Xjpo--- . (422)

Straightforward generalization of this argument yields that to lowest order
in % the logarithmic divergence due to triple collisions from bosonic cur-

rents, in particular j; = Joy, is given by

P i) Xafan)exp ( [nar)|
- ;mlogﬁ(ZP [Xl C“”[t“,[tb,xkn---Xnexp(/ jmﬂ

k=1
+ P [Xl -..Xn/d7+ca"[ta, [t°, 7. ]] exp (/j+d7+>] ) : (4.23)

Similarly the effect of fermionic currents j; can be analysed. The OPE has
leading order, which is again a c-number

11

J2)F0) = =5 =50 - (4.24)
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Assuming that the c-number insertions X;(a;) are bosonic the logarithmic
divergence is

P [Xl(m) e X () exp (/j+d7+>]

11 . ; ; ,
— —2R210g6<zp [Xl---Co‘ﬁ{to‘, (t9, Xi]} - Xy exp </]+d7'+>]

k=1

4P [Xl --~Xn/dT+C’°‘B[t“,{tB,j+]}exp (/mwﬂ ) L ()

Similar expressions hold with suitably altered commutators/anti-commuta-
tors for fermionic insertions X;(a;).

There are three types of sources for triple-collisions: J§' Iy I8 Jlﬁ 4 and

JﬂJ;ﬂr. For X € g7 @ g3 equation (A.13) implies vanishing of the loga-
rithms. So the only contributions arise from bosonic insertions X. In this
section we will be interested in the transfer matrix itself and thus not dis-
cuss any insertions. Then the non-trivial contributions are the second lines

of (4.23) and (4.25).

4.3.2 Triple collisions with field-dependent second-order pole

So far we considered the case when the most singular double pole term
in the OPE is field independent, just a c-number. But in fact we will
encounter more general situations, for example in the computation of the
divergence proportional to [z, dz] in the triple collision Joy (0) < Jap(w2) <
Jot+(wo). After evaluating the OPE Jaoy (w2)Jo4(wo) one needs to integrate
x(wp)/(we — wp)? with respect to wy and wg. This is the type of triple colli-
sion that we will now discuss. Just to have a simple example, consider again
the system of “free currents:”

. R R
FL@F0) = = 155 €45 4 (w)%(0) :

Imagine we have some function ®%(w,w) and consider the path ordered
double integral:

[t w0 o m)dun) (0 (e, wa) o)
w1 >w2

It is best to think of ®%(w, W) as a c-number valued function on the world-
sheet. Notice that in our application Jy4 = %[(Lm,m] and ® is actually a
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field: ®® = (ad(z))®. But for understanding what is going on, it is enough
to consider the example where ® is a c-number valued function of w and w.

The OPE between ®j; and j; contains a field-dependent second-order
pole

i (I)ac(wl)ccb

Rl % (wy) 1 S (w)j7 (wo) :

(4.26)

% (w1) 5 (w1) J4 (ws) =

As we explained in Section 4.2.2) the log divergence from the double col-
lisions depends in this situation on the order of taking integrals. The log
divergence from the triple collisions also depends on the order of integra-
tions, so that the sum of the divergences in double and triple collisions is
independent of the order of integrations.

Let us agree that having the singularity of the form (4.26), we first inte-
grate over wy and then over w;. Then there is no log divergence from the
double collision, but the triple collisions do contribute to the log divergence.
Let us consider the log divergences coming from the following three integrals
in triple collisions.

First integral:

X topba @ X;:

a;41—€ TQ—€ (I)ba
X / dTQ/ d71£)2 =loge @ba(ai). (4.27)
a¢+2e a;+e (7—1 - 7-2)

Second integral:

XiJrl ta tbq)ba Xz :

aj41—€ To—€ (I)ba
X / dTQ/ dﬁi)Q = loge " (a;11). (4.28)
a;+2€ a;+e (Tl - TQ)

Note the difference of (4.27) and (4.28): loge ®(a;) versus loge ®(a;11). In
(4.27) we first integrated over 71 and then over 7o, and in (4.28) first over
79 and then over 7.

Third integral:
Xz‘ Aad tbq)ba Aad i+1 < ta — Xi_l,_Q .

a;—€ Aj41—€ (I)ba
X / dTQ/ Cl7'1(7—1))2 = —loge (I)ba(ai+1). (4.29)
a a

it1+e it2+e (Tl -T2
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There is also a contribution from the collision X; «— t* «—— X; 1 +—
th®% «— X; 5 which is also proportional to —loge ®"(a;11). The
field-dependent triple collision is therefore

P {Xl(al) - Xp(ap) exp (/ jatidrt + / @abjit“dfr)]

1 - aba
k=1

X exp ( / jodrt + / @“bjitadfrﬂ
4P [Xl---Xn / dr [ [0, )] exp ( / mwﬂ ) (4.30)

4.4 Divergences due to the interaction terms in the action

We will explain this type of divergences using a simplified model. Consider
a couple of scalar fields ¢ and ¢o with the action

s

1 1
— /dT+dT_ <8+¢18d>2 + Rn+¢18¢2> s (431)
where ny is some function of 71, 77; we could treat it as a classical source.

4.4.1 Effect of the interaction on the double collisions

1. (+4) — (+): Consider the ordered integral

// dwy Oy, P1 dwa Oy, P2. (4.32)
w1>w2

This integral is logarithmically divergent because of the interaction
term in the action.

n,0-9,9,




PERTURBATIVE STUDY OF THE TRANSFER MATRIX 941

Notice that the divergence can be calculated as the divergence of the
“shifted” expression

// dwy <5w1¢>1 - 1nw1q51> dwg Oy, P2, (4.33)
w1 >w2 R

in the free theory. This is just a convenient way of_representing the
contraction of O¢q with the interaction vertex f n@10¢s in the action.
Therefore the divergence is equal to

1
= loge/dw Ny - (4.34)

2. (+—) — (+): This is is very similar,
[ awin o asdeon (4:35)
T1>T2

The divergence is equal to

;loge/dwnw. (4.36)
3. (=) = (+)
// dwq 8@1 ¢1 dws an Pa. (437)
T1>T2

The divergence is the same as in (+—) — (+):

1
= loge/dw Ny (4.38)

4. (——) — (+): Consider the integral with two dr—,

// d’(f)lawl D1 deanQ O2. (4.39)
w1 >w

We were slightly surprised to find that this integral has a divergence
proportional to [drtni. To calculate this divergence we have to
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evaluate the integral over the position of the interaction vertex, with
two contractions:

1 o 0 0
—— d>ongy (v)— —1 —v)?P—1 —v|? (4.40
/[ w( W) [ enato) g o og s — o g og s —of? (440
wp —w 1
:/dwlde(lﬂll—’LD;y Ny = —RIOgG/dU)TLw. (441)

4.4.2 Effect of the interaction on composite currents like [z, 9]

Ezxample when the interaction vertex does not lead to a logarithmic diver-
gence: Consider the contour integral of the “composite” operator

/dw (ﬁga@(ﬁl. (4.42)

The integral over the interaction vertex becomes
/d2vl log |[v — €|? (4.43)
) . :

This is convergent.

Ezxample when the integration vertexr does lead to a log divergence:

/dw ¢28w¢1. (4.44)

n,,0_¢,

0,9, &,

The log divergence can be calculated by the following trick. Replace

G201 — b2 <3w¢1 - ;nw%) , (4.45)
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and calculate the OPEs as in the free field theory. The logarithmic diver-
gence is

1
Rlog]6]2/dwnw. (4.46)
Therefore,

/dw¢18w¢2 — —]l%log|e|2/dwnw. (4.47)

4.5 Algebraicity

Notice that one-loop logarithmic divergences are always of the form [ @
where ® is a one-form composed of the elementary fields and an element of
psu(2,2|4). For example we get the expressions like [logedr ™[, d; 2] but
we never get something like [loge drt{d,d;a}; the difference is that the
anticommutator {9, 0,2} would not belong to the Lie algebra psu(2,2[4).

5 Calculation of logarithmic divergences

In this section we will apply the technique developed in Section 4 and cal-
culate the one-loop logarithmic divergences in the transfer matrix. We will
classify the divergences according to their dependence on the field and the
power of the spectral parameter z.

5.1 Divergences proportional to Ja4

5.1.1 Coefficient of z—¢

There are two contributions. One comes from the double collision of J{¥, (w,)
Jig_,’_ (wb):

111

111
202 R3

log e dzC{t}, [ti,ti]} = 515 log e Coaq-0z. (5.1)

The other one comes from the triple collisions, as described in Section 4.3:

111
~ 6573 log e (Coaq + C3).0x. (5.2)
These two contributions cancel because of (A.25). Notice that this can-
cellation requires an interaction term —%% fwﬁ&rx“ﬂ%ﬁ_ﬁg in the action.
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If this term was zero, for example, we would have a coefficient 2 in (3.21),
as in (3.22), and this would destroy the balance.

5.1.2 Coefficient of z~2

As we have seen in Section 3.7 there are no internal log divergences in Jo,
at the order R~3. Therefore we are left with the contributions from:

Double collision JoyJoy:
—2%loge C5.0, . (5.3)

Double collision JgqJgy:
—2721og € Coaq.041. (5.4)

Double collision Jy4J1— does not contribute.

We conclude that the log divergence proportional to z 720, x is
——2"%loge C5.0, . (5.5)

It looks like we got a non-zero log divergence, but it turns out that this
divergence combines with the divergence proportional to z20_z to a total
derivative. We will explain this in Section 5.1.4.

5.1.3 Coefficient of z2

There are contributions from the triple collisions J;_Js_Jot and Jo_Jo_Joy
which are proportional both to z2. This should cancel against the double
collision Jo4Jo— and J3_J3, which are also proportional to z2. Let us verify

this. The contributions from the triple collisions are as usual:
= Rgz 2log e(COth, [12, 2]} + COM{E3, th, £2]} + O[], £2]]) Dyt
11

= _5522 log €(Cogq + C3).04x. (5.6)

Now let us evaluate the contribution of Jy4Jo—. We obtain

v 1 Oya"(w y
JE (wo) J(ws) = — 2R3(J0_<w2))ffw' (5.7)
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This gives the logarithmic contribution:
11
ﬁi'g loge C5.04x. (5.8)

2

There is also a 2= contribution from Js_J3:

1 1

B e _ vy Ba
J3_(wp) S5y (wa) = —ﬁm&ﬁ I (5.9)
This leads to the divergence
11
——2%loge Cogq.04. (5.10)

R32

One can see that (5.6) + (5.8) + (5.10) = 0. But there is also a contri-
bution from the double collision J;_J;_, because of (4.40). Because of the
interaction the OPE of J;_J;_ contains J4x:

i B (N o ap Wa =W
Ji (wa) Ji_ (wp) = =0z f, e R (5.11)

Therefore as explained in Section 4.4.1 double collision J;_.J;_ contributes
1 2 +
Zz loge Cogq-01x dr™. (5.12)
Therefore the total log divergence proportional to 2?0, is

1
—522 loge C5.0;xdr™. (5.13)

5.1.4 When the log divergence is a total derivative

Logarithmic divergences with the coefficient 2=2 apparently start at the
order R~3. But in fact they are total derivatives and therefore contribute
only through contact terms, as we discussed in Section 4.2.2. Indeed, (5.13)
and the symmetry (4 < —), (z <> z71) imply that there is the divergence:

1
—52_2 loge C5.0_xdr™, (5.14)

from the double collision J3iJ3;. This and (5.5) implies that the total
divergence proportional to z=2 at the order R~3 is the total derivative:

1
—52_2 loge C5.dx. (5.15)
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Similarly the divergent term (5.13) and the order 2% contribution to the
divergence proportional to 0_xz gives

1
—§z2 loge C5.dx. (5.16)

Integration of (5.15) gives us the boundary terms. Some of these boundary
terms are of the form

1 1 1
ﬁloge (—M[O#%,CZ.:U] or —2724[84_%‘,0@.{6] or
1

These terms are of the order R~* and of the same structure as the logarith-
mic divergences arising from the double collisions and internal divergences
in the order R~%. For example, consider the term

1 1

A divergent term of the same structure appears in the double collision
J11Jo1. Indeed, there is a term in the action of the form %8#938,:1:19517.
This term leads to the divergence of the form (5.18) from the double collision
%3+193(w)3+m(0), w — 0. Another possibility for the boundary terms is

1 1 1 1

—1 ——z[0— ——[0- ——[0- . (5.1
7 oge( 22[8 Jr,x] or 2[8 x,x] or 2z[8 193,:):]) (5.19)
They also interfere with various double collisions, just like the terms in
(5.17). There are also the boundary terms of the form

_ L 1oge% (1 - 214> (o, Ny ). (5.20)

They “interfere” with the logarithmic divergence which appears in the dou-
ble collision Joy N, because of the non-linear term Jy_ Ny in the action.

In Section 5.4 we will explicitly verify the cancellation of the contact terms
from integrating the total derivative dz in [ Z% loge dz [ Z%d7+3x against
other divergences proportional to z~*[x, 9, z].

We see that the left g5 divergences with the coefficient z~2 actually belong
to the order R~%, rather than the order R~3. Integrating the total deriva-
tive can be understood as a z-dependent gauge transformation of J(z), see

Section 5.5.
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5.2 Divergences proportional to J34 and J;

The divergences proportional to Js. and Ji4 at the order R~ are zero

because of the identity (A.13). Let us explain this for Js;. Coefficient of

z~! could come from the following sources:

e “internal” anomalous dimension of J3; from the interaction term
—%%fudﬁ@,x“ﬁ%8+19% in the action;

e the double collision Jy4J34;

e double collisions Ji4+Jo— and JoyJi—, because of the interaction.

All these contributions are zero, being proportional to one of the expressions
in (A.13). The coefficient of 27° is zero for the same reason. There are the
following potential contributions:

e double collisions Ji4Joy,
e triple collisions,

but they are all zero because of (A.13). There could be also terms propor-
tional to 23, from the double collisions Jy;J3_ and from the triple collisions
of the “wrapping” type J_Js+J_; they are zero for the same reason.

5.3 Divergences proportional to N

5.3.1 Ghosts
The terms in the action containing ghosts are
1
S = / &0 Str (wis (0 Ns + [Jo_, As])
—I—’LZ)37(8+/~\1 + [J0+, ;\1]) - N+N,) . (5.21)

The ghost current is defined as

v 1 1 4 v
N = — g {we Ay = —ﬁer)ﬁfdﬂ[“ I (5.22)
and has OPE
(1] [uava] qy _ 1 1 [ur)lpava) Arlusvs] | 1 €
NLPR@)NL20) = o5~ f NY g g s (5:23)

where c is a c-number. This c-number would play a role in the logarithmic
divergences, but at higher orders.
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5.3.2 Logarithmic divergence proportional to IN

Let us consider the renormalization of the coefficient of N,. The potentially
divergent expressions arise in the order R~*. For the expressions propor-
tional to the matter fields, we verified the cancellation of the logarithmic
divergences up at the order R~2. But for the expressions containing ghosts
we will calculate all the potentially divergent terms in the order R~*. There
are the following sources of the logarithmic divergence proportional to N;:

Double collisions Ny Ny: The first source of the anomalous dimension
is the Ny N, collision. The corresponding contribution to the anomalous
dimension is

2 R?
Triple collisions J+ N1 Jy: The second source of the logarithmic divergence
is the “wrapping” of t* ® t* and t* ® t, and t, ® t* around ¢,,. It is pro-
portional to

11 1)?
_— (1 - 24) logeCp.N4. (5.24)

111 1
Mizing with Jo+: Another contribution comes from the mixing of Jpt into

Ny caused by the term str Ny Jp— in the action, as described in Section
4.4.2:

—Jot — log [¢|*(C — Co).Ny. (5.26)

2R? R2
Double collisions JiyJs4+ and JogpJog: For example, the double collision
JotJoq leads to the log divergence ~ N which can be effectively described
as the log divergence of this collision:

(01 + 5l ) — (0124 Il )

The total contribution from the double collision Joi Joy and Ji4+J34 is

111

3R, — loge(C — Cy).N. (5.27)
Triple collision J_N,J_: These triple collisions contribute

11

e (1 _ > log ¢(C — Co).N (5.28)

Mixing with Jo—: There is no such mixing, see Section 4.4.2.
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Double collisions J_Jy: Their contribution can be effectively calculated
by evaluating in the free theory the IV, -singularity in the Jo_Jo, collision:

(8_1'4- [N_,IB])<—>(8+$+[N+,(L']), (529)
and similar Jy_Js4 and J3_Jp4 collisions. The result is

L

7 loge(C' — Cp). N (5.30)

Double collisions J_J_: These collisions contribute because of (4.40):
L 4
ok loge(C' — Cp).N. (5.31)

The total result is that the logarithmic divergences proportional to N, add
up to zero: (5.24) 4 (5.25) + (5.26) + (5.27) + (5.28) + (5.30) + (5.31) = 0.

5.4 Divergences of the type = 9 x

5.4.1 The coefficient of z %z 9,z

First let us calculate the coefficient of Z%[(?w, x]. Notice that in the expan-
sion of the transfer matrix we obtain the term [(—3[d,z]) which is pro-
portional to 2", but we do not have classically any terms which would be
proportional to z* or z=%. There are the following divergent contributions:

Triple collisions: There are triple collisions of the form

1 1
Joy oy <—2[8+a:,x]> and J3p—Jj <—2[8+x,33]> .

As we discussed in Section 4.3 the contribution of the triple collisions is due
to the second-order terms that appear in the OPE of 0,2 with dyz, or in
the OPE of 0;9r with d.9. Let us first consider the triple collisions with
two Jo4. One contribution comes from the contraction of dyz in two Jog;
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the divergence is:
711 C’“’[t2 [t2 [ H] (5.32)
1 oge w [ty Otx, zl]]. .

The other contribution comes from the contraction of 0, in Joy with 04
in [01x,z], this gives the following divergence:

%loge:CVW[ﬁi,x],ﬁz,8+xH. (5.33)
The total of contributions from Joi«—Joy ——(—21[0; 2, z]) collisions is
1
3 log €[04z, Cs5.x]. (5.34)
Now let us consider the collision with J1+ and Js4. The result is
108 (CoH, [, 104, al)) + Co {2l [1, [0, ]1})
= —% log €[04z, Cs.x]. (5.35)

Therefore the total contribution from the triple collisions is zero: (5.34) +
(5.35) = 0.

Double collisions: One possible double collision is Joi+—Joy. But in
fact this double collision does not contribute to [0yx,z]. (Let us prove
that JoyJoy does not contribute. The terms in Joy which could con-
tribute are —0;.@ — §[z, [z, 0a]]. There is a contribution from the collision
Oz ¢[z, [x,04]] but it cancels with the contribution from the collision
0y x+—0, x which arises because there is the term —% [0z, x][0—x, z] in the
action.)

But there is another double collision Jj4+—J3., and it does give a non-
zero contribution. Let us calculate the contribution of Jj4+—Jsy to the
log divergence proportional to [04z, x]. The relevant terms in the expansion
of the currents are:

1

—Ji+ = 049r — SR, [Or, 2]l + - (5.36)
1

—J34+ =040 — 5[19La Oz, 2]+ . (5.37)

The relevant terms in the action are:

1
8

3

[ﬁL,a_ﬁR]h,a_;,_l‘] 3

[9r, O_91][x, Dic]. (5.38)
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This means that the divergence is the same as if we collided:

(MR ; <—; ¥ Z) (O [0, xn> — (ML ; (—; ' ;) 9,104, xn),

in the free theory. This gives the contribution from double collisions:

1 1
~1 loge Coda.[042, x] = iloge [0+, C5.2]. (5.39)

Contribution from the total derivative: There is a contribution from (5.17):
1
~5 log €[04z, C5.x]. (5.40)

We see that the contribution from the boundary terms cancels the contri-
bution from the double collisions, and therefore the total log divergence of
the type z %z ., x is zero.

5.4.2 Coefficient of 2%z 0, =

We did not calculate this coefficient. But we have seen that the coefficient
to 7%z O,z is zero, and we will see that the coefficient of z*x dyx is also
zero. We know there should not be any log divergence at z = 1. Therefore
the log divergence proportional to 2%z 0, should be zero.

5.4.3 Coefficient of z*

Contribution from triple collisions: Triple collisions of the type Ji_J3_Jot
and Jo_Jo_ Jo; contribute to the divergence of the form z4[0; x, z] and their
contribution is equal to

1
1108 e(Cota + Co) [0, 2] = —g log €[z, Cy.]. (5.41)

Contribution from double collisions: There is a contribution from Jo_Jo_
and a contribution from Jy_J3_. Let us first consider the contribution from
Ja—Jo—. The relevant interaction term in the action is — &[0y, z][0_x, z].
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To get the divergence of the form [0;z, x] we should have _x in the inter-
action vertex contracted with a d_x in one of the Jo_. We obtain

11 2y 1 str(t2[t2, [z, 04z
- 57 | o (U . 0:01)
+str(ty[z, [t 0+2l))) [t 1)
= —éloge ([t [x, O4]), 2] + [, £, O4]], £2])
= —é log €[04z, Cs.x]. (5.42)

Now let us consider the double collision Ji_Js_. The relevant interaction
vertices are

1 3
—§[19L, 0_OR][x, 0+x] — é[ﬁR, 0_V][x,04x].

These two vertices give the same contribution and add up to

11 2 1 af yé 1143 3 41
— 5 /d (wL o) = U)C’ C str(tﬁ[t [z, 0 x]]){ts, te}
= —ZlogeC’Odd.[8+x,a:] = élog el0rx, Cs.x). (5.43)

The total contribution (5.41) + (5.42) + (5.43) = 0. Therefore there is no
logarithmic divergence of the type z*[0, x, z].

5.5 Bulk divergences and divergences associated to the boundary

In this section we have collected evidence that the logarithmic divergences
of the transfer matrix at one loop are zero modulo the total derivative.
The total derivative was described in Section 5.1.4. This suggests that the
logarithmic divergences of the transfer matrix have the following form:

Q(2) = fle,2)U=) (e, ), (5.44)

where f(z,€) is a z-dependent gauge transformation

f(z,e)zexp( 2]1%2 (z + 1>log602.x+--->. (5.45)

Dots denote terms of the higher power in %. In this sense, we can say

that the divergences are absorbed in a z-dependent gauge transformation.
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But notice that when we compute the path ordered exponential of — fC J
over an open contour C', we obtain additional divergences associated to the
endpoints.

We want to investigate the following question: can we distinguish between
the bulk divergences, which are total derivative “propagating” to the end-
point, and the boundary divergences that are “inherent to the endpoint”?
Instead of considering open contour with endpoints, it is more convenient
to consider a closed contour and insert a constant matrix X at some point

To = (7'5r , Ty ) inside the contour:®

P [X(To)exp <_ / J(z))] . (5.46)

It seems that there are two different types of divergences associated with
the insertion of X:

(1) the divergences of f~! X f which arise because f is divergent, see (5.45);
this is the effect of the divergences in the bulk of the contour, which
are total derivatives and therefore “propagate” to the insertion point;

(2) the divergences of diagrams localized near the insertion of X, as in
Section 4.3.

But in fact the difference between these two types of divergences is a matter
of convention. Indeed, let us return to Section 5.1.2 and remember how
we calculated the divergence proportional to z—20x. One of the contribu-
tions to the divergence was from the collision Jy4«— Jy4 which in the lead-
ing order was —9,z(w2)— 1[04, z](wo). The ambiguity arises when we
decide whether to first integrate over ws and then over wy, or the other way
around. We agreed in Section 4.3.2 to integrate first over wq, and followed
this prescription in Section 5.1.2. It was more convenient because with this
prescription only the first-order pole (from the contraction of 94z (w9) with
x(wp)) contributes to the log divergence. If we integrated first over wy, we
would have a contribution to the log divergence from the second-order pole.
But, of course, the divergences “associated to the insertion of X” also depend
on the order of integration. For example, the collision X «— [0z, z]«—0 z
will not contribute to the log divergence “of the insertion X” if we first inte-
grate over the position of 0, x, but will contribute if we first integrate over
the position of [0z, x].

5Such an object is not gauge invariant with respect to the g5 gauge transformations.
But let us fix the gauge as in (3.1) and consider this expression in the fixed gauge, just as
an example.
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The lesson is that if we agreed on the order of integration in the bulk
of the contour, we should use it consistently also when computing the log
divergences associated to the boundary. A different arrangement of the order
of integrations will lead to the different distribution of the log divergences
between the bulk total derivative terms and the collisions with the boundary.
In other words, when the contour is open, there is no good distinction between
the log divergences which come from the total derivative divergences in the
bulk and the log divergences coming from the boundary effects.

If the log divergences in the bulk of the contour are total derivatives, this
means that it is possible to choose a prescription for the order of integrations
such that the bulk divergence is zero. Of course, if we want to compute
for the open contour the anomalous dimension of the endpoints, or the
anomalous dimension of some insertion, then we have to consistently follow
the same prescription calculating the boundary divergences.

6 Logarithmic divergences and global symmetries

Global symmetries described in Section 3.2 impose very strong constraints
on the divergences, and actually imply that the cancellation of the one-
loop logarithmic divergences follows from the cancellation of the simplest
possible divergent expressions, those proportional to di+z and d1%. This
section consists of two parts. In the first part we will show that the global
symmetries together with the results of the previous section imply that the
one-loop logarithmic divergences vanish. In the second part we demonstrate
the consistency of the short-distance singularities in the product JotJot
with the global symmetries.

6.1 Vanishing of the one-loop logarithmic divergences

Let us start with the log divergences proportional to x0z. In the previ-
ous section we demonstrated by explicit calculations that there are no such
divergences. But in fact the cancellation of this type of divergences auto-
matically follows from the cancellation of the log divergences of the form Oz
and the invariance under the global symmetries described in Section 3.2.

In the previous section we have shown that the divergent terms in the
bulk of the form log e 2**720,2 and loge 22#710,1 are all total derivatives.
Let us make a z-dependent gauge transformation eliminating these total
derivatives. After such a z-dependent gauge transformation there are no log
divergent terms of the form log e 2**20,2 and loge 22*~19,9.
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Let us first prove that the cancellation of the one-loop divergences of the
form log e z**=20, x implies the cancellation of the one-loop divergences of
the form log e 2**(a [z, 0y z]drt + B [x,0_x]dT~). Indeed the shift of this
expression by ¢ would be

loge 2% (a [¢, 0, x)dr™ + B [€,0_x]dr ™), (6.1)

plus higher order terms.” This contradicts the shift invariance unless a = f3,
in which case (6.1) is the total derivative z**a[¢, dz]. But even if a = 3, the
total derivative being integrated by parts would hit — [ 272J5,d7 T and give

/z4k2 log €[0, x, af¢, x]]dTT, (6.2)

which cannot be cancelled by anything. Indeed, we have shown that there
are no counterterms of the form z**~2loge ;. The possible counterterms
of the form z*~2log €[z, [z, 0, 2]] would have the variation

22 loge([6, [, Ova]] + [z, [€, Dsal]), (6.3)

which has a different structure from (6.2). In other words, the expression
(6.2) cannot be represented as Sg¢ of something® of the type zzd;x. This
argument shows that there are no divergences of the form 24|
also no divergences of the form 2**~2[x, [z, O+7]].

x,0+x], and

Let us now rule out the divergences of the type z2*[0), 0119]. At the one-
loop level we could only have divergences proportional to one of these expres-
sions:

280, 010R], 258 [0R, 0401), 291, 049L], 2500 R, OL0R), 24 [0, DLV R),

2R, 0£91], 2291, 0291, 252 [0R, Ox0R], [I1, OL0R], [OR, D=V L].
(6.4)

For example, there are no divergences of the form loge 2~ 19[J,dL91],
because such divergences would require colliding more than three currents;
at the one-loop level there are no log divergences coming from the multiple
collisions of the order higher than double and triple. Also, there are no diver-
gences of the form 2 °[0g, 0+x] or 27 2[0+VR, 2]. By counting the powers of
z, such divergences could only appear in a triple collision Ji4Ji4+J14, but

"Note that o and 3 are typically not c-numbers, but contain Casimir operators Cj
acting on [z, Oz].

8But if there was a divergent term of the form 272 [ loge drxdr™, then the varia-
tion of such a term, because of the higher order terms in (3.6), would be of the form
127%loge([04, [z, €] + [z, [04+2,€]]), and this could combine with (6.3) to cancel (6.2).
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there are no suitable contractions. Therefore the potential divergent terms
with the highest negative power of z are 2~ 8[1, 0+9g] and 2~8[0L9, Ig].

We use the invariance under the shifts and the supershifts:
dbx=E&+--+, OWLrR=CLr+ .

Let us first rule out the possible divergence with the highest negative power
of z:

/loge (az 8, 01 0g)drT + B2 [0, 0_VRldr™).

For the variation to be a total derivative it is necessary to have a = (3,
and then we get the variation [loge 27%[(y,d¥g]. Integrating this expres-
sion we would hit (for example) the classical term [ drT2730,9r and get
the contact term [ dr 27110 VR, [(r,YR]]. Notice that this contact term
could be cancelled by the variation of the divergent term proportional to
2" Y04 9p, [Ir,YR]] under d¢,, if there is such a divergent term. But such a
divergent term would also have a non-zero variation under .. The only way
to match the variation under d¢, is to have also the divergence proportional
to z78[dL,9R], which combines together with 289, dJg] to the total
divergent term z~8d[¥r,dpg]. This can be gauged away by a z-dependent
gauge transformation.

Other possible divergences from the list (6.4) and also divergences of
the type 221z, 019] and 22¢T1[0,x, 9] could be ruled out by essentially
the same arguments, first those proportional to z~7, then 2% and so on.
Suppose that we have a divergent term of the form z ¥ loge JY, where Y
is a one-form quadratic in the elementary fields, for example Y = [z, dd)].
We should have §Y = dZ, and then the variation will give many contact
terms including this one: z=*73[0,¥r, Z]. This should be cancelled by § of
some divergent term cubic in the elementary fields, therefore we should have
Z = 6X. We have §(Y — dX) = 0 and this implies Y = dX because Y — dX
is quadratic in elementary fields but contains only one derivative.

Therefore, the near-flat space expansion of the logarithmic divergences
should start with the terms of the form [loge®(z,6) where ®(z,9) is a
worldsheet one-form composed of three or more x and 1, for example & =
27 2[UR, [¥L, *dx]]. Invariance of the log divergences under shifts requires
that & = dV¥, where V¥ is some expression composed of at least two 1 or x
and one §9 or dz. It turns out that this implies” ® = dG, and therefore the
log divergence can be gauged away by a z-dependent gauge transformation.

9This is because §® = d¥ implies 6d® = 0, and since d® is a two-form composed of at
least three  and ¢ this implies that d® = 0. And d® = 0 implies that ® = dG. Indeed,
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This proves the absence of the one-loop logarithmic divergences of the
form F(x,9)dx and F(x,9)dY. Another possibility would be the logarithmic
divergences of the form F(x,6)N.. But in Section 5.3.2 we have shown that
there are no log divergences proportional to N1 without « and 6. Therefore
the lowest order terms in the near-flat space expansion would contain at
least one x or 6. Such terms cannot be invariant under global shifts, and
therefore should cancel.

It is not surprising that global symmetries relate the log divergences at
finite x to the log divergences at x = 0, and therefore it is enough to prove
that there are no divergences proportional to d+x and 0+9. It should be
possible to reach the same conclusion using the background field method [35].

6.2 Singularity in the product J24J24 and global shifts

We have Jo; = —dix+--- and J}, (wg)J¥, (wg) = —%L)Z +---.

(wr —wr
Let us consider the variation of Joy under the global shift. According to
(3.8) we have &¢.Joy = 3[[z,£], Joy]. Consider the variation of the product:

1
2
+ 5 0pat (wi)([z, €], 0 2] (wr)

0¢ (Jo (wr) I3, (wr)) = Sl[x, €], 04" (wr )01 2" (wr)

5 str([0_x, &t t2*]) + -+,  (6.5)

where t2# = t2C"*. On the other hand from Sections 5.4.1 and 5.4.3 and
the “symmetry” (3.18) we know that

, 1wy —w
J5 (wr)J3y (wr) [t ] = —Zﬁw,x,%.x] +e

® contains at least three elementary fields, e.g., ¥ * dz, To the leading order in R™2
we can think of ® as the charge density in the free field theory, because to the leading
order 90z = 999 = 0. But local conserved charges in a free field theory are all quadratic
in the free fields, there are no local conserved charges cubic or of higher order. Therefore,
d® = 0 implies that ® is an exact form.

These arguments would not work if ® was quadratic in the elementary fields. For
example for §[z, dz] = d[éx, z] + - - - where dots are higher order terms, because the leading
term in dz = & is constant. But [z, dx] is not a total derivative, not even a closed form.
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This formula is in agreement with (6.5) because for any ¢2 € g, and % € g,
we have

str((€%, [, P, 1] = — €%, Car’)

7 Infinite line
7.1 Transfer matrix on the infinite line

We will define the transfer matrix on the infinite line as the limit:

lim (07 (= = 1)) 97 (=) (1)
CT]—T0Q

This can be expressed through the “small case currents”:

Pexp / h (1 =2 Ygse + (1= 272)jog + (1 — 27 )51

H(L =2 Njor) drt + (1= 2)j1— + (1= 2%)jo— + (1 — 2%)js_
+(1 - Z4)j0—) dTi] . (72)

The definition of the transfer matrix on the infinite line is such that the
power of z does not correlate with the Z4 grading. This is because we divide
by Q(z =1).

7.2 Global symmetry charge

It is useful to check our formalism by showing that the global Lorentz charge
is finite. We will verify that there are no divergences proportional to 0, ,
[0+x,x] and to N4. Consider the charge corresponding to boosts and rota-
tions around the point x = 0. This charge can be computed by expanding
the transfer matrix on the infinite line in z = 1 + ¢ to the first order in (:

1 0
Gglobal = *G,-1 By

Note that we will omit the powers of 1/R, since these are obvious (each
x and ¥ comes with one power of 1/R) and would only clutter the formulas.

J(z)} Jz=1- (7.3)

z=1
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Divergences proportional to Oyx: The terms responsible for the logarithmic
divergences of the global current proportional to j, are:

(1= %) @ gt (1= 1) (90.0,04 - 02 0102
+ (1 — ;) ([193,8+19R] — [193, [8+.%',19LH) + -

Therefore the 0, z-part of the log divergence of j; is the same as the log
divergence of:

2Jo4 — ([1‘, [1‘, (9+:CH + va [791%7 8+.%']] + [791%7 [79L7a+xﬂ)
+ [0, (0491 = [042,UR])] + 3[IR, (049r — [O42, L)) +--- . (T.4)

Notice that [J1,0+91] does not contribute to the log divergence, while
3[0R, 0+ UR] contributes the same amount as 3[9g, [0z, Y ]]. The contribu-
tion of [V, [URr, O+ x]] is minus the contribution of [z, [z, 04 x]]. Therefore at
the order R~3 the 0, z-piece of the log divergence in j, is the same as the
01 x-piece of the log divergence in 2Jo. But we have seen in Section 3.7
that 2Jy, to the order R™3 is finite. This shows that the log divergence of
j4+ proportional to O,z is zero at the order R73.

Divergences proportional to [0z, z]: We will split the calculation into two
parts, first identifying the contribution of bosons, and then the contribution
of fermions. The contribution of bosons comes from

1
—2Ad(e™®).Jy; = 2Ad(e 7). (mxre“ +=

o ¢ 2, 0] :) . (7.5)

We have taken into account that the coefficient of J;x in Jo is not renor-
malized, and therefore we should skip the contractions of z™" with z™"
in [z"", [z"" 0;2™"]], as denoted by the double dots. Therefore, the log
divergence is that of the expression

9z, Dy 2™ —%[x, (@, [z, Dy a]] — %[x,: @ [z, 0va]] . (7.6)

The relation between x and z"™" is given by (3.30). Let us take only the
term generated by the bosons:

11

6 R?
+ terms generated by fermions. (7.8)

r=2a°" + log €2 [ti, [ti, "] (7.7)
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The result is
2[0; 2™, 2" — Llog 20, x, Cy.2]. (7.9)
But the expression 2[0;x"™", z™"] itself has an internal log divergence,

because of the interaction vertex — [0, z][0_z, 2] in the action. The log

divergence of 2[0;x™", xre“] is the same as of the expression %[l’,:

[, [z,012]] ;] and equals to 3 log €[04z, C5.2]. This cancels —3 log €2[04x,
Cs.xz] in (7.9) and gives the total of zero from bosons.

Now let us evaluate the contribution of fermions. One source of contri-
bution is

—2Ad(e e )J2+ (7.10)
The relevant terms are
2[6+xren7x] - [w? [ﬁL’ [ﬁRf 3+96']H - [:L‘, [79Ra [’19L7 3+$H]- (7-11)

Here we want to pick the fermionic contribution to the renormalization of x:

T = ren—{-iﬁloge C’aﬁ{t [t "M}

+ contribution of bosons. (7.12)

Substitution of this formula into (7.11) gives the total contribution from
(7.10) equal to

log %[0, x, C5.x]. (7.13)

The other source of fermionic contributions is

—Ad(e e ).(3J1+ + J3p). (7.14)
The relevant terms are
Ad(e e "), (3@93 3001040 + SWm,[r,0a]]  (7.15)
1
+049 + [9R, O012] + i[ﬁL, [z, 8+a:]]> . (7.16)

The log divergence of this is the same as of the expression

3[04VR, VL] + [049L, IR] + [0y, [UR, [V, 2]]],
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and is equal to
—log [0, x, C5.x]. (7.17)
Here we have taken into account that 4]0+ 9 g, U] mixes into [0;x, x] because

of the following interaction vertices in the action:

1 3
—g[ﬁL, 8_193] [x, 8+£I?] - g[ﬁR, 8_19L][a;, 8+$]

We see that the total contribution from fermions (7.13) + (7.17) is also zero,
and therefore the Lorentz current is not renormalized.

Divergences proportional to Ny: The terms responsible for the logarithmic
divergence proportional to N, are:

<1 _214) N, %% <1 - ;) ([, [z, N4]] + [Or, 95, N+]] + [Or, [91, N+]])

1 /1 1 /1

1 1
+ﬁ < — 1) [8+19R,19L] 4+

23

When we expand this in powers of (, the linear term is

AN, + % ([z, [z, No)] + 91, [Ir, No]]| + [Or, [0, Ni]])

2

1 3
7] (2[3#%7@“3] + [0y, 2] + 2[8+79R7'19L]> o (7.18)

It follows from (A.17) that the log divergence of the second line is equal
to the log divergence of:

2
5 (09 95] + 04, 2] + [0:05, 01]) = ~4Jos. (7.19)

Equation (5.26) shows that the mixing of —4.Jy into Ny cancels the log
divergence of the first line in (7.18). This shows that the log divergence of
j4+ proportional to N, is zero at the order R™%.

Of course, finiteness of j is guaranteed by the quantum worldsheet theory
being invariant under the global symmetries.
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8 Summary and conclusions

We have shown that the logarithmic divergences of the transfer matrix in
the pure spinor superstring in AdSs x S° vanish at the one-loop level. The
Lax operator in the pure spinor string in AdSs x S, although it looks some-
what cumbersome, seems to work beautifully in the quantum theory. It is
reasonable to conjecture that the path ordered exponential of the Lax con-
nection defines a sensible quantum transfer matrix. Notice that in the pre-
viously studied examples of massive integrable systems the transfer matrix
had logarithmic divergences, while in our case it seems that only the linear
divergences are present.

It would be very interesting to investigate the quantum commutation
relations of the components of this transfer matrix, and see if they could be
encoded in the form of the RTT relations. In principle this could be done
in perturbation theory, in the near-flat space limit.
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Appendix A The algebra psu(2,2|4)
A.1 Structure constants and invariant tensor

Consider the quadratic Casimir operator:

C=C(th @) —th ath) + O™ @t + Clmmlalg @)

112 1]

(A1)
We also define Cj:

Co = C[muz][ml@]t?

0
11 2] ®t (A'2)

[v1v2]
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We define C%¢ and C' with lower indices as follows:
ot [e%e% aﬂ R Ve
c*=-Cc*, C 057—57. (A.3)
The structure constants with upper indices are defined as

fj op f&du Co'ca’ f7 op fwu Cad' (A4)

Similarly, the vector indices are raised by C*”. Notice that C*" is a
symmetric tensor. If we identify ti with the Killing vectors on AdSs x S°
then C* = g" should be identified with the metric. We have

£,

ap e po
v f# ’

We will normalize the supertrace so that

str(thty) = guu , str(titd) = Cag , str(thts) = Caa. (A.5)
A.2 Matrix realization
The algebra s[(4[4) can be realized by the (4]|4) x (4|4)-matrices of the form

M:<é g) (A.6)

The Z4 automorphism is M — QM where:

ov=( 7% Jps ) (1)
where J is an antisymmetric matrix:
0 0 -1 0
I R (A.8)
0 -1 0 O

Notice that Q*M = M. To get su(2,2|4) from s[(4|4) we impose the reality
condition MT = —M, where

LAY —ixyT
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The subspaces gz are defined as eigenspaces of {2:
Q& =14% for € € gg. (A.10)

Notice that gz Nsu(2,2]|4), a € {0,1,2,3} are real subspaces of psu(2,2[4).
(And therefore © does not really act on su(2,2|4) but only on s((4]4).) The
AdS superalgebra psu(2,2|4) is a factor algebra of su(2,2(4) by the centre,
which is generated by the unit matrix.

The invariant bilinear form on the superalgebra psu(2,2[4) can be defined
using the supertrace in the fundamental representation:

C(&n) = str &n. (A.11)

A.3 Some algebraic identities

Here we collect some useful algebraic identities. Note that

Cot3 21 =0. (A.12)

First identity: If X is a spinor (an element of g7 or g3) then

cafel 3 _ aie3 1 _ V2 [42
Ot {ta, X3 = Ctg, {ta, X} = C™[t,, [t,, X]]
= Clnllvalgd 0, X =0 if X € g7 + g5 (A.13)

pH1vy [pava]?

The total adjoint Casimir of psu(2,2|4) is zero. Therefore, it is enough to
prove that these four expressions in (A.13) are equal to each other. Note
that

coa{td 1l =0, (A.14)

ar o

because this would be in the centre of gg, but the centre of gg is trivial.
This implies the equality of the first two expressions in (A.13). The other
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equalities can be demonstrated as follows:
Cad [ti7 {téﬂ t%}] = _[ti7 f /8 a[uy} t?ﬂlj]] = C[Mlyl][MQVQ] [t?ullll]7 [t?uzllg] Y t%“?
(A.15)
Ot {ta- th}] = —té, £3 ™" 2] = CP [t [t ¢3))- (A.16)

Second identity: If X € g5 then

Ctg, {ta, X} = C[t3,, {ta, X}] = —~C"[t, [t7, X]]

— _C’[Mwl][ﬂzl/z] [t?ulvﬂ’ [t?uZVﬂ’XH if X € g5. (A.17>

Note that in this case, when X € g3, these three expressions are equal to
each other, but not zero.

Third identity: We define Cy as follows:

Co = C[Mwl][lisz}t([)myl] X t([)uzuz}' (A.18)

If X € gg then

o momt 0,185 SRS
Casimir identities: If &5 € g5 then the adjoint Casimir satisfies:

(Co + C3).[§3,m] = [&2. (Cp + C3).mg], (A.20)
Cy.85 = C5.63, (A.21)
Caléa,ma] = s, Caml, (A.22)
Co-[&2,m3] = g[ﬁéa C3.13)- (A.23)

We will also introduce
Codd = C1 +C5, Ceyen = Cy + Cs. (A.24)

Notice that for & € g3:
Codd-£3 = —2C5.83. (A.25)

Additional identities:

cov3 2l i) =0,

aputo aputoa

[, C3th] = 0. (A.26)
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Appendix B Contour-split regularization and linear diver-
gences

B.1 Regularization by splitting along the contour

We treat z, ¥, A and w as elementary fields. The capital currents J1 are com-
posite operators constructed from these elementary fields. When calculating
the Wilson loop, we assume that the composite operators are regularized by
splitting along the contour. For example, the expression [z, [z, ;]| will be
understood as follows:

(1T + 26)x(1 + €)04x(7) — 22(7 + 2€)04.x(T + €)x(T)
+ 0y x(T + 26)x(T + €)x(T). (B.1)

X(t+2€) x(t+€) ox(T)

/’/*\‘\

Here 7 + € denotes the shift of the point 7 by the amount ¢ along the
contour. This regularization depends on the parametrization of the contour.
The good thing about this regularization is that it preserves the property
that the transfer matrix is a total derivative when z = 1. This regularization
can be understood as introducing the “dot-product:”

(91 d2)(7) = ¢1(7)P2(T — €). (B.2)
The integrated dot-product is associative:
/d7¢1 (¢2 - ¢3) = /d7(¢1 - $2) - d3. (B.3)

This property implies that the regularized transfer matrix is a total deriva-
tive when z = 1, just like it was in the classical theory:

Pexp <— /: J[Z:1]> = g(m)g(m2)~". (B.4)

Here g(7) is, schematically, (M =142+ L+ £+ + -+ - We also intro-
duce the split commutator [, ]:

[p1, d2] = ¢1- 2 — @2 - b1 (B.5)
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B.2 Example: Wilson line in the O(2) non-linear sigma model

The O(2) NLSM is a free field theory, a single boson ¢ with the action
[ d*70.¢0_¢. We want to define the Wilson line

L
Pexp/ [2128+¢d7'+ +220_¢pdr|. (B.6)
0

This is very easy to calculate, if we allow ourselves to split ¢ into holomorphic
and antiholomorphic parts:

(7, 77) = o) + GalT7). (B.7)
The transfer matrix is equal to

DD 00200 (B3

But we want to insist on using our contour-split regularization. Therefore
we should calculate the transfer matrix as P exp (— |J [z}), where

JE = —dexp []1% <212¢h + zz%ﬂ exp {—}1% <212¢h + ZQ%H - (BY)

We should expand in powers of % and use our dot product for ¢, for example
replace ¢?(7) with ¢(7)p(7 — €). One of the terms we get is

1 11 1 11

Here [ is a “placeholder,” for example ¢[|¢ = ¢(7 + 2¢)o(7) and @[ [[¢ =
(7 + 3€)p(7); the placeholder becomes important when we study the colli-
sions. A more complicated example is

g sl o], 1] B.11)
— gt (S 001~ oge[020, 11,01+ 2106200,0] )
(B.12)

Note that this expression is almost expressed in terms of the derivatives of
¢, except for the term E%[[(bh, I ]- This term can be expressed through the
derivatives of ¢ in the bulk; in the boundary terms ¢y, enters either through
explicit contractions, or as a derivative. In fact, we should probably think of
any commutator with the placeholder as a total derivative, because it plays
a role only in the boundary terms.
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B.3 Linear divergences

Since J-currents are built on both z and dx, there are linear divergences
in them. The coefficient of the linear divergence is either a c-number or
a function of x (but no derivatives of x). For example, Jo has a term
042, z], which leads to the linear divergence:

1 1

Therefore we have to add the counterterms to the currents, to make the
transfer finite, for example:

Jyithet = Jo. + = (CH L + COts + Cttd) . (B.14)

Note that these counterterms do not belong to the Lie algebra. Similarly,
Ji+, Jo+ and Js4 have linear divergences, as composite operators. In the
expansion of Jo, the terms responsible for the linear divergence are

o = —da — é[[x, [, da]] + - (B.15)

This leads to the following linear divergence in Joy: —3 =[x, CH t2t7].. But
this linear divergence in fact cancels with the linear divergence arising in the
Jo+J24 collision. Therefore there is no linear counterterm to Jo .

The double collisions Jot Jot and Ji4J34 give non-zero linear divergences
which should be cancelled by the counterterm proportional to z~4. There
is no classical Jy4 current, but we need to introduce such a counterterm to
cancel the linear divergence:

Lot 11 V42,2 y3 1 o143

g b= — o (CH ity 4+ C* oty + COtt?) . (B.16)
There is a linear divergence in the collisions JotJi+ and Jsi4Joy, which
cancels with the internal linear divergence of Jyy. Similarly, the linear
divergence in the collisions JoyJs4 and JiyJoy cancels with the internal
linear divergence of Js3;.
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