(© 2007 International Press
Adv. Theor. Math. Phys. 11 (2007) 635-681

Fokker—Planck dynamics and
entropies for the normalized

Ricci flow

Mauro Carfora

Dipartimento di Fisica Nucleare e Teorica, Universita‘ degli Studi di Pavia
and Istituto Nazionale di Fisica Nucleare, Sezione di Pavia via A. Bassi 6,
1-27100 Pavia, Italy
mauro.carfora@pv.infn.it

Abstract

We consider some elementary aspects of the geometry of the space
of probability measures endowed with Wasserstein distance. In such
a setting, we discuss the various terms entering Perelman’s shrinker
entropy and characterize two new monotonic functionals for the volume-
normalized Ricci flow. One is obtained by a rescaling of the curvature
term in the shrinker entropy. The second is associated with a gradient
flow obtained by adding a curvature-drift to Perelman’s backward heat
equation. We show that the resulting Fokker—Planck PDE is the natural
diffusion flow for probability measures absolutely continuous with respect
to the Ricci-evolved Riemannian measure. We also discuss its exponential
trend to equilibrium and its relation with the viscous Hamilton—Jacobi
equation.
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Introduction

The Ricci flow introduced by Hamilton [19] (see [2, 12, 21] for reviews) is a
geometric evolution equation which deforms the metric g of a Riemannian
manifold (3, g) in the direction of its Ricci curvature Ric(g). Under suitable
conditions, it provides the natural technique for smoothing and uniformiz-
ing (X, g) to specific model geometries. From the perspective of theoretical
physics, the Ricci flow often appears as a real-space renormalization group
flow describing the dynamics of geometrical couplings. Typical examples
are afforded by non-linear o-model theory [17] or by the averaging of cos-
mological spacetimes [10, 11]. In such a setting, in order to estimate the net
effect of renormalization on the scaling of geometrical parameters, it is often
desirable to establish monotonicity results for the various curvature func-
tionals associated with the flow. This is an extremely non-trivial task and
the recent results by Perelman [36] provide an important unexpected break-
through of vast potential use in geometrical physics. Apparently inspired by
the dilatonic action in string theory, Perelman has introduced [36] the two
functionals:

Flg: f] = /E (R(B) + |V f2)e dug
and

e /s

Wlg; fs,7] = /E [T (Ivfﬁ\2 + R(ﬁ)) +fs— 3} (4rr(B))32 )

(see below for notation), depending on the geometry of the Riemannian man-
ifold (¥, g(5)) undergoing a Ricci flow evolution 5 — ¢(3),5 € [0,T), and on
the choice of a probability measure dw(3) = (477(3))~/2Vol[Xgle T5dll4
(dllg = Vol_l[Eﬁ]dpg(B) denoting the normalized Riemannian volume
element) associated with a backward diffusion of the function f. The func-
tional F'[g; f] has, as already stressed, the structure of the dilatonic action,
familiar in non-linear o-model theory and in the statistical mechanics of
extended objects. Wlg; fg, 7| is basically a scale-invariant generalization of
Fg; f] associated with the introduction of the scale parameter 7(3), which
controls the localization properties of the measure dw(3). The basic prop-
erty of Flg; f] and W{g; f3,7] is their weakly monotonic character along
Ricci flow trajectories, a fact that has been put to use by Perelman [36-38]
in his work on the proof of Thurston geometrization conjecture. Such mono-
tonicity properties and a few formal similarities with standard entropies in
statistical mechanics account for the attribute entropic. Further justifica-
tions come from a closer look into the structure of F'[g; f] and Wg; fz,7]. In
this connection, the functional Wg; fg, 7] is particularly interesting since, as
is easily checked, it contains a natural combination of the relative entropy
Sldw(B)||dI1g] associated with the pair of measures (dIlg,dw(/3)), of the
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corresponding entropy generating functional I [dw( )Hdl‘[g] and of the
dw()-localized curvature average < R(f3) >4 (s fE . The par-
ticular form of their combination in W[g, I8, T ] 1s strongly suggested by the
theory of logarithmic Sobolev inequalities [18, 36]. Note that < R(3) >gx(g)
enters as a defective parameter, setting the size of scalar curvature over the
region where dw(3) is localized. It is interesting to remark that none of the
constituents of Wlg; fg, 7] has, by itself, any manifest monotonicity prop-
erty along Ricci flow trajectories, and it is just their overall interaction in
Wg; f3, 7] that makes the shrinker entropy monotonic. Various authors
[16, 30-32] have exploited the strategy suggested by Perelman’s construc-
tion and succeeded in specializing or extending Wg; fg, 7] to other specific
settings. However, the natural question of the monotonicity of the con-
stituent entropic functionals generating Wg; fg, 7] does not seem to have
received particular attention. Such an analysis is relevant to the physical
applications of the Ricci flow and also for a deeper understanding of the
properties of Perelman’s shrinker entropy. In this paper, we discuss such
an issue in connection with the volume-normalized Ricci flow (such a choice
being motivated by our long-standing interest in cosmological applications
of the theory). Our main results are 2-fold. The analysis of the volume-
normalized version of the Hamilton—Perelman flow easily shows that by a
natural renormalization 7(3) — 7(5) of the scale parameter 7(3) one can
make explicitly monotonic the curvature term 7(3) < R(3) >g4(3) appear-
ing in W{g; fg,7]. In this way, we can connect the growth properties of
scalar curvature to the localization behavior of dw(3). This strategy also
suggests that, by deforming Perelman’s backward diffusion {dw(8)}g<r —
{dQ(B)} s<7 by adding a suitable drift term, one may also get monotonicity
for the corresponding renormalized relative entropy S[dQ(5)||dIlg]. Quite
remarkably, the answer is in the affirmative and the resulting deformation
is provided by a Fokker—Planck (backward) diffusion {d€},~,, t = 8" — 0,
with a drift term generated by the scalar curvature fluctuations. We show
that, in a well-defined sense, this Fokker—Planck process is the natural dif-
fusion along the (volume-normalized) Ricci flow. The analysis of {d€Q;},~,
shows that we are dealing with a gradient flow generated by a (weakly)
monotonic relative entropy S[d€||dIl;]. As an elementary consequence of
such a monotonicity, we prove that if the Ricci curvature is positive then
one gets exponential convergence of {d€;},-, to dIl;.

Our analysis relies on a remarkable parametrization of diffusion processes
suggested by Otto [34, 35] related to the use of the Wasserstein metric on
measure spaces [40] (see [1] for an in-depth and very informative presenta-
tion of the whole subject). The distance induced by such a metric provides
a way of turning the space of probability measures on a Riemannian mani-
fold into a geodesic space and has recently drawn attention in attempts of
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extending the notion of Ricci curvature to general metric spaces [26, 28, 40,
46]. The preliminary results presented in this paper point to the possibility,
recently advocated also by Lott and Villani, that the use of the geometry of
the space of probability measures and of the associated notions of optimal
transport and Wasserstein metric may also play a significant role in Ricci
flow theory. (Added in the arXive version v3: important developments relat-
ing Wasserstein distance and Ricci flow theory have been recently considered
also by McCann and Topping [29] and useful remarks in this connection are
also discussed in the nice monography [42] by Topping. The enlightening
book by Villani [45] provides a most inspiring analysis of the deep interplay
between optimal transportation theory and Riemannian geometry).

Outline of the paper. We start by recalling a few basic properties of the space
of probability measures on Riemannian manifolds. In Section 1.1 we discuss
the geometry of such a space from the point of view advocated by Otto. In
particular, we analyze the case when a curve of probability measures covers
a fiducial curve of Riemannian metrics. The natural framework for such a
discussion is not a fixed probability space but rather a bundle of probability
measure spaces over the space of Riemannian metrics, where each fiber is
a probability space with a distinguished reference measure (the normalized
Riemannian volume element) metrized by the Wasserstein distance with cost
function determined by the given Riemannian distance function. This is the
situation occurring in the application of the formalism to Ricci flow theory.
To our knowledge, such a general framework is not explicitly discussed in
the existing literature on optimal transportation theory, and thus we pause
a little bit for analyzing it in some detail. In such a setting we explicitly
discuss the properties of gradient flows in the bundle space of probability
measure. We conclude (Section 1.2) this long overview of the probabilistic
formalism by recalling the characterization of Wasserstein distance and its
interplay with the relative entropy and the entropy production functionals.
The connection with the formalism developed by Otto comes by when dis-
cussing the characterization of Wasserstein length of a curve of probability
measures and its geodesic nature. Here we analyze in some depth the exten-
sion of the notion of Wasserstein length of a curve of probability measure to
the case when the curve in question covers a reference curve of Riemannian
metrics. Again, this case does not appear in the standard literature and
needs to be explicitly addressed. In particular, we emphasize that the char-
acterization of Wasserstein geodesics as solution of a Hamilton—Jacobi equa-
tion cannot be trivially extended to this more general case. In our opinion,
this is a basic issue to be solved in order to apply optimal transportation
theory to the Ricci flow. We comment on a possible approach to a strategy
for a solution in the final part of the paper. In Section 2 we discuss the
Perelman coupling for the volume—normalized Ricci flow. Section 2.1 recalls
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a few properties of the shrinker entropy, some really well-known and a few
others not so easily spotted in the existing literature. In particular, by elab-
orating on a remark by Figalli, we explicitly show that the shrinker entropy
is an entropy balance functional basically generated by the time derivative
of the relative entropy associated with Perelman backward heat equation.
In Section 2.2 we prove that there is a natural combination of a scale param-
eter and of the average curvature (R)g, which is weakly—monotonic along
the Ricci flow. This curvature entropy gives rise to a useful dw—averaged
Harnack—type estimate. In Section 3 we introduce the relation between Ricci
flow and Fokker—Planck diffusion. This exploits Otto’s parametrization of a
probability measure by introducing a potential for scalar curvature fluctua-
tions (Section 3.1). Such a potential has a familiar counterpart in the Ricci
flow theory for surfaces, and plays a distinguished role in our analysis. In
particular, we use it for estimating the Wasserstein length of the curve of
normalized Riemannian volume elements along the Ricci flow. In Section
3.2 we exploit the formalism so developed for discussing, under very general
conditions, the evolution of an absolutely continuous curve of probability
measure along the (backward) Ricci flow. In Section 3.3 these results are
used to prove that the Fokker—Planck diffusion is the natural diffusion of a
probability measure along the Ricci flow. In particular, the associated rela-
tive entropy is weakly monotonic and the flow is gradient-like. We also show
that the flow of the associated Radon—Nikodym derivatives (with respect to
the evolving Riemannian measure) is a true gradient flow with respect to
Otto’s inner product. We also emphasize the associated contraction prop-
erties in the corresponding (quadratic) Wasserstein distance and their role
in discussing the trend to equilibrium for the Fokker—Planck diffusion. In
such a setting, one naturally discovers that the associated relative entropy is
displacement-convex. A property, this latter, which is strongly reminiscent
of the characterization of Wasserstein geodesics in the space of probability
measures. This point is discussed by showing that the Fokker—Planck diffu-
sion along the backward Ricci flow can be equivalently rewritten as a viscous
Hamilton—Jacobi equation, where the viscosity parameter is related with the
lower bound of the Ricci curvature. The paper concludes with an appendix
stressing a few basic differences between the Fokker—Planck diffusion and
the Perelman diffusion along the backward Ricci flow.

1 Probability measures on Riemannian manifolds

Throughout this paper, ¥ will denote a smooth three-dimensional manifold,
which we assume to be closed and without boundary. We let C*°(3,R)
and = C*®(¥, ®2 T*Y) be the space of smooth functions and of smooth
definite positive symmetric bilinear forms on ¥, respectively. Diff(X) is the
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group of smooth diffeomorphisms of ¥, and Riem(X) = C®(Z, ®2T*%) is
the space of all smooth Riemannian metrics over 3. The tangent space,
Tis,9)Riem(X), to Riem(X) at (3, g) can be naturally identified with the
space of symmetric bilinear forms C*®(X, ®2T*Y) over X. It is endowed
with the pre-Hilbertian L?(X, g) inner product defined on (%, g) by

W, V) r2(s) i/zg“gkaikVimd,ug, (1.1)

W,V € C®(%, ®%T*Y) being square-summable. The hypothesis of smooth-
ness has been made for simplicity. Results similar to those described below,
can be obtained for finite Holder or Sobolev differentiability. In such a
framework, let dpg, Vol [X] ), and dll; = Vol [E];l dpig, respectively, denote
the Riemannian density, the volume, and the corresponding normalized mea-
sure on a Riemannian manifold (3,g) € Riem(X). In what follows, we
will often refer (rather informally) to the bundle 7 : Prob(¥) — Riem(X)
of all Borel probability measures on 3, which are absolutely continuous
with respect to normalized Riemannian volume element dIl,. Each fiber
Prob(%, g) = 7~ (%, g) is endowed with the topology of weak convergence,
and can be parametrized by the set of all Radon—Nikodym derivatives with
respect to dIlgy, i.e.,

Prob(%, g) = {Ndﬂg :N € Cb(Z,R+),/ Ndll, = 1}, (1.2)
P

where Cp,(3, RT) is the space of positive bounded measurable functions [15],
(again, we often restrict our analysis to the smooth functions in Cy(X,R™)).
To avoid notational prolixity, given a probability measure dw on (3, g), we
shall write for simplicity deww € Prob(3, g) to actually mean (dw/dIl,) dIl, €
Prob(X, g). Moreover, for later convenience we shall restrict our attention
to smooth probability measure with finite k-th moments, k£ > 1, i.e., we
assume (but this is not strictly necessary as long as (X, g) is compact) that
the Radon-Nikodym derivative N satisfies [y,[dg(z, y)]* NdIl, < oo for some
(and hence all) z € (X, g), where d4(z,y) denotes the Riemannian geodesic
distance in (3, g). Typically we set k = 2.

1.1 Otto’s parametrization

As suggested by Otto [34] (see also the remarkable paper [35] on which this
section is based and from which I extracted many observations) when dis-
cussing probability diffusion semigroups on a Riemannian manifold (X, g) it
can be profitable to consider each fiber Prob(X, g) € Prob(X) as an infinite-
dimensional manifold locally modeled over the Hilbert space completion of
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the tangent space
TnProb(X, g) = {h € Cb(E,R),/ h NdIl, = O} ) (1.3)
by

with respect to the inner product defined, at the given Radon—Nikodym
derivative IV, by the Dirichlet form

(.o = [ (o Vuvic) N an, (1.4)

for any ¢, ¢ € C5°(3,R). (Recently, this matter has been discussed from a
geometric point of view in a series of papers by Lott and Villani, [24, 25, 27]).
Under such an identification, one can represent vectors in Ty Prob(%, g)
as the solutions of an elliptic problem naturally associated with the given
probability measure N dIl, according to

(h,N) € TyProb(X, g) x Prob(X,g) — ¢ € Cp(X,R) /R, (1.5)

where, for any given pair (h, N), the function v is formally determined on
the given (X, g) by the elliptic PDE

~V'(N V) = h, (1.6)

under the equivalence relation identifying any two such solutions differing
by an additive constant. In general, such a characterization is somewhat
heuristic, at least in the sense that its validity must be checked case by case,
(a particularly clear and deep analysis of the whole topic is discussed in [1]).
As we shall see, it applies in our setting, and it provides a useful framework
for discussing the entropic aspects of the volume-normalized Ricci flow.

There is a further aspect about the geometry of Prob(X), which will be
useful to have at our disposal. First, note that the tangent space to the
bundle Prob(X) at (g, N dIl,) can be decomposed as

T{g,n an1,) Prob(X) = T, Riem(X) @ T Prob (%, g), (1.7)

a decomposition which, since Riem(X) is contractible, extends to the whole
tangent bundle 7'Prob(X). Let I' : [0,1] 2 A — ga»(A) be a smooth curve of
metrics in Riem(X), with Vol (X, g(\)) = Vol (3, g(A =0)) VA € [0,1]. By
means of the corresponding one-parameter family of normalized volume ele-
ments dll) = Vol[E]g_(l)\)d,ug(A) € Prob(X, g(\)), the curve I' naturally lifts

to a corresponding curve in the bundle Prob(X),
[0,1] — Prob(X)

A — (gab(N), dITy) . (1.8)

The tangent vector € Ty arr,) Prob(X) to such a curve at any given value
of the parameter A\, say A = s, can be readily characterized, in analogy with
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1.6), if we parametrize -2 dII|y—, in terms of a potential O, obtained as
oA
the solution of the elliptic equation

. 0 ; 0
h($)V; (dll, ViOy) = — —dlly| = —dIl, ¢*(\) = g, 1.
9" (s) Vi (dIl; V}1.©5) % 1N dlls g™ (A) 5+ gik() N (1.9)

S

where V denotes the covariant derivative with respect to the metric ggp(A).
Since 8% gik(A) € Ty Riem(X), equation (1.9) is formulated in the tangent
space T{g(),am,) Prob(¥) (this is the reason why we have expressed it in
terms of the measure density dII) rather than the corresponding Radon—
Nikodym derivative). Note that dII, is covariantly constant over the corre-
sponding (3, g(A)),

V;dIly = dITy g (A\)Vigas(X) = 0 (1.10)

(this is equivalent to the familiar formula 0;1In+/g(\) = 65T'% (), where
I'? (M) are the Christoffel symbols associated with ga,())); thus we can
rewrite (1.9) as A Oy = —gik()\)a% gir(N)|s, where A = ¢?*(\)V,;V}, denotes

the Laplace—Beltrami operator on (X, g(A)).

It must be stressed that the family of potentials ©, depends on the chosen
curve of metrics A — gq,(A), and not only from the associated Riemannian
measures A — dII. Actually, the dependence from dlIy can be easily traded
for the action of the diffeomorphisms group Diff(3). This follows by observ-
ing that since we have normalized the Riemannian volume elements dIl},
we can apply Moser’s theorem (see, e.g., [4, 7.2.3]), according to which, on
a compact manifold ¥ admitting two volume forms dp and dv with fz du =
fz dv, there exists a diffeomorphism ¢ : 3 — ¥ such that ¢*dy = dv. In
our case, this implies that there exists a A-dependent diffeomorphism

O (Eagab()‘)) — (Eagab()\ = O))7

P o = ) Ay
such that
dIT\(y") = J(¢x) dITy —o (2 (), (1.12)
where
.ot (y*, A
son) = [P0 (1.13)

is the Jacobian of ¢y. In terms of the diffeomorphism ¢y, and of the metric
gik (), we can rewrite (1.9) as

G5 ()Y V0 = — L 1n J(6y)

~ (1.14)

A=s
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Formally, given a solution @, of (1.9) and any (A-independent) smooth
function with compact support ¢ € C§°(%,R), we have

d

I C( )dITy

:/Egik()\)Vz-C(x)VkesdHS:<C7@S)s, (1.15)

where (-, -); is a shorthand notation for (:,-)(s),n=1). According to (1.4),
the relation (1.15) identifies (gix(\),dIly) — ((%gik()\),@A) as the tan-
gent vector to the curve A — (gix(A),dIly). The family of function ©)
also plays a fundamental role in characterizing gradient flows in the bundle
Prob(X) when, as in our case, the inner product (-, ), varies. To discuss this
point, let us consider an absolutely continuous curve of probability measures
[0,1] 3 A+ dwy € Prob(X), covering the fiducial curve A — dIly, i.e., dw)y
is absolutely continuous with respect to dII YA € [0,1]). Let us denote by
U, the tangent vector to A — dw) defined, in analogy with (1.9), by the
elliptic PDE

g*(5)V; (dwos Vi 0y) = ;}\de : (1.16)

In terms of the associated Radon—Nikodym derivatives ani, connecting the
fiducial curve of reference measures A — dII to the curve \ — dw), we have
(from the identity %de 8}\(de dIly))

0 ; dw),
(8)\+V @)\V> dHA

which is easily seen to be interpretable in the sense
d dw), dwog
— dll : dll
5 Lo ()| = [viwvio.-e) (5)

V((z) € C§°(X). Namely, (V) — ©)) is the tangent vector at A = s, to the
curve of Radon—Nikodym derivatives [0,1] 3 A — <dw*) € Cp(X,RT). If we

evaluate the inner product between (V) — 0)) and a generic tangent vector
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§ € Ty, jar, Prob(X, g())), then we get

(Ux = 01), iy a1, = /E [gik()\) Vi(Uy —6,) ka} (Zgi‘) dIl,

_ /Ekgv [dm ”"(A)Vk(\IIA—G)A)} dIT,

dIl
G, dwx}
= Vi,V dll
/zf [(8)\ ") V0 k> dITy A
0 dwy, >
= + A V,0,V R ,
<(m () V.0, k) ) s
(1.19)

where (,)72(4m,) denotes the standard L?(dIIy) inner product on (X, g(\)).
Similarly, if we denote by Grad F the gradient of a smooth functional F :
Prob(X) — R, with respect to the inner product ()4, /am,, then we
compute

. d
(Grad F, &) dw, :/ g*(\)V; Grad F V€ < w)‘)dl'[,\
My N dIl

_ / £V, [dm ik()\)VkGrad}"} dIT
5, dIl

__<vi {dm ’k(/\)VkGrad}"} g> . (1.20)
dIl L2(dITy)

Note that in both (1.19) and (1.20), we have explicitly inserted the A-
dependent metric ¢’*()) in order to make it clear that the inner product
(**)dewy /ar1, depends from the curve of Riemannian metrics A — gqp(A).

When F is identified with the relative entropy functional [15],
f dw

[ n —_—

Sldw || dIl,] = { *> dIl, "~ dII,

%) otherwise,

dll, if dw < dl,, L.21)

where dw < dIl; stands for absolute continuity, the relations (1.19) and

(1.20) allow to characterlze a class of flows A\ — illHA which will be important

in what follows. We start computing Grad S[dw H dIl,] in such a case. To

fdw

this end, let us consider a linearization of J- in the direction of the generic
g
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vector & € Ty /dIl; Prob(X, g), i.e

dw dw
— () = — 1.22
dH (6) ng + 657 ( )
with ¢ parametrized a’ la Otto,
dw
= — T 1.23
e=-v |, (123

The corresponding linearization of S[dw || dIly] in the direction £ provides

d
D Sldw || dIlg] o & = P Seldw || dIlg)

e=0
dw i | dw
/V’ln VY dll,

dw >
=(In —,70 ,
< dHQ dw/dllg

which implies that the gradient, with respect to (-, )gm\arm,, is given by

(1.24)

dw
Grad S[dw || dIl;] = In ﬁ (1.25)

With these preliminary remarks along the way, given the flow of reference
Riemannian metrics A — gq,(A), let us consider a curve [0,1] 5 X — fgi €
C>(X,R) N Cy(X,RT) whose tangent vector (¥y — O,) is such that

(W3~ ©3), ) gy jam, + (Grad Sldeo || dIT). &)y g, =0 (1.26)

V€ € T, jam, Prob(X, g())). Note that, according to (1.19) and (1.20), such
a condition is equivalent, in the L?(X,dIIy) sense, to the PDE

0 doy _ g, |92
<8)\ k(N Vi @Avk> i, =V, [dmg ()\)VkGradS], (1.27)

where Grad S is a shorthand notation for Grad S[dw || dIly]. If we insert in
this latter condition the expression (1.25) for Grad S, we get the Fokker—
Planck equation

0 dw), dw),
— 'O =AN|l—-—==]. 1.28
(mw W)dm (dlh) (1.28)
An elementary computation shows that

d
= Sldw || dI] = (¥ — ©5), Sldwy || dl1]) 4, jar, - (1.29)
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Thus, if we set & = S[dw,, || dII,] in (1.26), we get

75 Sldm || dIT] = — (Grad S, Grad ),y - (1.30)

which implies that (1.26) is the condition for the curve [0,1] 2 A — Z'Hii €

C>®(2,R) N Cy(X,RT) to be the gradient flow of the relative entropy func-
tional S[dw, || dIl,], with respect to the A-varying inner product (,)je\qr, -
Note that, in the L?(3, dll,)-sense, such a gradient flow condition implies
that the Radon—Nikodym derivative ani evolves according to the Fokker—
Planck diffusion (1.28).

The relation (1.26) is an elementary but important property of the evolu-
tion of the relative entropy functional S[dw, || dII,] along a fiducial curve of
Riemannian metrics A — gqp(A). It is ultimately related to Moser’s theorem.
To disclose the rationale underlying this latter remark, let us recall the well-
known fact that, for a given fixed metric g, the gradient flow (dwy, dIly), -,
of S[dwy || dIl,] is the standard heat flow on (3, g) [43-45]. In the same vein,
let us observe that, along a fiducial curve of Riemannian metrics A — gqp(A),
we can write

dw), dw),

Sld dll| = | === In —=dII
Lt = [ G2 1 G2 am,

dw), dw), / dw), dITy
= In dlly—g — In dITy—
/EdHAO A= 0 Jgdlh— dlhy "
dw),
dll =g

= S[dwy || dllx=] _/2 In (J(¢x)) dllx=o,

(1.31)

where we have exploited Moser’s theorem in the form (1.12). Thus, the
relative entropy functional S[dwy || dII,] of a diffusion process (dw))x>=o,
with respect to a A-varying reference measure (dIly)y>=o, is the sum of the
relative entropy of (dwy)xy>=o with respect to the fixed Riemannian vol-
ume element dIly—¢, plus a forcing potential term provided by In (J(¢y)).
It is well-known that the gradient flows of relative entropies with forcing
potentials typically yield for a Fokker—Planck diffusion [44, 45]. Obvi-
ously, this heuristic explanation must be taken with care, because of the
A-dependence in the potential term In (J(¢y)). Nonetheless, it provides a
natural framework for understanding the subtle interplay between the dif-
fusion of probability measure on Riemannian manifolds evolving along a
geometric flow A — (X, g(A)). Indeed, a central theme of this paper is that
Fokker—Planck dynamics has remarkable geometric properties exactly when
the fiducial curve of reference measures A — dITy is generated by the (back-
ward) Ricci flow.
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1.2 Relative entropy and the Wasserstein distance

As we have seen above, the relative entropy functional S|dwy || dIl,], defined
by (1.21), has a distinguished role in disclosing the interplay between
Riemannian geometric flows and diffusion processes (dwy)x>o. In partic-
ular, the approach to relative equilibrium (dwy)x>o = dIl,; is often con-
trolled by a logarithmic Sobolev inequality (LSI) [15, 18, 35, 43|, that can
be conveniently expressed [15, 35], in terms of S[dw, || dIl,], as

L (Il || dI1,) + B) — Slde= || dI1,] > 0, (1.32)

LSI(p ) = 5

where p > 0 and B > 0 are constants depending on the underlying geometry

of (X, g), and
Idw || dIlg] / ‘

is the entropy production functional (or Fisher information [15]). In general
we can set B = 0 in (1.32), however, as will become apparent after equation
(2.29) below, the defective form (1.32) has some notational advantages in
our setting. Also, recall that if we assume the Bakry—Emery criterion [3]
Ric(g) — Hess( dw) > pg, where Hess(o) denotes the Hessian on (%, g),

then LSI(p; B) holds on compact Riemannian manifolds without boundary
[5, 8,9, 15, 31, 39].

(1.33)

In this section, we describe some of the basic properties of S[dw) || dI1,],
[1, 35] that we shall need later on. Let us start by recalling that Jensen’s
inequality implies that S[dw || dIly] € [0,4o0c] (this can also be checked
directly by noticing that S [dw || dIlg] can be rewritten [35] as the integral

of the non-negative function dT (ln 1) +1). Moreover, as a func-

tion of the probability measures dw and ng, the functional S[dw || dIl,] is
convex and lower semicontinuous in the weak topology on Prob(%,g), and
Sldw || dlly] = 0iff dow = dll,. It can be characterized [15] by the variational
formula

Slde | ng]:sgp{/xfdw—lnfzexp[f]dﬂg :fer(E;R)}. (1.34)

Roughly speaking, S[dw || dIl,] provides the rate functional for the large
deviation principle [15] controlling how deviant is the distribution of dw with
respect to the reference measure dIl,. In particular, one has [15] (Pinsker’s
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inequality)
1
Sldew || dlly] > 3 || — di, |2 (1.35)

var ’

where we have introduced the total variation norm on Prob(X, g) defined by

[ ra= = [ ram,

with || f]|, <1 the uniform norm on Cy(3;R). This is a particular (and
elementary) case of transportation inequalities involving S{dw || dIl,] and
the notion of Wasserstein distance between probability measures [1, 44].
Let us recall that for dwp, dws € Prob(3,g), we define the Wasserstein
distance of order s between dw; and dwoy as

i — iy, = sup
I f1lp,<1

: feCy(E;R) } , (1.36)

1/s
DY (dw, dwoy) = inf <// d(x,y)°n(dw dw2)> . (1.37)
w€H (dw,dw2) NxY

where H(dwi,dws) C Prob((X,g) x (¥,g)) denotes the set of probability
measures on ¥ X ¥ with marginals dw; and dws, i.e., such that 7(U x ¥) =
dw1(U) and 7(X x U) = dwy(U) for any measurable set U C ¥; (H (dwq,
dwsy) is often called the set of couplings between dw; and dws). Note
that by Kantorovich-Rubinstein duality, we have that D}¥ (dw1,dws) =
|deoy — dews|,,,- Intuitively, DY (dwy,dws) represents, as we consider all
possible couplings between the measures dw; and dws, the minimal cost
needed to transport dw; into dwo provided that the cost to transport the
point z into the point y is given by d(z,y)*. The distance DY (dw, dws)
metrizes Prob(X, ¢), turning it into a geodesic space.

The pair (Prob(X, g), DY) has recently drawn attention [26, 28, 33, 40,
46] as an appropriate setting for extending the notion of Ricci curvature to
general metric spaces. In this connection, a particularly elegant approach
has been introduced in [46], by relating the (K—)convexity of the entropy
functional S[dw || dlly] to Ricci curvature lower bounds. Explicitly ([46,
Theorem 1]), if ~: [0,1] 2 A — dwy € Prob(%, g) is a (Prob(%, g), DYV)-
geodesic, (note that, typically, v is not the linear interpolation of dw) and
dll,), then a lower bound on Ric(g) is equivalent to the K-convexity of
Sldwy || dIl,] along any such geodesic v, i.e.,

Sldwy || dIL,] < (1— N)S[dwo || dILy] + AS[de || dIT,]

- %A(l — \)[DY (dwg, dwy))? (1.38)

iff Ric(g) > K, with K € R. Such a result again points to transportation
inequalities [6, 7, 23, 44]. For our purposes, it is sufficient to recall the
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(simpler) bound ([7, case 5 of Theorem 1]) which always holds on compact
Riemannian manifolds

DY (dw, dl,) < 2% diam (X, g) S|dw || dIT,]*/? (1.39)

Vdw € Prob(X, g), and where diam(X, g) = sup{dy(z,y); =,y € (3,g)} den-
otes the diameter of (X, g). It should be stressed that when, as in our case,
one has a family of Riemannian manifolds A — (X, g())), such a Talagrand—

like inequality is effective as long as one has some uniform control on
diam(X, g(A)).

A rather direct connection between Otto’s description of Prob(%,g),
discussed in the previous paragraph, and the (quadratic) Wasserstein dis-
tance DY (dwy,dws) has been stressed by Otto and Villani [35] (see also
[1] for a more general setting) by relating D (dwy, dws) to the geodesic
distance associated with the inner product (1.4). This relation has been
analyzed in detail by Lott [25], who has proved the following (see [25, Propo-
sitions 3.3, 4.24]).

Theorem 1.1 (Lott). Let w: [0,1] 3 A — dw)y € Prob(%,g) be a smooth
curve in Prob(X, g) with tangent vector Wy, defined for any fized A = s by
the elliptic PDE

9"V (doos V3 Ts) = — aa)\de
and such that V¥y # 0VX € [0,1] (i.e., the curve is immersed). Let 0 =
Ao <A1 <--- < Aj=1 be a partition of [0,1], and let

, (1.40)
A=s

J

L(w) = sup sup Z D;/V(dej_l, dwy,) (1.41)

JEN 0=XoShi<SA=1

denote the length of the curve w in the Wasserstein space (Prob(E, 9)s ng)
Then

L(w) = /01 ((‘I’A,‘I’Udm)m dA

1 ' 1/2
_/ (/ VZ\IIAVi\I/AdwO dA. (1.42)
0 b

Moreover, the curve w is a geodesic in (Prob(Z, 9), ng) if its tangent vector
Uy satisfies the Hamilton—Jacobi equation

AN N VU2
O\ 2

modulo the addition of a spatially—constant function to Wy.

0, (1.43)
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It is important to discuss if the relation (1.42) of Theorem 1.1 still holds
if the metric g4, defining the reference measure and the diffusion operator
(1.40) in Prob(3, g), is replaced with a curve of (volume preserving) fiducial
metrics [0, 1] 3 A — gap(A), with gep(A) uniformly bounded above and below
for 0 < A < 1. The potentially delicate issue concerns the characterization,
along the given fiducial curve of metrics A\ — gqup(\), of the Wasserstein
distance (the distance associated with the inner product (1.4) extends in
an obvious manner along A — gq,(A)). Indeed, the Wasserstein distance is
usually defined in a fixed Prob(3, g) (see (1.37)) with a cost function d(, )?
provided by a fixed metric tensor g.;. To characterize its extension to curves
in Prob(X), covering A — g4p(\), let us assume, in line with the boundedness
hypotheses on g.,(A), that there are constants C' > 0 (typically depending
only on the dimension of (X,g()))) and M > 0 (depending on a uniform
bound on the geometry of (X, g(\))) such that

e CMNTM 4y (,y) <y, (2,y) < TN dy (2,y) (1.44)

for any points z and y in 3, and any A, A; € [0, 1], with A\;, < A; (in the Ricci
flow case, (1.44) holds whenever the Ricci curvature Ric(g())) of (2, g()))
is bounded by M, |Ric(g(\))| < M, [21]). For any A € [0, 1], denote by

P 2N —> Y, (1.45)

the diffeomorphism defined by Moser’s theorem (see (1.11)) such that dII =
J(érn,) ALy, , where J(py ) is the Jacobian of ¢y y,. In line with the
above hypotheses on the metric gq,(\), we assume that there are constants
C’, M’ >0 (again depending from a uniform bound on the geometry of
(32, g(X))) such that

o—C' M’ (A=3) T(d30,) < J(Dan,) < o' M’ (3 =X) J(d50) (1.46)

for any A, A € [0,1], with A < A (in the Ricci flow case, M’ typically is an
upper bound to the scalar curvature). Let

drin 1 Sn — A (1.47)

be the inverse of ¢ »,. Denote by d2,; and d1,,, A\x < A;, the two probabil-
ity measures belonging to the spaces (Prob(X,;)) and (Prob(Xy,)), respec-
tively. Their pull-backs under the above diffeomorphism, (¢;j1 \)FdQ A; and

(qﬁ;}iﬂ* dQ), , both belong to the probability space (Prob(Xy)), and we can
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define their Wasserstein distance at A according to
DY ((6310)7 %, (6313)" 0,52

1/2
= (//m @) ma ((0310)" s (63" d%)) |
(1.48)

where Hy = H((d);klA)* dsdy, (qﬁgjl,)\)* d),) is the appropriate space of cou-
plings (see (1.37)) and where dy(, ) is the Riemannian distance in (3, g(X)).
Since the cost function dy(, )? and the Jacobians J(¢, ) are both uni-
formly bounded in A, (see (1.44),(1.46)), the quadratic Wasserstein distance
DY ()\) defined by (1.48) depends smoothly from A. In particular, we have

e @ MOV DIV(R) < DY (V) < MOV DI (N), (1.49)

for any A, A € [0,1], with A < A, and for constants C”, M" depending from
the constants in (1.44) and (1.46).

With these preliminary remarks along the way, let us assume that the
absolutely continuous curve of probability measures w : [0,1] 5 A\ — dw) €
Prob(X), introduced in Theorem 1.1, covers a fiducial curve of metrics A —
gab(A). As above, let 0 =X g < A <--- < A;=1 be a partition of [0, 1].
The uniform bound (1.44) implies that we can choose € > 0 small enough
such that

|d>\j (a:,y) - dAjfl(:L‘?y)‘ < |eCM()\j_>\j_l) - 1| dAjfl(:B?y)? (1'50)

with |e¢M(A=Ai-1) 1| « 1, whenever \; —\j_; <e. Let dw), € Prob
(23),) and dw),_, € Prob(Xy,_,) be the pair of probability measures cor-
responding to the values A\; and Aj_; of A. According to (1.48), we can eval-
uate the quadratic Wasserstein distance D)’ (dwxjfl, (gb)_\jlih 2 dwy; )\j_l)
between dwy; € Prob(¥),) and dwy;_, € Prob(Xy,_,) at A = Aj—1. Thus,
we define the Wasserstein length of the curve w : [0,1] 5 A — dw) € Prob
(X), covering a fiducial curve of metrics A — gq45(\), according to

J
Lyoy(w) =sup  sup > Dy (dw,\j,l, (CON W MV )\j_1>.
JEN A<\ <<y j=1

(1.51)
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Note that if \j_; < 2\ < Aj is a refinement of the interval [\;_i, A;], then
from the triangular inequality for (1.48) and the bound (1.49), we get

D;/V (dw)\j_l, (¢;j171,)\j)* dwz\j ; )\jfl)
< DY (dwn, . (9, 5)" dwys A1)

+ DY (651, ) dws, (851, 5,)" i Aga)

< DY (dwy,_, (¢;j1_17;)* dwy; Aj-1)

+ " M A=A) pIY (e (ng])* dw);; A); (1.52)

which implies that (1.51) is well-behaved under refinements of the partition
O=X<M<---<Ay=1

As observed above, the length of the curve w : [0,1] 3 A — dw) € Prob
(X), evaluated with respect to the inner product (1.4), extends naturally to
the case when the curve in question covers a fiducial curve of metrics A —
gap(N). Tt is sufficient to replace |V Wy|? in (1.42) with g% ()\) V; ¥y V).
It follows that one can easily adapt the proof of Proposition 3.3 in [25] to
conclude that the length of w with respect to the inner product (1.4) equals
the length in the Wasserstein sense, i.e.,

1 ' 1/2
Lg(/\)(w)—/o (/E g’k(/\)Vi\I/,\Vk\I/Adw,O dX, (1.53)

which extends the relation (1.42) to the more general case considered here.

It must be noted that a similar extension of the Hamilton—-Jacobi con-
dition (1.43) for characterizing Wasserstein geodesics curves A — dw,, over
a fiducial A — ggp(A), is quite a non-trivial problem which (to the best of
my knowledge) still waits for a solution. We shall comment on this point
in the concluding part of the paper and suggest a possible strategy for
approaching it.

2 Perelman’s coupling for the volume-normalized
Ricci flow

To put the above probabilistic remarks in perspective, we outline Perelman’s
characterization of the dynamics of the coupling between Ricci flow theory
and scale-dependent probability measures [36]. Let us consider the volume
normalized Ricci flow 8 — gap(5), 0 < 5 < T [12, 19], associated with a
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metric g, on a three-dimensional manifold 3

0 2
%gab(ﬁ) = _2Rab(ﬁ) + ggab(ﬁ) <R(/8)>E[-j7
gab(ﬁ = O) = Jab, (2'1)
where R,,(3) denotes the components of the Ricci tensor of gq;(3), and

. fEﬁ R(B)d:ug(ﬁ)
0 [Vol(Z, gan(8))]

is the averaged scalar curvature with respect to the Riemannian measure

dpig(s) defined by gap(5).
One basic idea in Perelman’s approach [36] is to consider, along the solution
Jgap(0B) of (2.1), a B-dependent mapping

(R(5)) (2.2)

fﬁ R — COO(ZQ,R),
ﬁ — fg : 25 — R, (23)

where C*°(X3,R) denotes the space of smooth functions on Y. In terms of
fs, one constructs on Yz the 3-dependent measure

dw () = (4n7(8))" P e I Ddpys), (2.4)

where 3+ 7(3) € RT is a scale parameter chosen in such a way as to
normalize dw(3) according to the so-called Perelman’s coupling:

dw(8) = (4n7(5))~ /) / Dy 5 = 1. (2.5)

s 2

It is easily verified that (2.5) is preserved in form along the Ricci flow

(2.1), and
d g3~ (3/2)
= [(4 e |

if the mapping fg and the scale parameter 7(3) are evolved backward in
time [ € (*,0) according to the coupled flows defined by

e/ <ﬁ>dug(ﬁ)] =0, (2.6)

0 ; 3 - *

a0 = "R s+ V' IsVifs - R(B)+57(8)7" (B) = fo,
d 2 .
@T(ﬁ) = (RO se7(B) =1, 7(57) =, (2.7)
where Ay is the Laplacian with respect to the metric 9gab(B), and fo, 1o
are given (final) data (backward (-evolution is required in order to have a
well-posed parabolic initial value problem for (2.7)).
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If we assume that there exist constants (depending on [3) C’él) and Cg),
|C’é)\ < 00, such that

B
oV < /O (R(s))s, ds < CP), (2.8)

then backward integration of the 7(/5) equation in (2.7) along a given Ricci
flow metric 5 +— g(8), B € [0,T), provides

2(t) = o~ (2/3) JiR(s)ds [TO N / ' o213 [ RS dg] 7 (2.9)
0

where for any chosen final scale §* € [0,7T'), we have set t = * — 3 and 79
= 7(t = 0). In terms of the adimensional variable t/7y, we can equivalently
write

(t) = rp e~ /30 o T (R(s))ds

t/To ¢
1+ / (/370 Jg (B(shds g | (2.10)
0
Whereas, in terms of the forward 3/7°,

,7_0
(B) = 70 @/ (s [1 - / 7 e S aoas d<] . (211)
0

where 79 = 7(8 = 0). Note that the scale parameter 7(¢) is non-decreasing
with ¢, along the backward Ricci flow, i.e., 3/0tT(t) > 0, as long as we have
1 —2/3(R(t))s,7(t) > 0. The geometric flow

0

55900(9) = ~2Ras(B) + S0 BRI}y 9u0(5 = 0) = g

%ft = Agiyft = V' i Vife + R(t) — gT(t)_1, f(t=0)= fo,

d 2

570 =1=(B())s,»7(t), 7(t=0)=m, (2.12)
defined by the forward volume-preserving Ricci flow (2.1), 8 — gap(5), 0 <
B < [*, together with the backward heat and scale equations (2.7), t—
(fe,7(t)),t = p* — B, characterizes the Hamilton—Perelman (volume-
normalized) flow describing the coupling between the Ricci flow and the
scale factorization (2.5) of the probability measure dw(t). Note that one
can equivalently consider the system obtained from (2.12) by the pull-back
action, d la DeTurck [14], associated with the family of S-dependent diffeo-
morphisms ¢ : M — M generated by the gradient vector field V fz. In terms
of the pull-backs g¥, = (¢*g)ap and f* = (¢*f) of the metric gq,(5) and of
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the function fg, one can write (see, e.g., [30] for the detailed computation
in the case of the standard Ricci flow)

S590lB) = 2R3y (B) + 2998 + SR (B)s
0 3
= Al R - S )
d
Cr(0) = 1 2 (R (D) myyr(0) (213)

where all differential operators refer to the pull-back metric g,.

It must be also stressed that the equations (2.1) and (2.7) are based on
the standard volume preserving Ricci flow and accordingly differ from the
flows 0 — gap(n), 1 — 7(n), and n — f,, discussed by Perelman [36],

(1) = ~2Fn(r).
gab(n = 0) = Jab, (2.14)
together with
9 i 5 3. 1
%fn = _Aﬁ(n)fn +V fnvifn - R(n) + 57(77) )
0 -
a—nT(n) =-1. (2.15)

The flows (2.14), (2.15) and the ones defined by (2.7) are related by the
usual 7-dependent homothetic rescaling [2, 12, 19], which maps %ﬁab(n) =

—2Ra(n) to the volume-normalized Ricci flow (2.1), i.e.,

N 2/3
gan(B(n) = [m] Gunl1). (2.16)
[ fzd“'g“(n=0) 28 5
B) _/0 [ Js digs) ] s (217)
and
f dﬂ~( =0) 2/3
T(g(n»:[w] ). (2.18)

The volume normalization makes particularly clear that, given an initial
value 79 = 7(t = 0), the dynamics (2.10) of the scale 7(¢) only depends on
the underlying Ricci flow metric 5+ ¢4(3) and not on the backward evo-
lution of the function f;. Thus, the localization properties of the probability
measure dw(t) (see (2.4)) are controlled by the entropy-like quantity that
one can form with 7(¢) and those scalar functionals of f; which have the
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dimension of an inverse square length. The only two such objects, of geo-
metric origin on t — (3, g(t)), are the dw(t)-expectation values of |V f;|? and
of the scalar curvature R(¢). This latter observation immediately brings us
to discuss Perelman’s shrinker entropy.

2.1 The shrinker entropy

The remarkable fact is that with (2.14) and (2.15) one can associate Perel-
man’s shrinker entropy W{g(n); fy, 7(n)], defined by [36]

e_fn

Wi 1,7 = [ [F (90 + Ren) + £, 3] 7z gy (219)

(477 (1))

The basic property of W[ﬁ(n), [, 7], and of the related functional F([g; f] =
fz(ﬁ(n) +|Vf|?)e~/dpug, is that it is monotonically non-decreasing along
(2.15) and it provides a gradient-like structure to the Hamilton-Perelman
Ricci flow (2.12, 2.13) (however, this latter interpretation must be taken
with care in the probabilistic framework discussed here since, as remarked,
the geometric evolution of the metric and of f(n) are backward-conjugated).
Explicitly, one computes (see [22] for a very informative analysis)

dW:/%
dn b

where | - |* is the squared g(n)-norm. Defining A(g,7) = inf;, Wlg(n); fyl,
where the inf is taken over all normalized f,, one shows that infz- A(g,7) is
actually attained and is non-decreasing along the Ricci flow. In particular,
A(g,7) < 0 for small 7, and — 0 as 7 \, 0, for any g on . This basic prop-

erty allows to probe quite effectively the geometry of (X, g(n)) by showing
that the only shrinking Ricci flow solitons are the gradient solitons [36].

2 e_fn

———=dug 2.20
(471_%«)3/2 Mga ( )

g 1 _
Ric + Hess f;, — 5=9

| 2

Since the equations for fg or f, have the same scale-invariant structure,
the shrinker entropy and its evolution extend, in an obvious way, to the
volume-normalized Hamilton-Perelman flow (2.7), viz,

e I8

L d
(477)3/2 Hg-

WMMmL{LPvaF+mm)+m—ﬂ

d 2
—W = / 27
dp >

What is more interesting to note is that if we introduce the normalized
Riemannian measure

1
Ric + Hess fg — 5.9 (2.22)

dllg = Vol [S5] " dpig(s) (2.23)
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associated with the (volume-preserving) Ricci flow, then the W-functional
(2.21) can be equivalently written as

Wlg(B); fs] = TlI[dw (D) || dIls] 4 (R(8))dw(s)]
— S[dw(B) || dIlg] + In[Vol(Z)(4n7(B))~3/D] =3, (2.24)

where

(B0 soiy = [ R (9) (2.25)

by

is the average scalar curvature with respect to dw(/3), and

2
I[dw(8) || dil] = /E ‘vm ddwn(g) dw(B), (2.26)
Sla=(3) | ats) = [ 1n P ien(s), (2.27)

respectively, denote the entropy production functional and the relative
entropy associated with the pair of probability measures (dw(/3), dIlg). Note
that the factor Vol(X)(4w7(3))~3/?) is generated by the normalization of
fae~ /7 to the probability measure density dww(3)/dIls, and one may equiv-
alently write

S[dw(B) || dlls] — In[Vol(£) (477 (5))~ /)]

— Vol(3)(4rr(5)) 3/ / Fae s dIT. (2.28)
>

Note also that we can rewrite Wg(3); fs] in terms of the defective LSI
functional (1.32), i.e.,

Vol(X)

Wlg(8); f5] = LSI[(27(8)) '3 (R(5)) g ()] + I [@m(ﬁ))w

} —3. (2.29)

Whereas this is a rather trivial consequence of the fact that the standard
Gaussian logarithmic Sobolev inequality [18, 36] lies at the origin of the
definition (2.19) of W{g(8); fs], it also indicates that Wg(3); fs] is not an
entropy, but rather an entropy—balance functional controlling the rate of
variation of S[dw(f) || dllg] along the Ricci flow, and hence the localization
properties of dw(3). To prove this latter remark, let us consider, as in the
above analysis, 5 — ga(5), 8 € [0,T), witht = g* — 3, 5* € [0,T). In the
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backward direction, along the given volume-normalized Ricci flow, we have

0

;M = [R(D) = (R(1)5,] dIT:, (2.30)
moreover, Perelman’s condition (2.7) yields the conjugate heat equation
0 [dw(t) dw(t) dw(t)
— =A — — 2.31
o || = a0 |2 - e - (meps) 2
where
dw(t
;”H() = (477 (t)) " C/2DVol[B,]e /@), (2.32)
t

Since dll; is covariantly constant with respect to the Levi-Civita connection
V associated with g(t), we can exploit (2.30) and write (2.31) as the (non-
uniformly parabolic) probability diffusion (dw(t));>0 PDE,

2 d(t) = Agy(dw(t)), 1= — 6.
dw(t = 0) = dwo. (2.33)
From (2.30) and (2.33), we get
sl ) Lt = [ = A (@(0) - [ 1RE) - (R0 d(e)
= ~Hld(t) | dI] ~ (RO + (RO, - (239)

On the other hand, according to the evolution (2.12) of the scale parameter
7(t), we can write

(R, = 5770~ 57 (0) (1)
3 d . (4w 7(t))3/?
=57 () - o) (2.35)

where, in the last line, we have normalized (47 7(t))*/? to Vol(X) for dimen-
sional reasons (and we have introduced the factor 47 for later convenience).
Inserting (2.35) in (2.34), we get

d <S[dw(t) | dIT,] + In W)

dt Vol(%)
= — [1ldo() | 0]+ (R ] + 2 7(0)
= —(dmr ()" Flg, /] + 5 (1), (2.36)

where

Flg.f] = /E (R() + [VF12)e dp, (2.37)
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is the standard Perelman functional associated with the volume-preserving
flow (2.12). (I wish to thank Alessio Figalli for suggesting that a relation of
this type should hold; the fact that the entropy functional F[g; f], for the
standard unnormalized Ricci flow is the time-derivative of the entropy-like
quantity [y fre 7t dpig@) has also been noticed in [30]). The relation (2.36)
characterizes also the shrinker entropy W{g(3); fg| as the variation, along
the backward Ricci flow, of the functional
(4w (1))*/? 3

Gldw(t), dIl;, 7(t)] = S[dew(t) || dIL;] +1DW ta

= —Vol()(4nr(t))~G/? / frofoar, 42
>

5 (2:38)

Indeed, (2.36) can be rewritten as

S (r(00) = ~Wlg(B) f5] - 5 (RO, TG, (239)

The fact that (2.39) has the same formal structure of the evolution equation
(2.12) of the scale parameter 7(t) further confirms that Wg(53); fs] con-
trols, via the effective scale 7og(t) = 7(¢)G, the localization properties of the
measure dw(t).

It is important to remark that, according to the relation (2.34), the rela-
tive entropy S[dw(t) || dIl;] is not monotonic along the Hamilton-Perelman
flow. This is related to the fact that the evolution ¢ — dw(t)/dll;, described
by (2.31), is not a gradient flow for S{dw(t) || dIl;]. The deviation from
being gradient-like is due to the presence of the curvature fluctuation term
R(t) — (R(t))s, in (2.31) (under dw(t)-expectation, this term yields
(R(t))dwt — (R(t))s,). According to the analysis presented in Section 1.1,
a possible strategy for compensating such a fluctuation term is to trade
R(t) — (R(t))s, for a (t-dependent) potential, so as to transform the heat
diffusion (dw(t))¢>0 into a Fokker-Planck diffusion. However, before dis-
cussing such a transformation in detail, there is still an elementary but
interesting property of (2.34) that we would like to point out concerning the
role and the monotonicity properties of the dw(t) average (R(t))qwt of the
scalar curvature.

2.2 A renormalized curvature entropy

To begin with, let us observe that the basic relation (2.36) becomes
particularly simple if we rescale the parameter 7(t) according to

#(t) = o e~ @/ fo! ™ (R(a))m,ds 7(t) . (240)
1+ fg/To e(2/3)70 fOC(R(s))dst
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Note that 7(¢) satisfies

—7(t) = —=(R(t))s, 7(t). (2.41)
It is easily verified that in terms of 7(¢) we can rewrite (2.36) as

d

i = — [1ld=(t) | AT+ (R(0) gy |-

(2.42)

(47 (t))%/*
(S[dw(t) | dIT] + In W)

Since

Sldew(t) || dHt]Jran - / dw(t) In
by

((47r%(t))3/2> deo(t)

Vol(X) Vol(%) dIly
(2.43)
and
rr ()2 dw(t) ||
/E doo() |V In ( s ) o ‘ — Ildw(t) || dIT),  (2.44)

it follows that (R(t))4cw(;) represents the obstruction to (dw(t))s>0 for being
a gradient-like flow. It is indeed the LSI defective parameter (R)4, appear-
ing in the shrinker entropy. One can easily check that (R(t))ix(;) is not
monotonic along the backward Ricci flow; however 7(t) (R(t)) 4w () turns
out to be weakly monotonic, and we have the following.

Theorem 2.1. For a given Ricci flow metric 8 — g(8), B €[0,T), and
for any chosen * € 10,T), let t — dw(t), and t — 7(t), t = 3% — 3, be
the solutions of (2.33) and (2.10) corresponding to the initial data dwwgy and
Ty, respectively. Then, along the backward Ricci flow, we have

o7, ) .
3 () (R(t))dwm} = —27(t) /Z dw(t) [Ric(t)]* < 0. (2.45)
In particular,
Toe” @AM (RE)s.ds (R(p) deo(t) (2.46)

is non-increasing as a function of t € [0, 3%).
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Proof. Let us recall that along the (volume-normalized) Ricci flow [+
gik(B), B € (0,T), we have [12]

d R(B) = 2

a5 = B R(B) +2[Ric(B) + RORP) — (R(B))g,),  (247)
where Ric denotes the trace-free part Rg — (1/3)gapR of the Ricci tensor.
A direct computation exploiting (2.47) provides

o / deo (1) (1) R(t) = —§%<t><R<t>>zt JRECLD

b
/A t)dw(t) — 27(t /dw ‘RIC ’2
_ gi—( / de(t)R(t) (R(t) — (R(1))s,)
/R Ayt (de(t)). (248)

Since [, Ay R(t)d = [ R(1)A,(dw(t)) and [Ric|? + 1/3R(t)? =
|Ric|?, we get the stated result. O

The monotonicity of (2.46) immediately implies that

t2\70
(R(1) () 2 (R(E2)) ey €5 [—im [ s, ds] (249
1\70
for any to >t;. Thus, if (R(t1))gw@,) <0, the measure {dw(t)}i>e, will
diffuse in a region of (X, g(t)), where R(t) < 0 (regardless of the sign of
the overall average (R(t))s,). Since t parametrizes the backward flow, this
remark implies that regions of negative scalar curvature result from the
Ricci flow fS-evolution of regions with negative scalar curvature (in other
words localized positive scalar curvature cannot evolve into negative scalar
curvature under the Ricci flow). This is another manifestation of the fact
that the flow prefers positive scalar curvature.

More generally, we can rewrite the evolution equation in Theorem 2.1 as

% [%(t) <R(t)>dw(t)} = —27(1) <!RiC(t)\2> , (2.50)

dw(t)

which by factorizing the Ricci tensor in its trace-free and trace part, and by
adding and subtracting the term 2/37(t) (R(t))?lw(t), yields

% [P0 (RO) gty | = ~27 (1) ([Ric(t) )i

7(t) (<R2(t)>dw(t) - <R(t)>§w(t)> - ;%(t) (R()Fw(y - (2:51)

W N
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Since the terms on the right-hand side of this expression are all non-negative,
we get (after dividing and multiplying by 7(¢) > 0)
dr. 2. . 2
= PO RO)m] < 57710 [F0) (RO g (2.52)
This integrates to the Harnack-type inequality
e(2/3)70 fO/TO R(s))ds <RO>
142 27 <R0 i ft/To (2/3)70 fo ))ds dC

where 0 < (<t and Rp=R(t=0). Since (Rp)dw, results from the
B-evolution of R in the regions localized by the measure dw(t), the above
estimate allows, as we have seen above, to compare scalar curvature at dif-
ferent times in different regions along the backward Ricci flow.

(R(1)) 4oy < (2.53)

3 Ricci flow and Fokker—Planck diffusion on Prob(X)

According to (2.30) and (2.34), the curvature fluctuation term R(t) —
(R(t))x, drives the dynamics of the Riemannian measure dIl; and obstructs
the gradient-like nature of Perelman’s diffusion (dw(t))¢>0. Such a behavior
is in line with the geometric properties of Otto’s parametrization of diffusion
processes, along a fiducial curve of metrics, discussed in Section 1.1. In this
connection, let us recall that the curve in the space of Riemannian metrics

Riem(Y) — Riem(X),
(%, 9) — (%,9(8)), (3.1)

defined by the Ricci flow (2.1), is natural in the geometrical sense, since
it is Diff (X)—equivariant and always admits a solution §+— (X,g(8)) in
a maximal interval 0 < < T, for some Ty < oo (if such a Ty is finite,
the flow necessarily develops [19] a curvature singularity as 0 N1y, ie.,
limg 7y [supgey, |[Rm(z, 3)|] = oo, where Rm(3) = (R”k(ﬁ)) is the Riemann
tensor of (3, ¢g(3))). Such a geometrical naturality is the basic reason why,
as we shall see, the Ricci flow provides a natural class of fiducial curve
of metrics along which Otto’s parametrization turns out to be particularly
effective.

3.1 A potential for scalar curvature fluctuations

Let us start by observing that the curve of Riemannian measures t — dIl;
can be formally considered as the lift to the bundle Prob(X) of the curve
in Riem(X) defined by the backward Ricci flow [0, 5*] 5 t — gap(t). In this
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way, one characterizes a fiducial curve of reference measures in the bundle
Prob(X), and for each t € [0, 5*] we can naturally describe the corresponding
fiber of Prob(X) over gq(t), as

Prob(3;) = Prob(%, g(t)) = {N dll; : N € Cb(E,R+),/ N dIl; = 1} )
%

(3.2)
To fully exploit such a description we need to characterize the tangent vector
to the fiducial curve t — dIl;. Let us consider a generic value of the para-
meter ¢, say t = s. Since fEt 0/0tdl];—s = 0, we have that 0/0tdIl;|;—s €
Tar, Prob(X). According to (1.6) and in analogy with (1.9), we parametrize
0/0tdll;|—s in terms of a scalar curvature-fluctuations potential ®4 obtained
as the solution of the elliptic equation

- 0
g*(5)V; (dIly V@) = — PTG (3.3)
where 0/0t dI1;|;=s is given by (2.30) for each given ¢ = s, i.e. (again exploit-
ing the covariant constancy of dIl;),

Ay s = = (R(s) — (R(s))) - (3-4)

Formally, given a solution ®; of (3.4) and any (t-independent) smooth
function with compact support ¢ € C§°(X,R), we can write

d 0 .
— ¢dlly = (=dll; = VI Vi®y dlly = (C, Pt) gy, - (3.5)
Clt pol o 875 hon

According to (1.4), the relation (3.5) identifies dII; — @, as the tangent
vector to the curve t — dII; and defines the curvature (fluctuation) potential
in which a probability density, evolving along a Ricci flow manifold, diffuses.

t=s

Since [y, dIL; (R(s) — (R(s))) = 0 and

/ (R(t) — (B(8))s,)®u dIL, = [ |V &2 dII,, (3.6)
Xt Xt

we get that, as long as the (volume-normalized) Ricci flow exists, equation
(3.4) admits a solution unique up to constants. The L?((X,dIl), R) norm
of (R(s) — (R(s))) is given by (R*(s)) — (R(s))?, thus ®, is in the Sobolev
space Ha((X, dIl,), R) if the mean square fluctuations in the scalar curvature
are bounded. More generally, we know (see, e.g., [12]) that if 8 — g.(0) is a
solution of the Ricci flow equation (for which the weak maximum principle
holds), then bounds on the curvature (and its derivatives) of the initial
metric induce a priori bounds on all derivatives |V R(z, s)| for a sufficiently
short time. Thus, for any given t = s for which the Ricci flow is non-singular,
we can assume that (R(s) — (R(s))) is C*°(3,R), and by elliptic regularity
we get that &5 € C°(X,R). Along the same lines, we also have



664 MAURO CARFORA

Lemma 3.1. For any ®; € C3(X, R) solution of (3.4), the following relation
holds:

|Hess ®;|? dIl, + / R*(t) V@,V @, dIT; = (R(t)%)s, — (R(1))3,.-

Zt Zt
(3.7)
If the Ricci curvature of (X4, g(t)) is positive, then
2 (R(t)%)s, — (R(t))3
o ar, < 2ROs — (RO2, .
o 3 K;

where Ky > 0 is the lower bound of Ric(t). Moreover, if Ly)(dll;) denotes
the (quadratic) Wasserstein length of the curve t — dIl;, then we have

* 1/2
Loty <2 [ <<R<t>2>z}(—t <R<t>>a) TAEY)

Proof. These results are elementary consequences of the Ricci commutation
relation vjvivjf—vivjvjf: Rijvj f, valid for any f € C3(%,R). In
particular, for ®; € C3(X,R), consider the expression 2Vi<1>tViAg(t)<I>t. The
Bochner—Weitzenbock formula provides

VIOV Ay 1y i = Ay(py [VP|* — 2 [Hess &> — 2R™(t) V0,V 8y, (3.10)

pointwise. Thus

— | |Hess @, dﬂt/ R™*(t) V@,V ®; dII;
>t >t

= | V'O&V;A P dll, = / (R(t) = (R(t))s,) Ayr D¢ dIT;
Et Et

=~ ((R(t)*)s, — (R(1))3,) , (3.11)

where we have integrated by parts and exploited (3.4). Since
1 1
/|m%®Fﬂh23/}Am¢ﬁdm=3uﬁmfwméx (3.12)
Et Et

we get from (3.7)

2 4

3 (R(t)*)s, — (R()3,) > / R™*(t) V0,V ®, dIl;, (3.13)
¢

which, if the Ricci curvature has a positive lower bound K3, yields (3.8).

Note that, since positive Ricci curvature is preserved along the Ricci flow,

the bound (3.8) holds for every t. If Ly (dIl;) is the (quadratic) Wasserstein
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length of the curve t — dIl;, defined according to (1.51), then the identifi-
cation (1.53) and the bound (3.8) imply that

*

1/2
Ly (dTTy) :/ < g IV &,)? dHt> dt

0
. 1/2
<2 /Oﬂ <<R(t)2>z}<: <R<t>>%t> " (3.14)

as stated. O

Note that equation (3.4) has a familiar counterpart in the Ricci flow theory
for surfaces [20] (see also [12]). It arises also in Ké&hler geometry, where
it provides the relation between the Kéahler Ricci potential and the scalar
curvature. Moreover, if we consider a gradient Ricci soliton Ric(g(t)) =
Hess Uy, i.e., a fixed point of the flow obtained by quotienting the space of
metrics under diffeomorphisms and scalings, then clearly ®; = —W;. In the
general case (viz, when (X, g) is neither Kéhler or a gradient soliton) we
can still obtain a geometrical characterization of ®;. We start by deriving
an asymptotic expression for ®, valid in local geodesic coordinates (LGC),
{x"}Lce, at any given fixed point p € 5. Let us denote by r(x) = d(p, z) the
Lipschitz function providing the distance from p to z. For z ¢ Cut(p), the
cut locus of p, we set 27 = ru?, with u/ coordinates on the unit sphere S? C
T,%s. The pull-back of the Riemannian measure dIl; under the exponential
mapping exp,, : 1,35 — ¥ provides the familiar asymptotics in geodesic
polar coordinates

exp;(dﬂs) 1 - 1 _ A
— = 1—-=R; ‘2" — —V,R; ‘227 + O 3.15
T — 1- g Ralp)alst - 5V Rap) sl + 06, (315
where dllg,. is the standard Euclidean volume element in polar coordinates
in 7,2, and R;;(p) are the components of the Ricci tensor at p. Thus, if
we take the (Euclidean) Hessian of the function 6(expj,(dlls)/dgyc.) +

1/3(R)ss 12, we get

o2 expy,(dIl;) 1 5
8:):1'830’“ [6 ( dHEucl. ) + § <R>Es " :| LEC
1

=3 (R)s, 0ir. — Rir(p) — %Vj Rir(p) 27 + O(r?), (3.16)

and by tracing
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where Agy denotes the standard Euclidean Laplacian. Hence, in local geo-
desic coordinates we can write

0.6 = [o (SR 4 Lo dip o]

dHEuCl.
e _(p. L Nk Lo p ik j 1
= Rk (p) 3<R(s)>g$5m 'zt — V; Rir(p) x'z"x? + O(r?).
(3.18)
Note that from this latter asymptotics we can formally compute
1
(Hess @) (") e —Rir(p) + §<R(S)>Es5ik + O(r), (3.19)

which shows that, around any given point p, the convexity properties of ®;
are related to the sign of the Ricci curvature. In particular, we have

Lemma 3.2. Let ®; be a smooth solution of (3.4) along a Ricci flow with
uniformly bounded curvature operator on 3 x [0, 3*]; then

Hess ®; > —Ric(g(s)) + %<R(S)>Zs g(s) (3.20)

in the barrier sense.

Proof. Let Bs(p,r) C (Xs,9(s)) be a geodesic ball of radius r centered at
the generic point p € ¥s. For any € > 0, let us define

@) (u, d(p, )
=6 [Ricswlly— (B, + < (R), — (03)"] @.0).

(3.21)

Away from the cut locus, the function o) (u,d(p,x)) is smooth and such

that @' (u,d(p,z))|, = ®s(p). From the asymptotic expression of ®4(z")
in Bs(p,r), we compute

Py (a") — o (u, )
L : 3 2 2 \2 5 4
> —5 [VuRics(u,u)lp 7* + 2 ((R)g = (R)3,) " r2+00%). (3:22)

Assume that V,, Ricg(u,u)|, # 0 (otherwise move to the next non-vanishing
higher order term in the asymptotics). Along a smooth Ricci flow with
uniformly bounded curvature operator on ¥ x [0, 3*], the derivatives |V*)
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Ric(g)|, k > 1, are bounded ([21, Theorem 13.1]). Thus, we can assume that
the O(r?) terms in (3.22) are uniform in 7, and we can define

(72, — tm2) "

0 < r(e) =2¢ : , 3.23
(€) |V Rics (u, u)]p)| ( )
to the effect that

‘@s(xh) > <I>§€) (u,r) (3.24)

for 0 < r < r(e). Finally,

1
Hess q)fsa) (u7 d(pa x))’p = _Rics(u, U)‘p + §<R(8)>gsgs(u, u)
1/2

—€ (<32>gs - <R>225) gs(u, ). (3.25)

Thus, for r sufficiently small, ol (u,d(p,x)) is a lower-barrier function for
®,(x). Since the base point p € 3 is arbitrary, it follows that Hess ®,(z) >
—Ric(s) + 1/3(R(s))x,g(s) in the barrier sense. O

(8)) is bounded below, i.e., if there

Note that if the Ricci curvature of (2,9
uk > Kg glkulu Vu:Xg — TXg, then the

is a K3 € R such that R;,(8)u’
above lemma implies that

1

2Rik — 5 (R(B))s:5 9ir + (Hess @g)ik > Kpg gi, (3.26)

a relation that will be useful in discussing the approach to equilibrium for
the Fokker—Planck dynamics associated with the Ricci flow.

3.2 Ricci flow evolution of probability measures

There is a useful consequence of the above parametrization of the curva-
ture fluctuations which immediately shows why Fokker—Planck diffusion is
natural when we consider the evolution of a probability measure along the
fiducial dII;.

Lemma 3.3. For any curve of probability measures (0,05s) 3t — dy €
Prob(X), absolutely continuous with respect to dll;, the following identity
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holds along the backward volume-normalized Ricci flow:

d
%S [dQy || dIL,] = —1 [d€Y || dIL;]
o, [ o ;
+/Et lndT‘[i [atth—Ag(t) dQy + V' (A VD) |,
(3.27)
where 40
S dSYy || dITy] = / d In —~ (3.28)
P d]-_-[t
and dQ dQ
I[dy || diT] = [ dViin —tV,In —* 3.29
[d€Y || dly] . +V o, Vil g (3.29)

respectively, denote the relative entropy of d); with respect to dll; and the
associated entropy generating functional. Moreover, one computes

d dsy, |? Aoy o . dy
ZT0dQy || din) = | dQ In—t +2Viln —tv; | { = In =t
gt 19 | dL] /Et ! ‘Vndnt Vi gV {Z%ndﬂt
dQy dQ; |2 , dQ
“ Ay In -t In—t —Vid,V,In—"
g(t) ndnt-i-'v ndﬂt \Y% tV ndﬂt
. 2 . th
Ay | —2R™ () + = (R(t F)| Viln — V
[ do |2+ 3 (R0, o 0] Tim G

a0 | | a0
« By / a9 [R4(1) + (Hess )] ;1 T 7
a2,
a0,

¢ dIl,
dsl;
In— -2 dQ); |H In —
X ndHt /Zt n ess(ndﬂt)

Proof. Since by hypothesis df2; is a probability measure absolutely contin-
uous with respect to dIl;, its total mass is preserved along the (backward)
volume-normalized Ricci flow. By factorizing d€); in terms of dIl; and by
exploiting Otto’s parametrization (3.4), we get

d 0 [d (Al
0=— dQy = dlly— [ — dll; V;®;V* | —
dat Js, t ¢ "ot (dﬂt> " )3 LV <dHt>

) th) / | <th)
= [ a0 Zm (St + [ d0,vie, Vil [ St
/Et ot (dHt ., dIl,
d Y .\ 9
=2 aom () - [ m(Et) Zan
dt /E e (dHt) /2 " <dHt) Ay

: d$d;
AV, o, Viin | — | . 31
+/Et tV tV n(dﬂt) (33)

2

(3.30)
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Integration by parts provides the identity

dQ :
/ In —L [A ) d% — V' (V8]
%

. dll
cdy d€y , dS
=— dViin — V;In — dQy VvV, o,Viin (| — |, .32
/Et +V ndHtV ndHt+/2t VoAV n(dﬂt) (3.32)
which we rearrange as
, ds2
/ Ay V&V n [ —~ | = I[d€y || dIT;]
o, dIly
th i
p3M t

By inserting (3.33) in (3.31) we get (3.27). The proof of (3.30) is a lengthy
routine computation which can be performed along the following steps:

d d . do, doy,
—I[dSY, || dIT :/ dQy ¢ (1)V; In —~ V, In ——"
[d2 || dITy] it Js, £ 9" (t) am, VR g

dt
d do,\ "t dQ; _ dQ
dIl, ( t) GF) V=t V=t

T dt s, dIl, i,k ar,
doy, |? a0 . dy
= [ d|Vin ==t t) — (R(t ~ It
[ a0 v Gt { R - (R, + 5rm Gt}
4 2 . dQ Q)
o pik 2 ik ) t °t
+ /Et Sy { 2R™(t) + 3 (R(t))s, 9 (t)} Viln J, ViIn a,
aQ _ 9 . dQ
! ! (3.34)

2 [ dg* )V, In —= Vi — In —r.
* /z 19" (OViln G Vi In o

The structure of (3.27) suggests to add and subtract, to the 9/0¢In d€); /dI1;
terms in the above expression, the quantity

dQ, dQ, |2 . do,
A, In -t In—t| — Vi®,V;In—rt, 3.35
g(t) ndHt + V ndHt V tv ndHt ( )

which is the rewriting in terms of lng—%z of the generator of the Fokker—

Planck operator

9 i
ath = Ay dQ + V' (dQ2V;Dy), (3.36)
appearing in (3.27). Applying the Bochner—Weitzenbock formula
o dy sy oy, |? sy |
2V'1In valAg(t) In Tm = Ag(t) Vin rm — 2 |HessIn Tm
; ds2 dQ
—2R*(t) V;In L Vi In — (3.37)

dll dll;
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and the identities

oy |? dQy Q|
d§2 In—| AypIn— ds2 In —
/Et VIR G| Seo ™ g, +/Zt VI
oy |? Ay oy |?
— | do A It po [ a0, Vil Sty [Vin S| =,
/Et t Bg(t) \Y ndﬂt + /Et VvV ndHtV \% ndHt
(3.38)
A, . a1, o, |°
i v, (VEE, Ve ln -t ) — —VF In -t
\Y ndHtV <V tVi ndHt> 2V Vi |V ndHt
A g dSY
=V'In —V"In — (Hess ®;); .
\Y ndHtV ndHt( ess Py )ik (3.39)
(the former obtained by iterated integrations by parts and the latter by
direct computation [35]), one eventually gets the stated result. O

3.3 Fokker—Planck diffusion along the Ricci flow

From Lemma 3.3, we immediately get the following.

Theorem 3.4. The Fokker—Planck diffusion (dS2):>0 generated along the
backward, volume-preserving Ricci flow by

0 .
57 (d2) = Dg(yd — V' (A0 Vi) (3.40)

has the following properties:

(i) It is a gradient-like flow for the relative entropy functional S[dSY || dIL;], i.e.,

d a9, A%\ —; . [ dSy
ClaomEt =~ [ 40,vin [ E) vim [ E2) Al
dt Je, " dI, /Zt +Viln (dﬂt> Viin (dﬂt> (3.41)

(i) The corresponding evolution for the Radon—Nikodym derivative
dQ, /dlly,
0 th th i th
T Ayt ViVt
ora, ~ Sogm, ~ Y Vi,

(3.42)
is the gradient flow (in the L*(X,dl1;) sense) of S[dQ || dII;] with respect to
the inner product (-, )4o,\ar1, defined by (1.4).

(iii) The associated entropy production functional I[dSY || dI1;] satisfies the

differential inequality
d
a—r[dﬂt || dITy] < —2 K I[dSY || dI], (3.43)

where K; € R is the (t-dependent) lower bound of the Ricci curvature.
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(iv) If along the given Ricci flow B — gap(B) the diameter stays uniformly
bounded, i.e., supgso {diam (X, g(3))} = diam < oo, then

1
S[dey || i) > - [ A (3.44)
2 diam
and the quadratic Wasserstein distance DY (dd,dIl;) is weakly monotoni-

cally decreasing along the backward Ricci flow.

Proof. (i) The first part of the theorem, and in particular the gradient-like
nature of (d€)¢>0, is a direct computational consequence of Lemma 3.3.

(ii) It is easily verified that the absolutely continuous curve t — d€2; solution
of (3.40) induces the evolution (3.42) on the associated Radon-Nikodym
derivatives (g—%i)tzo. The proof that this is a gradient flow with respect to
the inner product (-, )40,\ar1, follows from the analysis in Section 1.1, (see
equation (1.28)). In particular, if we denote by ¥, € Cy(32,R)/R the tangent
vector to (d€)¢>0, i.€., the solution, for each given ¢t = s, of the elliptic PDE

gtth = —¢"*(s)Vi(dQy V,0,), (3.45)
t=s

then according to (1.17) and (1.18), the tangent vector to the curve of
Radon—Nikodym derivatives (g—%)tzo, at the given value of ¢, is provided
by (¥; — ®;). The gradient flow condition with respect to the inner product

(1.4) takes the form (1.26), i.e.,

V¢ € Tyq, jar, Prob(X¢), which is equivalent, in the L?(%,dIl;) sense, to
(3.42). Note that by comparing (3.45) with (3.40), one gets the relation
Vi(Uy —®) = —-V;In (%). Thus, we can equivalently rewrite the entropy

production functional as the Otto norm of the vector (¥, — ®;), i.e.,

o
IdQy || dIL] = | |V(¥; — &) P dII;. (3.47)
5, dll;
(iii) From Lemma 3.3 we have
d . 2 . th th
—I[dSy || dI1,] = Q, | —2R%* Z ik JIn —— V. In ——
] = [ [ R¥() + 2 (R0 (t)]v 0 v, o

: : o s
—2 / dQ [le(t) +(Hess<1>t)ﬂ Viln —LV; In —*
¢

dIl; dIl;
dQ);
- 2/ d€; |Hess <ln>
o ! dHt

which, according to Lemma 3.2 and (3.26), directly yields (3.43).

2
: (3.48)
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(iv) As long as the diameter diam(X, g(53)) of (¥, ¢(5)) remains uniformly
bounded along the given Ricci flow, we have the Talagrand-like inequality
(1.39) from which (3.44) immediately follows. Note that for a Ricci flow with
uniformly bounded Ricci curvature |Ric(3)| < M, we have the elementary
bound for diam(X, g(3)) (see [41] and also [21]):

diam(%, g(0))e 2MF < diam (2, g(8)) < diamX, g(0))e*M? (3.49)

(the factor 2 is due to the volume normalization of the flow). Recently,
Topping [41] has obtained an improved control on diam (X, g(3)) in terms of
suitable averages of the scalar curvature. O

In its simplest form, the rate of convergence of a solution of

9 d ion A dQ

oot = Ay ot = VIV,

ot dTl, 9() 411, VeV dTl, (3.50)
dﬂq _ 4 '
ar, =0 i,

to the stationary state dIl; is governed by a curvature condition which is
naturally suggested by the structure of equation (3.48) and which, according
to lemma 3.2, is equivalent to the positivity of the Ricci tensor. Note that,
according to the characterization (3.4) of the potential ®;, also (dIl;)¢>o
solves the Fokker—Planck equation (3.40) (with the initial datum dIlj) along
the backward Ricci flow. If (d€);>0 is a solution of (3.40) then we call
(d€,dIl;);>0 a conjugated Fokker-Planck pair along the backward Ricci
flow. Taking into account this elementary observation, we get the following
result.

Lemma 3.5. Let f — gap(0), B € [0,00), be a given Ricci flow metric start-
ing on a manifold (¥, g) of positive Ricci curvature, and let (dQy, dI1t)i>0 be
the conjugated Fokker—Planck pair, solution of the Fokker—Planck equation
(3.40). Then, along the backward Ricci flow, the entropy functional S[dQ; ||
dIly] decreases exponentially fast according to

S[dSy || dIT,] < S[dQyg || dITgle (/3 Aintt (3.51)

where I \ins = infg=0{K3 > 0 : Ric(8) > Kz g(8)}. Moreover, the Talagrand

nequality

Ainf
6

holds, and S[dS; || dI1¢] is a convez function along the backward Ricci flow.

S[dSy || dII;] > (DY (d€y, dI1;))? (3.52)

Proof. Since the positivity condition on the Ricci tensor is preserved by the
Ricci flow and yields long time existence [19], we have Ric(8) > K3 g(53),
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K3 > ¢ > 0 along the flow. According to (3.26), such positivity implies the
condition

2Ric(8) — %(R(ﬁ»zﬁg(ﬂ) + Hess & > A;nf 9(p), (3.53)

on the curvature terms entering (3.48). It follows that

d 2
%I[th | dIL] < —g)\mff[th | dIL], (3.54)
which implies that the entropy dissipation functional I [d€); || dII;] decreases

exponentially fast according to
I[dSY || dIy) < I[dSy || dTy]e™(2/3)Ame(s=t), (3.55)

for any (s —t) > 0. Let toq (this may be finite or infinite) be the value of ¢ for
which d€; attains equilibrium (i.e., dQy = dIl; for t > toq). If we integrate
(3.55) over s from t to teq,

te,
/ 110, | i) ds < 2 (1 e /el 1lagy | d], (3.56)
t

2 inf

and take into account that I[dQ; || dIL;] = —-4S[dQ || dIL], together with
S[dy,, || Iy, ] =0, and (1 — e~ (/3dint (tea=t)) < 1. we get

3
Q I1;] <

I[dSY || dTT,). (3.57)

inf

Since the time ¢ is arbitrary, this establishes that a logarithmic Sobolev
inequality, of constant Ain¢, holds for the diffusion process {d€%}:>0. By
inserting (3.57) in (3.41) we immediately get the exponential trend to equi-
librium (3.51). Since (d€,dIl;);>0 is a conjugated Fokker—Planck pair,
according to [35], the validity of the logarithmic Sobolev inequality on
(3,9(t)) implies the Talagrand inequality and hence (3.52) follows. The
convexity of S[d€Y; || dIl;] is a direct consequence of (3.54) and (3.57) above.
Explicitly, from (3.54) and I[dS || dIL,] = —-LS[dS, || dIL], we get

d? 2. \?
@S[th | dIL] > (3)\inf> S[dS2 || dIly], (3.58)
which by Talagrand inequality (3.52) yields
d? 12\ w )
@S[dﬂt || dIl;] > 1 g)\inf [Dy" (dy, dI1})]?, (3.59)

and S[d€ || dI1;] is t-displacement convex along the Ricci flow. O
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Note that if we introduce the adimensional variable 1 = %)\inft then (3.59)
can be equivalently rewritten as

d2

d—n25[dﬂt | dIL;] > = Aing[DY (dS, dI1;))?, (3.60)

GV V)

which is equivalent to Sturm’s K-convexity [46] of S[d€Y || dIL;] (for K =
Fin) (see (1.38)). The point here is that, typically, the K-convexity of
a relative entropy functional holds along the Wasserstein geodesics of the
metrized probability space (Prob(X,g), DSV (,)). In particular, it was con-
jectured to hold for Riemannian manifolds with non-negative Ricci curvature
by Otto and Villani [35] (in the case K = 0, the conjecture has been proven
in [13] whereas in the general case (for any K € R) in [46]). These remarks
suggest that the Fokker—Planck diffusion {d€; };>¢ is strictly connected with
Wasserstein geodesics in the bundle Prob(X). To discuss to what extent

this is the case, let us recall that, at any given t, the tangent vector to the

curve of Radon—Nikodym derivatives ¢ %’ is provided by — In <g—%’i) (see

(3.47)). In analogy with the characterization of the parameter 7 characteriz-
ing Perelman’s diffusion (dw(t)):>0, let o denote the (squared) length scale
over which the probability measure d€2;—q is concentrated. Roughly speak-
ing, (4mpg)®/? is the typical volume of a domain B C whose dg-measure is
not exponentially small and yields for full measure if slightly blown up. Let
us consider the adimensional parameter

)\inf
3

e = 2 (4rpg)?3, (3.61)

and let us e-rescale the vector — In (%) according to

us(et) = —2¢ln (jﬂ%) . (3.62)

From equation (3.42) it easily follows that (u.(et)):>0 evolves according to
the viscous Hamilton—Jacobi equation [44, 45]

ou e |? .
atg | ;| =& (Ag(t)us - V’@tviug) , (363)

with (a smooth) initial datum wuc(z,t =0)=U.(z), x € X. When the
parameter ¢ defined by (3.62) is small, one may discuss the solution of (3.63)
by the so—called vanishing viscosity method. Qualitatively, this implies that
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when € — 0, the rescaled vector u. approaches the Hopf-Lax solution
1
inf |U, —d 2, >0 ) 3.64
;22 6(y) + 2% t(xay) ) >0, z e, ( )
of the Hamilton—Jacobi equation

Oue  |ue|? B
o "o =0 (3.65)

ue(x,t =0) = Ue(2).

This is admittedly rather vague since, in our setting, the distance di(z,y)
varies with ¢, along the backward Ricci flow, and the viscosity solutions
must take this dependence into account. However, for ¢ <« 1, i.e., if the
probability measure df); is initially concentrated on a set which is small
with respect to the radius of curvature of (X, g(t = 0)), the Fokker—Planck
diffusion (d€2%)>0 behaves, for ¢ sufficiently small, as if occurring in the fixed
probability space Prob(X%, g(t = 0)), with a shadow of the Ricci flow still
present through the forcing potential ®;—g. In such a case, the viscosity
interpretation of (3.64) is more justified and, according to Theorem 1.1
(see (1.43)) one can reach the conclusion that (d€2;);>0, for ¢ small enough,
approximates a geodesic in the Wasserstein space (Prob(%, g(0)), DY (,)).
From a more geometrical point of view, one is here approximating the curve

t— j—%i with the push-forward of %) . under the action of the semigroup
t_

defined by the infinitesimal generator —3|VU,|? (where the norm is taken
with respect to (X, g(t = 0))). It is a known fact that, whenever one moves
a measure density through the push-forward action of the exponential of a
smooth function, one gets a geodesic in the appropriate Wasserstein space,
(again, I wish to thank A. Figalli for useful remarks in this connection).

What is missing in such an approximation argument is the explicit role
of the backward Ricci flow. In this connection, the basic step to take is
the characterization of Wasserstein geodesics not just in a fixed probabil-
ity space (Prob(%,g), DY (,)), but rather in the bundle Prob(X) over the
space of Riemannian metrics Riem(X). Roughly speaking, we expect that
the Hamilton—Jacobi condition (1.43) of Theorem 1.1 is an approximation
to a more general geodesic equation in Prob(X), more or less like straight
lines approximate geodesics in Riemannian geometry. Correspondingly, the
Hopf-Lax representation will be an approximation to the exponential map-
ping in Prob(X). These remarks are strongly supported by the fact that,
as we have seen above, the natural diffusion process along the backward
Ricci flow is the viscous Hamilton—Jacobi equation (3.63), where the viscos-
ity parameter € is naturally characterized by the lower bound of the Ricci
curvature. Here, we see a recurring theme in the Fokker—Planck dynam-
ics of the conjugated pair (d€d,dIl;):>o along the (backward) Ricci flow:
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(i) the Ricci curvature controls the geodesic convexity for the corresponding
relative entropy; (ii) it parametrizes the viscosity solutions of the Hamilton—
Jacobi equation associated with the Fokker—Planck diffusion; (iii) it natu-
rally affects the logarithmic Sobolev inequalities controlling the Wasserstein
distance between (d€,dll;);>o. Points of contact between diffusion, geo-
desic convexity, Hamilton—Jacobi theory, and LSI are well known (see, e.g.,
[44, 45] for a discussion and relevant references), however here their relation
seem to come to full circle. In our opinion, this is a serious indication of the
existence of deeper connections between the geometry of optimal transport
and Ricci flow theory. In particular, such connections point to the possibil-
ity of adopting the geometry optimal transportation for extending the Ricci
flow to metric spaces more general than Riemannian manifolds.

Appendix A. Comparison with Perelman’s heat flow

It is worthwhile to compare the Fokker—Planck diffusion (3.40) with
Perelman’s flow (2.7). If we apply Lemma 3.3 to (dw(t)):>0, we immediately
get the following.

Lemma A.l. For a given Ricci flow metric f+— g(3), p€[0,T), and
for any chosen * € [0,T), let t — dw(t), t = B* — 3, be a solution of the
parabolic PDE (2.33). Then, the relative entropy functional

S[de(t) || dIT] = / deo () n =) (A1)
= dIly
varies along the fiducial flow t — dll; according to
d dw(t) dwo(t)
— In—==-1 1I;] — ' O dIl;. (A2
it s, dw(t) In 4, [deo(t) || dILy] EtV a1, Vi®,dll;. (A.2)

Note in particular that S[dw(t) || dII], as compared to S[d€); || dII¢], is
not weakly monotonic. The term responsible for such a lack of monotonicity
(and of the fact that (2.33) is not the gradient flow of S[dw(t) || dI1;]) is the

scalar product <<I’t, d%(f)>dnt. If we replace dw(t) with df;, this is basi-

cally the drift term driving Fokker—Planck diffusion in (3.40). Such a term
describes also how the measure dw(t) localizes the fluctuations in the scalar
curvature along the Ricci flow.

Lemma A.2. For a given Ricci flow metric f+— g(3), € [0,T), and
for any chosen (* € [0,T), let t — dw(t), t = 3" — 3, be a solution of
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the parabolic equation (2.33) corresponding to the initial datum dwog =
(dwo/dIlg)dIIg«. Then

(2550 ) = [0 - o), (A3

and

(0550 = o (o~ )

- 5 | a=OROIA® — (R)s] (A4)
— SR, — (R

Proof. Relation (A.3) follows from (3.4) by a straightforward integration by
parts:

<q>t’ d;ﬂrg) >dHt N /detVi (djlg)> Vidy = /Evi(dw(t))viq)t

_ / Vi (de (1) Vi) — / (1) AD, (A.5)
> >

— /Z dw(t)(R(t) — (R(t))).

The evolution equation for scalar curvature (2.47) provides

4
dp
From these latter relations (2.47) and (A.3), one directly computes

i@mﬁ?kﬁ—ARmmmmnﬁémmimwigmm

— _2/zdw(t) < P/&(t)rm)

e, 5 ((ROP)s, — (BROR) . (46)

(R(9)s, = 2[Rie(9)| )s, - 5

U 2
Ric(t)] —q

_g /E dw(t)R(t)[R(t) — (R(t))s,]
_ é[(R(f)%t — (R(t)3,], (A7)

which provides the stated result (A.4). ]
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Note in particular that if we choose for (2.33) the initial datum dew(t =
0) = dllg-, we get

d dw(t)
N q)tv
dt dit; /

which again shows the role that mean square fluctuations in scalar curvature
have in controlling the concentration mechanism of the measure dw(t). We
can trace here the difference between the standard Perelman flow charac-
terizing the backward diffusion of dw(t) and the Fokker—Planck diffusion of
dS)y. The former feels curvature fluctuations in a more indirect way as a
forcing effect deforming the trajectory of dw(t) in Prob(X). Such a forc-
ing behavior is made manifest by the fact that the evolution of dw(t) is
not the gradient flow of the associated relative entropy and, according to
Lemma A.1, the failure of being gradient is exactly provided by the term

d,, d=(?) . Conversely, the diffusion (d€2;)¢>0 has the curvature fluc-
dIT dIl; =

=~ ((R(5DP)s,. = (RBNE,. ). (AS)

t=0

tuations taken care of by turning the forcing term <<I>t, dfn(f)>dn into the
t
dIl;

drift term <CI>t, @>dﬂ which renormalizes Perelman’s {dw(t)}+>0 into the
t
Fokker—Planck diffusion {d€2}+>o.
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