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Abstract

It was recently shown by Witten that B-type open topological string
theory with the supertwistor space CcP asa target space is equivalent
to holomorphic Chern—Simons (hCS) theory on the same space. This hCS
theory in turn is equivalent to self-dual A = 4 super-Yang—Mills (SYM)
theory in four dimensions. We review the supertwistor description of
self-dual and anti-self-dual N-extended SYM theory as the integrability
of SYM fields on complex (2|N)-dimensional superplanes and demon-
strate the equivalence of this description to Witten’s formulation. The
equivalence of the field equations of hCS theory on an open subset of
CP*W to the field equations of self-dual A -extended SYM theory in four
dimensions is made explicit. Furthermore, we extend the picture to the
full N =4 SYM theory and, by using the known supertwistor descrip-
tion of this case, we show that the corresponding constraint equations
are (gauge) equivalent to the field equations of hCS theory on a quadric
in CP*® x CP?®.
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Let Z be a complex three-dimensional Calabi-Yau (CY) manifold, £ a rank
n complex vector bundle over Z and A a connection one-form on . Consider
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the action [1]
Shes = / Qo A tr <A°’1 NOAY! + %onl A A% A A°71> , (1.1)
Z

where Qg is the nowhere vanishing holomorphic (3,0)-form on Z and A%!
is the (0, 1)-component of the connection one-form A. Witten has obtained
equation (1.1) as the full target space action of the open topological B-model
on a complex three-dimensional target space, on which the CY restriction
arises from N = 2 supersymmetry of the corresponding topological sigma
model and an anomaly cancellation condition. This holomorphic Chern—
Simons (hCS) theory (1.1) describes inequivalent complex structures on the
bundle £ — Z.

In a beautiful recent paper [2], Witten observed that the above-mentioned
severe CY restriction can be relaxed by considering a topological B-model
whose target space is a CY supermanifold.! Here, the fermionic dimensions
will also make a contribution to the first Chern class, and this yields more
freedom in the choice of the bosonic dimensions to have an overall vanishing
first Chern class. In particular, an extension

. 2 A A
Shcs = / QA tr (AO’I A OAT + §A0’1 A A% A A0’1> (1.2)
Yy

of the action (1.1) to the supertwistor space CP?* was considered. Here, Y
is a subspace of cp3i4 parametrized by three complex bosonic coordinates
together with their complex conjugate and four (holomorphic) fermionic
coordinates, {2 is a holomorphic measure for bosonic and fermionic coordi-
nates, and A%l s the (0, 1)-component of a connection one-form A on a
rank n complex vector bundle £ over cp3i depending on both the bosonic
and fermionic coordinates. It was shown [2] that there is a bijection between
the moduli spaces of hCS theory (1.2) on the supermanifold CP3*\C P!
and of self-dual N’ = 4 super-Yang-Mills (SYM) theory on the space R*
with a metric of signature (4+ + + +) or (— — + +), depending on the
reality conditions imposed on the supertwistor space (for related works
see [3-10]). It was also demonstrated that the above twistor description
allows one to recover Yang—Mills scattering amplitudes, in particular, max-
imally helicity violating (MHV) ones,? and to clarify the holomorphicity

IFor a definition, see Appendix B.
2See [11] for an earlier discussion of this point.
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properties® of these amplitudes? and identities appearing in this con-
text [12-17].

Note that Witten described the correspondence between hCS theory on
CP3* and anti-self-dual N =4 SYM theory by analysing the sheaf coho-
mology interpretation of the linearized field equations on the supertwistor
space. The main purpose of this paper is to give a more detailed and
explicit description of this correspondence for 0 < N < 4 beyond the lin-
earized level.’ We will also discuss the supertwistor description of the full
N =4 SYM theory along the lines proposed in [2]. In fact, we shall consider
several special cases of the following general situation. Suppose we are given
complex (super)manifolds X, Y, Z and a double fibration

Y
Z/ \X (1.3)

with surjective holomorphic projections m; and 72, then we have a corre-
spondence between Z and X, i.e., between points in one space and subspaces
of the other one

points z in Z < subspaces (1, '(2)) in X,

1.4
subspaces mo(m; H(x)) in Z +— points x in X. (4)

Using the correspondence (1.4), one can transfer data given on Z to data on
X (and vice versa). One may take some analytic objects h on Z (Dolbeault
cohomology classes, holomorphic vector bundles, etc.) and transform them
to objects f on X, which will be constrained by some differential equations,
since the pull-back of h to Y has to be constant along the fibres of m5. The
map PW: h— f is called the Penrose—Ward transform. Of course, one
can also consider the inverse map PW~1: f ++ h. If there is an antilinear
involution 7 (real structure) on X, then the set of fixed points of 7 forms a
real subspace X of X. In the real setup, the double fibration often simplifies
to the nonholomorphic fibration

m Z — X, (1.5)

This happens when 7, ' (X,) 2 Z and therefore 7 becomes a bijection. The
correspondence (1.4) is preserved in this case.

3The unexpected holomorphicity properties of the so-called MHV amplitudes provided
the original motivation to study the space P31 := (CP3‘4\(CP1‘4. Holomorphicity is an
earmark of the topological B-model, and there is a six-dimensional description of self-dual
SYM theory via the twistor correspondence. Thus, one had to find a space which is CY
and a complex (super)twistor space of R* at the same time: P34,

4For a preliminary consideration of gravity amplitudes in this context, see [18].

5Still, it should be stressed that the supertwistor space is CY only for N = 4.
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In particular, if field theories are given on the spaces Z and X, then a
correspondence of the type (1.4) between both spaces can be lifted to a
correspondence between solutions to the field equations on Z and solutions
to those on X. In general, this correspondence will not be one-to-one, since
fields are usually defined only up to some (gauge) equivalence. However,
one can often establish a one-to-one correspondence between elements of
the moduli spaces of theories on Z and those on X. This will be specialized
later in concrete examples. Our considerations in this paper are based on
the results of many authors (see e.g., [19-43] and references therein). More
details on twistor theory and the Penrose-Ward transform can be found in
the books [44-47].

2 Twistor geometry
2.1 Local coordinates

We start from the complex projective space CP? (the twistor space) with
homogeneous coordinates (w®, As) subject to the equivalence relation
(W, ) ~ (tw®,t)\g) for all nonzero complex ¢, « = 1,2 and & = 1,2. Con-
sider now the space P3 = CP*\CP! in which (\g) # 0. This space can be
covered by two patches Uy (A # 0) and U— (A3 # 0) with coordinates

[0} A [0 )\
Zi:%’ zi:/\—?:: A+ on Uy and zf:f\—?, z?j:)\—;:: A_onlU_,
(2.1)
related by
1
2 =232% and 2% = - (2.2)
s

on the overlap U, NU_.

From (2.1) and (2.2), it is obvious that P? = Uy U U_ coincides with the
total space of the rank 2 holomorphic vector bundle® P3 = O(1) ® O(1)
over CP!,

P3 — CPL, (2.3)
where the Riemann sphere CP! is covered by two patches
U, =U,NCP' and U_=U_NCP! (2.4)

with coordinates Ay on Uy and A_ on U_, CP' = U, UU_.

®The holomorphic line bundle O(n) over CP' has the transition function A} and the
first Chern number n. See Appendix B for more details.
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Special cases of the correspondence (1.3) and (1.4) can be established
between the twistor space Z = CP? and the Grafmann manifold X = Go4
(C) [44] as well as the space Z = P? = CP*\CP' (which we also call twistor
space) and X = C* C Go4(C). In the following, we will focus on the geom-
etry of the latter correspondence.

2.2 Moduli space of curves

Holomorphic sections of the complex vector bundle (2.3) are rational curves
CPL < P3 defined by the equations

2% =a2T 4 A2 for A\ €Uy and 2% =A™ +2°% for \_ € U_
(2.5)
and parametrized by moduli z = (z%¢) € C*. Introducing

() = <A1+> and  (A]) = (ﬁ—), (2.6)

we can rewrite (2.5) as .
24 = x®\E, (2.7)

These equations allow us to introduce a double fibration”

f5
T ™
7)3'2/ \1c4 (2.8)

where F° := C* x CP!. From this diagram, one observes that a point z =
(2%) € C* corresponds to the projective line CPL = my(7;*(2)) in P? given
by solutions of (2.7) for fixed z, and a point p = (2%, )\i:) € P3 corresponds®
to a totally null anti-self-dual 2-plane (-plane) 71 (7, '(p)) in C* defined by
solutions of (2.7) for fixed (2¢,AE). The double fibration (2.8) and its Zo-
graded? generalizations play the central role in the twistor correspondence.

2.3 Real structures

Recall that a real structure on a complex manifold M is defined as an anti-
holomorphic involution 7: M — M. To introduce real structures on P3, let

"Note that we use the same notation 71 and 2 for projections in completely different
diagrams throughout the paper.

8In the literature, P? is often called the dual twistor space, while the space of totally
null self-dual two-planes (a-planes) is called the twistor space.

9As usual in theoretical physics, we will use the prefix “super” instead of Za-graded
and do not imply supersymmetry by that term.



PENROSE-WARD TRANSFORM 937

us consider three antilinear transformations of dotted and undotted (com-
muting) spinors,

e =(7 5 (

00— 0= (3 o) (31) = (%) =60, @
(W) =(@%), T0(Aa) = (Aa), (2.11)

where ¢ = +1. For later use, we define furthermore (A%) :=7(\%), i.e.,

indices are raised as \& = 5d‘8)\ﬁ- with €12 = —¢21 = —1 before the action

of 7. The transformations (2.9)—(2.11) define three real structures on P3
which in the coordinates (2.1) are given by the formulee

=2 =1 2 31
Z+ EZ g EZZ Z_ g
b= (D 50n) Het o= ()
2.12)
meh ) = (L2 A, 213

It is obvious that the involution 7_; has no fixed points but does leave invari-
ant projective lines joining p and 7_1(p) for any p € P3. On the other hand,
the involutions 7 and 79 have fixed points which form a three-dimensional
real manifold

7% = RP3\RP? (2.14)

fibred over S' =~ RP! ¢ CP'. The space T3 C P? is called real twistor
space. For the real structure 7, this space is described by the coordi-
nates (21, elX zi, eX) with 0 < x < 27, and for the real structure 7g, the
coordinates (21, 23, A+) are real. These two descriptions are equivalent.

We shall concentrate on the real structures 741 since all formulae for these
two cases can be written in a unified form using € = £1. For instance, an
extension of the involution 7. to any function f(z, A;) is defined as

_— €
n(fea) = i) = f (r ) )
+
where the bar denotes ordinary complex conjugation. Using this involution,

one can impose the condition of invariance under (2.15) on sections (2.7)
of the bundle (2.3). Due to (2.5) and (2.12), moduli (z**) of such sections
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satisfy the equations

1i 21 —12

2 = —(ez? +iz®) and H =z = —c(x

T =x

2 izh),  (2.16)

where (z#) are the real coordinates with = 1,...,4. On the other hand,
holomorphic sections of the bundle (2.3) which are invariant under the invo-
lution 79 are parametrized by real coordinates

wad — iad
. =gt gt 212 — 2 e 22 =% 43 222 — 4 _ 1

(2.17)

2.4 Metric on the moduli space of real curves

On the space R* of real holomorphic curves CPL < P3, one can introduce
the metric

ds? = det(dz™%) = Guv dat dz” (2.18)
with ¢ = diag(+1,+1,+1,+1) for the involution 71 on P3 and g =
diag(—1,—-1,4+1,+1) for 7y (and 79) and g = (g,). Thus, the moduli space
of real rational curves of degree one in P? is the Euclidean space!® R*? or
the Kleinian space R%2.

Note that, in the Euclidean case, the twistor space P?3 is the space
R* x CP! = P3 (2.19)
with the coordinates (z*, A1) and one can define a trivial nonholomorphic
fibration
PP — R4 (2.20)
over the space R* with real coordinates z = (z*). Therefore, on the patches
U, and U_ covering the space P2, one can use the coordinates (z, Ay ) and
(z, A_), respectively. In the Euclidean case, the double fibration (2.8) sim-
plifies to the fibration (2.20) since 7y '(R*) = P3 C F° and therefore the
restriction of the projection m to 7y 1(R%) is a bijection.

The twistor correspondence for the Kleinian case is more complicated. In
particular, we have

R* x (CPN\SY) = P3\ P, (2.21)

instead of the diffeomorphism (2.19), and one should consider the space

P3 = P\ Py with Py = Pg‘\)\ﬂzl =~ R* x S! instead of P? in (2.20). For

In our notation, RP'? = (RPT? g) is the space RP'? with the metric g =
diag(—1,...,—1,+1,...,4+1).

q P
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more details on the Kleinian case ¢ = +1, see Appendix C. To smoothen
the discussion in the following, we ignore this subtlety and use always (2.20)
implying the restriction to the space P3 in all necessary cases. Furthermore,
we will call matrix-valued functions 7.-regular, if they are regular'! for all
values of A\ € D in the case ¢ = —1 and regular for A € D with |[A| # 1 in
the case ¢ = +1 (and also for the real structure 7p), where D C CP! is the
domain under consideration.

2.5 Vector fields

On the complex manifold P3, we have the natural basis (9/9z%,0/0z3) in
the space of antiholomorphic vector fields with

0 1 0 0 1 0 1 0

- d = —z%— 2.22
oz ~ Hoz M : (2.22)

9z (2)20z8 BT oz

on the intersection Uy NU_. In the coordinates (z, Ay ) on U, we have'?

0 9 0 .0 ]
=Y+ < - >\+8I21> ="M ge = 4+ Vs

ﬁ 22
0 0 0 « 0 o
ﬁ = &7+ (83:1? — At 83:11) = efy+)\+w =: e+ V], (2.23)
a al; + + al
ﬁ:ﬁ—ﬂfﬁ Vo =V —eypa®V,
where
1 1 : W —A
— = d (M) = (%) = + 2.24
A S VD VI TS S (%) = (EA5) ( 1 ) (2:24)
with the convention!® ¢!2 := —¢2! = —1. Thus, the vector fields
o+ o i+ 9
Vo =A{0aq and V3" = —— (2.25)
R

form a basis of vector fields of type (0,1) over Uy C P3 in coordinates (z, Ay ),
where 0y 1= 0/0x**. The explicit form of the basis of vector fields of type

HBy “regular”, we mean smooth and having nonvanishing determinant.

2Tn the case € = 41, this transformation is only valid for |A+| # 1. For more details,
see Appendix C.

13Gee Appendix B.
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(0,1) on the open set U_ C P? follows from the transformation rules (2.22),

_ . _ 0
Vo =290, and Vi = —— 2.26
o — an 3 a)\ ( )

where one introduces additionally

1 1

- -1
_ = _ d (\%) = . 2.27
Toaa ey ) (A—> (227)

V- ==

Note that the bases (2.25) and (2.26) of vector fields on P? are holonomic,
i.e., they commute pairwise. Furthermore, in the case ¢ = +1, the identifi-
cation (2.23) only holds on P3.

3 Twistor description of self-dual Yang—Mills fields
3.1 Holomorphic bundles over the twistor space

Consider a rank n holomorphic vector bundle E over the twistor space P3.
This bundle is defined by a holomorphic transition function fi_ on the inter-
section U, NU_ of the two patches covering P? = U, UU_, i.e., the function
f+— takes values in the group of nonsingular n x n matrices annihilated by
the vector fields (2.25) of type (0,1)

Vi =0= 05 fio (3.)
In the twistor approach to self-duality, it is assumed that E is topologically
trivial and its restriction to any projective line CP}E < P3 is holomorphically

trivial. These two conditions imply that there are regular matrix-valued
functions, ¥4+ on Uy and ¥_ on U_, such that

fro = o5y (3.2)
and
5, e =0=05 ¢, (33)

i.e., 1, and ¢_ are smooth functions of x € R* and holomorphic functions
of Ay and A_, respectively.
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3.2 (Gauge potentials
From the holomorphicity condition (3.1) together with (3.2), it follows that
DVt = Vi (3.4)

on Uy N U_. One can expand ¥, 1&;1 and ¢_, ~! as power series in Ay
and A\_ = )\;1, respectively. Upon substituting the expansions into equa-
tions (3.4), one sees that both sides in (3.4) must be linear in Ay and one
can introduce Lie-algebra valued fields (A,s) depending only on x by the
formulae

At Ao = A4 Baa Vi = MG - Bag I, (3.5)

where (\}) is given in (2.24). The matrix-valued functions (Aaq(z)) can be
identified with the components of a gauge potential A, dz®® on R* with
the metric (g,,) = diag(—¢, —¢,+1,+1). Note that As dz®® will be an
antihermitean n x n matrix if ¢4 satisfies the following condition'

¥l (@A) = (w_ (a: ;))T (36)

The antihermitean gauge potential components can be calculated from (3.5)
as

Ay = ¢+5’12¢;1|A+:0 = —EA;a Agy = ¢+822¢4_r1|)\+:0 = _Aii' (3.7)
Combining (3.4) and (3.5), we introduce matrix-valued functions!®

AL =V AY = Vg = 2 Age,s (3.8)

where /\C“'+ are given in (2.24). Analogously, one can introduce the component
Az, , but it will vanish as!6

Az, = 1/1+8/—\+¢;1 = 0. (3.9)

“Here 1 means Hermitean conjugation.
5Here V1 A% denotes the interior product of a vector field V and a (0, 1)-form A%*.
Note also that A} and As, are components of A%L
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3.3 Linear system and SDYM equations

Let us rewrite (3.8) together with (3.3) in the form

(Va+ + AI)¢+ =0, (3.10)
8§\+1,ZJ+ =0 (3.11)

with similar equations for ¢_. The compatibility conditions of this linear
system are

Vel + AL V5 + AF] = MM [0as + Aags 0gp + Agsl = AiAﬁpaW(z 0.)
3.12

To be satisfied for all (A), this equation has to vanish to all orders in
Ay separately, from which we obtain the self-dual Yang-Mills (SDYM)
equations

F11,2i =0, F12,22 =0, F11,22 + F12,21 =0 (3.13)
for a gauge potential (Ang). It is convenient to introduce the notation
EFoaps = €aplap T €aplass (3.14)

in which the SDYM equations are rewritten as

fa5=0. (3.15)

3.4 Gauge equivalent linear systems

Note that in (3.2), we have chosen special trivializations!” . of E over
Uy such that (3.3) and, therefore (3.9) were satisfied. However, one can
consider more general trivializations {11} of E such that

foo =07 =97 (3.16)

70n the bundle E, the Cech fibre coordinates x+ (2%, A+ ) are related by x4+ = fi—x—
on Uy NU-. At the same time, the matrices ¢4 and ¥_ are matrix fundamental solutions
of equations (3.10) and (3.11), i.e., the columns of ¥+ form smooth frame fields for E
over U+. In other words, regular matrix-valued functions 1+ define a trivialization of E
over Ut such that ¢4 x+ are sections of E holomorphic w.r.t. a new complex structure
(defined by 8 + A%'). They are related by 1 x4+ = ¥—_x— on Uy NU-.



PENROSE-WARD TRANSFORM 943

and Oy @i #0,1i.e., 1[& = @i (x, Ax, A+) are regular matrix-valued functions
smooth in all coordinates on Uy. From (3.16) it follows that

o=yt =g gt (3.17)

is a globally defined regular matrix-valued function on 3 and therefore the
above two trivializations are related by the gauge transformation

a1 (3.18)

In general trivializations {¢)+}, we have

AL =g VT = VT = o7 u Ve + o W
= AT+ o Vo, (3.19)

«

AX+ = 1&+8;\+?Z-_-1 = ¢_85\+7,Z:1 = <P_185\+(Pa (3.20)

where the last equality in (3.20) follows from (3.11) and (3.9). Equations
(3.19) and (3.20) can be rewritten in the form of a linear system

(ViE+ AD)py =0, (3.21)
(05, + A3, )i+ =0, (3.22)
which is gauge equivalent to the linear system (3.10) and (3.11).

The compatibility conditions of this linear system are in fact the field
equations of hCS theory on the space P2, and, e.g., on U, they take the
form

Vi Ay — VAT + [AT, A =0, (3.23)
85\+A2: - V;A;\Jr + [A;\+, At =o0. (3.24)
Thus, we have a relation between hCS on P3 and SDYM on the moduli

space R? of real holomorphic sections of the fibration P? — CP'.

More explicitly, from the formulse (3.8) and (3.9), we obtain

d\y AL dhy AL
Aiz—}[ T2 and Ang Lo (3.25)
@ S1 2mi )\Jr « St 27 )\_|_

where the contour S* = {\; € CP': |A\| = r < 1} encircles A\ = 0. Using
(3.8), one can easily show the equivalence of (3.25) and (3.7). The formulse
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(3.25) define the Penrose-Ward transform

PW: (AF, Ax, = 0) — (Aas) (3.26)
which together with a preceding gauge transformation

(AL Az,) =5 (AL, A5, =0) (3.27)

maps solutions (121;’, A;\Jr) of the field equations of hCS theory on P?3 to solu-
tions (Aag) of the SDYM equations on R*. Conversely, by formulze (3.8) and
(3.9), any solution (A,g) of the SDYM equations corresponds to a solution
(A, fl;ur) of the field equations of hCS theory on P3 which directly defines
the inverse Penrose-Ward transform PW~!. Note that gauge transforma-
tions'® of (A, A;\+) on P3 and (Aug) on R* do not change the transition
function f,_ of the holomorphic bundle E — P3. Therefore, we have a one-
to-one correspondence between gauge equivalence classes of solutions (i.e.,

points of the moduli spaces) to the field equations of hCS theory'® on P3
and the SDYM equations on R*.

Recall that the trivializations defined by (3.2) and (3.3) correspond to
holomorphic triviality of the bundle E|-p: for any CPL < P3. Similarly,
we may consider restrictions of E to fibres (Ci of the fibration P3 — CP!.
All these restrictions are holomorphically trivial due to the contractibility of
Ci for any A € CP'. Therefore, there exist regular matrix-valued functions

@Ei(z‘j‘:, A+, A+) depending holomorphically on 2¢ (and nonholomorphically
on A\i) such that
A e L T (3.28)

and @ := 1141/;;1 = )_1p~" defines a gauge transformation

to a special trivialization in which only AM # 0 and Va+(/15\+) =0. Cer-
tainly, both trivializations in (3.28) and (3.29) are gauge equivalent to the
general one given by (3.16)—(3.22). This kind of equivalence will be partic-
ularly useful in the supercase.

8There are two gauge transformations for gauge potentials on two different spaces
present in the discussion.

9Note that in this twistor correspondence, it is assumed that for solutions of hCS
theory, there exists a gauge in which A5, =0. This is equivalent to the holomorphic
triviality of the bundle E — P on CPL < P3. Solutions (AZ, Ax, = 0) form a subset in

the set of all solutions of the hCS theory on P?, and we imply the restriction to this subset
when speaking of solutions to hCS theory in the context of a twistor correspondence.
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4 Supertwistor geometry
4.1 Coordinates

A superextension of the twistor space CP? is the supermanifold CP*W with
homogeneous coordinates (w®, A\g,7;) subject to the identification (w®, A4,
n;) ~ (tw®, t Aa,tn;) for any nonzero complex scalar t. Here, (w®, \s) are
homogeneous coordinates on CP? and n; with i =1,..., N are GraBmann
variables. Interestingly, this supertwistor space is a CY supermanifold in the
case N = 4, and one may consider B-type open topological strings living in
this space [2].

As in Section 2, we consider the space P3 = CP3\CP' = O(1) @ O(1) and
its superextension P3?V covered by two patches, P3NV = cp3v \(CPlW =
U U U_, with even coordinates (2.1) and odd coordinates

nt = M on U, and N, = Mo i (4.1)
Aq A3

related by

=2 (4.2)

on Uy NU_. We see from (4.1) and (4.2) that the fermionic coordinates are
sections of20 TIO(1). The supermanifold P3WV is fibred over CP?,

PNV cpllo, (4.3)

with superspaces (Ciw as fibres over A € CP'° = CP'. We also have a
fibration

P cpW (4.4)

with Ci'% as fibres over (\,7) € CP'W.

4.2 Spaces of supermoduli and chirality

Holomorphic sections of the bundle (4.3) are rational curves CP;RJ7 s P3N
defined by the equations?!

2 =R AL i =g for (A
2 =aft Ay, m =iy for )T =(A1), AeU- (45)

20The operator IT inverts the parity of fibre coordinates, see Appendix B.
2'Here T means the transpose.
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and parametrized by supermoduli (zg,n) = (22%,n%) € CH2N Mﬁmf.

The space M;L{'QN is called antichiral superspace. Equations (4.5) define
a supertwistor correspondence via a double fibration

]_.5\2J\/
o\
P3NV M (4.6)
where .7-"5‘2N = M4R|2N x CP!, a point (zgr,n) = (284, ne) € M4R|2N corre-

sponds to the sphere CPxR n = 7T2(7T1_1(.’L'R, n)) < P3NV and a point p = (24,
Aty £) € PV corresponds to a null Br-superplane 7 (7, (p)) < M}l{pN of
dimension (2|N\).

Holomorphic sections of the bundle (4.4) are spaces (CP;'LNQ < P3N defined
by the equations

2§ = 2f9NE —20%pE  with (\E,nF) e U N cp'W (4.7)

and parametrized by supermoduli (zr,6) = (28%,0%) € CHN = Mi‘QN.

The space MipN is called chiral superspace. Equations (4.7) define another
supertwistor correspondence,

]_-5\3/\/
7T'2/ \7:1
P3N M (4.8)
where .7:5|3N = M4‘2N CP'™W, and a point (xL, 0) = (8%, 0°%) € M4|2N
corresponds to the supersphere CP :Cl 0= mo(m (21, 0)) — 773W and a point
€ P3W corresponds to a null B -superplane 1 (5! (p)) < 4‘2/\[ of dimen-
sions (2[2N).
From (4.5) and (4.7), it follows that
T{E = o _ goipd (4.9)
and
T = g% 4 gipd (4.10)

where (z°¢) € C4° are “symmetric” (nonchiral) bosonic coordinates. In
the following, we will continue labelling chiral objects by a subscript L for
left-handed or chiral and a subscript R for right-handed or antichiral ones.
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Substituting (4.9) into (4.5), we obtain the equations

2% = 2%\ — 0%nfAE and nf = n?)\di (4.11)
defining degree one curves CP;GW%PZSW parametrized by supermoduli
(z,60,1) = (¢, 0%, n%) € CUN . Therefore, we obtain a double fibration

5N
N\

DN calw (4.12)

with coordinates
(z* AL, 01, 1) on FOUN .— W « P, (4.13)
(2%, 0% n®)  on CHW, (4.14)

and

2= (@ = 0L, AL T =nfAL on POV (4.15)

The definition of the projection 7 is obvious and my is defined by (4.15)
and (4.9).

The double fibration (4.12) generalizes both (4.6) and (4.8) and defines the
following twistor correspondence: a point (z,0,n) = (2%, 0%, nd) € CH4N
corresponds to the projective line CPi’gm = mo(n; Nz, 0,m)) = PV and a
point p € P3PV corresponds to a totally null 3-superplane m (5 L(p)) — CHN
of dimensions (2|3N).

4.3 Vector fields

Note that one can project from FN onto PPV in two steps: first from
FOI4N onto ]__12\2/\/’ which is given in coordinates by

(a2 A, 097, i) — (2R, AT, i) (4.16)

)

with the 2&* from (4.9), and then from f§|2N onto P3| which is given in
coordinates by
(R AL 0 — @ROAG, AL 1AL (4.17)

The tangent spaces to the (0]2N\)-dimensional leaves of the fibration (4.16)
are spanned by the vector fields

0 s O N
o +n; gpac Oui + 15 Oacy (4.18)

on C*N < P3N The coordinates xﬁd, )\di and nf" belong to the kernel
of these vector fields which are also tangent to the fibres of the projection

Doci =
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CH4N 5 C42V onto the antichiral superspace. The tangent spaces to the
(2JNV)-dimensional leaves of the projection (4.17) are spanned by the vector
fields??
‘_/ozi = Aiagdv (419)
0

with 9% = (4.20)

Ji = \¢ o -9
+ + 877?

[e%
where 05, = 0/928%.
4.4 Twistor correspondence for a real superspace

Let us now discuss the action of the antilinear involutions (2.9)-(2.11) on
fermionic coordinates. In the Kleinian case, we can simply define

o ([
! <92i>_<01i>7 T1 (772 = 77.1 (4.21)

70(6%) = 6% and 7o(nf') = 7} (4.22)
which matches the definition for commuting spinors.

and

In the Euclidean case ¢ = —1, we can only fix a real structure on the
fermionic coordinates if the number of supersymmetries A is even (see e.g.,
[48,49]). In these cases, one groups together the fermionic coordinates in
pairs of two and defines matrices

ry . 0 -1 . i oL e 0 ..
(e) := (1 Nk r,s=12 and (1}):= K i,j=1,...,4.
(4.23)
The action of 7_1 is then given by

g1 12 0 -1 1l 12 0 -1
T-1 (921 022):(1 O)(gzl §22> (1 0) (4-24)

for N =2 and

0 -1 0 0
rt ..o\ /o0 -1\ /oY .. M\ [1 0 0 0
7—1(921 924>_<1 0)(9‘21 524) 0 0 0 -1
00 1 0

(4.25)

for ' = 4. The last equation can also be written in components as
T1(0°) = —e*PTI0"%, (4.26)

22For the definition of A, see Section 2.
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where there is a summation over § and j. The same definition applies
to n:
(1) =~ ] (4.27)
In general, we define furthermore 7(¢1¢2) = 7(¢1)7(¢2) for the product of
any two Grafmann variables.?? These conventions imply
9 0
Z -2 4.28

for any Grafmann variable &.

Using the involutions (4.21) and (4.22), we can impose the following Majo-
rana conditions on the odd variables 6% and 7"

m(0%) =60* and Ti(nf) =0t < 0% =" and 771'2 = 773, (4.29)
70(0%) = 0% and To(nd) =nf <= 0* =0 and nf =72, (4.30)

For the Euclidean case (4.24)—(4.27), the reality conditions
71(0%) =0 and T 1(nd) =t (4.31)

can be read off from (4.24) and (4.25) for N' =2 and N = 4, respectively.
For instance, for N/ = 2, we have

022 = —g'' and 02! =@'2 (4.32)

Imposing the reality conditions (2.16) or (2.17) on 2% and corresponding

conditions from (4.29)—(4.32) on 6% and 7", we obtain real chiral coordi-
nates x{'“ and xR} for all three real structures. Note that contrary to the
Minkowskian signature (3, 1), the variables §* and n{' are independent for

both signatures (4,0) and (2,2).

We concentrate now on the real cases defined by the involutions 71 and
7_1. Note in advance that complexified self-dual N -extended SYM theory
can be described by the diagram (4.6) with coordinates (z&*, nf') on M4R|2N
and (23, A\, nF) = (a;aRd)\di, AZ, n8AT) on P3N After imposing the reality
condition (2.16) and (4.29) or (4.31), the coordinates (z{*,75") belong to the
real antichiral superspace R4V =: R4R|2N of real dimension?* (4|2N). We
keep the coordinates )\gf complex?® and therefore the supertwistor space

P3NV has complex dimension (3|\).

238ee Appendix B.

24Note that in Minkowski signature, chiral and antichiral superspaces are always
complex.

%5In the Euclidean case, there are no fixed points of 7_; on the Riemann sphere CP! 3
(ML) and therefore A¥ must be complex. The case of signature (2,2) is discussed in
Appendices C and D.
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For coordinates 23 satisfying (2.16), the vector fields (4.19) and
Vit =05, (4.33)

can be identified with bosonic vector fields of type (0,1) on P3¥ similar to
the vector fields (2.25) and (2.26) on P39, In the Euclidean case, this is
due to the fact that as a real supermanifold, P3N is diffeomorphic?® to the
space R;IZN x CP!,

PIN = RPN Pt = (REPYY ¢ APV, (4.34)
where 1 is one of the projections in the diagram (4.6). In other words, the

map 7, restricted to Wfl(R4R|2N), is one-to-one (cf. (2.19) for the purely

bosonic case). Moreover, (4.20) become odd vector fields of type (0,1) on

P3NV annihilating all complex coordinates on this space. For example, for
11-real vector fields with |[Ay| # 1, we have

_. .0 0 0

0L =% A (4.35)

=M e E = o M
ong ol on}

5177? =0 and 5177} = %:15;,

(4.36)

where n;” = nii + >\+ﬁii and 4 is given in (2.24). Similar formulae can be
written down for 7_;-real and 7g-real cases. Thus, in the real setup, the
double fibration (4.6) simplifies to the nonholomorphic fibration

42N
m PN s RV, (4.37)

where (3|\V) stands for complex and (4|2\) for real dimensions. Fibres over

a point (xR, n) € R4R|2N in the fibration (4.37) are real holomorphic sections

CPL , < P3W described by (4.5) with real (zg,7) € R%{‘QN.

TR,N

5 Supertwistor description of self-dual N-extended
SYM theory

5.1 Super-self-duality for extended supersymmmetry

SDYM fields on R*? and R?? are solutions to the self-duality equations

1
F = 55WMFW or F = xF, (5.1)

26Tn the case ¢ = +1 (and also for the real structure 7o), there is a diffeomorphism of an
open subset P2V of P2V onto the space R}L{DN x (CP*\S'). See Appendix C for more
details.
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which is equivalently written in spinor notation as
fap = =58 (0aaAgs — Dg54aa + [Aaa, Aggl) = 0. (5.2)

Solutions to these equations form a subset of the solution space of Yang—
Mills theory. Thus, a possible supersymmetric extension of the self-duality
equations can be obtained by taking the full set of SYM field equations and
imposing certain constraints on them. These constraints have to include
(5.1) and keep the resulting set of equations invariant under supersymmetry
transformations. This works for SYM theories with A < 3, and the field
content of the full N-extended SYM theory splits into a self-dual supermul-
tiplet and an anti-self-dual supermultiplet. For A/ = 4, the situation is more
complicated, as the SYM multiplet (fag, x**, Y, Xai, faﬁ')’ where the fields
have the helicities (+1,+1/2,0,—1/2, —1), is irreducible. By introducing an
additional field Gdﬁ with helicity —1, which takes in some sense the place
of f, 4> one can circumvent this problem (see e.g., [35,40]). Using this field,
one can even obtain the N = 4 super-SDYM equations of motion from an
action principle [35]. Note that although the field content appearing in the
corresponding Lagrangian is (fag, X**, ¢, Xai, faﬁ" Gdﬁ)’ fa,@' vanishes due
to the SDYM equations of motion and the supermultiplet of nontrivial fields
is (fag, X, 69, Xai G, [5>' These degrees of freedom match exactly those of
the full ' =4 SYM and often—by a slight abuse of language—it is stated
that they are the same. Following this line, one can even consider the full
N =4 SYM theory and N’ =4 SDYM as the same theories on linearized
level, which are only distinguished by different interactions.

For all values 0 < A < 4, supersymmetrically extended self-dual SYM
theories can be nicely described in terms of twistor theory, which will be
shown in this section.

5.2 Holomorphic bundles and gauge potentials

The twistor description of complexified self-dual N-extended SYM theory
is known and based on the diagram (4.12) (see e.g., [29,30,32]) or (implic-
itly) on the diagram (4.6) (see e.g., [37,40]). Here, we consider self-dual
N-extended SYM theory in the real setting based on the fibration (4.37).
Namely, let us consider a holomorphic bundle £ over the supertwistor space
PIN = LALF UU_ without Zo-grading on the fibres and with the coordinates
(2.1) and (4.1). As usual, the bundle & — P3 is defined by a holomorphic
transition function annihilated by the vector fields (4.19), (4.20) and (4.33)
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of type (0,1) on P3N,
Vo fam =0, (5.3)
5, f+-=0

and
9, fr- =0. (5.5)

Further, it is assumed that the restriction of £ to any projective line

(CP310R777 « P3W is holomorphically trivial and therefore there exist regular

matrix-valued functions ¢4 (&%, A4, 7)) on U, and (28 A, n") on U
such that
foo =03ty (5.6)
and
Ox, ¥+ = 0. (5.7)
This trivialization is similar to (3.2) and (3.3) in the purely bosonic case,

and using arguments identical to those from Section 3, one can introduce
matrix-valued components of a gauge potential,

AL = VA= gV = 0 VT = M Aua(anan),  (5.8)

Az, =05, 0 A= 05 i = 05 YTl =0, (5.9)
A =0 s A= 0 = 0Lyt = MNP AYL (2R, ), (5.10)
where (zr,n) = (23%,7%), and a linear system
(V" + Ay =0, (5.11)
o, ¥+ =0, (5.12)
(0% + A )yy =0. (5.13)

of differential equations equivalent to the existence of holomorphic sections
of the bundle £.

5.3 Super-self-duality

The compatibility conditions of the linear system (5.11)—(5.13) read
[Vad: Vgl + Vg Voal =0, [V, Vgl + [V, Vga] =0,
{V%, vg} +{V., V.} =0, (5.14)
where we have introduced covariant derivatives

Vaa =08 + Aps and V. := 9L + AL (5.15)
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The compatibility conditions (5.14) suggest the introduction of the fol-
lowing self-dual super gauge field strengths

[Vaa,vgg} = egpfap(@r, 1), {vio'uv[jﬁ'} = 40 h(ar, M),

(Vi Vi) = 450 (am,m), (5.16)

where f* is antisymmetric and f,g is symmetric.

Let us focus on the case NV = 4 and discuss the cases N’ < 4 later on. The
set of physical fields for N'=4 SYM theory consists of the self-dual and
the anti-self-dual field strengths of a gauge potential Aag, four spinors x%
together with four spinors xg; ~ €ijkz)~(£kl of opposite chirality and six real
(or three complex) scalars ¢/ = @[], For N = 4 super-SDYM, the multiplet
is joined by an additional spin-one field G, 5~ Eijleggla as discussed before.
Now the above super gauge field strengths contain in their expansion exactly
these fields. The lowest component of f,g, fi and f¥ will be the SDYM
field strength, the spinor field x?, and the scalars ¢/, respectively. By using
Bianchi identities for the self-dual super gauge field strengths, one obtains
[40] successively the superfield expansions and the field equations for the
physical field content,?”

1

fap = —56" Oaadss — OgsAac + [Aag, Aggl) = 0,

Vaax™ =0,
D¢ + 2e{x*", x,} =0, (5.17)
Vaa X —e[xl, "] = 0,
& [ijkl] i ~Jkl] ij Kl
eV G 126X, 0} — 182 [0,V 56M] = 0,

¥

where [ := V44V and the antisymmetrizations [i - - - j] are defined to have
weight?® one. Note that by construction, all fields depend on the coordinates
z8%. As we will see soon, (5.17) is in some sense an A-independent formu-
lation [40] of the field equations of super-SDYM theory in which the cases
N <4 are governed by the first '+ 1 equations of (5.17), where de =0is
counted as one equation and so on. In the case N = 4, one can introduce

2"The fields are scaled to match the discussion following (5.33) and (5.34).
S0 [ijk] := ijk + jki + kij — kji — jik —ikj and [ijkl] is obtained by contracting
with Eijkl-
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“dualized” fields

i = 21' eijmd™,  X& ; XM and Gy iv einGry, (5.18)
for which the equations of motion take the form
fop =0,
Vaax™ =0,
O¢" + 2e{x*, x%} = 0, (5.19)

VaaXs — 2¢[xh, ¢ij] =0
. . 3 .
£V aaG.5 + 38{Xa X4} — 3¢ [$ij, V 50" =
After rescaling some of the fields as
1 . g 1 .. 1. 3
inw Y — §¢”a Xéi — T g Xais Gdﬁ' — §Gdg7 (5.20)

the equations (5.19) are the field equations of the Lagrangian for N =4
self-dual SYM given in [2].

%
Xa —

5.4 (Gauge equivalent trivializations

We have described the twistor correspondence between holomorphic bundles
& over the supertwistor space P3?V trivial on projective lines in P3WV and
solutions to the field equations of self-dual A-extended SYM theory on the
space R* with metric (g,,) = diag(—¢, —,+1,+1). The derivation of the
N = 4 super-self-duality equations (5.17) is based on trivializations of £ over
U such that equations (5.7) and therefore (5.9) are satisfied. However, there
are other convenient trivializations of £ over Z]i such that the compatibility
conditions of the corresponding linear system are described by hCS theory
[1,2] on the supertwistor space. Namely, since restrictions of the bundle &
to (2|V)-dimensional leaves of the fibration (4.3) are trivial, 29 there exist
1.-regular®® matrix-valued functions wi on Uy such that

foe =70 =7 (5.21)

and o
By = 0. (5.22)
This implies ¢y = @i(a:R Ay A, 1 ). These trivializations are analogous
to the trivializations (3.16)—(3.22) in the A" = 0 case. Note that similarly

2Note that fibres (Ciw over A € CP' in the fibration P**V — CP' are exactly the
Br-superplanes introduces in Section 4. Super-self-duality is equivalent in the discussed
superfield formulation to flatness of SYM fields on these Sr-superplanes.

30Gee the definition on p. 9.
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to (3.28) in the purely bosonic case, one can also choose the trivializations
P+ (2%, s, Ax, ) but we will not consider them here.

5.5 Linear system

It follows from (5.21) that

@ =yt =y Yt (5.23)
is a matrix-valued function (superfield) generating a gauge transformation3!
5.24
5.25
5.26

by — e = o My,
AL AT = o Ao + o WV = VYT,
0=As, — A5, =910, o = V05 U7,
L Ay = o Ao+ o7 0k = 0P = 0,

(5.24)
(5.25)
(5.26)
(5.27)

5.27

where we used (5.7). Thus, we obtain the linear system

(Va+ + AI)QZJJr =0, (5.28)
(95, + Ax s =0, (5.29)
by =0, (5.30)

which is gauge equivalent to the linear system (5.11)—(5.13). For ¢)_, we have
similar equations which are obtained by changing “+” to “—” in (5.28)-
(5.30). In the case N =0, this linear system coincides with (3.21) and
(3.22).

5.6 Super-hCS theory

The compatibility conditions of the linear differential equations (5.28)—(5.30)
are the field equations of hCS theory on the supertwistor space®? P3WV. On

31The function ¢ is 7e-regular and, in particular, it can be singular on Py :=
773|N||Ai‘:1 in the Kleinian case € = 41, see Appendix D.

32More accurately, in the case € = +1 (and also for the real structure 75), A%! (and
thus hCS theory) is defined only on the subset P2 of PV for which |Ax| # 1. See
Appendix D for more details.
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Z/L they read
VP AL - VAL + (AT, Af) =0, (5.31)
8;+ft;r — Va+A5\+ + [A;\+,A2;] =0 (5.32)

and similarly on /. Here A} and AM are functions of (z8&%, A4, A4, 7).
These equations are equivalent to the equations of self-dual A -extended
SYM theory on R* which form a subset of equations (5.17). As already
mentioned, the most interesting case is N = 4 since the supertwistor space
P34 is a CY supermanifold and one can derive equations (5.31) and (5.32)
from a manifestly Lorentz invariant action [2,39]. For this reason, we con-
centrate on the equivalence with self-dual SYM for the case N = 4; for other
values of N, the derivation goes along the same lines.

Recall that A, and Aj are sections of the bundles®® (1) ® C? and
O(—2) over CP! since the vector fields in (5.25) take values in O(1) and
the holomorphic cotangent bundle of CP is O(—2). Together with the fact
that nf’s take values in the bundle IIO(1), this fixes the dependence of /li
and /l;\ L on Y and /A\‘jE In the case N' = 4, this dependence takes the form

. . . 1 o
A = A3 Aaa(@r) + 07 Xa(r) + 74501 AS b (2R)

1 ch 2B ik
ok gy AN (em)

1 S A B R4 ik
g ANNLGYE (an), (5.33)

. 1 g 1 ik
Axy =5 gy 67 () + 93 gl AR ()

1 S6 8B ikl
+ 94 i njnfn:aniAﬁGgB (zR), (5.34)

and similar for /l;, fl;\_. Here, again, Aag, X%, ¢, Xai is the ordinary field
content of N' =4 SYM theory and the field Ga/j’ is the auxiliary field arising
in the /' = 4 self-dual case, as discussed above. It follows from (5.32)-(5.34)
that3*

1

oo i ~ijk - '~z]k igkl - ) ijkl
®es = —Vaa?” , Xaaﬂ = 4Va(axﬁ-) and Gadﬁ"‘y = 18va(aGB"y)’
(5.35)

33The bundle O(n) is the complex conjugate to O(n).
31We use the symmetrization (-) with weight one, e.g., (&8) = &3 + Ba.
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i.e., these fields do not contain additional degrees of freedom. The expansion
(5.33), (5.34) together with the field equations (5.31) and (5.32) reproduces
exactly equations (5.17).

Consider now the cases N < 4. Since the 771‘+ ’s are Grafimann variables and
thus nilpotent, the expansion (5.33) and (5.34) will only have terms up to
order NV in the 772.+ ’s. This exactly reduces the expansion to the appropriate
field content for N-extended super-SDYM theory

N=0 A (5.36)
N=1 Ay, X, with i=1 (5.37)
N=2 Aw, X, oW with i,j=1,2 (5.38)
N=3 Aua, xb o T with i 5. =1,2,3 (5.39)
N=4 Aua, xb, o M G%’“” with 4,4,...=1,...,4.

One should note that the antisymmetrization [-] leads to a different number
of fields depending on the range of 7. For example, in the case NV = 2, there is
only one real scalar ¢'2, while for A" = 4 there exist six real scalars. Inserting
such a truncated expansion for N <4 into the field equations (5.31) and
(5.32), we obtain the first A"+ 1 equations of (5.17), which is the appropriate
set of equations for A/ <4 super-SDYM theory.

To sum up, we have described a one-to-one correspondence between gauge
equivalence classes of solutions to the N-extended SDYM equations on
(R*, g) with g = diag(—e, —¢,+1,+1) and equivalence classes®> of holo-
morphic vector bundles £ over the supertwistor space P3NV such that the
bundles £ are holomorphically trivial on each projective line (CPQICRW in 3V,
In other words, there is a bijection between the moduli spaces of hCS the-
ory on P3V and the one of self-dual N-extended SYM theory on (R*, g). Tt
is assumed that appropriate reality conditions are imposed. The Penrose—
Ward transform and its inverse are defined by the formulee (5.33)—(5.35). In
fact, these formulae relate solutions of the equations of motion of hCS theory
on P3NV to those of self-dual A-extended SYM theory on (R*, g). One can
also write integral formulae of type (3.25) but we refrain from doing this.

35Two holomorphic bundles (£, f+—) and (£, f._) over P3N are called equivalent,
if there exist regular matrix-valued functions A4+ and h_, which are holomorphic on U4
and U_, respectively, such that the transition functions fi_ and f}_ are related by

fio=hi'frho.
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6 Dual supertwistors and N-extended anti-self-duality
6.1 Coordinates

In Section 4, we described the supertwistor space CP3W as the space of
(1/0)-dimensional subspaces in the space C*V. Tts dual supermanifold can
be defined as a space of (3| )-dimensional planes in CAV parametrized by
homogeneous coordinates (1q, 0, 8°) subject to the identification (pq, 0%, 6")
~ (tie, to, ") for any nonzero complex number ¢. We again have the
. 36 3N 3N 3N 1IN
supermanifold CP."" and the space P;"" =CP;" \CP,” = (0O(1)&®

O(l))iw =V, UV_ with coordinates

o_o” 3 He2 i 0’ ’
wd = —, w, = =— and 0. =— onV,, 6.1
+ %1 o H1 * H1 " (6:1)
. o . , 0t .
w® = U—, wd =¢ = HU o and = — on)V_, (6.2)
M2 w2 2
wi — C—i—wg? C+ = C:l, 91 = C+97; on V+ n V_. (63)

Note that (4 are coordinates on the patches Vi = Vin CP! covering the
base®” CPL = CPEO of the holomorphic vector bundle

PN cpllo, (6.4)
Sections of this bundle (degree one holomorphic curves (CPJICLﬂ < P2 W) are
defined by the equations

& ad i wi : 1 - -
ut =gt oL =0 witn D)= (1) )= () 09

and parametrized by supermoduli (zr,6) = (z29,0%) € CH2N —. MimN.
Real sections are obtained by imposing the reality conditions (2.16) or (2.17).

We denote the space of such sections by RilQN(: RARNY,

36We use the subscript * to denote the dual supertwistor space, its subspaces and its
preimages under projections ms.

3TRecall that we use the subscript * in CP?: for distinguishing this Riemann sphere
with the coordinates ¢+ from the Riemann sphere CP! with the coordinates A .
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Similarly to the supertwistor case, we can introduce a fibration

PN, cptW (6.6)
1N 3N

whose holomorphic sections CPy.,, — Pi" are defined by the equations

wl = et — e, (6.7)

)

and parametrized by supermoduli (zg,7) = (3%, nf) € CHNV = MZIL{‘QN.
The real subspace Ri—ﬂw was considered in Section 4. So for dual super-
twistors, we can again introduce double fibrations similar to (4.6) and (4.8)

simply by substituting the spaces .7-}5{‘2/\/, .7:5|3N and P3W by the spaces
FIN = MmN scept, FIBN IV cep™ and PPV S epl

respectively.

From (6.5) and (6.7), we obtain again formulee (4.9), (4.10) and the
equations

wl = (@ +0%n7 )y and 0L = 0%y (6.8)
defining projective lines (CP;Q’M—)PE’W parametrized by supermoduli

(,60,m) = (x°¢, 0%, n%) € CH*N'| Via the dual supertwistor correspondence,
a point p = (wg,(+,0%) € wa corresponds to a totally null ap-, ar- or
a-superplane in Mi‘zN, M?JQN or CH* with dimension (2|N), (2|2\) or
(2|3N), respectively.

6.2 Vector fields

Using (6.8) and (6.5), one can introduce a double fibration

N

7?/ \7:1

for the complex nonchiral case and the fibration

3N

7 Py — R

12N (6.10)

in the case of (z%%) and (0°/,n%") satisfying the reality conditions induced
by 7. as discussed in Section 4. The superspace CY4V and its real sub-
space Ri‘zN are the same as in Section 4 and parametrized by the same
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coordinates. We have coordinates

: ;g 54N
(@2, uE, 0%, ) on FIN, (6.11)
(@9OuE, i, 0°uE)  on PIV (6.12)

with obvious projections in the fibrations (6.9) and (6.10).

It is not difficult to see that the tangent spaces of the (2|3A)-dimensional

leaves of the projection o: ff N, 773 W from (6.9) are spanned by the

vector fields

DE = 0% + 0 Oaa, (6.13)
(0% 1 o ¢ B 2 71
D¥ = 12 Da; with Doi = Bui + 18 0nas (%) = ( 1<+) » (W2) = (c) ’
(6.14)
and
- 0

VE = ps ok, with 9k, =

-. 6.15
S (6.15)

In the real case, when the coordinates (28, %) belong to the real chiral

superspace RipN, we have the fibration (6.10), and the vector fields (6.15)
and

Vim =0, (6.16)

can be identified with bosonic vector fields®® of type (0,1) on 733 W similar to
the vector fields (4.19) and (4.33) as discussed in Section 4 for the self-dual

case. As an odd vector field of type (0,1) on 733 W, we have
0 = pus 0 onV, and 87 =pu® on V (6.17)
P T gged " P oge B ‘

These bosonic and fermionic vector fields of type (0,1) on P} " annihilate

all complex coordinates (6.1) and (6.2) (or, equivalently, (6.5)) on PV,

38In the case € = +1, this identification only holds for PN = wa’

lcxl#1
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6.3 Anti-self-dual gauge fields

Consider a holomorphic vector bundle £ over the space P? V= ViUV

defined by a transition function f4_ on V4 NV_. On 25 W, we have

Vifi-=0, 0 fr—=0 and 9 f_ =0 (6.18)

since fi_ is holomorphic. Let us consider trivializations 14 over V. similar
to (5.6) and (5.7), such that

fr—=v¢7"W_ and 91 =0. (6.19)

From these equations, we obtain matrix-valued components of a super gauge
potential one-form,

AL =V A=y Vit =9 Vit = 5% Aga(an, 0), (6.20)

A§+ = 8§+4A = 1[)+3§+1/J;1 = 1/176§+@ZJ:1 =0, (6.21)
AP =0 A= 0yt =y 0Tt = pG Ani(2, 6), (6.22)
and a linear system
(Vi + AD)y =0, (6.23)
Oz ¥+ =0, (6.24)
(0 + A )y =0, (6.25)

where the last equalities in (6.20) and (6.22) follow from the generalized
Liouville’s theorem on CPl. The compatibility conditions of the linear
system (6.23)—(6.25) read

[Vm,vﬂﬁ-] + [ng,vag] =0, [VM,VBB] + [Vﬂi,vaﬁ‘] =0,
{Vai, Vgt +{V35i, Vaj} =0, (6.26)

where we have—as before—introduced covariant derivatives
Vaa = ng +Aoe and Vi = 0ni + Aui. (6.27)

Equations (6.26) are the anti-self-dual N -extended SYM equations in super-
space formulation.3?

39Note that fibres (C?W over ( € CPL in the fibration (6.4) are the ar-superplanes
introduced in Section 5. From (6.23)—(6.26), it follows that N-extended anti-self-duality
in superfield formulation is equivalent to flatness of SYM fields on these complex (2|N)-
dimensional ag-superplanes.
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As in the self-dual case, one can rewrite (6.26) in component fields. The
full set of equations of motion for N = 4 is

1 4
Jop = =5 (OaaA gy — Og5Aac + [Aas, Aggl) = 0,

VaaXd =0,

O¢ij + 26{X{, Xaj} = 0, (6.28)

VaaXSik — € [Xafi ¢1)] = 0,
eV aaGrsijy + 126{Xai» Xojr} — 18€[dyij5 Vsa ] = 0,
and the cases N <4 are governed by the first A/ + 1 equations.

6.4 (Gauge equivalent trivializations

One can again consider trivializations similar to (5.21) and (5.22) and trans-
form the linear system (6.23)-(6.25) to a gauge equivalent linear system.
Namely, there exist 7.-regular matrix-valued functions @Z;i on Vi C 733 W

such that
fio= w;lw, = ﬁllqﬁ, and 5f1ﬂi =0 with 5? = 1% Oui, (6.29)

and therefore the matrix-valued functions

o=yt =y (6.30)
generate gauge transformations
A s AL = Ao+ IVEp = @@if/dizf);l, (6.31)
0=Az, |—>./Zl€ri :¢_18§i¢:1ﬂi8§i1ﬂ£1, (6.32)
A e A =T Mo+ 0710 0 = a0 = 0. (6.33)
For the new linear system?®
(Vi + ALy =0, (6.34)
(O, + Az )y =0, (6.35)
8y =0, (6.36)
the compatibility conditions read
Vi AL = VAL AL Al =0, (6.37)
0z, AL = Vb Ag + [Ag, Al =0. (6.38)

4°0n V_, the equations are similar.
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The dependence of A;r and fl@ on (4 and (, is fixed by their transfor-
mation properties similarly to the self-dual cases (5.33) and (5.34). Namely,
for NV = 4, we have

1 .
.A+ = ,u—i- Aaa(xL) + 9+ Xal(xL) + l/+ 02 + M+¢O‘O‘Z7 (xL)
+v +3'91 9] 017_ M+N+X0¢aﬁzyk($L)
v +191 67 0% 0L 0% 02 17 G apyign (1), (6.39)

~

-AE + 2'61 9] ¢1] ([L‘L) + V+ 3'91 9] (9{7_ N+ Xazgk(xL)

+vi Mkes 91 ‘9] 0% 9+N+ (1} Gprijra (L), (6.40)

where
(u3) = (‘“) (7%) = ( 2 ) and v, =— ¢, eV,cCCPL
* 1) —Cr 1—eCely’ :
(6.41)

Substituting (6.39) and (6.40) into the field equations (6.37) and (6.38) of

hCS theory on the supertwistor space 733 |4, one obtains the field equations
(6.28) for N' = 4. The appropriate truncation for A’ <4 is done exactly as
in the self-dual case: from the nilpotency of the Hﬂr’s it follows that there
are less fields in the expansions (6.39) and (6.40), which, in turn, yields the
first A"+ 1 equations of (6.28).

Again, we have described a one-to-one correspondence between gauge
equivalence classes of solutions to the N-extended anti-SDYM equations on
(R*, g) and equivalence classes of holomorphic vector bundles £ over the dual
supertwistor space 733 W, analogously to the self-dual case. The Penrose—
Ward transform here is given by the formulae (6.39) and (6.40).

7 A quadric in a product of supertwistor spaces

7.1 Coordinates on P33 x ’P3I3

Let us fix N = 3 and consider the direct product P33 x 793 13 of supertwistor

spaces which is an open subset in the supermanifold CP33 x (CPi‘S. This
subset can be covered by four patches U,, a =1,...,4, defined as

Zfll = Z/L_ X l>+, ag = Z/A[_ X f)+, Z;lg = Z/Aﬁ_ X 1>_, 1;14 = Zf{_ X ]>_,
(7.1)
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where Uy and Vi are coordinate patches on P33 and 733 ‘3, respectively,
described in Sections 4 and 6. Thus, we have

,P3\3 X ,Pf‘g = Ui:l aa (72)

with coordinates

a 1 1 « A
(201 A&)anf)awl) i), 0

a 2 2 o1 I
(2) A ’771( ), W(2)s Mg), (2)

(

o B B a
<Z( (
(

a % y
=5, )\OU 77@ ) ’LU+, ,u’cw 9+ on Z/{l,

z on Us,

I3
Z )‘a77715w+7lu’a76+

l\')

| &

] « &
3) a 7771 awg) He s 3) e Aavni ,’LU_,/.La, on Z/{Bv

a )\(4 (4) & (4)

)

)

) .
s wiys wS)s 0l L)

1) 220N, m; w®, g, 0 on U,. (7.3)
On nonempty intersections
Nl = Uy NU) x Vi, UNUs =Up x (Ve NV-),
Ul =2 x (DO V), Uy Nl = (@, N2) x V., (7.4)
Uy NUy = Uy NUZ) x (Ve V) = Uy N U,
these coordinates are transformed in an obvious way which follows from

the transformations of the coordinates on P31 and Pf |3. Recall that the
coordinates (7.3) are obtained from homogeneous coordinates

W, Aa 135 0%, s 0] (7.5)
on CP33 x CPE'S.

7.2 A quadric

Let us consider a quadric L5/6 in CcP33 x (CP?"?’

W g — 0%\ + 20%; = 0. (7.6)

defined by the equation®!

Consider also an open subset £ in .56 as the quadric L6 N (P33 x P; |3)

in P33 x 775:’ 3 The supermanifold £5/6 is covered by four patches

U, :=U, N6, 6 = Uu (7.7)

“The space P2 is the space of (3|3)-planes in C*®. Each such plane is naturally
described by a ray, i.e., a (1|0)-dimensional subspaces of c3, orthogonal to the plane.
Thus, the space (CPE‘3 is biholomorphic to CP?®, which is the space of rays in cAs,
The quadric is exactly the appropriate orthogonality condition between elements of both
projective spaces.
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and defined on U, by the equation
22 — wi A+ 200 0@ = 0, (7.8)

where no summation over the index a is implied.

Note that one can introduce a holomorphic projection
p: £L%6 - CP! x CP! (7.9)

with (3|6)-dimensional fibres. Then £°/¢ can be identified with a quotient
bundle whose body £ is

O(1,0) @ O(1,0) & 0(0,1) & O(0, 1))

_(
L= 0O(1,1)

. (7.10)

Here O(n,0) is the bundle O(n) over the projective space CP! with homo-
geneous coordinates [A\s], O(0,n) is the bundle O(n) over the projective
space CP! with homogeneous coordinates [,] and O(m,n) is the line bun-
dle O(m,0) ® O(0,n) over CP! x CPL. The quotient by O(1,1) arises from
the quadric condition (7.8) (see e.g., [34]). The base CP! x CP. of the
fibration (7.9) is covered by four patches

Vo == U, N (CP! x CPL) (7.11)

with coordinates (A(4),((a)) on an open set V; C CP! x CPL. Recall that
sl Ui:l U, and

(7.12)

=, (1) = w1 =)

We denote by zé ) with A = 1,2, 3 bosonic coordinates on the fibres over V,

in the bundle (7.9). Additionally, we use odd variables Gfa) and 771(“) as the
fermionic coordinates on these fibres.



966 ALEXANDER D. POPOV AND CHRISTIAN SAMANN

7.3 Moduli of complex submanifolds

Holomorphic sections over V, of the bundle (7.9) are spaces Eilg - CP! x
CP! defined by the equations

2y = RN, wfyy = o,

. . . (7.13)

9?@) = Hmugl), ni(a) = ma)\&a) with (/\((;),ug“)) eV,
These sections are not independent due to equation (7.8), which is solved
by the choice

ot = 2% — 0%ip¢ and ot = 200 4 i, (7.14)
We may choose three independent functions from Z?a) = xﬁé‘A&a) and w?‘a) =

z%é‘,uga) and raise them to the coordinates zé) on the fibres. The local
sections (7.13) are properly glued on V, NV, # @& and therefore define a
global holomorphic section of the bundle (7.9) parametrized by supermoduli

(2,0,m) = (¢, 0%, n) € C*1? due to (7.14).

Equations (7.13) with a =1,...,4 define a supertwistor correspondence
between £716 and C*12 via a double fibration

f6|12

NG (7.15)

516 c42

where F6112 .= C412 x CP! x CPL. Namely, a point (z,8,n) € C*'2 corre-
sponds to

£, = malm (2,0,m)) = CP' x CP} — L7 (7.16)

and a point £ € £5% corresponds to a (1|6)-dimensional null superline (an
intersection of the a- and [-superplanes described in the previous sections)
m1(my 1 (€)) < C*12. Note that for the coordinates (7.3) satisfying the quadric
equation (7.8), we have [31]

w2ty = oA, mALY =AY, mud) = 22iul, (7.17)
ol = p, w300, = 0p) and  min® = ALY,
where 75 means the pull-back to FO112 The supermanifold F61'2 is covered

by four patches
U, = ch2xv, (7.18)



PENROSE-WARD TRANSFORM 967

with coordinates

(:):ao", 0, 17?‘, )\Ex ), ,u((f)> equivalent to (ac‘m, 0, 77?‘, Aa)s C(a)) .

(7.19)
This supermanifold is obviously projected onto C4'2 with coordinates
(2, 0", ") (7.20)
and onto £°/% with coordinates
Z&) _ xlo:z{d)\éa)’ )\((;L)7 771( a) _ = 7S )\( a) and w?a) _ ﬂfﬁdu&a)’ (721)

00 = 0

which are not all independent but equivalent to ( (a)’ Aa)s C(a)» (a ( )>.

Note that we are considering the complex superspace C412. Appropriate
reality conditions will be discussed later on.

7.4 Vector fields

The tangent spaces to the (1|6)-dimensional leaves of the fibration

m: FONZ 5l (7.22)
from (7.15) are spanned by the holomorphic vector fields
(@) _ o 4

(a) = )\(a)D and  D; = pgy) Dai, (7.24)

which are properly glued on U, N U, # & into global vector fields on F6I12,
Here, D,; and D, are vector fields given by (4.18) and (6.13). We shall also
consider the antiholomorphic part

0 0 - 0 i

d\ — d — do*™ —
orT ad + (a )8/\(a) + C(a) 8((,1) + oo

OF = dz°¥ +d f“aa (7.25)

of the exterior derivative d on U,.
8 hCS theory on the quadric

8.1 Holomorphic vector bundles over £5l6

For defining a holomorphic rank n vector bundle £ over £°/¢ one should
consider a covering {U,} of £°/% and a collection { fu3} of holomorphic n x n
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matrices (Cech 1-cocycle) on nonempty intersections U, N Uy, such that

fabfbc = fac (8.1)

on U, NUy NU,. # &. We restrict ourselves to topologically trivial bun-
dles £ — L6 i.e., those for which there exists a collection {1} of regular
matrix-valued functions (Cech 0O-cochain) such that

fab = U5 "y (8.2)

on any nonempty intersection U, NU,. Since f,p is holomorphic on a trivi-
alization of & over U,, we have

85{‘11) far =0, 85\@1) fan=0= 8f(a)fab (8.3)
plus the trivial equations
0 0
——Jab = 0= —— ab- 8.4
a0 = 0= 5t (8.4)

Equations (8.3) and (8.4) imply that fu, is a function of the coordinates
(zé), Héa), 77?”) on £56. Equivalently, the f,’s are arbitrary functions of the

coordinates (7.21) restricted only by the algebraic equations (8.1). However,
if one finds a splitting (8.2), then (8.1) is automatically satisfied.

From (8.2) and (8.3), it follows that

Qﬁaaza)lﬁcjl = lﬁbaz(}#&b_l = Az(f‘;)’ (8.5)
Vads,, st = duds 0yt = A (8.6)
, -1 _ g 1.

w“af(a)wa - wbaﬁ_@wb - AC<a)’ (8.7)

where AE(A), ./Zl;\(a) and ./Zl(f(a) are components of a (0, 1)-form A0L on £0I6
restricted to an open set U, and having zero components along 0/ 6§éa) and
8/8ﬁ§a) since we assume 81ﬂa/8§éa) = azﬁa/aﬁz(“) =0, i.e.,

101 _ 4a) _ A _A i 3 i g

A ” — A( ) = ./42([11> dZ(a) + A)‘(a) d)\(a) + AC(a) dC(a) (88)

On nonempty intersections U, N Uy, we have
10,1 _ 40,1
A ‘Z/{a - A |Z/{b (89)

and therefore (8.5)—(8.7) define the (0, 1) part of a global gauge potential on
the bundle € over the supermanifold £5/6,
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8.2 Super-hCS theory on £5l6
Let us introduce the notation
= 4 _ i _—
05 = dZ(a)azé) + d)\(a)a)\(a> + d((a)acm) (810)

Then, the definitions (8.5)—(8.9) of the super gauge potential AL = {A(a)}
can be rewritten as a linear equation

églﬁa = (55 + A(a)) Q,Z;a =0 (8.11)
on unknown regular matrix-valued functions*? 1&,1 for given A@ = flo’l]ua,
a=1,...,4. This linear equation reads in components as

(az(A> + AE(A)> tha =0, (8.12)
(85 + Az ) Pa =0, (8.13)
(af(a) + Aé(a)) ¢a =0. (814)

The compatibility condition of this linear system is the equation

e AW + A A A =, (8.15)
which is simply the field equation?? F0:2 ‘ 1. = 0 of hCS theory on the super-
manifold £516.

8.3 A special gauge

Note that restrictions of a vector bundle & — £/ to the fibres (Ci‘i of the
bundle (7.9) are holomorphically trivial since all these fibres are contractible.

“2Recall that (9/00],))ba = (9/071”)tha = 0.

43Note that solutions to these equations can be constructed via a generalization of
the Riemann-Hilbert problem based on the equivalence of the Cech and the Dolbeault
description of holomorphic bundles [42,43].
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Therefore, there exist trivializations v, of £ over U, such that

fab = 03 Yy = Py Wy on U, NUy # (8.16)
and

6264)1/;(1 =0 on U,. (8.17)

From (8.16) and (8.17), it follows that the globally defined regular matrix-
valued function

¢ = Vathy ' =iy ! (8.18)
on £°6 is an element of the group of gauge transformations, whose action
yields

AZ(A) — AZ(A) = @A*)@fl + (,5(92(/1)9571 = "L;aaz{x)l;;l =0, (8.19)

AX(G) H AX(E) = SZAX(a)@il + ¢8X(E) (1571 = /(/’;aax(a) /(/;(;17 (8'20)
. i =i =1, =9 =—1_7 o 7-1
AC(G) — AC(Q) = @Ac(a)go +<,08C(a)g0 = ¢a8<(a)¢a . (8.21)
The linear system (8.12)—(8.14) is correspondingly transformed to
az(A)qLa =0, (8.22)
(05 + Az ) Pa =0, (8.23)
(¢, + A, ) #a =0, (8.24)
which in coordinate independent form reads
(55 + A(“)) o = 0. (8.25)
In this new gauge described by equations (8.16)—(8.18), the field equations
AW + AW A L@ = (8.26)
of super-hCS theory on £516 are simplified to the equations
32(;)./45\((1) =0= (92&) ‘AC_(a) (8.27)
and the equation
85\(@"4@:((1) — 84*((1)./45\(&) + [Aj‘(a)’AE(a)] =0 (8.28)
on an open set V, = U, N ((CP1 X CPi) C £516 with gluing conditions
.A;\(a) d)\(a) + AQ:((I) dC(a) = A;\(b) d/\(b) + Af(b) dC(b) (8.29)
on nonempty intersections V, NV, with a,b=1,...,4. Thus, three of five

components of the gauge potential A%! on £5/6 satisfying equation (8.15)
are gauge equivalent to zero. However, even after transforming to the gauge
(8.19)—(8.21), the new gauge potential A%! contains information on the extra
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dimensions by depending holomorphically on the coordinates zé), Hfa) and

nz(a). Note that one can also choose {z/;a} such that a linear combination of

components ./Zlgzq), say a component
1 \ 10,1 _ vA g
Ay = X W, AM = XioyAza, (8.30)

along a vector field X (@) = X’é)(‘)g{x> = 8ﬁ(a), will be nonzero. In such a gauge,

one will have three nonzero components A5 @ Ag'(a) and Aﬁ(a)’ which may

in principle be used for constructing an action of type (1.2) on the super-
manifold £5/6.

9 Supertwistors and the full N' = 4 SYM theory

In this section we shall consider N'=3 SYM theory which is known to
be equivalent to the N'=4 SYM theory when formulated on R*. More
explicitly, we shall consider the integrability of SYM fields on null super-
lines, which turns out to be equivalent to the equations of motion of N'= 3
SYM theory [26,30-33], and its relation with super-hCS theory on a (5/6)-
dimensional supermanifold.

9.1 Pulled-back bundle

Let us consider a holomorphic vector bundle €& — £56 and the pulled-back
bundle 75 over the supermanifold F'2 with a covering {U,} given by
(7.18) and (7.19). Pull-backs** of the transition functions {fu} of £ to 7
are constant along the fibres of o, i.e.,

W fu, = Digy far = DI fu, = 0, (9-1)
and due to 750, = OF o5, they also satisfy 750, fap := OF fap = 0, where

O is the antiholomorphic part (7.25) of the exterior derivative on Fohz,
On the pulled-back trivializations {1, } from (8.16) and (8.17), one can also

“For simplicity, we denote the pulled-back transition functions also by fas, slightly
abusing notation. The same holds true for functions ¥, and ).
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impose the conditions

W@, =0, Diydg=0 and DV, =0 (9.2)
since the fibres of 7y are contractible.*® So, for 73&, we have transition func-
tions { fup} split as fap = ¥ by, on U, N U, C FOI2 and satisfying equations

(9.1). Moreover, regular matrix-valued functions @a’s defining a trivializa-
tion of m3€ over U, satisfy (9.2) with a =1,...,4.

9.2 Holomorphic triviality on subspaces

Let us now consider holomorphic vector bundles € over £°16 such that their
restriction to any submanifold L’Q‘g n = >~ CP! x CP! in £% is holomorphi-
cally trivial or, equivalently, such that m5& is trivial along the fibres of ;.

For such bundles, there exist trivializations {1} of 75& over U, such that

fab =g "y =g 'y on Ua NUy # 2 (9:3)
and
OF g =0, (9.4)
i.e., the regular matrix-valued functions v, are holomorphic in the coordi-
nates on F0I12, It follows from (9.3) that

¢ = oty " = pily (9.5)

is a globally defined regular matrix-valued (super)function on FOI12 which
generates gauge transformations

Vo — g = Pthg for a=1,... 4, (9.6)
such that
A@ s 4@ = g 4@ 41 4 456 = 0 (9.7)
and
0= aDiyty " =: Alyy — Alyy = 0D{y6 ™" = YaDipyta" = U D{,yvy
= )\‘(i)A~(a; 0 n) (9.8)
0= 0a DM, = ALY — ALY = D¢ =, DIy,
= D\ = = fi{gyAai(z, 6,1), (9.9)
0= YWDt =t Ay — Au,, = oW Do = WDy
= W Dt = ul ) NG Ana(,0,m), (9.10)

%5 The same conditions (9.2) can be imposed on the pulled-back trivializations {t,}
from (8.2).
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where (z,0,n) = (2%, 0°, n¢*). Note that the last equalities in (9.8)—(9.10)
follow from a generalized Liouville theorem on CP! x CPL which says that
Aé o) 1s a local section of the bundle 0(1,0), .Aga) is a local section of the
bundle O(0,1) and Ay, is a local section of the bundle O(1, 1) over CP! x
CPL.

9.3 Linear system

Equations (9.8)—(9.10) can be rewritten as the linear system

M((Xa))‘((jéa)(aozd + Aaa)Va = 0, (9.11)
() (Dl + Al = 0, (9.12)
iu?a) (Dai + Aai)¢a =0. (913)

By construction, the new linear system (9.11)—(9.13) together with (9.4) is
gauge equivalent to the linear system (8.22)—(8.24) together with (9.2).

9.4 Full N =3 SYM equations

The linear system (9.11)—(9.13) has been known for a long time [26, 30, 32,
33]. Its compatibility conditions read

(Ve Vi} +{V}. Vil =0, {Vai, Vi) +{Vi, Vas} =0,

. . (9.14)
{Vai, V4} = 26!V s = 0,

where
Vaa = Oac + Aacs  Vai = Dai + Ao and V& = sz + AEY (915)

are gauge covariant derivatives in the superspace C4'2. Equations (9.14) for
the components (Aas(z,0,7), Aai(z,0,1), A% (2,0,1)) of a superconnection
are equivalent to the equations of motion of the full N'=3 SYM theory
[26,31,33]. Using the expansions of the superfields (i.e., of the components
of the superconnection) in the odd variables, one can rewrite (9.14) as equa-
tions on a supermultiplet of ordinary fields. Moreover, these equations turn
out to be equivalent to the equations of motion of N'=4 SYM theory in
ordinary space.
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Summarizing, we have (implicitly) described the Penrose-Ward transform
PW: (A”Y) > (faps Xai Digs X L43) (9.16)

which maps solutions of hCS theory on £°/% to solutions of N'=4 SYM
theory on C*. Note that the existence of a gauge in which As, =0=Az,

~

is equivalent to holomorphic triviality of the bundle & — £°/% on L’ilg _—

CP! x CP!— £56. Note furthermore that the moduli space of such bun-
dles is a subset of the moduli space of all topologically trivial holomorphic
bundles £ over £516 [34,45]. This means that the solution space of hCS
theory on £5/6 is larger than that of A" =4 SYM theory.

9.5 Looking for an action

We saw that the full set of equations of motion for N'=3 SYM theory is
encoded in the equation F%2 =0 on the supermanifold £°/% which is the
quadric in an open subset of CP33 x (CPi"g. One might wonder whether
there is some action principle for super-hCS theory on this space. For com-
plex three-dimensional supermanifolds, this is the hCS action (1.2). In the
case of the (5|6)-dimensional supermanifold £5/6, the situation is less clear.
Recall that this space is a CY supermanifold and thus it comes with a holo-
morphic volume form Q6. Therefore, a possible ansatz is

. . 2 . R R
S = / Q%6 A tr (onl AGAY 4 gonl A A% A A‘“) AW (9.17)

where we abbreviated A% = A%1100 and %2 = 0200 For this ansatz
to be correct, w”? must be nowhere vanishing (otherwise the total measure
would be degenerate). Furthermore, the partial integration used for deriving
the equations of motion demands that w®? is partially closed, i.e., it has to
satisfy the equation A% A dw? = 0. Tt is not clear whether such a (0,2)-
form exists on £°/6. Even less clear is the relation of the action (9.17) with
string field theory (SFT) for the target space £5/°. Therefore, we leave this
discussion to forthcoming work.*6

10 Reality conditions on the quadric

In the purely bosonic case, one can introduce real (antihermitean) gauge
fields on R* with a metric g of Euclidean signature (4, 0), Kleinian signature

46 Another possibility to obtain equation (8.15) is to use an action of holomorphic
BF-type theories [42]. However, the relation of this kind of action with SFT is also
unclear.
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(2,2) or Minkowski signature (3, 1) by choosing an appropriate real structure
on C*. However, as already mentioned in Section 4, on the superspace CH4N|
there exists a real structure defining a Euclidean superspace only for an even
number of supersymmetries. For simplicity, we restrict ourselves here to the
Kleinian and Minkowskian cases.

10.1 Real structure 71

The Kleinian signature (2,2) is related to antilinear transformations?” 7 of
spinors defined in Sections 2 and 4. Recall that
wh . 02 )‘i . 5\2
T1 wQ - (I)l ) 1 )\2 - )\1 ;
(10.1)

ol 5 Ml) (MQ)

m (02> - <5i> T (M2 ERVCYA

and obviously 7'12 = 1. Correspondingly, for (Ay, (1) € CP! x CPi, we have
1 - 1 _

m1(Ay) = SV Ao, Ti(Gh) == =¢C (10.2)
+ G+

with stable points
{(\,¢) €CP'xCPL: M =1,(C=1}=8' xS} ccP' xCP! (10.3)

parametrizing a torus S' x S}. For the coordinates (z%%), we have

=t 22 <0 1) g g2 <0 1> _ (72 (10.4)

L ot 22 1 0/ \z1 z22/\1 0 F12 i :
and the real subspace R* of C* invariant under the involution 7 is defined
by the equations

8

22 W _(z*+i23) and 22 =72 = —(2? —iz!) (10.5)

=z

with a metric ds? = det(dz®?) of signature (2,2). Recall also that

91i> (9‘21‘) (77‘1) (772>

71 ( 2% ={gu), |l 5]=1|25]> (10.6)
0 0 n:)  \i

and therefore real (Majorana) fermions satisfy (cf. (4.29))

mn0) =0 6*=0" and n(n) =n<= 77Z2 = ﬁzl (10.7)

4"We will not consider the map 7o here.
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10.2 A T7;-real twistor diagram

Imposing conditions (10.5) and (10.7) for N' = 3, we obtain the real super-
space R*12 ag a fixed point set of the involution 71: C*'2 — C412. Analo-
gously, for the supertwistor space CP31 and its open subset P33, we obtain
real subspaces RP3P and 738 (cf. (2.14)). Accordingly, a real form of the
superspace FO12 ig

FE2 = RINZ g1 x SI, (10.8)

and we have a real quadric
L£316 c 738 5 T8 (10.9)

as the subset of fixed points of the involution*® 7;: £516 — £56. This quadric
is defined by equations (7.8)—(7.14) with %%, §* and 7 satisfying (10.5)
and (10.7) with Ay = et = A7 ¢, =2 = (¢! 0 < xq, x2 < 27. Thus,
we obtain a real form

6]12
7o
Eillﬁ R4I12 (10.10)

of the double fibration (7.15). One can restrict all (super)functions defined
on spaces in (7.15) to the real subspaces in (10.10).

10.3 Reality of fields in the Kleinian case

For imposing reality conditions on the functions 1, (and fu;) inducing anti-
hermiticity of the fields of N'=3 (and N'=4) SYM theory via the twistor
correspondence, it is convenient to consider an open neighbourhood (and an
analytic continuation of the functions to a complex domain) of all these real
spaces. In fact, for our purpose it is enough to consider the supermanifold

FIZ — RI2 5 (U, NU_) x (Vi N V) =R¥2 5 (1 N vy)

10.11
=R % (V3N VA), 1010

where Uy and V4 cover projective spaces CP! = U, UU_ and CPL =V, U
V_ parametrized by homogeneous coordinates [A\s] and [ua], respectively.
Recall that the manifold CP! x CP! is covered by four patches V, defined

“0ur notation is slightly sloppy: We use the same symbol 71 for maps defined on
different spaces.



PENROSE-WARD TRANSFORM 977

in (7.11) with coordinates ()\(a), C(a)) on V. The involution 77 interchanges
these patches as Vi <> Vi, Vo <> V3 and therefore
MinVe+—VynVs, VinVz<«—Vinlay, WVinVy+—Vynh,
VonVz«— V3N Vs, (10.12)

Considering (/\(a), C(a)) # 0, we impose a reality condition on the complex
regular matrix-valued functions ¥, = 9, (m“‘j‘ﬁai,n?,)\(a),c(a)) by taking

ad at
, 0

them depending on 7;-real coordinates x , 5" and satisfying the equa-

tions

1 1 _
I (]3, 07 7, Ha <(1)> = ¢4 ! (l‘? 07 7, )‘(4)7 C(4)) 9

f 1 1 > — 1
2 | s O, ~—, =— | = ¢3 ($, 0, n, )‘(3)) C(3))7 (1013)
( Ay @

which lead to the relations

11
fLL ( N R -
Ay S

1 1
f2T3 ( . 'aTa ) = fo3 ( --7)‘(3)7<(3)) )

11
iR ( e —, —
Ay S
11
1T3 ( ey — ) = faz (- Ay Cy) -

Now, using the definitions (9.8)—(9.10) one can show by direct calculations
that the conditions (10.13) yield antihermitean superconnections and the
real N = 3,4 supermultiplet of ordinary fields.

= fua (- A Cy) 5

(10.14)
= fa3 (-, A3), () 5

10.4 The Minkowskian involution T,

Let us consider the supermanifold P33 x Pf 1% with homogeneous coordinates
(W, Aés M55 fo, 09, 0°]. The antiholomorphic involution

T PR PIP P38 o P2 (10.15)
appropriate to Minkowski space is defined as the map (see e.g., [45])

TM(waa )\da Nis Ko Udv 01) = (_0-70[7 Has §7 )\7@7 _F7 m) (1016)
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interchanging a-superplanes and (-superplanes. One sees from (10.16) that

the real slice in the space P33 x 733 1% is defined by the equation®”

0% = —0% g =g (10.17)
and
=10 A = 01 = 0%y = 0%, = =0, (10.18)
Finally, for coordinates (z%) € C*, we have
m(z®?) = —254, (10.19)

and the Minkowskian real slice R®! ¢ C* is parametrized by coordinates

. N\t . .
A 212\ L 12
22 22 g2 22

. . (10.20)
— ot = (2% + 2%), 22 = —i(z! —iz?),
22t = —i(z! +1z?), 722 = —i(z? — %)
with (20, 2!, 22, 23) € R* and (cf. (2.18))
ds* = det(dz®®) = ¢ = diag(—1,+1,+1,+1). (10.21)
One can also introduce coordinates
T = ig? (10.22)

obtaining a metric with signature (1,3). In terms of £, imaginary units

will appear in many formulae, which is the common convention on Minkowski

space with signature (1, 3), e.g.,
0

25 O
Dai = oo« + lei opad’

FEY = 7Y —i9>g¢ (10.23)
etc.

Recall that the involution 7\ interchanges «-superplanes and
(B-superplanes and therefore exchanges opposite helicity states. It might
be identified with a Zs-symmetry discussed recently in the context of mirror
symmetry [9] and parity invariance [15].

OHere a and & denote the same number.
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10.5 A Tpp-real twistor diagram

Recall that [As] and [ue] are homogeneous coordinates on two Riemann
spheres and the involution 7\ maps these spheres one into another. More-
over, fixed points of the map mv: CP!x CP! — CP! x CP! form the
Riemann sphere

CP! = diag(CP* x CP"), (10.24)
where @1(:CP1) denotes the Riemann sphere CP! with the opposite com-
plex structure. Therefore, a real slice in the space F6112 = C*12 x CP! x

CP! introduced in (7.15) and characterized as the fixed point set of the
involution 7y is the space

Fo2 = RUZ » CP! (10.25)

of real dimension (6/12).

The fixed point set of the involution (10.15) is the diagonal in the space
P33 % P31, which can be identified with the complex supertwistor space
P3I3 of real dimension (6]6). This involution also picks out a real quadric

Eillvﬁl defined by equations (7.8) and the reality conditions (10.17)—(10.20).
Thus, we obtain a real version of the double fibration (7.15),
6[12
7?/ \\7:1
5|6 10.2
£T1|v1 RAI12 (10.26)
The dimensions of all spaces in this diagram are real. For imposing the

reality conditions on the superconnection components, one should proceed
analogously to the case of Kleinian signature. We will not discuss this here.

11 Conclusions

In this paper, we considered two examples of the fibration
mZ — X, (11.1)

which describe self-dual and anti-self-dual A -extended SYM theory in
four real dimensions. As the supermanifold Z, we used the supertwistor
space P3WV = Cp3W \(CPIW (self-dual case) and the dual supertwistor space

fl/\f = CP‘:’W\(CPEN (anti-self-dual case) with 0< N <4. As the superman-
ifold X, we chose the real anti-chiral superspace R;LJQN (self-dual case) and

the real chiral superspace Ri‘zN (anti-self-dual case). In both cases, we
considered hCS theory on the supermanifold Z and showed that, by using
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a gauge transformation on Z, one can bring Witten’s form of the hCS field
equations to the previously known constrained equations on the supercur-
vature field strength corresponding to N-extended self-dual or anti-self-dual
SYM theory on RQQN or RipN
(4,0) or (2,2).

with a metric on the body®® of signature

Considering hCS theory on the supertwistor space PIN | we gave an

explicit expansion of the super gauge potential in coordinates on CP! c

P33V in which the equivalence of the equations of motion dA%! + A%1 A

A%l = 0 to the equations of motion of self-dual A -extended SYM theory in

four dimensions becomes manifest. All this was translated to the anti-self-
. ) 3N

dual case by using the dual supertwistor space Pi" .

We also considered an example of the double fibration
Y
T 3/ \7:1
Z X

where X was chosen to be the superspace C*'2 or its real version R*'2 with
a metric on the body of signature (4,0), (2,2) or (3,1). As supermanifold
Z, we used the quadric £56 in P33 x 733 3 or a real subspace of it with
the real structure depending on the signature of the metric on R*. The
correspondence space Y = F6l12 = C412 x CP! x CP! was embedded as a
submanifold® in Z x X by using the projections (71, m2). We showed that,
by using a gauge transformation on the correspondence space, one can bring
Witten’s form of the hCS field equations to the well-known constraint equa-
tions on the supercurvature field strength corresponding to full N' =3 SYM
theory on the superspace C*'2 or one of its real subspaces. This theory is
known to be equivalent to A" = 4 SYM theory, when formulated on R*.

(11.2)

There are a lot of open problems which deserve further study. On the field
theory side, it is not clear yet how to construct an action for hCS theory on
£515 which will correspond to the action of N' =4 SYM theory. Generaliza-
tions of the twistor correspondence and the Penrose-Ward transform to the
SE'T level may also be of interest. This could either be done in the setting
proposed by [8], although it seems that due to the off-shell character of SFT
one should employ the more general setting [10]; or one could concentrate
on (an appropriate extension of) SFT for N = 2 string theory. This theory
is known to describe SDYM at tree level [50]; its SFT [51] is based on a

"Here the body is (R*, g). See also Appendix B.

"Recall that Y is fibred over X with fibres 7y '(x) diffeomorphic to submanifolds
ma(my(x)) of Z and Y is also fibred over Z with fibres 75 ' (2) which are diffeomorphic
to submanifolds w1 (75 ' (2)) of X, i.e., Y= Z x X.
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description of N = 2 string theory as a topological N = 4 theory [52]. This
description contains twistors from the outset. The coordinate A € CP', the
linear system, integrability and the solution of the equations of motion by
twistor methods were incorporated into the N =2 open SFT in [53, 54].
However, this theory reproduces only classical bosonic SDYM theory, its
symmetries and integrability properties [53,55,56]. Following various pro-
posals, e.g. [4,35,57,58] (see also references therein), one can extend it to be
spacetime supersymmetric. This is believed to lead to an explicit relation
between the supersymmetric extension of N =4 topological string theory
and the N = 2 topological string (B-type) [5], but the picture is far from
being complete.
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Appendix A Dictionary: homogeneous <— inhomogeneous
coordinates

The sphere S? is diffeomorphic to the complex projective space CP!. This
space can be parametrized globally by complex homogeneous coordinates Aj
and Ay which are not simultaneously zero (in projective spaces, the origin is
excluded). So, the Riemann sphere CP! can be covered by two coordinate
patches

Ur ={[A, A [ A # 0} and - U- = {[A4, As] [ Ay # 0}, (A1)

with coordinates

Ap="2 on Uy and A_:="1 on U_. (A.2)
Aq 5

>
b3
>

On the intersection Uy NU_, we get Ay = 1/\_.

A global section of the holomorphic line bundle®®> O(n) over CP! exists

only for n > 0. Over UL, it is represented by a polynomial pgf ) of degree n in

(n) (n)

the coordinates A+ with p} "’ = X{p*” on Uy NU_. The explicit expansion

52Gee Appendix B.
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will look like

pgf) :a0+a1)\++a2)\i+"'+an>\i and (A.3)
p(_n) = ao)\ri + e + an_Q)\% + an—l)\— + an7 <A4)

and, multiplying the expansion in A by AT (or the expansion in A_ by AZ),
one obtains a homogeneous polynomial of degree n:

apA? + a1 N TN+ an AL A = QY A, L Mg, (ALD)

n*

Now let us consider the expansions (5.33) and (5.34) of the super gauge
potentials of hCS theory on the supertwistor space. We get the following
list of objects:

n; o(1) m = A} (A.6)
_ 1 1
O(-1)® 0O(-1 = — = — A7
o OCDeO-Y  y-r e md> (A7)
At 0(1) Ap =\ AL (A.8)
As, O(-2) As = /—\.1/—\. Az, (A.9)
17'1

This implies the following expansions in homogeneous coordinates (cf. (5.33)
and (5.34)):

. . . 1 o
Ao = A Aga(zr) + mixt(ar) + 7 op T A ¢ (zR)

1 b ik
7 gy e AN X (vm)

ap
1 S4B R ikl
++° o i IEDLPY ngm(i’f{% (A.10)

. 1 | 1 Sé ik
Ay =2 o i 6 @r) + 77 o mimmi A X ()

+ ")/4 % NN A¢ /\ﬁGggl(a:R). (A.ll)
For rewriting the equations of motion in terms of this gauge potential, we
also need to rewrite the vector fields (4.19) and (4.33) in homogeneous coor-
dinates. The vector fields along the fibres are easily rewritten, analogously
to the corresponding components of the gauge potential. The vector field on
the sphere can be calculated by considering fl;\ . d\y = A3©03. This implies

©3% = X\{d\; — A\yd\{, which has a dual vector field V3 defined by V3,03 = 1.
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Altogether, we obtain the basis

and Vi = —yA\Y 0

Vo =" — — A12
Oxg® oA (4.12)

The field equations (5.31) and (5.32) now take the form
Va/lﬁ — Vg/ia + [./Zla, Aﬁ] =0, (A.13)
%Aa — VO,AQJ, + [Ag, Aa] =0 (A.14)

and yield the same equations (5.17) for the physical fields.

Appendix B  Some mathematical definitions
B.1 Interior product

For the interior product of a vector V with a one-form A, we use the notation
V1A := (V, A). A second common notation for this product is iy A.

B.2 Holomorphic line bundles

Given the Riemann sphere CP! 2 §? with standard patches U, and U_ and
coordinates A+ on the corresponding patches and Ay = 1/A+ on Uy NU_,
the holomorphic line bundle O(n) is defined by its transition function z; =
At z_, where z4 are complex coordinates on fibres over U.. For n > 0, global
sections of the bundle O(n) are polynomials of degree n in the coordinates
A+ and homogeneous polynomials of degree n in homogeneous coordinates
(see also Appendix A). The O(n) line bundle has first Chern number n.

The complex conjugate bundle to O(n) is denoted by O(n). Its sections
have transition functions \}: zy = A1 z_.

B.3 Spinor conventions

All objects with space-time indices are rewritten in spinor notation by
& = Uf}‘j‘x“, etc., where the sigma-matrices are determined by the metric
under consideration. The homogeneous coordinates A; and \; for a point
in CP! are regarded as components of a complex commuting spinors. Their
indices are raised and lowered with the antisymmetric e-tensors. We use
the convention €12 = €j5 = —e!2 = 2 = 1, implying 50"6557 =05. The
complex conjugate is obtained by conjugating the components of the spinor.
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A second antilinear conjugation, denoted by * is performed for different types
of spinors as

(fa) = C(fia), (%) :=C(a%), (Aa):=C(Aa) and (A%):= ch)v )
B.1
where the 2 x 2-matrix C' is given by

C = <? g) . (B.2)

The conventions for GraBmann variables are discussed in the text around
(4.21)—(4.27) and (10.16). These imply in particular that
9_39
o0& 9
Furthermore, we adopt the following convention for the conjugation of prod-
ucts of Grafimann variables and supernumbers in general:
7(€'€%) = 7(Nr(€%) and 7(2'2%) = 7(z")7(2?). (B.4)

With this choice, products of two real objects will be real. Note that this
is not the common convention used for supersymmetry in Minkowski space,

and here, we define 7y (£1€2) = my(€2)mm(€Y). A more detailed discussion
can be found in [59].

(B.3)

B.4 Flag manifolds

Complex flag manifolds are a major tool in the context of twistors and the
Penrose-Ward correspondence. They can be considered as a generalization
of projective spaces and Grafimann manifolds. An r-tuple of vector spaces
(L1,...,Ly) of dimensions dim¢ L; = d; with L1 C--- C L, CC" and 0 <
dp < ---<d, <nis called a flagin C". A (complex) flag manifold is the
(compact) space

Fy .4, = {all flags (L1,...,L,) with dim¢c L; =d;, i=1,...,r}. (B.5)

Simple examples are Fy} = CP" ! and F, = Gin(C).

To see how flag manifolds naturally arise, consider the following reformu-
lation of the (bosonic part of the) discussion following (2.8). We fix the full
space to be C*. Then we can establish the following double fibration:

Fio
9 ™
Fl/ \ By (B.6)

Let (L1, L2) be an element of Fyo, i.e., dim¢ Ly = 1, dim¢ Lo = 2 and Ly C
L. Thus, Fi, fibres over F with CP! as a typical fibre, which parametrizes
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the freedom to choose a complex one-dimensional subspace in a complex two-
dimensional vector space. The projections are defined as ma(L1, Lo) = Ly
and (L1, Ly) = Lo. The full connection to (2.8) becomes obvious, when we
note that Fy = CP? = P3UCP" and that F, = G2,4(C) is the complexified
and compactified version of R?. The advantage of the formulation in terms
of flag manifolds is related to the fact that the projections are immediately
clear: one has to shorten the flags to suit the structure of the flags of the
base space.

The compactified version of the “dual” fibration (6.10) is
F3

v N\
I3 )

where Fj is the space of hyperplanes in C*. This space is naturally dual to
the space of lines, as every hyperplane is fixed by a vector orthogonal to the
elements of the hyperplane. Therefore, we have F3 = F} = CP3 > P3.

(B.7)

Also, the third double fibration (7.15), which we used in the case of full
N =3 SYM, is a restricted version of the diagram

Fio3
A
Fi3 Fy

where F, = G 4(C) is again the complexified and compactified version of R%.
The flag manifold Fi3 is topologically the zero locus of a quadric in CP? x
CP3. For further details and the Zo-graded generalization, see e.g. [22,38].

(B.8)

B.5 Supermanifolds and CY supermanifolds

The space R”I$ is described by coordinates 2zt and 07 with 1 <i<r, 1<
j < s, where the #7 are real GraBmann variables satisfying the algebra
{67,0%} = 0. The superspace C"l* is defined analogously, with complex coor-
dinates: ' # z%, §7 # 7. For our considerations, a supermanifold is defined
to be a topological space which is locally diffeomorphic to R"l$ or C”ls.

A supermanifold contains a purely bosonic part (the “body”) which is
parametrized in terms of bosonic coordinates. The body of a supermanifold
is a real or complex manifold by itself. The Zs-grading of the superspace
used for parametrizing the supermanifold induces a grading on the ring of
functions on the supermanifold. For objects like subspaces, forms, etc. which
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come with a dimension, a degree, etc., we use the notation (i|j), where i and
j denote the bosonic and fermionic parts, respectively.

We further introduce the parity-changing operator IT which, when acting
on a fibre bundle, changes the parity of the fibre coordinates. For exam-
ple, IIO(n) — CP! is parametrized by complex variables A+ and GraBmann
variables 64+ with 0, = \60_on U, NU_.

For a more extensive discussion of supermanifolds, see [59] and references
therein.

CY manifolds are manifolds with vanishing first Chern class which implies
the existence of a globally well-defined holomorphic volume form. For our
purposes, we define a C'Y supermanifold to be a supermanifold with a glob-
ally defined holomorphic volume form. Note that the body of a super-CY
is not a CY, in general.

In the purely bosonic case, the 3-fold O(m) @ O(n) — CP! with coordi-
nates 21,23, \¢ is a CY if, and only if, m + n = —2, and a volume form is
then given by Q3 = +dzl A dz3 A d)li. In the super case, the fermionic
coordinates can also be assigned to some line bundle, but because the
Berezinian (i.e., the fermionic Jacobi determinant) enters as an inverse in
the integration, a fermionic coordinate living in O(n) will contribute —n to
the overall first Chern number. Thus, the bundle

P =01) e 0(1) e TO(1) @ TO(1) & TTO(1) & TTO(1) — CP!, (B.9)

is a CY supermanifold. Its holomorphic volume form is given by Qi0\4,0 =
+dzi Adz3 A dApdO)dO3dO3dOt, where 24 and @) are coordi-
nates of the bosonic and fermionic line bundles, respectively. The body
of this supermanifold is O(1) ® O(1) — CP! and it is obviously not a CY
manifold.

Appendix C The twistor geometry in the Kleinian case

e =-+1

As mentioned several times in the text, one should consider hCS theory on
domains Uz of the supertwistor space 3V for which |A+| # 1 when working
in the Kleinian case, i.e., when using the reality conditions obtained from
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the involution® 7;. In this and the following appendix, we will discuss this

aspect in more detail.

Let us start from the double fibration (4.6),

7'}5{ |2

71;2/ \7:1

P3N M4R|2N (C.1)

which describes the complex supertwistor correspondence for 0 < NV < 4. As
before, we have complex coordinates (2%, A4, nli) on the patches U4 which

cover P3V and (zg” )\a,nz) on ]:5| 2N The projection mp is the trivial
projection 7y (xR ,/\a ) = (acR , ) and the projection 75 is given by the
formulae

2 =25, A=A and g =9fAE with (\]) = <)\1+>

(As) = (ﬁ) : (C.2)

The action of the involution 73 on the coordinates of P3NV g given by

formulae (2.12) together with 7i(n) =7/ . It yields the reality
conditions

—1 P
1 -
i — Zi, Ay = =— and nl:t ili (03)
)\:t )\j: )\:t
on P3| which imply
=l o =Fg and 9P =7 (C.4)

on Mp™ and 7V = MV x P!,

The set of fixed points under this involution®® of the spaces contained in
the double fibration (C.1) form real subsets 73 ¢ P3NV, R4|2N - M4|2N
and R4|2N x St C Fr 52N Recall that the body T3 of the Supermanlfold55

53For 79, the description is similar and for that reason we focus on 7;. Note, however,
that the CP* embedded in the twistor spaces reduces to different Sls: for 71, the constraint
is Ap = )\i and for 7 we have Ay = At.

512N which we will

54Although 71 was defined on Pgw, it induces an involution on Fp
denote by the same symbol in the following.
S5For N = 4, T3 has a globally defined real volume form invariant under rescaling

of homogeneous coordinates.
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T3W is diffeomorphic to the space RP3*\RP! (cf. (2.14)) fibred over S' =
RP' ¢ CP!. Thus, we obtain the real version

REPN st
7T'2/ \7:1

of the double fibration (C.1). Here, 7 is again the trivial projection and
is given by equations (C.2)—(C.4) with |Ay| = 1.

The tangent spaces to the (real) (2|N')-dimensional leaves of the fibration
m in (C.5) are spanned by the vector fields

0

ti=22 : d vl =2 —, C.6
Vo + 61,0[1:{04 an Uy + 67’]10‘ ( )

which satisfy the reality conditions
vy = —-A00 and v = -\, (C.7)

where |\;| = 1. Equivalently, one could also use the vector fields

_ , O i , 0 i 1 <
vy =AY Dgd =A_vl and o' = )\C_Va—nid =A_v}, withA_ = ~ =i
©3)
The vector fields (C.6) and (C.8) are the restrictions of the vector fields V*

and 9% to |Ag| = 1.

Consider now the double fibration

REPV x cp!
71;2/ \7:1
733|N R4R|2N (C9)

where the map 7 is defined by the formulee (C.2) with z{*, n* satisfying the
reality condition (C.4) and complex AE. For Kleinian signature (— — ++),
we have the local isomorphism SO(2,2) = SU(1, 1) x SU(1, 1) and under the
action of the group SU(1,1), the Riemann sphere CP! of projective spinors
decomposes into the disjoint union CP! = H_% U ST U H? of three orbits.
Here, H? = HJZr U H2 is the two-sheeted hyperboloid with the boundary S*
which is stable under the involution 71: Ay +— A", We have 71(S') = S*
and 71 (H32) = H% This decomposition can be carried over to the spaces in
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the double fibration (C.9). We have

REPN xept = RV xH2 U RN xSt U REPV < B2
l l T3IN !
N
DIV _ pIN U Pon U PN,
(C.10)

where | symbolizes the projection 7. Here, Piw, Po.n and Piw are restric-

tions of the complex vector bundle P3V — CP! to Hi, S1 and H2, respec-
tively, and thus Py = P3NV A 4|=1 is the common boundary of the spaces
PNV and PV

space R;'ZN x S, we obtain the real double fibration (C.5).

. Note that restricting the maps 7 and w2 in (C.9) to the

The map m in (C.9) restricted to the space R4R‘2N x H? is a smooth
bijection (diffeomorphism) of 7?,4R|2N x H? onto P .= P3IN\Py \r =

P_?;W UP™ which is defined by the formulee (C.2) with [Ay|# 1 and 242,

n® subject to (C.4). Its inverse is given by

1 352 52 351 51

xli:Z+_Z+5+:Zf_2Z Qi:zi—z+,§+:zf—2z
R 1—2323 1—2323 " R 1—2323 1—2323 "7
+%+ +4+ C11
) + 3 =+ —— -3 - (C.11)
771_77i AN T T A Ay =23
i T 1 _ .33 1 _ .33 ° -
1—2z7zy 1—222z°

and ZE%{Q, 1‘%{2 and 17Z2 fixed by (C.4). Due to this diffcomorphism, the dia-
42N
R

gram (C.9) with the maps m; and ma restricted to R x H? becomes a

nonholomorphic fibration

PN RN (C.12)

and on P3W
(x%{a’ )‘iz 77;1)

, one can use either set of coordinates (zjo‘:,)\i,n;t) and

For the dual supertwistor space 773 W, the discussion follows along the

same lines. One merely replaces the coordinates (z$, A4, nli) of P3WV with

the coordinates (w¢, i+, %) of P2 and the moduli (z&% ne) € M%‘m/

the moduli (22%,0%%) € Mi‘ZN. Considering then the set of fixed points of

the involution 7 as done above leads to fibrations similar to (C.5), (C.9)
and (C.12).
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Appendix D Comments on hCS theory in the Kleinian case
e =+1

In the case of the real structure 7, i.e., € = +1, which yields Kleinian sig-
nature (2,2) on R?*, we always discussed hCS theory on P3V in the text.
This is due to a peculiarity of the Penrose—~Ward correspondence in this case
which we now discuss more explicitly.

Consider the real supertwistor space T3W c P3W and a real-analytic
function f]_: 73" — GL(n, C) which can be understood as an isomorphism
fi_ &7 — £7 between two trivial complex vector bundles £ — T3V, We

assume that f7 _ satisfies the reality condition

(F1- A ) = 1o A ). (D.1)
Given such a function f7_, one can extend it holomorphically into a neigh-

bourhood U of T3 in P3| such that the extension fi_ of f1_ satisfies
the reality condition

(f+— (Tl(zi7)\+7n;_)))T = f—‘r—(z?-?A-‘r?n;_)? <D2)

generalizing equation (D.1). The function f_ is holomorphic on U = Uy N
U_ and can be identified with a transition function of a holomorphic vector
bundle £ over P3WV = Z]+ UU_ which glues together two trivial bundles
& = Z:I+ x C" and &_ =U_ x C". Obviously, the two trivial vector bundles
&L — T3V are restrictions of the trivial bundles &+ — Uy to T3V,

In the twistor approach, it is assumed that the bundle £ is holomorphi-
cally trivial when restricted to any curve (CPIR s P3IV and therefore there
exists a gauge in which the restriction of the transition function fi_ to any
CPL  splits,

TR,1

f—‘r— = ¢;11/1—7 (D3)
into regular’® matrix-valued functions v, and ¢_ defined on Uy = 733WU u
and U_ = PEW UY and holomorphic in Ay € Hi and A\_ € H?, respec-

tively. Note that the condition (D.2) is satisfied if
V(g A ) = v (@R A ). (D.4)

Restricting (D.3) to 51 <—>CP we obtain

TR,M’

fi_= (zp;)*lwz with (7)1 = (7)1, (D.5)

56Recall that by “regular,” we mean smooth with nonvanishing determinant.



PENROSE-WARD TRANSFORM 991

where 9} are restrictions to R%{DN x S1 of the matrix-valued functions 1+
given by (D.3) and (D.4). Thus, the initial twistor data consist of a real-

analytic function®” f7_ on T3W satisfying (D.1) together with a splitting

(D.5), from which we construct a holomorphic vector bundle £ over P3NV

with a transition function fy_ which is a holomorphic extension of fT_ to

U > T3V In other words, the space of real twistor data is the moduli space
of holomorphic vector bundles & — P3WV with transition functions satisfying
the reality conditions (D.2).

In the purely real setting, one considers a real-analytic GL(n, C)-valued
function f7_ on T3W satisfying the hermiticity condition (D.1) and the real

double fibration (C.5). Since the pull-back of f]_ to R4R|2N x S! has to be
constant along the fibres of 7y, we obtain the constraint equations

VT =0=uf] (D.6)
or equivalently
va fi_=0=0"f]_, (D.7)
with the vector fields v and v’ from (C.6) and (C.8). Using the splitting
(D.5) of f]_ on fibres S%Rm of the projection 7; in (C.5) and substituting
fT_ = (7)1 into (D.6), we obtain the linear systems (cf. (5.11)-(5.13))
(va +ADYL =0, (vg + AT =0,
() + ALY =0, (v- 4+ AL)YT = 0. (D.8)
Here Ay = (AZ, A%) are relative connections on the bundles 73€7. From
(D.8), one can find 9] for any given AZ and A% and vice versa, i.e., find
AL and A% for given ¥ by the formulee
AL =T (WD) T =9I (WD) AT =vlez (WD) T =9luz (D)7
L=l ()T = 9Tl (0D) 7Y AL =9l (0F) T = 9Tl (¢T) 7
(D.9)
The compatibility conditions of the linear systems (D.8) read
vi./éljﬁE - UE,E.A?X: + [Af,fléﬁ] =0,
va Al — vl AG + AT, AL = 0, (D.10)
v AL — oL AY + AL, AL] =0,

570ne could also consider the extension fy_ and the splitting (D.5) even if fi_ is not
analytic, but in this case, the solutions to the super-SDYM equations can be singular.
Such solutions are not related with holomorphic bundles.
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Geometrically, these equations imply flatness of the curvature of the relative
connections As+ = (AL, A%) on the bundles 73] defined along the real
(2JNV)-dimensional fibres of the projection 7y in (C.5).

Recall that 17 and 9" extend holomorphically in Ay and A_ to H_% and
H?, respectively, and therefore we obtain from (D.9) that AX = A3 A.q
and Ay = X¢ AL, where A, and A% do not depend on Ax. Then the com-
patibility conditions (D.10) of the linear systems (D.8) reduce to equations
(5.14). In Section 5, it was demonstrated that for e = +1, these equations
are equivalent to the field equations of N-extended SDYM theory on R??2.
Thus, there are bijections between the moduli spaces of solutions to equa-
tions (D.10), the field equations of N-extended super SDYM theory on R??2
and the moduli space of 71-real holomorphic vector bundles £ over P3V.

Consider now the extension of the linear systems (D.8) to open domains
Z/A{i 3‘N ) u D) T3|N
(Vo +AD)wx =0,
(0% + Al ) =0, (D.11)
5, Y+ =0,
where V;F and 9%, are vector fields of type (0, 1) on U5 := U\ (Po ) as given

n (4.19) and (4.20). These vector fields annihilate f;_ and from this fact
and the splitting (D.3), one can also derive equations (D.11). Recall that

due to the existence of a diffeomorphism between the spaces Ry 42N 2
and P3WV which is described in (C.10) and (C.11), the double fibration
(C.9) simplifies to the nonholomorphic fibration (C.12). Moreover, since the
restrictions of the bundle & — P3W to the fibres of the fibration (4.3) are
trivial, there exist regular matrix-valued functions ¢+ on % such that

foo = G749 (D.12)
on U* = U\(Po) and
Oiaps = 0. (D.13)

The existence of this gauge was already implied in [2]. Additionally, we
impose the reality condition

N 1 “ .
wﬁ(aa m)—¢Wﬁ%Lmn (D.14)

Ry)ur )\Jr

on &i. Although U* consists of two disconnected pieces, the functions @Z;i
are not independent on each piece because of the condition (D.14), which
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also guarantees (D.2) on Us. The functions ¢+ and their inverses are ill-
defined on Py ar since the restriction of w5 to 7'\’,4R|2N x 81 is a noninvertible
projection onto T3W | see (C.10). Equating (D.2) and (D.12), one sees that

the singularities of ﬁi on Py nr split off in a matrix-valued function @t

Vi =@ Yy, (D.15)

, le.,

which disappears from

fre =93 = (') ) = 0ty (D16)
Therefore, fi_ is a nonsingular holomorphic matrix-valued function on all
of U.

From (D.12)-(D.16) it follows that on P3?V, we have a well-defined gauge
transformation (5.24)—(5.27) generated by ¢ and one can introduce gauge
potentials Ag’l and A%' which are defined on U7 and U?, respectively,

but not on Py . By construction, A0l — (.flg_’l,/ﬁl) satisfies the hCS

equations (5.31) and (5.32) on P3W = PiWUPfW which are equivalent

to the N-extended super-SDYM equations on R?2. Conversely, having a
solution A%! of the hCS field equations on the space P3?V, one can find
regular matrix-valued functions dﬂ on Z]j and ’L[J, on U* which satisfy the
reality condition (D.14). These functions define a further function f{ =

zﬂ;lqﬁ_: Us — GL(n, C) which can be completed to a holomorphic function

fi_: U — GL(n,C) due to (D.16). The latter one can be identified with a
transition function of a holomorphic vector bundle £ over the supertwistor
space P3WV. The restriction of fi— to T3W is a real-analytic function Ji_
which is not constrained by any differential equation. Thus, in the case
e =41 (and also for the real structure 7p), one can either consider two
trivial complex vector bundles £ defined over the space T3V together with
an isomorphism f7_: &7 — &7 or a single complex vector bundle & over
the space P3WV. However, the appropriate hCS theory which has the same
moduli space as the moduli space of (equivalence classes of) these bundles
is defined on P3W. Moreover, real Chern-Simons theory on 73V has no
moduli, since its solutions correspond to flat bundles over T3V with constant
transition functions®® defined on the intersections of appropriate patches
covering T3V,

To sum up, there is a bijection between the moduli spaces of solutions
to equations (D.10) and to the hCS field equations on the space P3W since
both moduli spaces are bijective to the moduli space of holomorphic vector

58Note that these transition functions are in no way related to the transition functions
f1_ of the bundles &€ over P>V or to the functions f1_ defined on the whole of TN,
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bundles over P3NV, In fact, whether one uses the real supertwistor space
T3W | or works with its complexification P3WV| is partly a matter of taste.
However, the complex approach is more geometrical and more natural from
the point of view of an action principle and the topological B-model. For
example, equations (D.10) cannot be transformed by a gauge transformation
to a set of differential equations on 73W as it was possible on P3*V in the
complex case. This is due to the fact that the transition function f,_, which
was used as a link between the two sets of equations in the complex case does
not satisfy any differential equation after restriction to 73V, From this we
see that we cannot expect any action principle on T3W to yield equations
equivalent to (D.10) as we had in the complex case. For these reasons, we
have chosen to use the complex approach throughout the paper.
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