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Abstract

We present the analogue, for an arbitrary complex reductive group
G, of the elliptic integrable systems of Sklyanin. The Sklyanin in-
tegrable systems were originally constructed on symplectic leaves, of
a quadratic Poisson structure, on a loop group of type A. The phase
space, of our integrable systems, is a group-like analogue of the Hitchin
system over an elliptic curve ¥. The phase space is the moduli space of
pairs (P, ), where P is a principal G-bundle on ¥, and ¢ is a meromor-
phic section of the adjoint group bundle. The Poisson structure, on the
moduli space, is related to the Poisson structures on loop groupoids,
constructed by Etingof and Varchenko, using Felder’s elliptic solutions
of the Classical Dynamical Yang-Baxter Equation.
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1 Introduction

We present in this paper the analogue, for an arbitrary complex reductive
group G, of the elliptic integrable systems of Sklyanin. The Sklyanin inte-
grable systems were constructed on symplectic leaves of a quadratic Poisson
structure on a loop group of type A [BD2, Sk, RS].

Let X be a complex elliptic curve. We study the moduli spaces Mx (G, c)
of pairs (P, ), where P is a principal G-bundle over %, of topological type
¢, and ¢ is a meromorphic section of its adjoint group bundle. Mx(G,c) are
infinite dimensional ind-varieties. These moduli spaces may be regarded as
algebro-geometric analogues of a meromorphic loop group. The main results
of this paper are:

1. Mx(G,c) admits an algebraic Poisson structure (Theorem 2.3). The
algebraic Poisson structure coincides with the reduction of the one con-
structed by Etingof and Varchenko on a loop groupoid, using solutions
of the Classical Dynamical Yang-Baxter Equations (Theorem 9.1).

2. The symplectic leaves My (G, c, Q) of My (G,c) are finite dimensional
(Section 7.2). Their dimension is calculated in Corollary 4.10. The
data @, parametrizing the symplectic leaves, is a decorated divisor.
It consists of a labeling, of finitely many points of the elliptic curve
¥, by finite-dimensional irreducible representations of the Langland’s
dual group (i.e., by orbits of the co-character lattice of G, under the
action of the Weyl group).

3. The symplectic leaves My (G,c, Q) are algebraically completely inte-
grable hamiltonian systems. The generic Lagrangian leaf is an abelian
variety, which admits a precise modular description in terms of T-
bundles on a branched W-cover of the elliptic curve £ (Theorem 6.19).

En route, we prove that all smooth moduli spaces of simple sheaves,
on an algebraic Poisson surface, admit a Poisson structure (Theorem 5.3).
This extends results of 1) S. Mukai and A. Tyurin, who constructed an
anti-symmetric tensor on these moduli spaces [Mul, Ty}, 2) S. Mukai, and
Z. Ran, who proved the Jacobi identity for the Mukai-Tyurin tensor in the
case of locally free sheaves on a symplectic surface [Mu2, R1], and 3) F.
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Bottacin, who proved the Jacobi identity in the case of locally free sheaves on
a Poisson surface [Bo2]. The moduli spaces of sheaves, arising in the theory
of integrable systems, consist of torsion sheaves, with pure one-dimensional
support, on a Poisson surface (typically, a line bundle on a spectral curve).

Sections 3 through 7 provide an algebro-geometric treatment of the Pois-
son geometry and complete integrability of the moduli spaces M5 (G,c). In
section 8 we construct a Poisson structure on the Hecke correspondences
over an elliptic curve. These are algebro-geometric analogues of orbits in
the loop Grassmannian. In section 9 we relate our constructions to the ellip-
tic solutions of the Classical Dynamical Yang-Baxter equations. In section
10 we discuss the spectral curves arising from particular examples of sym-
plectic leaves in My (G, c). These examples are related to compact orbits of
the loop Grassmannian, which are isomorphic to flag varieties of maximal
parabolic subgroups. A particular case leads to a deformation of the Elliptic
Calogero-Moser system of type A.

We expect most of the results of the paper to go through in the degenerate
case of a nodal or cuspidal rational curve (a singular elliptic curve). The
resulting systems will correspond to trigonometric, or rational, solutions
of the dynamical Yang-Baxter equation. Some aspects of the construction
admit a generalization for curves of genus > 2, but the moduli spaces are
neither symplectic, nor Poisson.

Acknowledgments: We would like to thank Ron Donagi, Pavel Etingof,
Robert Friedman, John Harnad, Jim Humphreys, Ivan Mirkovic, Tony Pan-
tev and Alexander Polishchuk for helpful communications.

1.1 Poisson surfaces and the type A Sklyanin systems

The starting point for our investigation was the relationship, established in
[HM2], between the Poisson geometry of three objects:

1. The type A elliptic Sklyanin systems on the meromorphic loop group.

2. Poisson structures on moduli spaces My (GL(n),c) of pairs (E, ¢), con-
sisting of a rank n vector bundle E of degree ¢ and a meromorphic,
generically invertible, endomorphism ¢ : E — E. The rank n and
degree c are assumed to be relatively prime.

3. The Poisson geometry of certain moduli spaces of sheaves on a ruled
Poisson surface (S, g). The surface S is the compactification of a line
bundle on the elliptic curve. The Poisson structure g is C* -invariant.
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The relationship between the first two objects is most direct once we pass to
the projectivization P = PE and the group PGL(n). A Zariski open subset
of My(PGL(n),c) consists of pairs with a fixed stable and rigid bundle P.
Trivialize P over a small disc around the origin of ¥ and restrict ¢ to the
boundary to obtain a loop in PGL(n). The section ¢ is determined as the
meromorphic continuation of that loop.

The relation between the last two objects is provided by the spectral
dictionary commonly used in the theory of integrable systems [Hi2, H, Sim].
The pair (E, ¢), with polar divisor D, determines a complete spectral curve
C in the total space of the line bundle Og (D) and an eigensheaf F' on C.
We regard F' as a torsion sheaf on a projective surface; the compactification
S = P|Ox (D) @ Ox)] of the total space of Ox (D). The C*-action on Ox(D)
extends to S and S has a C*-invariant algebraic Poisson structure, which is
unique up to a scalar factor.

We expressed the Sklyanin Poisson structure on the loop group, in terms
of the deformation theory of the pairs (E, ). In fact, the formula (72), for
the Poisson structure in this paper, is a direct generalization of the formula in
the PGL(n) case of [HM2]. The insight for obtaining this formula came from
the theory of moduli spaces of sheaves. Starting with a Poisson structure g
on a projective surface S, Mukai and Tyurin constructed a Poisson structure
on the moduli spaces of sheaves on S [Mul, Ty]. The formula of [HM2] is a
translation of the Mukai-Tyurin tensor, via the infinitesimal version of the
above dictionary.

We would like to stress the significance of the C* -invariance of the Pois-
son structure g on the surface S. Let us first contrast it with the linear
Poisson structure on S, coming from the cotangent bundle via the isomor-
phism Ox(D) = T3, (D). The C*-invariant Poisson structure g induces on
Msx(GL(n),c) a C*-invariant Poisson structure. In contrast, the linear Pois-
son structure induces on Mx(GL(n),c) another, linear, Poisson structure,
which corresponds to the generalized Hitchin systems (see [Hi2, H, M1, Bol]
and Theorem 2.4 below). The C*-invariance, of the Poisson structure in-
duced by s on the loop group, is equivalent to its quadratic nature. This
is an analogue of the following simple observation: An algebraic Poisson
structure on a vector space V' is C* -invariant, if and only if it has quadratic

2

coefficients. In other words, the weight 0 subspace in Sym*(V*)® A V
2

is Sym?(V*)® A V. A C*-invariant algebraic Poisson structure exists on

the surface Ty (D), with D effective, if and only if the genus of ¥ is < 1.

In contrast, a linear Poisson structure exists for curves of arbitrary genus.
Consequently, the Hitchin systems were constructed for a base curve of arbi-
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trary genus, while the Sklyanin systems exist only for a base curve of genus
0 and 1.

1.2 Overview of the relationship with the Dyanamical Yang-
Baxter Equations

The work presented here is a generalization, to arbitrary complex reductive
groups, of the picture presented above in Section 1.1. Half way through the
project, we discovered (thanks to A. Polishchuk) that our work is related to
the Classical Dynamical ‘Yang-Baxter Equations (CDYBE), introduced by
G. Felder [Fe]. Etingof and Varchenko interpreted solutions of the CDYBE,
with spectral parameter, as Poisson structures on a loop groupoid [EV]. We
hope to convince the reader, that the algebro-geometric approach to the
subject provides new insight to the geometry of the CDYBE. To the best
of our knowledge, complete integrability of the Etingof-Varchenko Poisson
structures was not known for a general reductive group. Even the symplectic
leaves foliation was not understood, in the absence of an analogue of the
Dressing Action.

Following is an overview of the relationship with the CDYBE. Let g
be a complex simple Lie algebra. Choose an embedding g C A as a Lie
sub-algebra of an associative algebra (A could be the universal enveloping
algebra, or gl(V'), for a faithful representation V). The Classical Yang-
Baxter equation is the following algebraic equation

[r'2(z1 — 22),7"% (21 — 23)] + [P (21 — 22), 7% (22 — 23)] + [r"3(21 — 23), 7% (22 — 23)] = 0,

(1)

for a meromorphic function
r: C — g¢g®ag.

Above, z is the coordinate on C. The notation 7'2 means r ® 1 as an
element of A ® A ® A, while 7 indicates that r acts on the i-th and j-th
factors. Drinfeld discovered the geometric meaning of the CYBE. Solutions
of (1), satisfying certain additional assumptions, define a natural Poisson-
Lie structure on the loop group of G [Drl, RS]. Similarly, constant solutions
define Poisson-Lie structures on G. Quantization of the CYBE led to the
theory of Quantum groups.

Belavin and Drinfeld classified solutions of (1), satisfying a non-degeneracy
condition, for all simple Lie algebras [BD2]. There are rational, trigonomet-
ric, and elliptic solutions. Elliptic solutions exist only for type A. These
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solutions are related to factorization of the loop group. Such factorizations
arise from a rigid principal bundle on an algebraic curve [HM2]. On a ratio-
nal curve, every trivial principal bundle is rigid. When the curve is elliptic,
the only example of a rigid principal bundle, is the PGL(N) bundle com-
ing from a stable vector bundle with rank and degree co-prime (see [FM]
Theorem 5.13).

Let t C g be a Cartan sub-algebra and {z;} a basis of t, regarded as
a set of coordinates on t*. The Knizhnik-Zamolodchikov-Bernard (KZB)
equations are the differential equations for flat sections of a connection over
the moduli space of punctured elliptic curves. It was discovered by Bernard
in the study of the Wess-Zumino-Witten conformal field theory on a torus
[Ber]. A coefficient in one of the two KZB equations, is a certain meromor-
phic elliptic function

r:it*xC — (g®9)"

The function r satisfies the Classical Dynamical Yang-Baxter Equation

z (1) Or? (z, 2 — 23) + Z:”@) 37"31(x, 23 — 21) n
1

0z; oz;
12( _ '
}: @O @m =) | oypg - | 2)
oz;

where the term CYBE indicates the expression on the left hand side of (1).
Moreover, let r be an arbitrary meromorphic function as above, satisfying
r12(z,2) = —r?'(z,—2z). The KZB equation with coefficient r is consistent,
if and only if r satisfies equation (2) [Fe]. We suppressed the dependence of
r on the modular parameter of the elliptic curve, as it may be fixed in (2).

Etingof and Varchenko found the geometric meaning of the CDYBE.
A solution of (2), satisfying certain additional conditions, corresponds to a
natural Poisson structure on the groupoid

V xLG XYV,

where V' is an open subset of t* and LG is the loop group of G. Natu-
rality means, roughly, compatibility with the group structure of LG. We
will see that a point in V should be considered as a principal G-bundle, of
trivial topological type, on the elliptic curve ¥. More precisely, t* should be
considered as a branched cover of the moduli of G-bundles, with the affine
Weyl group as Galois group [Lo]. The subset V is the complement of the
ramification locus. More general versions of the CDYBE are obtained by
replacing t with certain subalgebras. Bundles of arbitrary topological types
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arise in this manner. Taking the zero sub-algebra, reduces equation (2) to
the CYBE. (Solutions correspond to a rigid G-bundle).

A quotient of the groupoid V' x LG x V, by the cartesian square of the
affine Weyl group, may be regarded as a set of triples (P, ¢, P»), where P
and P, are principal G-bundles, and ¢ is a generically invertible (formal or
meromorphic) homomorphism between them. The automorphism group of
a generic semi-stable G-bundle P, of trivial topological type, is isomorphic
to the maximal torus T C G. Consequently, the product T' x T acts on
V x LG x V. The action on ¢ € LG is given by

(tta) -0 = tipty'
We consider the subspace
[V x LG x V](%), (3)

where ¢ is meromorphic over the elliptic curve 3. The quotient of [V x LG x
VI(2) by T x T admits a Poisson structure as well. It is a cover of an open
set in the Hecke correspondence, with the cartesian square of the affine Weyl
group as Galois group. The algebro-geometric construction of the Poisson
structure on the Hecke correspondences is described in section 8.

Our main objective, however, is the generalization of the Sklyanin inte-
grable systems. These are obtained from the groupoid [V x LG x V](X) as
follows. One considers the locus in [V x LG x V](X), where the two prin-
cipal bundles are equal, and takes the quotient by the diagonal of 7" x T
The action of the diagonal corresponds to the conjugation action of the
automorphism group of a bundle. The reduced Etingof-Varchenko Poisson
structure is invariant under the action of the affine Weyl group, and de-
scends to the quotient. The quotient by the affine Weyl group is partially
compactified by the algebro-geometric moduli space M5 (G,0). This mod-
uli space parametrizes isomorphism classes of pairs (P, ), consisting of a
principal G-bundle P, of trivial topological type, and a meromorphic section
of its adjoint group bundle PG. The Poisson structure extends “across the
walls” to the whole of Mx(G,0). The moduli spaces Mx (G, c), of arbitrary
topological type c, are the main object of study of this paper.

Note: Luen-Chau Li has recently also obtained integrable models associ-
ated with dynamical Poisson groupoids [Li].
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2 Statement of the main Theorem 2.2

Let G be a connected reductive group, T' a maximal torus, N(T) its normal-
izer and W := N(T')/T the Weyl group. Choose a non-degenerate symmetric
invariant bilinear form on the Lie algebra g. The center of G is denoted by
Z and its Lie algebra by 3. Let ® be the set of roots of g. We denote
by G((t)) the formal loop group and by G[[t]] its natural subgroup of non-
singular elements. The group G([[t]] x G[[t]] acts on G((t)) via the left and
right action.

Given a point p € ¥, we denote by @(p) the formal completion of the
structure sheaf at p and by Ky its fraction field. Given a principal G-
bundle P, we denote by P(G) the adjoint group bundle and by P(G(@(p)))
and P(G(K(p))) the corresponding realizations of G[[t]] and G((t)). A G[[t]]x
GI[t]] orbit @ in G((t)) determines a well-defined P(G(Oy,))) x P(G(O(p)))
orbit @ in P(G(K)))-

Definition 2.1. Let P be a principal G-bundle, and ¢ a section of its ad-
joint bundle P(G). The pair (P,y) is said to be infinitesimally simple, if
HO(3(p)) = 3, where 3() C Pg is the subbundle centralizing ¢. Equiva-
lently, the center Z of G has finite index in the subgroup Z(¢) C H(P(G))
centralizing . We say that the pair (P, ) is simple if Z(p) = Z.

Given the following data:

1. an elliptic curve X,
2. a reductive group G,

3. aclass c € m(G),

4. a formal sum O = Z 0, of G[[t]] x G[[t]]-orbits @, in G((t)), all but

peET
finitely many of which are equal to G[[t]],

we denote by
ME (Ga ¢, (O))

the moduli space of isomorphism classes of simple pairs (P, ¢), consisting of a
principal G-bundle P, of topological type c, and a meromorphic section ¢ of
P(G) with singularities in O. Two pairs (P;, 1) and (P, ¢2) are isomorphic,
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if there is an isomorphism f : P; 5 P, conjugating ¢; to ¢2. Considering
the case P, = P, = P, we see that the class of (P,¢) determines ¢ only
up to conjugation by the group of global sections of P(G). The existence of
M (G, ¢, Q) is briefly addressed in remark 2.5.

The quotient G//G, of G by its adjoint action, is naturally isomorphic to
T /W . Consequently, P(G)//P(G) is isomorphic to the trivial /W bundle.
Let char : P(G) — (T/W)s be the quotient morphism. The data O deter-
mines a variety (T/W)s(0) over ¥ (see (10)). Over the open subset of %,
where O, = G[[t]], the variety (T/W)5(Q) is the trivial T/W-bundle. If a
meromorphic map s : ¥ — T'/W comes from a pair (P, ¢) with singularities
in O, then s is a holomorphic section of (T/W)5(Q). Denote by Char(Q)

the space (Hilbert scheme) of global sections of (T'/W)x(Q) and let
char : Mg(G,c,0) — Char(0) (4)

be the natural morphism. The main result of this paper is:

Theorem 2.2. The moduli space Mx(G,c,Q) is smooth and its dimension
is calculated in Corollary 4.10. Msx(G,c,Q) admits a natural symplectic
structure. Under mild technical assumptions on the data O, the invariant
polynomial map (4) induces a Lagrangian fibration. The generic Lagrangian
fiber is a smooth compact abelian variety.

The Theorem is a summary of the results in Theorem 4.7, Corollary 4.10,
Theorem 4.13, and Theorem 6.19.

We will construct a Poisson structure on the infinite dimensional moduli
space M(G,c) of simple pairs (P, ), where P is a principal G-bundle over
¥ of topological type ¢ and ¢ is a meromorphic section of P(G). We will
show that M (G, c) is filtered by finite dimensional Poisson subvarieties. The
integrable systems in Theorem 2.2 are the symplectic leaves of these Poisson
subvarieties. There are various ways to bound the divisor in ¥ of singular
points of ¢. Different bounds give rise to different filtrations of M (G, c). The
filtration we use below will depend on a choice of a faithful representation
p: G = GL(V). We denote by E = P x, V the vector bundle associated
to P. Let D be a divisor on ¥. Denote by M(G,c, p, D) the moduli space
of simple pairs (P, ), where P is a principal G-bundle over ¥ and ¢ is a
meromorphic section of the adjoint group bundle P(G), which corresponds
to a holomorphic section of End(E)(D).

Theorem 2.3. M(G,c) is endowed with a natural Poisson structure. The
finite dimensional subvarieties M(G,c,p, D) are Poisson subvarieties. The
connected components of M(G,c, Q) in Theorem 2.2 are symplectic leaves of
M(G,c, p, D), where the singularity divisor D := D(Q, p) is given in (6).
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The Theorem is a summary of Theorem 7.3 and Lemma 7.4.

It is instructive to compare Theorem 2.2 to the analogous Theorem 2.4
for the generalized Hitchin system. We will relate the two theorems by a
degeneration, in a particularly interesting case (see Lemma 10.7). We view

g[[t]]* as an ind-variety UL, {g[t]/(t%)}". Each of the finite dimensional
subvarieties in the ﬁltratlon is the dual of a Lie-algebra. Let @' := . O,
be a formal sum of (finite-dimensional) coadjoint orbits of g[[t]]*, all but
finitely many of which are the zero orbit. Given a point p and a principal
bundle P, let P(g(@(p))) denote the formal stalk at p of the adjoint Lie
algebra bundle. P(g(@(p))) is isomorphic to g[[t]]. Composing the residue
with the invariant bilinear form on g, we get an isomorphism

P(g(Op))* = [Pg®T*S|(cop) / [Pg®T*Y)]

between the dual of the Lie algebra and the space of polar tails of meromor-
phic sections of Pg ® T*X.. Denote by

HiggSE (Ga ¢, @ )

the moduli space of stable pairs (P, ¢), consisting off a principal G-bundle
P and a meromorphic section ¢ of Pg ® T*% with poles in /. The data
Q' determines a variety (t/W)(Q'). Over the open subset of ¥, where Q], =
0, the variety (t/W)(Q) is the trivial t/W-bundle. One has an invariant
polynomial morphism

h : Higgss(G,c,0)) — HO(Z, (/W)(0)). (5)

Theorem 2.4. [Bol, Hi2, M1, M2] Let 3 be a smooth, compact, and con-
nected algebraic curve of arbitrary genus. The moduli space Higgss (G, ¢, Q)
admits an algebraic symplectic structure. Under mild technical assumptions
on the orbits Q), in @', the morphism (5) is a Lagrangian fibration.

The technical assumption is satisfied, in particular, if each of the orbits @;,
in @ is regular or closed [M2].

Remark 2.5. The existence of the moduli spaces M(G,c,0), of simple
pairs, follows from that of M(G,c,p, D). The existence of a coarse mod-
uli space M (G,c, p, D), as a (non-Hausdorff) complex analytic space, can be
shown, for example, by a variant of the arguments proving Theorem 4.3 in
[Ra]. We expect that M(G,c, p, D) is an algebraic space, in analogy to the
case of simple sheaves [AK]. The similar moduli spaces of semi-stable mero-
morphic Higgs pairs were constructed by Simpson [Sim]. Ramanathan’s
definition of stability and semi-stability for principal bundles [Ra], has a
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straightforward analogue for the pairs parametrized by M(G,c, p, D). We
expect that the coarse moduli space of semi-stable pairs can be constructed,
as a separated algebraic scheme, by means of Geometric Invariant Theory.
Stable pairs are infinitesimally simple (an analogue of Proposition 3.2 in
[Ral).

The group GL(n) embeds in its Lie-algebra. Consequently, a pair (P, )
in M(G,c,p, D) can be considered as a Higgs bundles with poles along D,
when G = GL(n) and p is the standard representation. In that case, the
moduli space M(G, ¢, p, D)%% of semi-stable pairs, is a Zariski open subset of
the moduli space of semi-stable Higgs bundles constructed by Nitsure and
Simpson [N, Sim].

The construction of the moduli space of semi-stable pairs, for a general
reductive G, definitely merits further consideration. We do not address it
here, as the study of the Poisson geometry is infinitesimal in nature. The
only exception is the complete integrability of M(G,c,Q). However, the
functorial results of [DG] lead to an alternative proof of the existence of a
coarse moduli space M(G,c,Q)req, as an algebraic space. M(G,c,0)y¢q is
the open subset of M(G,c,0) introduced in Definition 6.6. It is a relative
moduli space of a particular type of T-torsors, on curves on a fixed algebraic
variety X (Q) (see Section 3.3). The existence of M(G,c,Q)rey follows from
the existence of Hilbert schemes and of relative Picards [AK].

3 Orbits

In Section 3.1 we recall a few basic facts about the orbits of G[[t]] x G[[¢]]
in G((t)). In section 3.2 we consider a discrete topological invariant, which
marks connected components of Mx (G, ¢, 0), when the group G is not simply
connected. In Section 3.3 we define the variety (T/W)s(0Q). The space
Char(Q), of global sections of (T//W)x(0) — %, is the target space for the
invariant polynomial map (4). The symplectic geometry of (T'/W)g(0) is
studied in Section 3.4. Sections 3.3 and 3.4 will not be needed until Section
6.

3.1 Iwahori’s Theorem

Iwahori’s Theorem, for reductive groups over local fields such as C((t)),
asserts the equality:

G(®) = G- 7(®) - Gl
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Consequently, G[[t]] x G[[t]] orbits in G((¢)) are in one-to-one correspondence
with orbits of N(T'[[t]) x T'[[t]] in T'((¢)), where N(T[[t]]) acts by conjugation
and T'[[¢]] by multiplication. The latter orbits are parametrized by W-orbits
in the lattice Ch(T)* of co-characters of the maximal torus 7. An element
@ of T((t)) determines the co-character ord(e, ), which associates to A &
Ch(T) the order of the formal function A(¢) € C((¢)) at ¢t = 0.

Given a faithful representation p : G < GL(V), denote its set of weights
by A(p). A(p) is a finite W-invariant subset of Ch(T'). Given a W-orbit O
in Ch(T)*, set

di(0,p) = max{p(w) | we A(p) and ¢ € O}.

Let d_(Q, p) be the minimum of the above set. If G is a simple group, then
we have the equality d_(Q,p) = —d4+(Q,p). Define the “polar” divisor of
the singularity data O = Z 0, by

peEL

D:=D(0,p) :=~ ) d_(Cpp) p (6)
pEY

If (P, o) is a pair in M(G,c,0) and E is the vector bundle associated to P
via p, then p(¢) is a holomorphic section of End(E)(D).

3.2 A topological invariant

We introduce next a discrete topological invariant of a pair (P, ¢) in Ms (G, c, ).
Let X0 be the complement in ¥ of the support of the singularity data Q.
Consider the restriction P(G)|_, of the adjoint bundle to 0. Fix a point

po € £°. The identity section of P(G)_,
m1(po, P(G)) ). The image of 71(2%, po) is a normal subgroup. This can be
seen by the fact, that P x G is a principal G-bundle over P(@) and P x {1}
maps onto the identity section. Consequently, the fundamental group of
P(G)|, is naturally isomorphic to the product 71(2% po) x 71 (G). Using
this decomposition, the section ¢ induces a homomorphism

maps 71 (2%, po) injectively into

7o+ mE%p) — m(G). (7)

The fundamental group 7 (G) is isomorphic to a quotient of Ch(T)* by
a W-invariant sublattice

CHT) — m(G). (8)
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The kernel is the co-character lattice of the simply connected cover of the
semi-simple derived group [G,G]. The kernel is also identified as the co-
weight lattice of [g, g]. The homomorphism 7, maps a loop around a point
p, to the image via (8) of a co-character a, in the W-orbit Q,. The homo-
morphism 7, corresponds to a cohomology class in H!(3% m(G)), since the
group 1 (G) is abelian. If (P1,¢;) and (P2, p9) are two pairs in Mx(G, ¢, 0),
then the difference 7,, — 7,, € H}(X% m1(G)) is the restriction of a global
class in H(Z, 71(G)).

If G is semisimple, then the class 7, determines a T-local system over X0,
where T' is a maximal torus of the universal cover of G. Partial compactifi-
cations, of the corresponding principal T-bundle, will play an important role

in the study of the fibers of the invariant polynomial map (4) (see section
6.4).

We will need, in addition, the identification of 7 as a connecting homo-
morphism. Let G*¢ be the universal cover of G. We get the short exact
sequence of groups

0—m(G) = G*—=G—0.

The group G acts on G*¢ by conjugation. We denote by P(G*¢) the associ-
ated bundle. It fits in a short exact sequence

0 = m(G)y = P(G*%) = P(G) — 0.

The corresponding sequence, of sheaves of analytic sections, is exact in the
analytic topology. We get a long exact sequence of sheaf cohomologies.

0 — Hg(2%,m(G)) = He,(2°,P(G*)) — Hg, (S, P(Q))

2 HL(20,m(G)) — Hi,(2°, P(G*)). 9

The class 7, is equal to dgn(¢). When X0 is affine, the connecting homo-
morphism d,, is surjective, as the last cohomology set is trivial.

Remark 3.1. The singularity data O should satisfy the following necessary
topological condition, for the moduli space Mx(G,c,Q) not to be empty.
For each singularity point p € X, choose a co-character a, in the W-orbit
determined by @j. Then the sum 3 a) projects to the identity in 7 (G).
The image is independent of the choices, due to the W-invariance of the
projection (8). See Remark 8.1 for a proof of a more general condition.

The above topological condition admits a more refined algebraic version.
Compare with condition (23).
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3.3 Invariant polynomials

Given a pair (P, ) with singularities in O, we get a meromorphic section of
P(G)//P(G). The latter is isomorphic to the trivial (T'/W)-bundle (T'/W)x
over . We define below a birational model (T/W)(Q) of (T/W)s, together
with a morphism

r : (T/W)(0) — .

If a meromorphic map s : ¥ — T/W comes from a pair (P, ) with singu-
larities in @, then s is a holomorphic section of (T/W)(0).

We construct first a Zariski open subset (T/W)(Q) of (T/W)(0). Its
complement has codimension > 2. If a pair (P, ¢) has singularities in O and
 is strictly-semi-simple and split in the sense below, at each of its singularity
points, then char(P,¢) is a section of (T'/W)(0). (Call an element of G((t))
strictly-semi-simple and split, if it can be conjugated into T'((¢)) via an
element of G[[t]]). We define (T/W)(0) first as an orbifold (a scheme with
quotient singularities). We will show that it is Hausdorff (a separated quasi-
projective variety) by considering the local toric model of its W-cover. The
construction of (7//W)(Q), as an orbifold, is local over the curve %, so we
may assume that Q, = G[[t]] for all p # po. Let A C Ch(T)* be the W-
orbit corresponding to @,,. Given a € A, define X(a) to be the principal
T-bundle characterized by

X(a) xp A = Og(a(N) - po) \ (zero section), for all A € Ch(T).

We have a natural trivialization of X (a) over ¥ \ {po}. We define X(0)
to be a scheme with an open cover by the X(a), a € A. Given a, b in A,
we glue X (a) and X (b) by the trivializations (leaving their fibers over pgy
disjoint). The Weyl group acts on the disjoint union of the X (a) permuting
the connected components. The W-action descends to X(0). We set

(T/W)(Q) = X(Q)/W.

The smooth variety X (0) has a local toric model. We replace the base
curve by the affine line ¥ := C and assume that @, = G[[t]] for all p # 0.

Set T:=CX xT. Let A C C’h(f)* be the set of graphs of elements of A.
Given a : C* — T, its graph is

a:= (id,a) : C< — [C xT].

The vectors in A generate a strongly convex rational polyhedral cone ¢ in
Ch(T)* ®z R. The fan F, consisting of all the faces of &, corresponds to a
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singular affine toric variety X (F). Our toric variety X (0) is the complement
in X (F) of all the T-orbits of codimension > 2. In other words, we work with
the fan F, consisting of the faces of o of dimension zero and 1. Each element
of A generates a one-dimensional face of o. Then X (Q) is the smooth toric

variety X (F) and
(T/W)(0) = X(F)/W.

The fiber of (T/W)(Q) over 0 is isomorphic to T/W,, where W, is the
stabilizer of a co-character a € A.

Let X (0) be the partial toroidal compactification of X (0), given locally

by the toric model X (F'). The values of the invariant polynomial morphism
(4) are global sections of the W-quotient

(T/W)(©) = X(O)/W. (10)

Further information on the structure of (T/W)(0) and (T/W)(Q) is
provided in Lemma 6.2.

Example 3.2. Let G = SL(2) and let O correspond to the W-orbit {ka, —ka},
where the co-character a is the generator of Ch(T)* and k is a positive inte-
ger. Then Ch(T)* is spanned by the graph e of the trivial co-character and
by a. The fan F consists of faces of dimension < 1 of the cone o generated
by e+ka and e—ka. The dual cone oV is generated by ke* +a* and ke* —a*.
The semigroup of lattice points in ¢V is generated by the three points e*,
ke* + a*, and ke* — a*. X(F') is the complement of the isolated singular
point (z,w, z) = (0,0,0), in the affine surface

Spec(Clz, z*y,2*y™"]) = Spec(Clz, w,2]/(z* = wa).

It maps to Al = Spec(C[z]). The fiber over 0 is wz = 0, which is the disjoint
union of two CX’s. The fiber over c is the smooth affine conic wz = ¥,
which is isomorphic to C*. W acts on X (F) by interchanging z and w. The
quotient X (F)/W is the complement of the origin in the surface

Spec(Clz, w + z,wz]/(z?* = wz) = Spec(Clz,w +2]) = A2,

3.4 2-forms

We investigate in this section the symplectic geometry of the variety X (0).
Lemma 3.3 shows that the space of global sections of © : (T/W)(Q) —
¥ is the base of a prym integrable system of the type studied in [HM1].
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The results of this section will not be used in the rest of the paper. We
include them nevertheless, since they lead to a very short construction of
the integrable systems of the current paper, using the results of [HM1]. The
results of [HM1] require the additional smoothness assumption for the W-
covers in X (0) of sections of (T/W)(0).

Given a character A € Ch(T), we get the bundle homomorphism
AxI): TxY — C*xZX.

Let w be the C*-invariant two-form % A dz on the surface C* x ¥ and w),
its pullback to X := T x ¥. We get a W-equivariant linear homomorphism

Q: Ch(T) — HOX,ATY).
A= wy.

2
Consequently, we can regard {2 as a W-invariant section of HO(X, (A T%) ®c
t). It is, in fact, a section of the subbundle "7y ® T /5 ® t, where T /5 is
the relative cotangent bundle.

Lemma 3.3. 1. The t-valued 2-form Q eztends to an algebraic and W -
invariant t-valued 2-form § on X (0).

2
2. The contraction with Q induces a surjective homomorphism from A
Tx(g) to the trivial t-bundle.

4
3. The wedge square §) A S vanishes as a section of ATy ®c t® t.

Proof: The lemma is clear in case X(0) = T x X. In general, we do have
a birational isomorphism between X (Q) and T x %, so the question is local
in the neighborhood of each fiber of X (Q) over a singularity point p € X.
Given a divisor D := Z?zl m;p;, p; € ¥, the 2-form w, being C* -invariant,
extends to a non-degenerate 2-form on the complement of the zero section
in Ox (D). Consequently, we get a linear homomorphism

Q:CHMT) —  H(X(a), A Tia),

for each a € Ch(T)*. It is easy to see that contraction with € induces

2
a surjective homomorphism from A T (4) to the trivial t-bundle over X (a).
Moreover,  glues to a global t-valued 2-form on X (0), which is W-invariant.
O

Let s : ¥ < (T/W)(0) be a section, C' the inverse image of s(X) in
X (0), and g : C — s(X) the natural morphism. Assume that C is smooth.
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W acts on the vector bundle [¢.(T*C) ®c t] via the diagonal action (via
automorphisms of C' on the first factor and via the standard reflection rep-
resentation on t). Denote by Ny(x) the normal bundle of s(X) in (T/W)(Q).
Contraction with {2 induces an injective homomorphism from N¢,x(g) into
T¢ ®c t. The homomorphism is not surjective along the ramification points
of q. Nevertheless, Lemma 3.3 implies:

Corollary 3.4. The following three vector bundles are isomorphic:

[.(T*C) ®c 4" = [g.Nc)” = Ny

Proof: This was proven, in a slightly more general setting, in Lemma 5.6
in [HM1]. O

Note that the global sections of [g.(T*C) ®ct]"V are the global one-forms
on the generalized prym (47). Hence, the dimension of the generalized prym
is equal to the dimension of (the component in) the space of global sections
of (T/W)(Q). It was shown in [HM1] that the union M, of the generalized
pryms parametrized by sections of (T'/W)(0), admits a canonical symplectic

structure. Moreover, the generalized pryms are Lagrangian subvarieties of
M.

4 Infinitesimal study of M(G,c, Q)

4.1 Infinitesimal deformations

We identify first the infinitesimal deformations of a meromorphic section
¢ in the adjoint bundle P(G) of a fixed principal bundle P. We further
restrict attention to deformations with singularities is a fixed formal sum
O = > ,ex Q. These infinitesimal deformations are determined by the
global sections of a vector bundle ad(P, ¢) defined below (Lemma 4.2).

Let A, C Pg® Pg be the subbundle
A, = {(a,b) : a+ Ad,(b) = 0}. (11)
Denote the quotient by
ad(P,p) = [Pg® Pg]/A,.
We get the short exact sequence

0 — A, — [Pg @ Pg] - ad(P, ) — 0. (12)
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Notice that the intersection of A, with the sum of the centers P3 & Pj is
given by

A,N[P3®&P;] = {(a,b)eP3dP3 : a+b=0} (13)

and is isomorphic to Pj. In particular, the image of P; @ Pj in ad(P, ) is
isomorphic to P3. Let e¢; : Pg — Pg® Pg, i = 1,2, be the two inclusions
and denote by

R,, L,: Pg — ad(P, )
the two compositions R,:=qoe; and L, := qoey. We set
ad, := Ly, — Ry,.

Example 4.1. If ¢ = [ is the identity section of P(G), then ad(P,I)= Pg.
If ¢ is a holomorphic section of P(G), then R, and L, are isomorphisms. If
¢ is a holomorphic section of the center of P(G), then R, = L,,.

The following Lemma explains the geometric significance of ad(P, ¢) in
terms of a faithful representation p and the associated vector bundle E.
Assume that ¢ is a holomorphic section of End(E)(D) and let

Rp((p)a Lp(lp) : End(E) — End(E)(D)
be the homomorphisms given by left and right multiplication by p(p).

Lemma 4.2. 1. The image of the composition homomorphism

[Pg® Pg] ®Y End(E) @ Bnd(E) 25 Brd(E)(D)

is isomorphic to ad(P, ). Moreover, under this identification, R, and
L, correspond to Ry, and Lyy,).

2. The global sections of ad(P, ) are in one-to-one correspondence with
the infinitesimal deformations of ¢ as a section of the sheaf of double
orbits

p(P(G)) - ¢-p(P(G)) C End(E)(D).

Proof: The kernel of the above composition is clearly isomorphic to A,. O

Corollary 4.3. The infinitesimal deformations of the pair (P, ¢) in M (G, c, Q)
are naturally identified by the first hyper-cohomology of the complez (in de-
grees 0 and 1)

Py % ad(P,g). (14)
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Proof: A repetition of the arguments in [Bol, BR, M1]. O

We define next the notion of a family of pairs with singularities in Q. Let
X a scheme of finite type over C. Assume given a pair (P, ®), of a principal
bundle P over ¥ x X and a meromorphic section ® of P(G).

Definition 4.4. We say that ® has a locally constant singularity type, if
each point (p,z) € £ X X admits 1) open neighborhoods (analytic, étale, or
even formal) U C X of pand V C X of z, 2) a regular section (trivialization)
n:U XV — P, 3) aregular section f of P(G) over U x V, and 4) a rational
morphism ¢ : U — G, satisfying

f-®n = n-(poms).

In other words, the trivialization 1 takes the meromorphic section f - ® to
a rational morphism from U x V to @, which is the pullback of a rational
morphism from U to G. We say that ® has singularities in Q, if, furthermore,
¢ has singularities in Q.

If ® has singularities in O, then the quotient sheaf ad(P, ®) of Pg & Py,
by the relative analogue Ag of (11), is easily seen to be a locally free sheaf
on ¥ x X.

Remark 4.5. In a relative setting, the Kodaira-Spencer map can be iden-
tified cohomologically by the homomorphism «° defined below in (15). Let
X be a scheme, P a principal G-bundle over X X ¥, and ¢ a meromorphic
section of P(G) with a constant singularity data Q. Let mx : X x ¥ — X
be the projection. Denote by A(P) the Atiyah algebra of G-invariant vector
fields on P with symbols in 7% TX. A(P) is a sheaf on X x 3, which fits in
the short exact sequence of the symbol map o

0— Pg — AP) 5 7*TX —0.

Away from its singularities, we regard ¢ as an automorphism of P. Given
a vector field £ on P, we get the new vector field ad,(§), which takes a local
function f on P to ¢« (£(f)) — Ep«(f) (and ¢4 is pullback by ¢~!). This is
simply the infinitesimal version of conjugating by ¢ a one-parameter family
of automorphisms of P. The G action commutes with the P(G)-action.
Hence, away from its singularities, ad,, takes sections of A(P) to sections of
A(P). Moreover, its image consists of vertical tangent vectors, i.e., its image
is in Pg. Globally, we get a homomorphism

ad, : A(P) — ad(P,),
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which restricts to the homomorphism (14) on Pg. We get the following
diagram of complexes on X X 3.

") [Pg 2 ad(P, )

0 m3Tx] &2 [Pg— AP)]
The left homomorphism of complexes (0,0) is a quasi-isomorphism. Hence,
we get on the level of higher direct images a homomorphism

K TX@H(E,05) — RN [Pg ™% ad(Pg).  (15)

The relative Kodaira-Spencer map is «°.

The universal properties of M(G,c, Q) imply, that the Zariski tangent
space at a point (P, ) is given by the first hypercohomology of (14)

TppyM(G,c,0) = H'(Pg % ad(P,p)).

More generally, if the pair (P,¢) is infinitesimally simple, then the first
hypercohomology of (14) computes the tangent space of the moduli stack.

4.2 The symplectic structure

The cotangent space at a point (P,¢) in M(G,c, Q) is given by the first
hypercohomology of the complex

d*
ad(P,p)* =% Pg". (16)

(here we used a trivialization of the canonical line bundle of ¥). We have
a natural homomorphism ¥ from the cotangent complex to the tangent
complex:

Pg Ef) ad(P, p)
Yo 1 YS!

"
ady,

ad(P,p)* —  Pg*.

In degree 1 the homomorphism ¥; is the composition of the isomorphism
Pg* = Pg with the homomorphism L, from Pg to ad(P, ). It is easier to
define the dual of the homomorphism ¥q in degree zero. The negative —¥{
of the dual is the composition of the isomorphism Pg* & Pg with the right
multiplication homomorphism R, from Pg to ad(P, ¢).



J.C. Hurtubise and E. Markman 895

We need to check that ¥ is a homomorphism of complexes. It suffices
to check it away from the singular divisor of ¢. Over this open subset of 3,
the invariant bilinear form on g induces an isomorphism

ad(P,p)* = ad(P,p7}).

The composition, of Uy with the generic isomorphism ad(P, p)* = ad(P, ¢~1),
is equal to the negative of left multiplication by ¢. Similarly, adj, becomes
—ad,. The commutativity ady, o ¥g = ¥; o adj, follows.

Remark 4.6. If we interchange the roles of left and right multiplication in
the above construction, we get another homomorphism of complexes. The
two homomorphism of complexes are homotopic. The homotopy is given by
the complex homomorphism h, of degree —1, from (16) to (14), which sends
Pg* isomorphically to Pg. Indeed, (1o,%1) — (h o adj, ady, o h) is obtained
from (1o, 1) by interchanging the roles of L, and R,,.

We get an induced homomorphism
(U T(*P,‘p)M(G,C, @) — T(p#,)M(G,c, @)

on the level of first hypercohomology. We will see in Theorem 4.13, that the
moduli space M(G, c,0) is smooth. The above construction can be carried
out in the relative setting of families of pairs. The relative construction gives
rise to a global homomorphism from the cotangent to the tangent bundles:

U . T*M(G,c,0) — TM(G,c,0). (17)

Theorem 4.7. The homomorphism U, given in (17), is an anti-self-dual
tsomorphism. Its inverse defines a non-degenerate closed algebraic 2-form

on M(G,c, 0).

Proof: (of Theorem 4.7) Note that —¥* is the complex homomorphism
obtained from ¥ by interchanging the roles of R, and L,,. Consequently, the
complex homomorphisms ¥ and —¥* are homotopic (Remark 4.6). It follows
that the homomorphism ¥ is anti-self-dual, on the level of first cohomology.
We prove next that ¥ is a quasi-isomorphism. We have the short exact
sequence of complexes

P Pg o, Pg/Im(R)
| adj 1 ady, 3 53¢
Pg* Le, ad(P, ) A, ad(P, ¢)/Im(Ly)

where the first column is (16) and the second is (14). The image of the
homomorphism (L, ad,) : [Pg ® Pg] — ad(P, ) is equal to the image
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of (Ly, Ry). The latter is surjective, by definition of ad(P, ). It follows
that the vertical right hand homomorphism ad,, is surjective. It is clearly a
homomorphism between two sheaves with zero-dimensional support and the
two sheaves have the same length. Hence, a_d<p is an isomorphism.

The closedness of the 2-form is proven in Section 5. m]

4.3 The dimension formula

We will need to calculate the degree of ad(P,y). We first observe that the
sequence (12) is self-dual. Denote by « : Pg — Pg* the isomorphism induced
by the invariant bilinear pairing.

Lemma 4.8. 1. We have the commutative diagram, whose vertical ho-
momorphisms are isomorphisms:

0 — A, — Pg @ Pg - ad(P,p) — 0
~ 0 =~
N K
0 — ad(P,p)* — [Pg @ Pg* — A7 — 0.

2. The following vector bundles are canonically isomorphic:

ad(P,¢) = A%, = [PgN Ad,(Pg)]" 2 [Ad,: (Pg) N Pg]* = A%-y = ad(P,o).

Proof: 1) The kernel K of
0— K —[Pg® Pg]* = A, =0

is equal to
K = {(a,8) € Pg*® Pg* | B= Ad,(a)}.
We see, that ke g ] maps A, isomorphically onto K. By its defini-

tion, the vector bundle ad(P,p)* is equal to K. In particular, ad(P,¢) is
isomorphic to AJ,.

2) The first isomorphism was proven in part 1. The image of the homo-
morphism
[Ad,(Pg)NPg) — Pgd® Pg
a — (a,—Ady,-1(a))
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is equal to A,. The second isomorphism follows. The isomorphism
Ad,-1 : [Ady(Pg)NPg] —» [PgN Ady-1(Pg)]
implies the third isomorphism. O

Given a W-invariant set of characters B C Ch(T) and a G[[t]] x G[[t]]
orbit O in G((t)), we define the sum

Z ord(a, Q)

a€B

by choosing a representative of O lying in T'((¢))NO. The sum is independent
off the choice because B is W-invariant.

Lemma 4.9. The degree of ad(P, ) is given by the following formula:

x(ad(P,p)) = Y ) max{0,—ordy(e, Qp)},

pEX P

where @y is the P(G(O(y))) x P(G(O)) orbit of .

Proof: It suffices to calculate the degree of [Ad,-:(Pg) N Pg|, which is
isomorphic to ad(P,¢)* by Lemma 4.8. The calculation of the subsheaf
[Ad,-1(Pg) N Pg] of Pg is local and we may assume that ¢ is an element
of T((t)). Then the sheaf [Ad,(Pg) N Pg| decomposes as a direct sum of
line-bundles

[Ad,-1(Pg) N Pyl = {a € Pg : Ady(a) € Pg} = Daept™00rd@e)} pg
(18)

O

We set

Y(Qp) := Zmax{O,——ordp(a,(O)p)}.
acd

The formula for y(Q),) can be simplified once we choose a dominant co-
character representing @, (see Equation (19)). Let A, be the root lattice,

A := {o,..., 0.} its basis of simple roots, and AY := {ay,..., )} the basis
of co-roots, where o := (a_z,c,tl{J Denote by {A1,..., A} the basis of funda-

mental dominant weights of the weight lattice A. Recall that {\,..., .}
is the basis dual to AV with respect to the inner product: (A, af) = d; 5.
We have the natural inclusions A, C A, A, C Ch(T), and a homomorphism
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Ch(T) — A. The latter homomorphism is injective if G is semi-simple and
surjective if G is simply connected. Let @ be the set of positive roots. Set

1
6 = 52(1.

acd4

Then the following relation holds ([Hum1] Section 13.3 Lemma A page 70):

=1

The fundamental Weyl chamber C(A) C A ®z R is the cone generated by
the fundamental weights. Given a co-character a € Ch(T)*, we denote by
a its image in A}. We say that a is dominant, if a = (b, e) for a dominant
weight b. Every W-orbit in Ch(T)* contains a dominant element.

Choose a co-character a of @, with —a dominant. Then a(a) < 0, for
every positive root or. We get that

10,) = —2a(). (19)

Note that the integer v(Q,) is the dimension of the orbit, parametrized by
@y, in the loop grassmannian G((t))/G|[[t]] (see [Lu]).

Corollary 4.10. Let (P,p) be a simple pair. The dimension of the Zariski
tangent space of M(G,c,Q) at (P,p) is given by

dim(M(G,c,0)) = 2dim@)+ Y (D).
peX

Smoothness M(G,c,Q) is established in Theorem 4.13. Consequently,
the corollary determines the dimension of M(G,c,@). The similarity, be-
tween the dimension of M (G, c, Q) and the dimension of products of orbits
in the loop Grassmannian, is explained in Section 8.1. The dimension y(Q,),
of such an orbit, is even if the group G is simply connected. In general, v(Q,)
may not be even (see Equation (20)). Theorem 4.7 implies, that the sum
ZpEE 7(0y) is even. This follows independently from the topological non-
emptiness condition in Remark 3.1

Proof of the Corollary: We follow a straightforward calculation. The
pair (P,¢) is infinitesimally simple. It follows that HO of the complex (14)
is isomorphic to 3. The second cohomology of (14) is dual to H? of the
complex (16). The latter is isomorphic to 3* (identify ad(P, p)* with A, via
Lemma 4.8 and use the equality (13)).
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The dimension of the Zariski tangent space of M (G, ¢, Q) is equal to the
dimension of H' of the complex (14). It is given by

dim H' = dim H® + dim H? — [x(Pg) — x(ad(P, )] = 2dim(3) + x(ad(P, ).
O

Example 4.11. Let G = GL(n), D an effective divisor, E a rank n vec-
tor bundle and ¢,v : E — E(D) two homomorphisms. G[[t]] x G[[t]]
orbits in G((t)) are in one-to-one correspondence with G[[t]]-orbits in the
loop Grassmannian G((t))/G[[t]]. Hence, ¢ and 1 belong to the same orbit
0= ZpEE Oy, if and only if their co-kernels are isomorphic as Ox-modules.
Denote by €;, i = 1,...,n, the weights of the standard representation. The
roots of gl,, and sl are {€; — €;}];_; ;.;, the fundamental weights are
i = 23.:1 6_7'—%(61+"-+6n), 1<i<n-1l,and 20 =3 [ (n+1—2i) €.
Assume that the co-character ordy(e, ) is in the W-orbit of —(bp,e), for
some dominant weight b, = S"7' 8;(p)As, Bi(p) > 0. Then

n—1
dim M(GL(n),c,0) = 2+ (55,20) = 2+ Y_ Y Bi(p)li- (n—i)].
pEX peY i=1
(20)

See equation (91) for a version of this formula in a special case.

Example 4.12. Certain partial flag varieties are realized as orbits in the
loop Grassmannian G((t))/G[[t]]. If O, corresponds to such an orbit, then
the contribution y(Q)), of the point p to the dimension of M (G, ¢, Q), is equal
to the dimension of the flag variety (see the formula in Corollary 4.10). We
compile here a list of such cases. The geometry of the corresponding moduli
spaces M(G,c, Q) is studied in Section 10, for groups G of type A and D.
Let P be a parabolic subgroup of G and suppose that a € Ch(T)* satisfies

a(e) >0 for every root a of P and

a(a) = -1 for every root @ of G, which is not a root of P

(it follows that a vanishes on the roots of the Levi factor of P). Let O,
be an orbit with co-characters in the W-orbit of a. Then y(0Q,) is equal to
the dimension of G/P. Examples of such pairs (P,a) can be obtained as
follows. Assume that G is of adjoint type. Then the root lattice coincides
with the character lattice. Choose a basis A of simple roots with dual basis
A* C Ch(T)*. Let a € A be a simple root and a := o* € A* its dual. Let
P, be the maximal parabolic corresponding to a. The set of roots of P, is
®p, :={B€® : a*(B) > 0}. The set of roots y;_, of the unipotent radical
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of P,, is defined using a strict inequality. We get the equality

Zmax{(),—a*(ﬁ)} = Z a*(B) (21)

(the sum of the coefficients of « in the roots of the unipotent radical of the
opposite parabolic). Assume that o satisfies the following condition:

o*(B) € {0,1,-1}, for every root 3. (22)
Then the sum (21) is precisely the dimension of G/P,,.

The co-character * determines the orbit O := G[[t]]a*G[[t]]/G[[t] in
the loop grassmanman G((t))/G[[t]].- The subgroup of G((t)), stabilizing the
image of G[[t]] in G(( )/G[[ 11, is G[[¢]] itself. Hence, the subgroup of G((t)),
stabilizing the image of o* in G((¢))/G[[t]], is Ad " ( [t]] Consequently,
the subgroup G[[t]]o~ of G[[t]], stabilizing the image of o in G((t))/G[[t]],
is G[[t]] N Ad} (G[[t]]). We see, that evaluation at ¢ = 0 induces a surjective
homomorphism from G[[t]]o~ onto P,. We have a natural morphism from the
orbit @ to the flag variety G/P,. The orbit O is a tG[[t]]/ tG[[t]] N G[[t]]a*)-
bundle over G/P,. The Lie-algebra of G[[t]]o~ is given by (18), with ¢
replaced by a*. Condition (22) is equivalent to the condition, that the
morphism QO — G/P, is an isomorphism.

When G is of type Ay, then all maximal parabolics satisfy condition
(22). The corresponding flag varieties are Grassmannians of subspaces in
the standard representation of SL(n+1). When G is of type D,,, then only
the three roots at the ends of the Dynkin diagram satisfy condition (22). The
corresponding flag varieties of SO(2n) parametrize isotropic subspaces in the
standard 2n-dimensional representation. The subspaces are of dimensions 1
(the quadric in P?"~1) or n (two distinct components). When G is of type By,
then the only root satisfying condition (22) is the long root at the edge of the
Dynkin diagram. The corresponding flag variety is the (2n — 1)-dimensional
quadric in P?" of isotropic lines in the standard representation of SO(2n+1).
When G is of type Cy, then the only root satisfying condition (22) is the
long root. The corresponding flag variety is the Lagrangian grassmannian of
Sp(2n). When G is of type Eg, the two simple roots o; and ag give rise to
compact orbits in the loop Grassmannian. When G is E7, then only one root
a7 leads to a compact orbit. For Eg, Fy, and Gg, there isn’t any maximal
parabolic satisfying condition (22) (see the table of highest roots in [Hum1]
page 66 Table 2).

Note, that all partial flag varieties of maximal parabolics, admit realiza-
tions as G[[t]] orbits in G((¢/))/G][¢]], for d-th roots of ¢ of sufficiently high
order.
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A non-emptiness condition: The data O = }° 5 Q) needs to sat-
isfy a general necessary condition, in order for M(G,c,0) to be non-empty.
Let (P,¢) be a pair in M(G,c,0), p: G — GL(n) a representation, E the
associated vector bundle and p(p) : E — E the associated meromorphic en-
domorphism. Then the zero and polar divisors of det(p(y)) must be linearly
equivalent. In terms of the weights A C Ch(T) of the representation, the
condition becomes:

Z Zmax{O,—Ordp(w,@p)}]‘p ~ Z

peX LweA peEL

Z max{0, ordy(w, Op)}| - p.
weA

(23)

(See Remark 3.1 for a topological version of this condition and equation (90)
for a down to earth version of this condition in a special case).

4.4 Smoothness

We use the T'-lifting property of Ziv Ran to prove that M (G, c, 0) is smooth
[Kaw, R2].

Theorem 4.13. The moduli space Mx(G,c,Q) is smooth (or empty).

Proof: We follow Kawamata’s proof of the Mukai- Artamkin criterion ([Kaw]
Theorem 3). Let (Art) be the category of Artinian local C algebras with
residue field C. Let (Set) be the category of sets. Fix a simple pair (P, )
with singularities in @. Consider the following deformation functor D :
(Art) — (Set). D(A) is the set of isomorphism classes of triples (P, ®, fo),
where P is a principal G-bundle on ¥ x Spec(A), @ is a section of P(G) with
singularities in O (Definition 4.4), and fj is an isomorphism of (P, ®) X Spec(A)
Spec(k) with (P, ).

Set A, := C[t]/(#"*!) and B, := A, ®c A;. Let 8, : B, — A, be the
natural homomorphism. Set ¥, := X x Spec(A4,). Given (P, ®,, fo) €
D(Ay), we denote by (Pn_1,®n_1, fo) its restriction to Spec(A,-1). De-
fine T'((Pn, ®5)/An) to be the set of isomorphism classes of quadruples
(Yn, Yy, ho, hy), where (Yy,, ¥p, ho) is an object in D(B,) and h,, is an iso-
morphism between (Py, ®,) and the restriction of (Yy, ¥,,) to A,. We require
also that hg is the composition of fy with the restriction of h,. Then we
have a natural identification

T'((Pa,®0)/An) = H' (Zu, [Pag 5 ad(Pr, 20)])
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Denote the complex [Pg — ad(P,¢)] by C, and let C7 be the complex

[Png 2d2y ad(P,, ®,)]. We get a short exact sequence of complexes on X,

0=5Co=Cr=CM 0, (24)

Considering the long exact sequence of hyper-cohomologies, we see that the
vector space H2 (X, C,) is the obstruction space T2 to lifting an infinitesimal
deformation of (P,_1,®,—1) to an infinitesimal deformation of (P, ®,).

Theorem 1 in [Kaw] and the universal properties of M (G, ¢,0) imply,
that smoothness of M(G, ¢, Q) at (P, ) follows from the T-lifting property
established in the Lemma 4.14. This completes the proof of Theorem 4.13.
O

Key to the proof of the T'-lifting property for simple sheaves, is Mukai’s
observation, that obstruction classes must live in the kernel of the trace map
[Mu1l]. Next, we construct the analogous trace map for our pairs. Let 3 be the
center of g and (3)x, be the trivial 3-bundle over X,. Let trg : Ppg — (3)x, be
the projection with respect to the orthogonal decomposition, arising from the
invariant bilinear form on g. Using the equality (13), we get a commutative
diagram defining the homomorphism tr;

Ag, — Pug®Prg — ad(Pyn,®n)
*L ~L J, tl‘l
(Z)En - (Z)Zn @ (3)271, - (3)211,1

where the bottom right arrow is summation. We get the morphism of com-
plexes tr := (trg, try)

wiCl — [@m 2 G)n-

Denote the complex [(3)s, N (3)s.] by Z2. Then H?(Z7) is isomorphic
to H!'((3)s,) and hence to 3 ® H(Z,,Ox,). If (P,¢) is simple, then the
morphism tr? : HF (CF) — HE(Z7) is an isomorphism for i = 0,2. We have
shown that, when n = 0, in the proof of Corollary 4.10. It follows for every
n by Nakayama’s Lemma. We get the isomorphism

tr? : HA(CT) — HE(ZD)) = ;@ H'(Os,).

Lemma 4.14. For any positive integer n and any object (Ppn,®n, fo) in
D(A,), the restriction homomorphism

r ot TY(Pn,®n)/An) — T (Pn-1,Pn_1)/An_1)

is surjective.
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Proof: Consider the commutative diagram with exact rows, where the upper
row is a segment of the long exact sequence arising from (24).

Hl(CP) - HY(CPTY) 5 HE(GL)

trl | 1 trt 1 tr?

H(zp) 5wz D m(z)
Now, @ is surjective, being equal to I ® ', where I is the identity of 3
and B : HY(Z,,0s,) — H'(X,-1,0x,_,) is the natural homomorphism.
Hence, v = 0. The injectivity of tr? implies that o = 0. This establishes the
surjectivity of . a

5 The Jacobi Identity

We complete the proof of Theorem 4.7 in this section. Consider the pairing

0 : AT*M(G,c,0) — H2(S,ws)=C
0(a,8) = (Yg(a),h), (25)

where ¥ is given in (17) and (e, e) is the Serre Duality pairing. The bracket
{f, g} of two local functions on M(G,c, Q) is defined by

{frg} = 0(df,dg).

The statement of Theorem 4.7, that V¢ is a Poisson structure, means that
the structure sheaf of M (G, ¢, Q) is a Lie algebra with respect to that bracket.
One has to prove the Jacobi identity

{f:{g: 13} +{g.{n, f}} + {h.{f,9}} = 0,

for every three local functions on M(G, ¢, ). We provide an algebraic proof
of the Jacobi identity in this section. Note that an alternative proof follows
from the relation with the Dynamical Yang-Baxter equation discussed in
section 9.

We reduce the proof of the Jacobi identity to the GL(n) case, by the
choice of the faithful representation p : G — GL(n). We would have liked
to argue as follows. The moduli space M(G,c, Q) is mapped into a Pois-
son moduli space M(GL(n), p(c), D). The Jacobi identity for the Poisson
structure on M(GL(n),p(c), D) would be verified by realizing this mod-
uli space as a moduli space of sheaves on a Poisson surface. Moreover,
M(G,c,0) is mapped into a single symplectic leaf M (GL(n), p(c), p(0)) of
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M(GL(n), p(c), D). Furthermore, the symplectic form on M(GL(n), p(c), p(Q))
restricts to the 2-form defined on M (G, ¢, Q) via the tensor ¥ in Theorem
4.7.

Essentially, we will carry out the above argument. There are, however,
two major technical difficulties. First, the GL(n) pair (E, p(y)), associated
to an infinitesimally simple G-pair (P, ¢), may no longer be simple. Second,
the Jacobi identity for moduli spaces of sheaves on a Poisson surface was
proven, in general, only for locally free sheaves [Bo2] (see also [R1, Mu2] for
proofs in the case of locally free sheaves on a symplectic surface). However,
the spectral construction associates to a GL(n)-pair a sheaf supported on a
spectral curve in the Poisson surface

S := P[Os(D) & Og).

Thus, we need to deal with torsion sheaves on S with pure one-dimensional
support. Moreover, the spectral curves arising from a general G could be
all singular and the eigensheaves on the spectral curves need not be line-
bundles. In section 5.2 we prove the Jacobi identity for all smooth moduli
spaces of simple sheaves on any Poisson surface (Theorem 5.3). This is done
by means of a Fourier-Mukai transform, which maps the moduli of simple
sheaves into a moduli space of locally free and simple sheaves.

Let us summarize the various constructions that we apply. We start with
a pair (P,¢) in M(G,c,0). We use the representation p : G — GL(V) to
get the GL(V')-pair (P x,V, p(¢)). The spectral dictionary associates to the
GL(V)-pair a sheaf F on the surface S with pure one-dimensional support
[Sim]. We then apply a Fourier-Mukai functor ® to obtain a locally free
sheaf ®(F).

M(G,c,0) = M(GL(V),p(c), D)
—

c M, % X, (26)
(P,9) (Px,V,plg)) = F

O(F).

The proof of the Jacobi identity, for a general G, is based on a reduction
to the GL(n) case. This requires a separate proof of the GL(n) case first.
We chose to avoid duplications. In order to extract the proof of Theorem 4.7
in the GL(n) case first, the reader need only read Theorem 5.3 in Section
5.2 and proceed to Lemma 7.4.

5.1 Restriction of Poisson structures

We will first explain the proof of Theorem 4.7, ignoring the two difficulties
mentioned above. The changes required will be addressed in the following
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sections starting with 5.2. When G = GL(n) and p is the standard repre-
sentation, the moduli space M(G, ¢, p, D) is naturally a Zariski open subset
of a moduli space M, of simple sheaves on the Poisson surface S. The sur-
face S has a C*-invariant Poisson structure [HM2]. The first Chern class,
of sheaves in M), is equal to ¢; (Og(n) ® 7*Ox(nD)), where Og(—1) is the
tautological line subbundle, of the pull back of Ox(D) @& Ox to the ruled
surface S. This first chern class is represented by the n-th multiple, of the
image in S, of a section of the line bundle Oy (D). The Euler characteristic
of sheaves in M, is the degree c, of the vector bundle E, of a pair (E, ¢) in
M(GL(n),c, p,D). A generic pair (E, ¢) corresponds to a line bundle F' on
the spectral curve of (E, ). The spectral curve belongs to the linear system
of the line bundle Og(n) ® 7*Ox(nD). A proof of the Jacobi identity, ap-
plicable for the GL(n) case, was given in [DM, H] under certain regularity
assumptions.

Let 00 C S be the section at infinity, so that S \ 0 is the total space
of Ox (D). The spectral curves of pairs (E,¢) in M(GL(n),c, p, D) do not
meet 0o. We note, that M, admits additional components consisting of
sheaves, whose one-dimensional support does meet 0. The support of such
sheaves necessarily contain o, as well as some fibers of 7 : S — X. The
determinant line-bundle of such sheaves belongs to the component of Pic(.S)
containing the line-bundle Og(n) ® 7*Ox(nD), but it need not be equal to
Os(n) ® m™Ox(nD).

For a general G, we adopt throughout section 5.1 the ideal assumptions:
1) the representation p induces a morphism

e : M(G,c,0) — M(GL(n),p(c),D) (27)

into a smooth moduli space of simple sheaves. 2) The tensor ¥,, defined
on M(GL(n), p(c), D) in [HM2] (see also (72) below), is a Poison structure.
3) The moduli space M(GL(n), p(c), p(0)) is a symplectic symplectic leaf of
M(GL(n), p(c), D), where p(Q) is the double orbit in GL(n)((t)) containing
the image of O via p. Assumption 3 is proven in Lemma 7.4. Assumption 2
will be dropped in section 5.2 and all three assumptions will be dropped in
section 5.4.

We describe in Lemma 5.1 a restriction operation for Poisson structures.
The essence of the Lemma is that, once a Poisson tensor can be restricted,
then there aren’t any differential obstructions for its restriction to be a Pois-
son structure. This parallels the symplectic case, in which the pull back
of a closed form is automatically closed. Let (X, ¥ x) be a smooth Poisson
algebraic variety, e : M — X a morphism from a smooth variety M, and
Uy € HY(M,TM ® TM) a section. Let T*X),, be the pull back of the
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cotangent bundle by e. Denote by \II)_(1 (T M) the subsheaf of T* X, , which
is mapped via Ux to the image of de : TM — TX),,.

Lemma/Definition 5.1. If all the conditions below are satisfied, then ¥y
18 a Poisson structure. We refer to WUy, as the restriction of the Poisson
structure ¥ x.

1. The differential de is everywhere injective.

2. The image of deo ¥y : T*M — TX|,, is contained in the image of
Ux.

8. The outer square of the following diagram is commutative.

A TM) - T°X), 5 TX),
et | e* | T de
™M = TM 4 TMm
Remark 5.2. 1. Lemma 5.1 can be formulated in terms of the Poisson

variety (X,¥x) and an embedding e : M — X, without giving the
tensor Wjys. The Poisson structure ¥x can be restricted to M, if and
only if the restriction of ¥x to ‘I’}l (T'M) factors through e*.

2. In the symplectic case, where U x is non-degenerate, commutativity
of the outer square means that ¥, is non-degenerate as well and the
2-form \I/;(1 restricts to \I/;,Il

3. Note that the right square in the above diagram does not commute in
general.

Proof of Lemma 5.1: The Lemma is local and even formal, so we may as-
sume, for simplicity of notation, that e is an embedding. The anti-symmetry
of W), follows from that of Ux. Let fx be pairing obtained from the Poisson
structure as in (25). The Jacobi identity on X is known to be equivalent to

. 3
the vanishing of the section dfx of A TX defined by:

CieX(a) ﬁa 7) = ‘I’X(a)ex (ﬂ, 7) - <[\IJX (a), Ux (:8)]’7) + Cp(Ot, B, ’y)a

for 1-forms «, §, and y on X (see [Bo2] Proposition 1.1 or the equalities (28)
below). Above, cp(e, B,7) denotes the terms obtained from the previous two
by cyclic permutations of «, 3, and y. The first term on the right hand side
is Lie derivative of the function by the vector field ¥ x (a). The second term
involves the Lie bracket of vector fields on X.
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~ 3
It is easy to check that dfjs is a tensor (i.e., a section of A TM). It

is, in fact, a section of the image of /3\ W e 70’\ ™M —>/3\ TM. It suf-
fices to check the last statement locally for exact 1-forms o; = df;. Ex-
panding the first term using Lie derivatives, we get Wps(a1)(¥ p(ae), a3) =
([Tnr(ar), Ya(az)l, as) + (Yar(az2), Ly, (ar)@3), and thus

don(ar, a9, 03) = (¥nm(o2), Ly, (ay)as) +¢p(1,2,3) = by exactness
= (‘PM(QQ)vd(‘IIM(al)7a3)> +Cp(1a273) =
= {f2,{f1. fs}} +cp(1,2,3). (28)

The last term depends only on Wy (c;), i =1,2,3.

Denote by T'(X, M) the subsheaf of TX of vector fields tangent to M.
T(X, M) is a sheaf of Lie sub-algebras. Moreover, the restriction T'(X, M) —
TM is a Lie algebra homomorphism. Assumptions 2 and 3 imply that the
restriction of dfx to \IJ;{IT(X , M) is the pull-back of dfys. In other words, if
the one forms «, 3, and -y are sections of the subsheaf \I/;{lT(X , M) of T*X,
then we have the equality

(JQX(aaﬁa’Y))iM = CiOM(alM”BIM’,YIM)'

Assumptions 2 and 3 imply that the restriction \I')_{l (TM) = ¥ (T*M) is
surjective. Thus, the image Ups(c), of every 1-form « on M, can be lifted,
locally, to a 1-form on X in \P)_{l(TM ). Consequently, the vanishing of dfx
implies the vanishing of df);. o

Let us check the assumptions of Lemma 5.1 in case e is the morphism
(27). We denote by ¥« the tensor on M(G,c,Q) provided by (17). The
tensor on M(GL(n), p(c), p(0)) is denoted by ¥,,.

Given a pair (P,p) in M(G,c,0), with associated pair (E,p(y)) in
M(GL(n), p(c), p(0)), we denote by Pgt the subbundle of End(E) orthog-
onal to Pg with respect to the trace pairing

End(E) = Pg @ Pgh.
The sequence (12) fits in a commutative diagram

0 - A, — [Pg ® Pg] 2 wdPy) - 0
) P +
0 = Ay — [End(E)®End(E)] — ad(E,p(p)) —0.

Since Pg and Pgl are Ad,(y)-invariant, the vector bundle A () decomposes
as a direct sum of A, with a subbundle A of Pgt & Pg'. Consequently,
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ad(E, p(p)) decomposes as a direct sum

ad(E,p(p)) = ad(P,p) ® ad(P,p)", where
ad(Pp)t = [Pg- @ Pg']/A;.

The homomorphisms ¢, e; and es, associated to p(yp) as in section 3.4, all
preserve the decompositions. It follows from the equalities L, = g o €2
and R,,) = q o e1, that both homomorphisms L), Ry : End(E) —
ad(E, p(p)) preserve the decompositions. Consequently, the complex (14)
of (E, p(¢)) decomposes as well. The injectivity assumption 1 follows. Pull
back ¥, to M (G, c,0) as a homomorphism

e’ (¥,) : €T"M(GL(n),p(c),p(0)) — e TM(GL(n),p(c), p(0)).

The pulled back Poisson structure e*(¥,) preserves the decomposition e*(¥,) =
(TG, U4). Assumptions 2 and 3 follow.

5.2 A Fourier-Mukai transform

The moduli space M(GL(n), p(c), D) is contained, as a Zariski open subset,
in a moduli space M, of simple sheaves on S of pure one-dimensional support.
The moduli space M(GL(n), p(c), D) has an anti-symmetric tensor ¥, given
in (72). It was verified in [HM2], that ¥, coincides with the Mukai-Tyurin
tensor on M,. The Mukai-Tyurin tensor is induced by the C*-invariant
Poisson structure g on the surface S. One uses push-forward via g :
wg — Og to get the homomorphism:

Ext!(F,F®uws) 5 Ext\(F,F). (29)

We will now prove that ¥, is a Poisson structure. The argument in section
5.1 will imply, that ¥g is the restriction of ¥, via e, provided we keep the
ideal assumption, that we have the morphism (27) into the smooth moduli
space M,.

Next, we extend Bottacin’s proof of the Jacobi identity, to the general
case of all simple sheaves.

Theorem 5.3. Let M be a smooth moduli space of simple sheaves on a
Poisson surface (S,s). Then the Mukai-Tyurin tensor Uy, given in (29),
is a Poisson structure.
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Remark 5.4. Note that the smoothness assumption is necessary, as there
are examples of singular moduli spaces of simple sheaves on a Poisson surface
(consider the structure sheaf of the curve in Example 8.6 in [DM]). Over
a symplectic surface, smoothness of any moduli space of simple sheaves
was proven by Mukai [Mul]. Mukai’s smoothness Theorem extends, over
any Poisson surface (5,1g), to moduli spaces of simple and locally free
sheaves. If E is a locally free sheaf on S, then Ext%(E, E)* is isomorphic to
HO(End(E) ® wg). The latter is mapped injectively via 15 to a subspace of
H°(End(E)). If E is simple, then H°(End(E)) is one-dimensional. If S is not
symplectic, then the image of H°(End(E) ® wg) consists of endomorphisms,
which vanish along the zero divisor of 1)s. Hence, both H°(End(E)®ws) and
Ext%(E, E) vanish. The vanishing of Ext%(E, E) implies the smoothness of
the moduli space at E [Ar, Mul].

The rest of section 5.2 is devoted to the proof of Theorem 5.3. The
only simple sheaf with zero-dimensional support is the sky scraper sheaf of
a point. The moduli space M is then isomorphic to the surface S, ¥j is
just ¥g, and the Theorem holds trivially.

We assume from now on that the sheaves parametrized by M have sup-
port of pure dimension > 1. We will construct a morphism

®: M — X (30)

into a moduli space X of simple and locally free sheaves on S. The tensor
U x, given by (29) on the moduli space X, is known to be a Poisson structure
[Bo2]. The morphism @ will satisfy the assumptions of Lemma 5.1 and ¥,
is the restriction of ¥ x.

Assume that all sheaves F', in some Zariski open subset of M, satisfy the
following assumptions:

. HYF) = 0, fori>0,
H(FQws) = 0, fori>0, and (31)
F is generated by global sections.

The assumptions will always hold in some neighborhood of a given sheaf,
after we compose e in (27) with tensorization by a sufficiently ample line
bundle on S.

Let Sy = 82 = S, m : 81 x Sy — S; the projection on the i-th factor,
i =1,2, A C 51 x Sy the diagonal, and I, its ideal sheaf. We denote by
D(S) the bounded derived category of coherent sheaves on S. Let

Lo D(S) = D(S)
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be the exact functor defined by the formula

B 6 (o) = Ruy(In & mi(s)).

We denote this functor by @ for short. The basic properties of such functors
were studied in [Mu3, O, Br].

The assumptions (31) imply that the object ®(F) is represented by a
sheaf, denoted by ®(F) as well, which is the kernel of the evaluation map

0-®(F) = HY(F)R0s =5 F—0. (32)

This can be seen by replacing Ia by the quasi-isomorphic complex [Ogxs —
Oa]. The transform of F is seen to be the complex [H(F) ® Og — FJ,
which is quasi-isomorphic to ®(F).

Lemma 5.5. Assume that F is a sheaf on the surface S satisfying the as-
sumptions (31). Then the sheaf ®(F) satisfies the following properties:

1. If F is a sheaf of pure d-dimensional support, d > 0, then ®(F) is
locally free.

2. If F is a simple sheaf, so is ®(F).

8. If G is a sheaf satisfying H*(G) = 0, for k > 0, then the homomor-
phism

® : Exty(F,G) — Exti(®(F),3(Q))

is injective for 1 = 0,1 and surjective for i =0, 2.

Proof: 1) The sheaf ®(F) is clearly torsion free. We have the short exact
sequence defining ()

0— ®(F) = ((F)")*->Q—0.

®(F) is locally free if and only if it is reflexive, i.e., if and only if ) vanishes.
If a point p is in the support of @, then there is an injective homomorphism
from the sky-scraper sheaf C, into (). Local freeness of ®(F) would follow,
if we prove that the sheaf £xt!(C,, ®(F)) vanishes for every point p in S.
Take Homs(C,,e) of the short exact sequence (32) and observe that both
of the sheaves Homg(Cp, F) and Ext}(Cp, H°(F) ® Og) vanish.

2) follows from 3. We sketch the proof of 3. Let I' be the functor
X @mx . . o . .
@fg‘fﬁ 512‘”5[2]. It is known that I' is the left adjoint of ®. A straightforward

calculation yields that I'(®(F)) fits in the distinguished triangle
A — T(®(F)) — F — A[])



J.C. Hurtubise and E. Markman 911

where A = (H![®(F)*]* ® Os)[1]. Given any sheaf G, we get the long exact
sequence

.- = Ext!(F,G) = Ext*(I'®(F), @) — Ext'(4,G) = Ext'"}(F,G) — - -

Left adjointness implies the isomorphism ExtY(T®(F),G) = Ext!(®(F), ®(G)).
Now Ext’(A, G) is isomorphic to H(®(F)*)® H'"}(G). Part 3 follows from
the assumption that H*(G) = 0, for k # 0. o

From now on, the notation ®(F') will always denote the sheaf associated
to F' (rather than an object in D(S)). We let X be the moduli space of
simple locally free sheaves with the rank and Chern classes of ®(F), F € M.
We denote by

d® : Ext!(F,F) — Ext!(®(F),®(F)) (33)

the natural homomorphism. It is the differential of the morphism @ in
(30). The differential d® is injective, by part 3 of Lemma 5.5. Let us check
the assumptions of Lemma 5.1 for the morphism ®. It remains to prove
assumptions 2 and 3. We will need an explicit description of both d® and
its dual d*®. We start with d®.

We will adopt the following convention. If n € Ext!(A, B) is an extension
class of two sheaves, then we will denote a representing extension by

0 B 5 v, I Ao

Let n be a class in Ext'(F, F). Then V,, satisfies assumptions (31) as well.
We get a commutative diagram with short exact rows and columns

®(F) - (V) — ®(F)
\ l 1

HO(F)®OS — HO(V;7)®OS — HO(F)®OS (34)
! 1 {
F - Vi — F.

The top row is an extension representing d®(n).
Next we identify explicitly the codifferential
d*® : Ext'(®(F),®(F)Quws) — Ext'(F,F®wg).

Taking Hom(e, H(F) ® wg) of the short exact sequence (32), we get the
long exact sequence

— Ext'(F,H°(F) ® ws) — Ext'(H(F)® Og, H'(F) ® wg)
— Ext'(®(F),H(F)®ws) — Ext™*'(F,H'(F)®wg) — ---



912 Elliptic Sklyanin integrable systems ...

Ext!(F, H°(F) ® wg) vanishes for i < 2, by assumptions (31). Consequently,
the pull back homomorphism

o 1 Ext'(H(F)® Og, H(F) @ ws) — Ext}(®(F), H(F) ® ws)
(35)

is injective. We claim that o* is surjective as well. Surjectivity follows
from injectivity of Ext?(F, H(F) ® ws) — Ext?(H°(F) ® Os, H'(F) ® ws).
Injectivity of the latter follows from Serre’s Duality and the fact that F' was
assumed to be generated by global sections (Assumption (31)).

Let € be a class in Ext!(®(F), ®(F) ® ws). The push forward (o ® 1)(e)
_is the class of an extension Vieo1)(e) of ®(F) by H°(F) ® w. Since the pull
back (35) is an isomorphism, (a ® 1)(e) = a*(d) for some extension class
§ € Ext/(H°(F) ® Os, H(F) ® w;s). Denote by e : V, < V(ag1)) and
[ Viag1)(e) = Vs the natural homomorphisms. Both e and f are injective.
We get the commutative diagram with injective vertical homomorphisms:

0 - BF)ew - 1A J ®F) - 0
a®l | foe | a |

0 » HF)Quws % Vs By H(F)®0s — 0.

(36)

We obtain the quotient short exact sequence
02 FQuws — Vy¢o — F—0.

representing an extension class \(¢) € Ext!(F, F ® wg).
Lemma 5.6. d*®(e) = —\(e).

Proof: Let 7 be a class in Ext!(F, F) and € € Ext!(®(F), ®(F) ® wg). We
need to prove the equality
tr(eo d®(n)) + tr(A(e)on) = 0, (37)
where the left trace is the natural homomorphism
tr : Ext’(®(F),®(F)®ws) — H?*(ws) & C,

and the right trace is from Ext?(F, F ® wg). Compose the diagrams (34)
and (36) to get the commutative diagram of 2-extensions

o(F)ows -5 v, 9 ey W e
a®l | foe l 4 l a
0 1n)og
B eows 2 v "W pyygos — HY(F)®Os
ev®1 | \ 4 4
F ®wg — Wy — Va —> F
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with short exact columns. The left hand side of (37) is the sum of the traces
of the top and bottom 2-extensions. This sum is equal to the trace of the
2-extension in the middle row of the diagram. This middle 2-extension is
the cup product of the middle 1-extensions in diagrams (34) and (36). The
middle row of (34) is a trivial extension. Hence, the middle 2-extension class
vanishes. a

The following Lemma is key to the proof of Assumptions 2 and 3 of
Lemma 5.1.

Lemma 5.7. Suppose we are given a commutative diagram

0 - ®F)Qws —= V. -  &F) = 0

a®l | 1 } a

0 - H(F)Qws — V, - HYF)®0s — 0
ev®1 | J 1 ev

0 — FQuws — Vg — F - 0

with short ezact rows and columns. Denote the corresponding row eztension
classes by €, v, and 8. Then the following are equivalent.

1 9s.(e) = d2(¢s.(8),
2. '(;bS* (6) € Im(dq))7
3. ¢S*(7) = 07
4 (a®¢5)*(6) = 0.
Proof: (4) <= (3): We have the equality o*(y) = (a ® 1)4(¢). Thus, (4)

is equivalent to vs, (a*(7)) = 0 as well as to a*(¢s, (7)) = 0. The vanishing
of Ext!(F, H*(F) ® Og) implies, that the pull back homomorphism

o' : Ext'(H(F)® Os, H'(F) ® O5) — Ext}(®(F), H'(F) ® Og)

is injective. Thus, a*(¢s, (7)) = 0 is equivalent to g, (y) = 0.
(3) = (1): The vanishing of ¢, () implies, that the vector bundle Vis. ()
is trivial (being the trivial extension of two trivial vector bundles). It follows,

that the homomorphism Vis.() = Vas. () 1s conjugate to the evaluation
homomorphism. Thus, Vi, (o is @(Vyg (5)) and s, () = d® (s, (8)).

(1) = (2): Clear.
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(2) => (4): Let 95, (e) = d®(n), for some € Ext!(F, F). Then Vy, (
is isomorphic to ®(V;;). Thus, by the explicit construction of ®, we have
the equality (a ® 1).(1s, (€)) = a*(8), where J is the extension class of the
middle row in (34). But § = 0. O

Proof of Assumption 2 of Lemma 5.1: We need to prove that the
image of

Ext!(F,F@ws) 2% Ext!(F,F) 2% Ext!(3(F), ®(F))

is contained in the image of
¥s, : ExtY(®(F),®(F) ®ws) — Ext!'(®(F),®(F)).

Start with a class 7 € Ext!(F, F ® ws). The extension group Ext!(H(F)®
Ogs, F ® wg) vanishes. Hence, the pullback ev*(n) is the trivial extension of
HY(F)®Os by F ® ws

Verry = (FQuws) @ (H°(F)® Os).

Consequently, we have a commutative diagram with surjective vertical ho-
momorphisms:

H(F)Qws — (H(F)®uws) ® HY(F)®0s — H(F)®Og
ev®1 | + J ev
F®uws — ‘/;7 — F

Complete it to a diagram as in Lemma 5.7 by adding the top row of kernels.
Let € be the extension class of the top row. The implication 3 = 1 in
Lemma 5.7 implies that 1g, (¢) = d®(¢s, (1)). O

Proof of Assumption 3 of Lemma 5.1: We will prove the commu-
tativity of the square for the Poisson structures ¥j; on M and —¥x on
X. Let € be a class in Ext!(®(F),®(F) ® ws) and 7 in Ext!(F, F). As-
sume that g, (€) = d®(n). We need to prove the equality g, d*®(e) = —n.
Apply the implication 2 = 1 of Lemma 5.7 to the diagram (36) in the ex-
plicit construction of d*®. We get the equality ¢s, (€) = d®(¢g, (—d*®(€))).
Assumption 3 follows from the injectivity of d®. m]

This completes the proof of Theorem 5.3.

5.3 Restriction from a first order infinitesimal neighborhood

We will drop the assumption that the GL(V)-pair in diagram (26) is simple.
Consequently, the sheaves F' and ®(F') need not be simple. The deformations
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of non-simple sheaves may be obstructed. Thus, we work only with the
sheaves of infinitesimal deformations of F' and ®(F) over M(G,c,0). Our
main point is that we can apply, both Lemma 5.1 and the main result of
Bottacin in [Bo2], using only the first order germ along M(G,c,0) of the
moduli space X in diagram (26). This section explains the reformulation of
Bottacin’s Theorem suitable for our purpose.

Let M be a smooth algebraic or complex analytic space. Let £ be a
0-cochain, in the complex or étale topology of M, of families of locally free
sheaves over S x M. Assume that End(E) glues to a global vector bundle
over S x M. Denote by SmtﬁrM (€,€) the relative extension sheaf over M.
Let

e @ Exth (E,E@uws) —  Eaty (€,E) (38)
be push-forward via the Poisson structure 15 of S.

Theorem 5.8. [Bo2] Let Ups : T*M — TM be an anti-symmetric homo-
morphism. Assume that the Kodaira-Spenser homomorphism

e : TM < &t (€€)

is injective. Assume furthermore that e and Vs satisfy assumptions 2, and
3 of Lemma 5.1, where Ux : T*X|,, — TX|,, is replaced by (38). Then ¥
is a Poisson structure.

Proof: We explain how the argument, given in [Bo2], actually proves the
Theorem. Let ¥z'(TM) be the subsheaf of £zt u (€, EB®ws), which is taken
by ¥s to e(TM). Consider the pairing

Og : &ct,lrM(S,E(X)ws) ® Emt,lrM(S,é'@ws) —  H?*(S,ws)
a®p = tr(ys, (o) o B).

Note that 0 is anti-symmetric on U3 *(e(T'M)), because of the anti-symmetry
of s and the assumptions of Lemma 5.1. Define the C-linear homomor-
phism

JGg(a, ﬂa 7) = \I/g(a)eg(ﬁ, 7) - ([\I’é‘(a)a e (18)]1’7) + cp(a, IBa ’7)7

for sections a, B, v in ¥z'(TM). The bracket [¥g(a), Ue(B)] is the Lie
bracket in M. The derivation by U¢(a) is the Lie derivation of the function
8¢ (B, ) with respect to the vector field ¥¢(a) on M. The argument in [Bo2]
proves that df¢ vanishes identically. The stability assumption in [Bo2] was
used only to deduce simplicity, which was used to deduce that 1) the universal
endomorphism sheaf End(€) exists and 2) ¢ is anti-symmetric. We assumed
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the existence of £nd(€) and we need the anti-symmetry only on U;'(TM),
where it known. Assumptions 2 and 3 of Lemma 5.1 imply that dg factors
through the analogous tensor dfyr on T*M. Hence, the latter vanishes. The
vanishing of dfs is equivalent to the Jacobi identity. a

5.4 Non-simple sheaves

We can now prove Theorem 4.7 without any additional assumptions. The
simplicity of the pairs (P, ) parametrized by M (G, ¢, Q) implies that, locally
in the étale or complex topology over moduli, we have a universal pair (P, u)
over XX M (G, ¢, Q). Moreover, the adjoint bundle Pg is defined globally over
the moduli. Consequently, we get the gi(N)-bundle End(®(F)), associated
to Pg via the composition of p and the functor ®. Here we use a relative
version of the constructive description of ® in (32), under the assumptions
(31), so that @ involves first tensorization by a sufficiently ample line bundle.

The triple {M, £, e} in Theorem 5.8 is taken to be { M (G, ¢, Q), &(F), dPo
e}, where d® is given in (33) and the latter e is the infinitesimal version of
(27). The injectivity of the latter e was proven in section 5.1. The injec-
tivity of d®, as well as the other assumptions of Theorem 5.8, are proven
by the relative version of the arguments in section 5.2. Relative Fourier-
Mukai transform, for a family of sheaves, are discussed, for example, in
[Mu3, O, Br]. One applies the relative version, to a (local) universal family
of sheaves F over S x M, in order to relate the two moduli spaces. The argu-
ments in section 5.2 are presented for a single sheaf. The relative analogue is
straightforward. One uses the cohomology and base change theorem and the
following fact, about sections of relative extension sheaves, such as the sheaf
E:Bt,lrM (€,€) over M: Given a local section 7 of Eztl (€,€), over an open
subset U C M, we can find an open covering U = U;c;U; and extensions

0=V = E—=0

over S x U; representing 7 (see [Lan]).

6 Complete Integrability

The invariant polynomial morphism (4) maps a pair (P,¢) in M(G,c,Q)
to a section char(P, ) of (T/W)(0) (see (10)). The quotient morphism
q: X(0) — (T/W)(0) is W-invariant. Hence, the curve

C =g~ (char(P,p)) (39)
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is a W-Galois cover of . We will refer to C' as the spectral cover. Sections
6.1, 6.2, and 6.3 deal with simply connected groups. In section 6.1 we cal-
culate the dimension of the space of sections of (T'/W)(0). Sections 6.2 and
6.3 describe the fibers of the invariant polynomial morphism (4). In particu-
lar, we prove that the fibers are Lagrangian subvarieties (Theorem 6.12) and
describe each fiber in terms of its spectral curve. In section 6.4 we introduce
the new techniques needed, in order to extend the complete integrability
Theorem 6.12 to the case of non-simply connected groups. In section 6.5 we
prove the complete integrability of M (G, ¢, Q), for any semi-simple group G
(Theorem 6.19). We sketch the proof for a general reductive group in remark
6.20. In section 6.6 we study the fibers of the invariant polynomial map (4),
in terms of curves on a symplectic surface. The topological invariant (7)
plays a crucial role, starting in section 6.4.

6.1 The variety (7/W)(0) for a simply connected G

Assume that G is simply connected. Let x; be the trace of the representation
p; of G, corresponding to the fundamental weight A;. The morphism

x=X--xr) : T = C

factors through an isomorphism y : T/W — C'.

A local section of X(0Q) — X around p € ¥ has the form ta,, where a,
is the graph of a co-character a, in the W-orbit O, and ¢ is a section of the
trivial T-bundle over X. The order of the pole of x;(td,) at p is

—ordg(xi(tap,)) = —min{A(ap) : X is a weight of p;}.

This non-negative integer is independent of the choice of the co-character a,.
Choose the co-character a,, so that —a, is dominant. Then the minimum, on
the right hand side of the equation above, is obtained when A is the highest
weight A;. We get the equality

—ordo(xi(tap)) = —Xi(ap).
We let N be the vector bundle

N = @_,0%(S;), where
Si = Y —Xiap) p. (40)
pET

The morphism x admits a relative analogue

x : X(@Q) — N.
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Being W invariant, x factors through a morphism

x : (T/W)(Q) — N.
We have the equality

E deg(S;) = 12 Y(Qp),
2
=1

peEX

where (Qj) is the contribution of the point p to the dimension of M (G, ¢, Q)
(see Equation (19)). In particular,

deg(N) = 33°2(0,). (41)
pES

Assume that none of the divisors S; vanishes. Since the S; are effective,
the dimension of HO(N) is given by Riemann-Roch h°(N) = deg(N). We
conclude, that the dimension of H°(N) is equal to half the dimension of
M(G,c,0).

Lemma 6.1. Assume that none of the divisors S; vanishes. Then the space
of global sections of (T/W)(Q) is either empty, or it is a Zariski open subset
of an affine space, whose dimension is half the dimension of M(G,c,0).

Proof: Follows from equation (41) and Lemma 6.2. a

Lemma 6.2. If G is simply connected, then the morphism X extends to an
isomorphism (T/W)(Q) = N. Consequently, the complement of (T/W)(Q)
in N has codimension > 2.

Proof: The question is local over the base curve ¥. We will prove the
analogous local toric statement. We let the base curve & be C, X (F) the
affine toric variety defined in section 3.3, and 7 : X(F) — ¥ the natural
projection. The local model of X(Q) is the Zarisky open subset X(F) C

X(F). The local analogue of N is the total space of
®i=10z(=i(a) - po),

where —a is a dominant co-character in @ and py € ¥ is the origin of C.
Clearly, N is isomorphic to affine r + 1 space. We have a natural morphism

X : X(F) — N. The morphism x extends to X (£), because the complement
X(F)\ X(F) has codimension > 2 in X (F). We will prove that

Xx: XF) )W = N
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is an isomorphism.

The constant function 1 defines a section e; of the i-th summand of N,
because the divisor S; is effective. We let z be the coordinate on ¥ vanishing
at pp. The affine coordinate ring B of N is generated by {z,y1,...,¥r},
where y; : N — C corresponds to the holomorphic section of N* given by

)‘i(_a‘) . e*

Yi =z i

and e} is the meromorphic section of N*.

Let A be the affine coordinate ring of X(F). Denote by A its local-
ization, along the (reducible) fiber over py. Recall, that the subset of X (F)
over £\ {po} is the trivial T-bundle [Z\ {po}] x T. Denote by z; € A
the W-invariant function, corresponding to the trace of the i-th fundamental
representation p;. Then

AF([,/) > Clg, 2z Y ®CClzy, ...,z (42)

The morphism ¥ corresponds to the algebra homomorphism ¥* : B — A
given by

Xy = (=g, and X'z =z
It suffices to prove that A" is generated by {z, z>‘1(“a):c1, . ,z’\’(‘“)x,«}.

Let f € AY. Using equation (42), we can write

F=Y Y far-eeal,

n€Z IeCh(T)+

where the coefficients f,, ; € C are constants, Ch(T)+ is the integral cone
spanned by the basis {A1,...,);} of fundamental weights, z/ = []}_; :cfc’“,
and (71,...,4,) are the coordinates of I in the basis of fundamental dominant
weights. The coefficients f,, ; are zero, for all but finitely many pairs (n, I).
We need to prove the implication

fnr#0 = [n+1I(a)>0]. (43)
Let dy be the minimal value of n + I(a), for which f,, 1 # 0. Set

Iy == {I€ChT)+ ¢ fa;—1(a)1 # 0}

The graph
a:3¥ — X(F)
z
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of the co-character a, is a regular section of 7 : X(F) — X. We will prove
the implication (43) by contradiction. Assuming that dy < 0, we will prove
that there exists t € T, such that f(td) has a pole at py. This will contradict
the assumption that f is a regular function on X (F).

Every weight w, of the fundamental representation p;, satisfies the in-
equality w(a) > A;(a), since —a is dominant and ); is the highest weight.
Set

Xial) = Y w(), (44)

w(a)=Ai(a)

where the sum is over the weights w of the fundamental representation p;,
which satisfy w(a) = A\i(a). The coefficient of 2%/ in f(ta) is

> froxi), (45)

Iely
where fr:= fa;_1(a),r and x§(t) := [Tj=) xja(t)¥.

Assume that d; < 0. Lemma 6.3 implies, that there exists ¢t € T, for
which the coefficient (45) of 2%/ does not vanish. Hence, f(t&) has a pole at
po. This completes the proof of Lemma 6.2. O

Lemma 6.3. The functions {X14,-.-,Xra} over T, given in (44), are alge-
braically independent over C.

Proof: Let I C Ch(T);+ be a finite subset of characters, in the cone
generated by the fundamental weights, ¢ : I - C* a non-vanishing function,
and set g := Y Iel crxk. We will prove that g is identically zero on T, if and
only if I is the empty set.

Assume I is not empty. Choose a strictly dominant co-character —b, for
which

I(b) # I'(b), for any two distinct elements I,I' € I.

Let I € I be the element, for which I(b) is minimal. We will show, that
the composition of g with the morphism b : C* — T is not the constant
zero function. Consider the Laurent expansion of x;q(b(z)). Since —b is
strictly dominant, the order of the pole of the summand \;(b(z)) of (44)
is strictly higher than the order of the pole of the other summands of (44).
Consequently, the coefficient of z*(), in the Laurent expansion of Xi,a(6(2)),
is 1. Moreover, z*(®) is the lowest power of z with a non-zero coefficient.
Thus, the coefficient of z/(®) in 9(b(2)) is c¢;. We conclude, that g is not the
constant zero function. a
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6.2 Spectral and cameral covers

There are two natural constructions of W-Galois covers, of the base curve
¥, associated to a pair (P,¢) in My(G,c,0). We call them the spectral
and cameral covers (Equation (39) and Definition 6.7). The image of the
invariant polynomial map (4) is most conveniently described in terms of
the spectral covers. On the other hand, the fibers of the map (4) are most
conveniently described in terms of the cameral covers (section 6.3). The
main result of this section states, that the spectral and cameral covers are
isomorphic (Proposition 6.8). This fact will be used in the proof of the
complete integrability theorems 6.12 and 6.19. Note, that we do not assume
the spectral or cameral covers to be smooth.

We assume, throughout this section, that the derived subgroup G’ of G
is simply connected. The reason for this assumption is explained in Remark
6.11. The analogue of Proposition 6.8, for a general semisimple group, is
treated in Lemma, 6.14.

Definition 6.4. A subalgebra 3 of g is a regular centralizer, if it is the
centralizer of some element of g and the dimension of 3 is equal to the rank
of g.

Let 7 be the rank of G. Denote by G4 the Zariski open subset of G of
elements, whose centralizer in G is r-dimensional. The Lie algebra 3(z) of an
element z € G,y need not be a regular centralizer in the sense of definition
6.4. Let Go C Grey consists of elements z, whose centralizing subalgebra
3(z) is a regular centralizer in the sense of definition 6.4 (i.e., it is also the
centralizer of some regular element y of g).

Lemma 6.5. Gy is a Zariski open subset of G. It contains every regular el-
ement T € Greg, whose semisimple part has a centralizer C(xs) of dimension
<r42.

Proof: If z € G, then 3(z) is a commutative subalgebra of rank r. The
set of regular centralizers is a Zariski open subset of the set of r-dimensional
commutative subalgebras of g. Hence G is open. If C(z;) has dimension
T+ 2, then it is an extension of SL(2) or PGL(2) by a torus. The statement
reduces to the case of SL(2) or PGL(2), where it is easy to check that
Gy = Greg- a

The complement of the image of Gy has codimension > 2 in T/W (by
Lemma 6.5).
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Definition 6.6. Let Mx(G,c,0),¢, be the open subset of Mx(G,c,0) of
simple pairs (P, ) satisfying:

1. Away from its singularities, ¢ is a section of P(G)).

2. The spectral cover of (P, ) is unramified over the singularity divisor
of Q.

3. The fiber of the centralizing subsheaf 3(¢) is a Cartan subalgebra over
every point in the singularity divisor of Q.

Iwahori’s Theorem implies, that every point p € ¥ admits a local sec-
tion of P(G), which satisfies all the local conditions in the definition of
Ms:(G,c,0)reg. (See Section 3.1 for the statement of Iwahori’s Theorem).
Condition 2 implies, that the spectral curve (39) is contained in the Zariski
open subset X (Q) of X(Q).

A pair (P,p) in Mx(G,c,Q)r¢y is regular and generically semi-simple.
Thus, 3(y) is a subbundle of commutative subalgebras, the generic fiber
being a Cartan. Following [Dol, DG], we define the cameral cover to be the
curve of pairs (p, b), where p is a point of ¥ and b is a Borel subalgebra of Py,
containing the fiber of 3(¢) at p. The scheme theoretic definition requires
some notation. Let E/W be the space of regular centralizing Lie algebras.
Denote by G/T the space of pairs (¢, b) of a regular centralizer and a Borel
containing it. Let P(G/N) and P(G/T) be the relative analogues modeled

after the group scheme P(G). Then 3(¢) determines a section ¥ < P(G/N).

Definition 6.7. The cameral cover is the pullback of the cover P(G/T) —
P(G/N), via the above section.

Proposition 6.8. The spectral and cameral covers are isomorphic.

Proof: Away from the singularities of O, the isomorphism follows from
Lemma 6.10. The isomorphism between the cameral and spectral covers
extends over the singularities of Q. This follows from Conditions 2 and 3 of
Definition 6.6. a

Consider the following diagram:

t — Gy — GT & Gy — T
! ) ! ! Lo (46)
YW — gy — G/N & Gy -5 T/W.
Above, greg is the Zariski open subset of g of regular elements and grey is
the incidence variety in g,y X G/B. This incidence variety consists of pairs
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(z,b) of a regular element x and a Borel b containing it. Let Greg be the

analogous incidence variety for the group G' and G the subset of Greg over
Gy. The top right arrow takes a pair (z, B), of a regular element z € G and a
Borel B containing it, to the image of z under the canonical homomorphism
B — T. The morphism § sends an element = in Gy to its centralizing Lie
algebra 3(z). The morphism «a sends a pair (z, B), of an element z € G and
a Borel B containing it, to the pair (3(z),b), consisting of the centralizing
Lie algebra of z and the Lie algebra of B. Lemma 6.9 implies, that the
morphism « is well defined.

Lemma 6.9. Let = be an element of Gy. Then a Borel subgroup B contains
z, if and only if the centralizing Lie algebra 3(x) is contained in b.

Proof: Denote by B, the set of Borel subgroups of G' containing x. Let
Bj;(z) be the set of Borel subgroups of G, whose Lie algebra contains 3(z).
The Proposition in section 1.6 of [Hum3] proves that B, C By). Let © = su
be the Jordan decomposition of z, with s semisimple and u unipotent. The
identity component Zy(s), of the centralizer of s, is reductive and z, u, s
are contained in Zy(s) ([Hum3] 1.12). The centralizer 3(z) is contained in
the Lie algebra 3(s) of Zy(s). There is an element & € 3(z), with 3(&) = 3(z)
(because z is in Gy). Let £ = o + v be the Jordan decomposition of ¢,
with o semisimple and v nilpotent. The identity component Zy(o), of the
centralizing subgroup of o, is reductive and it contains Zy(s). Let B’ be a
Borel subgroup of Zy(o) containing z. Then its Lie algebra b’ contains 3(z)
(by the Proposition in section 1.6 of [Hum3] again). Hence, b’ must be the
unique Borel subalgebra of 3(c) containing {. A Borel in B, intersects
Zp(0) in a borel subgroup of the latter ((Hum2] Section 22.4). Suppose B is
in B;(;). Then b N 3(0) is the unique Borel subalgebra of 3(c) containing ¢.
Hence, BN Zy(c) = B’ contains z. The containment B, D Bj(z) follows. O

Lemma 6.10. All the squares in diagram (46) are cartesian.

Proof: The left square is well known to be cartesian. The middle left square
is cartesian by proposition 10.3 in [DG]. We claim that C~¥0 is smooth and
connected. The varieties G/N and G/T are smooth and connected ([DG]
propositions 1.3 and 1.5). Denote by C — G—/YV- the group subscheme of
G xG/N, consisting of pairs (z, a), such that a is contained in the centralizer
3(x) of . Lemma 11.2 in [DG] states, that C is commutative and smooth
over G/N and irreducible as a variety. Denote by Cy the intersection of
C with Gy x G/N. Projection from Cy onto Gy is a projective morphism,
because Cp is the preimage of Gy in the closure of C in G x Gr(r,g). It
follows that Cy — Gy is an isomorphism (by Zariski’s Main Theorem). @0
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is smooth and connected, being a Zariski open subscheme of the pullback of
C to G/T.

We prove next that the fiber product Go X1/ T' is smooth. T/W is
smooth because G’ is simply connected. Let (z,7) be a point in the fiber
product Go Xgyw T over 7 in T/W. The fiber product is smooth at (z,7),
if and only if the image of the differential of (y,7) : Go x T — T/W X T/W
surjects onto the fiber of the normal bundle of the diagonal at (7,7). This
happens if and only if Im(d;y) + Im(d,7) spans the tangent space of T/W
at 7. We show that v: Gy — T/W is submersive. Let Zy be the connected
component of the center of G and set G := Zy x G its product with the
derived subgroup of G. Choose a maximal torus 7" in G'. Then T := Zy x T"
is a maximal torus in G. We get the short exact sequence

03K—T—T—0,

where K is the anti-diagonal embedding of the intersection of Zy with the
center of G'. W x K acts on Zyg X T', and the factor K acts on Zy and
on T" fixed point freely. W acts trivially on Zy. Thus, the stabilizer in
W x K of a point (a,b) in Zg X T is equal to the stabilizer of b in W.
The stabilizer of b in W is equal to the stabilizer of ab. Consequently, the
morphism T/W — T/W is étale. Gy — T/W is submersive, because it
has a section. Hence, the composition _G_reg — T/W is submersive and it
factors through Grey. Consequently, Go — T//W is submersive and the fiber
product is smooth.

_ By the universal property of the fiber product, we have a morphism from
Go to Go X/w T. This morphism is projective because Go — Gy is. It is
clearly of degree 1, thus an isomorphism by Zariski’s Main Theorem. We

conclude that the right square is cartesian.

Next we prove that the middle left square is cartesian. We have seen
that Gy is a Zariski open subset of the group scheme C. Lemma 11.2 in [DG]
implies, that C is smooth over _Cm\’— Hence, the morphism § : Gy — G/N is
submersive. It follows that the fiber product G/T XGIN G is smooth. We

have seen that 60 is smooth and connected. The morphism from éo to the
fiber product is one-to-one and onto, by Lemma 6.9. The morphism from
Go to the fiber product is projective, because the morphism Go — Gy is
projective. Gg is isomorphic to the fiber product of Go and G /T by Zariski’s
Main Theorem. |

Remark 6.11. If the derived subgroup G’ is not simply connected, then the
right hand square of diagram (46) may fail to be cartesian over some regular
and semisimple elements of G. For example, let G = PGL(n), £ € C* a
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primitive k-th root of unity, where k = n if n is odd, and k = 2n, if n is even.
Let Z € SL(n) be diag(1,¢,€2,...,&™7Y), if n is odd, diag(¢,£3,...,6277 1),
if n is even, and let * € PGL(n) be its image. Then z is regular and
semisimple. Translates of Z, by elements of the center of SL(n), belong to
the W-orbit of Z. Hence, the stabilizer of z in W is non-trivial. The diagram
may fail to be cartesian over a locus of codimension 1 (e.g., in the PGL(2)
case).

6.3 The fibers of the invariant polynomial map

We prove in this section the complete integrability of M= (G, ¢, 0)yey (Def-
inition 6.6), for a simply connected group G. An abstract Higgs bundle is
a pair (P,3), consisting of a principal G-bundle and a subbundle 3 C Pg
of regular centralizers (see Definition 6.4). Donagi and Gaitsgory developed
an abelianization technique for studying abstract Higgs bundles on a vari-
ety X, in terms of W-automorphic 7T-bundles on a branched W-cover of
X. Related abelianization techniques were used earlier in the context of the
Hitchin system [Hi2, Dol, Fa, Sco]. A generic pair (P, ¢), in our moduli
spaces Mx(G,c,0), determines an abstract Higgs bundle. One simply re-
places @ by its centralizing sheaf of Lie subalgebras 3(¢). We use the results
of [Dol, DG] in order to study the fibers of the characteristic polynomial
map (4).

A pair (P, p) in M(G, ¢, 0),¢y is determined by the data consisting of 1)
its spectral curve C' C X(Q) and 2) its abstract Higgs pair (P, 3(¢)). Since
@ is generically regular and semisimple, the above statement follows from
Proposition 6.8 and the fact, that a regular and semisimple element z in G
is determined by 1) its image in G//G and 2) the pair T C B consisting of
the centralizer of z and a Borel containing it. The data (P, 3(¢)) determines
a principal T-bundle over the cameral cover [DG, Fa, Sco]. One first notes,
that the bundle P has a canonical reduction Pg to a Borel subgroup on
the cameral cover. The projection, from the Borel to the Cartan subgroup,
associates to Pg a T-bundle. If all co-roots of G are primitive, then this
procedure realizes the fiber of (4) in Mx(G, ¢, 0)¢, as a collection of torsors
of the group

Homyy (Ch(T), Pic’(C)), (47)

of W-equivariant homomorphisms from the character lattice of T' to the
Jacobian of C. If G has non-primitive co-roots, then this procedure is only
an isogeny onto a collection of such torsors. The precise determination of 1)
the kernel of the isogeny and 2) which torsors occur, is a special case of the
main result of [DG]. We will not need the precise description of the torsors.
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We are now ready to prove the complete integrability Theorem:

Theorem 6.12. Assume G is simply connected and none of the singularity
divisors S; of O vanishes (see (40)). Ewvery fiber of the characteristic poly-
nomial map (4), over a section of (T/W)(0), intersects M(G,c,Q)reg in a
Lagrangian subvariety of the latter.

Proof of Theorem 6.12: The image of M(G,c,0)r¢y, under the char-
acteristic polynomial map (4), is at most half the dimension of M(G, ¢, Q)
(Lemma 6.1). Hence, the dimension of the fiber is at least half the dimension
of M(G,c,0). It remains to prove that the fiber is isotropic.

Fix a pair (P,¢) in M(G,c,0)req. The generic regularity of ¢ implies,
that Z(p) is an abelian group subscheme of P(G). We have a natural mor-
phism

HY(S,Z(p))o — M(G,c,0)

from the identity component of the abelian group H*(Z, Z(y)) into M (G, ¢, Q).
A class a of HY(X, Z(y))o is a right Z(p)-torsor. It is sent to (a X 2() P Pa),
where Z () acts on a on the right and on P on the left via the P(G)-action.
¢ is a meromorphic section of Z(¢). The adjoint group bundle of a X z(,) P
has a group subscheme Z, isomorphic to Z(yp). We define ¢, as the mero-
morhic section corresponding to ¢, via the isomorphizm between Z, and

Z(p).

The image of ¢ is contained in the fiber of (4) through (P, ¢). In general,
the image of ¢« may be a subscheme of the fiber of lower dimension (e.g., an
orbit in the boundary of a compactified Picard group). The global regularity
of Z(p) implies, however, that the image of ¢ is a connected component of
the locus in M (G, ¢, Q),¢4 consisting of pairs, whose spectral cover is that of
(P, ) and whose cameral cover is isomorphic to that of (P,¢) (see [DG]).
But the cameral cover is isomorphic to the spectral cover by Proposition 6.8.
Hence, the image of ¢ is the component through (P, ¢), of the intersection of
the fiber of the characteristic polynomial map (4), with M (G, c,Q)yeq. The
intersection is a Zariski open subset of the fiber. Hence, the Zariski tangent
space at (P, ) to the image of ¢, is equal to the Zariski tangent space to the
fiber.

The tangent space to M (G, c, Q) fits into the short exact sequence
0— H'(ker(ad,)) — T(py)M(G,c,0) —s H(coker(ad,)) — 0.

This is part of the long exact sequence of hypercohomologies, coming from
the short exact sequence of the complexes

0— [ker(ad,) 0] — [Pg ady, ad(P,p)] — [0 — coker(ad,)] — 0.
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The Zariski tangent space to the image of ¢, is equal to the image of H* (ker(ad,)).
Consider the short exact sequence
0— Hl(ker(ad;)) — T(’};’SD)M(G, ¢,0) — Ho(coker(ad;)) - 0.

It is part of the long exact sequence of hyper-cohomologies, coming from
the cotangent complex (16). The restriction homomorphism, from Pg* to
ker(ady,)*, factors through the cokernel of the differential ady,, of the cotan-
gent complex. Serre’s Duality identifies the composition

H'(d(P,g)* %5 Pg*]) — HO(coker(ad?)) — HO(ker(ad,)),

as the codifferential d*.. The proof of Theorem 4.7 shows, that ker(ad,) is
isomorphic to ker(ad,). Moreover, the Poisson structure maps the image of
H*(ker(ad,)) onto the image of H'(ker(ad,,)). Hence, the fiber is isotropic.
0

6.4 Spectral curves and group isogenies

Let t : G — G be an isogeny of semisimple groups, K its kernel, and c a
class in 71 (G). We compare the spectral and cameral covers of ¥, associated
to pairs in the moduli space M (G, c,0). The spectral curves embed in the
variety X (0), constructed in section 3.3. The spectral curve (39) is the
inverse image of a section of the W-quotient (T/W)(Q) of X(0). The main
result of this section is Lemma 6.14. It shows, roughly, that the morphism,
from the cameral cover onto the spectral curve in X (Q), factors through an
unramified Galois cover X (0, 7) — X(0), with Galois group K. The cover
X (0, 1) is a partial compactification of the torus bundle, which is determined
by the topological invariant 7 in (7) in section 3.2. The observation in
Lemma 6.14 is significant for several reasons: 1) Proposition 6.8, relating
the spectral and cameral covers, extends to the non-simply-connected case,
when we replace the spectral curve in X(Q0) by the one in X(Q,7). 2) We
will calculate the dimension, of the image of the invariant polynomial map
(4), by studying the normal bundle of sections of X (0, 7)/W (Lemma 6.17).
3) The result will be applied in section 6.6, in order to study the fibers of
the invariant polynomial map (4), in terms of curves on a surface.

For a non-simply connected group, the relationship between the cam-
eral cover and the spectral cover is more subtle. To fix ideas, let us con-
sider a simple example. We work locally, letting ¥ = C, and consider
the co-character (2'/2,271/2) of PGL(2,C). Assume that we have a mor-
phism ¢ : ¥\ {0} — PGL(2,C), which is conjugate over PGL(2,C[[z]])
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to +diag(z!/2,271/2). The spectral two-sheeted cover of ¥ lives in a toric
variety X (0), which maps to ¥ with fibers C* away from the origin, and a
disjoint union CX LU C* at the origin. The spectral cover is unramified over
the origin.

Let us relate the spectral cover to the spectral and so cameral curve for
an SI(2, C)-valued section. The construction of the topological invariant (7)
associates to ¢ a double cover f : D — C, branched at the origin. Choose
one of the two lifts ¢ : D\ {0} — SI(2,C) of ¢. Denote by f~(Q) the W-
orbit of co-character of SI(2,C) corresponding to the lift ¢. We get a variety
X (f71(0)), whose generic fiber over D is the maximal torus of SI(2,C).
X(f~1(0Q)) is a Zy X Z 5 covering of X (0); one factor corresponding to the
lift 1) of the deck transformation of the covering f : D — C, and the other
to the deck transformation (@) = —¢ of the two-fold covering of SI(2,C)
over PGL(2,C), which gets reflected in the maximal tori and so in the toric
varieties. The spectral and so cameral cover C, of ¢ is invariant under the
action of 7 = 9 o .

The centralizers and Borels for a PGL(2,C) section ¢ and those for its
SL(2,C)-valued lift ¢ over D correspond, and so the cameral cover Cy for
@ is the quotient of Cy, by the action of 7. The key point is that Cy lives
naturally in the quotient X(Q,7) of X(f~1(0)) by 7. There is a sequence
of two-fold covers X (f~!(Q)) — X(0,7) — X(Q) The last two spaces map
to X with fibers C* away from the origin, and C* U C* at the origin; the
map between the two preserves fibers and is given fiberwise by ¢ — ¢2.

The map X(0,7) — X(Q) takes the cameral cover Cj to the spectral
cover, in a generically bijective way. Over the point z = —1 € ¥ with
eigenvalues (2%/2, 271/2) = (i, —i), however, the two points in the fiber of the
cameral cover map to a node of the spectral curve (as 52 = (—1)?). It is thus
better to work with the space X (0, 7), when considering, for example, the
deformation theory of the spectral and cameral covers.

We proceed to treat the general case in several steps. In step I we con-
struct the canonical branched cover (49) of ¥. We then lift a G-pair (P, @)
to a G-pair (P,¢) on the branched cover. In step II we study how the lift
(P, ) varies with respect to two K-actions. In step III we construct the
Galois K-cover of X(0) and prove, that the cameral covers embed in the
K-cover.

Step I: Fix a component of Mx(G,c,0) and let 7 : 71(2%) — m1(G)
be the topological invariant given in (7), where X° is the complement of
the support of 0. The subgroup K of G is isomorphic to the quotient
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71(G)/m1(G), and we denote by

7:m(2%) - K (48)
the composition of 7 with the quotient homomorphism. Let

f:D, — % (49)

be the connected branched cover of %, compactifying the unramified Galois
cover D — 20 which is determined by the following equality of subgroups
of w 1 (ZO)

fem (DY) = 77Hm(G)).
The Galois group of D, is the image of 7 in K.

Let (P, ) be a pair in Mz (G, ¢, 0). Denote by P(G) the bundle associ-
ated to P via the conjugation action of G on G. The topological invariant

Tpe 2 m(DY) = m(G),

of the pulled-back section f*(@), is the composition 7o f,. By the definition
of f, the image of 7«4 is contained in m;(G). Hence, the image of (f*®). :
71(DY) — 71 (f*P(G)) is contained in the image of 71 (f*P(G)), under the
covering map f*P(G) — f*P(G). Consequently, there exists a lift

¢: D —  fY(P)G), (50)

~of f*@ to a section @ of f*P(G). The lift ¢ is unique up to the action of the
Galois group K, acting on f*P(G) via translations by global sections.

We will assume, throughout the rest of this section, the following condi-
tion.

Condition 6.13. The homomorphism T in (48) is surjective.

The general case can be reduced to the case satisfying condition 6.13 as
follows. If 7 is not surjective, then it determines an intermediate group G’,
the quotient of G by the image of 7. The discussion above shows, that @
can be lifted to a meromorphic section ¢' of P(G’) over . The topological

invariant 7' of ¢’ is a surjective homomorphism onto the kernel of the isogeny
G- G

Condition 6.13 implies, that D9 is the fiber product

D? % P(G)
1 1

» 4 P@G).



930 Elliptic Sklyanin integrable systems ...

In particular, the lift ¢ is K-equivariant.

Step II: Let us calculate the singularity data of ¢. The composition of
a co-character @ : C* — T, by the branched d-th power covering C* — CX,
is da. We define on D, the pulled back singularity data

Aa(®)

as follows. The orbit f~!(Q)) consists of the co-characters dy - @(p), Where
@s(p) € Of(p) and dp is the order of the subgroup of K, stabilizing points in
the fiber of f over p. This subgroup is generated by the image in K of any co-
character @, in @p. By construction, f~!(Q}) is a W-orbit of co-characters
of T, which come from integral co-characters of the maximal torus T of G.
It is easy to check, that f~'(Q) is precisely the singularity data of ¢.

Denote by X (f~'0) the partial compactification of DI x T corresponding
to the singularity data f~'(0). The local toric model of X (f~1Q), over a
neighborhood of a ramification point p € D,, is related to that of X(0),
over a neighborhood of f(p). Recall, that the toric model of X(0), locally
around f(p) € ¥, was determined by the triple (R & tg, Ch(C* x T)*,5),
where & is a convex rational polyhedral cone in R @ tg, generated by the
graphs of the co-characters in the W-orbit Oy,). The toric variety X (F),

corresponding to the fan F of faces of 7, is  singular. The local model X (F)
of X(Q) is the complement of orbits in X (F') of codimension > 2.

Denote by C a copy of C*, with a generator € of its co-character lattice.
Set e := dp-&. The cone f~15 in Ch(C} xT)*®Q is the same as &, under the
natural identification Ch(CX x T)* ® Q = Ch(CF x T)* ® Q. The lattice,
of the toric model of X (f~10), is the co-character lattice Ch(CX x T)*.
The local model of the morphism to D, is the projection onto the lattice
Ch(CZ)* with the cone spanned by e.

The K-action on D, lifts to an action on X (f~1Q). It suffices to extend
the action of the stabilizer K, of each ramification point p € D,. The
local toric model identifies a punctured neighborhood of p with a punctured
neighborhood of 0 in C and identifies K, with Zé&/Ze. This identification
embeds K}, in the first factor of the torus C} x T. The toric model admits
an action of the torus CX x T, which restricts to K, x T. Hence, X (f~10Q)
admits a K x T action, which restricts to a K x K-action.

The quotient of X(f~1Q) by the K x K action is X (0).

The group K admits two commuting actions on the set of meromorphic
sections of f*(P)(G). The first is the push-forward action, regarding an
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element g € K as an automorphism of D,

g:(9) = (g71)*(¢).

K embeds as a group of (central) global sections of f*(P)(G). Multiplication
by these sections provides a second K-action. The K-equivariance of the
morphism (50) translates to an invariance of the section ¢ with respect to
the diagonal action

9:(9-0) = o (51)
Consequently, the spectral cover of ¢ in X(f~!Q) is invariant under the

corresponding diagonal action of K on X (f~1Q).

Step III: Let X(Q,7) be the quotient of X(f~10Q) by the diagonal K-
action

X0, 1) = X(fl0)/A(K). (52)
Denote by
X(O, 7)o (53)

the complement in X(Q,7) of the intersection of 1) the branch locus of
X(O,7) - X(0O,7)/W, with 2) the fibers of X(0,7) over the singularity
divisor of Q. Let X(f~'Q)o be the inverse image of X (0, 7)o in X (f~10).
We show next, that X(Q,7) is the variety, in which the cameral covers of
pairs in My (G, ¢, Q) embed. More canonically, we have a natural K-orbit of
embeddings, with respect to the K-action on X(Q, 7).

Lemma 6.14. 1. If G is simply connected, then both X (f~'Q)o/W and
X(O,7)o/W are smooth and the diagram

X(f'\0) —  X(@O@1)

3 ] g
X(f100/w L X©,1)/W (54)
Tl s
D, S, 5

18 cartesian.

2. Let (P,@) be a pair in M(G,c,0) with topological invariant T, satis-
fying conditions 1 and 3 of Definition 6.6. Let C C X(Q,7) be the
K-quotient of the spectral curve C, C X(f~1Q) of the pair (f*P, ®).
Assume, that G is simply connected and C is contained in X (O,7)o-
Then C' is isomorphic to the cameral cover of ¥, associated to the pair
(P,®). Furthermore, C is the scheme theoretic inverse image, of the
section C,/[W x K] of .



932 Elliptic Sklyanin integrable systems ...

3. The morphism X (0, 7) — X(Q) is unramified, provided condition 6.15
below holds.

Proof: 1) The equality (52) yields, that the diagram is commutative and
the lower square is K-equivariant. Let T be the maximal torus of G.
X(0,7)/W is smooth over ¥ \ supp(Q), because T/W is smooth. By
definition, X (Q,7)o/W is smooth over supp(Q). We conclude, that = :
X(0,7)9/W — X is submersive. Hence, the fiber product D, x5 X (Q, 7)o /W
is smooth. The natural morphism from X (f~'Q)o/W to the fiber product
is surjective and of degree 1, since f is surjective and the diagram (54) is
K-equivariant. It follows from Zariski’s Main Theorem, that X (f~1Q)o/W
is isomorphic to the fiber product.

We consider next the upper square of the diagram. Over every point
of X(0©,7)o/W, one of the two morphisms f or g is submersive. It follows,
that the fiber product of X(f~10)o/W and X(0,7)o over X(Q,7)o/W is
smooth. Using Zariski’s Main Theorem, we conclude, that the upper square
in the diagram is cartesian.

2) Proposition 6.8 implies, that C,, is both the spectral and cameral cover
of (f*P,¢). Let Cp be the cameral cover of (P,@). The centralizer 3(¢) in
f*P(g) is the pullback of the centralizer 3(¢). Thus, C,, being the cameral
cover of (f*P,3(¢)), is the fiber product of D, with Cp over . It follows,
that C,/K is isomorphic to Cp. The statement, that C is the inverse image
of a section of 7, follows from the cartesian nature of diagram (54).

3) It suffices to show, that the diagonal subgroup of K x K contains the
subgroup of K x K stabilizing z, for every point £ € X(f~1Q). We use
the local toric model extending the K x T-action on X (f~1Q) to a C* x T-
action. Let z be a point in X (f~10), over a point p € D,. Denote by K, the
stabilizer of p in K. Let z belong to the component of the fiber of X (f~10)
over p, corresponding to the co-character (e,dp - Gf(,)). The stabilizer of =
in C* x T is the image of the co-character (e, dy - aj(;)). The stabilizer of ,
under the K X K-action, is the intersection

Kp XK N (e,dp . &f(p))(CX ), (55)

of Kp x K with the image of (e, dp-dj(,)) in C x.T. The stabilizer K, is the
subgroup of K = Ch(T)*/Ch(T)* generated by ay(,). The intersection K N
dp f(p)(C*) is the image in K of the rank 1 subgroup Ch(T)*Nspang{as ()}
Condition 6.15 implies the equality K, = K N dpa) (C*). Condition 6.15
implies also, that dp - () is a primitive co-character of T'. Consequently,
dp - Gj(p) maps the group, of dj-roots of unity in C*, isomorphically onto



J.C. Hurtubise and E. Markman 933

K N dpafp)(C*). Hence, the intersection (55) is the diagonal embedding of
K,in K x K. O

Condition 6.15. The non-zero W-orbits Q, in Ch(T)*, of the singularity
data O, consist of primitive (indivisible) co-characters.

6.5 Complete integrability for semisimple groups

We prove in this section the complete integrability of M(G,c,Q), for a
semisimple group G (Theorem 6.19). Let G be a simply-connected semisim-
ple group, ¢: G — G an isogeny, and K its kernel. Fix a singularity data Q
for G and a topological type 7 of pairs in M(G,c, Q). We adopt condition
6.13 (which does not lead to a loss of generality, due to the remark following
condition 6.13).

In Lemma 6.17 we calculate the dimension of the space of sections of
X(0,7)/W, where X(O,7) is given in (52). As expected, the dimension of
the space of sections is half the dimension of M(G,c,@). This generalizes
Lemma 6.1 for an arbitrary semisimple group G.

Let f : D, — X be the K-Galois branched cover given in (49). Given a
point ¢ € X, we let ag denote a co-character in the W-orbit @, such that

—agq is dominant. Given a point p € D, we let dj, be the multiplicity of p in
the fiber of f. Set

No, = @;-10p.(S;), where
Sio= ) ldp- Mi(~as0)] P
pED-

The divisors S; are all K-invariant. S; need not, however, be the pullback of
a divisor on X, because A;(ay(,)) need not be integral. Nevertheless, we will
show below in (59), that the vector bundle Ng, is the pullback of a vector
bundle on 3.

Claim 6.16. 1. Let b: ¥ — X(O,7)o/W be a section, where X (Q,7)g
is given in (58). Denote by Ny(s) normal bundle to the section. Then

1 .. =
deg (Nys)) deg (No;) = EdlmM(G,c,@). (56)

Lt
deg(f)
2. H 1(E,Nb(g)) vanishes, provided the following inequality holds:

dimH' (D, No,) < gb,, (57)

where gp, s the genus of D,.
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Let us verify inequality (57) is some cases. Let supp(Q) be the set the-
oretic support of the singularity divisor of Q. Assume that 1) K has order
2 and 2) \;(aq) does not vanish, for any fundamental weight ); and for any
point ¢ € supp(0). Assumption 1) implies, that the genus of D, satisfies
the inequality

2gp, —2 < deg(supp(0Q)). (58)

Moreover, equality holds, if and only if every singularity point g of O cor-
responds to a W-orbit of co-characters of G, which do not come from co-
characters of G. We assume, in addition: 3) If equality holds in (58), then
for at least r — d_eg_(_squﬁQn fundamental weights )\;, there exists a point
q € supp(0) (¢ may depend on );), such that —A;(ag) > . Assumption 2)
implies the inequality

deg(5;) > deg(supp(Q)).

In particular, deg(S;) > 2gp, —2, for 1 < i < r. Assumption 3) implies, that
the latter inequality is strict, for at least » + 1 — gp,_ fundamental weights.
Thus, dim H'(D,, Ng) < gp,

Proof of Claim 6.16: 1) Denote by b: D, = X(f~'0)/W the section
lifting b. The morphism f, given in (54), induces an isomorphism

Nyp,y = f*Nb(z) (59)

(Use part 1 of lemma 6.14). Lemma 6.2 identifies (T/W)(f~10) as a Zariski
open subset of the total space of Ng,. The first equality in (56) follows.

The second equality in (56) follows from the definition of Ng, and equation
(19).

2) Suppose H 1(Z,Nb(z)) does not vanish. Then N;(z) has a line sub-
bundle L of non-negative degree. Using Serre’s Duality, the isomorphism
(59) and the projection formula, we get

W(Dr, Nyp,y) = h%(Dx, 2oy ®wp,) = h(Z, Nyyy ® fuwp,)
> h%(%,L® fuwp,) > g,

This contradicts the inequality (57). O

Lemma 6.17. Assume that the inequality (57) holds. Then the space of sec-
tions of m: X(O,7)o/W — X is either empty, or a smooth quasi-projective
variety, whose dimension is half the dimension of M(G,c,Q).
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Proof: Part 1 of Lemma 6.14 implies, that the space of global sections of
m: X(0,7)o/W — X is a Zariski open subset of the K-invariant locus of
the space of global sections of 7. The space of global sections of 7, in turn,
is a Zariski open subset of H°(D,, Ng,) (Lemma 6.2). In particular, if
non-empty, the space of sections of 7 : X(0,7)o/W — X is a smooth quasi-
projective variety. The formula, for the dimension of the space of sections
of 7, follows from Claim 6.16. ' O

We can now generalize the complete integrability theorem 6.12. A pair
(P, @) in Mx(G,c,Q), of topological type 7, determines a W-invariant curve
C in X(0,7), as in Lemma 6.14.

Definition 6.18. Let Mx(G,c,0,7).ey be the open subset of Mx(G,c,Q),
consisting of simple pairs (P, @), with topological type T, satisfying conditions
1, 3, and the following analogue of condition 2 of Definition 6.6. We replace
condition 2 of Definition 6.6 by the condition, that the curve C is contained
in X(0,7)o.

Theorem 6.19. Assume that the inequality (57) holds. Every fiber of the
invariant polynomial map (4), over a section of (T/W)(Q), intersects Mx;(G, ¢, 0, T)yeq
in a Lagrangian subvariety of the latter.

Proof: The section b of (T/W)(0), coming from a pair (P, @) of topological
type 7, lifts to a K orbit of sections of X(Q,7)/W. Fix a lift b : ¥ —
X(0,7)g/W of b. Part 2 of lemma 6.14 implies, that the cameral cover of
(P, @), is isomorphic to the inverse image C of b in X (0, 7). Hence, the
cameral cover, of pairs (P,®) in the fiber over the section b, depends only
on b. The rest of the proof is identical to that of Theorem 6.12, except that
lemma 6.1 is replaced by lemma 6.17. O

Remark 6.20. One can easily extend the proof of the complete integrability
theorem 6.12, for a simply connected G, to the case where G is a product of
a torus with a simply connected group. Similarly, the arguments in the proof
of theorem 6.19, reducing the proof from the semisimple case to the simply
connected case, can be extended to a reduction from the general reductive
group case to the case of a product of a torus with a simply connected group.

6.6 Symplectic surfaces and group isogenies

The fibers of the invariant polynomial map (4) can be described in terms of
spectral curves associated to a choice of a representation p. The resulting
spectral curves are branched covers C, — X of degree equal to the dimension
of the representation. The generic such curve is birational to the quotient,
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of the W-Galois cameral cover, by the subgroup of W stabilizing the dom-
inant weight of the representation. The spectral curves naturally embed in
a quasiprojective symplectic surface (61) (a birational model of £ x C*).
When the group G is SL(n), SO(n), or Sp(2n), a natural choice is the stan-
dard representation. In the SO(n) and Sp(2n) cases, the spectral curves are
invariant with respect to the anti-symplectic involution of ¥ x C*, acting
on the C* factor by the inversion ¢ —+ 1. The fiber of (4) is then the Prym
variety of this double cover. The analysis is analogous to Hitchin’s discussion
in the case of (Lie algebra-valued) Higgs pairs [Hi2].

Let ¢ : G — G be an isogeny of semisimple groups, K its kernel, and c a
class in m1(G). A new feature arises, when we study the spectral curves of
pairs in the moduli space M(G, ¢, @), in terms of a faithful representation of
G. (the singularity data O need not lift to one for G and the representation
of G does not factor through G). The main result of this section, Lemma,
6.21, clarifies the subtle role of another symplectic surface (64), a Galois
covering of the symplectic surface (61) with Galois group K. The map,
from each spectral curve to the symplectic surface (61), factors through
the symplectic covering (64). The symplectic covering is determined by the
topological invariant (7) of the component of the moduli M (G, c, ®). When
G is SO(n) or Sp(2n) and G its adjoint group, the surface (64) admits an
anti-symplectic involution as well, but its fixed locus need no longer be the
union of two sections. Rather, the fixed locus is the branched double cover
of ¥ defined earlier in (49). We construct the two surfaces in two steps.
In step I we construct the symplectic surface associated to the choice of a
representation. In step II we construct the symplectic covering (64) of the
symplectic surface. We show, that a quotient of the spectral curve of ¢
maps into this surface. The general method developed in this section will be
applied in Section 10.2 in particular examples.

Step I: Let A : T'— C* be a dominant weight of a faithful representation
of G. The representation restricts as an injective homomorphism from K to
the center of GL(N). Finite subgroups of the latter are cyclic. In particular,
the intersection K Nker X is trivial and K must be cyclic. The kernel K of
the isogeny ¢ fits in the exact sequence

0 K—>T—->T-=0

of the corresponding maximal tori. Let {€, &} be a basis of the co-character
lattice of C* x [T'/(K + ker A\)]. The set

XO,) = {EAME) : ae0} (60)
is the image via

idx A : C*xT — C* x[T/(K +ker )],
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of the W-orbit of graphs of co-characters in Up. The set A(Qp) determines
a fan id x A(5), which is supported on the id x A image of 7 in spang{é,a}.
The toric surface X (id x A(d)) is singular. The local model of

Sx(0) (61)

is the complement in X (id x \()) of the fixed points for the action of
C* x [T/(K + ker A)]. We have a natural morphism

A X(0) —  S)(0), (62)

extending the morphismid x X : X% x T — X0 x CX, where 20 is the
complement of the support of Q. The 2-form dz A ‘—i} on ¥ x C* determines a
(non-degenerate) holomorphic symplectic structure on the surface S\(Q) as
well. The 2-form is holomorphic, because the morphism ) in (62) is surjective
and it pulls it back to the contraction i(£2, A), where (2 is the t-valued 2-form
of Lemma 3.3. The 2-form is non-degenerate, because its pullback i(£2, A) is
nowhere vanishing (Lemma 3.3).

Step II: We extend in this step the morphism (62) to a commutative
K x K-equivariant diagram

X(f'o - X071 - X0

{ I {
S\(f7'O) = S\(O, 1) = S

>

where X (f~1Q) and X(Q,7) are the varieties defined in section 6.4. The
surfaces S(f~10) and S)(Q, ) are defined below.

We have a K x K action on D, X CX. The action on C* is the restriction
of X to K. Over DY, we get a K x T-equivariant morphism

X(f o) = DdxT — DYxC*.

|D,Q
It extends to a regular K x T-equivariant morphism into a surface Sy(f~10)
A X(Flo) — Sv(fo). (63)

The latter surface is a partial compactification of D¢ x C*. The local
toric model of S\(f~'Q), over a point p in D,, is determined by the fan
in Ch(CY x [T/ ker A])*, which is the image of the cone in Ch(CX x T)*
determined by f~10p. S,(0) is the quotient of S\(f~10) by the K x K
action. Let {€,a} be a basis of the co-character lattice of C5 x [T/ K +ker A].
Recall, that e := d), - &, where d, is the order of the stabilizing subgroup of
the ramification point of D, over p € ¥. The co-character lattice of 7'/ ker A
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is generated by o := | K| - a. The toric models of S)(0) and S)(f~10) are
related as follows. Their fans in spang{€,a} are identical; they are deter-
mined by the set of vectors (60). The lattice of S\(Q) is spang{é,a}. The
lattice of S\(f~1Q) is the co-character sublattice spanned by {e, a}.

Let
SA(O, 7) (64)

be the quotient of Sy(f~!Q) by the diagonal action of K. S)(Q,7) is a
partial compactification of the quotient of D? x C* by the diagonal action of
K. The latter quotient is the total space of a C* local system over £°. The
local system is determined by the composition of 1) the topological invariant
(7) with 2) the restriction of the character A to the center of the universal
cover of G. The fiber of S)(Q, ), over a point in g, is CX, but fibers over
the support of @ have multiplicities. S(Q, 7) admits, locally over a point in
¥, a toric model as well. Again, the fan in spang{€, @} is equal to the one in
the definition of S3(Q) in (61). The sublattice is generated by {€ + &, e, a}.
The local model, of the morphism to ¥, is the projection (modulo &) to the
lattice spang{e} with the cone spanned by e.

Lemma 6.21. 1. Let (P,p) be a pair in M(G,c,Q). Let X : C = S\(0)
be the restriction of the morphism (62) to the spectral cover C of (P, @).

Over the smooth locus of C, the morphism X factors through a mor-
phism C/Wy — Sx\(0, )

C - C/W,\ — S)\(@,T) — S)‘((O)).

2. Assume that condition 6.15 holds. The quotient morphism Sx(Q,7) —
S\(Q), via the K-action, is an unramified covering. Consequently,
SA(O, ) is symplectic as well.

3. Assume G is SO(n), or Sp(2n), A is the standard representation, and
G is the adjoint group. The stabilizer Wy, of A, has index 2 in the
subgr%p Wy of W stabilizing the set {\,—\A}. The order 2 element
n of Wx/Wy acts on Sx(Q,7) as an anti-symplectic involution. The
fized locus of 1 is a curve, which is isomorphic to a dense open subset
(65) of D;.

Proof: 1) is clear. 2) The proof is similar to that of part 3 of Lemma 6.14.

3) Let D; be the Zariski open subset of D, defined by

D; := {p€ Dr: Mdpap) =0, for some a, € O }- (65)
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Clearly, D! contains D?. We claim, that D’ is disjoint from the ramification
locus of f : D — %. If p is a ramification point, then K intersects non-
trivially the image in T of the co-character dpa,. Since ker ) intersects K
trivially, then d,a, can not be in the kernel of \.

Let p be a point in the complement of D;.. The involution 71 takes A(d,ap)
to —\(dp@,). Hence, n takes every component, of the fiber of S)(Q, T) over
p, to a different component.

Let z be a point in S)(Q,7) over a point p in D.. The component, of
the fiber of S)(Q,7) containing z, corresponds to a co-character a,, which
comes from T. If A(a@p) # 0, then n(z) # . If A(@,) = 0, then the component
of z is naturally identified with 7'/ ker A. Let x be the diagonal involution
of $3(f~10) in K x K. Then «(p,t) = (k(p),—t). Represent z as a K-
orbit {(p,t), (x(p),—t)}. The involution 7 in Wy /W) takes this K-orbit
to {(p, %),(K,(p),—%)}. The two orbits are equal precisely when t? = 1.
We conclude, that the fixed locus of 7 is isomorphic to the x-quotient of
D! x {1,—1}, which is isomorphic to D.. O

Assume now, that G is SL(n), SO(n), or Sp(2n), A is the standard
representation, and G is the adjoint group. When G = SL(n) and G =
PGL(n), then the fiber of (4) is isogenous to the prym variety of w : C/Wy —
T (the kernel of the norm map). When G = SO(n) or Sp(2n), then C/W,
is W /Wj-invariant. In the SO(2n+ 1) and Sp(2n) cases, the generic C/W)
meets the ﬁxed}gcus of W)\ /W transversally along a ramification point of
C/W) over its Wy /W)y-quotient. The fiber of (4) is isogenous to the Prym
variety of the involution of C/W) (via the element 7 of W) /Wy). In the
SO(2n) case, the generic C/W) has nodes along the fixed locus of 7. W, /W
acts freely on its normalization. The fiber of (4) is isogenous to the Prym
variety of the unramified double cover. See section 10.2.2 for an application
of lemma 6.21 in the SO(2n) case.

7 Infinitesimal study of M(G, c)

We study the Poisson geometry of the infinite dimensional moduli space
M(G,c) in Theorem 2.3. M(G,c) is the inductive limit (union) of the fi-
nite dimensional moduli spaces M (G, c, p, D), as D varies over all effective
divisors on ¥. The discussion is slightly complicated by the fact, that the
moduli spaces M (G, c, p, D) are singular in general.
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7.1 An anti-symmetric tensor

Next, we identify the tangent space to the moduli space M(G,c,p, D) in
Theorem 2.3. Given a pair (P, ), we define the vector bundle

ad(P, ¢, p)

as follows: Away from the singularities of ¢, the bundle ad(P, ¢, p) is the
pullback via ¢ : ¥ — P(G) of the vertical tangent bundle of P(G). Along
the divisor of singularities of ¢, we define ad(P, ¢, p) in terms of the faith-
ful representation: It is the unique extension to a subbundle of End(E),
where E is the vector bundle associated to P via p. (This definition breaks

the symmetry between the poles of ¢ and ¢~! as meromorphic sections of

Example 7.1. If G = GL(n) and p is the standard representation, then
ad(P, ¢,p) = End(E). If G = SL(n), E a vector bundle with trivial deter-
minant, and ¢ a meromorphic section of End(E) with determinant 1, then
ad(E, ¢, p) is the subsheaf of End(E) of sections satisfying

{f € End(E) : tr(¢p~1f) =0}.

If ¢! is a nowhere vanishing holomorphic section of End(E)(D'), then it
defines a line subbundle L of End(E) isomorphic to Ox(—D"). ad(E, ¢, p)
is the subbundle L+ orthogonal with respect to the trace pairing. It is
isomorphic to the dual of the quotient End(E)/L. Thus, deg(ad(E, ¢, p)) =
deg(L) = —deg(D").

Let us describe ad(P, ¢, p) in the case where G is one of the classical
groups Sp(2n) or SO(n), P a principal G-bundle, and E the associated
vector bundle via the standard representation. E is endowed with a non-
degenerate bilinear form J : E — E* (anti-symmetric or symmetric accord-
ingly). Then P(G) is the subsheaf of End(E) of invertible sections satisfying
J = ¢*oJoyp. Given a meromorphic section ¢ of P(G), the subbundle
ad(P, ¢, p) of End(E) corresponds to the subsheaf of sections ¢ satisfying

proJop+p*oJogp = 0.

O

If T is the identity section of P(G), then ad(P,1,p) is the adjoint Lie
algebra bundle Pg. We have two natural homomorphisms

Ly,Ry, : Pg — ad(P,¢,p) ® Og(D)
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corresponding to left and right multiplication by the meromorphic section ¢
of the group bundle P(G). Denote their difference by ad(yp)

ad(p) = Ly~R, : Pg — ad(P,p,p)® Ox(D).

In terms of the associated vector bundle E in the above example, L, and
R, are induced by left and right multiplication in End(E), which map the
subbundle Pg of End(FE) into the subbundle ad(P, ¢, p)(D) of End(E)(D).

Standard deformation theory shows, that the tangent space to M(G, ¢, p, D)
at (P, ) is naturally identified with the first hypercohomology of the com-
plex (in degrees 0 and 1)

Pg 28 ad(P, ¢, p) ® O5(D). (66)

The proof is a repetition of the arguments in [Bol, BR, M1]. The cotan-
gent space T(*P’(p)M (G,c,p, D) is given by the first hypercohomology of the
complex (in degrees 0 and 1)

d*
ad(P,p,p)*(-D) =% Pg" (67)

(here we used a trivialization of the canonical line bundle of ). Once again,
we have a natural homomorphism ¥ from the cotangent complex to the
tangent complex. In degree 1 the homomorphism ¥; is the composition
of the isomorphism Pg* = Pg with the homomorphism L, from Pg to
ad(P,p,p)(D). It is easier to define the dual of the homomorphism ¥,
in degree zero. The negative —W§ of the dual is the composition of the
isomorphism Pg* = Pg with the right multiplication homomorphism R,
from Pg to ad(P,p, p)(D).

We need to check that ¥ is a homomorphism of complexes. It suffices
to check it away from the singular divisor of ¢. Over this open subset of %,
the invariant bilinear form on g induces an isomorphism

ad(P,p,p)* = ad(P,¢7",p). (68

The composition, of ¥y with the generic isomorphism ad(P, ¢, p)*(—D) =
ad(P, o™, p)(—D), is equal to the negative of left multiplication by ¢. Sim-
ilarly, ad;, becomes —ad,,. The commutativity ady o ¥g = ¥ o ady follows.

We get an induced homomorphism from the Zariski cotangent space to
the tangent space on the level of first hypercohomology

U i T M(Ge,p,D) — TppyM(G,c,p, D). (69)

If we interchange the roles of left and right multiplication in the above con-
struction, we get another homomorphism of complexes. The two homomor-
phism of complexes are homotopic (see section 4.2).
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Remark 7.2. The moduli space M(G, ¢, p, D) is singular in general. (It is
smooth, for G = GL(n), being an open subset of the moduli space of simple
Higgs bundles, which is smooth [N]). Let us determine the dimension of
the Zariski tangent space to M(G,c,p, D) at (P,y). Denote the complex
(66) by B,. Assume that D is sufficiently large, so that H'(ad(P,¢, p)(D))
vanishes. Then HZ(B,) vanishes as well. Denote the center of g by 3. If
(P, ) is simple, then H°(B,) = 3. The dimension of TippyM(G,c,p, D) is
given by H! (B,)

dimTip ) M(G,c,p,D) = dim(3) — x(B.)

= dim(3) — x(Pg) + x(ad(P, ¢, p)(D))
= dim(3) + x(ad(P, ¢, p)) + deg(D) - dim(g).

The Euler characteristic x(ad(P,y, p)) depends on p and on the singularity
data O of . We see that the dimension, of the Zariski tangent space to
M(G,c,p, D), does depend on the singularity data Q. Hence, we expect the
moduli space M (G, ¢, p, D) to be singular. If, for example, G = SL(n) and
p is the standard representation, then each moduli M(SL(n),0,0) can be
contained in the smooth locus of M(SL(n),0, p, D), for at most one choice
of D (The Euler characteristic is calculated in example 7.1.)

Given two divisors Dy C Dy on X, we have a natural embedding
M(G,C,p,Dl) — M(G,C,p,Dz).

We get a direct system of moduli spaces M(G,c, p, D), with respect to the
partial ordering of effective divisors on 3. We denote the inductive limit by
M(G,c). Similarly, given a simple pair (P,y) in M(G,c), we get a direct
system of Zarisky tangent spaces

H (3, [Pg 2% ad(P,p,p)(D1)]) = H(S,[Pg %% ad(P, ¢, p)(D2)))

with injective homomorphisms. Above, the two divisors D; C Ds are as-
sumed to contain the divisor D(Q, p) defined in (6). The cotangent spaces fit
into an inverse system with surjective homomorphisms. Denote by T(p, ,) M (G,¢)
and T(*P’ oM (G, ¢) the corresponding direct and inverse limits. We get a nat-
ural homomorphism

Uy T("}:,M)M(G, C) — T(P,(p)M(Gac)a (70)

which has finite rank. If (P, ¢) belongs to M(G,c,p, D), then ¥, factors
through (69) via the natural projection Tip W)M(G, c) = T(p,yM(G,c,p, D)
and the natural inclusion T(p,) M (G, ¢, p, D) = T(p,)M(G,c). We will see
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below that the homomorphism factors through the cotangent and tangent
spaces to M(G,c,0) (see Lemma 7.4).

The construction of the sheaf ad(P, ¢, p) does not behave well in fami-
lies (it leads to a sheaf, which is not flat). Nevertheless, the construction
(of the pull-back) of the tangent and cotangent bundles of M(G,c) can be
carried out in the relative setting of finite dimensional families of pairs.
We indicate briefly this relative construction. First, we provide an alterna-
tive construction of T(p,)M(G,c). Assume that (P, ) is in M(G,c,p, Do).
Choose effective divisors D; and Dg, such that Ad,-: is a regular section of
End(Pg)(D;) and

L(p_l : a’d(Pa(Pap)(DO) — Pg(Dl),
L, Pg(D1) — ad(P,p,p)(Da)

are regular homomorphisms. Let B,(D) be the complex (66). Let A4(D) be
the complex

I-Ad __;

Pg —  Pg(D). (71)
We have the complex homomomorphisms

(I,Ly-1) = Be(Do) — As(Dy)
(I,L,) : Ae(D1) — Be(D3).

It is easy to see that both complex homomorphisms induce injective homo-
morphisms on the level of first hyper-cohomologies

H' (Bu(Do)) C H'(Au(D1)) C H'(Ba(D2)).

Consider the directed system of first hyper-cohomologies of (71), where D
varies over all effective divisors, which contain D;. The above comparison

implies, that there is a natural isomorphism between the direct limits of
H' (A.(D)) and H!(B,(D)).

The complex (71) behaves well in families and the direct limit provides
the relative construction of the pull-back of TM (G, c) to finite dimensional
families of pairs parametrized by M(G,c, p, D). Similarly, we get the pull-
back of T* M (G, c) and the relative version of the homomorphism (70). Over
the smooth locus of M(G,c,p, D), it gives rise to a global homomorphism
from the cotangent to the tangent bundles:

¥ : T*M(G,c,p,D) — TM(G,c,p,D). (72)

Theorem 7.3. ¥ defines a Poisson structure on M(G,c) and on the smooth
locus of M(G,c, p, D).
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Proof: U is anti-symmetric because Ay is homotopic to —(A}). This is
proven as in Theorem 4.7. The Jacobi identity follows from the involutivity
of the foliation induced by the image of ¥ (Lemma 7.4) and the Jacobi
identity for the leaves Mx(G,c,0) (Theorem 4.7). o

7.2 The symplectic leaves foliation

In this section we prove that the symplectic leaves of M (G, c, p, D) are pre-
cisely the moduli spaces M (G, ¢, @), whose polar divisor D(Q, p) is contained
in D. See (6) for the definition of D(Q, p).

Lemma 7.4. M(G,c,Q) is a finite union of symplectic leaves of M (G, c, p, D).
Proof: It suffices to show that the Zariski tangent space to M(G,c, Q) is

equal to the image of the homomorphism ¥ induced by the Poisson structure.
We have the following short exact sequence of (column) complexes:

[ad(P, ©, p)*(—D)jl Lo, l: Pg il 2, Pg/Im(Ry)

I ad, | ady d(P ' )(D)
Pg* ﬂ) ad(P, ®, p)(D) _gh_) s 177’:?}{;)

which we denote, for short, by
‘ A. ‘_—) B. —) C.-

We get the long exact sequence of cohomologies:

0 — H°(B,) — H(C,) —
= T M(G,c,p,D) 5 TipyM(G,c,p,D) — H(C.) —
- H? (A,) — H2(B,) — 0.

(73)

The group H!(C,) is the quotient of ad(P, ¢, p)(D) by the image of the
homomorphism

Ly,+ad, : Pg®Pg — ad(P,o,p)(D).
The image is equal to that of the homomorphism

L,+R, : Pg®Pg — ad(P,,p)(D).

The image of the latter homomorphism is precisely ad(P, ). We conclude
that the kernel of H! (B,) — H!(C,) is precisely the Zariski tangent space
to M(G,c,0). The Lemma follows from the exactness of the sequence (73).
O
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8 Poisson Hecke correspondences

Given a Poisson group, Drinfeld constructed compatible Poisson structures
on its homogeneous spaces [Dr2]. We introduce next a Poisson structure on
the moduli spaces Hecke(G, c1, c2, @), which are analogous to G[[t]]-orbits in
the loop Grassmannian G((t))/G[[t]]. The moduli space Hecke(G, ¢y, cz, Q)
parametrizes isomorphism classes of simple triples (P}, P, ), where P; is a
principal G bundle of topological type ¢; and ¢ : P, — P, is a meromorphic,
G-equivariant, isomorphism (a meromorphic section of Isom(P;, P,)). The
singularities of ¢ are assumed to be in O = 3 7 0,. We will see that
the locus Hecke(G, P;, P>,0), with a fixed pair of bundles (P, P), is a
symplectic leaf. Note that the orbit of the triple (P;, P, ¢), under Aut(P;) x
Aut(P,), is contained in a single isomorphism class. The triple is simple, if
the stabilizer of ¢ in Aut(P;) x Aut(P») is the diagonal embedding of the
center of G. It is infinitesimally simple if the above statement holds on the
level of adjoint Lie algebra bundles.

Remark 8.1. 1. The moduli spaces Hecke(G, c1, ¢z, O) are related to the
Hecke correspondences in the Geometric Langlands program [BD1].

2. Given a triple (P, P,, ¢), the topological type c; of P, is determined by
the type ¢; of P; and the singularity data O of ¢. This leads to a neces-
sary compatibility condition for (c;, ¢z, @) in order for Hecke(G, c1, co, 0)
to be non-empty. For each singularity point p € X, choose a co-
character ajp in the W-orbit determined by @,. Then the sum

pEX ap
projects, via (8), to the difference c; — ¢; in m1(G).

Proof of the condition: Let I be the open covering of ¥, consisting
of the complement Uy of the singular points of ¢, and small disks Up,
one for each singular point. Choose an isomorphism Mp (P1)|Up —
(PZ)]UP between the restrictions of the bundles to U,. The cohomology
class of the 1-cocycle gpo := 7, Loy in ZY(U, P,(G)), represents the
isomorphism class of the bundle P;. The connecting homomorphism,
of the long exact cohomology sequence (9), with P = P;, takes this
l-cocycle to the class c; — ¢; in H?(U,m(G)). On the other hand,
under the identification of H%(Z, n1(G)) with 71(G), the connecting

homomorphism takes the cocycle (gp0) to the image of O under (8).
O .



946 Elliptic Sklyanin integrable systems ...

8.1 Comparison between Hecke(G,c,c,0) and M(G,c, Q)

We first relate the moduli space Hecke(G, c1, c2, Q) to products of orbits in
the loop Grassmannian. Then we relate the moduli spaces Hecke(G, ¢, ¢, Q)
and M(G,c,0). Combining the two relations, we will get a conceptual
explanation of the formula for the dimension of M(G,c,Q) in Corollary
4.10.

Consider the locus Hecke(G, ¢1, P2, Q) in Hecke(G, c1, ¢, 0), with a fixed
bundle P;.

Claim 8.2. Hecke(G,cy, Py, Q) is isomorphic to a Zariski open subset in the
Aut(P)-quotient of the product of the G[[t]]-orbits in G((t))/G|[t]], parametrized
by the data Q.

Proof: The bundle P, determines a bundle B of loop grassmannians over
Y. Using the notation of section 2, the fiber of B over p € ¥ is the quotient
Pz(G(I@(p)))/Pz(G(@(p))). A triple (Pi, P»,p) determines a section o of B
as follows. Choose a local isomorphism 7 : P, — P;. Then ¢ o7 is a local
meromorphic section of P»(G). A different n yields the same section o of
B. Note that B has a natural section, corresponding to the image of P»(G),
and o coincides with this section away from the singularities of . Suppose
(P}, Py, ¢") is another triple, whose section ¢’ is equal to o. Then there is a
global isomorphism f : P, — P| such that ¢’ o f = ¢ (the equality o = o'
implies that f exists locally, but its uniqueness implies that it is global).

Conversely, given a section o, we can lift it to a triple (P, P», ¢) as fol-
lows. For every point p, with @, # G[[t]], choose an analytic (or formal)
neighborhood Uy, of p. For a sufficiently small Uy, we can lift o to a meromor-
phic section of P(G), which is holomorphic on the punctured neighborhood
Up \ {p}. Over the complement in X, of the singularity divisor S of O, we
choose the section 1 of P(G). The open subsets U, and U, are assumed to
be disjoint, for any two distinct points p and ¢ in S. We get a Ceck cocycle
representing a class in H(Z, P(G)), i.e., an isomorphism class of a principal
G-bundle P;. It comes with a natural identification ¢ with P, over ¥ \ S.
By construction, the triple (P, P2, ) has singularities in @. For ¢ in an
open subset, the triple would be simple. The claim follows. O

For a semi-stable and regular bundle P,, the dimension of Aut(FP) is
equal to the dimension of the moduli of deformations of P». If G is semi-
simple, it follows from the above claim, that the expected dimension of
Hecke(G, c1, c2, Q) is equal to the sum of the dimensions of the G[[t]]-orbits
in G((t))/G|[t]] parametrized by the data @. The dimension of each such
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orbit is given by formula (19) (see [Lu]). If G is reductive with a positive
dimensional center, then the action of Aut(F,), on each orbit in the loop
grassmannian, factors through the quotient Aut(P,)/Z by the center of G.
Hence, the expected dimension of Hecke(G, c1,ca, Q) is larger (see Theorem
8.3).

When G = PGL(n) and ¢; = ¢2 = c is a generator of 71(G), then
M(G, c,0) admits a rational symplectic morphism onto an open symplectic
subset of Hecke(G,c,c, Q), because if P, and P, are stable, then they are
isomorphic (compare with Lemma 10.3). For example, if the data O is non-
singular at every point (and we allow infinitesimally simple, but non-simple
objects), then Hecke(G,c,c,0) is a single point, while M(G,c, Q) is the
commutative group of global automorphisms of the unique stable PGL(n)
bundle of topological type ¢ (see Example 10.1).

In general, we have two rational morphisms
Hecke(G, c,c,0) &~ M(G,c,0) 2 U(G,c),

where U(G,c) is the moduli space of semi-stable G-bundles of topological
type c, endowed with the trivial Poisson structure. The image of m; consists
of triples (Py, P, ), with isomorphic P, and P,. The fiber of m; through
a simple (P, ¢) is isomorphic to the quotient of Aut(P) - ¢ - Aut(P) by the
conjugation action of Aut(P). Note, that the dimensions of H°(Pg) and
H1(Pg) are equal. Hence, if G is semi-simple, then the expected dimensions
of M(G,c,0) and Hecke(G,c,c,Q) are equal. This ezplains the equality be-
tween the dimension of M(G,c,Q) (Corollary 4.10), for semi-simple G, and
the sum of dimensions of orbits in the loop Grassmannian. If G is reductive
with a positive dimensional center, we will see that the deformations of the
pair (P, P,), arising from triples in Hecke(G,¢,c, Q), are restricted. This
restriction is the algebraic analogue, on the level of rational equivalence, of
the topological condition in Remark 8.1. This restriction leads to a difference
between the dimensions of the two moduli spaces.

8.2 A Poisson structure on Hecke(G, ¢, c;, 0)

The infinitesimal study of Hecke(G, c1, ¢z, O) is similar to that of M(G, ¢, 0).
We will see that it is in fact simpler, since the infinitesimal deformations of
the triples can be given by the first cohomology of a vector bundle (rather

than a complex). Let A, C Pig ® P>g be the subbundle corresponding to
the subsheaf

{(a,b) : Ady(a)+b=0}.
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Define ad(P;, P, ¢) to be the quotient in the short exact sequence
0= A, > Pig® Pog > ad(Py, Py, p) = 0. (74)
Set d:=g¢q
Pg®Pg % ad(P, P, o). (75)

Lemmas 4.2 and 4.8 hold in the more general setting, with ad(P;, Pz, ¢)
replacing ad(P, ¢) and d replacing ad,. The first order infinitesimal defor-
mations of a triple are parametrized by the first hyper-cohomology of the
complex (75). 'The Zariski cotangent space, at a simple triple, is the first
hyper-cohomology of the dual complex

ad(Py, Py, ¢)* £, [PLg © Pag]*. (76)

Polishchuk defined a Poisson structure on Hecke(G, c1, ¢z, 0) in the GL(n)
case [Po]. He then generalized his construction for moduli spaces of pairs
(P, s), where P is a principal bundle, with a reductive structure group, and
s is a section of a vector bundle associated to P via a suitable representa-
tion (Theorem 6.1 in [Po]). We get a moduli of triples, once we choose the
structure group of P to be G x G. However, Polishchuk’s condition on the
representation of G x G requires to replace a simple group G by some cen-
tral extension. Here we use a slightly different generalization of Polishchuk’s
construction to exhibit a natural Poisson structure on Hecke(G, c1, ¢z, Q), for
arbitrary reductive G. Consider the homomorphism ¢ = (19, ;) from (76)
to (75), which is zero in degree 1, and in degree 0 is given by the composition

« 4 * T -t
ad(Py, Py, )" — [P1g @ Pag] ] Pig & Pag.
Lemma 4.8 implies the equality

do(k,—k)"tod* = 0.

Consequently, 1 is indeed a complex homomorphism. The degree 1 sheaf in
(76) is isomorphic to the degree 0 sheaf in (75). A choice of an isomorphism
h:[Pig® Pag]* — Pig & Pag, gives rise to a homotopic complex homomor-
phism 9+ (hod)+ (doh) = (o +hod*,doh). Hence, we could have chosen
1pp to vanish instead. Denote by

U T(*Ph

Py p)Hecke = Tip p, ;) Hecke (77)

the homomorphism induced by 1 on the level of first hyper-cohomologies.
¥ is anti-self dual, because 9* is homotopic to — via the homotopy h =
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(k,—k)"! (k as in Lemma 4.8). Indeed, 9 = ho(d*) and, since h is self-dual,
¥y =doh. Thus, ¥+ ¢* = hod* +doh and ¥* is homotopic to —1.

Note, that d is surjective, and its kernel is (id, —id)(A,). Consequently,
(75) is quasi-isomorphic to A, and (76) is quasi-isomorphic to the complex
ad(Py, P, ¢)[—1] (with a single sheaf ad(Py, P2, ¢) in degree 1). Identify the
first hyper-cohomology of (75) with H'(A,) and the first hyper-cohomology
of (76) with H%(ad(Py, P2, )). Then the homomorphism ¥ is the connecting
homomorphism of the long exact sequence

0 = HA,) — HPg®Pg) — Ty p  Hecke —5
Tipy pypHecke s HY(Pig® Pog) — H'(ad(P1,Py,p)) — 0,

arising from the short exact sequence (74). If the triple (P, P, ) is in-
finitesimally simple, then H°(A,,) is isomorphic to 3 and H'(ad(Py, P2, ¢))
to 3* (by Serre’s Duality). The homomorphism df above sends an infinites-
imal deformation of the triple (P, P2, ) to the infinitesimal deformation
of the pair (P, P2). It follow that the symplectic leaves foliation of ¥ is
induced by fixing the isomorphism class of the pair (P;, P,). Moreover, the
deformations of the pair (P;, P,), arising from triples in Hecke(G, c1, ¢, 0),
are constrained to a subspace, whose codimension is equal to the dimension
of 3*.

Theorem 8.3. 1. The moduli space Heckex, (G, c1, c2, Q) is either empty,
or smooth of dimension

pET
where v(Qp) is given in (19).

2. Heckex (G, c1,c2,0) admits a natural Poisson structure ¥. Its symplec-
tic leaves are the connected components of the loci Heckes (G, Py, P, Q),
in which the isomorphism class of the pair (P, Py) is fized.

Proof: 1) Let (P, P, ) be a simple triple. Simplicity of the triple implies,
that HO of the tangent complex (75) is isomorphic to 3. H? vanishes, because
the complex is quasi-isomorphic to A,. The Euler characteristic of A, is
calculated, up to a change of sign, in Lemma 4.9. The dimension of the
Zariski tangent space is given by h'(A,), which is equal to A%(A,) — x(A,).
The proof of smoothness of Heckex (G, c1, ¢c2, Q) is analogous to the proof of
Theorem 4.13.

2) It remains to prove the Jacobi identity for the Poisson bracket. The
Jacobi identity can be expressed, in terms of the homomorphism (77), by
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the vanishing
lI!(wl) : (\I’(w2)7w3> - ([lII(a)l), \I/(wg)],w;z,) + Cp(]-’ 2, 3) = 0, (78)

where w; are local one-forms on Heckex (G, c1,c2,0), [-,-] is the Lie bracket
of vector fields, and cp(1,2,3) indicates terms obtained by cyclic permuta-
tions of 1, 2 and 3 from the first two terms. The proof is identical to that of
Theorem 6.1 in [Po]. One uses the set-up of [Bol, Bo2]. A lengthy cohomo-
logical calculation reduces the equality (78) to the vanishing of the tri-linear
tensor

(2,[y,2]), =,9,2 € Ay, (79)

where the Lie-bracket is the restriction of the one on P;g @ P»g and the
pairing (e, e) on P;g@® Pog is (k, k). The vanishing (79) follows immediately
from the definition of A,. O

9 The Classical Dynamical Yang-Baxter equations

We show that the Poisson bracket of Etingof and Varchenko [EV], defined
from the dynamical r-matrices, corresponds to the one on the moduli space
of pairs Mx (G, c), which was defined in Theorem 2.3 above. The comparison
is proven first for simply connected groups (Theorem 9.1). We then consider
extensions to complex reductive groups. We write our elliptic curve as

S = C/Z+7Z) = C/(d),

where ¢ = e?™7. We will use a description of principal G-bundles on &
in terms of flat connections (see, e.g., Atiyah and Bott [AB]); alternately,
this amounts to a description of the bundle in terms of automorphy factors.
Indeed, the pull back of a G-bundle P to C* is trivial. P can be described
as a quotient of C* x G, by a diagonal action of Z. The generators of Z2
act on G via an element of G, the automorphy factor. It can be normal-
ized, up to a discrete choice. This language is suitable for the comparison,
because the factor V, in the Poisson groupoid (3), parametrizes an open set
of the principal bundles together with a choice of a factor of automorphy.
A meromorphic section ¢, of the adjoint group bundle P(G), pulls back to
a G-valued function on C*, hence an element of the loop group. This will
enable us to describe an open subset in the moduli space Mx(G,c), as a
symplectic (or rather Poisson) reduction of the groupoid (3) of Etingof and
Varchenko.
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9.1 Some elliptic functions

The elliptic Jacobi theta-function 0;(z), for the curve ¥ with modulus 7,
satisfies the relations

0, (Z + 1) = -0 (Z), 0, (z + 7') =0 (z)e_Z”ize_ﬂ'i(T'H).

It has a single zero on each fundamental domain, at the translates of the
origin. If we set, following Etingof and Varchenko [EV],

p (Z) — 91(’11) — z)gll(())
v 91(2)91(10) ’

we have the periodicity relations

ow(z+1) = 0u(2), 0wz +T) = 0u(z)e*™™.

This function has a single pole on each fundamental domain, with residue 1,
at the translates of the origin, and a single zero at the translates of the point
w. If L, is the line bundle corresponding to the divisor w — 0,w € C, gy,
represents a section of L,, in the trivialisation associated to the automorphy
factors 1, &>,

Let us cover the elliptic curve by an open disk U, around the origin and
by U_ = £—{0}. Ifthe bundle L_,, is non trivial, then H*(3, L_,,) = 0, and
so its sections L_,, (U4 NU_), over the punctured neighbourhood (U; NU-)
of the origin, split as

L_p(UsnNU-)=L_w({Us)®Lyy(U-). (80)

Let f represent a section of £_,,(U; NU_), in the trivialisation associated
to the automorphy factors 1,e~2"", We have, for 2’ € Uy,

, [ fE) i feLoy(Uy),
fow(z—z)f(z)dz = { 0 if fEAC—w(Ui-)’

where the contour is around the boundary of U;. For example, if f €
L_,(U-), then oy(z — 2')f(2) represents a section of the trivial bundle,
which is holomorphic on the complement of Uy, and thus has residue 0 at
2'. In short, o (z — 2’) is the integral kernel of the projection to £_,,(Uy).

If one now considers in turn the function

_6(2)

p(z) 02)
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we find that it satisfies the periodicity relations
plz+1) = p(z), p(z+7)=p(2) = 2mi.

In addition, it is an odd function. The function p plays the same role as gy,
but for the trivial bundle. One can split the space of functions O(U; NU-)
as

OWULNU.) = OUL) & Co(z) & OU-). (81)

O(U4) and O(U-) represent the spaces of holomorphic functions on U, and
U_ respectively. We exclude the constants in O(U_) by setting O(U_) to be
the subspace of functions in O(U_) satisfying

1+e
fdz=0.
€
Let Py, Py, and P_ denote the three projections onto the factors of (81).
One finds:

f) i feow),
fole=i@dz = {0 i 1E) =),
0 if feOU.).

Consequently, p(z — 2) is the integral kernel of the projection P,.

9.2 G-bundles for a semi-simple simply connected group

Now let us move to a complex reductive Lie algebra g, with Cartan subal-
gebra t, corresponding to a simply connected group G and Cartan subgroup
T. Let z;,4 = 1,..,r be an orthonormal basis of t, and let e, be a basis of
the a-th root space such that e, and e_, are dual to each other under the
Killing form. Let ¢ denote the set of roots.

Given X € t, we can consider the bundle Py with automorphy factors 1,
exp(2mi)). It is a G-bundle, with a reduction of its structure group to T.
Any W-orbit results in an isomorphic G-bundle. This construction exhibits
t as a branched cover of the moduli space Buny(G) of S-equivalence classes
of semi-stable G-bundles.

t —  Bung(G). (82)

The Galois group is the affine Weyl group, an extension of the Weyl group by
the tensor product Ch(T')* ®z H1(X,Z) of the co-character lattice of T' with
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the period lattice of the elliptic curve. We consider Ch(T)* ®z H1(X,Z) as
a full lattice in the complex Lie algebra t. The quotient of t by this lattice is
the group Ch(T)*®z %, which is a cartesian product of r copies of the elliptic
curve. The branched covering map (82) is the composition of the covering
map t = Ch(T)* @z X and the quotient of Ch(T)* ®z T by the classical
Weyl group W. The ramification locus of (82) consists of the translates by
Ch(T)* ®z H1(XZ,Z) of all the walls in t. The complement of the branch
locus in Buny(G), consists of the regular and semi-simple bundles [FM].
The automorphism group of these bundles is isomorphic to the Cartan.

We will assume that )\ does not belong to the branch locus. The adjoint
Lie algebra bundle Py(g) splits into a trivial summand P)(t) and a sum of
non-trivial line bundles L., >, corresponding to the a-th root space. The
splittings (80) and (81), of the space of sections of a line bundle over U, NU_,
extend to an analogous splitting for ad(Py).

—_—

P(e)U+) © [t®spanc{p(z)}] ® Pi(g)(U-). (83)

If we set

,
(XA 2) = p(z) Z z; @ T + Z O—<an>(2)eqa ® e_q,
i=1 acA

then (A, z — 2') is the kernel of the projection operator P; onto Py(g)(Uy ).
This function is precisely the r-matrix of Felder; see [EV], formula (4.7). It
is an elliptic solution of the CDYBE (2).

Let P_ and Py denote the projections to the corresponding summands
of the splitting (83). Set

Ry = (PL—PR-P.)/2 = P,-1/2. (84)

We think of R) as an endomorphism of the loop algebra Lg, which is de-
termined by a G-bundle Py together with a choice of an automophic factor
(and hence a trivialization on U,). We will denote Ry by R, when it does
not lead to any ambiguity. We note that R) is skew adjoint, with respect to
the pairing defined using the Killing form and integration around the origin.

9.2.1 The Sklyanin Poisson structure and its reduction

Let V' be the complement in t*, of the ramification locus of (82), where we
identify t with t* via the Killing form. The bundles parametrized by V are
non-special, in the sense that none of the L., ), in the decomposition of
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the adjoint bundle, is a trivial line-bundle. The operators Ry, given in (84),
are used by Etingof and Varchenko [EV] to define a Poisson structure on
V x LG x V. Let f and g be functions on LG. Given elements a and b of t,
we denote by a; and b; the corresponding linear function on the first factor
V, while ay and by are the linear functions on the second factor V. The
Poisson structure on V x LG x V is defined at (v1,®,v2) by the following
relations.

{ai,bj} = 0 14,75=12,

{a'l,-f} = Xf(f)a
{a2:f} = Xc%(f)a
{f.9} = <Ry (Df),Dg>~<Ry(D'f),D'g>. (85)

Here XL, XE denote the left and right-invariant vector fields on LG corre-
sponding to a. We denote by Df the left differential in Lg of f, and D'f
the right differential: in terms of the Maurer-Cartan forms 6 = d¢- ¢! and
0’ = ¢~ ldp, thought of as maps TLG — Lg, we have

Df = (07Y)"(df),
D'f = (07 (df).

In matricial terms,
<Df,ppt > = <df,¢> = <D'fo7lo>,
so that we get the identifications
Df =Lydf and D'f = R,df.
At an element ¢ of LG,
Df= Adw(D’f)-

There are left and right actions of 7 on V x LG x V, given by
Li(v1,9,v2) = (vi,tg,v2), Ri(vi,9,v2) = (v1, 9t ", v2),
with moment maps
(v1,9,v2) = v1, (v1,9,v2) = —v2
respectively. The reduction by the conjugation action of 7' is then the space
A(V) x LG/ ~,

where A(V) C V x V is the diagonal, and ~ is the equivalence relation
(v,9,v) ~ (v,tgt™,v), t € T.
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9.2.2 Relation to the algebro-geometric structure

As the bundles parametrised by V' all have T as their global group of auto-
morphisms, our reduced phase space can be identified as a Galois covering
of an open set of the space of isomorphism classes

M= {(P,p)|P an T —bundle over £, ¢ e (U NU_,P(G))} | ~.
The Galois group is again the affine Weyl group w.

Now choose a faithful representation p of G and an effective divisor D
on . A Zariski open subset Mp, of the moduli space M (G, ¢, p, D) from
section 7.1, embeds in M. Mp is the subset of M of simple pairs (P, ),
where ¢ is meromorphic with poles only at D. It fibers over V/ W, and we
take the fiber product

Mp = Mp XV/WV (86)

The tangent space of Mp is given by the first hyper-cohomology of the
complex (66). Its cotangent bundle is given in terms of the complex (67).
The algebro-geometric Poisson structure ¥ is given by (72). We have a
diagram

ad(P,,p)*(-D) % Pg
-L,| ) 1Ly,
Pg =% ad(P, ¢, p)(D).

The top and left homomorphisms are defined in terms of the generic isomor-
phism (68). For bundles of degree zero, the tangent space fits into an exact
sequence

H°(Z,ad(P, ¢, p)(D))/ady(H*(S, Pg)) — TMp — HY(S,Pg).
The cotangent space, dually, fits into

H(Z,Pg) — TMp— [ker: H\(S,ad(P,¢,p)*(—-D)) - H\(Z, Pg)].
(87)

HO(%, Pg) is isomorphic to h and H 1(Z, Pg) to h*. Let us represent the
hypercohomology on the level of cocycles. To do this we use our covering
U4,U—, and assume for simplicity that the support of the divisor D does
not intersect Uy. A cocycle representing an element of the cotangent space
is given by

(a':!:ab+7b—)7 (88)
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where a+ is a section of ad(P, ¢, p)(—D) over Uy NU_, by,b_ are sections
of Pg over U,,U_ respectively, with —ad,(a+) = by — b_ on the overlap.
Similarly, represent an element of the tangent space by a cocycle

(aia :8+’ ﬁ—)’

where a4 is a section of Pg over U;NU_, B4, B— are sections of ad(P, ¢, p)(D)
over Uy, U_ respectively, with ad, (o) = B4 — 8- on the overlap. The pair-
ing on the level of cocycles is given by

(aﬂ:aﬁ-i-aﬁ—)’ (a’:l:ab-i-’b—) =< 04, (b+ + b—) >+ <ag, (ﬂ—l— + ,3_) >

(This formula is more or less forced by the constraint that the pairing must
give zero on coboundaries). Now let (a+,b;,b_) represent the differen-
tial df of a function on Mp at the point (P,y). Apply the projections
to Ly(a+), Ry(a+) to get

Lo(ax) = pg+po+p-,
Rylay) = vy+uw+v_.

Recall that the differential ad,, of the tangent complex was defined as L, —
R,. The differential of the cotangent complex can be interpreted as Ry, — Ly,.
Hence,

Ry(ax) — Ly(ax) = by —b_.
From the exactness of (87), one has py = v, and
by = —py+ve+b bo=p_—v_+b
where b is a constant, global section of Pg, lying in P(t).

We need to determine the form of these different cocycles, for the dif-
ferentials of the various functions considered in the definition (85) of the
Poisson bracket on our phase space. One is fairly straightforward: with re-
spect to the fibration of Mp over V, the differentials of functions lifted from
V are of the form (0,b,b).

One also has an inclusion M p =V x LG/ ~, given as a subset of pairs
(T, ) with T = (T}, T,) representing the automorphy factors of the bundle
P, ¢ a meromorphic function C — G, holomorphic on Uy, with poles only
at D and Adr, (¢(2)) = ¢(z+w;) for the periods w; of the curve. We assume
for simplicity that D does not intersect Uy On the level of tangent spaces,
the inclusion is given by

(a:l:’ :8+’:8—) = (a:i:7:8+)>
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with ady,(a+) = B4 — B-. Dually, one has
(a:l:, b) = (a':i:, b+ +b,b- + b)7

with —ad,(a+) = by —b_. The elements b, b_ are determined by comparing
the pairing on bigger space V x LG/ ~:

2< Be,b>42<ay,ay >
and that on the smaller space Mp:

< PBiyby +b_+2b>+<ag,ap +ta_ >

= <ﬂi,b++b_+2b>+<ai,2a+—ad¢(,8:k)>

= 2<B4,b>+2<ay,aq >+ < Bu,by +b_+ady(ax) >
= 2<B4,b>+2<ar,04 >+ < P4,2b_ >,

whence b_ pairs to zero with any cocycle in t - p(z), forcing the equali-
ties b = P_(ady(a+)) and by = —Py(ady(ax)). In summary, the dif-
ferential a function on LG/ ~ is represented by a cocycle a+, such that
ad,(a+) is a coboundary. Mapping to the forms on Mp, the cocycle lifts to

(ax,— Py (ady(ax)), P-(ady(as))), giving
by = —pp + vy, bo=p_—v_.
Choosing another function g on Mp, one can represent the differential
dg as
dg ~ (c:l:)d+,d—)

with
Ly(ex) = &+ +&+E-,
Ry(ct) = ¢4+ +¢-,
& = G
giving

dy = =€+ +(++d, d-=§ - (- +d

We now want to compute the Poisson brackets of f and g. The Poisson
tensor ¥ acts by — L, on 1-cocycles, and by L, on 0-cocycles. We modify the
cocycle ¥(cy,dy,d-) = (€4 —§o—&-, Lp(—&+ + (4 +d), Ly(§- — (- +d) by
the coboundary ({4 +¢-,ad,(&+), ad,(—€-)), so that the new representative
cocycle is

U(dg) = (=€o, =Ry (§+) + Ly(C1) + Ly(d), Rp(€-) = Ly (S-) + Ly(d))
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The algebro-geometric Poisson bracket (72) is given by

—2{f,9} = <df,¥(dg) >
= < ax,Rp(=&4 +6-) + Lo((4 — () + 2Ly (d) > — < &o, b4 +b->
= < Ly(as), =&+ + & >+ < Ry(ax), {4 — (- +2d > — <o, b4 +0- >
=< purt+potpo, €+ >+ <vi+wt+vo, (G —(-+2d>
—<§0,—,U«++I/++H:_—I/_+2b>
=<pprtpotpo,—€+E>+<vpt+uvtro, G —(- >+
<pytpotp_,bo>—<vy+uvg+vo,(o >+ < po,2d>— < Ep,2b>
=<prt+potp, &+ +E >+ <vy+vo+rvo, (4 —Co—C- >
+ < o, 2d > — < £9,2b >

where we use the fact that the +-summand in our decomposition is isotropic,
the —, 0-summands are orthogonal and isotropic, and the fact that global
sections are orthogonal to the +, — summands.

Now suppose that f,g are lifted from LG/ ~; we have then that the
terms b,d vanish, and Ly(a+) = Df, Ry(a+) = D'f, while {, = P, (Dyg),
etc., giving for the Poisson bracket:

{f,9} =<Df,R(Dg) > — < D'f,R(D'g) >,
where we recall that R = (Py — Py — P_)/2.

Next, let us consider the case when one of the functions, f, is lifted from
LG/ ~, while the other, g, is lifted from V', and so is represented by a cocycle
(0,d,d),d € t. We then get

{f,9} =<Df,d>

This is minus the derivative of f along the left invariant vector field corre-
sponding to d; one could take the right derivative also, as the quotienting
out by the adjoint action means that the two are equivalent. Finally, when
both functions are lifted from V, the formulae above show that their bracket
is zero. We have thus shown that our algebro-geometric structure satis-
fies the defining relations (85) of the Sklyanin bracket. We note, that the
algebro-geometric structure is defined on the whole moduli space M (G, c).
This moduli space includes pairs (P, ), where the G-bundle P belongs to
the ramification locus of (82), in particular those which are not reducible to
the torus. Summarising, we have

Theorem 9.1. The Sklyanin Poisson structure (85) and the algebro-geometric
structure (72) coincide. The Sklyanin bracket is thus invariant under the
affine Weyl group, and it extends across the walls on the quotient.
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9.3 Arbitrary connected reductive G

We would like to consider briefly how these results extend to the case of
arbitrary reductive groups. A first remark is that they extend unchanged to
the case of G a product of a simply connected reductive group and a torus.
Secondly, we can take an arbitrary connected reductive group G and fit it
into an exact sequence

1-K—-G—>G—1,

with G a product Gy x T of a simply connected reductive group and a
torus, and K central, finite. For example, one can have G = GI(N,C),G =
SI(N,C) x C*,Z = Z/N. Corresponding to this sequence, we have an exact
sequence of (non-abelian) cohomology

- HY(Z,K) = K? » HY(2,6) » H\(Z,G6) —» HX(T,K) = K -, (89)

where /C,G,G are the sheaves of holomorphic maps into K, G,G and the
exactness of the sequence is as a sequence of pointed sets. What we see
is that there is an obstruction, essentially a first Chern class, to lifting a
G bundle to a G bundle. Also, since it is a Chern class, the obstruction
vanishes when one lifts to an N-fold cover 33 — ¥ by another elliptic curve,
for some suitably chosen N (We will choose the cover to be cyclic, of the

form C/(NZ + 7Z) - C/(Z + 1Z).

Following [FM, BFM, AB], the generic G-bundle can be described in
terms of automorphy factors which are almost commuting pairs in G, that
is, their commutators are central. Let g,, g, be the group elements of G
corresponding to the standard generators a,b of the fundamental group of
the curve; by Corollary (4.2) of [BFM], they can be chosen generically so
that gy lies in the torus T of G, g, lies in the normaliser N(T'); furthermore,
as the bundle lifted to the covering curve 3 reduces to G, one can suppose
that (go)V lies in the Abelian factor 7', so that on the covering curve one
has a reduction to the torus.

These bundles on the covering curve are invariant under deck transfor-
mations. Over ¥, the element a represents the deck transformation for the
cover, and g, its action on the associated bundle. The pull-back of the @
bundle to 3 lifts to G, and reduces to a T bundle Py. The invariance under
deck transformation gets translated into an invariance

Ad%e(Pr) = p*(Pp)

where p : 3 — 3 is the deck transformation, and on the lift to a T-bundle
Pr, referring to (89),

Ad%(Pr) = p*(Pr) ® P
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where Pz is some root of unity in the Jacobian corresponding to an element
of H(%, Z).

We can then compare the algebro-geometric definitions of Poison struc-
tures for the G-bundles on ¥ and G-bundles on ¥, seeing in essence that
one is the restriction of the other to the fixed point set of the action above.
Similar considerations hold for the Sklyanin bracket. Indeed, on the level of
infinitesimal deformations, we then have for a G-bundle P that H(XZ, Pg) =
t9¢, Under the identification of the loop algebra with sections of Pg on the
overlap U, NU_, we have a splitting of the loop algebra into

——~—

Pg(Us) @t (p(2)) & Pg(U-).

Etingof and Schiffman [ES] consider precisely the Lie-Poisson groupoids
on such fixed point sets, and it is clear that their solutions to the CDYBE
correspond to the splitting above.

In any case, the equivalence of the algebro-geometric form with the
Sklyanin one provides an alternate proof of the Jacobi identity of the former,
first, for the simply connected case, and, then, by restriction to a fixed point
set, in the general case.

10 Systems related to partial flag varieties

A particularly interesting list, among moduli spaces of type M (G, ¢, Q), was
introduced in Example 4.12. These moduli spaces are related to products of
flag varieties of maximal parabolic subgroups of a simple group G. We study
in this section the abelian varieties, that occur as fibers of the characteristic
polynomial map, and their spectral curves. We are particularly interested in
such examples of minimal dimension. So, we consider pairs (P, ¢), where the
meromorphic section ¢ has singularities only at two points p; and p; in the
elliptic curve 3. We choose @), and O, to be W-orbits of the co-characters
a and —a, where a is dual to a particular choice of a simple root.

According to the list in Example 4.12, the group G must be either a clas-
sical group, or exceptional of type Eg or E7, in order for it to have a maximal
parabolic of the type we are interested. These are the maximal parabolic
subgroups, whose partial flag variety embeds as an orbit of the loop grass-
mannian. The type A examples are discussed in section 10.1. A deformation
of the Elliptic Calogero-Moser system arises. The three examples of type D,
are discussed in section 10.2.
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10.1 Type A examples

Section 10.1.1 exhibits moduli spaces of type M(PGL(n),c, @), which are
birational to [Z/nZ x Z/nZ]-quotients of products of Grassmannians. Their
spectral curves are described in Section 10.1.2. Certain symplectic leaves
of the generalized Hitchin system admit deformations to symplectic leaves
M (G, c, Q) of the generalized Sklyanin systems. We discuss such examples in
Section 10.1.2. In particular, Lemma 10.7 exhibits a deformation of the type
A, Calogero-Moser system via a one-parameter family of Sklyanin systems.

10.1.1 Products of Grassmannians

When the group G is PGL(n), certain moduli spaces M(PGL(n),c, Q)
are birational to [Z/nZ x Z/nZ]-quotients of products of grassmannians
(Lemma 10.3). We choose ¢ to be a generator of m(PGL(n)) and de-
note by P the unique stable bundle. Consequently, a Zariski open sub-
set of M(PGL(n),c,0) is the Aut(P)-quotient, of the set of meromor-
phic sections of P(G) with singularities in @. Of particular interest is the
case G(k,n) x G(n — k,n), corresponding to partial flag varieties associ-
ated to two opposite maximal parabolic subgroups. The Zariski open subset
of G(k,n) x G(n — k,n), of transversal pairs, is naturally isomorphic to
the twisted cotangent bundle of G(k,n). The twisted cotangent bundle of
G(k,n) is isomorphic to a semi-simple coadjoint orbit Q) of s, (as in The-
orem 2.4, we reserve the notation @ for coadjoint orbits). The orbit O
is the coadjoint orbit of idempotents of rank k, translated by a multiple
of the identity endomorphism to annihilate the trace. Let @ := > .- @),
such that @), = 0 if p # po and @), = Of,. Connected components of the
Hitchin system Higgsy(PGL(n),c,Q') are birational to a [Z/nZ x Z/nZ}-
quotient of the orbit @),. Lemma 10.3 implies that, for a suitable O,
the moduli M(PGL(n),c,Q) is birational to Higgss(PGL(n),c,0'). The
data O depends on a point on the elliptic curve (in addition to the origin),
while the data @ does not. We get a deformation of M(PGL(n),c, Q)
which is supported, birationally, on a fixed space. The Hitchin system
Higgss(PGL(n),c,0') is the limit. We will carry out the limit calculation
in a special case (Lemma 10.7). The general case is similar.

Example 10.1. The group Aut(P), of global automorphisms of a stable
rigid PGL(n)-bundle P, is isomorphic to Z/nZ x Z/nZ. More canonically,
we have an isomorphism
Aut(P) — Hom[m(X), m (PGL(n))]
o = T,
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sending a global holomorphic section of P(PGL(n)), to its topological in-
variant 7, given in (7). This isomorphism is the connecting homomorphism
of the long exact sequence (9) in cohomology. The stable PGL(n)-bundle
P of type ¢ admits a lift to a stable vector bundle E of degree d, where
d = c(mod n). The associated bundle P(SL(n)) in (9) is precisely the bun-
dle Aut;(E), of automorphisms of E with determinant 1. Since E is simple,
only the identity automorphism of P lifts to a global section of P(SL(n)).
The injectivity of the connecting homomorphism follows. Surjectivity fol-
lows, since the homomorphism H!(Z,m (PGL(n))) — HY(Z, P(SL(n))) in
(9) is the constant map; tensorization of the stable vector bundle E, by a
line bundle of erder n, is isomorphic to E.

We introduce next the moduli spaces, which are related to products of
Grassmannians. :

Example 10.2. If G = PGL(n) and the simple root o in Example 4.12
is €x — €x41, then G/P, is the grassmannian G(k,n). The orbit Oy« is
represented by the cocharacter diag(t,...,t,1,...,1) of GL(n), with simple
zeros at the first k diagonal entries. The orbit Q_4- is represented by the
cocharacter diag(1,...,1,¢,...,t), with simple zeros at the last n— k entries.

Let ¢ € m(PGL(n)) = (Z/nZ) be an additive generator. Fix a topologi-
cal type 7 : m1(X%) — 71 (PGL(n)) as in (7). We have a Zariski open subset
M? in M(G,c,Q), consisting of pairs (P, ), of topological type 7, where P
is the rigid stable bundle. Fix two points p4, p— in ¥ and let O = EpGE Qp,
with @, = PGL([t]] if p € {p4+,p-}, Qp, = Q4+ and Qp_ = O_,~. Formula
(21) implies, that the dimension of M (G, ¢, Q) is 2k(n — k). Choose a lift E
of the stable PGL(n)-bundle P to a stable vector bundle. Let

ev : MY — [G(k,Ep,) x G(n—k,E,_)]/Aut(P)

be the morphism sending the meromorphic section ¢ of P(G) to its pair of
kernels in the fibers over py and p_. The pair of kernels is well defined only
up to the diagonal action of Aut(P). Note that M? admits an étale sym-
plectic morphism onto a Zariski open subset of Hecke(G, ¢, ¢, Q) (Section 8.1
and Theorem 8.3). The image of ev is isomorphic to a Zariski open subset of
Hecke(G, ¢, ¢, Q) (see Claim 8.2 for the relationship between Hecke(G, ¢, ¢, Q)
and the product of Grassmannians).

More generally, let S C ¥ be a finite subset and O = EpEE Oy, such
that @, = PGL(n)[[t]], if p € S, and Q, = (D)a,:(p) for some simple root
Qg(p) = €k(p) — €k(p)+1- Assume that

Z k(p) =0 (mod n).

pES
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(Compare with Remark 3.1). Let

ev : M) — |[[GG*(), E,)| /Aut(P)
pES

be the morphism sending the meromorphic section ¢ of P(G) to its kernels
in the fibers over S.

Lemma 10.3. The morphism ev is injective and dominant.

Proof: Fix a stable PGL(n)-bundle P of topological type c. The group
Aut(P), of global sections of P(G), is isomorphic to Hom([m (X), 71 (PG L(n))]
(see Example 10.1). Let g : M9 — MO be the Aut(P)-Galois cover obtained
by taking the global sections of P(G) representing isomorphism classes in
MP. We get the commutative diagram:

M s Glp), Ey)
g
M 2 ([ G(k(p), Bp)| /Aut(P).

The morphism ev is [Aut(P) x Aut(P)]-equivariant. A pair (f,g) € [Aut(P)x
Aut(P)] takes ¢ to f oo g~l. The action on the product of Grassman-
nian factors through the projection (f,g) — f. We will see, that the group
Aut(P) x Aut(P) acts transitively on the set of connected components of
M 0 by changing the topological type 7. Note, that each topological type is
invariant under the diagonal action of Aut(P) (via conjugation).

The injectivity of €v, on the component determined by a fixed topo-
logical type 7, is straightforward. If ¢ and 7 are two sections of in M? and
év(p) = €v(n), then nop~! is a holomorphic section of P(PGL(n)) of trivial
topological type. Hence, no¢~! = id. The fact, that nop~! is holomorphic,
can be seen more easily, once we lift 77 and ¢ to meromorphic automorphisms
7 and ¢ of the pull back f*P(SL(n)) over the branched covering f : D, — &
determined by the topological invariant (see section 6.4). Then 7 and @ are
meromorphic automorphisms of the pull back f*E of a stable vector bundle
E. Moreover, 7* and ¢* have the same image subsheaf in f*E(S). Thus,
flo ¢! is a holomorphic automorphism of f*E.

Given a point & := (Kj)pes in [[,c5 G(k(p), E,), we denote by Elm(z)
the subsheaf of E(S) of meromorphic sections of E with poles along (K. p)pES-
Applying Lemma, 10.4 dn-times, we get that Elm(z) is stable for a generic
point z. Elm(z) is a vector bundle of rank n and determinant line bundle
v det(E)(Zpe s k(p)-p). Thus, if Elm(z) is stable, then it must be isomorphic
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to E ® R, for every n-th root R of Oy (EPES k(p) - p) (see [At]). The

composition E ® R = Elm(z) — E(S) represents an element ¢ in MP°.
Composing with an element of Aut(P), we can translate ¢ to an element
of M° with the topological invariant 7 chosen. We conclude that év is
dominant. a

Lemma 10.4. Let E be a rank n semi-stable vector bundle over an elliptic
curve X and p a point in . Assume that E is not isomorphic to the tensor
product of a stable vector bundle with a trivial vector bundle of rank > 1.
The space P(E} ), of lines in the fiber, parametrizes subsheaves E' of E(p),
containing E, with quotient E'/E of length 1. A Zariski dense open subset
of IP(Elp) parametrizes semistable subsheaves E'. Moreover, the generic such
E' is not isomorphic to the tensor product of a stable vector bundle with a
trivial vector bundle of rank > 1.

Proof: Let £ be a line in the fiber of E over p. Denote by E(¢) the subsheaf
of E(p) of sections with poles along £. We prove first that E(¢) is semi-stable,
for a generic £. Assume that F is a subbundle of E, of rank r < n, such
that F, contains £ and F(£) destabilizes E(£). We may assume that £ is not
contained in the fibers of any sub-bundle of F with slope equal to the slope
of E (here we use the assumption on E). We have the inequalities

deg(F) < deg(E) and deg(F) +1 S deg(E) +1
r n T n '

Combining both inequalities, we get
deg Hom(F,E) < n-—r.

Semi-stability of E implies that Hom(E, F') = 0. Hence, dimHom(F, E) =
deg Hom(F,E) < n —r. Now, the dimension of the family H!(End(F)),
of infinitesimal deformations of F, is equal to dim H°(End(F)). The latter
space is contained in Hom(F, E). The dimension of the family B of sub-
sheaves of E, which are deformations of F', is dim Hom(F, ) —dim End(F') +
dim H}(End(F)) = dim Hom(F, E). We conclude that the dimension of B is
< n —r. Hence, the family of lines /, in the fibers of the deformations of F,
has dimension < n — 1. Consequently, E(¢) is semi-stable, for a generic .

Suppose E(¢) is isomorphic to the direct sum of k copies of the stable
bundle V. Then

dimHom(V*, E*) = deg Hom(V*, E*) = rank(V).

Thus, the image of H*(Hom(V*, E*)) ®c V* in E* is equal to the image of
E(¢)*. 1t follows that every embedding V* < E* maps the fiber V' into the
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hyperplane in E* annihilating £. Hence, if there is a line £ in E,, for which
E(¢) is isomorphic to V®*, then £ is unique. Since det E(£) is det(E)(p),
then there are only finitely many such V. a

10.1.2 Symplectic leaves of minimal dimension deforming the Calogero-
Moser system

We study in this section the spectral curves of the PG L(n) systems of Section
10.1.1. We work with GL(n) systems corresponding to a lift. We lift the
singularity data O for PGL(n) to a singularity data @ of GL(n). This means
that a co-character of Oy, for each point p € ¥, maps to a co-character of @p.
Note that the lift may introduce new singularities. If Q) is a new singularity,
then its co-character has image in the center of GL(n). The PGL(n)-systems
are obtained from the G L(n)-systems by symplectic reduction: One fixes the
determinant line bundle of the stable bundle and takes the quotient by the
C* -action.

Example 10.5. Let G = GL(n) and assume that the divisor D in Example
4.11 is reduced and ¢ satisfies:

E(D)(-p) C ¢(E) C E(D),

in a neighborhood of every point p € ¥. Denote by r, the rank of ¢, :
E, = E(D),. In terms of the weights of the standard representation, the
assumption on ¢ translates to

ordy(e;, @) € {-1,0,1}.

Moreover, if p € D, then the multiplicity of 1 in {ordp(e;, Qp)}7 is rp and
of 0isn—rp. If p & D, then the multiplicity of 0 is 7, and of —1 is n — 7).
Condition (23) asserts that

Yompp o~ Y (n—rp)p. (90)
peED peEX\D

If p is a point in D, then ord,(e,0y) is represented by —()r,,e), where
Ai =Y j=1€- fp € 2\ D and 7, < n, then ordy(e,0,) is represented by
~(An—r,,®). Formula (20) becomes

dim M(GL(n),c,0) = 2+ rp(n—ry). (91)
pEL

(Compare with Lemma 10.3).
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Let us analyze the singularities of the spectral curve C' of ¢ in the total
space of the line bundle Ox (D). Denote the zero section by og. Since ¢ is
generically invertible, the scheme-theoretic intersection C'N oy is the divisor
> pes(n—rp)-00(p) on og. It follows that the multiplicity of the point o(p),
as a point on the curve C, is at most n—r,. We claim that the multiplicity is
precisely n—rp. Indeed, if s is a local section of Ox (D) with a simple zero at
p, then the germ C + s, of the spectral curve of ¢+ s, is the translation of C
by s. Since the rank of ¢ + sl at p is 7y, C'+ s intersects oo with multiplicity
at least (n —rp). Hence, C intersects s with multiplicity > (n — rp).

We consider next the spectral curves of Example 10.2 in the special case,
where the flag variety is P*~!. In Example 10.6 we describe the spectral
curves. In Lemma 10.7 we show that the Calogero-Moser system is a limit

of this integrable system.

Example 10.6. Let G = GL(n). Consider the case where O, = GL[[t]] for
all p & {po,p1,p2}, the polar divisor is D = pg, and the ranks r; at p; are
ro=mn,71 =1,and rg = n—1. If n = 2, we assume further that p; # ps.
Then

dim M(G,c,0) = 2n.

Since n - pg and (n — 1)p; + po are rationally equivalent, then either {pg}
and {pi1,p2} are disjoint, or pg = p2 and (p; — p2) has order n — 1. We get
a one-parameter family of symplectic leaves M(G, ¢, Q), depending on the
choice of p; (and we do not allow p; — py to be of order n because that
implies p; = p2). We claim that M(G,c,0) is non-empty, and the generic
spectral curve has geometric genus n. Indeed, consider the n-th root of
the section of O(npg) coming from the non-zero section of the line bundle
O(npo — (n — 1)p1 — p2) (which is the trivial line-bundle). The n-th root
is a spectral curve C embedded in O(py). Then C has a cyclic (smooth)
ramification point over p, and a singularity over p; of type y™ = z"~!. The
normalization C' of C is obtained by a single blow-up. C is a cyclic n-
sheeted cover 7 : C' — X branched over p; and ps. Hence, the genus of C
is n. Given a line bundle L over C, we get the Higgs bundle (E, ¢), which
is stable because C is reduced and irreducible. In particular, M (G,c,Q) is
non-empty. More generally, consider any spectral curve C with characteristic
polynomial 4™ + a13™ ! + - -+ + a,, whose i-th coefficient a; € H %(O(ipy)),
1 <4 < n, comes from a section of O(ipy — (: — 1)p;) and a, comes from a
non-zero section of O(npy — (n — 1)p; — p2). Note that each a; is a section
of a line-bundle with a one-dimensional space of global sections. A Zariski
dense open subset of this linear system consists of reduced and irreducible
spectral curves. If a; # 0, such a curve has one smooth branch over p, and a
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singularity over p; of multiplicity n—1 at the zero point in the fiber of O(po).
A line-bundle L, over the blow-up of C at that singularity, corresponds to a
Higgs pair (E, ) in M(G, ¢, 0).

The elliptic Calogero-Moser system for GL(n) is the one obtained from
Higgsy:(GL(n),c, ), where O is the coadjoint orbit of diag(1,1,--- ,1,1-n)
[Do2, DW, Kr, TV1, TV2|. (Strictly speaking, one should consider the
PGL(n) Hitchin system obtained from the GL(n) system by fixing the de-
terminant line-bundle and taking the quotient by the C*-action).

Lemma 10.7. The Elliptic Calogero-Moser system Higgss(GL(n),c, @) can
be obtained as the limit of M(G,c,Q) in Ezample 10.6 when po = p1 = pa.

A related deformation of the Elliptic Calogero-Moser system was consid-
ered in [Au, BMMM].

Proof: We follow a geometric procedure for taking the “derivative” of a
group-type integrable system to obtain a Lie-algebra-type integrable system.
We can take the derivative in a geometric sense, as follows: both the Hitchin
system and this group valued one for GL(n) have their Poisson geometry
encoded in their associated families of spectral curves and sheaves supported
over these curves, via the Poisson surface in which the curves embed. In
both cases under consideration here, the Hitchin case, (¢ = 0), and the
group valued case, (¢ # 0), the surface is the same, that is the ruled surface
X :=P[Ox(po) ® Ox] over X. The Poisson structure v; will vary, along with
the symplectic leaf one is considering; the latter is given geometrically, as
we have seen, by fixing the intersection of the spectral curves with the zero
divisor of the Poisson structure. These two points of intersection will be
labelled by $1(¢) and po(t).

For ¢ # 0, we choose a Poisson structure 1; with a degeneracy locus
consisting of two sections og(t) and o4, of the P! bundle X — ¥. The two
points p1(¢) and p(t) lie on the section og(t) over the two points p;(t) and
p2(t). When ¢t = 0, the degeneracy locus 204, + fp, of the Poisson structure
tho consists of the section 0o, with multiplicity 2 and the fiber fp, of X over
po- The degeneration ; is chosen so that the limits of the two points p; (t)
and p(t) are two distinct points f;(0) and p2(0) on the fiber fp,.

We can construct such a degeneration as follows. Denote by z., the
point of intersection of the fiber f,, with the section oo,. Let zy € fpo be
base point of the linear system |Ox(fp, + 0c0)|- Let 1 : T — X be the
embedding of a smooth curve into X. Assume that T intersects the fiber f,,
transversally and does not pass through the points g and z.,. The linear
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2 . .
system | A T'x(—0)| is one-dimensional and the universal curve

2
U C | ATx(~00)| x X

is isomorphic to the blow-up 8: U — X of X at zy. We denote the proper

2
transform of T in U by T as well. Let 71 : U = | A T'x(—000)| be the natural
projection and me : U — ¥ the composition m o 3. Set p; := 72 o p;. Let
p: X — ¥ be multiplication by —(n — 1), regarding po as the origin, and
define

P2 = Hopi.

2
Given t € T\ [T'N (000 U fp,)], the fiber of U over m o p1(t) € | A Tx(—00o)]
is a section op(t) : ¥ — X. Set Pa(t) := oo(t)(p2). We get a morphism

pp T = U,

since U is projective and T is smooth. By construction, we have mj o ps =
71 o p1. We can identify the image $2(T) in U explicitly. There is a natu-
ral isomorphism 7 : p*(Ox(po)) 3 Os(~(po)). Composing the inclusion
Os(po) = Os(p~Y(po)) with ! we get a lift of 4 to a morphism of the
total spaces of line-bundles:

B Os(po) = Os(po).

The composition of a constant section s : & — Ox(pg) with i is (s o u).
Hence, the morphism p; is the restriction of i to T. The fiber of Ox(po)
over pg is naturally identified with the tangent line T},)% and the morphism
fi restricts to the fiber as the differential dp u. The latter is multiplication
by (1 —n). Hence, if p1(¢o) is a point of T'N fp,, then pa(to) = (1 —n) - to.
Consequently, the following limit calculation for triples holds

lim (00(t), P1(t), P2(t)) = (0co + fpos P1(to), (1 —n)p1(to))-

t—to

For every ¢, the spectral curves intersect the degeneracy locus of the Pois-
son structure at p(¢) with multiplicity n — 1 and at p(¢) with multiplicity
1. When ¢ = tp, we get the spectral curves of the Calogero-Moser system
[Do2, KrJ. O

10.2 Type D examples

We use the technique of section 6.6 to study the fibers of the characteristic
polynomial map (4). We study the three examples of symplectic leaves
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M(PO(2n),c,0), whose dimension is equal to the dimension of a product
of partial flag varieties (see Example 4.12). Our aim is to describe their
spectral curves.

Let €1,...,€n;—€1,...,—€, be the weights of the standard 2n-dimensional
representation of SO(2n). Denote by ey,. .., e, the basis of co-characters of
SO(2n) dual to €,...,€,. The basis A of simple roots of s0(2n) consists of
Q)] = €] — €2, ..., Qp_1 = €1 — €, and o, = €,1 + €,. Hence, the first
element af, in the basis of co-characters of PO(2n) dual to A, is e; and the
last two elements are

an_, = [5 Zei} —e, and a) = 3 Zei.
i=1 i=1

The flag variety of the maximal parabolic subgroup corresponding to of is
the quadric in P2~ of isotropic lines. The flag varieties corresponding to
ay_; and a;, are the two components of the maximal isotropic Grassman-
nian. Each component has dimension ﬂ"2—_ll Note that o,_; and ¢, are
not co-characters of SO(2n).

We will use the following notation. The dominant weight A of the stan-
dard representation of SO(2n) is €;. Let W), be the stabilizer of X in the
Weyl group and W,\ the stabilizer of the set {A, —A}. The quotient 17[/3\ /W
has order 2.

10.2.1 The quadric in P?"~!

We describe the spectral curves for the (4n — 4)-dimensional moduli space
M(S80(2n),c,0), where @, = G[[t]], for p & {p1,p2}, and Qp,, i = 1,2,
correspond to the co-character of.

We use the set-up of section 6.6, with G = G = SO(2n) and X is the
dominant weight of the standard 2n-dimensional representation. Set S :=
¥ x PL. Let 09, 0o, 01 and o_; be the sections of S corresponding to the
points 0, 1, —1, co of P!. The surface Sy(0), given in (61), is contained in
the blow-up of S along the points on 0 and o over p; and pp. S)(0) is
the complement of the proper transform of the two fibers of S over p; and
p2. Let + be the element of order 2 in W) /W,. The involution ¢ acts on S
interchanging the two sections {09, 00} and fixing o and o_;. Denote by
00,00, 01 and 1 the three sections of S/..

Let C' be the spectral curve in X (0) of a generic pair in M (SO(2n), ¢, 0).
The generic fiber of (4) is the prym of (the resolution C/W) of) a curve Cy
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in S with the following properties: 1) C) is t-invariant, 2) Cy has nodes
along oy and o_j, and 3) C) meets the sections oy and o over p; and ps.
We identify first the family of quotient curves C)/t. Consider the linear
system |nogeo + fp, + fp.|, Where fp is the fiber over p € X. A curve
' in this linear system satisfies I' - ' = 4n and wg,, restricts to I' with
degree —4. Thus, wr has degree 4n — 4 and the arithmetic genus of T is
2n — 1. Set P; = 00,00(p;). We have a subvariety B, of the linear subsystem
|O0s/.(noo,c0 + fpy + fp,)(—P1 — P2)|, consisting of curves passing through p
and p; and intersecting 51 and 5_; tangentially. The three divisors I'Noyg o,
I'N&y and I'No—; are linearly equivalent on I'. Hence, their norms in ¥ are
linearly equivalent. We conclude that B consists of 16 components Bz, 5_,),
each consisting of curves intersecting &; tangentially at 6, (z1), where z; is
a point on ¥ satisfying the linear equivalence 2z; ~ p; + py. Similarly, the
curves intersect 6_; tangentially at 6_;(z_1), where 2z_; ~ p; + ps. Let
C» be the inverse image in S of a curve I' C S/¢ in the subsystem B(;, ;_,)-
If T is smooth at &1(z;) and &_1(z_1), then C) has a node over each of the
two points. Its resolution C/W), is an unramified double cover C/W) — T.
Prym(C/W,,T') has dimension 2n — 2.

We show next, that only the four diagonal components of B contain spec-
tral curves of pairs in M(SO(2n),c, Q). These are the components Bz, ;_,),
where z; = z_;. We will use the set-up of section 6.4, with the isogeny
Spin(2n) — SO(2n). The fundamental group of SO(2n) is Z/2Z. We
have the topological invariant 7 : £ — 7;(SO(2n)), given in (7), of a pair
in M(S0(2n),c,0). The co-character of maps to the non-trivial class in
m(SO(2n)). Hence, the homomorphism 7 is surjective. The topological in-
variant 7 determines a double cover f : D, — ¥ branched over p; and ps.
The pushforward of the structure sheaf decomposes f.Op, = Os®Ox(—po),
for a unique point py. The fiber over p, satisfies the linear equivalence
f~Y(po) ~ P1 + P2, where p; and po are the two ramification points of f. Re-
call, that a pair (P,®) in M(S0O(2n),c, Q) lifts to a pair (f*P, ) over D,,
where ¢ is a meromorphic section of (f*P)(Spin(2n)). The singularity data
(f~10)p,, at each of the ramification points, consists of co-characters in the
W-orbit of 2e;. Let s and s~ be the traces of the two half spin represen-
tations of Spin(2n). We get the rational functions s*(p) and s~ (y) on D;.
The highest weights of the two half spin representations are %(61 + - +e)
and §(e; + -+ + €n—1 — €,). We conclude, that both s () and s~ (p) have
simple poles at p; and ps. Their difference s*(¢) — s~ () has simple ze-
roes along the fiber f~!(z;) and polar divisor p; + ;. We get the linear
equivalence on D,

f =) ~ P1+ Do
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Considering the sum st () + s~ (¢), we get the linear equivalence
fH @) ~ it P

We conclude that both 27 and z_; must be equal to pg.

10.2.2 The two components of the maximal isotropic Grassman-
nian

Let us describe the spectral curves for the (n? —n)-dimensional moduli space
M(PO(2n),c,0), where @, = PO(2n)[[t]], for p € {p1,p2}, and Qy,, i =
1,2, correspond to the co-character ;. (The case, where both singularities

correspond to of,_;, is analogous).

The co-character o, of PO(2n) does not come from SO(2n). In section
6.6 we developed a general technique, which enables us to study the quotients
C/W,, of the cameral covers of pairs in M(PO(2n),c, @), where A is the
dominant weight of the standard 2n-dimensional representation of SO(2n).
We follow the technique of section 6.6, with G = SO(2n) and G = PO(2n).
The center K of SO(2n) has order 2. The Galois K-cover f : D; — ¥ in
(49) is a double cover branched over p; and ps.

Recall, that A determines three surfaces, which are denoted in Section 6.6
by Sx(Q), Sx(Q,7), and Sy(f~1Q) (see (61), (64), and (63)). The first two
are symplectic surfaces (Lemma 6.21). We will describe the generic spectral
curve Cy in S)(0,7) and its double cover Cy in Sy(f~'0). Denote by D2
the complement of the two ramification points. The surface S)(f~1Q) is a
partial compactification of D? x C*. The group K x K x (W)\ /W) acts on
S)x(f10), extending the natural action on D x C*. The first factor of K
is the Galois group of D; — X. The second factor of K acts on C* via the
restriction of the character A. The involution of the group W) /W, acts on
the C* factor as the inversion ¢ — % The symplectic surface S)(Q, 7) is the
quotient of S)(f~'0) by the diagonal K-action and S)(Q) is the quotient
by the K x K-action.

Let us obtain first an explicit description of the surface S)(f~'Q). The
W-orbit of o, consists of co-characters 3 >°" | +e;, such that the number
of negative coefficients is even. The character )\ takes this orbit, of rational
co-characters of SO(2n), to the set {&,—a}, where @ = %o is half the
generator o of the co-character lattice of 7'/ ker A. The local toric model of
S)(f~1Q), over a neighborhood of a ramification point in D,, is described as
follows. The lattice is spany{e,a}. Let & be the rational cone generated by

{e+a,&—a}, where & = e (see (60)). The local model is the complement,
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of the singular point, in the toric surface determined by the rational cone 7.
The local model, of the morphism to D, is the projection (modulo &) to
the toric curve with cone spanned by e in spang{e}. Note, that the cone & is
generated also by {e+a,e—a}. It is easy to see, that the surface S\(f~10)
is obtained from D, x P! as follows. Let p; and po be the two ramification
points of D,. Let Y be the blow-up of D, x P! at the points in D, x {0, 00}
over p; and Po. Denote the four exceptional divisors by E o, E1 0, E2,0, and
E» - The surface Sy(f ~1Q) is a Zariski open subset of Y; the complement
of the proper transforms of D, x {0,00} and {f, 52} x P!.

The surface S\(Q,7) is the quotient of S\(f~'0) under the diagonal
action of K. Observe, that the fixed locus in Y, under the diagonal involution
of K, consists of the four exceptional divisors.

HY(Y,Z) is generated by the four exceptional divisors, the class ¢ of
a fiber over D;, and the class z of the total transform of D, x {0}. The
intersection pairing is determined by ¢ -2z =1, ¢p- ¢ =0, z- 2z = 0, each
exceptional divisor has self-intersection —1, and each exceptional divisor has
zero intersection with ¢ and z. The canonical class of Y is cohomologous to

20 —2z+ E,
where F is the sum of the four exceptional divisors.

Recall, that a PO(2n)-pair (P, @) over ¥ lifts to a pair (f*P, ¢) over D,
where ¢ is a meromorphic section of f*P(SO(2n)). Let C, be the spectral
cover of (f*P, ) in X(f~'Q) (see section 6.4). The (compact) spectral curve
C» of (f*P, ) embeds in S)(f ~1Q) as a 2n-sheeted cover of D,. The curve
C) is a birational image of the quotient C, /W), acquiring additional nodes,
which will be discussed below. The morphism (63) is K x K equivariant.
Hence, C,, is invariant with respect to the diagonal action of K.

The cohomology class v of 5} in Y is determined by the intersection
data

Y9 = 2n
Y-z = 2n (92)
'Y'Ei,j = n. (93)

The first equation indicates, that 5,\ is a 2n-sheeted branched cover of D;.
Equation (92) indicates, that the image of Cy in D, x P! intersects the zero
section with multiplicity n over each of the two ramification points p; and ps
(and the same holds for the infinity section). This follows from the fact, that
the singularity type f ‘1((D>,,1. ), of @ at p;, is the W-orbit of the co-character
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2a;, of SO(2n). Equation (93) expresses the fact, that the proper transforms
of the zero and infinity sections are disjoint from C). We get the equality

v = 2n¢ + 2nz —nk.

The curve Cy belongs, in fact, to the linear system 7*Op_(np; + npz) @
Oy (2nz — nE), where w : Y — D, is the natural morphism. Consequently,
- = 4n? and the intersection of “the canonical class of Y with « is 4n. We
get, that the arithmetic genus of C) is 2(n? + n) + 1.

We discuss next the additional nodes acquired via the map C, /W) — C A
Let T be the maximal torus of SO(n) and z € T an element, whose weights
€;(z) = z; satisfy: z; = —1, {zo,..., 7, } are distinct, and z? # 1, for i > 2.
The Weyl group orbit of z consists of “signed” permutations w(z); = wi(li),
with an even number of inversions. Consequently, the WA-orbit of x consists
of two distinct W)y-orbits (the two orbits are distinguished by the parity of
the number of inversions in the set {zg,...,z,}). We conclude, that the
generic quotient C, /W) has two distinct points over each of the intersection
points, of 5,\, with the transform of D, x {—1}. A similar discussion, of the
case \(z) = 1, leads to the following conclusion. The curve C), of a generic
cameral cover, meets the fixed locus of WA /Wy in S\(f~'0), along nodes
of 63\. Hence, 53\ has %(fy - z) = n nodes along each of these two WA/ Wi-
invariant sections. The generic C,,/W) has geometric genus 2n? + 1.

The diagonal K-action acts on C,/Wy with 4n fixed points over the
four exceptional divisors in Y. These are ramification points of the quotient
q: Cy/Wx — C/W,. Hence, C,/[W x K] has geometric genus n? — n + 1.

The curve C,,/[W) x K| maps to the spectral curve C) in Sy(Q, 7) with n
nodes. Lemma, 6.21 implies, that the fixed locus in Sy (0, 7), of the Wy JWi-
action, is precisely the K-quotient of [D? x {1,—1}]. We conclude, that
WA /W) acts on the generic curve C,,/[Wy x K| without fixed points. The
prym variety of the W)\ /W) action has dimension ﬁz—‘—@ This is precisely
half the dimension of the moduli space M(PO(2n),c, Q).
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