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Abstract

We study the Hopfield model with pure p-spin interactions with even p > 4,
and a number of patterns, M (IN) growing with the system size, N, as M(N) =
aNP~!. We prove the existence of a critical temperature (3, characterized as
the first time quenched and annealed free energy differ. We prove that as
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p T o0, Bp = Va2ln2. Moreover, we show that for any o > 0 and for
all inverse temperatures 3, the free energy converges to that of the REM
at inverse temperature 3/y/c. Moreover, above the critical temperature the
distribution of the replica overlap is concentrated at zero. We show that for
large enough «, there exists a non-empty interval of in the low temperature
regime where the distribution has mass both near zero and near +1. As was
first shown by M. Talagrand in the case of the p-spin SK model, this implies
the the Gibbs measure at low temperatures is concentrated, asymptotically
for large N, on a countable union of disjoint sets, no finite subset of which has
full mass. Finally, we show that there is ap ~ 1/p! such that for a > a; the
set carrying almost all mass does not contain the original patterns. In this
sense we describe a genuine spin glass transition.

Our approach follows that of Talagrand’s analysis of the p-spin SK-model.
The more complex structure of the random interactions necessitates, however,
considerable technical modifications. In particular, various results that follow
easily in the Gaussian case from integration by parts fromulas have to be
derived by expansion techniques.

Keywords: spin glasses, Hopfield models, phase transition, overlap distribution
Mathematics subject classification: 82A87, 60K35

1 Introduction and Results

In a recent paper [T4] (see also [T6] for a more pedagogical exposition) Talagrand
has presented for the first time a rigorous analysis of a phase transition from a high
temperature phase to what could be called a “spin glass phase”. This was done
in the context of the so called p-spin Sherrington-Kirkpatrick (SK) model [SK] for
p > 3. From the heuristic analysis on the basis of the replica method (see [MPV]),
it is known that this model should have a spin glass phase that is much simpler
than in the case p = 2, the standard SK model. This important new result has
highlighted the p-spin interaction model as an important playground to develop
new techniques and to gain more insight into the fascinating world of spin glasses.

The Hamiltonian of the p-spin SK model can most simply be described as a
Gaussian process X, on the hypercube Sy = {~1,1}" with mean zero and covari-
ance function

EX, X, = NRy(o,0')? (1.1)
where Ry (o,0') = % f;l =1~ dgam(0,0') where dgqm denotes the Hamming
distance. Seen from this point of view, the distinction between different values of p
is in the speed of decrease of the correlation of the process X, with distance.

Talagrand’s methods use heavily the Gaussian nature of the SK model, and in
particular the fact that the X, can be represented in the form

X, = > JityooiyGins - - Oy (1.2)

1<iy <ig<-<ip <N
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where Ji,, ., is a family of i.i.d. standard Gaussian random variables. It is there-
fore natural to ask whether and to what extent his approach can be generalized to
other models that have similar correlation decay properties as processes on Sy, but
that are not Gaussian and do not have the simple structure as 1. A natural can-
didate to test this question on and whose investigation has considerable interest in
its own right, is the so-called p-spin Hopfield model which we shall describe below.
These models have been introduced in the context of neural networks by Peretto
and Niez [PN] and Lee et al. [Lee] as generalizations of the standard Hopfield
model [Ho] which corresponds to the case p = 2. This latter case has been studied
heavily and since its first introduction by Figotin and Pastur [FP1,FP2] has be-
come, on the rigorous level, one of the best understood mean field spin glass models
[N1,5ST,Ko,BGP1,BGP2,BG1,BG2,BG3,BG4,T3,T7]. It should be noted, however,
that all the results obtained for this model so far concern the high-temperatures
phase and the so-called retrieval phase, while next to nothing is known about the
supposedly existing spin glass phase. The investigation of this phase in the p > 4
version of the model is the main concern of the present paper.

We now give a precise definition of the models we will study. Let (2, F,P) be
an abstract probability space and {£!}; .en a family of i.i.d. Bernoulli variables,
taking values 1 and —1 with equal probability.

Define for each N € N a (finite) random Hamiltonian, that is, a function Hy :
Q xSy — Rby

1 M(N)

HN[w](a)E—<N%!_—2) o J[¢e. (1.3)

p=1 i1 <. <ipl=1

The value of p is considered a fixed parameter of the model, and will in the following
be even and > 4. While this model can be analyzed rather easily along the lines
of the standard Hopfield model if M ~ N (see [BG1]), the results of Newman [N1]
on the storage capacity suggest that the model should have a good behavior even
if M(N) scales as NP~! ie?

li M(N)

m
Ntoo NP—1

=a < oo. . (1.4)

In this paper we will always be concerned with this case. The limit a will also
turn out to be a crucial parameter for the behavior of the system. In the stan-
dard Hopfield model, it has been proven that for small values of a, the model at
low temperatures is in a retrieval phase, where there are Gibbs measures that are
concentrated on small neighborhoods of the stored patterns. It is believed that for
large values of a (or smaller values of 3) this property fails and that in fact the
model should then be very similar to the SK-model; however, there exist no rigorous
results to that effect. While in the present paper we do not present results concern-
ing the retrieval phase in the p > 4 case, the results we shall present show that for
reasonably large values of a a phase transition occurs from the high-temperature
phase to a ”spin glass phase” that is strikingly similar to those of the corresponding
SK models.

3In the sequel, we will write with slight abuse of notation M(N) = aNP~! even for finite N.
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We will use the following multi-index notation. For finite subsets Z of the natural
numbers, and real numbers (zn)nen, let by 27 = [[;c7 1. Let furthermore Py be
the set of subsets of N' = {1,...,N} of cardinality p. The Hamiltonian equation
1.3 can then be written as

1 M(N)

o) =~ (35) X % etor (15)

p=1 ZTePn

These Hamiltonians define random, finite volume Gibbs measures Gy glw] by as-
signing each configuration ¢ € Sy a weight proportional to its Boltzmann factor,
that is

—BHN[w](7)

Gn,plw](0) = 27N 2 (1.6)

Zn plw]

Consider now the Hamiltonian as a random process indexed by ¢ € Sy. Simple
calculations allow to verify that the mean of Hy with respect to PP vanishes for all
o,that isEHy (o) =0, Vo € Sy, whereas the variance satisfies (for some number
C depending on p only)

aN(1—CN™Y) <EHy(0)? N2p_2 Z > o1& <aN, (1.7)
p=1 I€PN

which motivates our choice of normalization in the definition of Hy. The covariance
is given as

P! M(N)
EHy(0)Hn(0") = sz_z > > o407 =aNRP(0,6')1+O(NTY)), (1.8)

p=1 TEPN

where Ry(0,0') = & Zf;l oi0} is the (normalized) replica overlap. Note that this
covariance is in leading order and up to the factor  the same as the covariance for
the p-spin SK-model ([T4]).

The normalizing factor Zy g in equation 1.5 is called partition function and it
is given by

Zn plw] = E, e”PHNIIE), (1.9)

where E, is the expectation with respect to the uniform distribution on Sy. We
will call the mean of Zy g under P the annealed partition function.

We define the free energy Fy glw] = + In Zn glw]. * Customarily one calls the
mean of the free energy, EFy g, the quenched free energy, while the normalized
logarithm of the annealed partition function is called the annealed free energy
F&» Np = N InEZy 5. Observe that by Holder’s inequality, both the quenched free
energy and the annealed free energy are convex functions of .

4Note that physicists often use a different normalization, Fy g = — 5N N InZy 5. We use Tala-
grand’s choice convention to facilitate comparison with [T4].
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Let us briefly mention a variant of the above model. On the same configuration
space and with the same random variables ¢, we define macroscopic random order
parameters

N
mtw](o) = %Z (1.10)

These parameters are considered as components of a vector in RM™) with M(N)
as in equation 1.4. New Hamiltonians are now defined through

Hy[w](o) - SE (Imfw](@)f = Ellmlw](@)IF) , (1.11)

p

where s = s, > 0 is defined such that the covariance of H is in leading order in
N equal to aN. The interaction H is a straightforward generalization of the usual
p = 2 case. However, computing the resulting covariance function one sees that it
decreases only quadratically with the Hamming distance. Therefore it will not share
the special features of the p-spin SK model. An analysis of the high-temperature
phase for H has been presented in [Nil].

We will now state our results. They will always concern the model with Hamil-
tonian equation 1.3 and p > 4.

The first result we prove for both choices of the Hamiltonian is that for small
ehough B the limit of the annealed free energy exists.

Theorem 1.1. If 5 < %(p!)% = f3,, then the annealed free energy corresponding to
H satisfies

3y = ‘fz (1+O(N-1)). (1.12)

Note that for larger values of 3, the annealed free energy diverges. Our analysis
will be limited to the case when 3 < (3, where a comparison to the SK model is still
possible. It is nice to see that this value tends to infinity with p very rapidly. More-
over, we shall see that this value becomes much larger than the critical temperature,
as « gets large.

Jensen’s inequality implies that the quenched free energy is less then or equal
to the annealed free energy,

1
EFng = -]VE InZyg < %IHEZNJ} = Fﬁ',x’lﬁ. (1.13)

We define the critical temperature to be the infimum of values for which equality
holds in 1.13, i.e. in terms of 3,

By =sup{B>0:limsupEFyg = limsup Fi's}. (1.14)
Ntoo Ntoo
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By 1.8, as a random process on Sy, Hy (o) has (up to an overall factor) essen-
tially the same covariance structure as the p-spin SK Hamiltonian. This suggest
that as in that case, for p large the model should be similar to Derrida’s random
energy model (REM) [D1,D2]. Recall that in this model, Hy(¢) = vV NX,, where
{Xs}sesy areii.d. standard normal random variables). Defining the corresponding
partition function Z,%EﬁM =E,ef VNX -, one easily sees that the free energy satisfies
[D2]

1 52/2 if B <22
FEM = lim —E InZREM = ’ = 1.15
1s NS N HENS V22 —In2, if8>+2In2 (1.15)

We will show that as p tends to infinity, /a8, tends to the critical value v21n2 of
the REM. Moreover, pointwise in «, 3,

% lim lim —E InZy jzp = 1 ¢rEM (1.16)

p—00 N—co ,3 A

in analogy to the situation in the p-spin SK model [T6]. While this may not be
very surprising, it is also not totally obvious and will require some non-trivial com-
putations.

Our next two theorems make these relations precise. We will denote by I(t) the
Cramér entropy function,

1) = 31— 1)In(1— 1) + S+ In(1+6) (1.17)

Theorem 1.2. The critical value B, = Bp(c) satisfies

(B . 1+t .
Bp()? > min (%’telfl!)fl] I(t)_a;t_l’— = Bp(a)?. (1.18)
Furthermore, if a > 6‘421)# = ay then
2In2 4
Bp(@)? < — = Bla)?. (1.19)

Remarks:

(i) One can show that the inequality 1.2 is actually strict. In [B2] it is shown
that for the SK case, 8, > v2In2(1—c,) with ¢, = 27P4+O1/P)_ This follows from
a corresponding upper bound on the supremum of Hy (o) which can be obtained
using standard techniques. These estimates can presumably be carried over to our
case.

(ii) The bounds on the critical temperature are essentially (up to a factor v/a)
the same as for the p-spin SK-model ([T4], Theorem 1.1). ®

5Qbserve that in [T4], the normalization of the Hamiltonian contains an extra factor 271/2.



SPIN-GLASS PHASE TRANSITION ) 1007

By elementary analysis one finds that, as p tends to infinity,
—p—1
In2

0221((1 +t71p)I(t)Y? = V2In2 (1 _2 ) + O(p32727). (1.20)

This, together with the convexity of the free energy in 8, will allow us to prove the
following statement.

Theorem 1.3. As p —» oo, the lower bound Bp 1t B. Moreover, for all 8 > 0 and
a>0,

oo L _ {REM
Il)}rroréjlllTr(r)lo NIEFN,g = fpa-is2- (1.21)

An important point in the study of disordered models is the question of self-
averaging of the free energy. While in many cases this follows from general principles
[MS,T1] of mass concentration, due to the failure of certain convexity properties, it
turns out to be surprisingly difficult to prove the following result®

Theorem 1.4. For all B,n,7,e > 0 there ezists Cp, < 00 (depeniling only onn and
B), and N < oo such that the free energy satisfies, for all N > N,

P[|Fiv,s —EFws| > TBN—t+e| <oNTm (1.22)

In particular, limytoo |FNg —EFng| =0, P-—a.s.

While the critical temperature is defined in terms of the behavior of the free en-
ergy, it turns out that this phase transition goes along with a change in the behavior
of the replica overlap parameter, Ry(o,0'). This will eventually lead to rather de-
tailed insight into the properties of the Gibbs measures at low temperatures.

The crucial link between the two will be provided by the next theorem.

Theorem 1.5. Assume that 8 < %ﬂ; Then the replica overlap Ry (o,0') satisfies

OFNp

Eaﬁ

aB(1-EGys ® Gns[Rn(0,0")"]) 1+ O(NTY), (1.23)

Note that in the case of the Gaussian SK models, this relation is a trivial con-
sequence of the integration by parts formula

Elgf(9)] = E[¢*JE[f (9)], (1.24)

which holds for any centered Gaussian random variable g and any function f not
growing faster than some polynomial at infinity. To establish this result without
the help of this formula turns out to require a considerable effort.

We then have the following consequence to Theorem 1.2 and Theorem 1.5.

8 A sharper estimate can be proven with much less effort for the interaction Hy, see [Nil].
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Theorem 1.6. Assume that a > ap. If B < B, then

limsupEGn g ® Gn,g[Rn(0,0')P] =0. (1.25)
Ntoo

Conversely, if limsupy E %—’Z—,ﬁ < af, then

.. np
h}r\}lTlorolf EGn,s ® Gng[Rn(o,0")P] > 0. (1.26)

In particular, 1.26 holds for all B € [B,15.).

Remark: It seems reasonable that 1.26 should hold for all 8 above the critical §p,
but there seems to be no general principal that would prohibit a reentrant phase
transition.

Inequality 1.26 expresses in a weak way that below the critical temperature, the
Gibbs measure gives some mass to a a small subset of the configuration space. This
result can be strengthened. As in [T4], we show that the overlap between replicas
is either very close to one, or to zero:

Theorem 1.7. For any € > 0 there exists pg < 0o such that for all p > po, o > oy,
and for all 0 < B < B3,

IlllTrglo ]Eg}?}?ﬁﬂRN(a, d)€le,1—¢€) =0 (1.27)

If, moreover, B < Bp, then for any ¢ > 0 there exists pg < oo such that for all
p > po, such that for some & > 0, for all large enough N,

EGR (IRn(o,0")| € [e,1]) < e (1.28)

Remark: Note that we prove this result without any restriction on the temper-
ature, while Talagrand requires some upper bound on 8 both in [T4] and in the
announcement [T5], even though the bound in [T5] is greatly improved. We stress
that the our result is also valid for the p-spin SK-model. The same applies for all
subsequent results.

The information provided by Theorems 1.6 and 1.7 allow to gain considerable
insight into the nature of the Gibbs measures in the low temperature phase. This
observation is due to Talagrand.

In [T4] he showed that whenever 1.26 and 1.7 hold, it is possible to decompose
the state space Sy into a collection of disjoint subsets Cy such that

° (1) ]gTrgoIEgj?}z ({(0’, Ul)l |RN(0, 0')[ > 6}\ Uk Cr, X Ck) =0 (1.29)

(where the Cj, depend both on N and on the random parameter!), and
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e (ii) If 0,0' € Ci, then Ry(0,0') > 1—e.

Note that because of the global spin flip symmetry of our models with p even,
these lumps necessarily appear in symmetric pairs.

It is interesting to note that rather simple arguments allow one to deduce that
the total mass of the Gibbs measure is not concentrated on just a very small number
of these lumps. We will prove:

Theorem 1.8. Assume that %ﬁ,’, > > Bp. Let Cy, be ordered such that for all k,

GNa(Cr) > Gnpg(Ck+1). Then for all k € N, there exists p, < oo such that for all
D Z Pk,

li Ul G) <1 1.30
lim EGw,p (Ui=Ci) < (1.30)
except possibly for an exceptional set of B’s of zero Lebesgue measure. Moreover,
for k large, py ~ %}2—’;—

In [T5] Talagrand has announced a proof of an even stronger theorem in the p-
spin SK model that makes use of general identities between replica overlaps proven
by Ghirlanda and Guerra [GG]. He also analysed the nature of the Gibbs measure
conditioned on a single lump. It is likely that these results can also be extended
to our model. However, this will require a considerable amount of work and we
therefore leave this to further investigation.

A final result is particular to the Hopfield model and concerns the storage prop-
erties of the model. Newman has proven in [N1] that for small o, the Hamiltonian
has deep local minima in the vicinity of each pattern. Here we show a somewhat
converse result, stating that if o is not too small, then small neighborhoods of the
patterns have asymptotically mass zero. In other words, none of the patterns falls
into one of the "lumps’. This gives the final justification to call the phase transition
we have observed a transition to a genuine spin glass phase.

Theorem 1.9. Suppose that o satisfies afy(a) > (p!)™*/%. Then there ezists a
é € (0, %) and N € N such that for all N > N,
M(N)
Plargsup |Hn(o)| € | Bs(€*)] < N™™, (1.31)
u=1

where Bs(&*) is the N&-ball around &* in the space RN with respect to the Hamming
metric. In particular, there exists an asp = asp(p) such that 8PR.23) holds for all
o> asp.  Furthermore,

M(N)
argsup |Hn(o)| ¢ U B;(€#)] eventually P — a.s. (1.32)
p=1

The proof of this result is based on the comparison between the ground state energy
of the system and an estimate on the values of the Hamiltonian in the balls around



1010 BOVIER AND NIEDERHAUSER

the patterns. While the former increases as N+/a, the latter is almost constant and
with high probability close to N (p!)~/2.

The remainder of this paper is organized as follows. In Section 2, we explain
the ideas behind the proof of the bounds on the critical temperature by calculating
the corresponding quantities in the REM. In Section 3, Theorem 1.1 is proved.
Section 4 is devoted to the lower and the upper bound on the critical 8 (as well
as the proof of Corollary 1.3. In Section 5 we prove Theorem 1.4 In Section 6 we
prove the results on the distribution of the replica overlap, Theorems 1.5 to 1.8. In
Section 8 we prove Theorem 1.9.

2 The Annealed Free Energy.

In this Section we compute the annealed free energy. Apart from the intrinsic
interest this can be seen as the computation of the log-moment generating function
of the Hamiltonian and this will be a basic input in the sequel. While in the SK
models this is a two line computation, here this will require a little effort. The idea
is to use Taylor expansions and to exploit the fact that the Hamiltonian is a sum
of a very large number of independent random variables. Namely,

L M(N)
Ee BHnWI(0) — | exp <N2p_ ) Z Z 51'

EZng =
p=1 IePn
M(N)
= H []Eexp( <N21" ) Z 51)]
n=1 IePN

[]E exp (ﬂ (N%—?) : Y)] o , (2.1)

where we introduced the abbreviation Y = N~% Y TePn &L, We now expand the

exponential function according to the bound ‘e”’ -1l-z- ”’2—2‘ < |z|*e!®!. Thus,

3 2 72—

E [exp (,6 (_]\7%':5) Y)] _1_[3 ]\2’ P
3 1 \Z

< [ﬂ3 (52) WP (ﬂ (=) m)

Observe that the quadratic term is in fact just NP~! times the variance of Hy.
We will show in a moment that the expectation on the right-hand side of 8A.2) is

bounded by a constant times N3~ 7. Assuming this and recalling that p > 4, it is
evident that

InE Zy =M(N)1n(1+ﬁ2N;"’(1+0( )) aB2N (1 L O(N-1)). (2.3)

+O(N'™P). (2.2)
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which is what we want to prove. We now turn to the non-trivial part of the proof,
the estimate of the remainder on the right-hand side of 2.2. To to this, we decompose
the exponent into two factors, and use on one the obvious bound |Y'| < (p!)~"1N?/2,
This yields

B[P e (800N Y))] = E[IYPew (800N F YY)
E[IVPem (80 HYIF)]. 9

IN

The point is that the term |Y|2/? should behave almost like the square of a Gaussian.
More precisely, we have the following bound.

Lemma 2.1. Let {X;}i=1,.. .~ be a sequence of i.i.d. Bernoulli variables, taking
values +1, —1 with equal probability. Then, for any & >, there ezists a constant
C < 00 g < 00 (depending also on p) and an N € N such that, for all € > 1

P lN—W > I[x

IePnIeZ
Proof: The proof of this estimate is based on the following lemma.

2
P

> 6] < 2exp (—2—_—1—5 (6')3> + Cexp (-—C"leﬁ) .
p)?
(2.5)

Lemma 2.2. Let {X;}i=1,... .~ be a family of variables taking values —1 and 1. Let
Lp v = N7P 37 71=p X1, and m = N=Y%. X;. Then for each even p there ezist
constants cp q such that

B

2
Tp N = Y Cpagm™ N5 (1+ O(N ). (2.6)
q=0

Moreover, ¢, p, = 1/pl.

Proof: The result is obvious in the case p = 2. The general result is easily proven
by induction.O

Using Lemma 2.2, the proof of Lemma 2.1 is a straigtforward exercise and that

we will not reproduce here. O

To finish the proof of the theorem, let us go back to 2.4. To get the claimed bound,
it is enough to show that the integral on the right-hand side is bounded uniformly
in N. Indeed, since the variable Y satisfies the bound 2.1 of the lemma, we get that

)]

(1 +1)%)

oI
oI

]E[|Y|Sexp(ﬂ(p!)%_%|}’|%)] < ZE[|Y|3H{|Y|€[1,1+1)}6XP(ﬂ(p!) _%|Y|

I>1

ST+ 1P[Y] > exp (B(p)F

I>1

N

IN



1012 BOVIER AND NIEDERHAUSER

< (z+1)%exp (8 (p!)%_%(w+1)%

~(2+0)7 (@) e7)dz
+C/(x +1)%exp (B(P)F 2 (z +1)7
—C‘llw# +C'
2.7
The second integral is always finite, and for any 8 < %(p!)%, we can choose § > 0

such that the first integral is also finite. This proves the theorem. O

We observe that we could have equally well replaced Hy by in —Hy in the proof of
Theorem 1.1, without changing the result (since only the square of the Hamiltonian
does enter). We therefore have readily the following result, which we state for
further use.

Corollary 2.1. If |B| < B,, then

EE, fHn = o5 (1O ™), 2.8)
Proof: Completely analogous to the proof of Theorem 1.1. O

We also put a result here, that will be used in the next chapter, but whose proof
is very similar to the above.

Lemma 2.3. If |f] < %,8;,, then there ezists a constant C > 0 such that

E [e—ﬁHN(a)—ﬂHN("')] < eNB*(1+R(9,0)7+C) (2.9)

for all N large enough.

Proof: The proof is actually almost identical to the proof of Theorem 1.1. Setting
YH(o) = NP2y, o, we get

InE [exp(—ﬂHN(a) - BHn(c"))]
M(N)
< 3w (1 B ) + o))
" ﬂg(g‘) N3“2E]E[|Y“(a)+Y“(a')|3 (2.10)
oxp (BN HY (o) + V) ] ) 1)

Applying the triangle inequality and Cauchy-Schwarz to the error term yields
E[[¥%(0) + Y#(0") 2800 *N' 2 @)
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<30, (B [[Yro)P em (28602 Eye(o)])])
x (E [[rr@)f-Y e (2800 N e @))]) <1, 212)

if g < %,B;, and N large enough, by the result in the proof of Theorem 1.1 (cf. the
remark after corollary 2.2.

The quadratic term in 2.10 is evaluated easily. One obtains (observing that the
covariance of Hy appears)

E[(Y%(0) + Y*(0"))*] =2E[Y*(0)?] + 2E[Y*(0)Y*(0")
= 2N"1’(1Z) +2N7PY  n 0707
= 2(1+ R(0,0')") + O(N71). (2.13)

Hence,

InEe PN (@+HN() - < 57 M) 1y (1 + 22551+ R(o,0')P) + x&+ + +N§a_3)
< M(N)(BN?~P(1 + R(0,0")?) + CsN1-P), (2.14)
that is,

Ee—PHN () =BHN(0") < (aB?N(1+R(0,0')?)+Cs (2.15)

This proves the lemma. 0O
Finally, we have as an application of Corollary 2.2.

Lemma 2.4. The Hamiltonian satisfies

1
exp (-N(£ ~1n2)), if ¢ < 2@)2
P sup |Hn(0)| > tN] <C nd
o exp (—N( L 2)) otherwise.
(2.16)
Proof:
Standard arguments together with Corollary 2.2 yield that
aq2
P |sup |Hn(o)| > tN] < Cp2NT1 inf emetNetHT
4 9€(0,8;)
exp (—N(ﬁ —ln2)) ift< ﬂp—'ﬁ

(2.17)

s ()2
N(5rt - 264 —1In 2)) , otherwise.

This proves the lemma. O
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3 Critical 8 and Convergence to the REM

3.1 Estimates on the Truncated Partition Function.

To get the lower bound for the critical temperature, we will use Talagrand’s method
of truncated second moments (see [T4,T6]). We would like to compare ]EZ%,’ 5 and

(EZn ). However, it is essential to do this comparison for a truncated partition
function. Define therefore

Znp(0) = By [P gy ) <capmy] (3.1)

for ¢ > 1. The key observation is that the truncation has no influence on the
expectation of the partition function if c is chosen appropriately. This is the content
of the following lemma.

Lemma 3.1. For all § > 0, ¢ > 1 such that fc < B, there exist K,K' > 0 such
that

]EZN,[; (¢) > (1 - Ke_Kl(c_l)zN) EZng.- (3.2)

Proof: Let us set ¢ = g(N) = a8’ N. Note that

EZns ~EZvs =E [N U gy (g)5eq)] (3.3)
and thus by the exponential Chebyshev inequality

EZwp - EZnp <E, jof e K [e-parom@)] (3.4)
We now use Theorem 1.1 with § replaced by (1 + t)3 to estimate the expectation
to get

inf e7tE [e‘B(Ht)H"’(")] < inf eteat 2q+qCN_l. (3.5)
>0 0<t<B/B,—1

The exponent is minimized for ¢ = ¢ — 1. By assumption, fc < ﬂz’,, so that this
value falls into the interval over which the inf on the right is taken. Thus,

%gg et [e—ﬁ(1+t)HN(0)] < e %(c=1)*+CqN"1 2 < 6_%(0_1)2+OqN_1EZN,g,
(3.6)

This implies the statement of the lemma. O

We now turn to the square of the truncated partition function. We bound ]EZ?V 3
by two different functions. When calculating the expectation with respect to o and
o', we use one bound for small values of the replica overlap R(c,o'), and the other
for the rest. Define therefore

S(®) = Ey o [e—ﬁ(HN(a)JFHN(Uf))]Iﬂ R{e.a")| <b}] (3.7)
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and
T(c,b,b") = Es o [6"3 (Hn (o) +Hy (al))]I{IR(a,a’)|€[b,b’]}]I{—ﬁ(HN(a)+HN(o’))<2caﬁ2N}] .
(3.8)
Then
Znp(c)* < S(b) + T(c,b,1), (3.9)
for all b € (0,1). We now control each of the terms separately. We start with S(b).

Lemma 3.2. Suppose B < %ﬂ, and b is such that

y=af?P 2 < % (3.10)

Then for all € € (0, % — ) there exists N, € N such that for all N > N,,

ES(b) < —m—— o™V, (3.11)

T V1=-2(y+e)

Proof: If 3 satisfies the above condition, we can apply Lemma, 2.3 to the integrand
of the right-hand side of 3.1. One obtains

E | e B(Hn(o)+HN(o eaﬁ2N(1+(R(a,a')")+CN“‘1).

2 H{|R<a,a'>l<b}] < T{jR(e.0)|<b)
(3.12)

Thus,

ES(b) < ]Eo',a' [Caﬁ2N(1+R(a’a/)p+CN—l)]I{|R(J,a")|<b}:l

< E,o e“ﬁ2N(1+R(”’”')2bP—2+CN_1)I[{IR(a a')|<b}]

= N, eaﬂ2N(R(a,a'>2bp-2+czv‘1)]

N/2+[bN]

>N (2’ ) e(THONE? (3.13)

kE=N/2-[bN]

IN

by assumption 3.2, for any € > 0, if N is large enough. Standard estimates then
yield 3.2.00

The next result concerns the term T'(c,b,1) in 3.1.

Lemma 3.3. Let I(t) be the Cramér Entropy as defined in 1. Suppose that there
eristc > 1, d > 0, such that

Cc

Vt € [b, b’], 20([320(1 - m

) <o+ I(t) - d. (3.14)
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Then, if

1
26
there exists N € N such that for all N > N,

¢ < min (524,14 b7), (3.15)

_Nd
2 .

ET(c,b,1) < e*®Ne (3.16)

Proof: By definition,
ET(c,b,b') = Eg o E [e‘ﬂ‘H“”*H ("'”ﬂ{m(a,a'):e[b,w}H{—ﬁ(HN(a)+H~(o'))szcaﬁ2N}] :
(3.17)

In a first step, we bound the expectation over the disorder for fixed o,0’. Similar
to the proof of Lemma 3.1 we get (again ¢ = a3%N), yields

E [11{_ S (o) Huo) sch}e—ﬂ(HN<u>+HN(a'))]

< inf e2°9E [e—ﬁ(l—t)(HN(ﬂHHN(a'))] (3.18)
= t>0

We now use Lemma 2.3, with 8 replaced by 3(1 — t) to obtain

inf e2t9E [e—ﬁ(l—t)(HN(o')+HN(o"))] < inf eZthe(l—t)2q(1+R(a,a')")602N_lq.

t>0 T t>1-64/(2B)
(3.19)

The infimum is attained for t =1 — 3% > 1 - %’- (by assumption 3.3. Thus

E [e—ﬁHN(a)—ﬁHN(a') (5513 (o)~ () <2608}

< Cyexp (2caﬁ2N(1 — m» (3.20)

Finally, we integrate over all configurations o, o’ satisfying |R(o,0")| € [b,b']. We
observe that R(o,¢’) has the same distribution as S(c) = N~! Zf;l ;. Hence,

/ 2 c
E [T(C, b,b )] < CiEppr [exp (200&}3 (1 - m)) ]I{|R(a,a’)|€[b,b’]}]

= CsE, [eXp <2caﬁ2N (1 - m%m)) ]I{lsw)te[b,b']}]

C
< 2 _—— )} =
< 203N exp (Ntés[ngll [2aﬂ c(l e tp)) I(t)])
< 20;eN @B+ —d) < N(af*~g) (3.21)

The second to last inequality follows from the hypothesis of the lemma, and the
observation that we sum over at most 2N values of S(o). The last inequality holds
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for all N larger than a certain N € N. Since this estimate is uniform in b’, we may
choose b' =1. O

From the preceding results, we now get a variance estimate for the truncated par-
tition function.

Proposition 3.1. Suppose that 8 < Bp. Then there ezist constants C > 0 and
¢ > 1 such that

E[Zn3(c)*] < C(EZNp(c)). (3.22)
and,
- 1 = 3
]P’[ZN,ﬁ(c) > E]EZN’ﬁ(c)] > E (3.23)

Proof: We first prove that the hypothesis implies that the assumptions of Lem-
mata 3.1-3.3 are satisfied. Consider therefore 8 < % ﬂzlr such that

1+t

2 .
B < oéﬂ’él I(¢) e (3.24)
Then it is immediate that
1 14 2tP
2002 (1 - ——— | = 2 2 .
af ( 2(1+tp)) 2a8 S0+ ) < af® +1I(t), (3.25)

for all ¢ € [0, 1]. By continuity, there exist ¢* > 1 and d* > 0 such that Ve € (1,¢*)
and d € (0,d*)

2caB? (1 -3 ¢

Tl’"ftp')) <af’+I(t)—d, Vte[o,1] (3.26)

This implies the hypothesis of Lemma 3.3.

We now show that (E[Zx])? is of the order of E[Zx2]. We start by fixing the
free parameters b, b', and c. Choose first b such that y(b) = % (or any other constant
less than one half). Then choose ¢ such that

!
¢ < min <c*, 5—2, 1+ b”) . (3.27)

Then the hypotheses of all preceding lemmas are fulfilled. Finally, choose b’ = 1.
By Lemmata 3.2 and 3.3, we then have

E[Zx?] <E[S(b) + T(c,b,1)] < (C1 + e NU/?)eaf*N, (3.28)
The right-hand side is by Theorem 1.1 bounded by
2

(Cy + e Nd/2)eab™N < o0, (]E [ZN]) (3.29)
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which in turn is of the order of (E[Zx])? by Lemma 3.1, so that

(Cy + e~ N/2)eaf*N < o, (E[ZN})Z. (3.30)

This implies 3.1. The second assertion of the proposition follows from the Paley-
Zygmund inequality, which states that for a positive random variable Y and any
positive constant g,

(EY)?
E[Y?]

P [Y > gEY] > (1-g)? (3.31)

This relation gives us a lower bound on the probability that Z N > gE [Z ~], which
is strictly greater than zero and uniform in N. Indeed, if we set g = % in 3.1, then,
by 3.1, we get

N 1
= 2Cs '

This concludes the proof of the proposition. O

P[Zn > %IEZ~N] (3.32)

3.2 Proof of the Lower Bound.

We will now prove the lower bound, assuming that Theorem 1.4 holds. This is
by now quite standard [T1,T2,T3], but we repeat the argument for the reader’s
convenience. Note that by Lemma 3.1 for IV large enough, for any § > 0,

P[Zn > %EZN] <P[Zy > %(1 - OEZN]. (3.33)
But

Pl|Zn >

(1-8§EZy] = P[Fy-EFy (3.34)

N | =

> N_l(ln]EZN —ElnZy —1n (%(1 — 5))] .

But Theorem 8pr.4) implies that this quantity is smaller than B~ if
N~Y(InEZy —Eln Zy) > N~1/2+e (3.35)
in contradiction to the lower bound 8C.42). This proves that for 8 < 3,
IlviTrgo N'(InEZy —Eln Zy) =0 (3.36)

proving the lower bound on 3,. O

Remark: It should be noted that the above argument requires only an upper
deviation inequality for the free energy. Such an inequality can be obtained in
a much simpler way than Theorem 1.4 (in that it does not require the results of
Section 5) on the basis of a result of Ledoux [Le].
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3.3 Upper Bound on the Critical §.

The proof of the upper bound in Theorem 1.2 is considerably simpler than the
lower bound. Obviously, E % < N7!E sup, |Hy(c)|, while Lemma 2.4 yields
immediately:

Lemma 3.4. There exists C < oo, such that: If o > %}.—2, then

E sup|Hn(0)] < NB, +C (3.37)
where

4
V2aln 2, ifa > ¢2ln2
Baz{ o faz S (3.38)

a/p! e2In2 : e*2In2
Zeg +"7=fp' , f0<a< !

Let Boo = Bo/a and assume that @ > a,. Now assume that 3, > 8. Then for
Boo < B < Bp, we have that

limsupEFy(B) < limsupEFN (Bo) + +(8 — Boc)Ba

Ntoo N‘goo ) ) )
B (3 proo =L~ (5—21300) of”

(3.39)

in contradiction to the assumption that 8 < B,. Thus 8, < B which proves the
upper bound 1.2. OO

3.4 Convergence to the REM: Proof of Theorem 1.3.

The convergence of the free energy as p 1 co follows now from a simple convexity
argument. Note that for all 8 < B, limyieo EFn g = fREM , while for all 8 > £,,
by convexity of Fy g, -

liminfEFy,s > liminfyio EF, g+ eBo(B—Bp) = o8 4 BB - B) (3.40)
o0

while on the other hand

limsupEFyg < liminfyreo EFy 5 + afBp(B - Bp) = 0‘52 + afB,(8 — Bp)(3.41)

Ntoo

provided p is large enough such that a > a,. But since limpjoo Bp = limptoo B, the
two bounds above both converge to fREM as p T 00, for any a > 0. This proves
Theorem 1.2.00
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4 Fluctuations: Proof of Theorem 1.4

The main line of reasoning of the proof of the fluctuation theorem is as follows.
First, for each N we define a set whose complement has a very small probability
(of the order of N~"). On this set, we prove the estimates on the deviation with
the so-called Yurinskii martingale method [Yu]. On the complement, we simply use
that the free energy is bounded by a polynomial function. This approach was first
used in the context of the mean field model in [PS,ST] for variance estimates and
in [BGP2,B1] for exponential inequalities, but has later been made obsolete by new
concentration of measure inequalities provided by Talagrand in [T1]. Unfortunately,
these require convexity of the level sets of the random functions considered which
in the current situation do not appear to hold.

Define the decreasing sequence of o-algebras F = o ({¢/ }i‘;}? . Furthermore, for

¢,y>0and k€N, let

A = Ak,c,»,,]v = {w cQ: |gN,p [HI’:(U)]I < CN_H-‘Y} (41)
where
k)= "1 Z T =p 707 .

We put and A = Ac, N = ﬂszl Ag. The set A will be our ‘good’ set. We first
show that its measure is large.

Lemma 4.1. For all v,c,m > 0, there exists C > 0, such that

PlAcyn] > 1= CN™™. (4.3)

Proof: Since P[A°] < S°n_, P[A:°] we only need to show that for each k, P[A;°] <
CN~™, for any m. By the definition of the sets A, Chebyshev’s inequality and
Jensen’s inequality, we have, for any [ € N,

M(N)

P[Ax°] = IP’“Q[ Z H;;” > cN"’] < (cN7)~2lEg[(zf=‘{‘” H,@‘)ﬂ. (4.4)

If we can show that the expectation on the right-hand side is bounded by some
N-independent constant, 4 will prove the lemma.

Expanding the power in the integrand yields, with the usual multi-index nota-
tion,

M(N) M(N)
] (4.5)

Eg[( ; H,f)w] =Y C2l,r]Eg[ IT @&,

rijr|=21 p=1
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where 7 is a multi-index and the numbers cg;, are the multinomial coefficients. The
main point in what follows is the realisation that the difficult terms are those which
have at least one p with r, = 1. This is due to the following observation, which is
a simple consequence of a result proven in [Ni2].

Lemma 4.2. There exist constants ¢, K > 0 such that for all N large enough,

M(N)
sup Y (Hf(0))* < cF.103) (4.6)

0ESN =1

with probability at least 1 — e~ *N"*,

Proof: We write the left-hand side of 8F.103) as

M(N) . -~ M(N) gheh
Y (HE(0)* = sz 7, D ortréhos = Np Np-1 Z IZaNp 197"
p=1 p=1 I,73k 1,93k

4.7

Consider o as a vector in an (1:_“11) dimensional space, and a *N'"P Y £7¢ as
the coeflicients of a matrix P representing a map from this space onto itself. Then,
denoting by Apq the operator norm of P, uniformly in o,

M(N)
2:1 (Hi(0))? = Nl p(a Po) < Nl p||0'||2 as
l[-_-
ap! (N -1
= Ni-»p ( _1 ) Amaz < aPAmaz- (48)

In [Ni2, Theorem 2] it is shown that A4 is bounded by a constant with probability
at least 1 — e~ XN' with I € (0, %). This proves the lemma. O

Returning to 4, we will try to get only terms of the form bounded by the lemma
above, the idea being that we do not really want to integrate, but rather use a
uniform bound for the integrands. We therefore single out those p’s for which
T, = 1. We obtain

M(N)

e > ) 1= ¥ cuno [H mt I @], @)
T WTwer
where the compatibility relation r < J means that for all p € J, r, = 1. Since
the p € M\ J will not enter in any of the calculations that follow, we write (the
relation 7 < 7 now denotes the condition that Vi € J, 7, = 0)

M(N)

I=E9[(ZH“)] =3 ¥ cm,q,lﬂmg{ﬂ g€ 11 (H:)rp:I

JCM: rr<J
i71<2t |ri=20-|7] HET  neM\T
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= ) E [HHﬁ Y. cugin 11 (HZ)’"J.

JCM rir<J
Vi<ai weg Irlmaid 71 pEM\T

-

-~

Lz (o)
(4.10)

At this point, we expand recursively the Boltzmann weights with respect to the
terms Hy, u € J. This will generate new terms which are slightly more complicated
than the term we started with. The procedure stops when no HY is left to expand
in. In particular, since |J| does not depend on N, this will ensure that none of the
appearing factors will depend on N.

We use the following notation. We order the set [ in the canonical way, i.e.
J ={p1,... ,pn}, with ¢ < j = p; < pj. We define interpolating Hamiltonians

n
Hijt il (o) = Ho) = (1 - u) HYf (0), (4.11)

=1
In particular, H = H{""1"*", and if u; = 0, then H¥!-#» is independent of £}7.
The associated Gibbs measures and partition functions will be denoted by Ghtrobn,
respectively Z#l’» BT

yUn *

The terms that will appear are of the form

Eg i ® H H'(o") HH“' (GHHE (0™ NLg(0h)],  (412)
i=n'+1 =1
where ¢ < n', and the 7, j = 1,... ,n are functions from {1,... ,n'} to {1,... ,n'}.

They appear because the expansion of the denominator (the partition function) will
introduce new copies of the measure (hence the power q).

The first product in the integrand above contains the H}' with respect to which
the expansion has not yet been done. The second corresponds to those which have
been used.

The initial expressions on the right of 4 correspond to the case ¢ = 1, n' = 0,
u; = 1,Vi, that is,

EG | [] HiLs(0)| =BG yh» lH thj(al)} . (4.13)

weJ i=1
The following provides the basic recursion relation.

Lemma 4.3. For all numbers n’ € {0,...,n -1}, ¢ € N, and uy,... ,un, and
functions mn, there ezist functions (), )j=1,... ¢+1, and a number uy 41 € [0,1]
such that

n n'

EGL - ® | T HE (") [[ HE (6N HE (6™ D)Ly (0")| (414)

i=n'+1 i=1
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q n'+1 . .
= —B> EGL ke 1‘[ HY (o H HE (0 HEY (0™ D) L7 (oh)
=1 i=n'+2
n n'+1
B B bt 41 ®q41 i (g1 i ( pi (w3 () 1
+ GEGLINE I 2@ [T HE (oY HE @™+ ) Ls(0")
i=n'+2 i=1

The functions (7rfl, 41)j=1,...,q+1 satisfy
J A LY (@), ifi<n] 4.15
Q {j, ifi=n'+1 (4.15)

Proof: We expand the Boltzmann weight of the Gibbs measure on the left-hand side
of 4.14 in the pattern py1. Since HLL k) = Hylll ,’5:,',’5:,'11‘ lu,i,,=1, expanding

in the variable u,/ 41 about 0 to zero order with remainder of order 1 yields

Hlseee st ;! U3 RERRRY SRy e | ]
exp <—ﬁ 4, Halllkm (o) )) exp (-ﬁ Sl Hoy e T e >)

(Zﬁllw-.un: ) = (ZHI’W’H"/'H)‘?

u_s,u n! 41 ul,...,un,,o

Bl BproBpriq , it
exp (‘ﬂ E;'=1 H“l-m-“:/ v“:l:l (o’ ))

IS SRRy Yy )
(Z‘ulnu U Y n'41 )q

u1,u. Sty st
ﬁexp( B Huy Wl ul T ))
=+ q(ZH'm YRy
uy,... ,un,,un,+1

KBpens exp (= BHL L ) | HE @), (4as)

—ﬂ z;:l

H,* (o)

)q+1

for some un/ 41 € [0,1].

The first term on the right does not depend on &™'** (see the remark after 4.
Hence, when multiplied by the products of the HY, this disorder variable appears
exactly once, so that integration with respect to it yields zero.

The second and third term above give the new terms on the right in 4.14. The
relations for the functions 77, , are easily verified. O

Applying this recursion relation n times yields the following decomposition.

Lemma 4.4. Let J = {pa,... ,un}, n < 2l. Then there exist numbersuy, ... ,u, €
[0,1] such that

n+1

[H HA0)Lr(0)] = 33 cng EGL fin®0

q=1 m~q
n

[HHsi(dl)Hti(J”(i))ﬁj(O’l)], (4.17)

i=1
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where the functions ™ permute the indices i € {1,...,n}, and the relation ™ ~ ¢
describes the condition that |{i € {1,...,n}: w(i) # 1}| = q. The number of such
functions 7 is thus independent of N.

Proof: The proof follows by applying the recursion relation from Lemma 4.3 n
times. Observing that each step adds at most one other replica implies that ¢ <
n+la. O

We finally sum over the sets J C M on the right of 4. We obtain

|J|

n
IS 3 33 enas BGE o[ [T 2 (0112 (079
{772a 9= ™~ i=1

[c J(al)l]. (4.18)

First, we observe that since |H}| < 1,

iLrl< D0 eanin [T MHE™ < D0 camn II 1HEPo,

r<T T
Irlm2r1 g HeM\T Irlma 7| HEM\T

(4.19)

where 0, = 1, if @ > b and zero otherwise.
For any multi-index r, denote by #r the number of r,, which are not zero. Hence,
the products on the right-hand side of the above inequality are just the completely

#
off-diagonal terms of the form (E HEM\ 7(Hg )2) T. Then, adding the terms which

have at least two indices equal (and which are obviously positive), yields uniformly
in o

21—-|T| . 2l-|J] .
£71< Y (X @) < Y G ( X @Y?) <0 (420
j=1 pEM\T =1 pEM

on a set B of measure at least 1 —e~XN""* by Lemma 4.2. Using this in 4, we bound
I' = E156((,, Hy)*] by

|7

n
1< ST S0 erg pBIBgL i ® [H |H£‘ (@M HL (")
fyc|£421 g=1m~q i=1

]. (4.21)

Since the integrand is non-negative and |HJ| < 1, we can change the Boltzmann
weights back to the original ones (that is, setting all u; = 1), and committing at
most an error of ef”. Furthermore, the functions m depend only on the size of J.
Hence, adding again positive terms in the third step below (and observing that ||
is even),
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I < CZ > chﬂ,qﬁmsgm[l‘[]mf (oY) H (o7 ®)

n=0 JCM: g q=
even |T1=n 29=

c Z Y% chﬁmﬁg@q[nwm (oY) HE( T(z))”

n=0 g~g JCM: g=1

IN

even |T1=n
< C Z Z Z ZCW,q,ﬁ]E]IBg®q[ IH# I)Huz( w(z))‘]
evTa% ™q nt 155k =1g=1
< C Z Z ZCW qﬂ]E]IBg®(I[H ( Z IH,?'(O'I)H:'(U"“))I)](AI22)
n=0 g~q raii

even

Finally, we apply Cauchy-Schwarz to get rid of the absolute value in the sum over
Mi,

1, M 1
Z |HE (M) H (7)) < (Z(H“ N2) (X e ?) <o (429)
pi=1 pi=1
on B by Lemma 4.2. Inserting the above in 4.22 shows that ElsG[3°, Hy] is
bounded by a number independent of N, since all the remaining sums are over
finite sets whose sizes do not depend on N.

Since (3°, H, #)2! is polynomially bounded in N, uniformly in w, the remaining
part I —I' (i.e. the integral on the set B¢) is obviously bounded by an exponentially
small number in N'/® (e.g.), and is thus also smaller than a constant.

We use this in 4 which shows that

P[A¢] < e 2N~ (4.24)
Thus for all v, m > 0, there exist [ and Ci 5, such that
P[Ax°] < Cp iy N™™7 L, (4.25)

Summing over all k = 1,... , N shows that indeed P[4°] < C},,N~™. O

We now bound the fluctuations of the free energy on the set A.

Proposition 4.1. Let Fy = N~!In ZNTa, , n- Then, for all B, all 7 > 0 and all
€ > 1, there exists N < oo such that for all N > N,

P [|FN —EFy| > 'r,BN“E"‘E] < 36N, (4.26)
Proof: In the sequel, N, 3,7, c will be fixed, and we will therefore frequently drop

the corresponding indices. The approach to the proof follows the general idea of
[BGP2,B1]. Define a decreasing sequence of o-algebras {F}ren by

Fi=o ({E&HE) V Ao (4.27)
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This allows to introduce a martingale difference sequence (see [Yu])
F* = B[F|F] — E[F|Fesa)- (4.28)

By the definition of conditional expectations F — EF = Z,Icvzl F*P[A]. The factor
P[A] tends to one as IV 1 oo by Lemma 8f.1). It is therefore enough to control the
sum Y n_, F¥. We observe that

N
P> 4| > 2(P[A])7Y] < 2inf e~ AN T gt ik, F
t>0

2inf e “E[E[... E[E [eF | Falet™? | ] . . e | Fnga](4.29)

To make use of this inequality, we need bounds on the conditional Laplace trans-
forms, that is, we want to show that for some L*(t), InE[etF* | Fip1] < L£F(2), uni-
formly in Fr41. Using a standard second order bound for the exponential function,
we get

_ . t2 - - .
Ele!" | Frpa] <1+ EIE[(F’“)ze”FkH}"kH]. (4.30)

To make use of this we need to bound |F*|. A conventional strategy is to introduce
a family of Hamiltonians H* (o, u), defined by

. (phyr/2 M)
H*o,u) = H(o) + (1 — u) = > > doy (4.31)
u=1 I3k

1Zl=p
This new Hamiltonian is equal to the original one for v = 1, and independent
of {¢k}#=1+M for u = 0. Denote by Z¥(u) and G*(u) the partition function,
respectively the Gibbs measure associated to this Hamiltonian. Observe that the
condition on being on the set A is stable against the change in parameter u € [0, 1],
that is
M(N)
 (u) [N"’ > > dos] eled, Vuen1] (4.32)

p=1 I3k

on the set A. Indeed, the derivative of the left-hand side with respect to w is non-
negative, since it is the variance of the integrand with respect to the measure G(u).
For u = 0 the Boltzmann weight does not contain o and thus the left hand side is
zero for u = 0. The absolute value of the left-hand side thus assumes its maximal
value for u = 1.

Define

1 . 1 .
g*(u) = 7 laln Z*(u) - ~laln Z*%(0). (4.33)

Since Z*(0) is independent of oy, this quantity relates to F* via

= E[g* (1)|F] - E[g" (1)| Fir] (4.34)
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Observe that g*(u) is convex in u, since its derivative is equal to the expectation
of the left-hand side of 4.32, whose derivative is the variance of a random variable
with respect to the measure G. Since by its definition ¢g*¥(0) = 0, and therefore
|g%(1)] < max(](g*)'(1)],](g*)'(0)]), where the prime denotes the derivative with
respect to u. Moreover, since H k¥(o,u = 0) does not depend on oy, it follows that
(g*)'(0) = 0, and hence we can use |g¥(1)| < |(g*)'(1)]. Explicitly, this is

k k (10!)1/2 W 1
9" W] < 16" W1 = |5 Inslw] | 3 D2 &og || Ta< N (435)

Inserting this bound into the exponent on the right-hand side of 4.30 gives

2 ~ o A o~ A
1+ %E[(Fk)zeltmlfkﬂ] < 14 ZE[(FF)2elts" W) £y 4]
<1+ Le2etN VE[(FF )2 Bl (4.36)

To treat the quadratic term, we observe that by 4.34, the properties of conditional
expectations, and Jensen’s inequality (see also [B1] and [BGP2]),

E[(F* | Fer1] < E[(g* (1)1 Fis] < El(g* (1))?|Fsa]. (4.37)

The last term is bounded since we are in the set Ag. Indeed,

R | M(N) 2
E [(gk(l))lzlfk+l] = %[?E (I[Ag[ > 25501]) Fint
p=1 I3k
< BONTT (4.38)

Thus, using the bound 4.38 in 4.36,

t2 - - R 2 _
L SEIF P F] < 14 e oy

IN

IN

2
exp <%—ezcﬂtN_l+7C’,32N2"“2) . (4.39)

Inserting this in 4.29 yields

N
PIYF¥ > z(BlA)TY
k=1
2
< 2}r>1£ exp (—tz(]l”[.»ﬁl])'1 + %ezmm-“v C,BZN”’]) . (4.40)
We choose z = TBN~1/2+¢ and t = LN% = ;%NLZ‘E. This implies that

N
P Y FF > BrNTETE(PA]) 7Y
k=1

< 9 exp (—N% (P[A])_l + CT—2N27—5e2cr—1N-1/2+~r—c/2) (441)
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Choose v < &/2. Then for any 7 > 0, and N large enough, the right hand side of

4.41 is bounded by 3e~N*/*. Since P[4] ~ 1 — N~™, the claimed estimate follows.
0

Proof of Theorem 1.4: The assertion is now an immediate consequence of
Lemma 4.1 and Proposition 4.1. Indeed,

|FN—]EFN|§|FN—FN|+|FN—EFN|+|EFN—]EFN|. (4.42)

The first term is non zero only on A°. Also, the last summand is bounded by
P[A°]sup Fy < CNPP[A°]. If we choose m in Lemma 8f.1) larger than p +n + 1,
then this term is eventually less than N~2, and thus also less than z = TN ~1/2+¢,
Thus, for all n,7,¢ > 0, and N large enough,

~ z ~ ~ z
< ]P[lFN - FNl > §] +]P[|FN - ]EFNl > g]

< CNPPIA%] + P[|Fy — EFy| > g]

< CN™l4e N <N, (4.43)

P|Fy — EFyn| > 2]

This concludes the proof of the theorem. O

5 Results on the Replica Overlap.

5.1 Proof of Theorem 1.5.

By the definition of the free energy,
M(N)
= ——EgNﬁ[H =-% Z EGN,p[H* (o)), (5.1)

p=1

OFNn

S

where

n1/2
H"(0) = 1]\371)» = ey, (5.2)

ICN
IZi=p

is the contribution to the Hamiltonian from pattern p. For u € [0, 1], we define an
interpolating Hamiltonian

AE = H - (1-u)H" (5.3)
Observe that A (0) is independent of the pattern &* while H (1) = H. The notations
G¥ and Z* refer to the corresponding Gibbs measures and partition functions. We
now write the Gibbs expectation on the right of 5.1 as

—ﬁf{,‘:
Gn,p[H"(0)] = Eo [mH“] (5.4)

u=1
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Developing the Boltzmann weights in u about 0 with second order remainder, we
obtain for each term in the sum on the right-hand side of 5.1 (for some u € [0, 1])

BEE) o~ () ;
OnplHY] = E, ——aHo ()] — BE, —r ()
0 0
e~F AL (0)-BA} (") ,
+0Eq o 73 H*(a)H"(0")
0
ﬁ? e_ﬁH::(”) L 3
5 B\ g e )
R
352 e~BRL(0)~BRE()
2 e [ (E, [e=BH%(2)])2 H*(0)*H"(0")
‘T
Ry
5 ¢~ BEL () BRE () =B L (") N
+7 D AL H*(o)H*(a")H*(a")| .
T

Rs
(5.5)

As remarked above, neither A} nor Z§ contain any of the variables {£"};c. Inte-
gration with respect to them (denoted by E,) thus yields for the linear term,

e=BHE () =B (0)
EE, [—ZOT—H#(J] Np - ZE’ [ —=i—B.&o | =0, (56)

ICN

IZl=p
and for the second order contribution
e—BHE (o) p! —ﬁHo (o)
EE, |Z—64Hu(a)2 = —WEIEJ Z]E €I§JO‘ZO’J
p! e—BHE (o)
= N2p—2 ]E’]Eo_ l:—ZO“_ ZI: 1 (57)
= N>™?(1+0(N7Y)), (5.8)
respectively,
BE, .y [ HE o) )]
= NH=EE,, [T 5 or0t]. (5.9)

The latter sum is

N p N P
E O'IO'_'I[ = I—)-' E HO'{,O’L = I% ( E 0’,;0';) (1 + O(N—l))
: " \i=1

ICN itaeip=1 =1
all different

p—t
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= I%NPR(O', d')P(1+O(NY), (5.10)

whence,

e—BAL (0)—BAL (")

Z12
Zy

EEy o H*(o)H*(0')| = N*PEGH®? [R(0,0')?(1+ O(NTY))].

(5.11)

We now show that the remainder terms in 5.5 are at least one order (in V) less than
the two leading contributions above. We start with a result that shows that the
perturbed partition function Z# = E, [e~#H%] is bounded from below by a constant
times the partition function Z = Z§ (that is, the one not containing any of the

{&'})-

Lemma 5.1. For all 8 > 0 there ezists a constant ¢ > 0 such that for all u € [0, 1],

78 > cZl = cE,[ePHs]. (5.12)
Proof: Lemma 2.1 with X; = ¢/'o; implies that

—HH* (0-)

n1/2
——(p]\),p N Z oz
Z:|Zl=p
P

NS pag(m#) I NT5 (1 + O(N ). (5.13)

q=0

We distinguish two cases. If |m#(a)| > N~'/2%% for some 6 > 0,

p/2-1
-N"'H*(o) > cpp(m*)P — Z |cp,q|(mu)2quw%(1 +O(N)
q=0
p/2—-1
> cp’pN~—§-+pt5 _ Z C;) qN—123+2q6 > N—§+p6(cp,p _ C/IN—J),
q=0
(5.14)
which is obviously positive for all NV large enough.
On the other hand, if m* is less than N~1/2%9  then,
£
INTUHE(0)| < Y (N2 NIE = ¢ VTR (5.15)

q=0

which tends to zero as N 1 oo, if § < % - %, then |H*| = o(1). In conclusion we
have that uniformly in £™u and o,

—H* > —o(1). (5.16)
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Thus, to prove Lemma 5.1, we just observe that
325 — Ea[e—ﬁﬁé‘(d)—ﬁulf”(a)] > Ea[e—ﬁﬂé‘(a)—ﬁusup H"]

> E,[ePHS@)-Au) > cp 78, (5.17)

This proves the 5.1. O

We apply this result to the error terms in the development 5.5. We start with
R,. By Jensen’s inequality,

—_GBH*
€ BH

|Ba| = |G4[H")| < GL[IH"P'] = B, [ IH"I3] - (5.18)

ZY
Since the integrand is a positive function, we may bound the expectation using
Lemma 5.1 in the denominator. We obtain, noting that H# = HY +uH*,

e PRl 3 sur —BuH" 3
|R;| < cE, 7 |H*?| =cGhle |H*|?)- (5.19)

We observe that the last Gibbs measure does not depend on the pattern p. We
may therefore integrate with respect to {¢/'}; “inside”. In complete analogy with
Chapter 3 (the result about the error term), we get

Eule " |H4[) < B, [P B < eV, (5.20)
whenever fu < f,. Since u € [0, 1], this condition is satisfied if 8 < 3,
The remainder R3 gets essentially the same treatment. By Jensen’s inequality,
|Rs| = |G4LE*(@)]] < GLIH") = | R (5.21)
Hence, E|R3| < cN 3= Finally, the term Ry. By Lemma 8r0.2),
|Ro| < GUIHM GL(IHY|) < cGhle™*H" H¥?) Gl e~ |H¥|). (5.22)
Thus, by Cauchy-Schwarz and Jensen,
EIRy| < |cB [Ghle™ " H¥2) Ghle " 1M |

c (IE [gg[e—zﬂuHﬂHM]])% (E [gg[e_zﬁuHﬂHﬂzl]) . (5.23)

[V

IN

Both factors are now treated as Ry. Hence, if 8 < 8,
E|Ry| < (cN4~2P)% (cN?7P)% = ¢/ N3 %, (5.24)
The above condition is always satisfied if 8 < ;.

The results above almost prove the theorem. What remains to show is that in
the leading terms, we can replace without harm the Gibbs measure G§' by G. More
precisely, we claim that

|EG ®*[RP] - EG®*[RPF]| < cN'~%, (5.25)
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for some constant c.

The proof of this claim is done exactly as before, namely by expanding the
Boltzmann factors, this time, however, only to zero order. We get

G®*[RP] = Gy ®*[RP] + G4 ®*[R(0, o' )P (H"(0) + H"(0"))] + G®*[R(0,0" )P H* ()]
(5.26)

Since RP € [0,1], the second term on the right is bounded by

|G4®2[R(0, 0" (H"(0) + H*(a")]| = 2/G4®*[R(0,0" )P H*(0)]| < 26L[|H(0)]]

(5.27)
Proceeding as above we get,
[EGL ®2[R(0,0")P(H" (o) + H*(0"))]] < 2EGl [IH(U)IL
< 2E Gyle —A )
< 2¢N'-% (5.28)
The third term on the right of 5.1 is bounded by the same order. Indeed,
G4 %2R (0, 0" )P HM(a")]| < GLIH* (o)), (5.29)

from which the bound follows again by integration. This proves 5.1.
To finish the proof of the Theorem, we sum the contributions we have obtained.

This gives

ﬂE % _ aﬂz(l _ Eg®2[RP]) < CgN—l + c’ﬁNz"% (5.30)

which proves Theorem 1.5. O

6 Condensation: Proof of Theorem 1.6.

Theorem 1.6 follows now just as the analogous result in [T3] from the convexity of
the free energy. Suppose that 8 < B,. Since we always assume that a > a,, then

2
limsupEFn = ap” (6.1)
Ntoo 2

by the definition of 8,. As remarked after their definition in Chapter 2, EFy is
convex for all N. It then follows from a standard result in convex analysis ([Ro],
Theorem 25.7) that

limsupE —— hmsu EFNy =« 6.2
m sup 8,8 = g msupEFy B. (6.2)
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Hence, from Theorem 1.5,

EG®*[RP] +E ‘98 [;V af +O(N™Y), (6.3)
and thus, passing to the limit,
limsup EG®?[RP] + af = af, (6.4)
Ntoo
which in turn implies that
limsup EGS? [RP] = 0. (6.5)
Nteo
Suppose now that
lim su IE <a 6.6
m Sup 8 ﬂ B- (6.6)

Then it follows immediately from Theorem 8pr.5) that

hm 1anEg®2 [RP]=af — hm sup]E 38,6'

This proves 1.26. To see where the condition 6.6 actually holds, we observe first
that by Lemma 8ub.1), it is satisfied for all

>af—af =0. (6.7)

2In2

5850 > By = (63)

This concludes the proof of the Theorem. O

Remark: Of course one would expect 6.6 starts to hold right after the critical
temperature. In fact, a weak version of this can be proven. Namely, Theorem 5.5
in [Ro] implies that the function

f(B) =limsupEFy (6.9)
Ntoo

is a convex, bounded function on U = [0, 3,). By Theorem 25.3 in [Ro] it is thus
differentiable on an open set D C U which contains all but perhaps countably many
points of U, and its derivative f' is bounded on D. Lebesgue’s integrability criterion
then implies that

B
£8) = 16) + [ £'wdu, 98>, (610)

Now it is immediate that for all 3 > [, there must exist a set I C (8p,3) with
strictly positive Lebesgue measure, on which f' is strictly less than a8. Indeed,
were this not the case, then f > 25—2, which contradicts the definition of 8,. Since
3 was arbitrary, the relevant condition 6.6 is satisfied on sets of positive Lebesgue
measure arbitrarily close to 8.
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7 Proof of Theorem 1.7.

We have shown that in the low temperature phase, the replica overlap is not con-
centrated on zero. We will now show that its distribution is concentrated on a
neighborhood of zero and 1.

Proof of Theorem 1.7: Let C’,"\}, Cy be such that
P |sup(~Hy(0)) & [NCx, NC3]| = pn = 0(1) (7.1)

Then

E, e PUN@ENGL,

EGR* (Rn(0,0") € I) < Ellgyp, | Hy (o) <NCw +pN

!
EE, . e~ B(HN (a)+HN (¢')) + ]IR S
- _ —B(Hy(o)+H(e'))SNCF B RN (a,0DET
= N +pN (7.2)

g—2NAN2CY

9—2N  N2Cy

The numerator has been estimated in 3.21. Using this, we get

o exp (N [2/30;; (1- m%gm-;) —I(t)] )
]EQN (Bn(o,0") EI)SEteIC3 (AN2CY —2In2 +oN

+12
=3 1 Caexp <N2,8(C1'\'} -Cy)+ N(21n2 — a—(g—_%,) - I(t))) +pn (7.3)

Let us note first that from 89.3) it is obvious that if we can choose |[Cf;, —Cxy| < N7¢,
then the result cannot depend on . An obvious candidate for these numbers is thus
N~'Esup,(—Hn(c)) £ €. Indeed we have

Lemma 7.1. For any € > 0, and for all N large enough,

P [% sup(~Hn(0)  Ex- sup(~Hy(0))| > ¢| < N~ (7.4)

Proof: Note first that

2~V < ZN(ﬂ)eﬁsupa(—HN(a)) <1 (7.5)
and therefore
1 1 In2
IBFN(ﬂ) N Sl;p(—HN( o)l < e (7.6)

Therefore, for any 8 < oo,

‘ sup( Hx( ))—Eﬁlsup(—HN(U))‘

— | S EN(@) = FEN(8) + 5P (8) - By sup(~ (o)

ﬂ

+EF(6) ~ B2 Fa( ﬂ)‘
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21n2

1 1
< |BFN<5) - EEFNW)‘ oL (77)
By Proposition 6.2,
P H%Fw(ﬁ) - E%Fw(ﬁ)‘ > N_1/2+€] <CNT" (7.8)

from which the claimed result follows by choosing e.g. 8= ¢~ '4In2. O
Using this result, and setting Cy = E+ sup, (—Hn(0)), we get that

(CN + 6)2

Egj%2(RN(o, d)el) < 203 €xp (N4,3€+ N(2ln2 - a(l + t?)

tel

-10)) (19)

Since € can be chosen as small as we like, e.g. 637!, we already see that our result
will be uniform in 8.

It remains to estimate E+ sup, (—Hn(c)). We will only consider the case a >

12"7?. In that case it follows from Lemma 3.4 that Cy < v2aln2 + C/N. For a
lower bound, note that for any 3,

0 1
E%FN(@ = N

But we know that for all 8 < 8, limnteo EFn (8) = “TBZ, and therefore by standard

results limpy4oo E%FN(ﬁ) = af. Thus chosing § as large as possible we see that
we see that

By (~H (0)) < Ex sup(~H (0) (710

Cn > afl, - by (7.11)

where dn J 0, as N 1T co. But Theorem 1.2 and the estimate 1 show that

21/
Cn > V2al R S —) 7.12
N 2 Vialn2 = =7 = O (7.12)

Therefore we have that for any § > 0, and for p large,

277 + 205/ /a + 0(2—2P))+

EGE*(Rn(o,0') € I) < ZCg exp (N(<5 +

tel 1+
2In2
N(2ln2— = —I(t))) +pw
21n 267
- ~
< tEZICgeXp (N(5+2 )+N(1+tp I(t))) + N
(7.13)

21n 2P _
(1+t7)

in the interval (0,1 — z,), where z, ~ 27P. This implies the main conclusion of
Theorem 1.7, 7. Note that since I(t) ~ t2 for small ¢, we can chose the interval I

more precisely of the form I, = (C27P/2 1 — C2P), with C a constant of order 1.

The function I(t) vanishes at zero and at one, and is negative everywhere
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To proof the estimate 1.7 in the high- -temperature case is considerably simpler.
Since we already have the estimate ET(c, b, 1) < e®#*N=dN/2 for some positive d, it

remains to show that with sufficently large probability, Z%(8) > e*f*N—-dN/4 g
do so, we use the Paley-Zygmund inequality 3.1:

P [ZN > e‘dN/SlEZN] >P [ZN > e‘dN/SlEZN] >(1-e ™Yo, (1.14)

Given that by Lemma 3.1 and Theorem 1.1 EZy > CeN®8*/2 1.7 follows immedi-
ately. This completes the proof of Theorem 1.7. O

8 Ghirlanda-Guerra identities and lump masses.

The techniques used to prove Theorem 1.5 can also be used to derive the Ghirlanda-
Guerra identities [GG] (see also [AC]) that provide relations between distributions
of overlaps of a larger number of replicas. This observation is due to Talagrand
[T5]. Note that he announced more far-reaching results than those we will prove
here.

The basic input is the following slight generalization of Theorem 1.5.
Proposition 8.1. Assume that 8 < %ﬂ;. Let f denote any bounded function of n
spins. Then, for any k € {1,...,n},

[Bg%7 (N HN (M) f (- 0™)

_a,B]Eg®n+1 (f(o-l, ,Un) ZR (U 0_ _ TLR%(O‘k,UTH_l)),
<CN™! (8.1)

Proof: The proof of this proposition is an exact rerun of the proof of Theorem 1.5,
except for the computation of the leading terms which is however straightforward.
We will not repeat the details. O

As in [GG] it then follows from the concentration result Theorem 1.4 and stan-
dard arguments that for any bounded function f,
bll
Jm [ B |ng3§, (N Hn (o) (o, ..., 0™)
ﬁl
~ Gy (N7 Hn(0) BGRT (f(oh,.0™)[ =0 (8:2)

for any 8’ < . Combining 8.1 and 8.2 with the bounds 8.1, we arrive at the
identity

bl/
lim dﬁIEQ®"+1 [f(e!,...,0™) (ZR (o*,0') — nRE (c%,0™*?)

NtToo B I£k
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+ EGF (Bh(o'0Y))]
=0 (8.3)

which is the analogue of (16) of [GG]. Note that this can be written as

hm/ dﬂEQ®"+1 [f(o?,...,a™) R (c",o™)]

=% j%ll‘lr‘l‘;lo/ﬁ; dﬂ]Eg?}?g [f(gl,,_, (ZR (U o)+]Eg (a o2 )}

I#k

and choosing f to be the indicator function

f(al, e ,O’n) = I[Vk,uRN(o’“,d'):qkz (85)

This implies that

limpytoo fg/ dBEGR™ [RY, (0%, 0™ ) Vet Ry (0%, 01) = qui]
. bl/
= n kit ~ limppoo fgf d,BIEg?}?ﬁ (RR (c*,0?)) (8.6)

which is the relation (17) of [GG].

Remark: While [GG] claim to obtain the same relations also for all other moments
of the replica overlaps, it needs to be said that they tacitly assume the continuity
of the Gibbs measures with respect to certain random perturbations of the Hamil-
tonian that is not only not proven but is certain to be false in the generality they
are announced. Otherwise, the argument below could be considerably sharpened
and simplified.

The main use of the identities 8.6 is that they allow to draw conclusions about
the distribution of the masses of the Gibbs measures on the so-called ‘Talagrand-
lumps’.

Proof of Theorem 1.8: The starting point of the argument is that Theorem 1.5
together with Theorem 1.9 in fact imply that the distribution of the replica overlaps
has positive mass both near zero and near one. Let us set

po = EGS? (IBRn(,-)| <€) pr = EGE (IRn(-, )| 21— e) (8.7)

Since by convexity (see 6.2) for all 8 > 3,, except possibly for a countable number
of exceptional points

- ) o o}
afp < lim %f Ea_ﬁ Fy(8) <lim n&f IE% Fn(B) £Va2ln211.4) (8.8)
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we have on the one hand that

. va2ln2
< —11. .
hm}\?uppo__ aﬂ(l—eo)ll 5) (8.9)
and
B0
hm su 8.10
ppl > ﬂ(l 61)1’ ( )

Since we know that limy (po+p1) = 1, and this implies what we want for 3 somewhat
larger than f,. Recall that €y ~ 277/2 and ¢ ~ 277.

This result shows first of all that it is not possible that the mass of one single
(pair of) lump(s) can be almost equal to one, since in that case py would be close
to zero (which is impossible by 8.

Now assume that the assertion of Theorem 1.8 fails. Then there exists a first
instance k£* such that

. k* _
Jim EGy (Vi) =1 (8.11)
Now define events Qg?) € B, by
o = {E € [-1, 1" V2, ¢y pcn| Rik| < 60} (8.12)

The important obervation is that if { Ry (01, 0%) h1<i<k<ks € ng*), then there exists
some permutation 7 € Sk. such that with probability one o* € Cr(r) for all k < k*.
In particular

®k +1 E*+1
llm / dﬂEg [ ( , O )]I{RN(Ulyam)}lsl<5k*Eggg*)]

= lim/ degm +1[ P (o U’“‘“)]Ia,,v;;‘lalec,,(,,] (8.13)

Ntoo
But
Eg®k‘ + Rp (U Uk + )]IEI Ve ot GC,,(()]
= Znesk* IE(J@’““ R?r(a okt )]Iv;ﬂ;lalec,,(l)]
ZWESM Zf;1 ]Eg®k*+1 Rfv(ak>ak*+l)lam+1€cwu)]Ivk;a'ecwu)]
EWESM Ef;k Eg@k*+1 R? (o-k O'j)]Io'k*+1EC,,(J)]IV’° Lo GC,,(I)]

k* k*
b T,  EGEESH Rp R (0", 0% ) oy 0 Tt pice “)](8.14)

where we used the symmetry betwen replicas in the terms j # k to exchange o* *1
with o7. Note that for the first term we have the obvious (though not very good)

bound

k™ +1 D k j
0 T SR B e T v
wESk* jFk
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IN

eglEgj?}f‘g* []Ivg;‘la‘ecnm]
oot [or] (8.15)

while the second satisfies

B+l [ E_k*+1
Z ]Eg%,ﬂ _Rf\,(a 14 + )][Uk*+1€c7r(k)]IV;”;IUIEC,,(,)]
7"€Sk"
ok +1 [
> (1 - e)p z EgN, _I[O'k*-)-l €Cr(r) ]IV{‘;IU'GC,U)]
TESy*
1 * M
— ®k +1
= F(l - el)p ]Eg -]Ivlc 10. ec"“)]
1 * [
=m1-a)y EGRY Qfo] (8.16)

where we used the obvious permutation symmetry among the first £* replicas. Let
us now use 8.4 with f the indicator function of the event Qg’; ), Clearly we get

lim N0 fﬁ, dg ]Eg®k*+1 [ (Uk’Uk*H)]I{RN(a',am)}lsngGQE’S')]
®k*+1
< k* thToo fﬂ’ dp ]Eg [ {RN(U',UM)}]SI<S‘,:€Q£§‘)
(k" —1)f + ung,ﬁR%, o)) (8.17)
Comparing 8.15, 8.16 to 8.17 we see that

(1-e€)? <(k*—1)eb + Ibl%n ]Eg]%’zﬁR”(a, o)< (K*—1+po)e? +p1  (8.18)

This implies the lower bound

— p_

€

k

Quantitatively, this estimate can be refined to
k* > CT12%/2((1 - C277)P — py) = 2Ppo(1 — O(277P) (8-20)

This proves the theorem. O

9 Spin Glass Phase: Proof of Theorem 1.9

Having established the existence of an infinity of lumps that carry the Gibbs measure
in the low temperature phase, one would like to know whether these are in any way
related to the original patterns. Recall that in the standard Hopfield model at small
a the Gibbs measure concentrates on small balls around the patterns é#. Of course
the reader will expect that this will not be the case here. To prove this fact, we first
obtain two estimate the value of the Hamiltonian in the vicinity of each pattern.
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Lemma 9.1. The Hamiltonian evaluated at the patterns satisfies

z°N.
e Za if 2 < B2,
P llEinto = ¢ 2 p+an| €37 7 e oy
()2 e Bo(z=="IN " otherwise.
Proof: The Hamiltonian at the pattern £* is given by
N
Ho=¢") =-85() - COLE S o7 2) (9.2)
which implies that
N pl)z

—Hn(¢") < =N > ek (9.3)

(p))z -

We estimate the random part in 9.3 by the same method used in the proof of
Theorem 1.1. By Chebyshev s exponential inequality, conditional independence of
Zz—l &€ and Zz_ €' €" (for v # ), and expansion of the exponential, we get
for >0

(p))? .
OL T e za| < pe IE oo (B Tae
v#p I vEp
t’p! (N
—tzN
< infe H(“rwp—a(p)

t3 ! 32 3 pg% v
+ 5!7(\71)37?;'E_|;& et%}—*rlzzﬁzl]).(g.4)

The error term can be written as -

e P

;
et,‘:%lzzazl

—

N-EZEI

_ [ t%)—lN %zzeﬂ}
=
(9.5)

This latter term is exactly the same as in 2.2 (with 3 replaced by t). Hence, we get
(compare 2.3)

" —t N+at2N+O
[“ZZ&&”N] I R (9:6)

v#u I

Minimizing the exponent yields

g [—HN(U =& > (],\;

v#u T

bE
] P !](5,;)_1 D&l > 2N
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(9.7)

otherwise.

e~ 5N, if 0 < 2 < afy,
< G

This proves the claim. O

The next result shows that the Hamiltonian does not fluctuate much around a
pattern. This result was already proven by Newman [N1] for the Hamiltonian H.
In our case this is even simpler. Define Bs(c) to be the (Né)-ball around the
configuration ¢ in the Hamming distance. Then we have the following

Lemma 9.2. If§ < %, then there ezists a constant C > 0 such that

P37 € Bs(¢") : [Hn(o) — Hn(€)] > (7 (p)7H0+2)N
< CeNUs()+5md+(1-8)1n(1-8) (g g)

where

22 . —_ .
fs(z) = % if z < 27" 'adfy; (9.9)
o PN (z— F(T'i‘ﬁ) otherwise.

Proof: By standard arguments (see also [N1], in particular inequality (2.3) and
surrounding comments),

[30 € Bs(¢"): |Hn(o) - HN(§“)|2(6+z)N]
6N ]

5> (N )IPHHN«Q) CHNEM| 2 G+2N],  (9.10)
=1 7
where
_J-e, i<
C’g"{ et ifi>g+ 1 (9-11)

We start by calculating the difference |H((?) — H(*)|. Let J = J; = {1,... ,q}.
One obtains
1 M(N)

H() - H(E") = N,,f Z Z(czsz )

1 M(N)

!
-0y ¥ g

v=1l I:|InJ|odd

= ](5;)21 PORREET < S SN A CRL)

I:|ZnJ|odd vZp Z:|InJ| odd

Explicitly, this is

ae - B = 220 _Z =)
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S DD D" (913)

v#p I:|INJ| odd

Let us treat the random term in 9.13 first. By the usual procedure, we get
1
)2

P [ D DN > 7.70710dd 267

< Dinfeqo g e T {1+ 508 £2hoas () (1) + V0%

ZZN}

(9.14)

To treat products of binomial coefficients in last expression, observe that if ¢ <
[6N] < &, then the following inequality holds,

ol G [ IR Sl (O

<
r=1,0dd r=1, odd
p—1 D
< N-gP g > <T> = 27N - q)P g
r=1,o0dd
(9.15)
Using 9.15 in 9.14 yields
|
]P[ 1(\’,’,, T D utu 2oTI0T| 0dd E267| ZN]
< Cinfieo,0) e t*N exp (2N,, 2P~ (N - q)p‘lq) . (9.16)

The deterministic term in 9.13 is given by (again using 9.15)

](VLI!’)—%f pz_i (]Z__ rq ) (,({) < (p!—)z;%,:(N -9 g (9.17)

r=1, o0dd

i< %, then the last line is bounded by the term for the maximum ¢. That is

ns et _ p—1 p—1
9% (V1) £ om0 9y oN] < 2
NPt Aoaa \P= T/ AT/ T (phENT (p1)>

(9.18)
Collecting 9.16 and 9, we get
P[IH((7) = HE")| > Z0N + 2N]
< 2infie(o,p) e~ t*N exp (W:TQ” YN - q)P71q" + Cl). (9.19)

Plugging this into 9.10 gives
P[30 € Bs(¢) : |[Hn(o) — Hn(E4)| 2 ( 5+Z) N]
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<2 Z,E‘S_IYJ ( ) infie (o, pye” N exp <2Np $2P~Y(N — q)P~1g + Cl). (9.20)

It is straightforward to check that under our assumptions on § and for fixed ¢, the
ratio between two consecutive terms in the above sum is larger than 2, and therefore
the whole sum is at most twice the maximum term,

P[3o € Bs(¢#) : |Hn(0) — HN(E“)|>( 6+z)N]

< 4( gn)) nfic(o,8,) eV exp (——2——N5 + Cl). (9.21)
Minimizing with respect to t concludes the proof of Lemma 9.2. O

Proof of Theorem 8pr.7): We observe the following elementary fact. By the
definition of the free energy

Fn(8) < %sgmHN(an. 9.22)

Hence, by Theorem 1.4, for any 8,m,z > 0 there exists N € N such that, for all
N>N,

L ry(8) - 2] < PIEN(B) < EEN (8) — 2] < CN—™. (9.23)

IP[% sgp |Hn(0)| < 3

2 7—1
Suppose that aB,(a) > ﬁ_zl_- Then there exists 8 > 0 such that o > [(p!) (B, — 5};—)] ,
p!

which is equivalent to

a3 .
(a8, - ) < ﬂ]EFN (8) + CLNL. (9.24)

The second inequality follows from the convexity of Fiv(8) and the definition of £,.
But then we can find ¢ € (0, 3) and z > 0 such that

9p-1 1
3z < iERN(B) - —, (9.25)

(p") B (ph)z

and (see Lemma 9.2 f5(z) +Ind + (1 — 6)In(1 - 6) > 0. By Lemma 9.1, resp. 9.2,
for any m > 0, we can find an N € N such that forall N > N

M(N)

Pl 3 oe | Bs(e): |Hn(0) > N(— +5+22)
Pt} ()=
M(N)
< PEce |J Bs(¢"):|Hn(o) — Hy(€")] > N(3 +2)]
p=1

[Sup |[Hn(E") > N(—F +2)] < N™™. (9.26)
(p)
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On the other hand, the inequality 9.23 implies that
EF,
Ploup (o)) < NP — oy < v, (9.27)
[

for all N large enough, so that finally, by standard arguments,

r M(N)
P |argsup |Hn(0)| € U Bé(fu)}

L =1
M(N) 1
< P|3oe | Bs(€"):|Hn (o) > N(—— + 6 +22)
I Pt ()2
+P [sup |Hy(0)| < N%(ﬂ) - ZN] <N, (9.28)

for all N larger than some N € N.

To show the existence of an o, we observe that the bounds 1.2 and 1.2 on the
critical § imply that the quantity afp(a) ~ /& and is thus eventually larger than
any fixed number. This concludes the proof of Theorem 1.9. (J
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