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1 Introduction

Let S be an n-dimensional spacelike hypersurface in a n + 1-dimensional
Lorentzian space-time (M, g), n > 2. Suppose that M contains an open set
U with a global time coordinate ¢ (with range not necessarily equal to R), as
well as a global “radial” coordinate r € [R, 00), leading to local coordinate
systems (¢,7,v4), with (v4) — local coordinates on some compact n — 1
dimensional manifold M. We further require that SNU = {t = 0}. Assume
that the metric g approaches (as r tends to infinity, in a sense which is made
precise in Section 2 below) a background metric b of the form

b= (3 + k)de + r—dr® 417, (L1)
=tk
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where h is an r-independent Riemannian metric on M, while k and ¢ are
constants®. Suppose further that g satisfies the vacuum Einstein equations
with a cosmological constant

*fR -
"g“"—a_ﬁguu = _Agw/ ’ A= “‘E%l—,_»rlz ’ (12)

R, — 5

similarly for b. (The existence of a large family of such g’s follows from
the work in [18,24].) A Hamiltonian analysis (following [10], and discussed
in some more detail in Appendix A; see also [16, Section 5]) leads to the
following expression for the Hamiltonian associated to the flow of a vector
field X, assumed to be a Killing vector field of the background b:*

1

m(S,9,6,X) = 3 aSUaﬂdsaﬁ, (1.3)
1
v = U"’\ﬂXﬁ+8—ﬂ (,/ldet 9po| 9% — /| det by ba{">X’\];a ,(1.4)
2| det by,
A [ e2 vy Ak , 1.5
P TonTaerg €9 (1.5)

e = \/Idetgpl/ (/| detbyy| - (1.6)

(The question of convergence of the right-hand-side of (1.3) is considered in
Section 2 below.) The hypersurface S singles out a set of Killing vectors X
for the metric b which are normal to S,

X’ = Nn, 1.
= Nn (1.7

where N is a function and n = ey = (% + k)~1/29; is the future-directed
b-unit normal to S. We shall use the symbol Kg. to denote this set of
Killing vectors. The question then arises whether one can extract out of
(1.3), with X € Kz, one or more geometric invariants associated to g along
S. Another way of stating this question is, essentially, whether the integrals

3 A warped product form of the metric, with the factor in front of A not being constant,
together with the Einstein equations (1.2), force gr» and g to have the form (1.1) in
an appropriate coordinate system [8], with k being a function of r which approaches a
constant as r tends to infinity. Further h itself has to satisfy the Einstein equation (1.2)
with A replaced by an appropriate constant. Some metrics slightly more general than (1.1)
will be considered in the body of the paper.

“The integral over dS should be understood by a limiting process, as the limit as R
tends to infinity of integrals over the sets t = 0, 7 = R. dSqp is defined as 55;] 5%5 1dz® A
.-+ A dz™, with | denoting contraction; g stands for the space-time metric unless explicitly
indicated otherwise. Further, a semicolon denotes covariant differentiation with respect to
the background metric b.
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(1.3) are background independent. As discussed in more detail below, every
metric g asymptotes many different backgrounds of the form (1.1) whenever
it asymptotes one, and it is not at all clear how these backgrounds relate
to each other: if the geometry of space-time does not sufficiently constrain
the set of allowed backgrounds (1.1), then the numbers obtained from (1.3)
could be completely unrelated to each other when different backgrounds are
chosen. If this were the case, it would appear questionable to associate
physical meaning to the integrals (1.3). The purpose of this paper is to
prove that, in several cases of interest, geometric invariants can indeed be
extracted out of the integrals (1.3).

The model problem of interest are space-times which are asymptotic to
anti-de Sitter space-time. In this context there exist several alternative meth-
ods of defining mass — using coordinate systems [7, 20|, preferred foliations
[19], generalized Komar integrals [31], conformal techniques [2-4], or ad-hoc
methods [1]; an extended discussion can be found in [16, Section 5]. We wish
to stress that the key advantage of the Hamiltonian approach is the unique-
ness of the candidate expression for the energy (which follows from the fact
that Hamiltonians are uniquely defined up to a constant on each path con-
nected component of the phase space), and that no such uniqueness proper-
ties are known in the alternative approaches mentioned above (cf., however,
[23, 32] for some partial results in the “Noether charges” framework). Now,
independently of the question of what is the “correct” candidate expression
for the energy, each of the expressions proposed in the existing literature
suffers from some ambiguities, so that the question of well-posedness of the
definition of mass as defined in those papers arises as well. For instance, the
Abbott-Deser mass [1], or the Hamiltonian mass of [21], both suffer from
precisely the same potential ambiguities as the Hamiltonian mass analyzed
in this paper. As shown in Appendix C, under the asymptotic conditions
considered in our well-posedness results, the Hamiltonian mass defined by
(1.3) coincides with the Abbott-Deser one. Thus, one way of interpreting
our results is that we prove the existence of a geometric invariant which can
be calculated using Abbott-Deser type integrals. As another example, we
note the potential ambiguity in the mass defined by the conformal meth-
ods in [2, 3], related to the possibility of existence of conformal completions
which are not smoothly conformally equivalent. The results proved here
can be used to show [13] that no such completions exist, establishing the
invariant character of the definitions of [2, 3].

We note that a similar problem for the ADM mass of asymptotically flat
initial data sets has been solved in [5, 11] (see also [12]). Our treatment here
is a non-trivial adaptation to the current setup of the methods of [11]. Some
of the results proved here have been independently observed in [33].
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The detailed statements of our results in a general context are to be
found in the sections below, and will not be reproduced here. We shall,
instead, discuss the application of our results to two families of examples:

1. Let M be the n — 1 dimensional sphere "~1S with the round metric
h of scalar curvature. (n — 1)(n — 2), while b is the n + 1 dimensional
anti-de Sitter metric:

r? 2 1 2, .2
b=— £—2+1 dt“ + — ldr +rh, (1.8)

ez

The space Kg. of b-Killing vector fields normal to S N U consists of
vector fields X (\), A = (A(¥) € R**1, which® on S take the form (1.7)
with N = AW Ny, where

r2 zt
No=\z*tL, No=7>

and 2 = rn’, r being the coordinate which appears in (1.1), while
n* € 18 C R*. The group Iso(S,b) of isometries ® of b which map
S into S acts on Kg. by push-forward; in Appendix B.1 we show for
completeness the well known fact that for every such ® there exists a
Lorentz transformation M : R**! — R*+1 so that we have

3, X(\) = X(M)) .

Letting g(,,) be the p’th basis vector of Kg1 = RATL, I = X(\@) =
&y,), we set
M =m (S, 9:5:8()) 3

it follows that the number
m?(S,g) = InWmym,l

where nW®) = digg(—1,+1,--- ,+1) is the Minkowski metric on
Rt is an invariant of the action of Iso(S,b).5 Further, if we de-
fine m(S, g) to be positive if m* is spacelike, while we take the sign of
m(S,g) to coincide with that of mg = —m? if m# is timelike or null,

SWe stress that the index () on A does not have anything to do with space-time; AW
is simply a coordinate on the n + 1 dimensional vector space Ks.. Similarly the Lorentz
metric 7,)(v), which arises naturally on Kg1 from the construction here, does not have
anything to do with the space-time metric g. To emphasize this we put brackets around
the p’s.

SThis has been observed independently by X. Wang [33] in, however, a considerably
less general setting.
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then m(S, g) so defined is invariant under the action of the connected
component Isog(S,b) of the identity in Iso(S,b). We show in detail in
Section 4 that m(S, g) is independent of the background metric chosen
to calculate the integrals (1.3), provided that the fall-off conditions of
Theorem 2.1 and Theorem 2.3 hold, which justifies the notation. The
number m({t = 0}, g) so defined coincides with the mass parameter m
of the Kottler metrics’

——1—@+ﬁﬁ%1—@+ﬁ4ﬂ+%ﬂ%
g — - 82 - £2 T ™ .

where h = df? + sin? §dyp?. Similarly m({t = 0},g) is proportional to
the parameter n which occurs in the (n+1)-dimensional generalizations
of the Kottler metrics (cf., e.g., [22])

2 Y o AN
g=_<1—17‘—:§+£—2)dt +(1—Tn_2+2§ d?" +7'h,
(1.10)
with h — a round metric on a n — 1 dimensional sphere of scalar
curvature (n — 1)(n — 2).

Some further global geometric invariants of the metrics asymptotic to
the backgrounds (1.10) are discussed in Section 4.

Let M be a compact n — 1 dimensional manifold with a metric A of
constant scalar curvature and with non-positive Ricci tensor, and let
b take the form

_ 1L .o o 2,2
b= a2(r)dt + a“(r)dr® + r°h , (1.11)

h being r-independent, as before. We show (see Proposition B.2, Ap-
pendix B.2) that for such metrics the space of b-Killing vector fields
normal to S consists of vector fields of the form

X(A)=X3, AeR. (1.12)
The discussion in Section 4 shows that
m(S,g) =m(S,g,b, X(1))

is background independent, hence a geometric invariant. Some other
geometric invariants can be obtained from the integrals (1.3) when

"The Kottler metrics, published in 1918 [29], are also known as the “Schwarzschild -
de Sitter metrics”.
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Killing vectors which are not necessarily normal to S exist, using in-
variants of the action of the isometry group of b on the space of Killing
vectors. If the Ricci tensor of M is strictly negative no other Killing
vectors exist, cf. Appendix B.2. On the other hand, if A is a flat
torus, then each h-Killing vector provides a geometric invariant via
the integrals (1.3), provided that those converge and that the fall-off
conditions of Theorem 2.3 are met (this will be the case if, e.g., Equa-
tions (2.9)-(2.10) hold).

The number m(S, g) defined in each case above is our proposal for the
geometric definition of total mass of S in (M, g).

The results described above can be reformulated in a purely Rieman-
nian context, this will be discussed elsewhere [13]. The extension of the
results proved here to hyperboloidal hypersurfaces in Minkowski space-time,
that leads to a geometric definition of the Trautman-Bondi mass, requires
a considerable amount of work and will be discussed elsewhere [14]. Let us
simply mention that if the metric of a hyperboloidal hypersurface in asymp-
totically Minkowskian space-times satisfies the fall-off conditions here then
its Trautman-Bondi mass coincides with the Hamiltonian one. More general
statements require care.

It is natural to study the behaviour of the mass when S is allowed to
move in M. A partial answer to this question is given in Theorem 2.3 below.
A complete answer would require establishing an equivalent of Theorem 3.3
in a space-time setting. The difficulties that arise in the corresponding prob-
lem for asymptotically Minkowskian metrics [12] suggest that this might be a
considerably more delicate problem, which we plan to analyze in the future.
It should be stressed that this problem mixes two different issues, one being
the potential background dependence of (1.3), another one being the possi-
bility of energy flowing in or out through the timelike conformal boundary
of space-time.

This paper is organized as follows: In Section 2 we present conditions
which guarantee convergence of the mass integrals (1.3), see Theorem 2.1.
We also show that the integrals (1.3) are invariant (Theorem 2.3) or covari-
ant (Lemma 2.4) under a class of well-controlled coordinate transformations,
consisting of symmetries of the background, and of certain generalizations
of the usual “supertranslations” that occur in the asymptotically flat case.
Section 3 contains the proof of the asymptotic symmetries theorem, Theo-
rem 3.3, which is the key result in this work. In this theorem we show that
the coordinate transformations allowed by our conditions are compositions
of those considered in Section 2. In Section 4 we apply the previous results
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to the construction of global geometric invariants in a reasonably general
setting. In Appendix A the Hamiltonian approach to the definition of mass
is examined in our context. Appendix B contains some results on Killing
vectors which are needed in the body of the paper.

2 Convergence, covariance under well behaved co-
ordinate transformations

Let us start by establishing convergence of the mass integrals (1.3) — this
involves setting up appropriate boundary conditions on g. Let, thus, g and b
be two metrics on a set {Ry < r < 0o, (v4) € M}, let e, be an orthonormal
frame for b, set

e = ghv — i (2.1)

and let e?® = ¢(62,0°) —1n?® denote the coefficients of e#* with respect to the
frame 6% dual to the e;’s:

e’ 0, ®0, =e"e, Qe .

Here 7% = diag(—1,+1,--- ,+1). We stress that we do not assume existence
of global frames on the asymptotic region: when M is not parallelizable, then
any conditions on the e®’s, etc. assumed below should be understood as the
requirement of ezistence of a covering of M by a finite number of open sets
O; together with frames defined on [Ry,00) x O; satisfying the conditions
spelled out above. The “matter energy-momentum tensor” T?, is defined as

~ g——ag + A8 . (2.2)

In our first result we assume for simplicity® that b is Einstein, that is, b
satisfies Equation (2.2) with T?, = 0, with a cosmological constant A the
sign of which is irrelevant for the theorem that follows:

8Using Equation (A.27), Appendix A, it is straightforward to obtain results similar to
Theorem 2.1 without the hypothesis that b is Einstein. Similarly, the hypothesis that X
is a Killing vector field can be relaxed using the calculations of [10, Appendix B]; ¢f. also
(15, Section 5.1]. :
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Theorem 2.1. Let X be a Killing vector of an Einstein metric b, set

XP =S IXP, [ VXR= Y [VeXR, [E=S0IT0%P  (23)
a a,b b

0
where V is the covariant derivative of b; the indices here refer to a b-
orthonormal frame such that ey is normal to the hypersurface t = 0. Suppose
that lim,_,o0 €®® = 0 and that

[ S (11 1Al + Y eale)? + 3 fee
{r=Ro}

a,b,c b,c

HVx| Y |ea<ebc>||ede|} dup< oo, (24)

a,b,c,d,e

where dupy = 4/det b;jdr dv? ...dv" is the Riemannian measure induced on
{t =0} by b. Then the right-hand-side of Equation (1.3), understood as the
limit as R — oo of integrals over the sets {r = R,t = 0}, exists and is finite.

Remark: We note that the somewhat unexpected restriction on integrabil-
ity (for A # 0) of e%b,; arises also in the requirement of a well defined gen-
eralized Komar mass for static asymptotically anti-de Sitter metrics [16, 31].

Proof. We have

)
/ U dSap = 2 / VU dS, + / UdSes . (2.5)
{r=R} {Ro<r<R} {r=Ro}
A formula for the volume integrand in Equation (2.5) is given in Equa-
tion (A.27), Appendix A. Clearly conditions (2.4) guarantee convergence of
that volume integral to a finite value when R tends to infinity. a

In the remainder of the paper we will only consider background metrics
of the form

b= —a"2(r)dt* + a*(r)dr® + rh , h = hap(@®)dvidv? | (2.6)

where h is a Riemannian metric on a (n — 1)-dimensional compact manifold
M. The condition that b is Einstein will not be made unless explicitly stated
otherwise. Let

90=2dt, 0' =adr, 64=ra”,
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A

where o is an h-orthonormal coframe. We let e, be the frame dual to 62,

1
ey = ad; , e1=-0, e4q= 1,8,4 , (2.7
a r

so that (84 is a h-orthonormal frame on (M, h). As an application of The-
orem 2.1, consider, first, the Killing vector field X = 8, = (1/a)ey and
suppose that

alr) = S 4olr), exla) =L +ofr), (2.8)

for some constant £. We then have |X| = /| %X|/\/§ ~ r/f and duy =
r"~2y/dethdrdv?®...dv". When g and b are Einstein, the condition (2.4)
will be satisfied if

¢ =00r""), euld)=0r""), bue® =0(r7), (2.9)
with
B>n/2, y>n. (2.10)

(We note that the generalized n + 1 dimensional Kottler metrics (1.10) sat-
isfy (2.9) with 8 = n, and with vy = 2n.) An identical convergence analysis
applies for all “rotational” b-Killing vector fields X4(v®)84 (whenever occur-
ring) for all the metrics (2.6)-(2.8), as well as all the remaining Killing vectors
for the (n + 1)-dimensional anti-de Sitter metric (listed in Appendix B.1),
showing that all the corresponding charges are finite when the conditions
(2.9)-(2.10) hold. Surprisingly, in retrospect the analysis in the case A # 0
turns out to be simpler than that for the asymptotically Minkowskian case,
where A = 0: in the latter case the requirement of convergence of angular
momentum or of boost integrals imposes more stringent conditions on the
metric than that of convergence of the energy-momentum integrals.

The conditions presented above are sufficient, but certainly not neces-
sary, for convergence of the integrals (1.3): indeed, the metric considered in
Proposition 2.2 below has a convergent mass integral, but the conditions of
Theorem 2.1 fail to hold. However, there is a potential essential ambiguity
in the definition of the integrals (1.3), which we will describe now. Propo-
sition 2.2 below then shows that (2.9)-(2.10) are essentially sharp, if one
requires that the integrals (1.3) are convergent and background-independent.

The ambiguity in the integrals (1.3) arises as follows: to define those
integrals we have fixed a model background metric b with the corresponding
coordinate system (t,r,v4) as in (2.6), as well as an orthonormal frame as
n (2.7). Once this has been done, let g be any metric such that the frame
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components g% of g tend to 7% as r tends to infinity in such a way that
the integrals m(S, g, b, X) given by (1.3) (labeled by the background Killing
vector fields X or perhaps by a subset thereof) converge. Consider another
coordinate system (£,7,94) with the associated background metric b:

"=e®

together with an associated frame é%,

di?* + a®(?)di® + 7#2h,  h = hup(9°)do4dd? , (2.11)

1

éo = a(f)af €1 = G_(’fj

A 1
0 ea=ha, (212
and suppose that in the new hatted coordinates the integrals defining the
charges m(S,g,b, X) converge again. An obvious way of obtaining such
coordinate systems is to make a coordinate transformation

t—t=t+0dt, r—=7=r+0r, v 5ot =04 4 v, (2.13)

with (8¢, dr, dv?) decaying sufficiently fast, as e.g. in the statement of The-
orem 2.3 below. (However, we do not know a priori that the hatted coor-
dinates are related to the unhatted one by the simple coordinate transfor-
mation (2.13) with (8¢, dr,6v4) decaying as r — oo, or behaving in some
controlled way — the behaviour of (8t,dr,dv4) could be very wild.) The
question then arises, how do the m(g, g,b, X)’s relate to the m(S, g, b, X)’s.
A geometric definition of mass should be coordinate-independent, therefore
one would like to have a simple relation between those integrals.

At this point it is worth recalling that there exist several expressions
for mass alternative to (1.3), which might or might not coincide with each
other when the decay of the metric is too slow. For example, we show
in Appendix C that (1.3) coincides with the Abbott-Deser [1] mass for all
metrics satisfying the decay conditions (2.9)-(2.10) for Killing vectors such
that |X| = O(r) with, say, a(r) as in Equation (1.1). Now, if X = 9, for
background metrics of the form (1.1), in space-times of dimension 4, the
integral defining the Abbott-Deser m4p can be written in a particularly
simple form [16]

mAD({t = 0}7 g, b, 875)
= limp_s00 27 J; ry, 9t 9ell) g2 (2.14)
= HMMR—o0 Tox22 JEn{r=R} ATor B - .

Generalizing an argument of [17], we show that if the decay condi-
tions in (2.9) are too weak then one can obtain essentially any value
of m AD(§ ,g,0, X ) by performing coordinate transformations of the form
(2.13). We do this explicitly in n = 3, the same argument applies in any
dimension n:
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Proposition 2.2. Let the physical metric g equal the background metric b,
and let {r,v4} be coordinates so that b takes the form (1.8). Consider a new
set of coordinates defined as

f=r+—iq 4 =04, (2.15)
T

where  is a constant. (This leads to % = O(r=3/2).) If{ # 0 then the mass
map({t = 0}, g,b, at) of g with respect to the background metric b defined by
the coordinates {7,94} does not vanish.

Proof. First notice that this transformation satisfies 57" =0 (r‘3/ 2). Then,
by straightforward computations one has, assuming without loss of generality
that £ =1,

3 3
P+2; C+O(4ﬂﬂq,

éA=[1 S +C +O(7ﬂﬂam

73/2
and so,
. 3¢ 15( _
11 _ 7/2
€ 7‘3/2 47‘3 + O( ) bl
aa_ 4 68 —9/2
;e ——m-l- 3 +0(r%?) .
Hence ¢
5
AA 11 -7/2
r;a,(e ) =2t =~ + 00777
and the result follows. O

While the above shows that the Abbott-Deser mass ceases to be well
defined below the threshold o(r~3/2) in dimension 3 + 1, this still leaves
open the unlikely possibility that the Hamiltonian mass (1.3) could be well
defined. In order to see that this is not the case let us, first, calculate the
mass integrand for metrics of the form

= +k|dt? +
9= (ﬁ ) p'+k

where p, v and o are arbitrary functions. One finds

U = rra(=1/2,/dethap [ 2BV
16762, /pv g(n=1)/2

+(n-1) (1_1_2_:_2{9_)“[% (rg—:—v)+l]} L @17)

dr? + or?h gpdvidv® | (2.16)

—(pt+v)
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Suppose that —in space-time dimension n+ 1 — g is the metric b expressed
in a hatted coordinate system (#,4“), and consider the coordinate transfor-

mation

. ¢ A _ A
r=r-+ m , =v ,

where ( is a constant. The metric g, when expressed in the unhatted coor-
dinates (r,v*), satisfies (2.9) with 8 = v = n/2, and is of the form (2.16) so
that (2.17) applies. A MATHEMATICA calculation then shows that g has a
mass integral (1.3) with respect to the unhatted background b equal to

Vol (M) n?\ o
8me? <n+—8_ <

which is non-zero for any ( # 0 and for any n € N. Here Voly (M) is the
n — 1-dimensional volume of M — area if n — 1 = 2 — with respect to the
metric h.

The coordinate transformation (2.15) is not yet as good as one would
wish, because it leads — in space dimension three — to coordinates in which
the trace of the metric eby; is O(r~"/2), quite a bit above the threshold r—"
set forth in Equations (2.9)-(2.10). We note that the change of coordinates
(2.15) accompanied by a further time redefinition (which clearly does not
change the mass as given by Equation (2.14))

T=t(1+cr3/?)

with an appropriate choice of the constant ¢, will lead to a metric which at
t =t = 0 satisfies

e = 0(7"3/2) y €k (eij) = O(T_B/Z) ) babeab = 0(7‘_3) ) (218)

where the indices ¢, j run from 0 to 3. Note that the above fall-off conditions
will not hold for some of the °?’s, and for some e derivatives of the egp’s, but
this turns out irrelevant for the problem at hand: the new hypersurface t = 0
coincides with the previous one, therefore its extrinsic curvature will not
change. One can check [13] that — similarly to the ADM case — conditions
on the induced metric on the surface ¢ = 0 and on its extrinsic curvature are
sufficient for a well defined notion of mass, so that the result in [13] complete
the proof of sharpness of the condition on + in (2.10).

Let us show that the decay rates (2.9)-(2.10) guarantee non-occurrence
of the behaviour exhibited in Proposition 2.2:

Theorem 2.3. Consider an n + 1 dimensional space-time (M,g), and let
b and b be two background metrics of the form (2.6) and (2.11), with a(r)
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as in Equation (1.1), in coordinates {t,r,v} and {t, 7,9 } with ranges cov-
ering {r > Ro} x M and {# > Ry} x M for some Ry,Ry € R. Suppose
that b satisfies the vacuum Einstein equations with a negative cosmological
constant, that the conditions of Theorem 2.1 hold both for the hatted and
unhatted coordinates, and that we have

e® = 0(7‘_”/2) . ec(e®) = o(r""/z) . (2.19)
Let X = X%(t,r,v4)eq € K be a Killing vector field of the metric b satisfying

IX|+ | VX| = O(r) (2.20)

and let X = X9(i,7,94)é, € K be its hatted counterpart (with the &, compo-
nents of X given by the same functions X® of the hatted variables as the e,
components of X in the unhatted variables). Let S and S be the hypersur-
faces given by t = 0 and = 0 respectively. If the coordinate transformation
‘satisfies

f=t+o(r0+/2)  ey(f) = £80 + o(r~ 72y |
1
F=r+o(rl="?), eq(f) = 67“ + o(rt="/?) |
4 = v 4 o(r~(14n/2)) | ea(01) = 62 + o(r~(4n/2)) | (2.21)

then o
m(S,9,b,X) =m(S,9,b,X) .

Proof. The idea of the proof is to compute the background metric bin a
frame related to the unhatted coordinates, obtaining an expression in terms
of b plus correction terms. Then, we compute (1.4) for 13, similarly obtaining
an expression in terms of (1.4) for b plus additional terms. We show that
these terms integrate to zero, up to terms vanishing in the limit as r tends
to infinity, keeping thus the mass invariant.

In terms of 6t, dr, and dv” defined as in Equation (2.13), the decay
conditions (2.21) imply
or

Vk+1r2[26t = o(r~/?) NI =y =o(r™™?), rév? =o(r"?).
(2.22)

From Equation (2.12) one finds the following relation between the hatted
and non-hatted coframes

0 = (1 + ;2—1—6%‘72) 0° + Kk + r2/02d(5t) + o(r™™) ,
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0t = <1 oo d(or) +o(r™"),

1
B —— 1 —_—
r2+k£2)0 + NSz (

64 = 04 + 5T0A {(')a — B 50C B +a A d(6v )}+0(r“"). (2.23)

90C
where a4 ia a co-frame on M dual to B84, and we have introduced the
notation a? = a?pdv®, with the index A being a tetrad index, while the

index B is a coordinate index. All the terms denoted by o(r~™) above have
o(r~™) coefficients when expressed in terms of the 8% frame. Actually, the
term in the curly brackets in the right hand side of the last equation gives a
clue to a convenient way of writing these equations, since it can be rewritten
as £5,85/9yB a?, where £ denotes a Lie derivative; in order to justify such
a procedure, we use the following artifact: As explained in [9, Section 4],
embedding M in K21 and extending the metric appropriately, we can
without loss of generality assume that the coordinates v4 and the frames 64
are globally defined on M. We then set

. 8 4, 0
(= to +0ra + vt 5

one sees from (2.22) that the components of ¢ in the e, frame are all of the
same order o(r~™?2), and one can check that Equation (2.23) for the hatted
tetrad reduces to

6% = 6% + £c6%+0(r™);

we note that £:0% = o(r~™/2). Let us write
€q = €q + b€y ;

one verifies that the tetrad components of de, are o(r~"/2), and from the
condition 6%(ep) = 67 and its hatted analogue one has

0°(dey) = —£c6%ep) +o(r™™)
=~ £c(0%(ep)) +0%(£cer) +o(r ™)
0
= 0%<£Leep) +o(r™™),

which shows that
éo=eq+ Leeg+o(r "),
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with £¢e, = o(r=—" 2). This looks to leading order like a change of tetrad
under an infinitesimal transformation, but we emphasize that we are not as-
suming that the transformation is infinitesimal. Denoting {z*} = {t,r,v4},
and using b = e é”, and b = n®e tey”, we obtain

~

B =M + L0 00 (2.24)

with
6% = 5b9°,60°, = o(r™™) .
The expression (2.24) is the first step to compute the change in the integrand

of (1.3). The next step is to rewrite (1.4) in the following more convenient
way

3 [o)
e = 81 v |9|97095[aXﬂ Vngﬂg
1 0
5= (Vialg"et? — ol s ) b,y VX7

with g = det(g,,), and b = det(b,,). Let U*® be defined as the expression
above with b and X replaced with band X ; from Equation (2.24) we obtain

A /b
Tof _ b — '“é%?l [35353)(%%70(%5 V(T4 Vs %“g")]

7/|b 0 [ 0 0
__811 | [bm[abﬂ]'v V,uCH — 8 Vlﬂlga] _ s VQ]C“] V. X,
+0UP |

with
SU% = §U*9°,0% = o(r™™) .

(o)
We have used the fact that £.6°% = —2 V(¢8| and that \/§ = Vb(1+ V
uCHF —e t/2) +o(r™m).

The idea now is to write the right hand side above as a total divergence
of a totally antisymmetric tensor density. The first term at the right hand
side above can be written as

o] [o] o) o
35§EZ X “b"’\bfya(%n %”C‘H- Vi VI¢Y) =3V, [5(;5; Xk V)\(V]

+ ﬁwaﬁX'pr +92x18 ]Oga]pgp - (%7Xﬁ) %['rccx] + (%7X°‘) %['v(:ﬁ] .
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o]
Since V,Xpg is antisymmetric, one obtains

U8 —yef = _@ {3 {077 [Jf\‘fZXu %/\Cu] + }()?’YPaﬂX"/Cp

+2x Rl ¢p 1 3(%[09(1’)(%701)} + 45U

Finally, with the remaining terms we construct the divergence of a totally
antisymmetric tensor, as follows:

3(V,c)(vex?) =3 v, [c”(%“xm)] — (1, vex? —ocle R xo.

[ 0 o
Recalling that a Killing vector satisfies V, VX, =R”,5,X,, and that
o

Ry = 2Abops/(n — 1), one finds
0 -0 = ”3_87@ v, [X v ol 4 ¢l {’anm] + 85U

(It would suffice that %aﬁ = 2Abas/(n — 1) + O(r~™/2) for the argument
to go through.) The first term on the right hand side above integrates out
to zero on (n — 1) dimensional boundaryless compact submanifolds, and the
remainder is order o(r~"), so that

/ U2 dSys = / U dSys +0(1) , (2.25)
r=R r=R
with o(1) tending to zero as r goes to infinity. We also have
. . o .
/ B dS,s = / 0°PdS,y + 2 / Va0 ds; | (2.26)
r=R =R Ve i

where V), 1 is a set the boundary of which is the union of the coordinates sets

{r = R} and {# = R}. Conditions (2.4) guarantee that the volume integral
in Equation (2.26) tends to zero when both R and R tend to infinity, which
together with (2.25) establishes our claims. a

Let us finally show that the integrals (1.3) are covariant under isometries
of the background. In what follows S is an arbitrary hypersurface on which
the charge integrals (1.3) converge:

Lemma 2.4. Let ® : M — M be an isometric diffeomorphism of (M,b)
such that ®(S) = S. Then

m(S, ®*g,b, (2,) ' X) =m(S,g,b,X) . (2.27)
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Proof. Formula (1.3) for mass is invariant under diffeomorphisms, hence
m(®(S),9,b,2.Y) = m(S, %9, 2*b,Y) ,
and the result follows from ®(S) =S, ®*b =b. O

3 Asymptotic isometries - the Riemannian prob-
lem

Throughout this section, in contradistinction with the remainder of this pa-
per, g will denote the Riemannian metric induced by the space-time metric
on §. Similarly the letter b will denote the associated Riemannian back-
ground metric® of the form

b=d*(r)dr* +r2h,  h=hsp°)dvidv?, (3.1)

with the indices A running from 2 to n. We assume that r € [R,o00) for
some R, while the coordinates v are local coordinates on some compact
n — 1 dimensional manifold M. Unless explicitly stated otherwise, we use
the symbol O(r?) to denote either O(rf) throughout this section, or o(r¥)
throughout this section. We shall mainly be interested in background metrics
for which

ra(r)=£L+c(r), c¢=0(r""™), R>m; >0, (3.2)
d(r) =0(~t—m™), (3.3)

for some constants my,£ > 0.!° When the vacuum Einstein equations (1.2)
are satisfied by the metric (3.1) we have? a(r) = 1/1/72/£2 + k, where k is
a constant, which can be written in the form (3.3) with m; = 2, as well as
in the form of footnote 10 (with mg of that footnote as large as desired).
However, the hypothesis that the vacuum Einstein equations hold plays no
role in this section, therefore in (3.3) any m; > 0 will be allowed. Let us
mention that (3.3) is equivalent to the condition

() —c(r) = O(r~1"™)(# — 1) (3.4)

9One could also consider background metrics of the form b = a?(7)d7>+q>()h; however,
if ¢ is sufficiently differentiable, then b can be brought to the form (3.1) in the asymptotic
region by a change of coordinates r = ¢(7) provided that dg/dF has no zeros for large 7’s.

10A typical example is a(r) = f (1 +yme 4y (‘)(r'a)) for some constants m; > 1,

i=mj pt

ms > My, a; and o.



P.T. Chrusciel and G. Nagy 715

for r large enough, and for |# — r| < r/2. Indeed, under (3.3) we have

o) — ofr) = ( /0 4 (1 - t)r)dt) (F—r),

and Equation (3.4) follows. The implication the other way round is straight-
forward using the fact that c is smooth (recall that local smoothness of the
metric is assumed throughout). Condition (3.4) is actually the one which is
needed in the arguments below.

Let 6%, i =1,... ,n be an orthonormal coframe for b, with 8! = a(r)dr,
and let e; be the dual frame; we denote by

0F  _ pir
w jk = 0 (vekej)

]
the associated connection coefficients, where V is the Levi-Civita connection
of b. One easily finds

o 1 0
If we denote by
a? = a(w®)4pdv® (3.6)

an orthonormal frame for the metric h, and by 84p¢c the associated Levi-
Civita connection coefficients, then

o 1
wipe = ;ﬂABC . (3.7)

All connection coefficients other than those in (3.5) or (3.7)vanish.

Lemma 3.1. Let 6" be an orthonormal coframe for the metric b as in (3.1),
let g = g;;0" ® 07, and suppose that

Gij —r—o0 5; .
Denote by or, respectively o R, the g-geodesic distance along S, respectively
the b-geodesic distance along S, from the set {r = R}. There exists a function

C(R) > 1 satisfying limp_,0o C(R) = 1 such that

C(R)™ 6r<or<C(R)dr. (3.8)
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Proof. For s € [R,r] let v(s) = (s,v4), then

or(rvh) < /R " Ja(3) (s vA) ds

= [ Va8 @), 0%) ds

- [ " Joni(s,v4)a(s) ds (3.9)
R

< (1+0(1) S alrv?) .

To obtain the reverse inequality, we note that for points (r,v4) such that
r > R it holds that

VX g(X,X) > (1+0(1))b(X, X) ,

with o(1) going to zero as R — oo, hence for every curve vy from {r = R} to
(r,v) we have

/ VI ds > (1+o(1)) /7 Vo) (E) ds

therefore

aR=iy/w@w@w

:
> (1+o(t)iaf [ VBGAG) ds

Y
= (140(1)0r- (3.10)

|

The proof of Lemma, 3.1 uses only the product structure of b, and does
not require Equation (3.3) to hold. If, however, that last equation holds,
then clearly

o g(r,v?) = / ' a(s)ds = £In(r/R) + O(R™™) =~ £In(r/R)
R

for large r, and (3.8) implies that for all € > 0 there exists R > R and a
constant C/(e) such that for all » > R, we have

Cle)Ir'=¢ < exp(og/l) < C(e)rite. (3.11)

We will need a sharper version of this:
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Lemma 3.2. Under the hypotheses of Lemma 3.1, suppose further that
Equation (3.8) holds, and that there exists a constant o > 0 such that

gij — 8 = 0(r™®) .
Then for r > max[R, 1] we have
exp (or/l) =r/R+O(R™™) 4+ O(R™?%), (3.12)
in particular
r/C' < exp(or/l) < C'r. (3.13)
Proof. Here and elsewhere in this paper the letter C' denotes a constant
which may vary from line to line; if O = o the constants in the current

proof can be chosen as small as desired by choosing R large enough. In
Equation (3.9) we can estimate /g1 by 1+ Cs™%, obtaining thus

or(r,v?) < Ggr(r,v*)+ CR™®

= ¢In(r/R)+O(R™™)+CR™™ .

Similarly, Equation (3.10) is rewritten as
it [ V/oG5,7)6) ds
v
> irﬂ:f/(l — Cs™)V/b(¥,7)(s) ds . (3.14)
v

The last term in Equation (3.14) is the distance from the set {r = R} in the
metric

OR

(1= Cr=%?% (a®(r)dr® + r?h) ,
which equals
/ "(1= Cs~)a(s) ds = £In(r/R) + O(R~™) — O(R~) ,
R

and our claims immediately follow. U

The key result in our work is the following:

Theorem 3.3 (Asymptotic symmetries). Let (r,v4) coordinatize Q C
S so that Q = {r € [R,00)} x M, and let (7, 94) be another set of coordinates
on Q so that Q = {(64) € M,# € [R(9"),00)} for some continuous function
R. We further assume that v and 94 are consistently oriented, and that
(r,v?) and (7,9?) are also consistently oriented. Let b, 6%, €*, etc., be as at
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the beginning of this section, with a of the form (3.3), and let b, 6%, &;, etc.
be the hatted equivalents thereof, so that

b=a*(P)di* +*h =) 6 ef",

for some Riemannian metric h on M. Suppose that there exists o > 0 such
that

gleie)) =8 =00, exl(gleie;)) =0(™),  (315)
9(éi, &) — 0] =0(F7), éxlg(&,¢5)) = O(77°) . (3.16)

Then:

1. There exists a C*™ map ¥ : M — M satisfying
T*h = e 2
for some C*® function ¥ : M — R, and
F=ebr+ 0P, e(7) =ee¥r) +0@EA),  (3.17)
4 =A%) +0(r7?), e(9?) = ei(®?(vP)) + O(r~?) (3.18)
in local coordinates with ¥ = (yA), with 8 = min (m,, o, 2).
2. If U is the identity and if 10 = 0, then for o > 1 we further have

PO, () =alr) + 00, (319
oY, (o) =aloh) £0r ), (520
i (es(F =) = 001, ex (eg(0* =) = 0(ro7") .(3.:21)

Remarks: 1. For reference we note the partial derivatives estimates

o _ o
o4 ovA
004 3 004 oyt
W—O(T ) vB ~ GuB

or =e¥ +0(r7P),

o —r+ 0P, (3.22)

+o(r P, (3.23)

with the second estimate in (3.23) being somewhat stronger than its coun-
terpart in (3.18).

2. It should be noted that in point 1. above we do not assume that M=M
and h = hyp(9°)do4dd?; this fact plays a role in [13]. The arguments
in that last reference show that ¥ is a diffeomorphism, in particular M
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is necessarily diffeomorphic to M. If h = hp(9€)dd4ddB and ¥ is the
identity, then clearly 1 = 0 follows.

3. We stress that we do not assume M or M to be parallelizable, thus
Equations (3.17)-(3.21) have to be understood in the sense of finite coverings
of M and M , with corresponding frames, on which the claimed estimates
hold. However, if M or M are parallelizable, then the estimates are global.

Proof. Let Op be a conditionally compact subset of an open domain of a local
coordinate system (v4) around p = (v§') € M, and let, on a neighbourhood
of O_p, B4 be a h-orthonormal frame dual to a4. We note that the connection
coefficients 34 ¢ are uniformly bounded on @,. Consider the radial ray

A
Yo(r) := (r,v5)
which, in hatted coordinates, can be written as

[R,00) 31 = Yp(r) = (r(r v54) Pgyp(r):= ( Ar, v 1) ))E[R 00) xMCS
(3. 24)

here and in what follows we identify [R, co) x O, with the corresponding sub-
set of S, similarly for sets of the form [R, 00) X i , Where U c M. It should
be clear from (3.24) that the operation “y, — Py7,” above is a coordi-
nate projection which consists in forgetting the 7 coordinate in a coordinate
system (7,94). We have

Y Ok 1 . 891 968 o) 2
< —|s2 o ovT g [ OT
M2 S m\ThaEg +“(r)(ar>
1.8 8 1,9 0
= 2'Gra) < Calera)

< CQLbﬁ 8) = C?fﬂ,

Let d; denote the b distance on M , for r9 > r; we thus obtain

d;, (Pgp(ry), Pipwp(ra)) < / \/ B%Ziag—f (s) ds (3.25)

afs)
< of o

21 1 1
2 —_ = 2 —_——
SC/T sts C(n 7”2>’
1
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and Lemma 3.2 has been used. It then easily follows that

P = lim Ppgy,(r)

T—00
exists, with

2
dy, (Pgyp(r),p) < CT : (3.26)

Let (5,3 be a conditionally compact subset of a domain of local coordinates 94
around p, Equation (3.26) shows that 7, enters and remains in [R, 00) x O
for r large enough. In what follows only such 7’s will be considered.

Consider, now, a point ¢ € Op; we wish to show that the corresponding
ray -y, will stay within [R, 00) X (/9}, if ¢ is close enough to p. In order to do
that, consider an h-geodesic segment v C M parameterized by proper length
such that v(0) = p and (d(p, q)) = q. Expressing the path

s = T(s) = (r,7(s)) €[R,o0) x Op C S

in terms of the barred coordinates we have

. doA doB 1 (5 dordoB . (dif\?
M SR ( han g s T ) (CT)
1, dl' dr 1. dl' dT
= il —b(—, —
72 (ds’ds) = 2 (ds’ds)
7‘2 2
= 7,:_2 S C )

An estimation as in Equation (3.25) gives

d;, (Pgyp(r), Payg(r)) < Cdu(p,q) .

Passing to a subset of O, if necessary we thus obtain that for all ¢ € O, the
rays 74 enter and remain in [R, 00) x Op, for r > R, for some R,.

Let, on an open neighbourhood of _5;, é“ be a h-ON frame with uni-
formly bounded connection coefficients ,BA BC, and let ,3 4 bea h-orthpnormal
frame dual to &*. Equations (3.5) and (3.7) show then that all the & k;’s and

L%k]"s — the connection coefficients of b and of b — are uniformly bounded
along the rays 74, ¢ € Op; the reader will note that the same will be true for
the constants controlling various error terms O(r’) in the calculations below.
The idea of the argument below is then to derive the desired estimates along
the 7,’s, ¢ € Op; covering the compact manifold M by a finite number of
coordinate patches O, i = 1,... ,I, will establish our claims.
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Let f;, respectively fi, be a g-orthonormal frame obtained by a Gram-
Schmidt orthonormalisation procedure using {ei}, respectively {é;}7,.
The explicit form of the f;’s and f;’s in terms of the e;’s and é;’s shows that

fi=ei+08fi, 6fi=6fJej, OfI=0(r"%, e(0f7)=0(r"%),

(3.27)
fi=&i+6fi, ofi=0fde;, sfI=00"), &(8fd)=0(F").
(3.28)
By construction we actually have
fi=(1400) e = (1+0F%) +0F~™)) %ar . (3.29)
The uniform boundedness of the c%ikj’s further shows that
0
Ve, 0f; =0(r™%), (3.30)

similarly for the b-covariant derivatives of the & fj’s with respect to the é;’s.
Recall that

iy = 5 {0 ener) ~Olene) - (ere) } 5 (33D

Equation (3.31) together with its g-equivalent and (3.27)-(3.30) imply

wip =0+ 0(r™®), (3.32)
similarly
o' = ‘Z’i(vfkfj) = djx + 0(F7®) . (3.33)

We use the symbols #* and ¢' to denote coframes dual to f; and f;. Now,
both the f;’s and f;’s are orthonormal frames for g, hence there exists a field
of rotation matrices A = (A;?) € O(n) such that

fi=AJf;. (3.34)

We recall that for rotation matrices we have!!

doAFAF =6, (3.35)
k

1We use the convention summation throughout, so that repeated indices in different
positions have to be summed over. We will explicitly indicate the summation only in those
equations in which we need to sum over repeated indices which are both subscripts or both
superscripts.
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in particular

(AT = A4,

so that ¢ = Aji?, and ¢ = 3, Aji(ﬁi. Further, from Equation (3.35) we
obtain

DAFAF =1 = Vij |AJ[<1. (3.36)
k

From the definition of the connection coefficients we have
oY = (@ V1)
= (Ak"", Vo g, (A" fa))
= AN (D) o+ A"V 0 f)
leading to the well known transformation law
Ol hd® = AL F(AGR) + A AP

which we intepret as an equation for the A;*’s:

filh*) = (AN uhn® — Ajte®y; (3.37)

From Equations (3.3) and (3.27) we obtain
$"™(0r) = a(r) (67" +0O(r™)) (3.38)
- f (5;” + O(T_ﬂ)) , (3.39)

with 8 = min(a, m;), except if O = 0 and o > m; in which case either §
should be taken to be any number smaller than m;, or O should be under-
stood as O. Rescaling r and the metric g by a constant conformal factor
we may without loss of generality assume that ¢ = 1; similarly for 7. Equa-
tion (3.13) together with Equations (3.32)-(3.39) leads to

%\fﬁ = alr) (Z CvIRE O(T“")) (3.40)
k
= % (Z Bk Ayt + O(r*ﬂ)> , (3.41)
k
in particular
= :;((7?) (Z Aa7Aa" + 0(r“°‘)) (3.42)
A

Sl

(Z AgPAt + O(r—ﬁ)> . (3.43)
A
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Now, the transpose of a rotation matrix is again a rotation matrix, therefore
we also have
Z A' Ay = 0%,
k

which gives

S AAML =1 (M), (3.44)

and it follows that ’
3(1;7}1 = :;(3) (1= (A2 +00) (3.45)
= % (1= (AH?2) + 0P . (3.46)

We have the following:

Lemma 3.4. For all 0 < min(m;, o, 2) we have

At = 140079, (3.47)
of N 1-0
ron = T +0(r79%). (3.48)

Proof. Let x denote the O(r~#~1) term in Equation (3.46), set g := A;l,
and denote by ¢(r,v?) = [> x(s,v4) ds = O(r~P); Equation (3.46) shows
that 0
09-9) _1-9"
or ro
It follows that g — ¢ is non-decreasing, and therefore has a limit as r goes to
infinity; since ¢ tends to zero in this limit we conclude that

oo = Jlim

exists. Equation (3.46) shows that

. dg 2
TIHEOTE =1-g5 . (3.49)
Now Equation (3.36) gives |g| < 1, while Equation (3.49) implies a logarith-
mic divergence of g unless go, = £1; thus goo = *1. Define f > 0 by the
equation

9=90(1-1F),

then f —,_,o 0 and we have

8f_ oof(2"‘f)
a—r——f—gmx-
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Suppose, first, that go, = 1; since f —,_,0o= 0 it follows that for every § > 0
there exists rs5 such that f < d for r > rs; for such » we then obtain

g_{ < _f_(zr;a) . (3.50)
and by integration
P f () =y f(rs, ) < - / (s, )80 ds = O(r21) + 037,
so that 6
fr) =02+ 0(r Py, (3.51)

Choosing ¢ appropriately we obtain (3.47) with any o < min(m,, a, 2), under
the assumption that go, # —1. In the case goo = —1 similar, but simpler, ma-
nipulations lead again to Equation (3.51) with § = 0. From Equation (3.44)
and from A;! = g + O(r~%) we obtain

Apt =072 . (3.52)
Equation (3.35) similarly implies

A4 =072, (3.53)
Equation (3.40) gives

OA 4! 1 o
e o W VAR

and integration in r together with (3.52) yields (assuming without loss of
generality that o # 1)

Al =00 +0(7). (3.54)
Integrating in 7 Equation (3.43) and using (3.53)-(3.54) we similarly obtain
M =00C"Y+0(r). (3.55)
From the definition of the f;’s and from (3.3) (with £ = 1) we have
fid) =f+0FF), fa(®) = 0(F"),

hence

AF) = AAE) + MAfa(?)
= gl +0(r'7),
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Inverting Equation (3.29) we have

or .
7‘_

5 = o ()

= (1+0(7™) f1(7)
= goof + O(Tl_a) .

(1+0(r~™))

We have finally obtained

or lmo
r—(,)—r = goo + O(r*77)

)

which is compatible with the fact that the coordinate systems (r,v

4)

725

(3.56)

and

(#,94), as well as (v4) and (#4), carry the same orientations if and only if

Jdoo = 1, and the lemma is established.

a

Returning to the proof of Theorem 3.3, it is useful to introduce new

coordinates z and £ defined as

r=e?, F=e%.

In terms of those variables Equation (3.48) can be rewritten as

0% —ox
8_117—1+¢’ ¢—O(6 ):

for an appropriately defined function ¢: More precisely, if we write
ei=e'fi, fi=/fle;,
with the obvious hatted equivalents, then

ra(r)
7a(7)

¢:= Zelejkflcl—1~

k.j

Integration of Equation (3.57) giveé

xr
i(z,vY) = z—d(zo,v?)+ [ é(s,v1) ds
o

= 1z —&(zg,v?) + ” b(s,v?) ds — /oo #(s,v4) d

Zo

= z+9P?) +0(e ),

(3.57)

(3.58)

(3.59)

S

(3.60)
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which establishes the existence of a continuous function ¥ : M — R such
that

#(r,v?) = ¥ + O(r19) (3.61)
(continuity of 9 follows from the Lebesgue (dominated) theorem on continu-

ity of integrals with parameters; the Lebesgue theorem is used in a similar
way without explicit reference at several places below).

Let us write Equation (3.45) as
Ot —1)

o = xiM' -1 +x2, (3.62)
where
xm = A = Thapm), = 0o
we obtain

A r o) = 1+ (fll(vA) + / s exp { / oo(xl(v,vA) + f-)) dv} xg(s,vA)ds>

0

xr ™% exp {— /r ” <x1(v,vA) + %) dv} : (3.63)

with some continuous function fi': M — R. In particular

AP = 14+00F ) +0(F%)+620(r %Inr) . (3.64)
From Equation (3.40) we obtain
aAA1 _ a(r) 14 1 -2 —20 —a
o = Fal) (=A'AAT +O(r2) + O(r™27) + 0(r™)) , (3.65)

which integrated in a manner similar to that for Equation (3.62) shows that
there exists a continuous function f4' : M — R such that

1(,B
Agl(r,v®) = I#l +0(%) +680(r*Inr) + O(r~17%)
(3.66)
= O@r Y +620(r *Inr) + O(r~ ), (3.67)
with any 0 satisfying
d < min(1,20 — 1) . (3.68)
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It is easily seen now that the 7=2 Inr terms which could potentially be present
in Equation (3.64) cannot occur: clearly they are only relevant for o = 2; in
that last case it immediately follows from Equations (3.44) and (3.66) that
no such terms are allowed. It follows that

A = 1406072 +0(#7Y). (3.69)

Repeating the argument after Equation (3.55) one is led to

% = T400TN+0ET™)+ 007, (3.70)
P o= L0 + O ™) + 0(rY) 5 (3.71)

(3.71) has been obtained from (3.70) by calculating 0%/0x and integrating
the resulting equation, compare Equations (3.57)-(3.60). Equations (3.40)
and (3.71) yield

B —~
81(;;1 = a(r) (z f arAB AL + O(T_a)>
k

= a(r) (Z O achBAct + O('I‘_a)>
(&
= O H 46200 nr)+ 073,

and by integration one finds that there exists a continuous matrix valued
function R = (R4B) : M — O(n — 1) such that

AaB(r,v%) = RAB(0C) + 0(r™) + 6¢0(r~%In%r) + O(r72) . (3.72)

Repeating the argument which led to Equation (3.55) and using (3.72) one
finds now that there exists a continuous function f1# : M — R such that

AlA(’I‘,’UB) — flA(’UB) (1+O(,’,—m1))

T
+O0(r™®) +6L0(r*Inr) 4+ O(r~%) | (3.73)

compare Equation (3.65); without loss of generality we have assumed that
o # 1. The hatted equivalent of (3.6),

&4 = a(6%)Apdv® |
gives
) A 5 lag
d’UA — ,BABaB — TﬂABeB
7

= %B“‘B (L + 0@ *)AcB0% + (1 +0(r~*)A, B0Y) |
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where 45 denotes the matrix inverse to a” B, while the symbol BA B is used
to denote the the matrix inverse to &4 5. This implies

004 3
4 X
aZ_C = -;-,BABADBaDC +O(r®) . (3.75)

Integrating (3.74) in r one obtains that the limits

YA = lim 94
T—00

exist and are continuous functions, with
4 -y =0("2). (3.76)

Moreover, it follows from (3.75) that the limits as 7 tends to infinity of
094 /0v® exist and are continuous. Passing to the limit » — oo in Equa-
tion (3.75) one obtains

U*a4 = e ¥RAgaP | (3.77)
hence

vh o= Uy ateal
A
= e Z RABRAca® ® of
A

_ e‘z’/’ZaA@aA — e'wh,
A

where we have used the fact that R = (R 4B ) is a rotation matrix. It follows
that the map ¥ = (¥#) is a conformal local diffeomorphism from (M, k) to
(M, ). We can thus use a deep result of Lelong-Ferrand [30] to conclude that
VU is smooth, in particular so is ¢. Equation (3.77) shows then smoothness
of R45. Further

1 or .
;ﬁBA — = ea(?)

OvB
= (1+0(r™) > Ap*f() + (1+0(r™*)A? f1(#)
B

= 0(1)+ 0@, (3.78)
hence
0z 10F e
5ok = 7301 =0 +0(r'7%). (3.79)
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This, together with Equations (3.74)-(3.76), establishes point 1 for 0 < o <
1.

If o > 1, a closer inspection of the O(1) terms in Equation (3.79), making
use of Equation (3.73), shows that the limits lim,_,o, 02/0v4 exist, and are
continuous functions of the v4’s. Now, in the current range of o’s it is easy
to show that the function % in (3.60) is continuously differentiable without
invoking the Lelong-Ferrand theorem, as follows: Let ¢ be the function
appearing at the right-hand-side of Equation (3.57), from (3.59) and from
what has been said with a little work one finds

6 —Q)T -z
(91);%4:(9(6(1 %) + 0(e™®) ;

the differentiability of ¢ follows now from its definition (3.60) and from
Lebesgue’s dominated theorem on differentiability of integrals with param-
eters. The last estimate together with Equation (3.60) also show that

0z 3’(/) _ gz
a’U_A a'UA O(e a a):c) +0(e™®). (3.80)
and point 1 is established.

To establish point 2, suppose that ¥ is the identity and that ) = 0. The
calculation in Equation (3.78) shows that

0% 1 of . . .
0= lim —— = lim ——— = lim raBAeB(r) = lim a®4AB!,
r=y00 QA T r—oo 7 Ov r—00 =00

hence the function f4! appearing in Equation (3.67) vanishes. The identity

MM+ ApfAR =0 (3.81)
B

shows that the function f;4 from Equation (3.73) vanishes as well. If 1 <
o < 2 we thus obtain

A =8 +0(r). (3.82)

For o > 2 a closer inspection of Equation (3.42) is needed:

oA A 1ra(r —a
- i (St ror)
_ lra(r) o
= Trel® (=AM +O(r®)) (3.83)
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where we have used Equation (3.81). Integrating this equation in a way
somewhat similar to Equation (3.62) shows that

AA(r,0B) = 0(r=®) + 620(rIn7) . (3.84)

If o = 2, suppose for the moment that there is no Inr term in (3.84); it
then follows from Equations (3.69) and (3.81) that Equation (3.82) holds.
On the other hand, for a > 2 Equation (3.44) forces the function f;! from
Equation (3.63) to vanish, which in turn implies that Equation (3.82) holds
again. The formula inverse to Equation (3.34) reads

fi= ZAijfi ; (3.85)

in particular
AF) =MAF) + D As fal?),
A
which implies
of _a(r)
or  a(7)
Equation (3.4) together with the identities

(1+0(r™) +0(r™®). (3.86)

ra(r) _ ra(r) — 7a(7)
7a(F) 7a(r)
ar) _ra(r) §= ra(r) (1 + M) =1+ (% + O(r—ml—l)) or .(3.88)

a(?) ~ fa(F) Fa(F) r

shows that Equation (3.86) can be rewritten as

+1=14+0(F"™"1YYor, (3.87)

a6
S = Xxa0r + xs (3.89)
with 1
xs==+00"™),  xa=0("").

Hence, for ro > r we have

6173_2) ) (ér?(ﬂ_r) +/Tr2 exp{—/too (X3(s) - %) ds} X4t(t)dt) X
eo{ [ (et -3) s}

Passing with o to infinity and using the fact that ér = o(r) shows that

_r/roo exp {_/too <X3(s) - i—) dé} ﬁt(i)dt

= o). (3.90)

or
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From Equation (3.86) we obtain

dor

S =00, (3.91)

Equation (3.85) implies
e = (85+007) fi
=¥ (5;“ +0(r=)) Ak (oF + 0(r=®)) &

= &+ 0 e . (3.92)

It follows that

= ej(r) +0(r'™®), 3.93)
e;(04) = &0 +0(r 7). 3.94)
In particular
(%A ~A —2—a ~A A —1l—a
o = a(r)e (87) = O(r ) = 7 —-v"=0(r ). (3.95)

Equations (3.90) and (3.95) allow us to rewrite Equation (3.94) as
e; (1) = ej(vt)+0O(r17®). (3.96)

Equations (3.17)-(3.18) are thus established. A straightforward analysis of
the equations

er (f(8%) = e (ZAijfi(’ﬁA)),

leads to Equation (3.21), and the theorem is established for a # 2, or for
a = 2 provided that no log terms are present in (3.84).

ex (fi(F) = ek (ZAijfi(f)>,

Let us return to the case @ = 2; then (3.82) holds with any a < 2 and
therefore the calculations that follow remain valid with any o < 2. Further
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(3.82) holds with ¢ = j = 1 and a = 2 by Equation (3.69). Equations (3.37)
and (3.87) give then

d(rAa’)

— (2 1 _ (2
o =0(r7") = Aq4 =0(r7%),

so that no log terms can occur in A4!. Equation (3.81) implies then
M4 =072,

and (3.37) establishes (3.82) with a@ = 2, and the theorem follows. O
In the next section we shall need the following:

Corollary 3.5. Let U(r,v4) = (#(r,v4),98(r,v4)) be an isometry of the
background metric b:

U*(a®(r)dr? +r2h) = a®(7)di? +7#%h,  h = hap(tC)doAdo® .

If there exists a > 1 such that the physical metric g satisfies

gleie)) =8 =0(r™), ex(g(eie;)) =0(r™®), (3.97)
where e;, 1 = 1,... ,n is the usual ON frame for the metric b as in (2.7),
then

g(éi,é;) — 8 = 0(77%), ér(g(éi &) = O(F™), (3.98)

where é; is the corresponding hatted frame.

Proof. Applying point 1. of Theorem 3.3 to g = b we obtain that
#=ebr+O0(r'=P), (3.99)

with 8 = min (m1,2). Since ¥ is an isometry we have &; = A;7el for some
rotation matrix A;7, which gives

&7 = (g - b)(8',0") = M'A (g = D)(6%,0%) = O(r™*) = O(F ™) .

Further,
er(e9) = e, (MiAPE) |

and — since e;(Ax7) = O(1) by (3.37) — the result easily follows. a
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4 Global charges

Let us give here a general prescription how to assign global geometric invari-
ants to hypersurfaces S in the class of space-times with metrics asymptotic
to backgrounds (2.6): consider such a background metric b and consider a
hypersurface S given by the equation {¢ = 0} in the coordinate system of
(2.6). Let K denote the set of all Killing vector fields of b; the hypersurface S
singles out two subsets of K: a) the set g1 of those Killing vector fields of
b which are normal to S, and the set Kg of all b-Killing vector fields which
are tangent to S. Consider any metric g for which the fall-off hypotheses of
Theorem 2.1 are met, with X € K51, or with X € Kg, or perhaps with all
X € K. (In that theorem we have assumed that b satisfies Equation (1.2),
but it would be sufficient that (1.2) holds only up to terms which decay
sufficiently fast when r tends to infinity, the same for g.) Let Isof(S,b) be
the group of all time-orientation preserving isometries of b which leave S
invariant.!? We shall suppose further that the following condition holds:

for every orientation-preserving conformal isometry ¥ of (M, h) there
exists R, > 0 and a b-isometric map @ : [Ry,00) X M — [R,00) X M,
such that lim, o0 ®(r,-) = U(:) . (4.1)

It follows from [6, Vol. II,Theorem 18.10.4] and from what is said in Ap-
pendix B.1 that this condition holds for the (n + 1)-dimensional anti-de
Sitter metrics, n > 2. Further, the above condition obviously holds for those
metrics for which every conformal isometry of (M, h) is an isometry, as is
the case for the (M, h)’s considered in Appendix B.2: the desired extension
D is
&(r,v") = (r, T (v")) .

In fact, it is shown in [13] that condition (4.1) always holds when a(r) =
1/4/72 + k regardless of the metric h.

Let C denote the collection of positively oriented coordinate systems ¢ =
(0, (r,v*)), where O is the domain of definition of the collection of functions
(r,v4), with the associated background metrics and orthonormal tetrads,
for which Equations (2.4), (2.19) and (2.20) hold. For each such coordinate
system ¢ we can calculate the set of integrals (1.3), where X runs over Kg1,
or over Kg, or over K, whichever appropriate. By Theorem 3.3 every two
coordinate system cy, c2 in C differ by a coordinate transformation, say Y, the
M-part of which asymptotes to an orientation preserving conformal isometry

129ome further invariants can sometimes be obtained by considering the connected com-
ponent of the identity of Iso™(S,b), but this seems to require a case by case analysis, so
that no general discussion will be given here.
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¥ : M — M. By the hypothesis (4.1) ¥ can be extended to an isometry ®
of b which leaves S invariant. Writing Y as

T=(Tod oo

we can decompose T into an isometry of b and a map Y o ®~! which asymp-
totes to the identity. By Corollary 3.5 the metric ®*g satisfies the hypotheses
of Theorem 3.3, in the new coordinates c3 as made precise by that Corol-
lary, so that the conclusions of Theorem 3.3 apply to T o ®~1. Let b be the
background associated with the first coordinate system c;, and let b be that
associated with cy; since ® is an isometry, the background metric associ-
ated with c3 coincides with that associated with ¢;. Now, by Theorem 2.3,
the integrals (1.3) are invariant under the change of background which is
associated to Y o ®~L:

m(S,9,b,X) =m(S,g,b,X) , (4.2)

where the b-Killing vector X is associated to the b-Killing vector field X as
described in the statement of Theorem 2.3. On the other hand, Lemma 2.4
shows that the isometry ® reshuffles the integrals associated with different
Killing vectors,

m(S,9*g,b, (®.) 7' X) = m(S,g,b,X) , (4.3)

according to the action of Iso'(S, b) by push-forward on K, or Kg1, or Kgj.
(We note that since @ is an b-isometry preserving S, @, preserves the field of
b-unit normals to S, hence the space Kg. of those Killing vector fields which
are normal to S. Similarly ® preserves the space Kg) of Killing vector fields
tangent to S.) Equations (4.2)-(4.3) show that any invariant of the action
of Iso’(8,b) on K, or on K1, or on Kg, gives a geometric invariant which
can be associated to S, independently of the choice the coordinate systems
in C.

When b is the (n + 1)-dimensional anti-de Sitter metric, the relevant
invariants based on Killing vector fields in Kz have already been discussed
in detail in the introduction, Section 1. Consider the remaining Killing
vector fields L,),) € Kgi, as given by Equation (B.6). Equation (B.9)
shows that under the action of Iso"(S,b) = OT(1,n), the orthochronous
(n + 1)-dimensional Lorentz group, the integrals

Quuyw) =m(8,9,b0, L))

transform as the components of a two-covariant antisymmetric tensor. One
then obtains a geometric invariant of § by calculating

Q= Q(u)(u)Q(a)(ﬁ)ﬂ(“)(a)n(y)(ﬁ) (4.4)
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(for conventions see Appendix B.1). In dimension 3+ 1 another independent
geometric invariant is obtained from

Q* = Q(“)(V)Q(a)(ﬁ)e(ﬂ)(a)(”)(ﬂ) . (45)

In higher dimensions further invariants are obtained by calculating tr(P2¥),
2 < 2k < (n + 1), where P(a)(ﬁ) = n(a)(“)Q(M)(ﬁ). (In this notation @ given
by Equation (4.4) equals tr(P?).) When n + 1 is even one also has obvious
generalisations of (4.5).

Consider, next, a (compact) strictly negatively curved (M, h), as consid-
ered in Appendix (B.2). In that case all Killing vector fields are in Kgu,
the action of Iso'(S,b) on Kgu is trivial, and all the geometric invariants
of § given by (1.3) are provided by the mass integrals considered in the
Introduction.

Let, finally, (M,h) be a flat (n — 1)-dimensional torus T", n > 2; as
discussed in Appendix (B.2), all conformal isometries of (M, h) are isometries
and the action of Iso®(S, b) on K is trivial. It follows that in addition to the
mass we have n — 1 independent invariants

mA(Sag) = m(Sagaba aA)

associated with the Killing vectors d4 of (M, h); here the J4’s have been
chosen so that they are tangent to the S' factors of TV = S! x ... x S,
and normalized to have unit length; such vector fields can loosely be thought
of as generating “rotations” of the torus T" into itself, giving the m4’s an
angular-momentum type character.

A The phase space and the Hamiltonians

In [10] the starting point of the analysis is the Hilbert Lagrangian for vacuum
Einstein gravity,
gaﬁRaﬂ
160
With our signature (— + - - - +) one needs to repeat the analysis in [10] with

L replaced by
—det gy, ( of
V=00 (onyon)
Tor 9 Tlas
and without making the assumption n + 1 = 4 done there; we follow the

presentation in [15]: Consider the Ricci tensor,

L=+/—detgu

Ry = 0 T3, = 63,10, | — (18,02, ~T5TS,] (A1)
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where the I'’s are the Christoffel symbols of g. Contracting R, with the
contravariant density of metric,

1
g = T det g g*¥, (A.2)

one obtains the following expression for the Hilbert Lagrangian density:

L = %T-\/—dethzg“"le
= 3 [0 (U5~ 5T0e) | + 0 (0602, - TS - (A3)

Here we have used the metricity condition of I', which is equivalent to the
following identity:

0", = Oag = ¢ TG, — g T — 0T . (4.4
Suppose now, that Bg, is another symmetric connection in M, which will

o
be used as a background (or reference) connection. Denote by R, its Ricci
tensor. From the metricity condition (A.4) we similarly obtain

o

g R;w = Oq [g;w (Bf;,, - ?;L 5),‘;)] - g [Bgung - BguBga]
+g/,u/ [FguBgu + Bgurgu - quBga - Bﬁurza] . (A5)
It is useful to introduce the tensor field
p = (Ba = 00.B.) — (To — 30.T%.) - (A.6)

Once the reference connection Bﬁ,, is given, the tensor pj,, encodes the entire
information about the connection I'},:

2
qu = BZ[V —pﬁ,, + Ed&p'j)n

(recall that the space-time dimension is n + 1). Subtracting Equation (A.5)
from (A.3), and using the definition of p;,, we arrive at the equation

9" Ry — _.___V_detg“”A = —0, (g“”p,‘i‘l,) +L,

8T
where
o
L = gﬁW (Pgu - Bg,u) (ng - Bga/) - (qu - Bz‘u) (Fga - ng-) + R/-W

M—detgwA

8w
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This result may be used as follows: the quantity L differs by a total di-
vergence from the gravitational Lagrangian, and hence the associated varia-
tional principle leads to the same equations of motion. Further, the metricity
condition (A.4) enables us to rewrite L in terms of the first derivatives of
g"”: indeed, replacing in (A.4) the partial derivatives g*’, by the covariant
derivatives gy, calculated with respect to the background connection B,

g% = 8" (Toe — Bag) = 0" (Tga — Bra) = 9" (Tgo = Bga) > (A7)

we may calculate pj;, in terms of the latter derivatives. The final result is:

1 1 1
Pav = 59000"% + 50008 % — 50" 0ouBp8”

1 Ao op

where by g,, we denote the matrix inverse to g*”; we assume that n > 2.
Further,

1 op
qu - Bﬁu = —Pffu + n—_-l-gapg ;(u‘sg) .

We have

oL oL oL org,
og",  9¢", 0org, og", Pu> (4.9)

)

with the last equality being obtained by tedious but otherwise straightfor-
ward algebra. It follows that the tensor p;\w is the momentum canonically
conjugate to the contravariant tensor density g*”; prescribing this last ob-
ject is of course equivalent to prescribing the metric. Alternatively, one can
calculate

1 1 .
L = _guaglw;,\g/\?u - Zg/\agaugpugwj;)\g ,;a

2
_d t v
_ VT (AL10)

1, o
+§g aguugw};,\gapg”’;a + Q'L“/ R,_u/ oy

and check directly that
oL
g™,

b

=pp, - (A.11)

Given a symmetric background connection B on M, we take L given by
Equation (A.10) as the Lagrangian for the theory. The canonical momentum
pl’),, is defined by Equation (A.8) or, equivalently, by Equation (A.11). If §
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is any piecewise smooth hypersurface in M, we define the space-time phase
bundle over S as the collection of the (p},,g*?)’s over 8. If (6P}, 8a9°7),
a = 1,2, are two sections over S of the bundle of vertical vectors tangent to
the space-time phase bundle, following [27] we set

Q5((6190,618°), (627 626°7)) = /S (6194 5029%° — 85pls5019°7) dS,,
(A.12)

with the fields (81p},, 519%?) and (82p}),, 629°P) such that the integrals con-
verge. Here dS, is defined as

(—9%] dzO A A dz™, (A.13)

where | denotes contraction. This can be loosely thought of as being the
“symplectic” form on the gravitational phase space; however we will avoid
this terminology since the definition of a symplectic form involves non-
degeneracy conditions, which are quite subtle in an infinite dimensional con-
text, and which we do not want to address.

To be more specific, let S be a hypersurface which is the union of a
compact set with an asymptotic region Sex; = [Rg,00) X M parameterized
by (r,v4) as in the body of this paper. Consider a background metric b of
the form (1.1) defined on Sex, with its associated tetrad e,; we define the
phase space Pj as the space of those smooth!3 sections (pﬁ,,, g%#) along S of
the space-time phase bundle which satisfy the following conditions:

C1. First, we only allow those sections of the space-time phase bundle
which arise from solutions of the vacuum Einstein equations with cos-
mological constant A — in particular the general relativistic constraint
equations with cosmological constant A have to be satisfied by the fields

A 8°P).

C2. Next, the ey-tetrad components of g are required to be bounded on

13The condition of smoothness of the relevant fields is certainly not needed, and should
be relaxed if an attempt is made to obtain a full symplectic description of the situation at
hand.
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Sext- Moreover, we impose the integral condition

/ {3 Vae? + (2 | duy < o0, (A.14)

Sext a,b,c d,e

where e® are the e,-tetrad components of g — b. In (A.14) dpuy is,
as before, the measure arising from the metric induced on S by the
background metric b; in local coordinates such that Sexy = {t = 0} we
have duy, = /det bijdrd"‘lv, with the indices %,  running from 1 to n.

C3. Further, the fall-off conditions
e® =o(r~™?) | e (e®) = o(r~"?). (A.15)
are assumed to hold on Sext.

C4. Finally, we shall assume that the following “volume normalization con-
dition” is satisfied:

/ Plbeac®®| dpay < 00 . (A.16)

Sext

(Recall that when M is not parallelizable, then conditions (A.14), (A.15),
etc., should be understood as the requirement of existence of a covering
of M by a finite number of open sets O; together with frames defined on
[Ro, 00) x O; satisfying the relevant conditions.)

Whenever we consider variations (in‘w, 5g°8) of the fields in Py, we will
require that those variations satisfy the same decay conditions as the fields
in Pp.

From now on we shall assume that Bg‘ is the Levi-Civita connection
of the background metric b. A condition equivalent to (A.14), and slightly
more convenient to work with, is

/ 3 Jeale)? + 5 fete[? | duy < oo (A.17)
Sext

a,b,c dve

This follows immediately from Equations (3.5) and (3.7), which show that

o]
the V-connection coefficients are bounded in the frame e,. It follows that
the fall-off conditions (2.9)-(2.10) will ensure that C2-C4 hold.
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Let us show that Equation (A.14) guarantees that the integral defining
ls converges. In order to see that, consider the identity:

] 0 (]
Vet = Vog" = (Vo —Va)g"”
_glw(FZa - B;a) - gya(rga - B#a) .
The usual cyclic permutations calculation allows one to express Fgﬂ/ — Bg,

(o]
as a linear combination of the V,e#*’s. It then follows from Equation (A.6)
that the tetrad coefficients pj, of pg,Y are, on Seyt, linear combinations with

o
bounded coefficients of the V,eb®’s. In local coordinates on Sex; we have

\/ldetby,| ~ ry/detb;; ,

hence
[o]
[l tialarar o s € S [ et 5e i < 0.
Sext ab,c,d,e Sext

Here the coordinate 0 = ¢ has been chosen so that Sey = {t = 0}. Thus,
Qs is well defined on Py, as desired.

Recall, now, that €2s coincides up to boundary terms with the more
familiar “ADM symplectic form” [25, 26]: one sets

PH = \fdetgmn (*g"K;;%¢" — K*), (A.18)
where K}, is the extrinsic curvature of S,
1 ¢
Ky = ————T (A.19)

/'—lgttl kl »

with 3g*¥ — the three-dimensional inverse of the induced metric g on S;
the indices on K* have been raised using 3¢*. If we further choose the coor-
dinate z3 in such a way that 0Se; = {t = 0,23 = 1}, then the “symplectic”
form (A.12) can be rewritten as [25, 26]

Qs((619)),,618%), (820}, 620°P)) = 157 [ (O19m182P™ — bagri61 PH) d'z

+ [ (6n36, Y0 _ 5, ns, ————Vdetg’“’) "1y, (A.20)
1671' aS N N

where

g%
N=1/v/—g%, Ny=gu, N°>=(¢*- )N .
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Let us show that {2s actually coincides with the ADM “symplectic form” on
Py. It clearly follows from (A.14) (with e® replaced by e®) that the volume
integral there converges as before; it remains to show that the boundary
integral vanishes. We have

,/detg,-j /
det g,
5( T +/Idet by, |

— O(T_n/Z)O(’r‘n_l) =O(,rn/2—1) )

One easily checks the identity

N3 — fO(T)
g%’

where fj is the future directed g-unit-normal to S. We have

g = g(dt,dt) = (1% +e™)eq(t)es(t)
= (0% +€%) (eo(t))?
(1% + )]

which gives

1 btt 1
| ——==|=0{4/= = o(r™/*1).
(7 =+ (3 g =

fo(r) = foles(r) = folei(r) = o(r~™/**1)

5fo(r) = 8foter(r) = o(r~™/?*1) |

Further,

where e, is a b-orthonormal frame as in Equation (2.7), and the vanishing
of the boundary term in (A.20) readily follows.

According to [28] (see also [15,27]) the Hamiltonian associated with a
one parameter family of maps of the phase space into itself which arise from
the flow of a vector field X on the space-time equals

H(X,S) = /S (o5 £x5% — XVI) dS, (A.21)
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provided that all the integrals involved are well defined, and that the boundary
integral in the variational formula

—6H = / (pr/\;w(Sglw - £Xglw6p/\;w) dSy
S
+ / XWp ,569%8 dS,, (A.22)
oS

vanishes. In the case when B is the metric connection of a given background
metric by, and when X is a Killing vector field of b,,, the identification

m(S,9,b,X) = H(X,S), (A.23)

together with the calculations in [10] leads to Equations (1.3)-(1.5). More
precisely, let E¥* be given by the formula [10]

2| det b, |
BV = nv 2 7 ARy X,B
167 |detgpg|gﬁ7(e AR
1
+8_7T | det g0l ga[’j%\]Xﬂ;a . (A.24)
e = y/ldetgyl/y/detby|. (A.25)

It can be checked that all the formulae of [10, Appendix B] are dimension
independent, and lead to the identity

E*:= pg£xg® — X L = B, + T . X", (A.26)

where the matter energy-momentum tensor has been defined in (2.2). Now,
when b is the anti de Sitter metric, the integral of E*dS) over large “balls”
Bpr := {r < R} within § would diverge if we tried to pass with the radius
of those balls to infinity because we have

A (B A
B =—(R-20)X*/16r,
g:

with ;2 — the Ricci scalar of the background metric b, and 10% —2A =
4A/(n —1) in an (n + 1)-dimensional space-time. We therefore add to E* a
g-independent term which will cancel this divergence: indeed, such terms can
be freely added to the Hamiltonian because they do not affect the variational
formula that defines a Hamiltonian. From an energy point of view such an
addition corresponds to a choice of the zero point of the energy. We thus set

UeB .= goB _ geB|
g=b
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From the definition of E* and from Equation (A.26) one easily finds
o b )
167 VU8 = ( [det glg° — /[ det b[b° ) Ry X?
+2A (\/| detd] — /] detg|) X8

oA
+ (T . —T*K> X*

++/] det | (Qaﬁxhczam %ﬂX“f), (A.27)

where Q% is a quadratic form in e,(e%), and Q% is bilinear in e, (")
A

[¢]
and e®, both with bounded coefficients. Further, T , is defined as in

Equation (2.2) with g replaced by b.

From now on we assume that both g and b are Einstein, and we only
consider vector fields X which are b-Killing vector fields and satisfy

IX|+| VX| < Cr (A.28)

for some constant C; this holds for all the backgrounds considered in Ap-
pendix B, in particular for the generalized Kottler metrics (1.10). Theo-
rem 2.1 then shows that the integral defining H converges for fields in P.

Suppose, further, that the b-Killing vector field X has the property that
the associated variations of the fields are compatible with the boundary con-
ditions imposed on fields in P,. This means in particular that we must have

/ r S 1Ex (%ae’w) 12 duy < oo . (A.29)
S

a,b,c

Clearly the volume integral in the variational formula (A.22) converges under
(A.29) together with the remaining conditions set forth above. Further, the
boundary integral there vanishes under (A.15), so that Equation (A.21) does
indeed provide the required Hamiltonian on Py.

For Killing vectors satisfying (A.28) Equation (A.29) will hold if

/ S (%a %de'w) 12 duy < o0, (A.30)
S

a,b,c,d

but we emphasize that the weaker condition (A.29) suffices.
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B Isometries and Killing vectors of the back-
ground

B.1 (n+ 1)-dimensional anti-de Sitter metrics

For n > 2 consider the (n + 1)-dimensional anti-de Sitter space-time (M, b),
thus b is given by (1.8) with h — the unit round metric on the (n — 1)-
dimensional sphere ("~1) 5. As elsewhere we set S = {t = 0}. When M is the
two-dimensional sphere, the Killing vectors of b are given in [21]. Whatever
the dimension, the b-Killing vector fields are easily found by thinking of b as
the metric induced on the covering space of the hyperboloid

Nayyy Dy ® = -2 (B.1)
in the (n + 2)-dimensional manifold ) with the metric

(n)
Naywdy@dy® = =@y + > (dy®)? — (dy™tV)?. (B.2)
(1)=(1)

Throughout this section the indices (a), (b), etc., run from (0) to (n + 1).
The hyperboloid can be locally parameterized by coordinates ¢, 2* implicitly
defined by the equations'®

y© = fcos(t/0)\/1+12/E2 , (B.3)
y™ D) = gsin(t/0)\/1 +12/02 , (B.4)

with 2 = 3% (2%)?, where z° = rn?, and n' € ("1 S can eventually be
expressed in terms of coordinates on the sphere (n-1)§. For example, for
n = 3 we can use z' = rsin(d) cos(p), 22 = rsin(f) sin(p), 22 = rcos(h),

with 6, ¢ — the usual spherical coordinates. It is also convenient to represent

14y can be identified with the universal covering of the space obtained by removing
the set y©@ = y»*t) = 0 from R™*?; Y then inherits the local coordinates y® used in
Equation (B.2). However, in order to understand the geometry of M in a neighbourhood
of S it is sufficient — and most convenient — to think of V) as of R**2.

15The spherical coordinates associated to the “cartesian” coordinates z' give the form
(1.8) of the metric b.
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the hypersurface S C M given by § = {t = 0} as {ﬂ(a)(b)y(“)y(") = —£?}n
{y™+D) = 0,4 > 0} c V. We set

) P
Lo =¥ 5.5 ~ %0 g0 (B-6)

where y(q) = n(a)(b)y(b). The Lg)@p)’s are Killing vector fields of (), n)s))-
Further they are tangent to the hyperboloid {n(a)(b)y(“)y(b) = —¢?} and
hence define, by restriction, Killing vector fields of the hyperboloid with the
induced metric. In fact they span the space of all the Killing vectors of
b because there is the right maximal number of them. From the coordi-
nate transformation (B.3)-(B.5) one can compute the corresponding Killing
vectors of anti de Sitter space-time in the coordinates {t, xi}, obtaining

0
Lint1)0) = 5@; ;

cos t/f +£\/1 +1r2/£2 sin( t/f

.’L‘i
L -
@n+1) V1+7r2/2
sin(t/ﬂ)g—i +£y/1 + 12 /02 cos(t/é)a— ,

w’t
Loy = — oo
®() V1+12/e2
.0 -0
RPN S S
Log =2'35 255 -

Let Ks. be the set of Killing vector fields of b which are orthogonal to S;
from the expressions above it is not difficult to check that a vector basis for

Ks. is given by g(,) = L(n41)(u)lt=0, where (1) runs from (0) to (n).

Proposition B.1. Let ® : M — M be an isometry of b such that ®(S) = S.
Then there exists a Lorentz transformation matriz A )(”) such that the basis
vectors of Kg1 satisfy

B0 = AV (g -

Remark: We note that the property ®,(Kg1) = Kg1 follows from the fact
that @ preserves S, which implies that ® maps the field of unit normals to
S into itself.

Proof. As is well known, for every isometry ® : M — M of b there exists a
diffeomorphism @ : Y — Y, isometry of 7g)(s), such that @ is the restriction

of & to the hyperboloid (B.1). In coordinates we have

@) (y) = A )y ® (B.7)
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where A(@) (b) is a matrix satisfying

A(c)(a)‘/\(d)(b)”(c)(d) = N(a)(b) - (B.8)

The hypersurface S C )Y is given by n(a)(b)y(“)y(b) = —1 and y(™tD) = 0
together with the condition y(®) > 0, so that the condition &(S) = § implies

A(“),, 0
A(“’(b)=[ 0" :I:l]’

where we split the indices as (a) = (u), (n + 1). Equation (B.8) shows that
A(“)(,,) is a n + 1-dimensional Lorentz transformation, (A(”)(,,)) € O(1,n).

Equations (B.7) and (B.6) imply that under push-forward by & the Killing
vectors of 7,)(3) transform as

& Lgyp) = A ) A9 ) Leya)

in particular, the basis vectors of Kg1 transform as

‘I’*g(u) = q)*L(n+1)(H)‘§,(y(n+1))=0

d
- A(c)(n-l-l)A( )(“)L(c)(d) y(n+1):0

= £AY(00)-
Replacing A )( w) by —Al )(u) if necessary, the result follows. O

Let Kgi be the space of b- Killing vectors spanned by the L(,.,)’s, thus
Ksi contains all the L5 ’s which are not in Kg1. An identical calculation
as in the proof above shows that under isometries of b preserving S we have

SLyywy) = ADuAP Loy, - (B.9)

It follows that the resulting representation of the Lorentz group on Ky is
equivalent to a representation on two-contravariant anti-symmetric tensors.

B.2 A’s with a non-positive Ricci tensor

We consider metrics (2.6), as in Section 2. In what follows we shall only
consider (M, h)’s with a non-positive Ricci curvature, with n > 3, the case
n = 2 being covered by the previous section. We shall further assume that
the scalar curvature Ry of h (the Ricci scalar) is a constant. We note that
the vector fields

X=X°n=2n=)\8t, AER, (B.10)
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where n = e is the field of future pointing unit normals to the hypersurfaces
{t = const}, are Killing vector fields for the metric b whatever a = a(r). The
non-vanishing connection coefficients,

00 _ pafe
Whe = 0%(Ve, ) ,

with respect to this frame are

1 1 a'(r
g = 5 = — dtap,Be = =B Bc , D100 = — @or0 = — 2( ) )
ra(r) T a*(r)
(B.11)

where the 84 g¢c are the Levi-Civita connection coeficients of h with respect
to the frame o. The AB components of the Killing equations read

DaXp+DpXa+ %hwxl =0, (B.12)
where D is the covariant derivative operator associated with the metric h,
which shows that XZdp is a conformal Killing vector field on M. Unique-
ness of solutions of the volume-normalized Yamabe equation in the case
under consideration implies that conformal Killing vector fields of (M, h)
are necessarily Killing vectors, hence

Xxt=0.

The 00, 01 and 0A components of the Killing equations read

eo(Xo) = 0, (B.13)
e1(Xo) + %XO =0, (B.14)
eA(Xo) + eo(XA) = 0. (B.15)

Equation (B.13) shows that X is t-independent.

Suppose, first, that the Ricci tensor of h is strictly negative. It is well
known!® that in this case (M,h) has no non-trivial Killing vector fields so
that X4 = 0, and Equation (B.15) shows that X is v4-independent. Inte-
grating (B.14) yields then the one parameter family of Killing vector fields
(B.10), which shows that the algebra of all Killing vector fields of b is one-
dimensional.

16The Killing equations imply XpDcDCX? = —RapX“4 X, where Rap is the Ricci
tensor of h; integration of this equation over M shows that X 4 s covariantly constant
when R4p is non-positive, and vanishes when R, p is strictly negative.
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Suppose, next, that (M, k) is an (n — 1)-dimensional flat torus (T"1, ).
Then the X4’s are covariantly constant!6 vector fields on T"~!, which shows
that X4 = X4(t,r) in coordinates v in which the metric § has constant
entries. Integrating (B.15) over T"~! gives

0= / e(Xo) = —eo(Xa) Vol(T" 1) |
'H‘n—l

hence X4 = Xu(r). Equation (B.15) implies then that X is v4-
independent, so that Xy = Xo(r), from (B.14) we recover (B.10), and K1
is again one-dimensional, as claimed. We note that the 14 component of
the Killing equation implies that the X4’s are in fact r-independent, which
gives a complete description of the set of Killing vector fields occurring in
this case.

The above arguments extend to all manifolds with constant scalar cur-
vature and non-positive Ricci curvature, as follows: suppose that (M, h) has
non-trivial Killing vector fields. The 1A component of the Killing equations
gives

1
e1(Xa) - —X4=0 = X4 = XA(t,v4) .
Integration of Equation (B.14) gives
XO — A('UA)
a(r) ’
for some function A on M. Equation (B.10) inserted into (B.15) gives
ea(A) = —a*(r) X4,

which is compatible with Equation (B.10) only if ;X4 = 0, hence e4(\) = 0.
Summarizing, we have proved

(B.16)

Proposition B.2. If (M,h) has non-positive Ricci curvature and constant
scalar curvature, then all Killing vector fields of the metric b given by Equa-
tion (2.6) are of the form

X=2n+XA(vB)8A, AeR,

where X4(vB)d, is a Killing vector field of the metric h.

C Equality of the Hamiltonian mass with the
Abbott-Deser one

In this appendix we consider a subset R x Z¢g of a four dimensional space-
time (M, g) defined by a coordinate system {z®}; we identify Xez with
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the set {z® : 2% = 0}. The space coordinates (z*) on ey will be written
as (r,v4), with the range of r being [Rg,00), and with the v# being local
coordinates on some compact two dimensional manifold. Assume that there
exists a frame {ea}z=0 defined on Yg;¢, which defines a background metric
beP = n“befl"ef , where n? = diag(—1,1,1,1). In other words, the tetrad {e,}
is orthonormal with respect to b,5. Assume that in this frame the space-time
metric g has the form

gab = Tab + €ab »
where
eqy = 0o(1/7%), eq(epe) = o(1/r%) ,

for some o > 0. The Abbott-Deser mass M4p associated with X is defined
as [1]

1 ~
Main == li aBy 1
AB =5 A foy | 00 (C.1)
where
raf _ 1 afok akaf}
VoB(h) = é—;b(K WX, — K Xm) , (C.2)
with

KaﬂUK _ ba[nHa]ﬂ + Ha[fcba]ﬂ , Haﬁ — eaﬂ — %677baﬂ ,

b=1/|detby,].

Note that K*P7* has the same symmetries as the Riemann tensor. Let U*?
be the “Hamiltonian superpotential” defined by (1.4); assume that

(IX]+ VX))o =0("), (C.3)

we then claim that
U = yob 4 o(rﬁ‘%‘) .

In order to establish this, recall that

det(gag) = det (bcw [67;3 +0"%e. + o(r"Qa)])
= det(bay) det(87g +€7p) ,

where €75 = b"%e,5 + o(r~2*). A well known identity gives

det(gap) = det(bag) (1 + €47 + o(r™2®)) .
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Let us write U*8 = o8 X7+ {os , Where

10
B . = 2|2, 0la bl
Uy 87re(eg g )wgw’

)

~ 1
0 .= o (, /| det gpo| g*l@8P), — b b“la5ﬂ17> X7

e? =14 ex® +o(r %),

We have

so that the first term above can be written as

U, = Sl_ﬁb [(1+ ea® + o(r~2%))

(ba[abﬂ]n _ polagBls _ golapfls 4 O(T—Za))]% bo

= % byo (e,,P polepfle — poleehle e"["‘bﬁ]“)% + o(rP=2)
_ b ola rrBlk olapflx B—2a
= —g by (W H + Bl );K-l-o(r )
so that .
IU"‘ﬁ7 =% bWK"‘ﬁ‘m;,g + o(rﬂ_zo‘) .
Similarly,
U8 = v/| det g,o| g@aPL, — b bn[aaﬁlv) X7,

<‘ /| det g0 g"lepfl —p bn[abﬂ]”r) Xy

(1 + % e+ o(r'QO‘))
(bn[abﬂh — erlopfly 4 0(7,_20,)) _ bn[abﬁh] X

Fle Fl= g~

= _b Helepfv x4 0(,,.ﬂ~—2a) )
87r s
Now, X, is a Killing vector of b, therefore

grlBpaly Xy = HeBpel Xpyin]
- % (o — Fripel) x.

1
= iK,{’yaﬂX’y;n )
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so, we have obtained

e = 16% K" X, + o(rP=2) .

The two terms together give

b 1
= gbg (Kaﬂ“;KXJ - %K‘lﬂ’mxm> +o(rP=2)

As K% has the same symmetries as the Riemann tensor, we have
K°lB7%] = 0, which implies that 3 K7 = Kel¥18, and
b
]Uaﬁ - 8_7T (Kaﬁzm;nxa _ Ka[KrY]ﬂX'y;n) + o(,,.ﬂ—Za)
— Vaﬂ +0(,,,,8-—2a) .

If
B—-2a<0, (C.4)

we obtain equality of the Abbott-Deser mass with the Hamiltonian one; recall
that 8 = n for the anti-de Sitter type metrics considered in the body of the
paper, and Equation (C.4) reproduces the condition @ > n/2, identical to
that which arises in the proof of coordinate-invariance of the mass integral.

Summarizing, we have proved:

Proposition C.1. Suppose that Equations (C.2), (C.8) and (C.4) hold.
Then the Hamiltonian mass coincides with the Abbott-Deser one; in par-
ticular, either they are both undefined, or both diverge, or both converge to
the same values.
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