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Abstract
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D-branes as a function of the Kéhler moduli. When the fundamen-
tal group of the Calabi-Yau is nonabelian, we find evidence for new
threshold bound states of BPS branes. In a two-parameter example,
we compare our results with computations in the Gepner model. Our
study of the torsion D-branes in the compactification of [1] sheds light
on the physics of that model. In particular, we develop a proposal for
the group of allowed D-brane charges in the presence of discrete RR
fluxes.
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1 Introduction

It is by now well established that D-brane charges are classified by K-theory.
More precisely, for branes on a Calabi-Yau, the even dimensional holomor-
phic branes are determined by K° theory, whereas the charges of the branes
wrapping middle dimensional special Lagrangian cycles are given by K'. As
one moves around in the closed string moduli space, the group of charges
is expected to vary. In particular, if one traverses non-contractible loops
in the bulk moduli space, the group of charges comes back only up to an
automorphism. K-theory provides a natural framework to study such mon-
odromies, since those act within K° and within K'*. Monodromy actions on
the free part of K-theory K9/K2 _ ( or K'/KL.) have been studied using
mirror symmetry. Restricting to the free part of K-theory, it was sufficient
to study the dependence of K°/K{ . on the Kihler moduli and K'/K},. on
complex structure moduli.

The investigation of the dependence of the torsion part of K-theory on the
bulk moduli was started in [2]. There, examples were presented in which the
monodromies acted trivially on the torsion subgroup K7,,.. As predicted in [2]
this is not the case in general, as will be shown in this paper in examples. It
turns out that both K= and K}, undergo monodromy as we vary the Kihler
moduli. Since the monodromies act nontrivially on the torsion subgroup, it
follows that they act nontrivially also on the full K-theory. Similarly, we will
find that K° undergoes nontrivial automorphisms in the complex structure

moduli space.

In addition to D-brane charge, K-theory also classifies the fluxes of the
RR-fields. The presence of torsion classes in K-theory allows one to turn
on discrete RR-fluxes. As a result, one might expect that the full moduli
space of a theory has several branches, corresponding to turning on different
fluxes. In [3] it was shown that such fluxes can alter the spectrum of allowed
D-brane charges. We will see an example of such a phenomenon, though our
criterion for which fluxes survive is different from theirs.

In general, one is also interested in the physics of D-branes beyond K-
theory, such as moduli spaces, brane dynamics and stability. In section 3
we start the investigation of the physics of torsion D-branes, discussing the
stability of brane configuration carrying torsion charge at various points in
moduli space. Since these questions depend on Kahler moduli, we cannot
use large volume concepts everywhere, but have to employ other techniques,
such as boundary conformal field theory, to get information about the stringy
regime.
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We then move on to discuss three different examples, each of which is
suitable to highlight certain features of torsion D-branes. In §4, we study one
of the very few examples of a Calabi-Yau with a non-abelian fundamental
group. This example motivates a conjecture for the general form of the
monodromy about (the mirror of) the conifold locus, which generalizes a
previous conjecture which — we now see — holds when the Calabi-Yau is
simply-connected.

In [2], we found that, when the Calabi-Yau, X, is not simply-connected,
there are stable BPS branes carrying 6-brane charge. These are distinguished
from the usual wrapped 6-brane by a discrete conserved charge — a torsion
element in K-theory. These branes were associated to one-dimensional irreps
of the fundamental group of X. In the example if §4, we also “discover” the
existence of stable BPS branes corresponding to higher dimensional irreps
of the fundamental group. In contrast to the previous case, these are not
distinguished by any conserved (discrete) charge from a collection of wrapped
6-branes. Nonetheless, we argue that they must be present as threshold
bound states in the multiple 6-brane system in order to account for the
monodromies that we find.

The second example, discussed in §5, is a model whose K&hler moduli
space has complex dimension 2. As usual in studying such two-parameter
models, the structure of the Kéhler moduli space is rather more complicated
than in the one-parameter case, and it is interesting to see that one can
produce a consistent set of monodromies acting on the K-theory. We do
have an advantage in this case; the moduli space contains a Gepner point.

So we can compare the results of our topological calculations with the results
from CFT.

The first two examples are two more examples where the monodromies
act trivially on the torsion subgroup of the K-theory. The third example,
discussed in §6 is a free Zy orbifold of K3 x T2. This manifold played a
major role in the context of heterotic-IIA duality, and D-branes on it were
discussed in [4, 5]. It was shown in [1] that ITA theory on this manifold, with
a discrete RR Wilson line turned on, has a heterotic dual.

This manifold introduces several new features. Unlike previous cases, the
torsion in K°(X) is not captured by the flat line bundles on X. Second (and
related) is the possibility of turning on a flat, but topologically nontrivial
H-field, which leads to D-brane charge taking values in the twisted K-theory
(which we also compute). Third, the monodromies do act nontrivially on
the torsion subgroups.

The effect of turning on discrete RR flux is nontrivial. First of all, it
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changes the global structure of the moduli space (the moduli space is a
finite cover of the moduli space without the RR flux). Second, it restricts
the spectrum of allowed D-branes. In §6.3, we make a proposal for the
precise form of this restriction. In §6.4, we investigate the physics near
various singular loci in the moduli space. In particular, we see that our
proposed restriction on D-brane charges in the presence of discrete RR flux
is precisely what is required to make sense of the physics near the singularity.
This “explains” from the Type IIA perspective why it was necessary to turn
on the discrete flux.

2 Review

In this section, we collect some of the results of [2] which will be useful for
our present investigations.

Every Calabi-Yau manifold, X, whose holonomy group is SU(3), has a
finite fundamental group, and is the quotient of a simply-connected Calabi-
Yau, Y by a finite group, G, of freely-acting holomorphic automorphisms
(which preserve the holomorphic 3-form). The most familiar constructions
of Calabi-Yau manifolds — as hypersurfaces or complete intersections in toric
varieties — yield simply-connected Calabi-Yau manifolds, which are candi-
dates for the covering space, Y. The K-theory of such a Y is torsion-free.
So, to find a suitable Calabi-Yau manifold, X, with torsion in its K-theory,
we look for a freely-acting group G to mod out by.

The first problem is to compute the K-theory of X = Y/G. For this,
we used a pair of spectral sequences, the Cartan-Leray Spectral Sequence
— which computes the homology of X from the homology of Y — and the
Atiyah-Hirzebruch Spectral sequence, which computes the K-theory of X
from the cohomology of X. Some very useful discussions of the AHSS have
appeared in the recent physics literature [2, 6, 7, 8].

For a Calabi-Yau manifold (indeed, for a 6-manifold with H'(X) = 0),
the AHSS converges at the Fy term,

EY = HP(X, my(BU)) (2.1)

where mon (BU) = Z, mon+1(BU) = 0. And, after a bit of computation, one

finds that the torsion subgroups of the K-theory (our main interest) fit into
exact sequences

0 — HY(X)tor — K°(X)tor — H*(X)tor — O (2.2)

0— H(X) = KM X)tor — H3(X)ior — 0 (2.3)
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(note that H5(X) is pure torsion).
The Universal Coefficients Theorem and Poincaré duality determine
HS(X)tor = Hi(X)tor = (HQ(X)tor)* (2.4)
HY (X)tor = Ho(X)tor = (H(X)1or)” (2.5)

and the homology groups can be determined from the CLSS, a homology
spectral sequence with E? term

E; = Hy(G, Hy(Y) (2.6)
the homology with twisted coefficients.

Define the coinvariant quotient, Ho(Y)e = Hy(Y)/A, where A is the
subgroup of Ha(Y') generated by elements of the form « — g - z. Assuming
that Ho(Y')q is torsion-free, we find the needed homology groups to be given
by

Hy(X) = Hi(G) = G/[G, ) 2.7)
and the exact sequence
0 — Ha(Y)e LN He(X) — Ha(G) — 0 (2.8)

where m, is the push-forward by the projection 7 : Y — X. With this, the
K-theory of the various examples can be calculated.

One notational point. We will frequently be interested in the class in
K%(X) corresponding to a D-brane wrapped on a (holomorphic) submanifold

Y < X. This class is the push-forward in K-theory and should probably:
be written as 41Oy . We will abbreviate this as Oy. Some readers will note
that this is the same notation used for a certain coherent sheaf on X — the
structure sheaf of Y. We hope that any confusion that arises because of this
similarity in notation will prove to be beneficial.

As we move away from large-radius, into the interior of the moduli space,
the group of D-brane charges is no longer given by topological K-theory.
Still, as a discrete abelian group, it is locally constant. When we traverse
some incontractible cycle in the moduli space (circle some singular locus),
the group of D-brane charges comes back to itself up to an automorphism.

These monodromies must satisfy the following properties

e They descend to the known action on on K*(X)/K*(X)tor, which can
be computed, say, using Mirror Symmetry.
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e They preserve the skew-symmetric intersection pairing
() K'(X)x K%X) = Z

given by

(v, w) = Ind(Ovgw)

’ (2.9)
_ / ch(v ® B)Td(X)
X
which annihilates K, (X) and is nondegenerate on K°(X)/K.(X).
They also preserve the corresponding skew-symmetric pairing on K*(X).

e They preserve the nondegenerate torsion-pairing [9, 10, 11, 12]

() K2 X)tor X KN X)tor — R/Z

e They commute with the quantum symmetry of the Y/G orbifold [13].
Since G acts freely, there are no massless states in the twisted sectors.
Still, in the full CFT, we have an action of the quantum symmetry
group, Gg. Gg is the character group of G which, in turn, is isomorphic
to Gg = G/|G,G]. Any character x acts by phase rotation of the
states in the g-twisted sector by x(g). (If G is nonabelian, the twisted
sectors are labeled by conjugacy classes; x(g) only depends on the
conjugacy class of g.) Such characters correspond to the holonomy of
connections on flat line bundles, so the quantum symmetry group acts
on the K-theory by

v UL (2.10)

for £ a flat line bundle. The flat line bundles form a group under
tensor products, isomorphic to Gg.

Some of the monodromies we encountered can be described rather gen-
erally. Near large radius, shifting B by an integral class ¢ € H?(X) is a
symmetry of the CFT, which acts on the D-brane charges as

v UvQ L

where L is the line bundle with ¢;(L) = £.

Another locus, at which one has a bona fide conformal field theory,
but nonetheless finds some nontrivial monodromy is given, for example by
Landau-Ginzburg or orbifold loci. Say one finds that, at some locus, the
quantum symmetry group G¢ is enlarged to éQ. One then finds that this
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locus is a Gg/Gq orbifold locus in the moduli space. The monodromy about
it has finite order,

Mk =1
where k = |Gg/Gol.

At the (mirror of the) conifold locus, certain wrapped D-branes become
massless, giving rise to massless hypermultiplets in the 4-d effective theory.
On Y, it is the D6-brane, whose K-theory class is the trivial line bundle,
O which becomes massless. By the Witten effect, circling this locus in the
moduli space shifts the charges of all the other D-branes by

vi—v—(v,0)0 (2.11)

In [2], we saw that, for abelian G, all of the flat line bundles (D6-branes
carrying torsion charge) become massless, and (2.11) should be replaced by

v v —|G|(v,0)0 (2.12)

For nonabelian G, the number of flat line bundles is |G| < |G|. But, as we
shall see in §4, at the conifold locus there are other branes, corresponding
to flat bundles of higher rank which also become massless, and (2.12) is the
correct formula even when G is nonabelian.

More generally, say that at some singular locus in the moduli space there
is a collection of D-branes, W;, which become massless. Provided the W; are
mutually local i.e. provided (W;, W;) = 0, the monodromy about this locus
is

Vi v — Z(v, W)W; (2.13)

This certainly does not exhaust the list of possible classes of monodromies.
One, which will appear in slightly disguised form in §6 is as follows. Say one
has two K-theory classes, z,y, with (z,y) = —2. Then let

v v = (v, —ny)y + (v,y)z (2.14)

be the monodromy. This gives rise to extra vector multiplets, enhancing one
of the U(1)s to SU(2) (at higher codimension in the moduli space, one can
get higher rank gauge groups), and n + 1 massless hypermultiplets in the
adjoint (see [14, 15] for n > 1). We will see other examples later.

Further insight was gained studying boundary states at the Gepner point.
Building on [16, 17], a set of A-type and B-type branes for the orbifold X was
found. Relative to the states at the Gepner point of the covering space, these
states have extra labels, corresponding to the torsion charge. By comparing
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the intersection form (the Witten index in the open string sector, trr(—1)F)
and the action of the quantum symmetry with the geometrical calculations,
the K-theory classes of these branes could be explicitly identified. By stack-
ing these branes together, it was possible to construct the torsion branes at

the Gepner point.

3 Beyond K-theory

K-theory, of course, classifies only the conserved charges carried by D-branes. -
We would ultimately like to know about the branes themselves — which
are stable, which are unstable — and not just about their charges. In the
topologically-twisted theory, a complete classification of the D-branes them-
selves is given by the derived category. Here, one keeps track of all the
massless Ramond fields propagating between a given pair of D-branes. The
“topological” D-branes described by the derived category do not depend
on the Kahler moduli. To proceed from topological to physical branes one
therefore has to add in all Kahler dependent information, in particular a
notion of stability.

Here, we are interested in physical D-brane systems carrying only torsion
charge. As a first step, we examine those in the context of the derived cate-
gory. Moving on to the physical theory, we discuss the physics at large and
small volume separately. As opposed to the theory of BPS branes, where II
[18] and o-stability [19] have been formulated as stability criteria depending
on Kahler moduli, a similar criterion for non-BPS or torsion branes has not
been formulated. Here, we therefore look for tachyon-free systems, which
are stable classically. Beyond that, we try to find the energetically favor-
able configurations of a given charge, arguing that those provide the stable
ground states.

3.1 The derived category

One important class of torsion branes is constructed as follows. Given a flat,
but nontrivial, line bundle, £, we can construct a torsion class in K-theory
by subtracting the trivial line bundle

a=L-0

This cancels the 6-brane charge, and « is a torsion element of the K-theory.

If x = ¢1(£) satisfies nx = 0, then n'a = 0 for some n' such that n divides

n.
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There’s an obvious object in the derived category whose K-theory class
is a, namely
0-03c-0 (3.1)

a two-term complex, consisting of O and £, with the zero map between
them.

In the physical theory, one would like to condense the tachyon field in
the D6D6 system and reach the “pure” torsion brane, which is supported
on a tubular neighborhood of the (torsion) 4-cycle Poincaré dual to .

In the derived category approach, one “understands” the decay of this
D6D6 system by first passing to another object which is isomorphic to it
in the derived category (nucleating some brane-antibrane pairs). Then one
deforms that object by turning off certain maps in the complex and turning
on others (turning off and on certain tachyon fields). One then shows that
the resulting object is isomorphic in the derived category (quasi-isomorphic
in the original category of complexes of coherent sheaves) to another object
which is the end product of tachyon condensation. The first step (nucleating
some brane-antibrane pairs) is sometimes dispensable.

Of course, whether this decay is actually favoured energetically is not a
question the topological string theory can answer — the “tachyons” are not
actually tachyonic in the topological theory. But, assuming that the decay
is energetically-favoured, the interpretation of what happens in the physical
theory depends radically on whether we had to nucleate some D6D6 pairs
in order to facilitate the decay. If all we had to do was turn on some tachyon
fields, then — in the physical theory — the decay can proceed by classically
rolling down the potential hill. If we had to nucleate some D6D6 pairs
first (which would have an energy cost which scaled like the volume of the
Calabi-Yau), then the decay actually proceeds by barrier-penetration.

Let us apply this procedure to (3.1). Can we turn on a nontrivial map

© % £7 Tn the derived category approach, the answer is no. £ has no
holomorphic sections, so, in the topological theory, there is no tachyon field,
¢, that we can turn on. (£ does have meromorphic sections, but those do not
correspond to allowed deformations of the object in the derived category.)
Instead, the decay must proceed by barrier-penetration.

For concreteness, let us work with the first example of [2], which is the
quintic in P* modded out by the freely-acting Zs,

2 3 4 5
(21,22, 23, 24, T5) — (21, wrs, w T3, W Ty, W T5), w’=1

The divisor [z+1]— [z] is a representative of the divisor class corresponding
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to the nontrivial flat line bundle £. We start with (3.1), which we write as
{0—=0—0 = O([zo] - [11]) = 0}

where maps without explicit labels over them denote the zero map. We
nucleate a 6-brane-anti-6-brane pair and pass to the isomorphic object

{0 — O(~[z1]) = 0 & O(~[z1]) = O([z2] = [w1]) — 0}

where ¢ is multiplication by a constant. Now we deform this object by
turning off the tachyon field c,

{0 - O(=[z1]) = O @ O(=[z1]) = O([z2] = [z1]) — O}

and then turn on the tachyon fields ¢ € HO(X, O([ml])) and ¢’ € HY(X, O([z2])),

{0 O(=[a1]) % 0 @ O(=[ma)) & O(fes] — [z1]) — 0}
Finally, we condense these tachyons and pass to the isomorphic object
{0—0— Op,) — O, ® L — 0} (3.2)

The object (3.2) has the interpretation of an anti-D4-brane wrapped on the
divisor [z;] and a D4-brane, with a flat line bundle on its world-volume,
wrapped on the divisor [z3]. This configuration is supported purely on the
divisor [z2] — [z1] and, at least at large radius, it is energetically favorable
for (3.1) to decay to it.

3.2 Physics at large volume

While this description of the decay of (3.1) was extremely pretty (or ex-
tremely ugly, depending on your tastes), it is not the dominant decay mode
in the physical string theory. In the physical string theory, at large radius,
there is a tachyon in the D6D6 system, and we can classically roll down the
potential hill. This classical rolling dominates over any decay process, such
as the one described above, which proceeds by barrier-penetration. This
tachyon, however, is not related by spectral flow to a Ramond ground state,
so it does not appear in the topological theory. That is why the above de-
scription of the decay had to proceed by such a circuitous route — the relevant
tachyon was absent from the derived category description.

So the derived category is not as helpful as one would like in studying
the decay of (3.1). We need to work directly in the physical string theory.
Let us proceed physically and estimate the mass of the tachyon in the D6D6
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system (3.1). For a large Calabi-Yau, of volume V', the mass of the tachyon
behaves like m? = _A/éf + #, for some positive numerical constant c.
This becomes less and less tachyonic as we shrink the Calabi-Yau. One
might wonder whether, at sufficiently small volumes, this mode ceases to be
tachyonic at all. We will turn back to that question in the next section. For
now, we see that the D6D6 system will decay due to the presence of the

tachyon. It is energetically favorable to decay to a torsion D4 brane.

We have already seen one such configuration, the D4D4 system (3.2).
Naively, this is a 2-particle state and, in the topological theory, there is no
tachyon that can condense to form a single-particle bound state. But, since
we have already noted that not all of the potential tachyons in the physical
theory have corresponding fields in the topological theory, we need to look
more carefully.

The divisors [z;] and [z9] intersect along a holomorphic curve in X. If
the volume of X is sufficiently large, we can treat the region of intersection
of these 4-branes as approximately flat. Let’s say the D4 brane extends in
the directions 1256, and the D4 in 3456. The curve along which the divisors
intersect turns into the 56 plane. Since the number of ND+DN directions
is 4, the flat space limit has exactly marginal operators, parametrizing two
branches of the moduli space. In a T-dual setup, this is like the D0D4
system, where the Coulomb branch corresponds to the branes separating and
the Higgs branch corresponds to the DO dissolving as an anti-instanton inside
the D4. Here the locus of intersection of the branes has real codimension-two
inside the world-volume of one of the branes. The Higgs branch corresponds
to puffing it up to a finite-size vortex.

When the volume of X is not strictly infinite, the exact degeneracy along
these two branches is lifted. The branes are no longer precisely orthogonal,
and so they carry (equal and opposite) charges under the same RR sector
U(1). Thus the degeneracy along the Coulomb branch is lifted and there is
a net attractive force between the branes. The Higgs branch is harder to
analyse, but typically one expects the vortices of the non-supersymmetric
2+1 dimensional gauge theory to have a characteristic (nonzero) scale size.
Thus, one expects to find the wave function localized on the Higgs branch —
i.e. one expects that these 4-branes form a bound state.

3.3 Physics near the conifold point

When there is a tachyon in the open string spectrum between the brane and
antibrane, the depth of the tachyon potential represents the binding energy
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of the bound state that they form. At large radius, the binding energy is
large because the masses of the 6-branes scale like V', while the mass of the 4-
brane scales like V%/3 (the o corrections are small for large V). Whether the
end-product of the decay of the D6D6 system is a D4D4 pair, or whether the
latter form a single-particle bound state is a more delicate matter, involving
subleading corrections to the above formulee.

At sufficiently small volumes, the energetics that lead to these conclusions
can change completely. Near the conifold point, the volume of the Calabi-
Yau becomes very small, and the D6-brane becomes the lightest BPS particle
in the spectrum. At least in the examples of [2], it has been shown that the
torsion D-brane is unstable to decay into a D6D6 pair, carrying net torsion
charge [20] (see also [21]). So there is a curve of marginal stability for the
torsion D-brane and this curve contains the conifold point.

3.4 Physics near the Gepner point

Let us now go beyond the naive estimate for the tachyon masses at small
volume and investigate the physics of the D-branes using the methods of
boundary conformal field theory. More specifically, we are considering free
Zy orbifolds of theories with A/ = 2 worldsheet supersymmetry. We will
argue that in this context tachyon-free brane-anti-brane pairs can be found,
indicating that this is a stable two particle system. Since there is no other
charge present in this setup, its stability shows that there is a net conserved
torsion charge. This is of some importance, since it is not known how to de-
tect the torsion charge of a boundary state in BCF'T by direct measurement,
like for example taking the overlap with a vertex operator.

At small volume, D-branes are described as boundary conditions pre-
serving an N’ = 2 worldsheet supersymmetry. B-type boundary conditions
for BPS D-branes can be regarded as Neumann boundary conditions for
the boson representing the U(1) current of the supersymmetry algebra. Ac-
cordingly, BPS D-branes preserving different space-time supersymmetry are
distinguished by “Wilson lines” for that boson, determining the phase of
the central charge of the BPS state. The charges of the fields propagating
in the open string sector are modulo 2Z given by the difference of the Wil-
son lines characterizing their boundary conditions. In particular, the open
string fields propagating between a brane and an anti-brane (those have
anti-parallel central charges) carry even integer charge. Such configurations
do in general allow for tachyons, since the vacuum has charge 0 and is not
removed from the open string sector.
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To find a stable system, an additional projection is needed in the open
string sector. We can find free Z v orbifold where there are N branes carrying
the same RR charges. The individual branes are distinguished by represen-
tations p; of the orbifold group. Open strings in the Zy projected theory
transform in the representation p; ® p;. This projection is therefore suit-
able to project out the vacuum from the brane-antibrane system. All that
needs to be done is to attach different representation labels to the brane and
anti-brane.

A concrete example which makes this idea work is the small volume limit
(described by a Gepner model CFT) of the orbifold of the quintic considered
in the previous section. A set of basic brane constituents is given by the
rational L = 0 boundary states. These branes are labeled by two integers
M =0,2,4,6,8 and M’ = 0,2,4, 6,8, which can be understood as irreducible
representations of the Zs x Zs orbifold group. One factor originates in the
GSO projection and the other one represents the additional geometric scaling
orbifold. Accordingly, the quantum symmetry of the model is Zs x Zs,
generated by g : M - M +2, M' — M’ and h : M — M, M’ — M’ + 2.
A tachyon free brane-antibrane system can be found by taking a fractional
brane (M, M’) and its h-transformed anti-brane (M, M’ + 2). the GSO-
projection in the open string channel is then on even integer charges and
the only potential tachyon, the vacuum, is removed from the open string
spectrum by the Zs orbifold action. In this way, we found a tachyon-free
two particle system that is stabilized by the conservation of torsion charge.
Since we started with an arbitrary brane (M, M’) there are altogether 25
configurations of this type, which are related by symmetry operations.

All of these are two-particle states. We have seen earlier that at large vol-
ume there is a one-particle state carrying only torsion charge, which becomes
unstable as we approach the conifold. An obvious question to ask is what
exactly the range of stability for the single particle state is, in particular, if
it includes the Gepner point.

There is an altogether different way to cancel the RR charge while keeping
net torsion charge [2]: One can use a g-orbit of 5 fractional branes (not
including anti-branes) with suitable A dependence, such as

4
IT>=h|B>+> g"|B>. (3.3)

n=1

There are 5 tachyons involved in this configuration of branes, meaning that
it is unstable. The decay product has to carry the conserved torsion charge.
Condensing four of the tachyons would lead to a brane-antibrane pair; as
discussed previously, this removes the fifth tachyon. An inequivalent decay
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process is induced if all five tachyons are turned on at once. This should lead
to a different decay product and it is suggestive that this is an h-invariant
single particle state. Processes involving all five tachyons (or more generally
all links in a quiver diagram) are rather special; and one usually excludes
one type of fractional brane from the discussion. In the discussion of [22]
removing a link from the quiver enabled a map of the small volume quiver
to the Beilinson quiver describing bundles on P". Exactly which link was
removed singled out a particular large volume limit and a particular conifold
locus. Also here, we see that the condensation of only four tachyons produces
a stable brane-antibrane pair, which forms the preferred configuration at the
conifold point.

In the derivation of the low-energy theories of combinations of L = 0
branes by adapting orbifold techniques [23] the presence of all links pre-
vented a consistent assignment of boson masses. In [23] it was proposed
that this signals the breakdown of the low energy field theory description.
Our analysis has shown that such processes are relevant for a full under-
standing of torsion branes at small volume.

4 The Beauville Manifold

In [2], we were careful not to assume that the fundamental group of the
Calabi-Yau was abelian. But there are, in fact, very few known examples of
Calabi-Yau’s whose fundamental group is a nonabelian finite group.

The main example is due to Beauville [24]. Let Q be the group of unit
quaternions,

Q={x1,+I,+J,+K} (4.1)
with multiplication law

I1J=K (and cyclic)

4.2
I2=J2:K2:_1 ( )

Let Q act on V = C? via the regular representation. This induces an action
of Q on the complex projective space, P” = P[V]. Let Y = P7[2,2,2,2] be
the intersection of four homogeneous quadrics in P7. Beauville showed that
it is possible to choose quadrics such that Y is smooth and @ acts freely
on Y. The quotient, X = Y/Q is a Calabi-Yau manifold with fundamental

group m1(X) = Q.

Let us recall some facts about the group theory of Q. First, there is an
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exact sequence,
0—>Zg—)Q—>Z2XZQ—>O (43)

where the commutator subgroup of @ is the Zy subgroup, {1,—1} and its
abelianization, Q/[Q, Q] = Za X Zs.

The irreducible representations of @ are as follows. There are four 1-
dimensional irreps: the trivial rep V; and the representations V7, Vy, and Vi.
In V7, £1 and +1 are represented by 1 while +J and £ K are represented by
—1 (and similarly for Vjg). There is also a 2-dimensional representation,
V5 by Pauli matrices.

The representation ring is
VaeV=V1eVieV;o Vg
Vo®@ Vo=V, a=11J K (4.4)
Vi®Vy=Vg  (and cyclic)
The group homology of @Q is

Hi(Q)=Q/[Q,Ql=Z2®Zy,  Hy(Q)=0 (4.5)

The Hodge numbers of the covering space, Y, are hb1(Y) = 1, R21(Y) =

65. In particular, Q must act trivially on Ho(Y'). Plugging into the Cartan-
Leray Spectral Sequence,

Hi(X) =2y & Zy

Ho(X)gor = 0 (4.6)

He(X) is generated by 1,£,x1, x2,n and p, with relations

e€=2m, fn=p
The x; € H2(X) are two-torsion, 2x; = 2x2 = 0. The total Chern class of
X is

c(X)=1+8n—16p

A basis for K%(X) is

I |T|01‘02|03|

@ 110 010
Op=H-0|0]¢| 010
] = [:1 -0 1|0 X1 0 0
Q9 = EQ -0 |0 X2 0 0

Oc 0] 0| —-m|2

O, 0] 0|0 |2
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Here H is the hyperplane line bundle, £; are nontrivial flat line bundles on
X. C is a genus-zero curve in X and, by Og, we denote the K-theory class
of a 2-brane wrapped on C. O, is the class of a DO-brane at a point p € X.

In the above basis (omitting the «;, which are torsion elements of the

K-theory) the intersection form, (v, w) = Ind(9,gw) is given by the matrix

0 -1 -1 -1
1 0 1 0

=11 1 0 o (4.7
1 0 0 0

The quantum symmetry group, Gg, is isomorphic to the abelianization

of Q
GQ = Zz X Zz (48)

and acts on the D-branes by tensoring with a flat line bundle,

v v® L, (4.9)

The Kahler moduli space is the 3-punctured sphere. About the large-
radius point, the monodromy is generated by

M, :v—v®H (4.10)

At the conifold point, certain branes become massless. From our previous
experience, we expect that these are the flat line bundles. There are four
such line bundles, O, £1, L9 and £1® L5. These do, indeed, become massless
at the conifold. But, in addition, there’s something else which becomes
massless. As we saw above, 7m1(X) has a 2-dimensional irrep, out of which
one can build a rank-2 flat bundle on X. This rank-2 bundle (a threshold
bound state of a pair of 6-branes, if you wish) also becomes massless at the
conifold.

Indeed, we conjecture that this is a general phenomenon. Given any
Calabi-Yau manifold, X, whose holonomy group is SU(3) (and not a proper
subgroup thereof), we can always write it as X = Y/G, for Y a simply-
connected Calabi-Yau, and G a finite group. The monodromy about the
conifold locus (principal component of the discriminant locus) is always of
the form

vov—Y (v, Wr)Wg (4.11)

R
where the sum is over all irreps, R, of G and Wpg is the flat bundle built
using the irrep R of G. On the level of K-theory, it is not hard to see that
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this can be simplified to
M. :v—v—|G|(v,0)O (4.12)
This generalizes an old conjecture of Morrison (see [25] and [26, 27]).
In the present case, this is
M, :v—v—8(v,0)0 (4.13)
Finally, the monodromy about the third point,
My, = (M M,)™" (4.14)
has, in our example, the property! that its square is unipotent of index 4,
(ME-1)*=0 (4.15)
A more refined characterization is
(Mp+1)*=0 (4.16)

i.e. that M}, has a single Jordan block with eigenvalue —1. Note that the
multiplicity 8 in (4.13) was crucial to obtaining (4.16).

The existence of the flat rank-2 bundle as a stable single-particle state
was not guaranteed by the BPS condition (it is degenerate with a pair of
D6-branes), nor by K-theory (it does not carry any K-theory charge by
which it might be distinguished from a pair of D6-branes). Nonetheless,
we deduced its existence from the consistency of the monodromies that we
compute. This is another example of how studying the behaviour of string
theory near singularities can shed light on many subtle issues (in this case,
on the existence of certain threshold bound states).

1This is a particular example of the monodromy about a “hybrid point” in the moduli
space, where the “hybrid theory” has the structure of a Landau-Ginsburg orbifold fibered
over a P*. If the LG orbifold has a Z, quantum symmetry, we find, rather generally, that
the monodromy about the hybrid point satisfies

(Mp -1 =0

for some p. In particular, repeating the calculation of the monodromies for the covering
space, Y (where there is no question that the conifold monodromy is simply v — v —
(v, 0)0O), one finds that (4.16) also holds for the monodromy M}, in the moduli space of
Y.
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5 A Two-Parameter Example
In this section we will study an example of torsion D-branes in which the

Kéhler moduli space is 2-dimensional.

The covering space, Y, is the toric resolution of a hy-

q1 | g2 | persurface in weighted projective space, ¥ = P{ | 33[9].
z11] 110 Resolving the orbifold singularities of the weighted pro-
zo | 1 | 0| Jjective space yields a smooth toric variety, 7, which can
23| 1 | 0 | be realized (in the language of Gauged Linear o-Models)
2| =311 by six chiral multiplets (the homogeneous coordinates of
z5s| 0 | 1| 7T),charged under U(1) x U(1), with charges given in Ta-
2| 0 | 1 | ble1l. Adding one more field, p, of charge (0,—3) and

a gauge-invariant superpotential, W = pP(z;), we obtain
Table 1: Ho- the GLoM for Y.

mogeneous
coordinates for
the resolved
model

To obtain X = Y/Zs, we mod out by a Z3 action,

(21,22, 23, 24, 25, 26) > (22, 23, 21, 24, €™/ 3 25, €*™/3 )
(5.1)

The Kahler moduli space of Y is 4-dimensional. The exceptional divisor
of T, [24], intersects the Calabi-Yau hypersurface in three disjoint P2s, and
there is a Kahler modulus corresponding, roughly, to the size of each of the
P2s. Only a 2-dimensional subspace (in which each of the P?s has the same
“size”) is represented by toric deformations. This subspace of the moduli
space is parametrized by the complexified Fayet-lliopoulos parameters of the
U(1) x U(1) gauge theory in Table 1.

Happily, the orbifold projection (5.1) projects out the nontoric Kéhler
deformations, and the (2-dimensional) Kahler moduli space of X coincides
with the subspace of toric Kéhler deformations of Y.

5.1 Phases of the model

Let us start out with a brief discussion of the phase structure of Gauged
Linear o-Model for this manifold. Actually, we’ll describe the Gauged Linear
o-model for the covering space, Y, understanding that we will have to mod
out by (5.1) by hand.

As described above, the linear sigma model has gauge group U (1) x U(1)
and 7 chiral multiplets zi,...26,p. A choice of gauge-invariant (and Zs-
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invariant) superpotential is given by
W = pP(zi) = p(123 + 2374 + 232 + 25 + %) (52)

The possible vacuum configurations have to fulfill the D- and F-flatness
conditions:

2

oP

F=I|PP+|p?
P+ 1S5
Dy = |21 + |22 + |z* = 3lzaf* — 71
Dy = |za|* + |zs|* + |26]* = 3Ip|* — 72

(5.3)

The model has four phases, depending on the values of the parameters r;.
The limit points of each phase lie at the origin of coordinates for certain
readily-defined coordinate patches on the moduli space. We will discuss the
structure of the moduli space and define the coordinate patches U;; in §5.3.
In the meantime, we just label the phases by the corresponding patches:

Usq Phase: r; > 0,79 > 0. The excluded gauge orbits in this case are
the orbits with {z; = 23 = 23 = 0} and {z4 = 25 = 2z = 0}. The F-terms
require the vanishing of P and p. As a consequence, the low energy modes
in this limit are a nonlinear o-model on the (smooth) Calabi-Yau manifold.

Uys Phase: 1 < 0,3rg+71 > 0. The orbits {24 = 0} and {21 = 29 = 23 =
z5 = zg = 0} have to be excluded. In a generic D-flat configuration, z4 is
not zero. The Calabi-Yau develops a Z3 orbifold singularity at the location
of the blown-down exceptional divisor.

Uiz Phase: 71 < 0,3r; +72 < 0. To fulfill D-flatness, the orbits {z4 = 0}
and {p = 0} have to be excluded. The F-terms require that z; = zp =
23 = z4 = z5 = 25 = 0. A gauge transformation by 9! leaves p invariant,
while rotating z4. A gauge transformation by % (41+392) leaves z4 invariant,
while rotating p. We can use these two U(1) actions to fix the values of z4
and p completely, so that the vacuum consists of one point. Around this
vacuum, there are fluctuation of the fields 2z, 23, 23, 25, 26. The VEVs for
z4 and p leave unbroken a Zg subgroup of the U(1) x U(1), generated by
e2mi(01+392)/9 T addition, we have to mod out the theory by the Zs action
(5.1). Altogether, we arrive at a C°/Zg x Zs3 orbifold model. Taking into
account the superpotential, the resulting model is a Zg x Z3 orbifold of a
Landau-Ginzburg model. This Landau-Ginzburg model has an IR descrip-
tion in terms of the Gepner model (k = 7)3(k = 1)2, on which (5.1) translates
into a permutation of the first three minimal model factors accompanied by
a phase multiplication in the two remaining factors.
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Uaq Phase: 71 > 0,79 < 0. The orbits {p = 0} and {z; = 22 = z3 = 0}
have to be removed. This phase corresponds to a hybrid phase: The fields
21, 29, z3 parametrize a Py, over which the fluctuations of the fields zg4, ..., 2
behave like in a LG theory. The model has to be modded out by (5.1).

5.2 The K-theory

Since Hy(Z3) = 0, the CLSS tells us that Hy(X) = Z3, Ho(X) = Z® Z. We
can write a basis for H*¥(X), 1, &1, &2, X, 71,72 and p. The ring structure is

§1&=m +3m, & =3(m +3m)
&ny; = 0ijp
where x € H2(X) is 3-torsion, 3y = 0.

2 __
gl =12, (5.4)

A basis for K%(X) is

| [rlef e |e]
O 110 0 0
Op,=L1—0|0[& | O 0
Op,=Ls—0O|0|& | O 0
a=L-0 0 x 0 0
Oc 0|0 |—m]|2
OE 0 0 —12 0
Op 0|0 0 |2

Here C is a genus-zero curve representing the cohomology class n; and E is
an elliptic curve representing the cohomology class 7s.

In this basis (omitting, as always, the torsion class, «), the intersection
form is ‘

0 -1 -4 -1 0 -1
1 0 1 1 0 O
4 -1 0 0 1 O
€= 1 -1 0 0 0 O (5:5)
0 0 -1 0 0 O
1 0 0 0 0 O

5.3 The monodromies

Now, before discussing the monodromies, we need to explain a bit about
the structure of the Kihler moduli space, M. M is, itself, a toric variety.
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Again, we can describe it most succinctly by giving the GLoM data necessary
to construct it: a U(1)xU(1) gauge theory, with charged fields (homogeneous
coordinates for M) listed in Table 2. M is constructed by taking the Fayet-
Iliopoulos parameters (; 2 > 0, imposing the D-flatness conditions

3|s1|2 — |sal? + [sal> = &1

(5.6)
sa]? + |s3)? = Co

and modding out by U(1) x U(1) gauge transformations. Note that the loci
{s1 = s4 = 0} and {sy = s3 = 0} are excluded, as one cannot satisfy (5.6)
there. Also note that the locus {sy = 0} is a Z3 orbifold locus in M, as
s1 # 0 leaves an unbroken Z3 subgroup of the first U(1).

M can be covered by coordinate patches U;; in which

s; and s; are nonvanishing. Fach of these coordinate

Q1 | Q2
si| 3 0 patches corresponds to a “phase” of the GLoM analysis
s9 | =11 1 of X, which we reviewed in §5.1.

0 1
zi 1 0 The boundaries of the moduli space are the four divi-

sors [s;] as well as the “discriminant locus”, which has two
Table 2: Ho. components, the conifold locus, Ag = [s183 — %(3254 —
mogeneous +s3)%], and another locus, Ay = [s; — 5-s3]. The inter-
coordinates for Sections of these divisors are depicted in Figure 1. The
Kihler modul; H&ure is a bit deceptive. Ay intersects almost every divi-
sor represented by a horizontal line in the figure in three
points. The exceptions are [s1], which it meets tangen-
tially, and the orbifold locus, [s4]. We placed an extra white dot on A; to
remind you that it intersects twice more (off this real slice) with Ag.

space, M.

The divisors [s1] and [ss] correspond, respectively, to the r; — oo and
rg — oo limits on the Calabi-Yau X. The “large radius limit” is located at
the intersection of these two divisors. The monodromies about these divisors
are

M, v—vQ®L;

5.7
M., :v—vQ® Lo (5.7)
In the basis of (5.5), these are represented by the matrices

100 0O0O0 100000
110000 010000
001000 101000

My, = 001100}’ My, = 013100 (5-:8)
013010 03 9010
001101 016 011
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In specifying the monodromies about more “distant” divisors in the mod-
uli space, we need to specify what path we take in circling them. It will be
useful to choose a (real) 2-surface homotopic to one of our coordinate di-
visors, passing through our chosen basepoint near large radius, and specify
that the path is constrained to lie on that 2-surface.

To this end, we
can choose

Cl = {31 - 615‘2 = 0}

Co = {82 — €35483 = 0}

.-

Cg = {3234 — €983 = 0}
(5.9)

The C; are cho-
sen to meet at our
basepoint near the large
radius limit, located

at (q1,q2) = (€1,€2),

where

S1 S284
q1 = —3, 92 =

54 33

are the good local co-
ordinates in the patch
Uss. Note that Co is

homotopic to, but is  Figure 1: Schematic depiction of the moduli space of
not itself a holomor-  the 2-parameter model. Shown are the divisors [s;]
phic curve in M. In  5pd Aog,1, and their mutual intersections, the coordi-
the local coordinates pate patches U;; and the 2-surfaces C; along which
in Usy, it is given by  our monodromy calculations are done.

Cy = {g2 = e3]s4(q1, @2)|*}

where |s4(q1,2)|? is a complicated function of qi, g2, given by solving the
D-flatness condition (5.6) and

€2

€= r—>s
|sa(e1, €2)]?

First consider the 2-surface C;. It is easy to see that it intersects Ag
three times, [so] and [s3] once each, and does not intersect [s1], [s4] or Aj.
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The monodromy around the conifold locus is
M. :v—v—-3v,0)0 (5.10)

As usual, the “3” is because there are three flat line bundles (6-branes) which
become massless at the conifold locus. The monodromies about the other
two points of intersection with Ag are related to this by conjugation with
M'r17

My :v—v—3(v,L1)L1

= M, MM *
— (5.11)
My 2 v—v—3(v,L])L]
= M2 M.M?
The monodromy about [s3], therefore is
M[Ssl = MrchMC/Mc// (5.12)
and satisfies

Similarly, consider Co. This intersects [s1], A1 and [s4]. The monodromy
about Ay is
Ma, cv—v— (v,2)z (5.14)

where z = Op, — 30p, — 30g. So the monodromy about [s4] is
M5 = My, Ma, (5.15)

and satisfies

Finally, we turn to C3. Unlike the previous cases, Cs, or any 2-surface
homotopic to it, necessarily crosses [s3] at the LG point (the intersection of
[s3] and [s4]). Thus it makes sense to talk about the monodromy “about
the LG point”. C3 also intersects [s1], Ao and A; each once. So we find the
monodromy about the LG point is

Mpg = M, M.Mx, ' (5.17)
which satisfies

Mo =1 (5.18)

The quantum symmetry at the LG point is enhanced from Z3 to Zs x Zg.
The Zs3 generator is, of course, tensoring with the flat line bundle £. The
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Zg generator is Mrc. The (L = 0) B-type fractional branes at the LG point
are the orbit under Zs x Zg of the D6-brane, O. They fall into the K-theory
classes,

Vk’,ﬁ = Vk’3 — mo
Vis = MpE Vos (5.19)
Vo3=0

or, explicitly,

Vig=-20-0p, +Og

Vo3 =0+ 0p, =1,

V33 =0+30p, — Op, +30g
Vig=—-20—-170p, +20p, + Oc — 50
Vs3=0+40p, — Op, — Oc + 30 - O,
Vos = —20 — 30p, + Op, — 30g

Vi3 =404 80p, —20p, — Oc + 40g

Vg3 =—20 —50p, +Op, + Oc — 30 + O,
Vo3 =0

The intersection form

(Vieyms Verm?) = fr—i (5.20)

where f, takes values

n{l1l 2 3 4 5 6 7 8
1

9
fnl-1 1 -1 2 -2 1 -1 0

The other limit points of the model are as follows. There is the afore-
mentioned large radius point (at the intersection of [s1] and [s3]). There’s a
hybrid point, consisting of a LG model (with a cubic superpotential) fibered
over a P2, at the intersection of [s;] and [s3]. Circling this point about the
[s3], we detected in (5.13) the enhanced Z3 quantum symmetry of the LG
fiber; circling this point about [s;], we detect the monodromy, M,,, associ-
ated to shifting the B-field on the P? base. Finally, at the intersection of [sg]
and [s4], the Calabi-Yau develops a Z3 orbifold singularity. The Calabi-Yau
isn’t globally a quotient by this Zs, so we don’t really have an enhanced Zs
quantum symmetry. Rather, circling [s4] three times is equivalent to shifting
the B-field (5.16).
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5.4 Branes in the small volume phase

According to the above discussion, D-branes in the small volume phase can
be investigated by studying D-branes on the orbifold C%/Zg x Z3. Those
can be studied in terms of quiver gauge theory. A basic set of D-branes
(with Dirichlet conditions in all directions of the orbifold) is given by the
fractional branes, which are labeled by irreducible representations of the
orbifold theory. Those form the nodes of the quiver. The chiral matter
multiplets, which can be determined in the usual way by projection, give rise
to the links of the quiver. Their number can be computed from the index
theorem and is equal to the intersection number. This should therefore be
compared to the result of a geometric index computation. The continuation
of the fractional brane basis to large volume sheaves has been discussed in
the literature [23, 28, 29, 30]. In this paper, our focus is on the K theory
classes and we’d like to compare the fractional branes to large volume branes
whose K-theory classes are Vi .

Let us make this more concrete for the model at hand. Since the Zg x Zs3
orbifold group is abelian, all irreducible representations are one-dimensional
and can be labeled by two phases: p = (exp2mik/9,exp 2rm/3). Working
out the representation theory yields the following result: The number of
chiral multiplets between a brane (k,m) and a brane (k’,m’) depends only
on the difference Ak = k—k'. In particular, it is independent of the m label.
The dependence on Ak is summarized in the following table:

Ak |1 2 3 4 5 6 7 8
-11 -1 2 -2 1 -1 1

9
0

Comparison with the table in the previous section shows that this ex-
actly reproduces the geometrical intersection numbers of the K-theory classes
Vie.m.

The index computations performed above can be taken to the IR fixed
point of the model, which is described by the Gepner model. Let us make
the connection to boundary CFT results more explicit.

According to [23], the fractional branes of the quiver discussion should
be directly compared to the set of L = 0 rational Gepner boundary states.
For the covering theory, the Gepner model (k = 7)3(k = 1)?, these B-
type boundary states have been computed in [17, 31, 32, 33]. The Gepner
model itself is a Zg orbifold of a tensor product of minimal models (+ other
projections, which are currently not of importance to us), the Zg being
the GSO projection. Accordingly, there is a Zg quantum symmetry, which
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we denote g. The boundary states are labeled by a single label M, M =
0,2,4,...18, which can be interpreted as discrete Zg Wilson lines. This
label should be directly compared to the representation label k in the quiver
discussion, M = 2k. The quantum symmetry acts on the boundary states
by g : M — M + 2. In geometrical terms this action maps to the action of
the Gepner monodromy on six-branes O.

To determine the intersection matrix, the Witten index trgp(—1)¥ has to
be evaluated in the open string Ramond sector. This is related by a mod-
ular transformation to the closed string amplitude < M;i|(—=1)"L|My >gg
between boundary states. To compute the intersection matrix on the cover-
ing theory, the formulas given in [16] can be used. Due to the symmetry of
the model, it can be written in terms of the shift matrix g:

I=-3g"14+3372-3g73+69g71—69g75+3¢75-3g7"+3g7% (5.21)

From this, the intersection matrix of the orbifold model can be obtained
directly. The boundary states of the covering theory are invariant under
the Zs orbifold action. To obtain consistent boundary states of the orbifold
theory, one adds a twisted sector contribution to the boundary states. This
part of the boundary state contains only Ishibashi states built on fields in the
twisted sector. In the open string sector they lead to projection operators,
since the modular transformation of a twisted sector character leads to an
insertion of a group element. The boundary states are distinguished by Zs
representations, which determine how the projections act in the open string
sector.

The index in the orbifold model can be determined without explicit
knowledge of that boundary state. It is sufficient to know that the orb-
ifold acts freely, which means that there are no RR ground states in the
twisted sector. Therefore, the twisted part of the boundary state cannot
give rise to new contributions to the index. All that happens is that there
is a projection in the open string sector, picking out an invariant combina-
tion of the R-ground states counted in (5.21). To write the new intersection
matrix, we introduce the operation h, which is the quantum symmetry cor-
responding to the Zs. In terms of the two quantum symmetry operators the
intersection matrix reads:

I= (g“1+g“2 _g—3+2g—4_2g—5+g—6+g——7+g——8) 1+ h+ R).
(5.22)
This matrix is just a different form of presenting the contents of the table in
the quiver-based discussion.

The form of the intersection matrix shows that transforming a fractional
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brane by h cannot change the Z-valued RR charge, but only the torsion
charge.

We are now ready to apply our general considerations of section 3 to
construct a torsion brane as a bound state of BPS states.

There are two ways to do so: One way is to take a fractional brane and its
h-transformed anti-brane. The general discussion of section 3 applies to this
example, and this system is tachyon-free. It therefore presents a classically
stable state carrying only torsion charge.

Another way is to take a superposition of fractional branes in the follow-
ing way:

8
T >=hB>+)Y ¢"B>, (5.23)

n=1

where |B > is any of the fractional branes. There are tachyons propagating
between the individual branes, making this configuration unstable. Mapping
the brane charges to large volume shows explicitly that there is a net torsion
charge and the decay product is therefore non-trivial.

6 The Self-Mirror Example

So far, all of our examples have had H4(X);,» = 0. This had several sim-
plifying consequences. First, we had that the torsion subgroup K°(X)s, =
H?(X)4or. That is, torsion elements of the K-theory were just labeled by
their (torsion) first Chern classes. Second, the quantum symmetry group
acted trivially on K°(X)r, because tensoring with a (flat) line bundle does
not change the first Chern class of an object of rank zero.

Further, because H3(X);,, also vanished (by Poincaré duality), there was
no possibility for adding topologically nontrivial discrete torsion. Even in
cases (such as the second example of [2]) where the orbifold conformal field
theory admitted discrete torsion, the resulting CF'T was continuously con-
nected to the CFT without discrete torsion. They lay in the same connected
component of the moduli space.

Finally, we had the property that the monodromies in the Kahler moduli
space acted trivially on K'(X) (which is why, heretofore, we have mostly
talked about K°(X)), while the monodromies in the complex structure mod-
uli space acted trivially on K°(X).
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To see some of the possibilities when H*(X)i, # 0, we turn to the
Calabi-Yau example of [1]. Here X = (K3 x T?)/Zy where the Zy acts
as (—1) on the T? and as a freely-acting holomorphic involution of the K3
(under which the holomorphic 2-form is necessarily odd).

Without the T2, the quotient K3/Zy would
be an Enriques surface; with the T2, we obtain a Hg 1
Calabi-Yau which has the structure of a 72 bundle | Hj o®?
over the Enriques surface. The holonomy group Hy | 1@ o092 @ RO
is SU(2) x Zy which, being smaller than SU(3), | Hs | 194 R

means that the fundamental group is not finite. Hy | 1 o®2 @ RO
Rather, m1(X) = Zy x (ZxZ), where Zs : (n,m) € | H; o®?
Z X7 — (—n,—m). Ho 1

The commutator subgroup [m1(X),71(X)] = Table 3: Action of 7y on

Z2 of elements of the form (0, (2m,2n)). The quo- 1,6 homology of K3 x
tient 2

T=.
Hy (X) = m(X)/[m(X), m(X)] = Z3 (6.1)

The involution acts on the homology of K3 x T2 as in Table 3, where 1
is the trivial representation, o is the sign representation and R is the regular
representation (which, over the integers, is irreducible).

6.1 Computation of the K-theory

Since the cohomology of X was computed in [31], we will just hit the high
points of the computation. The E? term of the CLSS is

E} = Hy(RP®, Hy(K3 x T?))
where the trivial representation, 1, leads to the ordinary homology of RP*°,
Z n=0
H,(RP*®|Z)=<Zy n=2k+1, k>0
0  otherwise
The sign representation, o, leads to the homology with twisted coefficients,

ZQ n =2k

0  otherwise

H,(RP*®,Z) = {

and the regular representation to

Z n=0
0 otherwise

H,(RP®,R) = {
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Putting these together with Table 3, yields the E? term,

N7 Ty T3 T, 72
2 0 7 0 7}
Z Iy 0 Zy O
0 1 2 3 4

6| Z Zy 0 Iy 0
s 72 0 72 0 72
AN BT Ty T2 T, 72
24 4 4 0
Eg,qz z Z; 0 Iy (6.2)
1
0

The differential dy vanishes, but ds is nontrivial. The spectral sequence
converges at the E* term, which looks like,

6 Z 0 0 0 O
5 0 0 0 0 O
4|71 @ Zo Zo Zo 0 O
3 z» 72 0 00
E;L’q 21 721 @ Zs Zz Zo 0 0 (6'3)

1 Z% 0 Z% 0 0
0 Z Zo 0 0 O

0 1 2 3 4

So we find a filtration of H; (X)) which gives
072 —=H(X)—>Zy—0

We have already computed in (6.1) that the extension must be trivial. We
also find directly that
H2(X )tor = Z2
So we have
B(X)=7"e7; BX)=2*¢2Z,
Hx)=z"ez, HX) =17

We can choose a basis for H?(X) as follows. Let the index I run over
ten values, I = +,—,7 =1,...,8. We have generators, &g, &, as well as the
torsion generators, xo, x4, for A = 1,2. For H*(X), we choose: 7° n’ and
the torsion generator ¢. Finally, let p be the generator of Hé(X). The ring
structure on H®’(X) is

ErUgy = —2Cm° GUxo=¢  &Un’=p

(6.4
&ruéo =—2Crm’ X1tUx2=¢ ¢run? =617p )
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where C7; is a symmetric matrix, whose nonzero entries are C;;, the Cartan
matrix of Fg, and C,_ = C_ = —1.

For H3(X), we can choose a basis: C41,Cuaa, for a = 1,2, and torsion
generator o. H3(X) is pure torsion, with generators: x4, ko.

The ring structure? is

Car UC¢py = —2e48Cp g p §oUo =Ko (6.5)

CaaUCBy = €4B(01)ab p = XAUOT =Ky '
where Crjr is the same 10 x 10 matrix as the one which appeared in (6.4)
and o7 is the Pauli matrix.

Since H3(X)tor = Zs, we have the possibility of turning on a topologically-
nontrivial flat B field, with [H] € H*(X)ir = Zs. The moduli space has
two disconnected components?, depending on whether we turn on a nontriv-
ial [H]. If we do so, D-brane charge takes values in the twisted K-theory,

) (X). The Ej term of the AHSS is exactly the same as in the untwisted
case; only the differentials are modified. For our purposes, it suffices to know
that

d3 = Sq¢* + [H] (6.6)

In our previous paper, we showed rather generally that, for a 6-manifold X
with H1(X) = 0, all of the higher differentials in the AHSS vanish. Since
our argument did not invoke the specific form of d3 (merely that its image
is torsion), it works just as well when [H] is a nonzero torsion element as
when it vanishes.

2The ring structure is more easily understood from the Hochschild-Serre Spectral se-
quence (for the cohomology of X), which preserves the multiplicative structure. The
FE4 = F term is

6 P 0 0

5 0 0 0

4 ot ko O

pra 3 Car,Caa 0 ka
<2 én,é o ¢

1 0 xa O

0 Z 0 Xo

0 1 2

where, in each E?, we have listed the corresponding generator of H*(X) (all of the
extensions in the filtration of the associated-graded being trivial).

3In fact, there are further possibilities, involving turning on flat, but topologically-
nontrivial RR gauge fields. The full story, including the dual heterotic description, would
take us too far afield, and will be discussed elsewhere [32].
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So, in both the twisted and the untwisted cases, we have
0— H5(X) — KYX) » H3X) -0 | (6.7)
for K'(X) and
0 — H*(X)ior = K%(X)tor — HX(X)tor — 0 (6.8)
for the torsion in K°(X). We need to decide whether the extension
0— Zy — K%(X)tor — Zi — 0

is trivial (K°(X)sr = Z4) or nontrivial (K°(X) = Z3 @ Z,). That is, we
want to know if there is an element of order 4 in the torsion subgroup.

In fact, it is easy to see that no elements of K9(X ), are order 4. We
can explicitly construct the generators

apa=Ly -0

6.9
Oz0=£0—0 ( )

where £ 4 and Lg are the flat line bundles with first Chern class x4 and xo,
respectively. The remaining generator is

a=LyQL+0—-Ly—L=0ay® ag (610)

where L is the line bundle with ¢;(L) = & and ag = L — O. This generator
has ¢1(&) = 0, ca(@) = ¢. Since ¢ is not the square of some class in H?(X )z0r,
& cannot be written as twice some linear combination of the other generators,
which is what we would have if (6.8) were a nontrivial extension.

6.2 The moduli space

The vector multiplet and hypermultiplet moduli space is

- 0(10,2)  SL(2)

My = FV\O(lO) <@ T
- 0(12,4)

Mu = FH\O(lQ) x O(4)

The modular group I'y x 'y is roughly the subgroup of the modular group
of K3 x T? compactifications which survives the orbifold projection. We
will discuss the more precise definition in the following; it will depend on
whether certain RR fluxes are turned on.
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The symplectic form on K1(X)/K*(X)i0r coincides with the standard
intersection form on H3(X)/torsion. That is,

Q= (—2C @ 01) ® (i0) (6.11)

where Cp v is the matrix in(6.5) and the o; are the Pauli matrices.

A similar result holds for the intersection form on K°(X), which can be
best understood as follows. Let 7 : X — & be the projection from X to the
Enriques surface, £. Any element v € K°(X) can be uniquely decomposed
as

v=nu+ (L —-0)7u+clay (6.12)

where, as above, L is the line bundle with ¢; (L) = &, u, % € K°(&) and the
¢? = 0 or 1. Representing v by the quadruple (u,,c!,c?) and w by the
quadruple (z, Z,d!, d?), a simple computation yields

(’U, w) = Q(’EL, :C) - Q(u7£) (613)

where Q(z,y) is the symmetric quadratic form on K°(€) given by taking
the Dolbeault index on &,

Q(z,y) = Indgd,gy (6.14)

For later use, it will be helpful to tabulate this quadratic form in some
explicit basis for K%(&) (modulo torsion). Choose O,z = Ly — O and O,
as a basis. Then

Q(0,0) =1 Qzr,z5) =2C1s
Q(O,zr) = -Crr Q(zr,0,) =0 (6.15)
Q(O7Op) =1 Q(Opaop) =0

As we said, X is a T%-bundle over an Enriques surface, £. T2 has a T-
duality group SL(2,Z) x SL(2,Z). Doing fiber-wise T-duality is a symmetry
of the theory. One of these SL(2,Z)’s becomes a subgroup of I'y; the other
is a subgroup of I'y;. Which is which depends on whether we are studying
Type ITA or Type IIB on X.

The modular group I'y = 0(10,2,Z) x SL(2,Z). In the Type IIB de-
scription, where the vector multiplet moduli space is the space of complex
structures, the SL(2,Z) C I'y is the “geometrical” one, acting on H!(T?),
i.e. the one which acts on the ‘A’ index. In the Type IIA description, the
SL(2,Z) C Ty is the one which permutes H(T?) and H?(T?).
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Modulo the (torsion) subgroup of K°(X) generated by the as (and the
corresponding subgroup of K!(X) generated by (4, the images of the x4 in
(6.7)), this SL(2,Z) is generated by

T:v—v®L

6.16
S:v—ov®(L—-0)—7mu (6.16)

The expression for S is not quite correct as an action on all of K*(X), since
it annihilates the a4 and the 34. More correctly, S acts on K°(X) as

S : (u,d,ct,c?) = (=T,u,ct,c?) (6.17a)

and on K'(X) as 3 ‘
S: By« B (6.17b)

leaving the other generators fixed. Here fy is the image of ¢ in (6.7) and
(3 is the pullback of the torsion class in K'(£). In the same notation, the
action of T' is

T: (u,i,c',c?) — (u,'&-{—u,cl,cQ)

. (6.17¢)
B B+ b
leaving the rest of K!(X) fixed.
It is easy to see that S, T satisfy the desired relations
=1 (6.18)
(ST)} =1 '

and preserve both the intersection pairing and the torsion pairing.

More subtly, they also commute with the Zs quantum symmetry (when
one views the theory on X as a Zs orbifold of the theory on K3 x T?). The
action of the quantum symmetry is generated by

v v® Ly (6.19)

Clearly, this commutes with the action of 7'. In the above decomposition, it
acts as
(Z2)g : (u,4,ct, ) = (U@ L,a® L, ct, c?) (6.20)

where £ is the flat nontrivial line bundle on the Enriques surface, and it acts
trivially on K1(X). Thus it also commutes with the action of S.

Note that the first SL(2,Z) acts trivially on K°(X)/K°(X ), and the
second acts trivially on K1(X)/K'(X);r But both act nontrivially on the
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torsion subgroups. The torsion elements, aq = L4 — O € K°(X);,, and
Ba € K'(X)tor, transform as doublets under the first SL(2,Z).

Under the second SL(2,7Z), the torsion classes g and & transform as a
doublet as do torsion branes, By, 8 € K(X)or-

Note that this is exactly the situation anticipated in [2]. It is simply not
true that K is held fixed when we move about in the complex structure
moduli space, and K! is held fixed as we move about in the Kahler moduli
space. Rather, both undergo monodromies. Only after modding out by the
torsion do we find that K%/KY  is held fixed when we move about in the
complex structure moduli space, and K'/K} is held fixed as we move about

in the K&hler moduli space.

6.3 Fluxes

In [1], the authors argue that, to obtain a simple heterotic dual, one needs
to turn on certain RR fluxes. In the Type ITA description (so that the fluxes
are elements of K°(X)), we can turn on a flux in class ag. That is, we
consider turning on a Zs Wilson line for the RR gauge field.

Under the action of the modular group, ag is not invariant. Its orbit un-
der the SL(2,Z) C T'y consists of three elements, ag, & and ag + &. Before
modding out by I'y,, the moduli space consists of four disconnected compo-
nents, one with no RR flux turned on, and three more with the above RR
fluxes turned on. The subgroup I'(2) C SL(2,Z) preserves these RR fluxes
and the quotient group SL(2,Z)/I'(2) identifies the different components.
The upshot is that the moduli space with RR flux turned on, rather than
having three disconnected components, has a single connected component

| 0(10,2) SL(2)
My = l1"\0(10) 0@ X T (6.21)

where
Ty = 0(10,2,Z) x I'(2) (6.22)

In particular, M{;R is a finite cover of the previously-discussed vector mul-
tiplet moduli space with no RR flux turned on.

In [3], it was argued that turning on a discrete RR flux f € K*(X)or
restricts the allowed D-brane charges in the theory. It is a little hard to di-
rectly compare their results to ours, as they are interested in the equivariant
K-theory of orbifolds which cannot be resolved to smooth manifolds. The
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condition they proposed was that only those charges, v, which satisfy
fOuv=0 (6.23)

are allowed. The set of such v’s forms a subgroup of K*(X). As we will see
in the next section, this proposal does not seem to give the right answer in
the case we are interested in. Instead, we propose that the correct group of
D-brane charges is

K*(X)/T; (6.24a)

where I'; is the (torsion) subgroup of K*(X) given by

I'y = {ve K*(X) such that v = f ® w for some w} (6.24Db)

In the present instance, f = ao, and the restriction (6.23) is that the
coefficient of a9 = L — O in the charge must be even. There is no restriction
on the charges in K(X). In terms of the decomposition v = (u, @, c!, c?) of
(6.12), it means that the element @ € K°(£) has even rank. And, indeed,
the I'(2) subgroup of SL(2,7) preserves* this condition on .

The restriction (6.24) in our case is less drastic. The image of f® is
I'r={0,a} (6.25)

and our proposal for the group of D-brane charges is the quotient of the
K-theory by this Zs subgroup.

In terms of the decomposition v = (u,,c!,c?), this quotient is simply
expressed by saying that @ € K°(€)/K°(€)sor. The quantum symmetry
(6.20) should, then, be thought of as acting by

(Za)gq : (u, @, ct,c?) — (u® L, a,ct,c?) (6.26)

The quantum symmetry in this Type ITA description seems to be related
in a simple, but nontrivial way to the quantum symmetry of the heterotic
dual theory, '

(Zg)gET = (ZQ)Q . (_1)rank(ﬁ)

4 Actually, (6.23) is preserved by the larger subgroup, I'o(2) C SL(2,Z). If (6.23) is the
right condition, it would be more natural for the modular group to be 'y = 0(10,2,Z) x
['o(2) rather than (6.22). It is only because we require that (6.24) to be preserved that we
insisted on (6.22) above.
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6.4 Singularities
6.4.1 N =4 degenerations

Recall that X is a T2 fiber bundle over the Enriques surface, £. Say, in
Type IIA, we tune the K&hler moduli so that a genus-zero curve in the
base, C' C &, shrinks to zero size. The local geometry of X at such a
singularity is just T2 x (C2?/Zs). This local geometry preserves d = 4, N = 4
supersymmetry. D2-branes wrapping the curve C become massless in this
limit and give rise to an N' =4 SU(2) gauge theory [1]. That is, quantizing
these D2-branes yields (in /' = 2 language) massless vector multiplets and
a massless hypermultiplet in the adjoint.

The monodromy about this locus is easy to compute. From (6.15), we
have Q(Oc,O¢) = 4 and Q(u,O¢) € 2Z for any u € K°(€). The mon-
odromy is

Mc : (u,@,c",c*) — (u—3Q(u,0c)Oc, i — 1Q(i, Oc)O¢, ', ¢*)  (6.27)

By the above remark, %Q(x, Oc) is always an integer, so the above formula
makes sense. As expected, since the singular locus in question is a Zsy orbifold
locus in the moduli space, M satisfies

ME=1 (6.28)

If you wish, you can cast (6.27) in the form of (2.14), for n = 0, by taking
y = (O) OC) 0’ 0)
z “=" £(0O¢,0,0,0)

If we were considering K3 x T2, instead of its quotient, X, we would have
Q(O¢,0¢) = 2 and we could write down an honest formula of the form
(2.14), with no pesky factors of 3.

The attentive reader will note that the monodromy (6.27) does not com-
mute with the SL(2,Z) action (6.17) (or even with its I'(2) subgroup). This
should be obvious from the physical description that we have given of the
singularity. The SL(2,Z) of (6.17) mixes D2-branes wrapped on C with D4-
branes wrapped on T? x C. (6.27) describes the monodromy along a path
circling the complex codimension-one locus where the D2-brane wrapped
on C becomes massless. Conjugating M¢ with S in (6.27a), we obtain the
monodromy along a different path through the moduli space: the one such
that, at the singularity, D4-branes wrapped on T2 x C become massless.

At higher codimension in the moduli space, we obtain N' = 4 ADE
singularities, of a form that should now be quite familiar.
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6.4.2 N =2 degenerations

As studied in [1, 31, 33], there is another class of singularity in the moduli
space, associated to the entire Enriques surface £ collapsing to zero size.
Because the singularity is no longer localized on &, the physics of the singu-
larity is sensitive to the fact that the 72 bundle over & is twisted. So, instead
of obtaining an N = 4 supersymmetric spectrum of massless states (a vec-
tor multiplet and an adjoint hypermultiplet), the twisting breaks N' = 4 to
N =2 and the massless states are an SU(2) vector multiplet with Ny = 4
hypermultiplets in the fundamental representation [1].

How does this come about? To understand it, we need to make a little di-
gression about divisors on X, in particular those which, under the projection
w: X — &, cover the Enriques.

A section of this fiber bundle would give an embedding of Enriques in
X, whose image would be a divisor in X which projects down to a single
copy of €. Since the fiber bundle is nontrivial, there “generically” won’t be
a section. However, the transition functions of the fiber bundle act as —1
on the T2 fibers. This has 4 fixed points on T2 and, if we choose the local
section to land at one of these fixed points, the result pieces together to a
global section 4 : £ — X. This gives us four divisors, D; j, 4,7 = 0,1, in X
labeled by the fixed points of the Zy action on T2. If we wrap a D4-brane
on one of these divisors, we have a BPS brane with charge

ODO’(,:L——O
ODM):L—O-I-O[I
ODo,l =L-0+ay
(9[)1’1 =L-0O+a;+a

(6.29)

where the ay of (6.9) are the torsion elements of K°(X) which transform
under the “geometrical” SL(2,Z) action on the torus (the SL(2,Z) which is
part of I'yy).

These branes had a trivial line bundle on their world-volume. But the
Enriques surface also has a flat, but nontrivial, line bundle, £, and we would
just as well have gotten a BPS brane by wrapping a D-brane with £ on its
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world-volume®. These give four more BPS brane, with charges

£D010=L—O+&
Lpo=L-0+a;+a
Lp,, =L-0+ay+a
Lp,=L-0O+aj+as+a

(6.30)

The quantum symmetry (6.19) acts to exchange the branes (6.29) with the
corresponding branes (6.30). ’

Another possibility for finding a divisor in X which covers £ is to choose
a pair of points (z, —z) in the fiber, which are exchanged by the Zs transition
functions. This pieces together to a divisor, Dy in X which double-covers £.
The normal bundle to Dy in X is trivial (we can vary z), so Dw has trivial
canonical bundle. Dy double-covers &£, so it is a K3 surface. A D4-brane
wrapped on Dy has charge

Opyy, =2(L - 0) , - (631)

This is twice the charge of one of the branes in (6.29),(6.30). (Multiplying
by 2 wipes out the torsion charge.)

This is almost the spectrum of wrapped D-branes that we want. The
branes wrapped on Dy give rise to massive vector multiplets which, when
the Enriques shrinks to zero size, produce an enhanced SU(2) gauge sym-
metry. The branes wrapped on the D; ; yield hypermultiplets in the funda-
mental of SU(2).

Unfortunately, between (6.29) and (6.30), we seem to have produced two
times too many of them. But, of course, we have yet to implement the fact
that we have turned on a discrete RR flux.

Turning on the RR flux f = ap changes the spectrum of allowed D-
branes. In §6.3, we discussed two proposals, (6.23),(6.24), for what this
restriction might be. Let us see what each of them imply in the present
context.

5There.is a subtlety here. The normal bundle of one of these divisors in X is the flat,
but nontrivial line bundle £. So, in order to wrap a D4-brane on D, we need to choose
a Spin® structure on D. This was frequently the case when we wrapped 4-branes on
divisors in our other examples. But there the Spin® structure was unique, and so we did
not bother remarking on it. Here, however, because H?(D)¢or = Z2, we have a choice of
two different Spin® structures. With one choice of Spin® structure, pushing-forward O
gives (6.29) while pushing forward £ gives (6.30). With the other choice, pushing forward
O gives(6.30) and L gives (6.29).
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Imposing the condition (6.23) has no effect on the branes wrapped on
Dyy. But it does project out all of the singly-wrapped branes on the D ;.
If you took a trivial rank-2 bundle on one of the D ;, this could simply
decay into a rank-1 trivial bundle on the double-cover and move off the fixed
point to become a rank-1 trivial bundle on Dy . In other words, that does
not correspond to a brane “stuck” to this divisor. Instead, we can take the
flat, but nontrivial rank-2 bundle O @ £ on D; ;. This cannot decay to a
rank-1 bundle on Dyy; it is genuinely stuck on the Enriques. Unfortunately,
it also has twice the charge of a field in the fundamental (i.e. it has the same
charge as the W bosons which come from wrapping a 4-brane on Dy ). That
is clearly not what the physics requires.

Instead, let us see what (6.24) implies. Here we find that we must mod
out by I'y = {0,a&}. That is, we should identify the branes (6.29) with the
corresponding branes (6.30). This also gives us four distinct branes wrapping
the different D; ;, but this time these branes have the right charges to be in
the fundamental representation of SU(2). Note also that the modular group
(the subgroup of SL(2,Z) which commutes with the flavour symmetry) for
Ny = 4 was found by Seiberg and Witten [34] to be I'(2). This, too, is in
accord with (6.24), rather than (6.23), which is invariant under the larger
group, I'o(2).

While we don’t have a rigorous proof, we believe that the monodromy
about this locus takes the form

M : (u,@,ct, ?) — (u—2Q(u, 0)O, i — 2Q(@, 0)O, ¢, c?) (6.32)

This preserves the relevant pairings and gives the right monodromy in the
field theory limit [34].
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