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Abstract

We study the moduli space of a super Chern-Simons theory on a
manifold with the topology R x X, where ¥ is a compact surface. The
moduli space is that of flat super connections modulo gauge transfor-
mations on X, and we study in detail the case when ¥ is a torus and the
supergroup is OSp(m|2n). The bosonic moduli space is determined by
the flat connections for the maximal bosonic subgroup O(m) x Sp(2n),
while the fermionic moduli appear only for special parts of the bosonic
moduli space, which are determined by a vanishing determinant of a
matrix associated to the bosonic part of the holonomy. If the CS super-
group is the exponential of a super Lie algebra, the fermionic moduli
appear only for the bosonic holonomies whose generators have zero
determinant in the fermion-fermion block of the super-adjoint repre-
sentation. A natural symplectic structure on the moduli space is in-
duced by the super Chern-Simons theory and it is determined by the
Poisson bracket, algebra of the holonomies. We show that the symplec-
tic structure of homogeneous connections is useful for understanding
the properties of the moduli space and the holonomy algebra, and we
illustrate this for the example of the OSp(1|2) supergroup.
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1 Introduction

The study of Chern-Simons (CS) theories based on non-compact groups
is important for understanding classical and quantum properties of three-
dimensional (3d) gravity theories [1]. One can show that pure 3d general rela-
tivity is ISO(1, 2) (3d Poincare group) CS theory, while 3d general relativity
with a cosmological constant A is a CS theory based on the group SO(2,2)
for A < 0 (Anti-de-Sitter gravity), while for A > 0 it is the SO(1,3) CS
theory (de-Sitter gravity) [2, 3]. Furthermore, 3d supergravity is a super CS
theory for the 3d super-Poincare group [2], AdS supergravity is a super CS
for a certain class of supergroups [4, 6], one of which is OSp(m|2) x OSp(n|2)
[3], while for de-Sitter supergravity the relevant group is OSp(1|2; C) [5].

The moduli space of a CS theory represents the physical degrees of free-
dom (dof) and it is important for understanding the classical solutions and
for the quantization. When the three-manifold has topology R x %, where
Y} is compact, then the moduli space for compact groups is well understood
[7]. However, when the CS group is non-compact, there are few results. The
3d Poincare group case has been studied in [8] when ¥ is a torus 72, and
the moduli space is finite dimensional with a non-Hausdorf topology. The
super-Poincare case for a torus has been studied in [9], and the novelty is
that the fermionic moduli only appear for special parts of the bosonic moduli
space. Also the structure of the 3d super-Poincare algebra is such that there
are no quadratic fermion contributions to the bosonic curvature two-form,
so that the problem of constructing the moduli space is simpler than in the
case of other relevant super groups.

Introducing a symplectic structure on the moduli space is important for
understanding solutions and quantization. In the case of groups relevant
for 3d gravity, one can use the approach of [10], where traces of holonomies
are used as basic variables. This was extended to the super de-Sitter case
in [11]. However, the problem with using traces of holonomies is that it
is difficult to understand the fermionic moduli space, basically because the
trace is an even element of the Grassman algebra while fermionic moduli
belong to the odd part. Hence it is better to consider the holonomy matrix
elements, and their algebra in order to find fermionic observables. Even in
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the purely bosonic case there are advantages in working with the holonomy
matrix elements [12].

In order to explore theses issues we consider a super CS theory for the
OSp(m|2n) group on R x T2. In section 2 we give a definition of a super
CS theory for an arbitrary super Lie group and a three manifold M. In
section 3 we specialize to the case M = R X ¥ and describe the canonical
formalism. In section 4 we introduce the holonomies for a super Lie group
and describe how to determine the moduli space for ¥ = T2. In section 5 we
study the moduli space for the OSp(m|2n) supergroup and we determine the
condition for the existence of the fermionic moduli. In section 6 we discuss
the basic features of the symplectic structure on the moduli space, and show
how the homogeneous connections can be used to extract information about
the moduli space in the exponential sector of the moduli space. We extend
these results to the case when the CS supergroup is the exponential of an
arbitrary super Lie algebra. In section 7 we work out the OSp(1|2) case in
detail and we present our conclusions in section 8.

2 Super Chern-Simons Theory

Let g5 be a super Lie algebra, with a basis Ty = {Ja,Qa}, where J, are even
elements and @, are odd elements. g5 has a super Lie bracket [, }, which
satisfies

[X7Y} = (_1)|X”YI+1[Y7X} ) (1)
as well as the super Jacobi identity |
[X,[Y,2}} = [X, Y}, 2} + ()P Wy, (X, 23}, (2)

where X, Y and Z are elements of definite parity (|X| = 0,1 for an even,
odd element respectively). The super Lie algebra gy is determined by the
super Lie brackets of the basis elements

[Tr,Ts} = frs"Tk, (3)

where f7;¥ are the structure constants, belonging to R or C.
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The algebra gs can be represented by matrices so that the relations (3)
take the following form

[Ja: Jb] = fabCJc P (4)
[Jm Qa] = faaﬂQﬁ ) (5)
{Qa,Qp} = fap"Ja (6)

where [X,Y]=XY —-YX and {X,Y} =XY +YX.
Let By be a Grassmann algebra generated by {61, ...,0n}, which satisfy
{0:,0;} =0 1<4,5<N . (7)
The natural basis of By can be split into an even and odd part

Ey = {170i9j79i9j9k0l3"'} (8)

so that By = L(En)®L(On) = B, ® By. We can now define a Grassmann
enveloping algebra of g, B(gs), as

B(gs) ={X = X°Jo + X*Qa| X" € Bf;, x* € By} . (10)

Consider now a one-form A on a three-manifold M, taking values in
B(gs). If {z*} are coordinates on M, then

A = A%(z)dz"J, + Y2 (z)de" Qo = Al (z)dz" Ty . (11)

Note that in physics there is a restriction Aj, € By = R or C while ¢y €
B; = L(6;). The super Chern-Simons theory associated to a super Lie group
G, whose Lie algebra is B(gs), is defined by the action functional

S[A] = /M str (AdA + gA AAN A) , (12)

where d is the exterior derivative, and str is the super trace (invariant bilin-
ear form on g;), given by

StT(Jan) =TMNab = Tba > Str(QaQﬂ) = Caﬂ = ‘Cﬂa Str(JaQa) =0
(13)
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This is denoted as

str(TiTy) =nry - (14)

The equations of motion are the extremal points of S[A]

85
s =dA+ANA=F=0 , (15)

which are satisfied by the flat G5 connections on M. This can be written in
a more explicit form

F® = dA®+ fC AP A A+ fog®h® AP =0
F® = dp®+ fo5%A° AP =0 . (16)
The super CS theory is invariant under the gauge transformations g :
M — Gy, so that the connection A and the connection
A=gAg~" + gdg™! (17)

are equivalent. Hence the moduli space is the space of flat connections
modulo gauge transformations.

3 M=Rx}Y case

We study now the case when M = R x Y. In this case there is a natural
split of the coordinates z# = {t,z'} where t € R and z' are coordinates on
Y. This induces the split for the one forms A, = {4, A;}, so that the action
can be written in the Hamiltonian form

t2 . .
S= [ dt / dz [E}A{ —AlG; - A{G}] : (18)
t1 X

where GG are the first-class Gauss constraints

Gr=8E: + fr’ AKEL =0 (19)
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while 6} are the second-clsss constraints
07 = B} —nryelA] =0 . (20)

Here E is the canonically conjugate momentum to A/ and e;; is the antisym-
metric tensor density on . One can introduce the super Poisson brackets
(PB) for the functions on the phase space (E, A) [16]

_ §F(z) §G(y) 15| SF (2) 9G(y)
(F@).6W)rn = [ d2z<m< i~ Ay o (z)) ’
(21)

so that
{Ei(z), Al (y)}pp = 016{8(z —y) . (22)

The first-class constraints form a closed algebra under the Poisson brack-
ets

{G1(2),Gs()}pB = f1s50(z — y)Gk(y) , (23)

and Q = [5 d?ze! (z)Gr(z) generate the infinitesimal (identity connected)
gauge transformations

§A(z) ={Q,A(z)}pp , JE(z)={Q,E(z)}pp, O6Af=¢+ fix'Aje" .
(24)

Hence the moduli space is the constrained phase space modulo the gauge
transformations. Because of the second class constraint, the Gauss constraint
becomes

Fjr=0 (25)
where F' = dA + A A A. Therefore the moduli space M is that of flat G,

connections on X.

The PB algebra of the second-class constraints does not close on the
constrained phase space, and hence the PB (21) will not induce a good PB
on M. This can be remedied by introducing a second PB, the Dirac bracket

{F,G}* ={F,G}pp — {F,0,}ppA**{05,G}pp , (26)
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where
Aaﬁ{eﬂ,&y}pB = 53 , (27)

and a, 3,7 denote discrete and continuous indices. The DB is well defined
on the constraint surface, since {6;,602}* = 0. The basic Dirac brackets are

{Al(z),A] ()} = en™ b(z —y) (28)

which will induce a symplectic structure on M. The DB (28) induces a
symplectic 2-form

Q= /2 str(d,A A 6,4) (29)

which is the supergroup generalization of the Atiyah-Bott symplectic form
[14].

4 Holonomies and the moduli space

The standard approach for determining the moduli of flat connections is to
use the holonomies. We will use the same approach for the case of super
Lie groups, so let U be a homomorphism from the fundamental group of X,
m1(2), to G defined by

du(s) dzH

s =Au(3)EU(s) , (30)

where z#(s) : [0,2nr] — M parametrizes the loop 7, and U(0) = Id. Since
we use a matrix representation for g5, which are (m+n) x (m +n) matrices,
the corresponding G will be given by (m +n) X (m + n) super matrices

9=<ég) , (31)

where A, D are m x m and n X n matrices respectively, with entries in B]"\},
while B and C are m xn and n X m matrices respectively, with entries in Bj;.
Given a B(gs) one can always obtain a super Lie group by the exponential



250 SUPER CHERN-SIMONS THEORY AND FLAT SUPER ...

map g = eX, but as in the case of ordinary Lie groups, one can have G with

elements g # eX.

The 71(X) for a Riemann surface ¥ 'is generated by the canonical cycles
of ¥, (a4, b;), 1 =1,...,9, where g is the genus of . The generators satisfy a
constraint

g
[Tei's abi=1 (32)

1=1

In the case of the torus the constraint becomes a1b; = bjay, so that the
corresponding holonomies satisfy

DU, = UsUy . (33)

Since a holonomy transforms by conjugation under gauge transformations,
the moduli space will be determined by commuting pairs (U, Us) from G,
modulo conjugation, i.e.

(U1, Up) ~ (SULSTHSU,S™) , S€Gs . (34)

5 OSp(m|2n) supergroup

We now concentrate on the OSp(m|2n) Lie group case. It can be defined as
a group of super matrices M

MSHM = H = diag(I,,, Cay) (35)

where CT = —C and C? = —I,,. If we label M as

v=(3 5)

and use
T T

=l e ) 0
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then the relations (35) imply

aTa+xTCx = In (38)
de+xTCA = 0 (39)
—Te+ATCA = C . (40)

These relations can be solved by expanding the matrices a, 4, x,€ in the
Grassman algebra By basis as

X = Xo+ X10" + Xo60° + ... + Xno~ (41)

where 6% = ;, - - 6;, and we have suppressed the i; indices on Xj;. Note
that for physics applications N > 2mn, otherwise N is an arbitrary natural
number.

The relations (38) and (40) imply
adag =1, , AYCcAy=C |, (42)

so that ag € O(m), while Ag € Sp(2n). This implies that a and A are always
invertible, so that the relation (39) gives

¢=—(a")xca , (43)

which means that there is only one independent fermionic matrix. Hence if
x = 0, then £ = 0 and therefore a € O(m) while A € Sp(2n), so that one
obtains the maximal bosonic subgroup O(m) x Sp(2n).

If M is a holonomy matrix U, we would like to know how the fermion X
transforms under the gauge transformation

- . _(a 5:
U=38US _<>~< A) , (44)
where S € OSp(m|2n). If

s:(j j;) (45)
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then

_ 51 —s 1§51
S l=— ( s g-1 ) , (46)

~lgz-1

where 5 = s — 65710 and S = S — 0s71d. By using (46), the relation (44)
gives

% = (ca+Sx— otS8 1o — SAS—lcr) st (47)
Therefore if we want x = 0, then (47) implies
oa+ Sy —0€S o —SAS o =0 . (48)

This can be considered as an equation for o, which can be written in com-
ponents of a By basis as

ook+100 — S0A0Sy ook+1 = —Soxak+1 + Cokt1(01, -y O2—1) (49)

where (; = 0. Therefore (49) can be solved iteratively for o as a function of
a, A, x and s, S provided that the linear operator A determined by

Ao = oag — SvoSo_la (50)
is invertible. It can be written as a 2mn X 2mn matrix
Ay =al ® Ly — I, ® SoA0S; ! (51)
so that invertability is equivalent to det Ag # 0. Note that
S A4S = a5 @ Iop — Im ® Ao (52)
where S = Iy, ® Sp, so that
det(al ® Iy — Iy ® SoApSy ') = det(ad ® Iy, — I, @ Ag) . (53)
In the case when det Ay # 0 one can determine all the components of &

and hence set all of the components of ¥ to zero. This then means that the
holonomy matrix U is equivalent to a holonomy matrix of the O(m) x Sp(2n)
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subgroup. If U; is such a matrix, i.e. U; = diag(a, A) then U must be also,
since the commutativity implies

ab=ba , AB=BA , pa=Ap , av=vA |, (54)

where

w:(ié) . (55)

Since det(a’ ® I, — I, ® A) # 0 then pa — Ap = 0 implies g = 0, and hence
Uy = diag(b, B). Hence the moduli space is that of the O(m) x Sp(2n) Lie
group, and there are no fermionic moduli.

Note that this bosonic moduli space will be larger then the moduli space
of non-super CS based on the O(m) x Sp(2n) Lie group because the holonomy
matrices in the former case belong to the B]*\} Grassman algebra while in the
latter case the holonmy matrices are real numbers. We can avoid these extra
bosonic degrees of freedom by restricting the even part of the CS connection
A from Bj; to real numbers.

The fermionic moduli will arise in the case when det Ao = (0 and det ]3’0 =

0 where
n=(s4)  w=(2n) (56)

The zero commutator implies

ab+&u = ba + vy (57)
AB + xv = BA+ ué (58)
xb+ Ap = pa + Bx (59)

av+EB=Bf+VvA . (60)

Let rank(Ay) = r < 2mn, so that r components of ¥ can be set to zero.
Although the non-zero components are not gauge invariant, they cannot
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be set to zero by a gauge transformation. We will show in the following
sections how to define the gauge invariant fermion components, but for our
present purposes it sufficient to know that the number of non-zero fermion
components is gauge invariant. If rank(Bo) = 7', then one can prove that
r =r'. From (57) and (58) it follows

[0, 0) =0 , [Ag,Bo]=0 |, (61)
while from (59) it follows
Aop1 — miao = Box1 — x1bo - (62)
The relation (62) can be rewritten as
Aopir = Boxn (63)

From (61) it follows that [Ag, By] = 0 and hence these matrices can be si-
multaneosly diagonalised (or put in the block-diagonal form). If ' > r, then
from 63 it follows that 7 components of x vanish, which is in contradiction
with the assumption that only r components of x vanish. Hence r’ < r. If
r’ < r then by reversing p and x and by the same argument it follows r < 7'
so that 7 = r’. Hence the number of the independent fermionic (odd) moduli
is equal to 2(2nm —r).

The total number of real (complex) parameters for the fermionic phase-
space is (2nm — r)e?"™. Physics expectation is (2nm — r)4dnm, i.e. only x1
and pq. This happens when ¢ € Bj.

6 Symplectic structure of the moduli space

We now discuss some aspects of the symplectic structure on the moduli space
which will be useful for an understanding of the results we have derived so
far. A natural symplectic structure on M can be induced by the symplectic
structure (29) on the space of connections. By using the definition of U(v)
and (28) one obtains

{UE(),UB(@)) = 2s(v,0) Y (=1)WBI-IEDIAI-IEDH(CI-HD(DI-[HD]
E,F.G,H
U (i) (THEUB (/) UG (0:)(Tr)EUR (0f) ,  (64)
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for loops with at most one intersection, where s(vy,o0) is the intersection
number [11]. From this algebra one can find in principle the PB algebra of the
coordinates on the moduli space and hence the symplectic form. However,
this is beyond the scope of this paper, and instead we will analyse a simpler
algebra, induced by the homogeneous connections, since it will give a very
good idea of the moduli space, especially of the fermionic moduli.

Consider the holonomies which are the exponentials of the Lie super
algebra, i.e. the subgroup gs; = exp X. Then Uy are given by

Ur = exp(2r AL T, + 210R Qa) (65)

where Ay and vy are constants on ¥. These correspond to the homogenous
sector of the moduli space, for which the corresponding connections can be
written as

A= Aydf + Apdg = (A%, +98Qa)d0 + (AST, + ¥3Qa)dd ,  (66)

where 0, ¢ € [0, 2] parametrize the a, b cycles of the torus. Hence [Uy, Uz] =
0 is equivalent to [A;, A2] = 0 which gives the constraints

G® = fr AL A5 + fop ™Syl =0 (67)
G* = fop®(Afyf — A3yl) =0 . (68)

These are first-class constraints and form an osp(m|2n) algebra under the
Poisson brackets (28), which for the homogeneous sector become

{Ag, Ay = epm™ {0} = eiC° . (69)

The relations (69) imply that the space A, is the usual phase space, i.e.
half of the parameters are coordinates and the other half are the momenta.

According to the theory of solving the constraints in phase space [15,
16, 17], the constraints (67) and (68) can be solved in the following manner.
In the bosonic sector, if we require that Ay are ordinary numbers, then the
bosonic constraint implies that AfJ, belong to the same abelian subgroup,
and hence Af = Aic®. In the fermionic sector, let r be the number of
independent fermionic constraints G¢. r will be given by the rank of the
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matnx ¢®f40”, and hence one can impose r fermionic gauge-fixing conditions
= 0 such that

det [[{G%, P} £ 0 . (70)

This gives dnm —r —r = 2(2nm — r) independent fermionic phase-space
coordinates, while in the bosonic sector there at most two * independent
phase space coordinates A; and A,.

Therefore the condition for the existence of the fermionic moduli for the
exponential sector becomes

det”Cafaaﬁ“ =0 . (71)

Note that our analysis for the exponential sector is general, and applies to
any super Lie group. Hence one finds all inequivalent (with respect to con-
jugation) Abelian subgroups of the maximal bosonic subgroup, and checks
the condition (71). There is also an additional constraint

Fag® Sy =0 (72)

coming from the bosonic constraint (67). The constraint (72) will serve to
determine the gauge-fixing functions x® = 0, i.e. x® will be linear in % such
that (72) is satisfied as well as the condition (70) (see section 7).

Also note that the matrix Jg =c* faaﬂ is the representation of the gener-
ator of the Abelian subgroup to which the bosonic holonomy belongs, and it
is the fermion-fermion block in the super-adjoint representation of the super
Lie algebra (T7)% = f1;%. In the osp(m|2n) case the condition det Ag = 0
applies to any holonomy, and in the exponential sector it is equivalent to
(71).

7 OSp(1|2) case

We now present explicit constructions in the simplest non-trivial case of the
OSp(1]2) supergroup. In this case we have m = n = 1, so that a is a

*There may be a further constraint for some Abelian subgroups
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Grassman number and A is an Sp(2) = SL(2) matrix, and we take a By
Grassman algebra. The osp(1]|2) algebra can be represented by matrices
satisfying

[Ja, Jb] = epJe (73)
[Jay Qa] = (Ua)aﬁQﬁ ) (74)
{Qaa Qﬂ} = (Ua)aﬂja ) (75)

where a = 0,1,2 and the matrices (aa)aﬂ are

w=(50) s (30) e(20) -

The indices a and o are raised and lowered by 74 = diag(—1,1,1) and
Cap = €ag- The relevant matrix representation of the generators of the
0sp(1]2) algebra is given by

10 0 —clc
=g o) v e@=(2759)

where ¢} = (1,0) and ¢ = (0,1). The exponential map gives only a sub-
group of the full group.

For the group we have a9 = %1, and inequivalent bosonic Abelian sub-
groups are given by

1 0 1 0 1 0
(0 6¢UO> ’ (0 eval) ’ (0 ec(a'o+a'2)> (78)

where 09, 01 and 04 = 0¢ + 09 generate non-equvalent abelian subalgebras
of sl(2).

Since any element of SL(2) can be written as +eX, the bosonic conjugacy
classes will be given by pairs

(U1,U) = <<%0 612){) ; (%0 62(;1/)) ) (79)
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where ¢, = =1 and X and Y belong to the same Abelian subalgebra of si(2)
which is not the so(2) subalgebra. When X,Y € s0(2), then

wo=((5 %)% &) - (50

Hence there will be 2 - 16 + 4 = 36 sectors of bosonic conjugacy classes.

The fermionic moduli will exist for holonomies which satisfy the condition
det Ag = 0, which becomes

det(a0I2 — Ao) =0 . (81)

This is solved by
+1 ¢
a0::1:1 5 A0=< 0 :I:].) . (82)

Note that Ay = ek, where L = coy, i.e. el belongs to the GL(1) subgroup
of SL(2). Hence rankAy = 1, and therefore there will be 4 —1 -1 = 2
fermionic moduli. The corresponding holonomy matrices are given by

_ (¢
Uk—< " :l:ekLk> (83)

where X = (0, ux)T and & = —agxZ CAp. Hence there are 2-2 = 4 different

sectors of conjugacy classes (U, Usz) which contain fermions. One can have

more general solutions by replacing Ay by Ay + A26162 where A%”CAQ +

ATCAy = 0, but as we discussed, we only consider physical connections.
Since Uy belong to the parabolic conjugacy class of SL(2), we will have
2, 2 _

Cl + C2 =1 [9]

For the sector where U = exp X, we have
Uk = exp 21 (Akot + VEQa) (84)
where o4 = 09 + 02 and

(AL Ao} =1, {9f,4E} = CF (85)



A. MIKOVIC, R. PICKEN 259

The fermionic constraint yields

where 1® = (¢p* ™). By inserting the fermionic constraint into the bosonic
constraint, one obtains

Ay — AT =0 . (87)

This condition represents a consistent gauge-fixing choice, so that there exists
a canonical transformation ¥ — 1 such that

=IO, M7 |, o=, -7 , (88)

and the constraints (86) and (87) become equivalent to II = 0 and ¢ = 0
[17]. With such a choice of fermionic variables, and the fact that A; = p
and Ay = ¢ where {p,¢q}* = 1, one can now express ¢, and xj in terms of
basic canonical variables, and work out their PB. Constructing the canonical
transformation 1), — 1) may not be easy, but one can show that

1 = exp2n (prs + L, 00 Qu ), U = exp2n gy + €%, 0)Qu)
(59

where ¢ can be determined from the requirement that ¥§ = ¢*(p, ) +- -
where --- represent terms which vanish on the constraint surface.

For the non-exponential sector one can use the holonomy matrix algebra,
but in some cases it is possible to obtain explicit expressions in terms of the
basic canonical variables. For example, in the sector ag = 1, Ag = —eX
(which has no fermionic moduli) one can construct the matrices U(¢$) and
U(9) as

U(¢) = diag(1, R(¢/2)) exp(A10¢ + 7' Qad) (90)

where R(¢/2) is the rotation matrix for angle ¢/2, and U(6) is given by
replacing ¢ with 6 in U(¢) and A; with Ay, so that U(0) = Id and U (27) =
Ui,2. Hence the corresponding flat connections are given by

A =U"YPopU(¢) , A2 =U""(0)0U(9) (91)
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and they are not constant on T2, but they are expressed in terms of constant
moduli with simple PB. The moduli Ay satisfy the same constraints as in
the homogeneous case, and the same results apply for them. However, this
trick does not work for the holonomies with ag = —1 and 4y = —e*.

Since c?+c2 = 1, the symplectic structure for the bosonic moduli becomes
degenerate. In the exponential sector this is equivalent to p?>+ ¢ = 1 so that
p = cost, ¢ = sint which suggests a dynamical interpretation as a harmonic
oscillator with energy E = 1/2.

The degeneracy of the bosonic symplectic structure for holonomies with
fermions appears because the group is small. For bigger groups, there is
generically no such degeneracy. For example, for OSp(2|2) case we have ag is
an O(2) matrix while A is an SL(2) matrix. In the sector where ay € SO(2),
so that ap = R(¢), the condition for the existence of the fermionic moduli is

det Ag=det(al @I, — I, ® Ag) = (2cosp — tr Ag)2 =0 (92)

Hence Ag belongs to the SO(2) subgroup of the SL(2), and therefore the
bosonic conjugacy classes which have the fermionic moduli are

Uy = diag(R(¢1), R(£¢1)), Uz = diag(R(¢2), R(£¢2)) - (93)

The corresponding symplectic form is d¢; A dego, and it is nondegenerate.
Since rankAg = 2, there will be 4 fermionic moduli. Also in this sector one
can use the exponential map to construct the moduli with canonical PB.

8 Conclusions

The structure of the total moduli space is essentially determined by the
bosonic moduli associated with the maximal bosonic subgroup. This is rem-
iniscent of the fact that the supergroups have no extra topology associated to
the fermionic sector [18]. Note that the bosonic moduli space can have quite
a complicated topology, (e.g. non-Hausdorff, see [8]). It would be interesting
to see how the bosonic topology affects the fermionic moduli topology.

The fermionic moduli appear only in special sectors of the bosonic mod-
uli space. In the OSp(m|2n) case this condition is given by the vanishing of
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a determinant coming from the c-number part of the holonomies associated
to Abelian subgroups of the maximal bosonic subgroup. In the exponential
sector this condition becomes a vanishing determinant of the Abelian subal-
gebra generator in the fermion-fermion block of the super-adjoint represen-
tations. This is true in the general case for the exponential sector. One can
use the homogeneous connections to describe the exponential sector, and
the example given in the section 7 for a non-exponential holonomy shows
how the constant connections could be used to describe the non-exponential
sector by the moduli which have canonical PB.

The fermionic canonical moduli ¢ are not gauge invariant, and one can
obtain gauge invariant fermionic moduli 1Z via canonical transformation. The
non-exponential sector can be examined through the algebra of holonomies,
and one can use the results for the OSp case to study the algebra. It is
not clear how the supertraces in [11] capture the properties of the fermionic
moduli, since the relevant holonomies have supertraces which are c-numbers,
and not elements of B]T,. To understand this point it would be helpful to
study the algebra of the holonomy matrices (83).

Another interesting question is how to represent U in terms of basic
canonical variables. This can be worked out in the exponential sector, and
in order to generalise these results to the non-exponential sector and higher
genus surfaces one would need a procedure for reconstructing the connection
from the holonomies in the case of non-compact groups and higher-genus
surfaces. Note that such a construction exists for compact and semisimple
groups and surfaces of arbitrary genus [19]. Also in principle the explicit
correspondence between holonomies and general connections described in
[20] could be adapted to the situation at hand.
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