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Abstract

We present a detailed analysis of a scalar conformal four-
point function obtained from AdS/CFT correspondence. We
study the scalar exchange graphs on AdS;4; and discuss their
analytic properties. Using methods of conformal partial wave
analysis, we present a general procedure to study conformal
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four-point functions in terms of exchanges of scalar and ten-
sor fields. The logarithmic terms in the four-point function are
connected to the anomalous dimensions of the exchanged fields.
Comparison of the results from AdS;.1 graphs with the confor-
mal partial wave analysis suggests a possible general form for
the operator product expansion of scalar fields in the boundary
CFT,.

1 Introduction

The duality between string or M-theory compactifications on AdSgy;
and d-dimensional superconformal gauge theories suggested by
AdS/CFT correspondence [1] has been the subject of intensive research
over the past couple of years (for a recent review see [2]). Gradually,
the emerging picture takes the form of the long-sought string/gauge
theory relationship [3]. Recently, in a minkowsian version of the cor-
respondence the d-dimensional conformal field theory (CFT) has been
discussed in the context of local quantum field theory [4] defined on a
standard (flat) compactified Minkowski space M; ,_;. This space arises
as the boundary of the AdS; 4 space-time. The isometry group of both
spaces is SO(d,2) and the state space of the boundary CFT is related
to the state space of the bulk theory [5].

Such a view of the AdS/CFT correspondence implies that the known
local structure of conformal field theory, (see for example [6] and ref-
erences therein), is connected to the local structure of the the field (or
string) theory living on AdS. In iparticular, harmonic analysis on the
isometry group SO(d,2) (“conformal partial wave analysis” CPWA),
of n-point functions of the boundary CFT should be valid. This is
equivalent to the existence of an operator product expansion (OPE)

for the boundary CFT. Such expansions are convergent in a topology
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defined by the n-point functions on which they are applied (CPWA),
or into which they are inserted (OPE). Perhaps the most well-known
application ground for CPWA and OPEs is the (Euclidean) case d = 4,
when the boundary CFT is the N’ = 4 SYM theory with gauge group
SU(N). In that case, the large-N, large-\ expansion (A = g%,,N with
gym being the gauge coupling), corresponds to a perturbative form of
the AdS theory in terms of the so-called “Witten graphs” [1]. Technical
exploitations of the AdS/CFT correspondence are mainly based on this

graphical expansion [8, 9].

Our aim in this work is to make a thorough investigation of a four-
point function of scalar fields in the boundary CFT obtained from a
graphical expansion in AdS. We choose to work in general dimensions
d to ensure a broad applicability of our results. In Section 2 we set
the stage for our study by considering a theory on AdS with a single
cubic local interaction term. This may be viewed as the minimal AdS
theory leading to a non-trivial four-point function in the boundary. Lo-
cality arguments applied to the boundary CFT require the analyticity
of the AdS calculations. In Section 3 we present the results of the AdS
calculations in the direct and the crossed channels. The direct channel
poses no analyticity problems. Complications arise in the crossed chan-
nels where non-analytic terms might arise. We prove that the possible
non-analytic terms drop out by virtue of highly non-trivial identities for
generalized hypergeometric functions, thus demonstrating that the cor-
responding CFT amplitudes admit an OPE. We present a systematic
harmonic analysis of CFT four-point functions in Section 4 based on
conformal exchange graphs for scalar and tensor fields. These graphs
enable us to obtain the general contribution of scalar and tensor fields
in a four-point function when the OPE is inserted in the direct channel.
An important point of our analysis is the interpretation of the logarith-

mic terms which appear in four-point function calculations in terms of
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the anomalous dimensions of the exchanged scalar and tensor fields.
This interpretation is by no means new as it has already been used by
Symanzik [10] and two of the present authors [11, 13]. In Section 5
we combine the AdS results with the direct channel OPE. This allows
the recursive determination of the anomalous dimensions and couplings
of all scalar and tensor fields in the OPE. Our results seem to draw a
clear picture for the OPE of two scalar fields of the boundary CFT;
it contains a) the full contribution from the boundary conformal field
which corresponds to the AdS-field in the cubic bulk interaction ! and
b) infinite towers of conformal scalar and tensor fields whose canonical
dimensions (e.g., the part of the dimension which does not depend on
the coupling), and tensor rank are simply related to the dimensions of
the external fields in the OPE. Finally, we summarize our results and

comment on possible extensions of our program in Section 6.

2 General remarks

It is well-known that CFT determines the form of two- and three-point
functions of general tensor fields up to constants (for a review see [14]).
Although these constants capture in general non-trivial dynamical ef-
fects, four-point functions are the minimal ones whose functional form
depends in an essential way on the dynamics. From conformal invari-
ance four-point functions are determined only up to a general analytic

function of two variables. Namely, consider the four-point function

(O1(21)O3(3) O2(2) O4(24)) (1)

where the scalar fields O;(z;), + = 1,...,4 have dimensions A; re-

spectively. Denoting z;; = z; — x; the four-point function (1) can be

LOur results differ in this point from the recent claims in [15].
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expanded in powers of z?;, determined solely from A;, and an analytic

5
function F'(u,v) of the two biharmonic ratios

_ 21323, _ 23423 2)
a2l 0 i,
12%34 12%34
There exists then a physical real analyticity domain for F(u,v) with
[11]
l+u—v| <27, |1+v—ul<207, (3)

and a possible expansion is

Fun = Y YU (8. (4)

n,m=0
An expansion such as (4) is useful in the direct channel limit
Ty — T3, T — T4, (U—)O,’U-—)l), (5)

and it is obtained from the calculation of conformal graphs [11, 12,
13, 16, 17]. In almost all four-point function calculations one relies
on a perturbative expansion in some small parameter e.g. a coupling
constant or 1/N. Such a perturbative expansion implies the dependence
of conformal dimensions on the coupling constants (or 1/N) and gives,

for a specific graph I', an expansion of the form

oo

]__
Fr(uv)= Y = n'm'” EAUc) (Asd) (lnw)*| ,  (6)
n,m=0

where K depends on the perturbative order. One important point here
is the appearance of the logarithmic terms on the r.h.s. of (6). These
terms are not involved in the discussion of the analytic properties of the
expansion (6) as they can in principle be summed up and exponenti-
ated giving just an “anomalous” contribution to the dimensions of the

exchanged fields [10, 11, 12, 13]. Logarithmic terms frequently occur in
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conformal n-point functions and are in fact necessary in order to ensure
the correct conformal properties when the external points come close
together [14, 18].

In the context of AdS/CFT correspondence [1] one is equipped with
a standard procedure to generate a perturbative expansion for confor-
mal four-point functions. Namely, the relation of a (local) field theory

on AdS to a CFT on the boundary can be schematically written as
Zads = / (p¢)e—5[¢] — Z[¢o] = <ef d%z go(z) 0¢(w)) — ¢Werr(o] . (7

where Werr[do] is the generating functional for connected n-point func-
tions of the field Oy(z) in the boundary CFT, when ¢o(z) plays the
role of an external source. Passing from Z to Z[¢g| involves solving
the classical field equations for the AdS field ? ¢(zp,z) with bound-
ary conditions such that ¢(zg,)|saas = do(z). When the AdS action
involves non-quadratic terms it can only be evaluated within a pertur-
bative expansion in the coupling constant. Such an expansion has a
definite interpretation in terms of “Witten graphs” [1, 8, 9] connecting
points in the boundary of AdS via interactions taking place in the bulk.
The result is a perturbative expansion for the n-point functions of the
boundary CFT.

Here we consider the simplest local field theory on AdS which gives

rise to non-trivial four-point functions of the boundary CFT. Namely,

2We consider the Euclidean version of AdSy.; space where ditdz, =
% (dzodzo + dz'dz?), with ¢ = 1,..,d. and &, = (zo,z;). The boundary of this
0

space is isomorphic to S9 since it consists of R¢ at 29 = 0 and a single point at
Ty = O0.
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we consider the following action for the AdS scalar fields ¢(Z) and o(Z)
S = / d*'z./g (%am(gz)a%(:i) + %mzcz;?(:ﬁ)
-I-%@,p(:i:)@”a(:f:) + %m202(:ﬁ) + %“-d)%a@)a(:ﬁ)) . (8)

The action (8) gives rise to a boundary CFT of the scalar fields Oy(z)

and O,(z) with corresponding two-point functions [8, 9]

1 - _ 2
(Os(e)Os(w2)) = Cimz, A=f+yfm2+g, ()
12

1 d ) d2
(Og($1)00($2)> = CA:I;_25 R A = § + m?2 4 = (10)
12

2(A - Ld)T(A)

c .
&7 aina - L)

It also implies the existence of the three-point function [8, 16]

1
(O4(21)Op(22)Os(23)) = V4 GRAA — —, (12)
($%2)A_§A(m%3m%3)§A
1 2(AA)N(A - IA)T(A + 1A - La)
JAAA T yrd r2(A - Ld)r(A - Ld) '
(13)

The coupling constant 7, is the parameter which induces the non-trivial
dynamics of the boundary CFT. In principle, one should have informa-
tion regarding its magnitude before trying to make sense of the “Wit-
ten graph” expansion. This is the case when ¢(2) and o (&) correspond
to Kaluza-Klein modes of the compactified supergravity theory and
7« is determined by the standard reduction procedure [19, 20] to be
Y« ~ O(1/N), where SU(N) is the gauge group of the boundary CFT
3 In this case one is able to order the perturbative expansion of the ac-

tion (8) according to the number of cubic vertices. For the purposes of

3Recently, the full AdS4y; action for the Kaluza-Klein modes has been evaluated
up to quartic couplings [21].
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our work it suffices to assume that -, is also a “small” parameter when
¢(x) and o(z) are general scalar fields, as our results do not depend in

an essential way on its magnitude.
T T9 1 T4
A($1,$3;$2,£L'4) = B($1,$3;332,IL'4) =
T3 Ty I3 o

Figure 1: The A and B graphs. In the A graph the solid lines
correspond to the full Oy4(z) propagator (9). In the B graph, solid
lines correspond to the “bulk-to-boundary” propagators (17) and
the dotted line to the “bulk-to-bulk” one (18).

Our main interest is in the four-point function of the scalar field
O4(z). Up to tree “Witten graphs” standard AdS/CFT calculations

give the following expansion

(O (1) Og(3)Og(x2) O (4))
= A(z1, T9; T3, T4) + A(Z1, T3; T2, T4) + A(T1, T4; T3, T2)

+ 72 [B(@1, %2; T3, T4) + B(z1, 35 T2, T4) + B(z1,24;x3,22)] , (14)

where the A and B terms are depicted in Fig.1. Note that we consider
the full four-point function and not only its connected part. The explicit

expressions for the graphs A and B are given by

1

Ay, 223 23, 24) = Cf ———, (15)
A($%2x§4)A
B(z1, 2; 73, T4) (16)

dd+1g dd+12 . R L R .
= [ S sl 0)Ka o2, G0, s o0 )R (01,2),
0 0

and the standard forms of the “bulk-to-boundary” and “bulk-to-bulk”
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propagators that we use are [16, 17

A
R Zo F(A)
Ka(z,9)=kp | ———| , ka = —————, 17
alo9) = ka [w% +(z - y)z] * 7 rHr(A - L) 1)
Ga(z,y) =Gaq 2R (%(A +1), 508 - F 41 Q"2> , (18)
G — r(A) e _ Totys+(z—y)?
ST gariglp(A - ld41) 200 '
(19)
The disconnected A graphs simply give
C? C? -
A A -A
=+ — |14+ v . (20)
(z1325)° (212302 [ ]

The integrations in the “exchange graphs” B can be done using ei-
ther Symanzik’s method [22] or following [17] (see Appendix A), when
one obtains the following convenient representation as a Mellin-Barnes

integral
B(mla T3;T2, $4)
K ds
= | —T?(~
(z32234)% /C 2m =)
T4A+s)I2AA+A - 1d)r(3A - A —5)
I'(2A +25)T(A - 2d+ 1T (A + A - 2d —s)

<an(Ja+B-taa+d-tala-d—s
A—%d+1,A+%A——;—d—s;l>
><ungl(A-I—s,[k+s;2[&+23;1—v)], (21)
where

I'(2A — 1d)
K = = .
8m34/2T4(A — Ld)

(22)
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The remaining two crossing symmetric B graphs are obtained from
(21) by suitable interchanges of the z’s. Our strategy is now to present
an explicit expression for the four-point function (14) and study its
analyticity properties. This expression will then be compared with the
CFT expectation which is simply the CPWA of the four-point function
(14). The result will suggest the local form for the OPE of the conformal
scalar field Oy(x) with itself.

3 Explicit results for the AdS exchange
graphs

In this section we present the results for the AdS “exchange graphs”

and discuss their analyticity properties.

3.1 The direct channel

Our starting point is the Mellin-Barnes representation (21) for the B
terms in (14). It is easy to see that (21) is suitable for studying the
direct channel limit (5). The result of the integration is a double se-
ries expansion coming from the summation over the I'-function poles
included in the contour C. It can be written down as (see Appendix A

for the details)

B(xla Z3;T2, .’174)

1 = u*(L=0)" 1 1 , . L1A-A (1)
AR L, e e iG] e
m,n=
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where
40 = _KI‘Z(A +n)T2(A +n+m) 1

nm (n+1DIT2A +2n+m) 3A+A - 1d)

x 3F2(%A—A+1,%A+A— lavi+ny;
In LA L., 4
n+2,§A+A—§d+1,1), (24)

B0 — —HFZ(A + 7})1“2(5 +n+m)

e I'(2A +2n+m)

T'(A - IA)T(A + 1A - 1d) (n)!
F(2A - %d)(A - %A)n+1(A + %A - %d)n+1
N YA+ A - %d+n+1)—2¢(A+n)—2v,~b(A+n+m)+21/1(2A+2n+m)
(n+1)!(3Aa+A-1d)

X 3F) (—A—A+1,%A+ZA—%d+1+n,1;n+2,%A+A—%d+1;1)

+ ~1 . i(—n)r(12§d_§A_A)r 1/)(n+1—r)},
(25)

o _ JTGATHA - FATA+ A —3d)  GARGARm
o D(A)T(2A - JT(A - 3d+1)  (D)anm(A = 3d+ 1)n
(26)
The Pochhammer symbol (a), is defined as
I'(a+n)
o——atn) 27
(@ = 175 (27)

The hypergeometric functions which appear in (24) and (25) can be
given in term of terminating series by virtue of the identity given in

(85). However, due to identities of the form

imw(a’_r)z _1\r+1 r
lim ey =~ ) (28)
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the last term in (25) gives a contribution proportional to a 4F3 gener-
alized hypergeometric function. It is easy to see that (23) is analytic

in the direct channel limit ©« — 0 and v — 1.

3.2 The crossed channel

The calculations in both the crossed channels (z3 <+ z4 or u <+ v and
T3 <> T2 or u <> 1/u and v > v/u), are significantly more complicated
as they involve the analytic continuation of the result (23). The reason
is that we want to obtain an expression which can be matched with
the direct channel OPE, therefore we require that the result be written
e.g. in the general form of (6). Consider for clarity the crossed channel

obtained from (21) by the interchange u < v.

This can be achieved in two fashions. We start first from the Mellin-
Branes integral for B(z1, z4; 2, z3) (say) analogous to (21), and expand
it into contributions of the poles in s to the right of the integral contour.
We obtain a decomposition into a contribution from O, exchange and
from the exchange of an infinite tower of the tensor fields. Because of
the missing shadow terms (see Sections 4.1, 4.2) each contribution is
singular at v = 1. In Appendix B we show that for the specific case
of the B graph in Fig. 1, the non-analytic terms cancel each other by
virtue of highly non-trivial identities for the generalized hypergeomet-
ric function gF5. The explicit form of the remaining analytic terms can
also be derived using the generalized hypergeometric differential equa-
tion and the representations of its solutions by Mellin-Barnes integrals
(Appendix B).

The second method makes use of the Mellin-Barnes integral for
B(z1,z4; z2, x3) itself and we observe that (after the exchange of u «+» v

in (21)) the power v® can be Taylor expanded at v = 1 under the



OPERATOR PRODUCT EXPANSION ... 583

integral sign (Appendix B). Here we just give a general formula which
is useful in extracting information for the possible general structure of
the conformal OPE from AdS/CFT correspondence. Namely, the result
for both the crossed channel graphs obtained from Fig.1 is of the form

B(z1,z4; T, 73) + B(21, T2; T3, T4)

1 i il Gl [—anmlnu+l§nm] (29

(23232 ey im!

where the coefficients d,, , Bnm depend solely on A, A and d.

4 General scalar and tensor exchange in
CFT

In order to analyze the AdS results of Section 3 in terms of CFT par-
tial waves, we need a formalism which allows the identification of a
general conformal tensor and all its derivatives in the four-point func-
tion (14). To achieve this we construct four-point amplitudes with
covariant vertices and a general tensor field of rank ! and dimension
A exchanged in the direct channel. The appropriate conformal graph
is depicted in Fig.2 and gives the conformally invariant local result

,35(171,1'2,1'3,.’174; A, l)

T Ty

Ba(x1, T35 9,24, A, 1) =

T3 T2

Figure 2: The tensor exchange graphs. The dark blobs correspond
to the full vertex functions obtained by suitable amputation of (41).
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4.1 Scalar exchange in CFT

To begin with we consider the exchange of a general scalar field of
dimension A in CFT. This corresponds to the [ = 0 graphs in Fig.2.
The three-point functions (12) which appear in it are contracted with
the inverse two-point function. The latter is obtained from the two-

point function (10) as

[ ¢0.@0.) (0.0 = #z -y,  (30)

(0. = e

a(b) = %{Q . (31)
Then, we can use the D’EPP formula [25]
/dd:c (71 — )29 (z, _11:)2(12 (z3 — z)2
) (%)%d_ai:;:)ii’_ff im | 32)
Ulay, as,a3) = 77%(a;)a(az)a(as) (33)

which is valid only for a; +as+as = d, to obtain for the scalar exchange

graph

Bx(z1, 23, T2, T4; )
_ (n9aan)* T(A)?(3d—34) 1
Ca  mHT(3d = A)F2(3A) (a3,)5 38 (a3, ) 3074
1

diz i .
X / [(:171 - :1;)2(;33 - -'17)2]5A[(.’172 _ 2)2(z4 — :17)2]5‘1—543

(34)

The integral in (34) falls into the class of conformal 4-star integrals

[11, 12, 13] which can be evaluated using Symanzik’s technique [22] due
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to the uniqueness condition satisfied by the massless scalar propagators
involved in it i.e., the sum of the dimensions of the propagators is d.

The result of the final integration is [11, 13]

Ba(z1, z3; T, 745 A) (35)
- g; U [hae,, (8) + ubtboe,,,(d - ),

eam(8) = a(A)a?(Ld - 1a) (A)Sﬁ(iff);ﬁ - (36)
- ('7*QCAAZ\A)2 O‘ZA()%I(A) . (37)

The first term on the r.h.s. of (35) is the full contribution of a scalar field
with dimension A. Its form is fully determined by conformal invariance
[26, 6, 7, 11, 13] and involves an infinite number of descendants of the
relevant scalar field. One important observation here is that the second

term in (35) is obtained from the first by the replacement
A—d-A. (38)

This second infinite series in (35) represents the so-called shadow sym-
metric singularities of the first series. * The appearance of the shadow
singularities is necessary for the cancellation of the non-analytic terms
in the crossed channel of standard CFT exchange graphs [24]. The ab-
sence of shadow singularities in AdS calculations was some kind of a
puzzle and its solution was proposed in the use of irregular boundary
conditions [28, 29]. The correct solution, however, is simple and phys-

ically interesting. The holographic image of AdS supergravity and all

“The term shadow symmetry was introduced for the first time in [26]. It cor-
responds to an intertwiner [27] of the conformal group in d > 2 that maps the
equivalent representations with dimensions 7 and d — n onto each other. Shadow
symmetric singularities may correspond to physical shadow fields if the dimensions
of the latter satisfy the unitarity bound e.g. d —n > d/2 — 1. See [11, 12, 13] and
also [28].
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the fields which can be produced from it by operator product expansions
are gauge invariant composite fields (synonymously: conformal normal
products) of a set of basic fields, which we guess to be the vector su-
permultiplet of SYM field theory. These basic fields are not contained
in the holographic image. On the other hand composite fields appear
only in operator pruduct expansions which are convergent power se-
ries with increasing powers of the small distance. Shadow terms would
therefore lead to a series with decreasing powers and would make the
whole series twosided. There would not be a maximal small distance

singularity. For more details see [30].

4.2 Tensor exchange in CFT

The exchange of traceless symmetric tensors of dimension A and rank
[, corresponding to irreducible representations of dimension A and spin
[ of SO(d,2), can be also calculated in CFT as the relevant graphs
reduce to sums of scalar exchanges. For this we need to know the
general expression for the conformally invariant three-point function
of a symmetric, traceless tensor with dimension A and rank ! with
two scalar field of dimension A. This is determined from conformal

invariance up to an overall constant gz z 4, [6, 31]. We use the vectors

) _ (z13) _(3523)
£.(1,2;3) = x%g“ 5533”, (39)
£1,23) = -2 (40)
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to express the three-point function as [7, 6]

< (.’171)0(.'133) H1sH2,. ,m(x5)>

iang N(A; AL ’
_ ZAAAA’llA( . 3A Eura llfm — trace termsjl , (41)
(213)27 2% (235235)2 (€%)2
_ 2A+%A+%l
N A = ———
(om) ¥

—~A-IA+Ir(Ed - A+ 1A+ inT2(dd - 1A + 1)
(42)

< T(A+1A+1 - 1A - 1A + 1I0T2(2A + L1 ) .
I(d

where &, = £,(1,3;5). Then, the general amplitude depicted in Fig.2
consists of two covariant vertex functions one of which is amputated

and can be written as

IBA (mla T2, T3, T4, A) l) = / ddeS [ Z <O(m1)0(:’v3)MM1,Il’2:-~-:m (235))

H1seeos bl

(M (@5)O(22)O(20) ) amp | - (43)

The amputation of the second vertex in (43) is done on the tensor
field My, .. . (z). With the following normalization for the two-point
function [31, 6]

(Mul, -sH1 (ml)MVh.,Vx (m2)> (44)
= o Y (A ) [{[mm(mm) m,,,(:vlz)}sym—traces] ,

28T(A +1)I(d— A —1)
(2m)790(2d — A)T(d— A +1—-1)’

L,(z) = 6, —2

N(A) = (45)

T,Ty

x?
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the amputated vertex function appearing in (43) is obtained from (41)

by the replacements

A = d-A, (46)
£.(1,3;5) — £.(2,4;5). (47)

Then from (43) we obtain

ﬁA(mla T3;T2, T4, A> l)
1

(225)27 38 (a,)A-79+34

y /ddazg {e‘ul ceey — traces}{ €ty — traces} (48)

1 1 y
(23,22,)34 (22 2%,) 79734

= IBA;A,I

B\ = Paan, PAHIHHD(A — 1A + I)D(A + 1A + 1 — Ld)
AALl Cay (271')‘11"(%d — A+ %A + %l)F(d _A_ %A n -;—l) )
(49)

, €

w

6u(1,3;5)
e2(1,3;5) [
(50)

The product of the unit vectors e and €' in (43) can be evaluated in

14-
terms of Gegenbauer polynomials C’l"'d 1(x) [23] as

—dl

{eu1 ceeey — trabces}{e;1 e e:“ - traces} Cz ( ) ) (51)
z
where [12]
ld—1 :
cpt) = Z cl(M) tM, (52)
M=0
P fu(1a355)§#(2’4; 5) (53)

£(1,3;5)[1£(2,4;5)]
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This is derived by observing that the following generating function for

Gegenbauer polynomials

(1-2a(¢-n) +a2?) " £,neRY, (54)

is harmonic with respect to both Laplacians A; and A,. The latter
property is equivalent to the tracelessness of the tensors in (51). Note
that in (52) c%} =0if I — M is odd. The argument ¢ of the Gegenbauer

polynomials in (52) can be expanded in powers of squares :vz?j as

1
2 .2 .2 .2 13M
M _ [x15w25m35w45]
= 2 .2
417325,

4 Niit1
1)m2+nss M xizﬂ:“‘l (55
Z (— ) T12 M2g T34 TV41 H 2 2 ’ )

T2 =
nii+1€No i=1 i57i4+1,5

with ng; = ny5 and zz5 = z15. Then, the integration of (43) can be

reduced to a finite sum of four-star functions which can be evaluated

to
-A o n m
u u™(1 —v)
6&(1‘1 I3, T2 .’L‘4‘A l) =BA-AI =
y L3y L2y L4, 2, HAR (.’L‘%2$§4)A s nlm!

! (M)
G _1\m2+n34 ( M ) 23
" {Z oM (D Z (=1)™ N2 N3 N3aNay ) ¥

M=0 G n;,:+1€No

(51)n(%d - 52)n(53)n+m(%d - 54)n+m
(A)2n+m(A - %d +1)n

X [u%<A-M>a(52)a(a4)a(A)

+ shadow term] } . (56)

where
ie(1,3) 4= %(A — M) +ni1i +niir, (57)
1€ (2,4) 5, = %d — %(A + M) + -1 + T 541 - ‘ (58)
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Performing the final summations we can bring the result into the form

,BA(.'E]_, T3, T2, T4, A) l)

b & wr(l—v)m .
= ﬂA'A,l——_‘ T 7 [UE(A_I)Dnm(Aa l)
AL =0 nim!

ud@2-0p (4 A, z)] -. (59)

The coefficients D,,,, are regular functions of A, A and d, however their
form is quite complicated and we do not present it here [12]. The first
term on the r.h.s. of (59) is the full contribution of the symmetric
traceless tensor field with dimension A and rank /. This is the relevant
term which we need in the direct channel OPE. The second term corre-
sponds again to the shadow symmetric singularities and it is in general

absent in the AdS calculations.

5 The structure of the OPE in the bound-
ary CFT

We are now in a position to connect the AdS results of Section 3 with
the CPWA of Section 4. From the results of Section 3 we conclude
that an AdS four-point amplitude G (i.e., an appropriately chosen set
of AdS graphs), has the general form
g($1,$2,$3,$4) (60)
Nad n(1 — )™ -
S - el 1 L S S

(232302 52, nimb

Apm = (@8, + @)y ~ O(72), (61)
Bam = C% (6o + (B)m)don + (B2 + B ~ O(1). (62)

The first term on the r.h.s. of (60) is the full contribution of the scalar
field o(z) with dimension A. This is the corresponding field of the
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scalar o(£) which appears in the AdS cubic vertex on (8). As a check
we can calculate from (35) and (26) the coupling gz 5, and we find it in
agreement with the AdS result (12). We conclude that this is a generic
feature of the OPE in the boundary CFT obtained form AdS/CFT
correspondence; the CFT scalar fields corresponding to the AdS scalars
involved in the triple bulk vertices, appear intact in the operator algebra
of the boundary CFT. ® We expect that this feature holds true for
general tensor fields which are involved in AdS cubic vertices, however
the general proof is still missing. Such a structure of the boundary
OPE is robust against the inclusion of quartic couplings, since it is
trivial to show that general AdS “star-graphs” give contributions of
the form (29). Our results are consistent with the anticipated non-
renormalization [19, 32, 18] of all operators in the boundary CFT which

correspond to the Kaluza-Klein modes of the bulk supergravity theory.

Next we turn to the remaining two terms on the r.h.s. of (60). Fol-
lowing earlier works of one of the authors [11, 12], these terms can be
matched to a conformally invariant OPE in the direct channel which in-
cludes contributions from infinite towers of symmetric, traceless tensor

fields with dimensions (we replace hereafter A —+ A,;; and § Aag But)

Ay =2A+142t+ 1, (63)

where [ is the tensor rank and ¢ is an additional quantum number called
the “twist”. From Bose symmetry [ € 2Ny and then ¢t € Ng. These
fields have an “anomalous” dimension 7, ~ O(72). Inserting (63) into

(59) and expanding up to O(y2) we get by comparing the coefficients

5Note that a cubic vertex like the one in (8) can be used to calculate the four-
point function of the scalar field o(z) in the boundary CFT. In this case, some
connected contributions will come from “box-graphs” which are O(v%). In principle,
such graphs can be calculated using the techniques of the present work, as was done
in CFT models in in 2 < d < 4 [11, 12, 13].
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of u*(1 —v)™ and u™(1 —v)™Ilnu

ZGT—t)ID"m(l’t)ﬁl,t = Bum, (64)
It :

n!
Z (n _ t)|Dnm(l, t) %nl,t ﬂl,t = _Anm . (65)
It :

To proceed we introduce the lexicographic order in the sequences of

labels (I,t) and (m,n) as follows (say for (m,n)): we define

(m1,m1) < (mg,nz), (66)
if either
m1 + 2n; < mg + 2n9, (67)
or
my +2n; = mg +2ny with ny <ns. (68)

Moreover, we consider only those equations in (64), (65) with
m +2n € 2Nj. (69)

The remaining equations are then interpreted as constraints which have
to be satisfied to ensure consistency of our scheme. This has been
checked to high orders in the case of the O(IV) vector modelin 2 < d < 4
[11, 12], and in principle can also be done in the explicit in the case
of AdSs/CFT, correspondence using e.g. the results of [21] 6. Then
we note that the relevant labels (m,n) and (I,t) appear in an ordered

sequence as

(0,0),(2,0),(0,1),(4,0),(2,1),(0,2),(6,0),..... (70)

6Work in progress
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This sequence can be mapped into the natural numbers maintaining
the order. Using then

- n!
D(m,n),(l,t) = mDnm(l’t)’ (71)

B(m,n) = Bum , A(m,n) = _2-’4'nm7 (72)

we can write (64), (65) in a matrix notation as
Z Drs Bs = Br ) (73)

ZD‘I‘S ,Bs Nns = ‘JZ(T; (74)

where s and r now denote the above pairs of indices. These equations

can be solved if we notice that

D,,=0 if r<s, (75)

i.e., D, is a triangular matrix. Moreover we have
D,, #0, (76)

and this allows to write the general solution of (71) and (73) as

Bs = Z (D_l)srém (77)
1<r<s

Bs s = Z (D_l)srfir‘ (78)
1<r<s

The above constitute, in principle, the general solution to the problem
of evaluating the couplings and anomalous dimensions of all scalar and
tensor fields which appear in the OPE of the boundary CFT. These
equations have been shown to work in the case of the conformally in-
variant O(N) vector in 2 < d < 4 [12]. Given the values of the di-
mensions A and A, they can also be applied to any form of AdS/CFT
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correspondence. However, some technical complications might arise in
explicit calculations due to our choice of the normalization of the two-
and three-point functions of tensor fields (44) and (41) (see for example
[35]). For specific values of the tensor dimensions and rank, it may seem
that the normalization constants and coupling include divergences or
zeroes. This is related e.g. to similar problems encountered in calcula-
tions of scalar extremal correlators [36]. Nevertheless, it can be easily
shown [12] that in all cases the final formulae (77) and (78) yield regular

results once an overall normalization is suitably chosen.

6 Summary and Outlook

In this work we studied a conformally invariant scalar four-point func-
tion which is obtained from AdS,,;/CFT, correspondence. We calcu-
lated the AdS scalar exchange graphs both in the direct and the crossed
channels and demonstrated that they give analytic results. This is nec-
essary in order that the corresponding four-point function in the bound-
ary CFT admits an OPE. We then presented a general procedure to
obtain the contribution of scalar and tensor fields in conformally invari-
ant four-point functions. Interpreting the logarithms coming from the
AdS calculation as anomalous dimensions of scalar and tensor fields in
the boundary CFT, we were then able to present a general method for
their evaluation by matching the AdS results with the conformal OPE.
As a by-product, we presented some highly non-trivial formulae for the

analytic continuation of generalized 3F; hypergeometric functions.

Our results indicate a possible general form for the OPE of the
boundary CFT. Namely, it seems that AdS scalar fields which are in-
volved in cubic vertices in the bulk, manifest themselves intact in the

operator algebra of the boundary CFT. This essentially means that
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once their dimensions and couplings have been fixed from the super-
gravity reduction, they will not change at any order in the “Witten
graph” expansion. The latter gives, according to the Maldacena con-
jecture [1], the strong coupling limit of the boundary CFT. Therefore,
if these fields appear also in a free-field realization of the boundary
CFT, we conclude that they are non-renormalized. This is in agree-
ment with the general view [19, 32, 18] that the Kaluza-Klein modes of
the compactified supergravity, which are actually the ones appearing
in the cubic AdS vertices, are not renormalized. Fields which appear
either in the strong or in the free-field realization of the boundary CFT
may respectively be either string modes or non-chiral primaries, the
latter in the case of N' = 4 SYMy. In this latter case, the scalar and
tensor fields whose anomalous dimensions are related to the logarithms
of the AdS calculation correspond to composite “multi-trace” opera-
tors of the boundary CFT. Thus is seems that the non-trivial dynamics
connecting the strongly and the weakly coupled realizations of N' = 4
SYM, is essentially related to the gauge group SU(N).

Our calculations were performed for general d and general dimen-
sions of the scalar and tensor fields. We expect that significant sim-
plifications will occur in specific cases such as e.g. the AdS;/CFT,
correspondence leading to the N' =4 SU(N) SYM,. However, a tech-
nical problem related to a consistent overall normalization of scalars

and tensor fields may still occur in explicit calculations [35].

There a several possibilities to use and extend our results. In the
case of type IIB compactifications on AdSsxS*, the full bulk action
has been recently calculated up to quartic interaction terms [21]. From
that one can possibly calculate the four-point functions of various chiral
primary operators in N' = 4 SYM, and study their OPEs. This would
shed new light into the strong coupling dynamics of the latter the-
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ory as one could calculate the anomalous dimensions of non-protected
multi-trace operators. From such calculations one could also deduce
interesting results for the energy-momentum tensor or other conserved
currents of the theory. Another possible application of our result would
be in the case of AdS;/CFTj3 correspondence [37]. The calculation of
anomalous dimensions in this case is of particular interest, as it may be
compared with existing results for the anomalous dimensions of various

operators in three-dimensional CFTs [11, 12, 13].

One additional point which needs further investigation is that the
expansion (60) may not be the whole story in a perturbatively defined
theory in the following sense. In general, there exists various tensors

(A1, 11), (Ag,12) with

l]_ - l2 (79)

A; = A, + perturbative correction terms (80)

The resolution of such “almost-degeneracy”requires a sufficiently high
perturbative order and the description of n-point functions with n > 4.
For conformal sigma models in 1/N expansion a method of resolution
has been developed in [12]. By use of combinatorics it is possible to
determine the “maximal degrees” of “almost degeneracy” using the
argument that as N — oo we obtain a free-field theory. These maximal
degrees can be really trusted only for small ! [12]. Before the question
of “almost degeneracy” is resolved, an expansion such as (60) can only

give averaged anomalous dimensions.
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A AdS exchange graphs in the direct
channel

The starting point of our calculations is formula (21). This can be
obtained from (16) either by using Symanzik’s technique [22, 11, 13]
or following [17]. To evaluate the Mellin-Barnes integrals we find it
convenient to use the non-terminating form of Saalschutz’s theorem
(Eq. 4.3.4.2 of [33]) for the Saalschutzian generalized hypergeometric

function 3F5 to obtain

B(z1,z3; 2, T4)

_ KK /
($%233§4)A c

X ustl(A+s,A+s;2A+2s;l—v)]

K / ds [P'Z —s) T4(A + 5) 1

ds D(=s)I'(3A — A — s)THA + 5)I'(s + 1)
2mi TRA+25)T3A+A=1d+1+5)

- (ahad)R Je2m TeA+25) s+ )(EA+A—1d)

x 3y <%A—A+1,%A+A—%d+1+s,1;s+2,%A+A—%d+1;1)
X u' o Fy (A + s, A+ s 2A+23;1—v)] , (81)

where
M2AA+A - 1A -14)
FAA-A+1DI@A-1d)

k=

(82)

The contour in the first term on the r.h.s of (81) encloses only single
poles coming from I'(—s) and T'(A — A — s) at the points s = n
and s = LA — A+ n, n=0,1,2, ... respectively. After expanding the
hypergeometric function ¢ F, the result obtained form the first term on

the r.h.s. of (81) is a double series in the variables u and (1 — v).
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The second term on the r.h.s. of (81) is of the general form

f(u) = /C 98 p2( ) (o)t (33)

where the function g(s) does not have poles in the right half plane. To
evaluate the integral we can choose a regularization method in order
to disentangle the two infinite series of coincident poles coming from
['?(—s). For example, we can choose to shift one of the infinite series
of poles by an infinitesimal parameter ¢ which will be set to zero after
the evaluation of the Mellin-Barnes integral. Setting then I'?(—s) —
I'(—s)['(—s +€) in (81) we obtain

0 2 u"cg(n —¢)
flu) = &L%;Fz(n-f-l—e)]ezo

- 3@ 5 200+ Dg(m) = g(o) I — ()| (58
0

Using then (84) we can evaluate the second term on the r.h.s. of (81).

The result of the lengthy calculation is given in (24)-(26) in the text.

It is amusing that we are able to write the final formulas for the coeffi-

cients Gpm, bnm and cpy, in terms of terminating series, by virtue of the

following transformation

5 F, <%A—A+1, %A+A—%d+l+n, 1;n+2, %A+A—%d+1; 1)

T+ 2TGA+A-1d+1)
T (A-IAT(EA+A-Ld+1+4n)

xaFp(1—iA A+ Lo, A-1A —nA-1Aa+1,151), (85)

DO
N

1
2

which is a consequence of the two-term relation Eq.(2.3.3.7) of [33].
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B AdS exchange graphs in the crossed
channel

Here we present the essential steps for the crossed channel calculation
corresponding to the interchange u <> v in (81). We first observe that
the argument of the o F} hypergeometric functions becomes (1 —u) and
in order to transform it into a series in the variable u we need to use
a Kummer transformation e.g. Eq. 9.131.2 of [23]. Due to the form
of the 5 F} function involved in the transformation, we encounter poles
in the r.h.s. of Eq. 9.131.2 of [23] i.e. this is a degenerate transfor-
mation. This is a consequence of the analytic continuation implied by
the above Kummer transformations. To obtain the result we may use,
for example, the Mellin-Barnes representation for the o F; function and
appropriately regularize the coincident poles as in (84) above. It is

nevertheless simple to write

2F1(A+3,A+s;25+2s;1—u)

= Fi(A+5,A+52A+25+¢1—u)

e—0
ue P(2A;(2£:?)F(~6)2F1(A +s+eA+s+elteu) i
Bl Flffa:is nz: (nl)? 1“2(A +s+n)
' [“lnu+2¢(n+ 1) —2¢(A+8+n)]
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where

0
Dm(6_§

) = —Inu+2p(m+1) - 5. (87)
Using then (86) we obtain from (81)
B($1,$4;$2,$3) (88)

i S (@) (o

— f2(v, &) — f3(v;§))]

-’1312-'1334

§=0
fi(v, 5) (89)
F(A d+1) 2F1(§A+m+§,§A+m—l—£,A—§d+1,v>,
fz('l),&) (90)

T2(A+m+¢)

T TEA+A-Ld+DI(A-LA+1)

x 3 Fy (A+m+§,A+m+§, L3A+A-2d+1,A-ZA+1 v),

f3('U, 5) (91)

B I'(2A — /dsF2 F2A+m+s+§)v
T T2(A - LA)T2(A IA— ld) Je2mi (s+1)(A+ 1A - 1d)

X 3 <%A—A+1, SA+A-Zd+1+4s,15+2, A+A-Ld+1; 1) :

with

(92)
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First we show that f3(v,¢) does not contain non-analytic terms as v —

1. Using (84) we can write

[Z e f’f))] R (93

The possible non-analytic terms as v — 1 in (93) are determined by
the large-n asymptotics of the ratio g(n — ¢,£)/T?(n + 1 — €). This in

turn can be found using the Stirling formula below [23]

I'a+r+1)
I'(r+1)

; (94)

A exp [a In(r +1) + Z +1§a1)c
T—00 k=1 )

—1)+1 2 B o
Pk+1(a):( ,2 Z(?)n—_llj(a—l) " aeC
1=0

1)k+1 a1l

Zl’“, a€N. (95)

where B; are the Bernoulli numbers (Secs. 9.61, 9.71 of [23]). This
enables us to obtain an asymptotic expansion for 3F5 in (91) by virtue
of Eq. 4.3.4.2 of [33] setting (in Slater’s notation) ¢ = $A+A—L1d+1+s,

e = s+ 2. In this way we obtain

g(n -6 5)
T2(n+1—e¢)

ZZUM MNA;+n+1—€e— )\), (96)

n—oo i=1 A n+1_6)

for some parameters A;, which depend among others on m and £. The
coefficients & ; can in principle be explicitly determined in terms of the

Bernoulli numbers [24], but in this case we only require their existence.
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Then, by virtue of (96) we obtain the non-analytic terms
> el
1"2(n +1- e)

.v—eP(Ai-'_l_e_}‘)
M [(l1—¢)

2oF1(Ai+1—e—AN1;1—¢v)

n.a.

D(A; +1 = X)(1 —v)~ A1+ (97)

where to get the second line of (97) we used a Kummer transformation
and have omitted the analytic terms. The crucial point is now that the
non-analytic terms are independent of the parameter ¢ and therefore
drop out when we substitute (97) into (93).

We next consider the function

3SR (0,€) = fa(v,€) . (98)

The assertion that (98) is holomorphic at v = 1 is a mathematical
theorem that will be proved first. Our presentation of the proof follows

the review article of Norlund [34].

Using a Kummer transformation we can see that the first term in

(98) involves the non-analytic part

(1 —v) 34 2m=%D(2d — 1 4 2m + 2€)

a0 Ao IGA- g
rin! (2- %d—2m—2§)n

r,n=0

(99)

where we have used the binomial expansion for v78-2 We will show
that the second term in (98) involves a non-analytic term which just

cancels the above contribution.
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The second term of (98) can be brought into the form (Eq. 1.13 of
[34])
[Hi:l I'(ar + ’)’s)]
[Tz TOn =% + 1)

Y= +1,7% -1+ L7 —y+10),  (100)

D, (v) =0

] sFa(a1 + s, a2 + s, a3 + Vs;

where s = 1,2, 3 and the T indicates that the argument v, —v,+1=11is

left out. In this representation (100) satisfies the differential equation

oG8 ()] soe o

where Q(z) and R(z) are the polynomials

3 3

Q@) =[[e—% ; R@) =]]@-a). (102)

i=1 i=1

The linear differential equation (101) has a regular singularity at v = 1.

As shown in [34] it possesses there one singular solution xs(v) and

two regular solutions p( )( ) and ,0( )( ) which form a basis (“basis
theorem”). It follows therefore that

fa(v) = Coxa(v +ZC(‘)p(’) , 0<v<l, (103)

The coefficients C,, C¥) and C{? will be determined later. (103) con-
stitutes a Kummer transformation for the generalized hypergeometric

function 3F5.

The identification of the parameters in (100) is not unique. A con-

venient choice for our purposes is to set
s=3, ar=awm=A4+m+¢&, a3=1,

A-A, =0. (104)
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With this choice we obtain from Eq. 1.15 of [34]
1 1
= 54—-5d-m—¢, (105)
By=Ps = 1-2m—2—3d, (106)

and from Eq. 1.33 and 2.11 ibid.

) (3)
Xg(’l)) = ; ﬂ3 + 1 1 - ’U)ﬁ3+n , (107)
c® P14+ 1A-ld—m—¢)2(A IA),,_,
CE wm—m)@ om — 26 — 1d), - (108)

=0

3

Therefore, from (103) we see that the singular part of f(v,£) cancels
the singular part (99) of f(v, &) if

Co=T(2m+26+ 3d—1). (109)

To show this we can use the method of “large order expansion” of the

coefficients of fa(v,£) in powers of v. Namely, writing

=\ " I2(A+m+¢+n)T(n+1
hg =L Tatmiitnlint]) . (110)
we can use Stirling’s formula (94) to obtain
T2(A+m+&+n)
PGA+A—Jd+1+nlA-JA+1+n)|
= T(B—A+n+1)
111
z;m T(n+1) ) (111)

where 3 is defined in (116). From (111) the non-analytic part of f5(v, £)
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can be found as
igﬁ I?(A+m+&+n)T(n+1)
S TEA+A—fd+1+n)l(A-3A+1+n)|

rg—x+n+1) ,
7 Z T+l

O',\F Li—1+om42e—N)(1—v)2d2m% - (119)

Since from (108) and (111)
cs3

Gam = (113)

Op —
then (109) follows.

In our previous work [24], being unaware of [34] we went on to show
that the coeflicients o in (111) equal the r.h.s of (108) for all A. The

explicit formula for the oy is obtained recursively from

> Perr(B — A}
S eXp
— (n—|-1 |: (n+ 1)k
N o 2Pit1(t1) — Prya(tz) — Prralts)
= exp [; (nt 1) , (114)
ti=At+m+e—1, ty=A ——%A, t3=%A+A——%d, (115)
B=2t —ty—ty = id—2+2m+ 2, (116)

by matching the powers of 1/(n+1) on both sides of (114). Then, from
(108) and (112) we have to prove that

o, (DM —w

(117)



606 L. HOFFMANN, A.C. PETKOU anp W. RUHL

To prove this we will show that

1\k
aA_Zk' D et~ 0B = A+ D (118)

The proof is based on the observation that (111) and (114) have dual

forms. For (111) we obtain

Mt +2z+1)
Pta+z+1)I(ts+2+1)

sinm(ty + z) sinw(tz + z) sinm(B + 2)

2——00 sin® w(t, + z)sinmz
= A 1
Z FB—A+2z+1) ’ (119)
= I'(z+1)

while for (114) we have

— (=1)*ay N Pri1(B— A)
; z+1)2 P [Z W}

k=1

N sin? 7(¢; + 2) sin 7z
z—3—00 SINT(t2 + 2)sin7(ts + 2z) sinw(B + 2)

with the same o). We also need the following property
Prsa(l — 1) = (=1 Py (2) (121)

Now we will show that (119) follows from (118). Multiplying the r.h.s.
of (118) by

FrB—A+2z+1)
I'(z+1) ’

(122)
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and summing over A we obtain a convergent double sum for Rez — —o0

3 2 rg-l-k+z+1
Z (k'l? (t)i(ts —t1)i(B—1—k+1) ( TG T )

k,1=0

__ sinmz Z[‘(k 3) (3—tl)izFl(k—ﬂ,tz;k—ﬁ—Z;l)

sin(B + 2) —2) K
sinmz ['(—z —t2)
= Fi(ts —t1,t3 —t1;—B — 2z —ta; 1
sinw(ﬂ—i—z)f‘(—ﬂ—z—tz)z 1(ts —t1,t3 —t1;—B — 2 — t2; )
B sin® w(t; + z) sinmz 2(t + 2+ 1)
T sinn(ty + 2)sinm(ts + 2)sinm(B+ 2) T(ta + 2+ DI(ts + 2+ 1)

(123)

Since all the above steps are invertible, (117) and (118) are proven

g.e.d.

Next we turn to the analytic part of fa(v,&) in (103). We can then
write from Sec. 5.7 of [34]

pPW) = y12(0), P (v) = y1s(0), (124)

where e.g.

ds Tln—s)z—s) [[Tioi Tl + 5)]
¢ 27i T(s+1—1s) '

Y1,2(v) = (125)

The contour C separates the increasing from the decreasing sequence of

poles. The integral in (125) converges for
27 > argv > —2m, (126)

which includes the circle

I1—v <1. (127)

Then, an expansion of y; »(v) in powers of (1 —v) is given by Eq. 5.35
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of [34] as

(a1 + 12)nla2 + 12)
Y1.2(v) 1 E:g n!(a1+a2+71+72)n( v)"3Fy (0 +7y1, 22 +71,

l—az3—m—1+ Lo +ae+m+7+nl), (128)

T(ar + 72)T (e + ) [T, T(es +71)]
Tlar+oe+m+2)ln—1i+1)

C, = (129)

(2

The corresponding results for p;~ are obtained from above by the in-

terchange of indices 2 > 3.

Now we return to (103). Shifting the contour in (125) to +oo we

obtain
nalt) = G [Bi) - 20) (130)
y15(v) L [®1(v) — Bs(v)] . (131)

sin7(ys — 1)

The corresponding Mellin-Barnes representation for y3(v) reads (Eq.
2.44 of [34])

I‘s—l—’yr

132
1I‘s—a,+1 (132)

xs(v) =T(Bs +1) / v° T3

with the same § as in (106). Shifting the integration contour above to
—o00 we obtain
N&+U3 [Tz sin (o + o))
x3(v) = Z ®;i(v). (133)
i=1 [HS# sin 7"(7 '73)]

The linear system (130), (131) and (133) can be inverted. For the
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evaluation of its determinant we need the identity
3

Z sin(y; — Hsm7r (7 + as)

(%,3,k) in cyclic order s=1
3
= —sinm(y; — Y2)sinw(ye — y3) sin7(yz — 1) sin 7 (Z(ai + fyl)) .
i=1
(134)
Then, for the coefficients in (103) we obtain

1 [Hi’ (sinm(ye + Oés)]
7 sinmfs sinm(ys — 7o)’

cH = (135)

3
o — 1 [T, sinm(ys + o) (136)

7 sinmfs sinm(yy —3)

and also (109) again. The latter is a non-trivial check for our calcula-

tions.

Next we want to derive a Mellin-Barnes integral for the coefficients
G 10U + by, (137)

in (29). Here we restrict the derivation only to the contribution of
B(z1,x4; T2, z3). Expanding (87) in powers of u we have to treat (see
(21) with u <> v)

r2(—s)I'(AA - A - -
_di: ( 3) (% 8)U83F2 1A+A—ld,
n! Jo 2mi F(%A+A—%d_3) 2 2

1. - 1.1, - 1 11

X D, (685) T%(A + 5+ n + &)|e=o- (138)

By the Stirling formula [23] we know that for s = +i0,0 — o

I2(—s)P(3A = A= )I(A+s+n+¢)
(A+A 3d—s)

= 0(e ™). (139)
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Moreover the 3 F>-function in (138) behaves in the same limit as a power

of o

const. x g™ax02A-3d-1] (140)

An appropriate three-term relation for 3F3(1) ([33], eqn.(4.3.4.2) with
a=b=1A+A-14,

c=IA-A-sd=A-1d+1le=A+3A-1d-s) and the
Stirling formula [23] gives a complete asymptotic series expansion for
this s Fo-function with leading term (140). Inserting then the Taylor

expansion

=3 a:n—fw(—s)m, (141)

m=0

into (138) we obtain as contribution to (137) the exponentially conver-

gent Mellin-Barnes integral

" [2(—s)D(AA — A — 8)(—5),, -
KK /_Céf_ (—s)T'(3A s)(—s) 3F2(1A+A—1d,
c

nl Jo2mi TAA+A-1ld—5s) 2 2

1 ~ 1.1 < 1 < 1 1
§A+A—§d,§A—A—s,A—§d+1,A+5A—§d—s,1>
0\ 2,7

with

"

_T*(3A+A-1d)

I'(A—3d+1) (143)

The holomorphy of the functions y; 2(v), ¥1,3(v) at v’ =1 can equally be
derived from the exponential convergence of the Mellin-Barnes integrals
(125).
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