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Abstract

We investigate blowup formulae in Donaldson-Witten the-
ory with gauge group SU(N), using the theory of hyperelliptic
Kleinian functions. We find that the blowup function is a hy-
perelliptic o-function and we describe an explicit procedure to
expand it in terms of the Casimirs of the gauge group up to ar-
bitrary order. As a corollary, we obtain a new expression for the
contact terms and we show that the correlation functions involv-
ing the exceptional divisor are governed by the KdV hierarchy.
We also show that, for manifolds of simple type, the blowup
function becomes a 7-function for a multisoliton solution.

1 Introduction

Blowup formulae [1] have played an important role in Donaldson-Witten
theory. First of all, they relate the Donaldson invariants of a manifold
X with those of its blownup X, and they have been a crucial ingredi-
ent in the derivation of explicit expressions for these invariants, their
wall-crossings [2], [3], and their structural properties in the case of non-
simple type manifolds [4]. Another important aspect of these formulae
is that they give an explicit connection between the mathematical and
the physical approach to Donaldson invariants. For example, in the
derivation of the blowup formula for SU(2) Donaldson invariants given
in [1], the elliptic curve of the Seiberg-Witten solution [5], [6] appears
in a natural way. Conversely, the result of [1] can be derived in a very
elegant way within the framework of the u-plane integral of Moore and
Witten [7].

Donaldson-Witten theory can be generalized to higher rank gauge
groups using the approach of [7]. A detailed analysis of this theory for
SU(N) has been made in [8], and also in [9] from a slightly different
point of view. In particular, one of the results of [8], [9] is a blowup
formula for SU(N) Donaldson theory, which is written in terms of
theta functions!. It was already noticed in [8] that the blowup function

In [9], the blowup formula was also derived in the SU(2) case. The general
formula for SU(N) is implicit in the results presented there, and it was in fact used
to obtain expressions for the contact terms.
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is essentially a 7-function of the Toda-KP hierarchy, and reflects the
underlying integrable structure of the low-energy effective theory [10],
[11], [12], [13]. This relation between blowup functions and integrable
hierarchies has been explored in [14], [15], [16].

In this paper, we shall analyze in full detail the properties and
structure of the blowup formulae in SU(N) Donaldson-Witten theory.
As we will review below, an important aspect of blowup functions is
that they must admit an expansion whose coefficients are polynomials
in the Casimirs of the gauge group (equivalently, in the local observables
of the corresponding topological theory). In the case of SU(2), the fact
that the expression for the blowup formula in terms of theta functions
admits such an expansion is a result of the theory of elliptic functions,
which also provides an explicit way of performing the expansion by
using elliptic o-functions.

In the case of SU(N), it was argued in [8] that such an expansion
should exist on physical grounds, but no recipe was given to perform
the expansion. In this paper we solve this problem by using the hy-
perelliptic generalization of o-functions and the theory of hyperelliptic
Kleinian functions. This theory was developed at the end of nineteenth
century by Klein, Baker, Bolza, and many others, but has completely
dropped out of the textbooks. There has been recently some revival
of this theory in connection with the algebro-geometric approach to
integrable hierarchies [17], [18], [19], and as we will show in this paper,
the theory of hyperelliptic Kleinian functions is the right framework to
address the properties of the blowup functions in SU(/N) Donaldson-
Witten theory. For example, the contact terms of two-observables are
deeply related to the blowup function, as it was first realized in [9].
We will show that the theory of hyperelliptic Kleinian functions gives
a simple expression for these contact terms as periods of certain mero-
morphic forms.

Another interesting aspect of this approach is that it makes possi-
ble to clarify further the connection to integrable hierarchies. We will
show in detail that the blowup function, after a linear transformation
of the coupling constants appearing in the u-plane integral, satisfies
the differential equations of the KdV integrable system. As a corol-
lary, the correlation functions involving the exceptional divisor on the
blownup manifold are governed by the KdV hierarchy. This gives a
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formal connection to two-dimensional topological gravity [20].

As it is well-known, in the SU(2) case the blowup formula has a
simple structure when the manifold is of simple type, and it corresponds
to the degeneration of elliptic functions to trigonometric functions [1].
In the SU(N) case, the simple type condition corresponds to a maximal
degeneration of the hyperelliptic curve. These degenerations are well-
known in the algebro-geometric approach to integrable systems, and
correspond to multisoliton solutions of the hierarchy (see, for example,
[21], [22]). We will then show that the blowup function of SU(N)
becomes a 7-function for an (N — 1)-soliton solution of the underlying
KdV hierarchy. As a corollary of this analysis we will give explicit
expressions for some physical quantities at the N’ = 1 points of N’ = 2
SU(N) Yang-Mills theory.

The paper is organized as follows: in section 2, we review the basic
results on blowup formulae in Donaldson-Witten theory for the gauge
- group SU(N), following the results of [8], [9], [16]. In section 3, we
introduce Kleinian functions and hyperelliptic o-functions and some
of their properties. In particular, we give a detailed account of the
differential equations that they satisfy and we present a systematic
way to solve them for any genus g. We apply these results to the
Seiberg-Witten curve for SU(N) in section 4, and we derive some new
results on the contact terms of the twisted theory. We present explicit
results for the expansion of the blowup functions for g = 2 and g = 3.
In section 5, we explain the relation between the blowup function and
the KdV hierarchy. We then consider, in section 6, the important
case of manifolds of simple type, and we compute in full detail the
blowup function at the N' = 1 points. Finally, in section 7 we state our
conclusions and prospects for future research in this subject.

2 The blowup function in twisted N' = 2
super Yang-Mills '

In this section we give a brief review of the blowup formula in twisted
N = 2 Yang-Mills theory. A detailed account can be found in (8], [16].

Twisted N = 2 theories have a finite set of gauge-invariant opera-
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tors called observables which can be understood as BRST cohomology
classes. For SU(N) gauge theories, the simplest observables are the
N — 1 Casimirs of the gauge group, which give a basis for the ring
of local, BRST invariant operators of the theory. We will take these
observables to be the elementary symmetric polynomials in the eigen-
values of the complex scalar field ¢ in the N = 2 vector multiplet:

1
Ok=Sk(¢,-)=ETr¢k+~-- k=2...,N. (2.1)

The advantage of these operators is that their vacuum expectation val-
ues are precisely the u, that parametrize the Coulomb branch of the
physical theory.

From the above operators one can generate the rest of the observ-
ables using the descent procedure. We will consider only simply con-
nected manifolds, for simplicity. In this case, the other observables of
the theory are associated to integrals over two-cycles .S in the manifold
X of differential forms constructed by acting on the Casimirs with a
spin one (descent) operator G,

I(S) = /Sc;zok = %[qﬁ(¢k—1F)+~~~ (2.2)

Here, F' is the Yang-Mills field strength. In general, S will be an ar-
bitrary linear combination of basic two-cycles S;, i = 1,...,b2(X), i.e.,
S =25 4.8, therefore

L(S) =) tI(S:) . (2.3)

In total, we have (N — 1) - by(X) independent operators I (S;). The
basic problem now is to compute the generating function for correlators
involving the observables that we have just described, that is:

> L (24

As it has been explained in [7] for SU(2), and generalized in [8] to
SU(N), the computation of (2.4) can be done by using the low-energy
exact solution of ' = 2, SU(N) Yang-Mills theory. This solution

Z Pk, fr, S) = <9XP [Z(fkfk(s) + prOk)

k
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is encoded in the hyperelliptic curve describing a genus g = N — 1
Riemann surface ¥, [23], [24]:

y* = Pi(z) — 4A?Y (2.5)
where
N
Pyn(z) =z — ZukmN_k (2.6)
k=2

is the characteristic polynomial of SU(N), and uy = (Oy) are the
VEVs of the Casimir operators (2.1). Associated to this curve there is
a meromorphic differential of the second kind (also known as Seiberg-
Witten differential), with a double pole at infinity, that can be explicitly
written as:

d
dSsw = P;V(x)% . (2.7)
This one-form satisfies the equation:
8dSSW
=d 2.8
8Uk+]_ Uk ( )
where .
g—
dvg = 2 ydw, k=1,...,9, (2.9)

is a basis of holomorphic differentials for hyperelliptic curves of genus
g. Given a symplectic basis of homology cycles A¢, B; € H1(Z,,Z) one
may compute the period integrals of these differentials:
Al ! dv B ! d (2.10)
= — ik — T Vg . .
T om e YT om fp
(Notice that, in contrast to [25], [26], [27], we have explicitly included
the 27i factors). Using these quantities we can define the period matrix
of 3, as
Ti; = Ba(AT)F
The low-energy N = 2 theory is described by a prepotential F(at, A),

where the @ variables, associated to the cycles A‘, are given by the
integrals over these cycles of dSsw

(2.11)

j .

1 z P (z)

1 ,A =
a(Uk ) 270 m \/PI%(w)_4A2N

(2.12)
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The same expression holds for the dual variables ap; = 8F/da, with
B; instead of A*. The effective gauge couplings are given by (2.11). It
follows from (2.8), (2.10) and (2.12) that

oat

Oup 41

; dap,;
= Ay | i — By . 2.13
k 8Uk+1 k ( )

The blowup formula arises in the following context. Suppose that
we have a four-manifold X, and we consider the blownup manifold at
a point p, X = Bl,(X). Under this operation, the homology changes
as follows (see, for example, [28]):

A~

Hy(X) = Ho(X) = Hy(X)®Z- B, (2.14)

where B, the class of the exceptional divisor, satisfies B> = —1. Since
the blownup manifold X has an extra two-homology class, there are
extra operators I;(B) that must be included in the generating function.
We will then write S = S + ¢B. There is also the possibility of having
a non-Abelian magnetic flux through the new divisor, and this flux is
specified by a vector 8 with components of the form [8]:

Bt = (C7Y)ind, (2.15)

where the n/ are integers, and (C~1)Y, is the inverse of the Cartan matrix
for SU(N). The generating function for the correlation functions on X

18
>X ,
%7

(2.16)
where tp = ¢ - fp. The blowup formula states that this generating
function is given by

Z5(px, ftr, S) = <9Xp [Z(fkfk(s) + teJie(B) + peOk)

k

Z5(px, fiti, §) = <6XP [Z(fk-[k(s) + peOk)
k

X

where 75(t|Oy) will be called the blowup function. This function is a
series in the ¢, whose coefficients are polynomials in the operators Oy:

Tﬁ(tklok) = Z tﬁBﬁ’B‘(Oz, .o ,ON) y (218)

—

n
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where 77 = (ng, ...,ny) is an (N — 1)-uple of nonnegative integers, and
" = ¢3% .. - t1¥. The order of the terms in the expansion (2.18) is given
by |7i| = Y_,;n;. The fact that such a formula exists can be justified
intuitively by thinking about the blowup as a punctual defect which
can be represented by an infinite series of local operators [7]. Since the
ring of local, BRST invariant operators is generated by the O, one
would expect a factor like (2.18) relating the generating functions.

The precise expression for the blowup function 75(tx|Ok) was de-
rived in [7] for the gauge group SU(2), and in (8], [9] in the general
case of SU(N), using the u-plane integral. To write the formula for
this function, we will need to introduce the Riemann theta function
o[a, ﬁ](é‘lr) with characteristics @ = (ay, ..., q,y) and g = (B, -, Bq),
which we will take as:

e[a, f)(2I)

= Z exp [im7y; (nZ + B:)(n; + B;) + 2mi(n; + Bi)(z + )] . (2.19)
n;EZ

Then, the blowup function has the following form:

ot = o~ Dttt QL AET) (220)
e[&, (o)) ’
where .
N 4 Ou
§i=2ﬁ55’?, i=1,...,N—-1. (2.21)
=2

We will consider E = 0 most of the time (notice that, in general, the
B; won’t be half-integers). The corresponding blowup function will be
simply denoted by 7(t;|u;). In (2.20), we have introduced the symbol
Tr, to denote the contact terms associated to the observables Ix(S).
They are given by [9]:

Ouy, Ous
Oal 0o

As first noticed in [9], the explicit expression for the contact terms can
be deduced from the blowup function by requiring invariance under
Sp(2r, Z) transformations, and taking also into account that they must
vanish semiclassically [7]. In the SU(2) case one recovers precisely the
blowup formula of Fintushel and Stern [1]. As remarked in [16], one

1
770,1 = - —-37'

5—0s, 1og ©(&,0)(0I7)

(2.22)
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of the consequences of the semiclassical vanishing of the contact terms
(or, equivalently, of the expression (2.22)) is that the quadratic terms
in the “times” t; in the blowup function vanish for E = 6, i.e., the
expansion (2.18) has the structure:

T(tlu) = 1+ Y By, (us) t52 637 + -+ . (2.23)
|7|=4

This will be important later on.

3 A survey of the theory of hyperelliptic
Kleinian functions

In the first half of this section we will review in some detail the basic
constructions in the theory of hyperelliptic Kleinian functions. A very
good modern survey is [17]. We will also rely heavily on the results
by Bolza [29], [30], [31] and Baker [32], [33]. In the last subsection, we
will develop a constructive procedure to expand an even half-integer
hyperelliptic o-function up to arbitrary order in the moduli of the curve
following the centenarian footsteps of [31].

3.1 Hyperelliptic curves and Abelian differentials

The basic objects we need to develop the theory are Abelian differentials
on a hyperelliptic curve. Although we will concentrate most of the time
on the curve (2.5), we will attempt to give a summary of the general
story and consider hyperelliptic curves of the “even” form

29+2

v =flz) =) A, (3.1)

=0

describing a Riemann surface of genus g. The curve is said to be in
canonical form when Aggio = 0 and Ayg+1 = 4, and any curve of the form
(3.1) can be put in such a form by a fractional linear transformation.
A basis of Abelian differentials of the first kind is given by the set of
g holomorphic 1-forms (2.9). To construct hyperelliptic o-functions,
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we will also need a basis of Abelian differentials of the second kind.
To introduce these differentials we construct a generating functional
as follows. First, we consider a function F(z,z,) (sometimes called a
Weierstrass polynomial) which is at most of degree g+ 1 both in z; and
Z9, and satisfies the following conditions:

F(w17m2) = F($2,$1) ) F(:E,(L’) = 2f(.’17) )

(3_17_(;_;;96_2))31% = f'(z2) - (3.2)

One then defines a basis of Abelian differentials of the second kind,
dr¥(z) through the identity:

g
Z dvg(z1) drk (z2)
k=1
1 0 Y2 F(.’Bl, :L'g) de'l de‘Q
2y; Ozo (a:1 - x2> L 4(331 - 532)2 Y1Y2 ( )

and also a global Abelian differential form of the second kind

2y1y2. ! (5171,:1,'2) dzy dzs
4
dw(.’L‘l,IL'z) ( . 2)2 L Us ) (3 )

which has a double pole at ©; = x5 with coefficient normalized to 1.
We will consider three different choices of F(z1,z2) in this paper:

1) The function used, for example, in [32], [17] is given by

g
F(l)(:vl, .'.EQ) = 2)\29+2£Bg+1$g+2 + Z 21711:17’2(2)\25 + Aoit1 (£L'1 + .’L‘g)) ,

i=0
(3.5)
and the corresponding basis is
g+ k
i . xdz
dr’ = Z (k47— 9) Ab—jagre 4y (3.6)

k=g+1-j3

where j ranges from 1 to g.
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2) A second choice expresses F(z,z2) in a way which is “covariant”
with respect to an S1(2,R) transformation of the z-coordinate, as we
will explain in more detail in section 5. A convenient way to express
this polynomial is through the use of a “symbolic” notation as follows.
The equation for the hyperelliptic curve (3.1) is written as

= (0 + pz)¥? | (3.7)
so that ) )
Ap = ( g;— )afﬂ“"’ag ) (3.8)

Of course the notation is symbolic in the sense that a; and ay are not
defined as complex numbers. One now defines the so-called (g + 1)-
polar of the hyperelliptic curve as:

F(z) (xl, .’172) = 2(0&1 =+ C¥2.’I)1)g+1(011 + a2x2)9+1
g+1 g+1) (g+1)
=2 Z 2g-|-2) Ap+q T1T5 - (3.9)
Pg=1 P+¢1
We are not aware of the existence of a simple and closed expression for
the corresponding meromorphic differentials though they can be easily
computed case by case.

3) A third choice, due to Baker [34], and studied in detail by Bolza
[31], will be particularly useful in this paper. It is well known that, for
hyperelliptic curves, even and non-singular half-integer characteristics
are in one to one correspondence with the factorizations of (3.1) in two
polynomials of degree g + 1, say y? = Q(z)R(z). To this factorization
we will associate the Weierstrass polynomial:

F(3)(.’131,.’132) = Q(xl)R(xg) -+ Q(.’EQ)R(CC]_) . (310)

In the case of Seiberg-Witten hyperelliptic curves (2.5), the dr? basis
acquires a simple expression that will be discussed below.

It is not difficult to prove that two different choices of Weierstrass
polynomial, F(z1,xs), F(z1,z2), both satisfying (3.2), are related by
(see [33], p. 315)

F(z1,33) — F(x1, 22) = 4(z1 — 32)20(21, 2) | (3.11)
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where 1(z1,z2) is a polynomial symmetric in z1,z2, and of degree at
most g — 1 in each variable. It can therefore be written as

g
P(z1,22) = Z dijzi 'z (3.12)

3,5=1

where d;; is symmetric in 4,j. Inserting (3.11) in (3.3) we also obtain
the relation between the different basis of second kind differentials

g
d’l"j = C/l\’l"'j + Z djkd’l)k . (313)
k=1

Given a basis of differentials of the second kind dr*, constructed
from a Weierstrass polynomial F(z1,z2), we define the following ma-
trices of periods:

. 1 1
ki k 17 k
n 21 Al 4 M 2T B; 4 ( )

These matrices generalize the usual 7, = ((w,) of an elliptic curve, to

a hyperelliptic curve. Notice that the biperiods of the global Abelian
differential (3.4) can be written as

?{ dw = 4% AY o™ . (3.15)
At J AT

One can also prove a generalization of Legendre’s relation (see, for
example, [17]):

n=2kA, n' = 2kB — %(A‘l)t , (3.16)

where £ is a symmetric matrix.

3.2 Hyperelliptic o-functions and Kleinian func-
tions

We are now ready to introduce the key objects: the hyperelliptic o-
functions. To motivate the definition, recall that the usual elliptic



BLOWUP FORMULAE ... o915

o-functions can be written as quotients of theta functions with an ex-
tra exponential involving the n-periods (see, for example, [35]). This
property suggests to define the hyperelliptic o-functions in terms of
theta functions. We need to choose a characteristic [, 5] for these
functions, and a Weierstrass polynomial F(z;,z2) to define a set of
meromorphic Abelian differentials with their corresponding n-periods.
The o-function is then defined as:

oF (&, (@) = éexp{vmuvl}@[&', B(2mi) (A ) . (3.17)

In the above equation, the matrix x (see (3.16)) is given by
i _ L iioa-
K = 37 (AT, (3.18)

and C is a nonzero modular form of weight (1/2,0) with respect to the

action of Sp(2g,Z). When the characteristic [@, 5] is even and non-
singular, a useful choice is the one made in [29]:

C = [, B(0l7) = (det(A))*Ag°AY* (3.19)

where we have used Thomae’s formula [36] for the even characteristic
associated to the splitting y? = Q(z)R(z), and Ag g are the discrimi-
nants of the @), R factors.

An important property of the o-functions is that they are invariant
under the action of the modular group Sp(2g, Z). On the other hand, for
a fixed characteristic, o-functions corresponding to different Weierstrass -
polynomials are related by

o (@, B](¥) = exp G > dijvw,.) oFla, B)(v) , (3.20)

where o has been defined with F(zy, z;) and oF has been defined with

A

F(.’L’l,.’Ez).

We are now ready to introduce the hyperelliptic Kleinian functions
as derivatives of the o-function:
dln oF[a, B)(¥)

31}]' ’

-,

_8*In o7[a, B](v)
(91),‘3’1}]' '
(3.21)

¢Fla, fl(@) = phla, Bl(v) =
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These functions generalize the Weierstrass ((z) and p(z) to the hyper-
elliptic case, and in some cases they provide an explicit solution for
Jacobi’s inversion problem. Notice that they depend, again, on the
choice of Weierstrass polynomial. In particular, one has that

plla, 6(9) = pfla, B1(@) — dis - (3.22)

One of the key aspects of the hyperelliptic Kleinian functions pf|a, 81(7)
and of the o-functions is that they satisfy differential equations which
generalize those of the elliptic case like, for example, Weierstrass’ cubic
relation (p'(u))? = 4p(u)® — gop(u) — gs. This will be the subject of
the next subsection.

3.3 Differential equations for the hyperelliptic
Kleinian functions

The relations involving the hyperelliptic Kleinian functions pf; @, E] (0)
and their derivatives were originally studied by Baker in [32], [33]. The
case of g = 2 was investigated in full detail in [32]. A generalization of
this construction has been recently worked out in [17]. In this approach,
one obtains a set of second order partial differential equations for the
pf[a, B](7) with respect to the “times” vj, that in principle could be
solved in a series expansion. This would give the series expansion for
the o-function in terms of the “times” and the moduli of the curve.
The main difficulty to extend this method to higher genus is that the
relevant differential equations are given in an implicit way, and even
for g = 3 a lot of work is needed in order to extract the first few terms
of the expansion (see, for example, [17] where the first two terms have
been obtained for a special —singular— characteristic). It is important
to notice that these differential equations, being of second order, are
the same for the different characteristics. The choice of characteristic
shows up in the choice of initial conditions for the equations.

For the derivatives of p1; one can, however, write an explicit equa-
tion for arbitrary genus which will be useful later:

1 1
p111: = (611 + Aog) 11 + Z/\2g+1(6@i+1,1 — 2p0 + '2_5i1)\2g—1) (3.23)

1 1
+ 5)\2g+2(6m+2,1 — 6pir12 + 203 — di1dog—2 — §5i2)‘2g—3) .
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The hyperelliptic Kleinian functions which are used in this equation
are defined by means of the Weierstrass polynomial (3.5). Any other
choice will amount, by (3.22), to a v-independent shift. In (3.23), the
extra subindices denote derivatives with respect to the components v;.
This equation follows from [17], eq.(5.3), and when the curve is written
in the canonical way, it reduces to Proposition 4.1 of the same paper.

A different approach to this problem has been taken in a series
of papers by Bolza [29], [30], [31], who obtained a partial differen-
tial equation for even hyperelliptic o-functions which can be explicitly
written for any genus. First, Bolza derived an equation for the log-
arithmic derivative of the Kleinian functions pf; . Let us consider a
o-function defined by the Weierstrass polynomial F', and by the —even
and non-singular— characteristic [, 3] associated to the factorization

= f(z) = Q(a:)R(w) Then one has [29]:

28 = F(z1,22) — Q(z1)R(z2) — Q(z2) R(71)
Z phla EETN .

(3.24)
This equation will be important later in order to identify the o-function
which is relevant to the blowup formula. Notice, in particular, that it

tells us that pf[d, 5)(0) vanishes when the Weierstrass polynomial is
F)-

We can now state Bolza’s differential equation for an even o-func-
tion. Let a be one of the 2g + 2 zeroes of (3.1). We first define the
following functions:

(x —2)7 Z 29T hy( (3.25)

and also the matrices pf(a), ¢f;(a) through the relations:

axgz (x_z)g l_l(a’_z)g—I F(CL’,G,)
;p” Ja"h(z) = T—a 2 flla) (z—a)?’

Z g5 (a)a9™i297 = %(m — + == a) (I; (f’zz; (3.26)

w 1 1 9F(z,z) 1 F(z,0)F(2a)
4(x—2)?2 Oa 8 f'(a)(z — a)?(z — a)?




518 J.D. EDELSTEIN, M. GOMEZ-REINO anD M. MARINO

In this equation, the ' denotes derivative w.r.t. . We can now state
the differential equation satisfied by ¥ [&, 3](¥) [29]:

9 2g—z—J ( 82 P

Guge H950) (3.27)

where we have dropped the characteristic to gain in clarity. This equa-
tion endowes recursive relations for the Taylor expansion of ¢f. In fact,
the appearance of a set of recursive relations is immediate provided we
replace our even o-function by its Taylor expansion

la, fl@) =) % (D) (3.28)

n=0

where ¢, (¥) are homogeneous polynomials of degree 2n in v,

}g_:v,. ag"(?) = 9n (7 . (3.29)

9 a2g—i—j 82§

" (3.30)

:L:Jl f'(a) Ov;0v;
06,1 q29—i-3

= 2n(2n - 1){_ Sn—1 Z f, a) g')zj )

3,j=1
g F agn—l F
+ Z pij(a)'l)iw + (n — 1)(2n - 3) Sn—2 Z qz] (a)vivj} :
ij=1 J =1

The main difficulty of these equations is that they involve the deriva-
tives of o or ¢, with respect to a branch point a, which is of little
practical use. However, as we will see in what follows, one can deduce
from (3.27) a differential equation involving the coefficients of the curve
(3.1), which will allow us to give recursive relations for the expansion
of the o-functions relevant to the blowup formula. A final comment is
in order. Due to the fact that ¢y = 1, one can already obtain a set of
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differential equations for the quadratic term from (3.30) that yields

Z pw Jvivj . (3.31)

i,5=1

Thus, after (3.24), the quadratic contribution to the o-function vanishes
when F' = F, (3)-

Let us fix for future convenience the Weierstrass polynomial to be
F(3) (3.10) . This implies no lack of generality as long as (3.20) allows to
go from a glven polynomial to any other. The corresponding matrices

PSJ)( ) and q % (a) get further simplified to:

Zp(g) T zh )=(£U—z)9 1z =Z(a,a) — (a — 2)9~ 1z E(z,a)

,]—1 2 Z(a,a)(z — a) ’
9—i,9-5 E(z, 2)E(a, a) — E(z,0)E(2, a)
;q a)zd™'z 8 2(a,0)(z —a)(2 —a) ) (3.32)

where we have introduced the quantity =(z, 2),

that can be easily seen to be a symmetric polynomial of degree at most
g in its variables. We shall assume in what follows that a is a root of
Q(z). Notice then that Z(z,a) = Q(z)R(a)/(z—a) = —R(a)dQ(z)/0a
and Z(a,a) = f'(a) = Q'(a)R(a). We also have that gaff)(O) vanishes.
The recursive equation (3.30) can be written as

_. 0% Sn—1 3§
g29—i—I_— " _1\ = n— (3) “5n-1
E B0, =2n(2n — 1) Z(a,a) { + E

1,j=1 1,7=1 ]

+(n—1)(2n — 3) g2 Z qz(]‘o') ’U,’Uj} . (3.34)

1,j=1

Now, let ¢(z) be a polynomial of degree g + p. Then, one has

> ;EZZ; ¢(a) = p(z) - iuiwiQ(x) : (3.35)

1=0
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for appropriate y; defined in such a way that the polynomial of the
r.h.s. has degree g. This result comes immediately from the fact that
both sides of (3.35) are equal when evaluated at any of the g + 1 roots
of Q(z). Consider now the function

M(z,2) = E(z,2)Q'(2) = ) mi(2)7'Q(=) , (3.36)

=0

where, again, p;(z) are chosen in such a way that M(z, z) is of degree

g in variable z,
g+1

z) = Zmi(x)z"“'i . (3.37)

It can be written, after (3.35), as

Mz,2) =Y 22 pg,a)= -3 =, >""%§f’

@ E(@9) (@)

g+1

= —Z z,aq) ga gtl=i = (3.38)
@ i=0

where g; are the coefficients of Q(z). For a given function G, we can
replace 2971~ by 8G/dg; in (3.37)(3.38) with the result

g+1

> ma a_% - E(= (3.39)

i=1 (a)

We now multiply (3.34) by Z(z,a)/=(a,a) and sum over (a). The Lh.s.
as well as the last two terms of the r.h.s. are poynomials in a, while the
remaining term is the above referred problematic derivative that we can
now handle by means of (3.39). Conversely, we can instead consider
a root b of the polynomial R(z) and arrive to formulae analogous to
(3.35)—(3.39) with b, R and r; instead of a,Q and ¢;, whereas m;(z)
is replaced by, say, —n;(x) due to the change of sign of =(z,b) with
respect to =(z,a). At the end of the day, the recursive relation can be
brought to the following form

2z, (7)) = —2n(2n — 1){Agn_1 — Plz, o1 (V)] (3.40)
- (TI, - 1)(277/ - 3) Sn—2 Q[.’B,ﬁ]} )
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where the polynomials Z[z, ¢, (v )] Plz,sn—1(V)] and Qlz, 7], »

= _ii 0%,
Zlz, 6 (U Z Z 20~ Javlavj +(a—b),

7 z_]—

Plz,n-1(0)] = Z z,a Z Dij a)vz y —(a—=b),

(a) 4j=1
Qlz,#] = Y E(z,a) Z gi;(a)vv; + (a — b) (3.41)
(a) i,5=1

should be computed as explained in (3.35), and the differential operator
A is given by
g+1

6 O6n1 3 —
Agur = Y my(a) g T Z gr‘l . (3.42)

Notice that A involves derivatives with respect to all the coefficients
of the hyperelliptic curve. Thus, when considering the setup provided
by the Seiberg-Witten geometry, it will be necessary to retain the de-
pendence of any quantity on the whole set of coefficients of the curve,
provided one is interested in higher orders of the Taylor expansion.
The procedure described above leads to a recursive computation of the
hyperelliptic o-function up to arbitrary order in time variables.

4 Expansion of the blowup function

We will show in this section that the formalism discussed above is
the appropriate framework to address a detailed study of the blowup
function.

4.1 The Seiberg-Witten geometry

We will be now more specific and focus on the hyperelliptic curve (2.5)
describing the low-energy effective action of N' = 2, SU(N) super Yang-
Mills theory. This curve can be written as follows:

y*(z) = Q(2)R(z) (4.1)
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where

Q(z) = Py(z) —2AY ,  R(z) = Py(z) +2A" . (4.2)

The Weierstrass polynomial which is relevant to our problem is, as
will be clear below, F(3 (3.10). It is not difficult to prove that the
Abelian differentials of the second kind corresponding to this generating
function are given by:

dri = —P’(x)PN( )‘;x j=1,...,N—1. (4.3)

From now on, unless the contrary is stated, the dr? will denote the above
differentials, i.e., we will assume that the basis of Abelian differentials
is given by the generating function (3.10) for the specific case of the
Seiberg-Witten curve (2.5). Notice that

1 g
drl = S dSsw — ; (k + 1)ugyrdo® . (4.4)

These Abelian differentials of the second kind are associated to the
coordinates on the Jacobian v;, ¢ = 1,..., N — 1, that appear in the
expression for the o-function (3.17). In this sense, they play the role
of the differentials that define a Whitham hierarchy and a prepotential
theory [37].

The connection to the Whitham hierarchy can be made more con-
crete by relating the differentials (4.3) to another basis of Abelian dif-
ferentials of the second kind which will be useful later. This basis was
introduced in [25], and is given by

/
), = Rn,N(x)Efi(;)ﬁ , (4.5)

where the polynomials R, y(z), of degree n, are given by R, n(z) =

(PN(a:))f’- . In this equation, (Py(z))¥ denotes the n/N-th power of
the polynomial Py(z) understood as a Laurent series in x

z)¥ = Z by " (4.6)

m=—0o0

and the + suffix means that one only keeps the nonnegative powers of
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z. One has, for example [25]:
9 2
Rin(z)=z, Ron(z)=2"— N2
3 3

R3’N(£CA) =z — NUgIB - Nu3 . (47)

So, in particular, dQl = dSsw. The relation between these polynomials
and (4.3) is:

oON n N-1
Y, = — _Np-n drNP — :
n - Z bo—Np-N dr Z U m AU, (4.8)
where
N—-m-1
Unm = Z (N —-m—p) (4.9)
p=0
. N
: < bn,p Um+p + —7’; Z bn—N,—k Um+p—k uN—p) .
k=1
taking ug = —1, u; = 0 and ugsy = ug<o = 0. For N = 3, for example,
one finds:

dQl =6dr, + 2uqdvy + 3usdvs

. 2u2
d€l =3dry + 3usdvy + %dvg . (4.10)
It is precisely the basis dﬁn the one that turns out to be relevant in the

study of adiabatic deformations of the Seiberg-Witten solution within
the framework of the Whitham hierarchy [25].

4.2 Blowup function and o-functions. Contact
terms revisited

We will only consider in this section the case of zero magnetic flux,
so 8 = 0 and the characteristic of the theta function is [A,0]. This
characteristic is the one associated to the splitting of the Seiberg-Witten
curve given in (4.1) (see [25], [26]). In view of (3.17), we see that the
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blowup function (2.20) has the form of a o-function. To make this
comparison more precise, notice that, in the Seiberg-Witten context,

_ 3ul i 1 i.aul
(AN =55 )l = nI = (4.11)

This means that the “times” of the blowup function are related to
the vector ¥ in (3.17) just by v; = it;4;. We have to compare now
the exponentials in (3.17) and (2.20). As we stressed at the end of
section 2, when there is no non-Abelian magnetic flux through the
exceptional divisor, i.e., the characteristic is [A, 6], the quadratic terms
in the expansion of the blowup function vanish (2.23). But this is
precisely the behavior of the o-function associated to the generating
function (3.10), as it follows from (3.24) and (3.31). We then obtain
the following results:

e The blowup function of SU(N) Donaldson theory in the absence of
magnetic flux is a hyperelliptic o-function with characteristic [A, 0] and
with the Weierstrass polynomial given in (3.10),

7(ti|us) = oTO[A, 0)(3t141) - (4.12)

This identity, combined with the results of section 3, gives a rather
explicit realization of the expansion (2.18). We will give concrete results
for the lower genus hyperelliptic surfaces in the next subsection.

e The contact terms 741,41 are given by

1 Ou dx
Teppion = bt = — 2y 7{1 F@P@ (4.13)

where k is the matrix introduced in (3.16), and we have used the explicit
expression for the dr® given in (4.3). This result gives yet another
remarkably simple form of writing the contact terms of SU(N) twisted
Yang-Mills theory, this time in terms of periods of Abelian differentials.
Using (4.4), one obtains, for example:

Top = — (fue _ g aZ?) , (4.14)
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forl = 1,...,N — 1. One can in fact explicitly check some of these
expressions by using the results of [25], [26]. The starting point are the
Whitham equations

( Ou ) = ku aiauk (%) = —c Oux
dlog A/ Tysa=0 ¥ oat ’ T,/ Tosa=0 ™ dai ’
(4.15)
where, in the second equation, n = 2,..., N, and
SR o (4.16)
O T o Ju '

In (4.15), the slow times T,, are the “hatted times” introduced in [26].
The Whitham equations in the above form can be easily deduced from
equation (3.18) of [25] and the redefinition of Whitham times in [26].
Notice that these equations have already the flavor of (4.13), since they
express the derivatives of the moduli with respect to the slow times in
terms of A-periods of Abelian differentials of the second kind. The
derivatives of the moduli entering in (4.15) are in fact closely related
to the contact terms. In the formalism of [25], the natural duality-
invariant coordinates are not the moduli ux,1, but some combinations
thereof:

Hios1in1 = %resoo [(Pu@)Fd(Py(a)F] (4.17)

The moduli ug; are substituted in this formalism by:

Hk+1 = 'Hk+1,2 = Ug4+1 + gk+1(u2, - ,uk_l) . (418)
One has, for example:

oON Ug .

Hg = Ug , 7‘[3 = us, ’H3’3 = U4 + (419)

The RG equations of [25] give explicit results for the derivatives of the
Hiy:

a,Hk+1 _ 0H, 87-tk+1 1 -
(010gA)Tn22=0 =-2N dat Oai i Tij log@{ ,O](OIT) )
OHi+1 _
( T, )T o=kt DHew (4.20)

_ ﬂ%ﬂ?ﬂ_’i‘lia log ©[A, 0)(0|7) .

I Oat 0Odd i
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Since the first equation in (4.20) also holds by substituting Hg+; —
Uk+1, One can combine it with (2.22) and (4.15) to obtain precisely
(4.14). In the same way, one can obtain expressions relating the Ty
to the periods of the family of Abelian differentials (4.5), and then use
(4.8) to check (4.13). For example, for g = 2 one finds:

\ .
N Uy 1 8U3 i

75,3 = 3 - 1—2%‘ 0(2) . (421)
Using now (4.10) one can explicitly check (4.13) for SU(3) twisted
Yang-Mills theory.

The expression (4.13) for the contact terms turns out to be very
useful, since the differentials dr’ are rather explicit in comparison with
the Abelian differentials df), introduced in [25]. In particular, there
are some cases in which (4.13) is more effective than the expression
(2.22) involving theta functions. We will see an example in section 6.
There, we treat in detail the case of manifolds of simple type, where
contributions come only from those points of the moduli space where
the maximal number of mutually local monopoles (dyons) get simulta-
neously massless.

4.3 Expansion of the blowup function for lower
genus

It is instructive to consider in more detail the way in which the formal-
ism of the previous section leads to an expansion of the blowup function
as in (2.18) for hyperelliptic surfaces of lower genus. We already know
the answer for the first two terms, since 7(¢;|u;) is an even o-function
with generating function F®): ¢ = 1 and ¢ = 0. The differential
equations for the fourth order term are encoded in the relation

st[w,gz(ﬁ)]‘= 12 st[x,’ﬁ] , (422)

where we use the subindex SW, to indicate that a given quantity has
been evaluated in the Seiberg-Witten curve (4.1). The Lh.s. of (4.22)

is given by

g g-3
Zswlz, @) =2 oI — Z(uiQ(x) +uR(z))zt, (4.23)

1,j=1
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where ; and v; are constants (with respect to z though functions of
the “times” ¥) that reduce the degree of (4.23) as explained in (3.35),
and we have defined
. 02
i) = 7 n

- 8vi8'uj '

(4.24)

Notice that the second term of the r.h.s. in (4.23) vanishes for g = 2.
We obtained, for example,

Zew|z, c2(7)] = 2 [géll) - 2g2(12) - gézz)] |

Zsw(z, @(0)] =2 [2<§12) 2%+ (7 + 26+ uyc(MY) 22

+ (2™ +uged™) 3+ () +uad™)], (4.25)
for gb = 2 and g = 3 respectively. Concerning Qgsw|z,?], a closed
expression does not seem to be feasible. In the cases of lower genus, we
found

Qswlz, v] = —4A% (v} 2 + 4v1vp T + V] + ugv]) |
Qswz, 7] = —4A3(dvyvs 2% + (6vyvs + 4vi — upo?) 22 (4.26)
+ (4v1v2 + 3uzv3) T + (ug + u3)v3 + V7 — 2v3(ugVy — UzV2)).

Inserting these polynomials in (4.22) results in a set of differential equa-
tions for ¢, that can be easily solved. For example, in the case of g = 3,
i.e., N = 4, the resulting expansion for the blowup function is

8

A
Tsu(a) (tilus) =1 — 0l [ugtg — dugtdty + dustits

+ 6t3t; + 12tataty + 2t§] +-o0 . (4.27)

In the case g = 2, i.e., N = 3 it is interesting to work out in detail
the next-to-leading order in the expansion. Notice that it is only from
the sixth order term in the Taylor expansion of the blowup function
that the full complexity of (3.40) enters into the game. Thus, for the
sake of checking the recursive procedure that we derived in the previous
section we must compute ¢3. The relevant equation is

Zswlz, s3(0)] = —30{A§2|SW - Psw[x,gz(ﬁ)]} ; (4.28)

where we must include the full dependence of ¢; in the coefficients of a
generic hyperelliptic curve before applying the differential operator A.
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The second term of the r.h.s. in (4.28) vanishes for g = 2. On the other
hand, the term in the Lh.s. is exactly as (4.25) provided we replace ¢,
by 3. The final answer for the blowup function up to sixth order in
the “times” is
Ar oy 2,2
Tsu(3)(tilu:) =1 — D) [uzt3 + 6t2t3]
AS
360
— 12upugtat] — udth + Budtf — 120%5] + - (4.29)

[3t2 — 15untit2 — 60ustdtd — 15u2td

Notice that 7(¢;|u;) is homogeneous of degree zero provided we assign a
negative weight 1 — ¢ to variables ;. We will use the expansions (4.27)
and (4.29) in section 6 below to check the expressions for the blowup
functions in the case of manifolds of simple type.

5 Relation with the KdV hierarchy

In this section, we will show that the blowup function satisfies the
differential equations of the KdV hierarchy. More precisely, we will
show that, after redefining the times through a linear transformation,
we obtain a g-gap solution of the KAV hierarchy. This is essentially
a consequence of Theorem 4.6 of [17] (which we review below), but
some extra work is needed in order to adapt it to our context. We first
analyze the effect of special linear transformations on the hyperelliptic
o-functions, and then we establish the relation with the KdV hierarchy.
A similar relation has been pointed out in [15].

5.1 SI(2,R) covariance of the o-functions

Consider a hyperelliptic curve of degree 2g + 2 written in the symbolic
form (3.7), and perform an S1(2,R) transformation of the z-variable:

m_a+bt
T c+dt’

bc—ad=1. (5.1)



BLOWUP FORMULAE ... 929

The curve (3.7) becomes

2g+2

Y2 = (B + Bat) 912 = Zw (5.2)

where
Y =(c+dt)'y, Bi=cos+taas, Bo=do+bay. (5.3)

It is clear that one can always choose the S1(2,R) transformation in
such a way that the new curve is in canonical form, i.e., such that

>\2g+2 392 =0, /):2g+1 BBt = (5.4)

We will now analyze the changes induced by this transformation in
the rest of the objects defining the o-functions. First, we consider the
Abelian differentials of the first kind (2.9). Since

a,-w‘%w — (a+bt)i(c+ dt)"“lg , (5.5)

fort=1,...,g, it follows that
dv;(z) = A"d0y,(t) , (5.6)

where the matrix A/™ can be obtained from the SI(2, R) matrix by using
(5.5). This matrix is invertible, since one can explicitly construct an
inverse by writing ¢ = (cx — a)/(b — dz). It follows from (5.5) that the
periods of the Abelian differentials of the first kind transform as:

Al = A A", By=BiA", (5.7)

and therefore the period matrix 7 remains invariant under this trans-
formation (in the above equations, the hat refers to the periods of the
curve (5.2)).

Let us now examine the n-periods. We have to make now a choice
of Weierstrass polynomial, and to achieve covariance under S1(2, R) we
take (3.9). It is easy to check that

F(Q)(IL’l, m’g) (C + dtl) 9= l(C + dtg) lF(g)(tl, tg) . (58)
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Therefore, the normalized global Abelian differential of the second kind
(3.4) also remains invariant. From (3.15), one can then deduce the
transformation properties of the n-periods:

= A . (5.9)
We can now examine the properties of the o-function under these trans-
formations. Define

o= (AN , (5.10)
which is nothing but a linear transformation of the “evolution times”.
Using the above results, we find that

"1, Bl() ) = o7&, B) @) ey (5.11)

where F' denotes here the polar Weierstrass polynomials associated to
the corresponding curves. This is the key result that we will need. An
important corollary of (5.11) is that, after substituting v; = A/"0,,, the
o-function o (@, E](vl)(x,y) satisfies the same differential equations than

oF[a, Bl (W) (t,y) with respect to the hatted times.

5.2 The KdV hierarchy

One of the key results of [17] is that the hyperelliptic Kleinian functions
satisfy the equations of the KdV hierarchy, when the curve is written
in a canonical form, and when the Weierstrass polynomial is given
by (3.5). This can be easily deduced from (3.23). When Aggy2 = 0,

Agg+1 = 4, the equation becomes:
—~~ 1 —~~
p111: = (6011 + Agg)o1: + 65111 — 2902 + 55,'1)\29_1 . (5.12)

Take now U = 2¢p1 + %:\\gg, put z = v; and let ¢; = v; be the higher
evolution times. The equation (5.12) reads:
ou 1 3

o, =4~ (5.13)

where ’ denotes derivatives w.r.t. z. (5.13) is precisely the KdV equa-
tion. It is easy to prove that in fact U solves the KdV hierarchy, or,
more precisely, that it is a g-gap solution of the hierarchy. To see this,
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recall that the higher evolution equations of the KAV hierarchy are (for
a review, see Appendix A of [38]):
QZ—/{— =R.UU,..), 1>3, (5.14)
ot;
where the functions in the right hand side are defined recursively as
follows:

1
= iRé” ~ W+ c)R~ JUR: (5.15)

and c is a constant. The equations (5.14) and (5.15) with ¢ = ng/ 12
can be easily checked using again (5.12) and

P11191: — P11iP11 + P11i41— P12 = 0, (5-16)
which is obtained from (5.12) by imposing ;1111 = O1111:-

We can now state our main result about the relation of the blowup
function to the KdV hierarchy. Taking into account (4.12) and (5.11),
we can write:

7(vm = A, 5]0;) = €2 5% g F A 0)(T)) ey 5.17
m (tY)

where the o-function in the right hand side has been defined using the
Weierstrass function (3.5), and the linear transformation A has been
chosen in such a way that the hyperelliptic curve (¢,Y) is written in a
canonical form. The c;; are constants depending on the parameters of
the S1(2,R) transformation and the moduli of the curve, and they can
be computed explicitly. They simply arise as in (3.20), by comparing
o-functions defined for different Weierstrass polynomials. Using the
results above, we finally find that

&log T
o2

U=-2 + ey + %XQQ (5.18)
is a g-gap solution of the KAV hierarchy. In other words, the blowup
function is, up to a redefinition of the evolution times and the shift in
(5.18), a 7-function of the KdV hierarchy. Remember that the blowup
function appears in fact in the generating function of the correlation
functions involving the exceptional divisor. A corollary of the above
is that these correlation functions on the manifold X are governed by
the KdV hierarchy, and they have as initial conditions the generating
function of the original manifold X.
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In [1], the blowup function of SU(2) Donaldson-Witten theory was
obtained precisely by solving a differential equation. The above result
shows that the generalization to SU(N) involves the KdV hierarchy.
In fact, we can now recognize a posteriori the differential equation of
[1] as the reduction of the KdV equation, whose quasi-periodic solu-
tions are of course elliptic functions. It is interesting to notice that the
differential equations governing the blowup behavior of SU(N) topo-
logical Yang-Mills theory in four dimensions turn out to be essentially
the same than the equations governing the correlation functions of two-
dimensional topological gravity [20]. This is yet another manifestation
of the intimate relationship between 4d N = 2 theories and 2d physics?.

6 Manifolds of simple type and multisoli-
ton solutions |

6.1 AN =1 points

There are points in the moduli space of the hyperelliptic curve where
one has maximal degeneration, ¢.e., all the B; cycles collapse. These
points are usually called, in the context of N/ = 2 gauge theories, the
N = 1 points, since these are the confining vacua that one obtains after
breaking N' = 2 down to N' = 1. The physics of these points in pure
Yang-Mills theory has been studied in detail in [39], and some aspects
have been addressed in [40] from the point of view of the Whitham
hierarchy. In this subsection we will rederive some of the results of
[39], [40] by using the approach of [21], section 4.4. In particular, we
will obtain a compact expression for the leading contribution of the
off-diagonal magnetic couplings near the N’ = 1 points.

The N = 1 points of the N/ = 2 gauge theory are described by
Chebyshev polynomials. The polynomial Py(z) becomes 3, at a point

2 Although the integrable hierarchy is the same, the generating function of 2d
topological gravity and the blowup function are of course very different. For ex-
ample, the former contains an infinite number of times corresponding to the grav-
itational cohomology classes, while the latter is a g-gap solution with only a finite
number of times turned on.

3We set for convenience A = 1 along this section.
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of maximal degeneration,
Pn(z) = 2cos (N arccos g) , (6.1)

and the other A/ = 1 points are obtained using the Zy symmetry of the
theory. From now on we will focus on the N/ = 1 point corresponding
to (6.1). The branch points of the curve are now the single branch
points e; = —eyg42 = 2, and the double branch points are:

62k=62k+1=$k=2005 k=1,...,9. (6.2)

_N_ )

The values of the Casimirs at this degeneration are given by the ele-

mentary symmetric polynomials of the eigenvalues 2 cos M k=
1,...,N [39]. For example,
N
’U,2=N, ’U,3=O, ’U,4=§-(3—N) (63)

When the curve degenerates in the way specified by (6.1), the B; cycles
surround the points a, clockwise, while the A cycles become curves
going from ¢; to 2 on the upper sheet and returning to ¢; on the lower
sheet. The hyperelliptic curve (3.1) becomes

H T — ) - (6.4)

Consider now the normalized “magnetic” holomorphic differentials:

W = (B™Y)kidy, = % . (6.5)
Then, it follows from (2.10) that
1 i 51,
57 ij = —res,_g. W' = (6.6)

Using the explicit expressions (2.9) and (6.4), we find:

¢ (z) = —2isin % H(x — &), (6.7)
1]
and
= 2isin 5 (6.8)
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Let So = 1, S5 = X .. «i; Tin " T be the elementary symmetric
polynomial of degree j. From (6.5), (6.7) and (4.11) one deduces:

Ougyy
8&D,m

™M
N

= 2i(—1)’sin — Sp_1(Ppstm) - (6.9)
One can in fact check that this expression agrees with the results of
" [39]. Indeed, one can rederive from (6.9) equation (5.3) of [26].

Near the N’ = 1 points, the diagonal components of the “magnetic”
couplings diverge, but the off-diagonal components are finite. The lead-
ing terms of the off-diagonal components have been investigated in [39),
where an implicit expression for them was proposed in terms of an in-
tegral involving a scaling trajectory. In [40] it was shown that the
Whitham hierarchy gives some nontrivial constraints on these terms,
and an explicit expression satisfying the constraints was proposed. We
will now derive a very simple expression for the leading terms of the
off-diagonal couplings. From the above considerations it follows that

w_ L [7
= — . 6.10
™= 3, w (6.10)
~Taking into account (6.8), the computation of (6.10) reduces to an
elementary integral [21]. Denoting:

(6.11)

we find .
ke Ve — Yk
T = — log —— , k<?. 6.12
D =ik Ye + Vi (6.12)
We have checked that this expression agrees with the proposal of [40]
up to N = 5, although (6.12) is considerably simpler. Finally, notice

that the diagonal couplings diverge logarithmically 75 — ico [39].
6.2 The blowup function for manifolds of simple
type

We are now ready to compute the blowup function for manifolds of
simple type. The first thing we have to do is to rewrite (2.20) in the
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magnetic frame which is appropriate to the strong coupling regime, as in
the related analysis of [40]. Since the blowup function is invariant under
duality transformations, the only change will be in the characteristic,
which is now [0, A], and in the substitution of all the variables by their
duals (i.e., we will have 7} instead of 7;;, and Qui/Oap, instead of
Ouy/0a’.)

We now have all the ingredients to investigate the blowup function
for manifolds of simple type. The dual theta function ©p[0, A](€]7)
vanishes at the A = 1 point, but after quotienting by ©p[0, A](0|7) we
get a finite result:

h Z H( )spsq/2 exp st O | (6.13)
Yg+ Vp =2 2 aaD] | |

sJ—:i:I p<q

where

c=>1] (7" )3,,5,,/2 , (6.14)

sp==%1p<q

and the values of the B-periods at the /' = 1 points are given in (6.9).
To derive the above equation, we have used the explicit expression for
the offdiagonal couplings (6.12). The values of the contact terms can
be obtained from the logarithmic derivatives of (6.13) following (2.22),
but it proves to be much more useful to use our new equation for the
contact terms (4.13). We just have to compute the B-periods of the
Abelian differentials (4.3) at the N/ = 1 point. This is easy to do by
making the change of variables x = 2 cosf [39]. One has

dr* = iP}(6) cot N siné df , (6.15)

with periods:

km
nh = resy_g, dr* NPZ(¢ %) sin v (6.16)
where 6y, = kr/N. The contact terms are then given by:
Too = — Pl (B)sin T O (6.17)
Rt = QN k1™ N Bap,m ' '
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One has, for example:

Top = —— sin oL O _ ¢
79N N dap,, 4N °’
i 2mn Ouy
Ts.e & St Bap (6.18)

We have checked for low values of N that the expression (6.17) agrees
with the one obtained using (2.22). Clearly, (6.17) is much more com-
pact in this case. The last expression in the first line of (6.18) actually
follows from (4.14), but can be checked using the results of this section.

Putting all the ingredients together, we find that the blowup func-
tion at the N = 1 point is given by

1 mm  Ouy
T(t;) = Eexp{ Ztkt‘ngPk 1(qu)sm N Bapm}

Z H( ) qu/2eXp Z% oy . (6.19)
Yo+ Vo ~ 2 Oap,;

s;==%1p<q

From the point of view of the underlying KdV hierarchy, this blowup
function has a very simple interpretation: it is a 7 function for an
(N —1)-soliton solution, after making the linear transformation of times
explained in section 5. This is a simple consequence of the fact that
quasi-periodic solutions of the KdV hierarchy become multisoliton so-
lutions in the limit of maximal degeneracy of the underlying Riemann
surface (see, for example, [21], [22]).

An important consistency check of (6.19) can be made by consider-
ing the explicit expression of the Donaldson-Witten generating function
for manifolds X of symple type with b5 (X) > 1 obtained in [8], which
is trivially extended to include more general descent operators:

Z(pk’ fka S)j)\(/z:l

. SY—— (zj,2x)/2
=01X,3 Z HSW :L‘] H(’)’]-l-’yk)

Tj i<k

N
- exp {Z (Pkuk - —fka&wc (S, xj)) + 5 ;fkflﬁ,l} .

. (6.20)
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In this equation, we have only recorded the contribution of one of the
N =1 points, since the contributions of the other points follow from
Zy symmetry. For each i = 1,...,N — 1, the sum over z; is over all
the Seiberg-Witten basic classes of the manifold X [41], whose Seiberg-
Witten invariants are denoted by SW(z;). The values of the B-periods
and the contact terms are those given in (6.9) and (6.17), respectively.
( , ) denotes the product in (co)homology. Finally, o and § are uni-
versal constants that only depend on N. If we now perform a blowup,
for every basic class z of X we will obtain the basic classes z = B in
X, where z denotes the pullback to X of the basic class of X [42]. The
Seiberg-Witten invarians are SW (z+ B) = SW (z) [42]. If we now con-
sider Z (pg, fr, )N 1. we will have to substitute z; — z;+s;B in (6. 20)

with s; = +1. The sum over basic classes of the blownup manifold X
factorizes into a sum over the z; and a sum over the s;. Taking into
account that (z, B) = 0 for any cohomology class z pulled back from
X to the blownup manifold, and that B> = —1, we find that, under
blowup, (6.20) gets an extra factor which exactly agrees with (6.19)
up to an overall constant. This is an important consistency check of
the whole story and in particular of the expression (6.20). The check
is not trivial since, when using (6.20), we have to rely on properties
of the Seiberg-Witten invariants, while (6.19) was derived by means of
the u-plane integral.

Let us finish this section by considering in detail the expression we
obtained for the blowup function at the ' = 1 point (6.19) for the cases
of lower genus. For g = 2, for example, y; = 1/ v/3 and Y2 = V/3. After
using the explicit values of the B-periods given in (6.9), we obtained:

1
TSU(3)(t2,t3) = ge"%tg‘tg{cosh(\/gtz) + 2COSh(\/§t3)} . (6.21)

Notice that the blowup function for simple type manifolds is given
by a compact expression as (6.21), in contrast to the case of non-simple
type manifolds that we analyzed above. This fact was already observed
in the elliptic case [1], and is related to the degeneration of hyperelliptic
functions to trigonometric functions. On the other hand, both expres-
sions must coincide as long as the blowup function is duality invariant.
This means that the whole expansion (2.18) must reorganize itself into

4The overall normalization also agrees if one takes into account the universal
constants of the u-plane integral in the definition of the blowup function.
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(6.21) when uz = 3 and ug = 0. Indeed, in expanding (6.21) up to sixth
order in the times
1 13

1 1 1 3
Tsue) (t2,t3) =1 — §t§t§ — Zt}f — mtg + gtgtg + gtgtg + mtg JE6 22 )

we find complete agreement with the expansion (4.29) in the nonsimple
type case. This is an important consistency check of the results of this

paper.

For g =3,onehas 3 =v2—1, 7 =1and v3 = v2+ 1, and the
blowup function turns out to be:

Tsu(a)(t2, t3, ta)

| ¥ T WO I
= e 2taTlgmatgtiale \/§c0sht + 2t3 — 2t
4\/5 { (2 3 4)
+ V2 cosh(—tg + 2t5 + 2t4) + (V2 — 1) cosh((v/2 + 1)ty + 2t,)
+ (V2 + 1) cosh((V2 — 1)t; — 2t4)} . (6.23)

Again, it is immediate to check that the leading terms of its expansion,

1 1 4 4
Tsu(a)(t2, 3, ta) = 1 — gtg — totity — §t§t§ + gtzti - gtj +en
(6.24)

are in agreement with the result obtained in the nonsimple type case,
after taking into account that u; = 4 and uz = 0 at the A/ = 1 point.

7 Concluding Remarks

In this paper we have carried out a detailed analysis of blowup for-
mulae in SU(N) Donaldson-Witten theory. In particular, we have
found an explicit procedure to expand it in terms of the Casimirs of the
gauge group up to arbitrary order, by using the theory cf hyperelliptic
Kleinian functions. This theory clarifies in fact many other aspects of
blowup formulae and the u-plane integral, like contact terms and the
relation with integrable hierarchies.

Although higher rank generalizations of Donaldson-Witten theory
seem to be rather intractable mathematically, it is likely that the be-
- havior of the higher rank invariants under blowup can be determined
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by using only a limited amount of information, like in the work of Fin-
tushel and Stern [1]. This article gives very precise predictions for this
behavior. In particular, it implies that the higher rank generalization
of the differential equations studied in [1] will be essentially the KdV
hierarchy.

Our work can be generalized in many different directions. First of
all, we have analyzed only the case of 5 =0, and certainly this is only
one particular case of the general blowup formula. More work is needed
along this direction. In particular, it would require a generalization of
the procedure developed in section 3 for other kind of o-functions

It would be also interesting to work out the details for theories
including massive hypermultiplets and/or other gauge groups. One of
the most interesting aspects of the theories with matter is that the
magnetic flux turns out to be fixed by topological constraints, and this
gives a nonzero value of § in the blowup function [7], [43].

Another direction to explore is the relation between the hyperellip-
tic Kleinian functions and the theory of the prepotential. The blowup
function gives a natural set of Abelian differentials of the second kind,
and we know from general principles that such a set is one of the basic
ingredients in the construction of a Whitham hierarchy [37]. It would
be very interesting to develop this relation in general, at least for hi-
erarchies associated to hyperelliptic curves. This would further clarify
the relations between blowup functions in generalizations of Donaldson-
Witten theory, and the construction of Whitham hierarchies for super-
symmetric N = 2 theories in [12], [13], [25], [26], [44].
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