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1 Introduction

In this paper we generalize the results of Twist Positivity [1] to a wide
class of symmetries. We investigate the (unitary) implementation Ug
of a symmetry S of a classical, free field Lagrangian. We establish twist
positivity of the the partition function Zgy twisted by the symmetry
Us, namely Zgy > 0, and show positivity of the pair correlation oper-
ator that is twisted by Ug, namely Cg > 0. After considering a simple
example of a free field in §1.1, we give the general definitions of these
concepts in §1.2-1.3. The methods here are applicable both in quantum
field theory and also in related problems in statistical physics.

1.1 Free Bosonic Fields on Compact Manifolds.

Let M be a compact Riemannian manifold, £ — M a finite-dimensional
Hermitian vector bundle on M endowed with a compatible connection,
and let Ag denote the corresponding (positive self-adjoint) Laplacian
on the Hilbert space L?(E) of square integrable sections of E. Let (-, )
denote the inner-product! on L(E), and let D (Ag) be the domain of
Ag.

The corresponding free field theory has the Lagrangian
L:D (Agz) % [2(E) — R, defined by,

Opa\ _ [0pa Opa\ /.12 1/2 9
L (rob "a‘) - < ot ) ot <AE Pl AE rol> m (90017 <Pcl> )
(1)

where m > 0 is the mass of the field. The characteristic feature of free
bosonic quantum field theory is that the time evolution is prescribed
by a linear partial differential equation of second order. The dynamics
corresponding to this Lagrangian via the Euler variational principle
reads,

52
((@+AE+m2) ©a (t,z) =0. (2)

Since the manifold M is compact, the self-adjoint operator Ag has dis-
crete spectrum and there is an orthonormal basis? of L2(E), {©cx tkek,

Inner products are antilinear in the first argument.
2See §2.2 for a basis-independent quantization.
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consisting of eigensections of Ag,

(A +m?) Yok = WePe - (3)

Restricting consideration to the case that all the w? are strictly
positive, each solution to eq.(2) may be expanded as

paltz) = 3 <o (@ (B + 0 (R Hpar(e) . (4

keK

where a4 (+k) are complex coefficients. Canonical quantization of that
system replaces the complex coefficients a1 (3k) by operators, also de-
noted by oy (£k), satisfying the canonical commutation relations,

[ai(:l:k),a;(:tk’)] = (sk,k' (5)
[ai(ik)vai(ikl)] = [a+(k)7a—(—k/)] = [a+(k)’ai(—k/)] =0.

The o (k) act on a Fock space §, which is the Hilbert space spanned
by all vectors of the form aZ (+ky) ..o (£k,)|0), where the unit vec-
tor |0) (called the vacuum) is in the nullspace of all the a4 (+k) and
in the domain of any product of o (+k)’s. The charged “one-particle” -
subspaces of §, which are the spans of {a’ (—k)|0)} ere and
{ar (k) |0)} rex» Play a special role in the theory. Natural linear iso-
morphisms between these spaces and L? (E) and its dual, respectively,
will be exploited in §3.1.

1.2 Bosonic Quantization of Admissible Quadratic
Lagrangians
We work here with a generalization of the fields in §1.1.

Assumptions:

1. Replace the space L? (E) by a separable complex Hilbert space
£, called the space of classical fields. The canonical pairing
between £ and its dual £* is denoted by (-,:) : £* x & — C.
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2. Replace the operator v/m? + Ag by a positive self-adjoint clas-
sical frequency operator () : £ — £ which is bounded below
by a positive constant A > 0. The ground state energy p > 0
is the largest such A.

3. The compactness of M is replaced by the assumption that Q is
©-summable, i.e. that Tre?? < oo for all 8 > 0.

4. The free Lagrangian £:D (Q) x Q — R is given by
L (p, dp/dt) = (dp/dt,dp/dt) — (Qp,Qp) . (6)

Note that condition (2) rules out the case of a massless (m = 0) scalar
field on the circle S parametrized by 6 € [0,27) unless the Laplacian
As1 = —d?/dh? is twisted. For p not a multiple of 2, the twisted
Laplacian A%, is the self-adjoint extension of —d?/d6? acting on smooth
functions on S* which satisfy

df it

. S
A or = ¢ o

for n € N.

Definition 1. An Q satisfying the strict positivity and ©-summability
assumptions (2-3) is called admissible, as is its associated free La-
grangian. The canonical antilinear isomorphism f — f: & — &*
is given by

(f.9) =(f.9)
for all g € €. Given a linear or antilinear operator A : € — &, the
conjugate transformation A : £* — £* is given by

Ag = Ag.
To quantize this theory in the usual way, let {ej}rex denote an
orthonormal basis of £ consisting of eigenvectors of {2, namely,
Qer, =wper, forallke K . (7)

Let Op (F) denote the set of linear operators on §. The real-time quan-
tum field prr : RxE* — Op (F) is the operator-valued function defined
by ‘

o (6F) = 30 o= (e ()¢ + o (=) ) (Fen).

keK
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The operators a4 (+k) are required to satisfy the canonical commuta-
tion relations (5), and to act on Fock space §, which is isomorphic to
the symmetric tensor algebra expg € @ &*3 The Hamiltonian H and
particle number operator N of the system are defined as

H=> w (o} (k)ay (k) + o (—k)o_ (k)

keK

N = Z (o) (k) ot (k) + o (k) a_ (—Fk)).

The fields g7 (¢, f) and @iy (¢, f) commute and @pr S ) V+1)” 1/2
is bounded. We then infer that the closure of pg7 (t f ) defined on the
domain Fo, the algebraic subspace spanned by states of finite particle
number, is normal. This follows by an application of Nelson’s analytic
vector theorem, Lemma 5.1 of [2], since the vectors in §p are a common
set of analytic vectors for the real and imaginary parts of the field. Note
that for f € D (Q?), the field g satisfies the Klein-Gordon equation

2

0 - -
52 PET (t,f) +err (t,Q0°f) =0, (8)
where the derivative is taken strongly on Fo.

The conjugate field g}, : R x € — Op (F) is given by

Orr (t, f) = ((PRT( f))*

The imaginary-time fields ¢ : [0, 00)xE* — Op (F) and @ : [0,00) X E —
Op (3) are given by

2 (t’ f) = e_tH(pRT (07 fT) etH ) (15 (t7 f) = e_tHSO’;%T (0’ f) etH

Again, ¢ (t, f ) and @ (t, f) give well-defined normal operators with core
$o when £>0.

3We use « instead of the more standard variable a to remind the reader that the
symbol k need not correspond to momentum. The notation a_ (—k) is preferred
over a_ (k) to resemble the standard quantization of the free complex scalar field
in a rectangular box. In that case, the basis of £ can be chosen to be of the form

ex = e~***, where k ranges over some lattice. Then (&, f) = [e_x (z) f (z) dz and

a (=k) = a_ (—k).

(—k) € + oy (k) e7%) (&, f)
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1.3 Twist Positivity and the Twisted Pair
Correlation Function

The partition function of the system is defined as
Zg=Tr (e™?¥) | (9)

so one needs the heat operator to be trace class. This is a consequence
of the admissibility of 2.

Definition 2. For a unitary operator U : § — § commuting with the
Hamiltonian H, the partition function twisted by U s

Zgy =Tr (Ue‘ﬁH) .
We say that U is a twist positive with respect to H if
Zﬁ,U >0

for all B> 0.

It was observed in [1] that, surprisingly enough, many interesting
symmetries U are twist positivity, both in particle quantum theory and
in quantum field theory. In this work, we generalize previous results by
considering the following natural class of symmetries:

Definition 3. A bounded linear or antilinear operator S : £ — £ s
a Lagrangian symmetry if S restricts to a bijection of D (Q2) onto

itself and
L(p,p) =L(Sp,5¢) . (10)

Hence S is a Lagrangian symmetry iff it preserves the closed quadra-

tic forms
o L(p,0) and dp/dt — L(0,dp/dt)

and their domains. From the one-to-one correspondence between closed
positive quadratic forms and positive self-adjoint operators (see [3]), it
follows that S is a Lagrangian symmetry of L iff [S,2] =0 and S is
unitary or anitunitary.

For each Lagrangian symmetry S, we shall denote by Ug its im-
plementation on Fock space § (see §3). The Ug have a characteristic
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action on §. Indeed, the set of such implementations is precisely the
set of unitary® operators U : § — § such that

1. U commutes with the Hamiltonian H, the number operator N,
and with the combined time-charge reversal operator T'C, which
is constructed in Theorem 11 below.

2. U preserves the vacuum, and U acts independently on each par-
ticle in a multiparticle state, unaffected by the presense of other
particles.

3. U either sends particles to particles of the same charge (for S
unitary) or to particles of opposite charge (for S antiunitary).

That properties 1-3 hold for implementations of Lagrangian symmetries
is proven in lemmas 10 and 12. Theorem 13 implies that all such
symmetries U are implementations of Lagrangian symmetries.

We now give our main results.

Theorem 4. The Fock space implementation Ug of a Lagrangian sym-
metry S of an admissible free Lagrangian is twist positive.

We define the twisted pair correlation function and associated ob-
jects:

Definition 5. Let0 <t,s <3, f € £* and g € £. The time-ordered
product is given by

e Dpts.o). = { SLIPeg B

For a unitary Lagrangian symmetry S, the twisted pair correlation
function Cgyg s

Co(t, Fi5,0) = - —Tr ((0lt, HP(s. ) Use ™) . (12)

B)US

“Note that an antiunitary Lagrangian symmetry will have a unitary implemen-
tation on J§.
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The twisted pair correlation function is the integral kernel of the twist-
ed pair correlation operator Cz on the path space

To=L*(0,6); €)= L*(0,8) @€

of square-integrable functions from [0, 8) to €. The operator Cp is that
which satisfies

(o), = [ [ o (1T @i050) dsar, 19

where f , G € Tg. Define the twisted derivative D as i times the self-
adjoint extension o %% acting on smooth functions g : [0, 8) — £ such
that for alln € N,

P9 0)= 1m 52 1) . (14)

We prove in §5 the following

Theorem 6. If S is a unitary Lagrangian symmetry of an admissible
free Lagrangian then

Cs=(-D*+ 0271, (15)

where Q is identified with I ® Q.

In §6, we modify and extend this theorem to antiunitary symmetries
and to the case of real scalar fields.

The positivity of the operator Cpg ensures the existence of a count-
ably additive Borel measure whose moments are the twisted correlation
functions of the free field. It would be interesting to extend the tech-
niques of constructive quantum field theory to non-linear perturbations
of the free theories we consider here.
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2 Bosonic Quantization of Complex Free
Fields

2.1 The standard L? (X) representation of &.

Making contact with the standard physics notation for complex free
Bosonic fields, we represent the space £ as L? (X)), for some measure
space X, so that expressions involving fields ¢ € £ may be written in a
familiar form as ¢ (z), £ € X. We note that if one identifies a function
f € L*(X) with the linear functional on L? (X) given by

gH/f(w)g(:v) dz,

then the canonical isomorphism ~ is just complex conjugation, and the
conjugate transformation of A is given by

Af = (Af),

where the bars on the right-side denote complex conjugation. Elements
of £* will always be represented below as f, for some element f € £. In
particular, we make no essential use of complex conjugation on L? (X),
which is not a natural representation-independent operation on £.

The operator-valued linear functionals gy and ¢%, are commonly
expressed in suggestive notation as

orr (t,F) = / orr (t,2) F (z) de (16)

and

G (b, ) = / o (t,2) f (2) de. (17)

5 An example of a complex classical field theory given on an L? space with phys-
ically unnatural conjugation is the complex scalar field on the “twisted circle.” Set
& =L?(S'), Q= A%, where A%, is the twisted Laplacian defined in §1.1. Hence
unless p is a multiple of 7, we see that the L?-conjugation on £ is does not commute
with least-action time evolution.
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Here gt (t,2) and ¢y (t,x) are notational devices expressed as

¢rr (t, ) Z\/217 (e“*ar (k) + e “¥a_ (—k)) ex (z)

e (h2) =Y ﬂ% (e¥tar (k) +e~*a (K)) & (z),

where the summations are understood to be interchanged with the inte-
grals in (16 — 17). Note that gr (¢, z) and @kt (¢, z) are not functions,
and pointwise they are merely symbolic expressions.

As usual, the canonical commutation relations for the operators a.
are equivalent to the equal-time canonical commutators:

orr (7). 225 . ) =i (7, 9)
=z‘/f(x)9(w)dw=i<f,g>, (18)

orr (1.7), 2257 (4.9 = [omr (. F) s (8,9)]

= [prr (&, F) 0 (£,3)] =0.  (19)

Here Opgr/0t and Oy} /0t are defined using the strong limit on Fo.

The Klein-Gordon equation (8) for ¢ (¢, z) is denoted by

(07 + 92) pa (t,2) =0, (20)
and the conjugate Klein-Gordon equation for @ (¢, z) is
(67 + Q2) @a (t, ) = 0. (21)

Notice that when £ is the space L? (E) of square integrable sections of
the vector bundle E then @ is a section of the dual bundle E*. This
is why we refrained from identifying the space £ with its dual.

2.2 Creation/Annihilation Functionals & Basis-Free
Quantization

We introduce the creation and annihilation functionals, which play a
role in the Fock space implementation of classical symmetries. We show
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that they are natural objects which come from a basis-independent
method of quantization.

Definition 7. The linear creation functionals A% : £&* — Op(F)
and A* : £ = Op(F) are defined by

AL(F)=)_(fra)ai(®) =) (fien)gali(k), Feé&

k k
A ()= (@ Nat(=k) =) (e flea (=), fEE.
k k

The linear creation functionals are well-defined operators on §o. The
linear annihilation functionals are given by

Ac(f) = A () =Y @ Has (k) =D (er, e oy (k)

k k
A-(F)= (A (M) =D (Fe) a- (k) =D _(frerga- (k).
k k
We state without proof the following

Theorem 8. The creation and annihilation functionals satisfy for all

f,g€é&

(44 (), 43 ()] = 3, ) = 9, e (22)
[A— (f) aA*— (g)] = (f’g) = <f1 9)5 . (23)

The dynamics of the A% are given by
eitHAi (f) oitH — A% (eitﬁf) (24)
eitHA*_ (f) e—itH — A*_ (eitﬂf) ) (25)

Furthermore®
£ 1 0 itQ A— —itd

onr (t:F) = 5 [AL (0797 ) A (079 ) | (26)
SDET (t, f) = i [Ai (Q—1/2eitﬂf) + A, (Q—1/2e—itﬂf)] ’ (27)

V2

SFor p > 0, equations (26)—(27) show that if we restrict prr (t, f) and i (¢, f)
to the subspace of § containing states of at most n particles, for fixed n < oo, then
we may continuously extend ¢ (t, f ) and @ (¢, f) to f € £E71, the completion
of £ in the inner product (f,g)_;, = (Q~Y/2f,Q1/2g).
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‘and for f € D (&)

[AI_ (9—1/26—@]?) LA (9—1/26@1?)] (28)

[Ar (7127 f) + A, (Q72f)] . (29)

o (tf) =

ot f) = —

Sl

N

If we define the maps

,:& =%, F— A (f)0)
r.:&—-%, f—A"()]0)

then each I'y is a linear Hilbert space isomorphism onto the appropri-
ately charged 1-particle subspace of §, and

I HT =Q

I'"HT_=Q.

As promised, we now sketch an equivalent quantization which does
not rely on a arbitrary choice of basis. Given a solution ¢ to the classi-
cal equations of motion (20), define the (unquantized) linear functionals
A, and A_ on £* and &, respectively, by setting

+(F) =75 [ watta) (90725) (@) ds

( Opq (t, ) ~—1/2 _—iQt 7
v T(Q /2¢ Qf)(:z:)d:z: (30)
(D) =75 [ paltn) (@) o) da
_ L 8(,501 (t, iE)
V2 ot

for f € £. Equations (30) — (31) are independent of ¢, since ¢ satis-
fies the Klein-Gordon equation, eq. (20). We then replace the AL by

1) —
Yy o=

(127 f) (z) dx (31)

"Note that to any given linear Hilbert-space isomorphism r +:€E=2F
Span {aZ (k) [0)} corresponds the antiunitary operator f — I (f). Hence a
natural linear isomorphism between & and Si" exists only if € is equipped with a
preferred antiunitary operator. Such is the case neither if £ is produced by the Stone-
von Neumann theorem from the (exponentiated) quantum-mechanical canonical
commutation relations nor if £ is the set of square-integrable sections of an arbitrary
vector-bundle.
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operator-valued linear functionals A% satisfying (22 — 23). The quan-
tized field gy (¢, f) is then defined by equation (26). The Fock space
is defined in the obvious way, and the Hamiltonian may be defined by

H=Y" A7 (@2F) A (@25) + 3 A (@) A- (0]
k k

where {fi} is an arbitrary orthonormal basis of £. The quantization of
§1.2 may be recovered using the equations o (k) = A* (&), o (—k) =

3 Implementing Lagrangian Symmetries
on Fock Space

To motivate the definition of the Fock-space implementation of La-
grangian symmetries, we examine the adjoint substitution of test-funct-
ions which implements a unitary Lagrangian symmetry S : € — £ at
the classical level. If we replace g — S, then

/ pa (t,2) F (@) do — / Sa (t,2) F @) dz = (£ (), Sipa (£, )
- / pa (t,2) (5*F) (2) da (32)

where §* = (5)" = (S*). Similarly,

/ Ga(t,2) f (2) dz — / (Spu) (t,2) f (2) dz
- / Ga () (5°) (z)dz.  (33)

The first and second transformations are implementable by the sub-
stitutions f — S*f and f — S*f, respectively. We use these adjoint
substitutions (and similar considerations for antiunitary symmetries)
as our definition:

Definition 9. Let S : £ — £ be a Lagrangian symmetry. For S uni-
tary, the corresponding Fock-space implementation Ug : § — § is
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the linear operator which satisfies

Us |0) = |0)
Userr (t, f) Us = err (t,5*F) (34)
USSO"I‘%T (t) f) U;’ = SO*RT (t) S*f) . (35)

If S s an antiunitary symmetry then Ug : § — § is given by

Us |0) = |0)
Userr (t,F) Us = Ohr (£, S*f)
Uspr (t, f) Us = wrr (t,5°f) .

Note that for antiunitary S the adjoint S* satisfies

(f,Sg) =(S*f,9).

The following lemma gives the properties of Ug:

Lemma 10. Let S and V' be a unitary and an anti-unitary Lagrangian
symmetries, respectively. Then Ugs and Uy ezist, are unitary, and com-
mute with H. Furthermore, the actions of Ug and Uy on § are given

by

Us|0) = |0)
UsA (F) Us = A5 (3°F) (36)
UsAZ (f)Us = AL (S*f) (37)
and
Uy [0) = |0)

Uy Ay (F) Uy = A (V*F)
UvAL (f) Uy = AL (V') .

Proof. If Us exists then it follows from (30) — (31) that it satisfies (36)-
(37). Existence and unitarity follow from the tensor product structure
of §. The fact that Us commutes with H follows from (24) — (25).

We omit the similar proof of the antiunitary case. |
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3.1 TC Invariance

Theorem 11. There is a unique antilinear operator TC on § such that
TC|0) = |0) and

TC ¢rr (t,f) (TC)™" = ¢hr (-, f)

TC oyr (t, f) (TC)™ = prr (—t, F) -

Furthermore, TC is antiunitary, squares to the identity, and satisfies

TC A% (F) (TC)" = A (f)
TC A* (f) (TC)" = A% (F).

The proof is similar to that of lemma 10 and is omitted. Notice
that by the CCR (18) — (19), there are no linear or antilinear operators
T and C on § with the properties that

T(PRT (t7 f) T_l = @RT (_ta .f) ) T‘IO;ZT (t7 f) T_l = (PET (_ta f)

and

Corr (6,F)C =¢hr (t,F) , Colar (t,f)Cr=0rr (t, f).

However, if the Hilbert space £ carries a conjugation® ¥ which commutes
with €, then it is easy to verify that there is an antiunitary operator
TV and a unitary operator CV on § such that

T710) = C"|0) = |0)
TV orr (t,f) TV = @rr (—t, V)
TVQO;T:T (t, /)T = ohr (—t, f¥)
CVorr (t,F) CV ™ = @hr (8, f)
CV‘PRT ( CV L= = QRT ( )
Furthermore, TVCV = TC.
TC symmetry plays a crucial role in the proofs to follow. We sum-
marize behavior of Ug and ¢ under T'C symmetry:

Lemma 12. Let S : £ — &£ be a Lagrangian symmetry. Then

8 A conjugation is an antiunitary map that squares to 1.
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1. [Us,TC] =0

2. TCp(t,f) TC = ¢(t, f)
8. TC @ (t,g) TC = ¢ (t,3)

Finally, we state the following Theorem, which shows that the class
of Lagrangian symmetries contains most of the symmetries encountered
in practice.

Theorem 13. Let U be a unitary operator on the one-particle subspace
TV of T such that

1. U commutes with H and TC.

2. U maps 33 either to itself or to Sg).g

Then there exists a unique Lagrangian symmetry S such that

U = US'&(I) .

The proof is a simple application of the isomorphisms Iy of Theo-
rem 8.

4 Twist Positivity

Having finished with our investigation of the Fock-space implementa-
tions of Lagrangian symmetries, we may now prove the anticipated
theorems. That the partition function is well-defined follows from

Lemma 14. If Q is an admissible classical frequency operator (see
definition 1) then e PH is trace-class.

Proof. Since wy, > 0,

Tr (e7#H) = ];[ (itg—%)z = (H (H—I—i%))z

k
93"23) denotes the subspace of () consisting of elements of the form Ay ( f) |0).
8"(_1) is defined analogously.
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The conclusion follows from the estimate

e~ 1

;o)
;1—6_&% = 1—e—ﬁ”Tr(e ).

[ |
The next theorem shows that many symmetry operators are twist pos-
itive.
Theorem 15. Let S : € — & be a linear or antilinear Lagrangian
symmetry of an admissible free Lagrangian £. Then the Fock space

implementation Ug of S is twist positive. Furthermore, for antiunitary

S we have
Tr (Use 7)) = /Tr (Us2e~2PH). (38)

We note that twist nonnegativity is a consequence T'C' symmetry
(Lemma 12).

Proof. We first consider the case that S is unitary. Choosing the basis
{ex} of section 2.1 to simultaneously diagonalize Q and $,'0

Qe = wieg (39)
Sek = Pk€k (40)
we compute
1

Ty (Use™) = [ 7~

k
Twist positivity follows, since

2
—23 log(14+e Pk
) T S R G
o |1 — peePex| o LHehe

—2Tyre A9
>e ¢

Although in section 6.2 below we shall see that the previous proof
may be altered to include the antiunitary case,!* the suggestive formula

10Unitarity was used, since an antiunitary operator is diagonalizable only if it is
a conjugation.
10One may also use the (conjugationless) structure theorem in [4].
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(38) suffices. Let {|f)} and {| f;7)} be orthonormal bases of the
charged subspaces §) and §) of §. Since Use ™" maps §&) to §F),

TrUse ™ = 3 (£ Use ™ |£77) iy | Use™" | )

= Z<f1.+

= Tt Ugze P2 = Tr Ugee 2PE.
3+ 3(=)

Ugie™2PH |f1,+>

But S2 is unitary, so
(42)
where {pp,wr} are the joint eigenvalues (counting multiplicity) of

(S%,9). Since [S,5% = 0, the nonreal p; come in conjugate pairs,
so both sides of (42) are nonnegative. Hence

TrUge PP = [Tt Ugee=28H x Tr Ugee28H,
g FHH) (=)

proving (38). [ |

5 The Twisted Pair Correlation Function

We study the pair-correlation function, defined for unitary S in defini-
tion 5. The twisted pair correlation is often written in the suggestive
notation

C(tFs9) = / C(tzi5,9) f(@)g W) dedy,  (43)
XxX .

where

Ct,7:5,9) = 5 Tr[(p(6,2) 9 (5,9), Use ™). (44)
Us ¥
Here C (t,x;s,y) is not a function, but is only symbolic expression
similar to the expression gy (¢, z) introduced in §2.1. Note that the
trace operation in (44) is always assumed to be interchanged with the
integral in (43).
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5.1 The Integral Kernel C (¢, x;s,y)

We begin with a suggestive argument that

B
[ is [ avctasmaen=(-02+) o ta) @)
0 X
for smooth functions g € 7p satisfying the periodic boundary conditions

(14) for D. This calculation is justified in the remainder of §5.

The field @ satisfies the analog of the imaginary-time Klein-Gordon
equation,

(—83 + Qz) @ (s,y) =0. (46)

Using this we get an equation for the imaginary-time Feynman Green’s
function,

(=02 + ) (¢ (t,2) B (5,))4 = G0y, (47)

where 0, is the Dirac measure

() g () buydzdy = (f,9)¢-

XxX

Integrate by parts, interchange the trace and (—92 + Q2), and apply
(47), to obtain

8
/ dS/ dy C (t,z;s,y) (=02 +93) g (s,v)
0 X

B
=g(t,:v)—/XdyC(t,:v;s,y)asg(s,y) )
iy’
T / dy 0.C (hs,9)g(s,y)|  (48)
X s=0

Using the definitions of ¢ and Us for S unitary, and by cyclicity of the
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trace,

/Xdy C (t,IB;,B,y)asg (:Ba y)

- % Tr [ ¢ (t,2) § (8,0.9 (B, ")) Use ™*"]

- % Tr [QO (t7 217) USe_ﬁHSb (O’ 383*9 (IB’ ))]

1

=T [$(0,0.5%9(8,)  (t, z) Use™"]

= V/){dy C’(t,:l:, O,y) asS;g (IB)y) .

The second term in (48) vanishes by applying the boundary condition
(14) on g. Similarly, the third term also vanishes, and hence

B
/ ds/dyC(t,w;s,y)(—azmz)g(s,y)=g<t,a:>,
0 X

suggesting that

B
/ ds/dyc<t,x;s,y)g<s,y>=(—afmz)‘lg(t,a:),
0 X

as desired.

In the rest of this section, we make precise and justify the above
manipulations. ’

5.2 Preliminary Estimates and Decomposition of
Cs
We need an estimate to show that Cj is well-defined and bounded:

Lemma 16. Let 2 be an admissible classical frequency operator, and
let B> 0. Then for anyn € Z*, t1, ...,t, € [0,0], and fi, ..., fn € & the
time-ordered product

((ph (tl, flh) o (b, fg))+e-ﬂH ,
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where the l)’s stand for the independent presence or absence of a bar,
extends to a unique trace-class operator. Furthermore, for each such n
and (B there exists a constant Kg, such that

((ph (tl,ff) . (tn,fﬂ))+e"ﬂH < Kﬁ,nH “Q_l/Z.fillg (49)
i=1

for all tq,...,t, € [0,0].

tr

Proof. We note that e for o > 0 maps ¥ into the domain of v/N,
which is contained in the any time-ordered product of imaginary-time
fields. Hence expression (49) is certainly well-defined if all the ¢ are
less than .

By equations (24 — 25,28 — 29) and the trace-norm Minkowski in-
equality, we need only consider terms of the form

f (ah ) an+1) = e-—a1HAﬁ (gg) e_GZHAﬁ (gg) Aﬁ (gEz) e_an+1H’
(50)
where g; = Q12§ 27:11 a; = 8 > 0, each a; > 0, and where #
indicates the presence or absence of a *. For simplicity, we bound (50)
in the case that all the A are A%.

Define the linear functionals B* : £* — B(F) and B : £ — B(F)
by
B*(5) = A% (5) (N, +1)7/2
B(g)=(B"(9)",

where Ny =}, a* (k)ay (k). Then for any g € £ and any function
h:Z—=C

1B (") |I5 < llglle - (81)

h(Ny) B*(3) = B*(g) h (N+ +1) (52)

h(N, +1) B(g) = B(g) h (V). (53)

Temporarily fix the values of the a;, and pick a; > §/ (n + 1). Consider
equation (50) in terms of the B and B* operators. Using (52) — (53)

to put the factors /N; + s all next to exp (—a;H), we have
f= e~ uf p# (gE) e~o2H p# (g%)
(VPN Jerestl2) eestl/2 . B# (gh) =il (54)
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where P is a degree-n polynomial satisfying

|P(z)] < (z+n+1)" forz >0. (55)
From the inequality H > uN,, we get
”P (Ny) e‘“jH/ZH <sup(z+n+1)"e*/? < . (56)
x>0
The existence and uniqueness of a bounded extension in the case
ant1 = 0 is now clear from (54). Then equation (54) expresses
f(ay,...,a,) as a product of e~%/2 with many bounded operators.

Applying equations (51), (54), and (56) and the choice of j gives

tr|f (a1, .., ant1)]
n
<tr |e"% X (sup (z+n+1)" 6_“m/2> H | 21|

But exp (—8H/ (2n + 2)) is trace-class by Lemma 14. The a; were
arbitrary, so (49) is proved. |

We now have
Theorem 17. Cs : Tz — T3 is well-defined, bounded, and self-adjoint.

Proof. Let f,g : [0,8) — & be in T3. By Lemma 16 and Schwarz’s
inequality for L? (0, 8),
B B _ -
| [ (o7 ®)e00), Use atds
o Jo
~1/2 -1/2
< BKsa [0 27, 97|, -

Hence Cp is well-defined, exists, and is bounded by the Riesz represen-
tation theorem. The self-adjointness of C is an immediate consequence
of TC symmetry (Lemma 12). [ |

Cjs behaves nicely under direct sum decompositions:

Lemma 18. Let Q be a classical frequency operator of an admissible
Lagrangian with o unitary Lagrangian symmetry S. Let the classical
space € be decomposed into a direct sum of invariant subspaces of 2
and S,

8251@5269 Q=91@Qg® S=51@52@
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Let Tg; = L*[0,8) ® £;. Then Cg also decomposes into a direct sum:
Cs=Cp1DCp2D ...

where Cgj : Tg; — Tp,; s the S;-twisted pair correlation operator of
the free Bosonic theory with classical frequency operator 2;.

The proof is straightforward.

5.3 Rigorous Characterization of Cg

We need three more technical lemmas. The first concerns inverses of
possibly unbounded self-adjoint operators:

Lemma 19. Let A and B be self-adjoint operators on a Hilbert space
‘H with B bounded so that

Then B maps H into D (A) and
AB=1=1|,.

Proof. We would like to say (AB)* = B*A* = BA = 1, but since A
may be unbounded we must be careful about domains. For u € D (A)
and x € H,

u — (Au, Bz) = (BAu,z) = (u, )

is a bounded function of u. Hence Bz € ® (A*) = D (A) and
(u, ABz) = (u,z) .
Since D (A) is dense,
ABz =z,
and so AB = 1. |

Definition 20. Let H be a Hilbert space, and let X be a measure space.
An operator-valued function A : X — B (H) is weakly measurable if
the function (v, f (z) w) is a measurable function of x for eachv,w € H.
The integral of such a function is defined by

<v,/A(x)wdx> =/(v,A(x)w) da

for all v,w € H.
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Lemma 21 (Semi-noncommutative Fubini Theorem). Let X be
a measure space, H be a Hilbert space, and A : X — B (H) be a weakly
measurable function. If

/};'ITIA(x)I dzr < o0

then

TrA(z)de=Tr | A(z) d=. (57)
J /,

Proof. Let {ex} be an arbitrary basis of H. Then the inequality

/Zlek> ekldm<4/Tr|A(x)| dz

follows from the decomposition of A (z) as a linear combination of pos-
itive operators, all of which have trace norm Tr|-| less than or equal to

Tr |A(z)]:
A(z) = (ReA(z)), + (Re A(z))_+i(Im A(z)), +i(Im A(z))_.

Here Re (A)=1(A+ A*), Im(A)=2% (A — A*), and By =3 (B %+ |B).
Equation (57) follows by Fubini’s theorem, where the summation over
k is considered to be an abstract Lebesgue integral in the counting
measure. |

Lemma 22. Let 2 be admissible and let t € [0,8). Then
¢ (t, f) ¢ (8,9) Use™P# has a unique bounded extension, which is trace-
class and satisfies

tr (¢ (t, f) @ (8,9) Use ) = tr (¢(0,5%9) ¢ (t, f ) Use?¥) .

Proof. By Lemma 16, ¢ (t, f ) @ (B,9) Use PH has a unique bounded
extension, which is trace-class. Writing

o (t, ) @ (8,9) Use™™ = ¢ (¢, f) Use PH/* x eP125 (0, 5%g),

we notice that both factors extend to trace-class operators by
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Lemma 16. By a double-application of cyclicity of the trace,

tr (¢ (t, F) @ (B, 9) Use P#) = tr (ePH/25 (0, S*

o) (7) U™
= tr ((,0 (0,S*9) ( t,f

(¢
Use™M).

9)¢
)

We may now make rigorous the argument of section 5.1.

Theorem 23. Let S be a unitary Lagrangian symmetry of an admissi-
ble free Lagrangian L. Then Cs = (—D? + Qz),}ﬁl , where Q is identified
with 1@ Q: Tz = Tp.

Proof. We claim that we only need consider the case that £ = C. Since

[S, Q] = 0, we may choose a bas1s {ex} of £ of simultaneous eigenvectors
of S and . Then (—D? + 02)™" is reduced by the direct sum

Ts = ®xL*[0,8) ® Span (ey,) -

By Lemma 18, Cp is also reduced, proving our claim.

By Lemma 19, all we have to show is that
(£,Cs (-D* +0%) 9);, = (f0)7, (58)

for g in the domain of —D?+ Q2. By standard Sobolev space results (or
Lebesgue’s density theorem), such g may be represented by a function
which is twice-differentiable almost everywhere and satisfies

g(B)=S5g(0)
g (B) = Sg'(0)
b
g'(b)—g'(a)z/ §'(2)dz, 0<a<b<p, (59)

where S is now just a complex number and Dg = ¢’. For E, F € F,
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we have the identity

Let {E,} C § be a basis of eigenfunctions of N. We compute

(£,Cs (-D*+ 0% g)

ZZ/ /dtds—
(I (-8)+ )i
+%Z/f tﬂdtdsd%

.<En [—95 (t dg) +%—‘f( 9,0t f(t))] Use P2

ZZ/ dt (f(t),9(t)g (Ea|Use P |E,) + BT

= (f,9)7, + BT, (60)

-)
=)

¢ (t,F 1) (—95 (s, @) + 2_90 (s, g)) UgePH

En> + BT

where BT stands for the boundary terms. We were able to move the
integrations inside of the trace using Lemma 21 and the estimate of
Lemma 16. Equation (60) used (59).
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We consider the boundary terms:

BT = —% > /Oﬁ dt
- <E (-2 0.0.0+ 2 0.9) o 1.7 () Use*"
- %Zn: /Oﬁ dt
1

B -
=7 [ dt e .00 @) (8. (1) Use?

)

0 (.70) (-9 (5.D.0) + 52 (6,9) ) Use™™"

1 [? .
"z /0 dt Tr (t, f (1)) ¢ (8, Dag (B)) Use™
'B -
+ %/(; dt Tre (t,f(t)) g—f (8,9 (B)) Uge PH
1 op

A -
7 e ORI O

We were able to interchange integration and the trace for the same
reasons as above. The first two terms cancel by Lemma 22. The last
two cancel similarly. |

6 The Antiunitary Case, Real Fields

We would like to prove an analog of Theorem 23 for antiunitary classical
symmetries, as well as a theorem for symmetries of real scalar fields.
Given that we have not required the choice of an arbitrary conjugation
on our classical space £,'? it is surprising that unification of the unitary
and antiunitary cases results from consideration of the real scalar field.

12A1l use of the arbitary representation £ = L% (X) was for notational purposes
only.
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6.1 The Extended Pair Correlation Operator

We note that if V : £ — £ is antiunitary then in general

tr [(¢ (t, ) @ (s,9)), Uve P?] #0.

Hence the important operator for Wick’s theorem is no longer the pair
correlation operator Cs. We define

Definition 24. Let Q be a classical frequency operator on £ with an-
tiunitary classical symmetry V. We define the extended space of
classical fields E = £* ® £. The extended path space is

T = L*(0,8) ®F,

and the extended twisted pair correlation operator C’g : Tg = Tp
is the operator which satisfies

(Foeo®.Chor)

Tg

e [ [ (@ s @0 FeN), ) aas
b [ [ (@6 @ ot ko). Uve) dras
+ o [ [ ((eea @6 (5 9), Ue?) dvas
* Z;UV / / tr (¢ (6,3 (1) & (5,k (5))) Uve ™) dtds.

We note that if the symmetry V' were unitary, then the middle
two terms would vanish, reducing cox_lsi(}eration to the pair correlation
operators associated to (2,V) and (Q, V).

6.2 The relationship between real and complex
scalar fields

We reduce consideration of antiunitary symmetries of a complex scalar
field to consideration of (classically unitary) symmetries of a real scalar
field. Had we required that our space of classical fields £ come equipped
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with a conjugation which commuted with Q2 then our complex field
theory would be a direct sum of two real fields.!* Although we impose
no reality condition on € nor conjugation on £, we will see that in a -
certain sense our complex field is a real field.

Definition 25. The natural conjugation ~: E — E is given by
fog=gef.

A real operator R : E — E is one that commutes with conjugation.
Let Q : £ — & be a classical frequency operator of a complex field
Yrr, as above. Let S and V be unitary and antiunitary Lagrangian
symmetries of 1, respectively. Define the associated real field Ygr :
RxE—Op(F) by

Yrr (t, F @ 9) =rr (t,F) + @hr (t,9),

and the associated imaginary-time real field ¢ : R x E — Op (§)
by
¥ (t, fdg) =e Hppr (0, f @ g) e”.

Furthermore, define

=060
S=S&S§
V(feg)=Vgo V¥
A (Fog) =45 (F) + A% (9)
A(fog)=A(7) +4c(0) = (& (Fou))

and define Ds and Dy : Tg — Tg analogously to D.

We have the following

Theorem 26. gt is a free real scalar field with classical frequency
operator g, i.e.,

1. Qg s real.

1350 that the Klein-Gordon equation has real solutions
14We would likewise need to restrict consideration Lagrangian symmetries which
commute with conjugation on £.
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2. Yrr is self-adjoint, i.e. (Yrr (t,q))" = Yrr (¢, Q).

3. Ofvrr (t,q) = —Yrr (t, QRq) strongly on Fo for ¢ € D ().
4- [vrr (t,0), 252 (t,7)] =i (g, 7).

5. [¥rr (t,9), ¥rr (t,7)] = 0.

6. Successively applying g (t,-) and Oppgrr (t,-) to |0) gives a dense
subset of §.

Furthermore,

7. A* is the creation functional of Ygr, i.e.

rr (t,q) = % ( A (Qnglﬂ it q> A (Q£1/2 e—itﬂmq)>

and
[A (Q) 7A* (T‘)] = (q—7 r>]E :

8. S and 'V are real and unitary, and the real-field Fock space imple-
mentations of S and V, which satisfy

Us |0) = Uy |0) = |0)
US¢RT (ta Q) U* = ¢RT (ta S*Q)
Uv¥rr (t,q) Uy = vrr (£, V'q),

are simply given by

US = Ug and UV = Uv.

9. C is the twisted pair correlation operator of Yrr with the symme-
try 'V, ie.,

<f®g,éﬁ@k>
z/ﬂ/ﬁtr [@ (n7®9) ¥ (sheok) Uve“’H] dtds.
o Jo n

We have the following theorem concerning real scalar fields:
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Theorem 27. Let & be a Hilbert space with conjugation, and let
R : RxE — C be a free real scalar field with admissible real clas-
sical frequency operator Q : € — E. Let S be a real unitary Lagrangian
symmetry of Q. Then Ug is twist-positive and the corresponding pair-
correlation operator éﬂ satisfies

Gy = (-D*+i) (61)

Tp

where D is defined analogously to D, and where Q is identified with
I® Q Tﬁ — Tﬁ

Proof. Twist positivity is proved by replacing the use of TC symme-
try in the proof of Theorem 15 with the observation that the nonreal
eigenvalues of the real operator S come in complex conjugate pairs.
Equation (61) may be proved by shght notational changes in the proof
of Theorem 23. ! |

The previous two theorems reduce the antiunitary case to a trivial-
ity:

Corollary 28. Let Q) be an admissible classical frequency operator of a
free complex scalar field. LetV be an antiunitary Lagrangian symmetry.
Then the extended pair correlation operator C'g 1s positive definite. In
particular,

Cp = (~Di + )y, ,

where Qg s identified with I @ Qg.

Furthermore, we note that Theorem 27 applies not only applies to
Lagrangian symmetries of complex fields, but in general to symme-
tries which mix the subspaces £ and £* of E.!® Since the Fock-space
implementations of these additional symmetries will mix particle and
antiparticle states, they are somewhat less natural.

15The simplest example is given by & = C2, § (fog) =
(@of +5:9)® (5 + 029)| /V2, where o, (21,22) = (22,21), 52 (21,)
(21, —Z2), f = f is given by definition 1, and z — Z is just complex conjugation.
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Note added in proof: We thank E. Lieb for pointing out his study
of the positivity of a reflection operator in spin space for the Hubbard
model appearing in “Two Theorems on the Hubbard Model,” Phys.
Rev. Lett., 62 (1989), 1201-1204 and 1927.
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