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1 Introduction

In string theories with extended supersymmetry, BPS-saturated am-
plitudes [6], [10], [13] play an important role for non-trivial tests of
various kinds of dualities. They tend to be characterized by holomor-
phic quantities (e.g., prepotentials), and this is why one often can use
geometrical methods to compute them exactly. Typically, the count-
ing of BPS states that contribute to a given amplitude can be mapped
to the computation of the Euler characteristic of a space of geometric
moduli. For prepotentials this generically reduces to the counting of
curves in some complex manifold X, and this manifold may, or may
not have a concrete physical meaning in some appropriate dual formu-
lation of the theory. In practice, this counting is often done via mirror
symmetry [16], which boils down to computing the

Some of the most canonical BPS-saturated amplitudes involve an
even number, n, of external gauge bosons in theories with 4n super-
charges in 2n dimensions. These amplitudes arise in heterotic string
compactifications on Y x T2 where Y is some (4 — n)-fold. In the fol-
lowing, we will focus only on the subsector of the theory that depends
on the familiar torus moduli T and U (neglecting any Wilson lines), and
consider couplings of the form Ap n-mp m(T,U)Fr A..Fp AFy A ... Fy,
which are saturated by 1/2-BPS states. In the heterotic string formu-
lation, the perturbative piece is given by a one-loop amplitude that
involves [14] the heterotic elliptic genus [15] A_, in 2n + 2 dimensions,

e.g.,

"‘/ TS mp gl oL@ . ()

(PL>PR)

HeI;P:, pL = \/2T—U(m1 + moU +mT + nyTU) and pp = \/2_,}2—,]2(7711 +
meU + T + n,TU ) are the usual Narain momenta of the compactifi-
cation torus T72.

By explicitly performing the modular integral in 1.1 for general n,
we find (by extensive calculations generalizing methods developed
in [8], [6], [9], [17], [28]) that these couplings satisfy non-trivial inte-
grability conditions.? These imply that the couplings Ap n-mp m (T, U)

2An explicit demonstration of this for n = 6 is given in Appendix A.
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can be written as n-fold (covariant) derivatives with respect to T, U of
the following holomorphic prepotentials:

{n} (L n/ch{"}(O)C(n-l- 1) _ Un+1
f (T, U) - ( 1) 2n+271-n+1 (n + 1)' + Q(T) U)
— (=1 (27r;"+1 Z ™ (k1) Liny [QTkQUl] (1.2)
(k,0)>0

Here, Q(T,U) is some undetermined n-th order polynomial in T,U
and TU (with real coefficients), gr = €™ qy = €™V, and Li,(2) =
Zp>0 ;—Z is the a-th polylogarithm. The sum runs over the positive
roots k >0, €Z A k=0,1>0, and the coefficients, c{™}, are
simply the expansion coefficients of the corresponding elliptic genus,

A_n(g) =3 sy c{}(k)g*, which is a modular form of weight —n.

Of course, for n = 2 (i.e., N = 2 supersymmetry in four dimensions)
the situation is well understood; the prepotential is nothing other than
the effective lagrangian of special geometry [25]. A dual formulation is
given by Type II A/B strings compactified on the familiar K 3-fibered
Calabi-Yau threefold X4(1,1,2,8,12);*°, and its mirror. The mirror
symmetry allows to exactly compute the full non-perturbative prepo-
tential F{2}(S, T, U), which also involves the dilaton modulus, S. The
one-loop prepotential f{2}(T U) in 1.2, with

EnE @, (13)

is then reproduced [5] in the weak coupling limit, S — oo, where the
non-perturbative corrections disappear.

A o(g) =

On the other hand, the situation is much less well understood? for
n = 4, which corresponds to N = 1 supersymmetry (16 supercharges)
in eight dimensions, and where
E,?
“772—4@ ~ (L.4)
An interesting issue is to find a geometrical computation that would

lead to the prepotential F) (T, U ), in an analogous manner to the more
familiar computation that leads to F® (T, U).

A_u(g) =

3Not the least because an appropriate generalization of special geometry, in
which F(4) (T, U) would figure as a superspace lagrangian, is not known. However,
see [20] for some recent progress in eight dimensional lagrangians.
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Since the dual formulation of the eight-dimensional heterotic com-
pactification on T2 is given by F-theory [1] compactified on K3, one
would expect that F©(T,U) should be computable in terms of the
geometrical data of K3. The main puzzle is that the prepotential
FW(T,U) does not seem to be in any obvious way related to K3,
but rather looks like a prepotential that would canonically come from
a five-fold. This is essentially because its fifth derivatives have exactly
the structure as “world-sheet instanton corrected Yukawa couplings”,
ie., o0y " FW(T,U) = const + Y, ¢ (k l)k"%*"‘%.

Some preliminary investigations in this direction have been pre-
sented in [17], [27], and in particular in [27] evidence was found that the
relevant five-fold should be given by the symmetric square, Sym?(K3),
fibered over P! (where the size of P! is eventually taken to be infinite).
This structure was uncovered by investigating certain other couplings
(involving four external non-abelian gauge fields), for which no prepo-
tential exists. It is the purpose of the present paper to extend this
analysis to the couplings Ap_mp,4-n and their prepotential 7 (T, U),
and gather further evidence that the relevant underlying quantum ge-
ometry is given by such a five-fold.

Here we will not, however, try to answer the question as to what
the physical interpretation of this five-fold might be, if there is any at
all. The situation is, in this respect, somewhat similar to N =2 SYM
theory in four dimensions, where the Riemann surfaces underlying the
effective lagrangian were found in [3], and at the time the geometry
appeared to be merely a convenient mathematical tool for encoding
appropriate data. It was only later that the geometry was given a
much deeper physical interpretation.? In the same spirit, one may
speculate that the five-folds that seem to emerge here may ultimately
have an interpretation in terms of a yet unknown dual formulation of
the theory, or, perhaps more likely, in terms of sigma-models describing
the relevant 7-brane interactions [17] that lead to the requisite F* terms
in the effective action. Indeed, sigma models on symmetric products of
K3 do naturally appear in D-brane physics [31], so that there is hope
that we may eventually learn something substantially new about how
to do exact non-perturbative computations.

4For example, as part of world-volumina of type IIA [23] or M-theory [29] five-
branes.
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In the next section, we will review how the perturbative prepoten-
tial F@(T,U) arises geometrically; in particular, we will derive the
inhomogenous Picard-Fuchs equations that capture the relevant infor-
mation of the K3 fibration in the large base space limit. The motivation
is, of course, to subsequently apply the reverse of this procedure to the
eight-dimensional situation, where we want to start from the known
perturbative prepotential F(*)(T,U), to arrive at a large base space
limit of some fibration. This will be done in section 3, where we will
find that the periods of the fiber are given by the squares of the ordinary
K3 periods, i.e., by (1,T,U,TU,T? U? T?U?). These are precisely the
periods of the hyperkéahler symmetric square of K3, which we denote
by Sym?(K3). In the appendix, we formally extend this reasoning to
n = 6 external gauge bosons, and relate F©(T,U) to cubic powers
of the K3 periods. More generally, we conclude that the prepoten-
tials F™(T,U) can be formally related to (n + 1)-folds, given by P
fibrations of symmetric products, Sym™?(K3). Finally, we will present
some comments on curve counting in K3.

2 The Prepotential 7? in the Large Base-
Space Limit

The defining polynomial of the Calabi-Yau manifold Xo4(1,1,2, 8, 12);*%
is given by

p = 2423+ i 4+ 22 + 32 — 1207170737475
—2001 (732475)° — o (T45) 2. (2.1)

As described in [5], this Calabi-Yau manifold may be thought of as a
fibration of a K3 family of type Xi2(1,1,4,6) over the P! base defined
by the coordinates 1, zo. Moreover this K3 is itself an elliptic fibration
over P! with generic fiber X4(1, 2, 3).

The variables that are appropriate for describing the complex struc-
ture near the point of maximal unipotent monodromy in the large com-
plex structure limit are: z = _%21755’ Yy = Elg’ z= —z’%. In these vari-
ables the Picard-Fuchs (PF) system, which determines the three-fold
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periods, becomes [24]

DY = 6,(0,—26,)—122 (66, +5) (66, +1),
DSY = 0,(0,—20,) —2(20, — 0, +1) (20, —0,) ,
D3CY = 932,_3/(291/_92‘*‘1)(291/—92)7 (2~2)

where 6, = x% etc. For y — 0 this system degenerates to the two
moduli system of the K3 fiber:

DK = 92 —122(66,+5) (66, +1),
DE = 62 —2(20,—0,+1)(260,-0,) . (2.3)

Denoting the flat coordinates by S,7 and U, in the usual manner,
the prepotential of this Calabi-Yau manifold can be written in the form

FE(S,T,U) = STU + fPHT,U) + ) gu(T,U) ¢s™, (2.4)

n=1

where g = e *5 and y ~ g5 as S — oo. In this expression, the
first term is the classical part, and the second term, f{2}(T,U), may be
thought of as the perturbative one-loop part of the prepotential that
comes from the K3 fiber. The last sum is over world-sheet instantons
that wrap the base, which gives the non-perturbative corrections from
the heterotic string point of view. Our aim is to extract the function
fH(T,U), and compare® it with the heterotic one-loop prepotential
given in 1.2. To do this we must carefully take the limit S — oo in the
PF system, keeping track all the divergent and finite parts.

Let my and wgy be the fundamental periods of the Calabi-Yau and
the K3, respectively. They are the unique solutions of 2.2 and 2.3 with
finite limits at £ = 0 and z = 0. Then the following represents the

5Of course, this has been already done before in [5]; our purpose here is to for-
mulate the problem in a way that allows an easy generalization to eight dimensions.
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asymptotics (as S — 00) of the Calabi-Yau three-fold periods:

o ~ Wy

Trny ~ Twy

Urng ~ Uwmy
FPBr ~ TUwm,

Smo ~ (log(y) + wo(T,U))wo
Filry ~ (U(ogly) + m(T,U) + T, U))w0
Ffry ~ (T(logly) + wo(T,0)) + (T, U)o
FPm ~ (TUQlog(y) + wo(T,0)) + f2(T,U))a0 . (25)

We see that in this limit, the first four CY periods turn directly into
the periods of the K3 fiber, which are the solutions of 2.3. On the other
hand, the non-trivial function that we seek, f{%(T,U), is encoded in the
remaining half of the periods. These are governed by an inhomogenous
Picard-Fuchs system [27], whose homogenous part is exactly the system
2.3 of the K3 fiber, and whose source part stems from 6, in DY hitting
log(y) (which survives the y — 0 limit). More precisely, it follows from
2.2 and 2.5 that if p;; are the solutions to

Do) = 0,  Dy(ppwo) = T9U* (6, m0),  (2.6)
then we have
Mo = oo Mo1 = f:?} + Upioo
Ko = 152} + T oo pn = f32 +TUpgo (2.7)

and in particular, from homogeneity:
f{2} (T,U) = pi1 —Tpo —Upao + TU oo (2.8)
which reflects the familiar relation 7 = $X AF, of special geometry.

To explicitly see that 2.8 indeed coincides with the heterotic one-
loop expression 1.2, we first need to simplify the PF system 2.2. To
accomplish this, we make a change of variables to wy, w9, where:

: = ééz (1~ VT—w) -w)], (2.9)

wW1wW2

z = I (w1 + wy — wywy) ™2 [1 + V(1 —w) (1—w2)]2.
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From the explicit expressions given in [5] it follows that simply

1728 1728
W, = — , Wy = —— . 2.10
L= D) *=50) (210)
This effectively separates variables in the PF equations, and one finds
1728
'D{Q = L [wl Ly, — weo £w1]
W1 — Wa
DK3 = - Ut [ w1 ‘Cw ]
2 Wy — Wo L 1 2
Wy W d d
9, = - 1—w)— — (1—w))— | ,(21
e e g~ (- w) g | (21D)
where L,, is the second order hypergeometric operator
1
Ly = [02 — w (B + 5 )(9 + 12)] (2.12)

The fundamental period @y of the K3 must therefore satisfy £, @ =
Ly, = 0, and hence it must have the form wy, = wowp, where wy is
given by the fundamental series solution of 2.12:

wo(w) = oF (5 112 159,1 w) = (B (2.13)

with w = wy, and Wy is the same function but with w = w,. Using 2.11
the equations 2.6 can be rewritten as

1 211}1’1,02

Lulppm) = - =22 (2.14)
d d .
- — — _—_ Tk
[z — (- w) g | (P00
From this and 2.7 it follows, for example, that:
2 WiwWe dU
wlﬁwl(f} } wo) = m (1 — ’w2) Ew—2 Wy .
Using 2.10 and the identity® [27]
1 2
= — 2.1
w Ly (Fhow)) = g @ f@@Nwo (219

6This identity is straightforward and is simply the result of a the change of
variables 2.10.
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(for any function f(w)), we finally see that:
wW1Wo (1 _ 'U)2) dU _ E4(T) E4(U)E6(U)

wy — W dwy — [5(T) = 5O (U) -
(2.16)

(O, £+7) = ~Eu(T)

This coincides exactly with the known [2], [5] expression for fTTT(T, U).

Summarizing, we have shown how the perturbative component of
the quantum prepotential can be obtained directly from the K3 Picard-
Fuchs equations with properly chosen sources, and these sources are
simply derivatives of the K3 periods.

We now briefly indicate how to reverse this process, and in the next
section we will use this method to construct differential equations whose
solutions lead to the other f{"}(T,U).

It turns out that the strongest single constraint on the form of the
differential operators comes from the explicit form of the dilaton, which
is essentially the difference (at large S) between the solution pg and
the manifestly modular invariant quantity log(y). Since the dilaton is
non-singular at 7" = U, this solution must have the form

poo = 2mi L —log(§(T) — j(U)) . (2.17)

The general idea is to first obtain a differential equation for f}zU}, by
inserting it into the identity 2.15 with w = w;(T). The right-hand
side of this equatlon which represents the source part, is then given
by (1/E4«(T))(0v fTTT)wO, which can be evaluated by using the known
expression 2.16 for £} (T,U). After subtracting the logarithmic sin-
gularity, this leads precisely to the source term on the RHS of the
Picard-Fuchs system 2.14.

3 Generalizations

Assuming that the Picard-Fuchs equations we seek for n = 4 general-
ize the structure we found above, we will try to construct differential
equations for an J2gns2 (T, U) by applying the simple procedure outlined
earlier. However, before doing that, we will first discuss some general
features of the homogenous PF equations for arbitrary n.
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3.1 Symmetric Powers of Picard-Fuchs Operators

Crucial to our arguments will be the following sequence of differential

operators:

1 1
®1 — = |p2 —
Y Y (Y )(“12)]
cer = Lol Z oy (0 + +1 (3.1)
w w w w 6

1 3
®3 — 3 2
£y =~ — 2w (6, + )(0 + = 9 369“24)

9 ) 7 1
+w < ) < ) (0 + 12) (0w+4>] , etc.,

where £3! = L, is identical to the hypergeometric operator in 2.12.
The (m—l— 1)™ order operator £L&™ is what is called the “m® symmetric
power” of the basic operator [,w, the reason being that its solution
space is the mt® symmetric product of the solution space of £,. The
notion of symmetric powers of differential operators has been discussed
in the mathematical literature, e.g., in [12] and in [21], [22], where also
a systematic procedure for computing them has been described.

More explicitly, while the fundamental solutions to L,w;(w) = 0

are given by the periods

1 5
wo(w) = 2Fl(12 ik w) (B,

wl(w) =T Wy = T (E4)1/4 ,

(3.2)

the solutions of L™ are given by

w?z(w) =W Wi = Tj (E4)1/2 y j = 0, 1, 2
Wy, (’LU) = We—j Wj— w; = Tk (E4)3/4 ) iaja k= 0) 172)3 ) (33)

and so on. Moreover, we find that these operators satisfy certain iden-
tities when filtered through the mirror map, w = 1728/j(T): for any
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function f(z) one has

w £ (fwh) = oz (Oor” S(T) o,
w £ (fhawf) = 5 O f@D) o, (39

1 w L9 (f (w)wo(w)?)
= EZ_(’_ZT) (GqT4 f('LU(T))) w03 ,etc.

These identities will prove important momentarily.

3.2 Determination of the source terms

Note that the prepotentials 1.2 have the property that 6% f{"}(T, U) is
a good modular function of weights (n+2, —n) in (T, U), and must have
a simple pole at T'= U (which reflects gauge symmetry enhancement
to SU(2)). From this one can deduce the functional form. For example,
one has:

Ey(T) Ey(U)Es(U)
[J(T) — JO))n*(U)’
E(T) E{(U)
[J(T) — JU)] n(U)’
E}(T) Es(U)
[J(T) — J(U)] n**(U)’

83 f3(T,U)

o fTU) =

o (T, 0) etc. (3.5)

Suppose we set w = w; in 3.4, and take the f to be 8}”8'Unf{2m} (T,U).
The right-hand side of the m'™® equation in 3.4 can then be rewritten us-
ing m U-derivatives of the m'" identity in 3.5. The resulting right-hand
side is completely modular of T', and almost modular in U. Indeed, the
right-hand side is m' order in Ey(U). These factors of E; may be
traded for derivatives of the fundamental periods as follows: One first
notes that the fundamental periods of the various PF systems can be
written as @ = we™@T, where wo™ = Ey(T)™* and &7 = E4(U)™*.
Therefore, one can express the wo-derivatives of the periods in terms of
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U derivatives to obtain:

~m muwg' muwg* dwq\ 1
s = T bua(B9) = T wQ(?U%) (EoE4 — Es)
_ ch;(," E2E4 _1
12 \ E '

More generally, (0,,)? W§* may be written in terms of a polynomial of
degree p in E5(U). Conversely, a polynomial of degree p in E5(U) may
be expressed as a linear differential operator of order p in ws, acting on
wy'. In this way, one can use 3.5 and 3.4 to determine the right-hand
sides of £L3™/? [BT"/ 292 fin} ot / 2]. The resulting expressions have
poles in (w; — wy) of orders up to (n/2 + 1). To arrive at a PF system
similar to 2.11 one can tolerate at most single poles in the source terms
(as in 2.14; this ensures that the “dilaton” period will be non-singular
at T = U, cf. eq. 2.17). The leading pole can be cancelled by the
addition of a suitable multiple of log(w; — wy). The subleading poles
can then be cancelled by the addition of multiples of 87*/28,*/? f&} for
k< n.

At the end of this iterative procedure, one arrives at a pair of inho-
mogenous Picard-Fuchs equations of the general form,

Lo i g2 = M g2 a=1,2, (3.6)
which generalizes 2.14 and whose source part involves some (n/2)%-

order operators M({zn/ 2} The homogenous, “fiber” part consists of two
copies of the symmetric product of £,, whose solutions look, after
dividing out the fundamental period wy™/?, like

(1,T,U,TU, T U?, ..., (TU)"/?) . (3.7)

These are the periods of the n/2-fold symmetric product, Sym™2(K3).

3.3 Explicit Results for n =4

By following the steps described above, we find for n = 4 (which cor-
responds to the eight-dimensional compactification) that

Nt{f)} = 27Ti(f:%’}UU + 3ffﬁf}) — 2log(wy — w2) ,
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satisfies the following inhomogenous PF equation:

®2 {4} _ 6w,
LE . s’ we® = e (3.8)
C d2 5 2
£w1+ w2+w1(1—w2)m—7§ o,

along with the corresponding equation for £®2(u({)§}wo ) obtained by

interchanging w; and w,. Since 3.8 only involves a simple pole in w; —
wy, one can take sums or differences of the equations for £&> and L£3?
so as to cancel the pole, and obtain a form that more closely resembles
the PF system of a manifold. In particular, one can write:

&

(i3, + wal ) pig'me® = 6w, (3.9)
(1 —w) L8 + (1 - ws) L)
#({)o}wo

= 12 l:cwl '|‘ ‘sz_%] ~w02 .

Having now obtained equations for the “fundamental” inhomoge-
nous solution u({,ﬁ 3 we can now investigate the full set of solutions

‘ u]k , for which wy? on the right-hand side of 3.8 or 3.9 is replaced
by TJ U k’CUO .

One can then verify that the partial derivatives of f{4} are related to

u}t} in a manner completely analogous to 2.7. Explicitly, abbreviating

p = pt4, one has:

por — Upigo = i (fy {2} ,1{:;-.}[]) (3.10)
p10 — Tpoo = i (F5 + fiy)
po2 — 2U po1 + U2/~L00 = —24m f{4}
pigo — 2T a0 + TPpoo = — 24mi fy o
pa1 — Upiio — Tppoy + TUpgp = — 6mi (£ + 3£

(12 — 2U 1 + UPpag) — T (poz — 2U poy + U? o) = —72mi f{4}
(p21 — 2T pa1 + T?po1) — U(poo — 2T p1o + T? o) = —7274 f{4} ;
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and in particular:

216mi fUNT,U) = (t22 — 2U s + Uping)
—2T (p12 — 2Upa1 + U o)
+T2 (/,602 —2Upo1 + Uzﬂoo) . (311)

One can prove these relations by first differentiating both sides suffi-
ciently often with respect to 7" until the left-hand side can be 51mp11ﬁed
‘using 3.4 combined with the differential equations satisfied by the ,uj k ,
while the right-hand side is simplified using 3.5. This process is then
repeated for the U-derivatives of the 3.10. The success of this proce-
dure critically depends on the proper form of the 3.8 and provides a
significant number of non-trivial tests upon the form of 3.8.

3.4 Periods of a Five-Fold?

Eq. 3.11 is a direct analog of the classic special geometry relation 2.8,
and reflects how the periods of the suspected five-fold would assemble
into the prepotential. It thus appears as a good starting point for
unraveling the analog of special geometry in eight dimensions.

In this context, it is instructive to go one step further and try to infer
how 3.9 and the prepotential f{4}(T, U) could arise from a PF system of
a 5-fold and a corresponding prepotential F(S, T, U), respectively. Re-
call that for f{2} (T,U) and the 3-fold the periods are 7, Smo, T, U
and Fgmg, Frmy, Fymo, FoTo, and in the S — oo limit mg, T'mg, Umg
and Fsmy become the periods of the K3 fiber, while the finite parts of
Frmo, Fumo and Fomg satisfy the K3 PF system with sources, and give
rise to f{2(T,U) and its first derivatives.

Based upon this, and remembering the structure 3.7 of the homoge-
nous solutions, we conjecture (in line with the findings of [27]) that the
5-fold is the hyper-Kahler 4-fold Sym?(K3) fibered over a P! base. As
mentioned above, the periods of the fiber are T9U*w¢?, j,k = 0,1,2,
and these arise in the 5-fold as the S — oo limit of 7y, Smg, T'7g, Uy
and .7-'{4}7r0,.7-'{4 770,.7-'5%, 0, féé}TWo,f{;Uﬂo,fSUUWo Thus only the
fiber periods that are linear in 7' and U are realized directly. From
3.10 it appears that only the derivatives .7-'TT}U, f}U}U, and by exten-

sion F, éT}Tﬂ'o, .7-'5T}U7r0 and F} SUUWO will actually appear directly as 5-fold
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periods. Moreover, as with .7-'&2}, lower order derivatives of F{* will
appear in the periods as combinations like fg{fr}} + iU (.7-':,{12} + f}‘r}}U .
The proper combinations are inferred from how the source equations
arise in the S — oo limit of the 3-fold, and based upon this we expect
that the combinations that would arise from a 5-fold will be those of
the form ply) — TIU*ufy’.

We could not explicitly verify this conjecture, simply because there
is no known algebraic representation of Sym?(K3), and even less, of
the relevant P! fibration of it. An algebraic or toric representation
would however be necessary for obtaining the Picard-Fuchs system. The
closest one seems to be able to get at, is the beautiful construction of
Beauville and Donagi [26], which leads to the periods and Picard-Fuchs
equations of the holomorphic (2, 0)-form of Sym?(K3). Unfortunately,
there does not seem to be any simple way to obtain from this the periods
of the (5,0)-form of the P! fibration.

In the absence of such explicit algebraic representations, we can
thus far only conclude that our results provide further evidence for the
conjectured five-fold, augmenting the findings of ref. [27]. Summarizing,
our main results supporting this structure are: a) the form 3.7 of the
homogenous solutions, which corresponds to a fibration of Sym?(K3),
and b) the writing 3.11 of the prepotential f{*(T,U) in terms of the
inhomogenous solutions of the PF equations.

4 Some remarks on curve counting

In the compactification to four dimensions, sending S — oo corre-
sponds to the large base space limit of the K3 fibration. Therefore,
the coefficients ct? of A_5(q) in 1.3 must correspond to counting cer-
tain “rational curves” in the K3 fiber. However, it is known that other
K3 fibrations lead to different counting functions, see, for example, [7].
Moreover, a generic K3 has no rational curves at all. Counting ratio-
nal curves in K3 thus depends upon how one broadens the concept.
By considering A_5(q) = E4FEg/n** we count the 2-cycles in K3 that
become rational curves in our particular choice of fibration over P!.

The most canonical way to count rational curves in K3 was pre-
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sented in [18], where one counts certain singular curves that are holo-
morphic in a given, fixed complex structure; the relevant counting func-
tion in this instance is simply given by n~2%. As was shown in [19], this
can be obtained by the trivial fibration K3 x P!, where P! corresponds
to the twistor family of complex structures in the hyper-Kahler K3.
This reasoning does not involve mirror symmetry, and indeed K3 ® P!
is not even a Calabi-Yau space.

Our point is that it is in eight dimensions where one can compute
the counting function n~2¢ via mirror symmetry. More precisely, in
our computation the counting function was A_4(q) = E4*/n?** 1.4, and
the difference as compared to four dimensions is that the E4’s can be
removed by incorporating the Fg X Eg Wilson lines V in the prepoten-
tial. That is, as mentioned in [17], extending the sum over the Eg x Eg
lattice one can write

f{4}(T, U, 17) ~ Z 5{4}(kl—7‘”'2 /2) Lis [eZWi(kT+lU+7"‘.I7)] . (4.1)

(k,1,7)>0
TGAES X Eg

where

= _Hl_q -24 Z c4n (4.2)

l>1 n>-1

is exactly the counting function of [18][19]. This function is known
to count 1/2-BPS states in K3 compactifications of the IIA theory
[31]. Here we find that it also counts 1/2-BPS states in F-theory on
K3, in line with the arguments in [10] for the heterotic string in eight
dimensions.

Thus, what we have been arguing in this paper is, essentially, how
to determine this counting function via the mirror map.” While on the
one hand K3 x P! is not a Calabi-Yau space, and on the other, non-
trivial K3 fibrations over P! do not lead to 772, it appears that the
appropriate geometry to obtain 4.2 from mirror symmetry is a fibration
of Sym?(K3) over P'.

"To do this completely would require incorporating the 16 Wilson line moduli in
the differential equations.
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A Formal extension ton =26

- The mathematical structure of the prepotentials 1.2 can be considered
for any value of n, and for any modular form A_,(q) of weight —n.
From the physical point of view the generalization appears to be purely
formal. On the “heterotic side” we would be need to start in 2n + 2 di-
mensions, and consider a toroidal compactification to give an amplitude
(Tr (F™)) in 2n-dimensions. Of course, there are no such superstrings
for n > 4. However, the situation is reminiscent of anomaly cancel-
lation [30], and is indeed related to it: the mathematical mechanism
is very general, being just based on modular properties of the elliptic
genus, and works in “string theories” in any dimension, no matter how
pathological their physical meaning.

We demonstrate here that the prepotential 1.2 makes formally sense
for n = 6, even though there is no known consistent string theory whose
amplitudes it would describe. Just from modular properties we must
have that A_s(q) = Es/n** and so the relevant “one-loop amplitudes”
are of the form:

U U E
AFfL — g_____/ Z qzlpL $lpr|? ﬁTi’

3
(T T) (pLJ’R)
d27' 3
Amrg = [=2 3 [Ioal*- ' : ]
2Py / T2 (pXP;) el 2777' 2 PRI 27r27' zlPrl™= 4m373
L>PR
E
gilpelghion 20 (A.1)

and similar expressions for Apsp,, Apspz. These couplings integrate
to one and the same holomorphic prepotential f{&(T,U), given by 1.2
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for n = 6. Explicitly:

Apg = —32i(9r+ %) (or + %—)aT

(o) (o)

T-T
vaemiT = (0r - 25) (00— 725)20
X(aﬁ‘*'Ui-U)(aﬁ—l‘UfU)
x (67 + %ﬁ) FON(T, 0)
Appg = —32”(%—%)(&;— (_]f_U ) (00 - Zf_ﬁ_U )

x (aT - :F—_‘T:> FOT,U) + he. . (A.2)

The correction Apg represents a function of weights (wr, wy) = (6, —6)
and (wg, wg) = (0,0), respectively. While it is not fully harmonic, a
holomorphic, covariant quantity may be obtained via an additional T—
modulus insertion, by considering

6 i (U-TU)3 21,12 B
’.I{’T}TTTTT 16_(T T)4 / Z PLPR Q2|PL| 3Rl ﬁ24'

(pL,PR)

It is a non-trivial feature that this integral indeed yields a holomorphic
covariant quantity:

3
© B 3 61 E4(T)2E6(U)
frrrrrrr = kgs (aT T _ T>f{ } [J(T) - JO)n?(U)’
(A.3)

and similarly for the other couplings. For example,

1 1
28 e = 5=0rlog [J(T) = JU)] + 5—0rno(T,U) , (A4)
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where
d(kl)
Wo(T,U) =ar [] (1 —ququ) . (A.5)
(k,1)>0

The cusp form W, stays finite everywhere in the moduli space, i.e.,
d(—1) =0 = d(0), and the exponents are generated by > _,d(n)q" =
(3E3Es + S E2E? + 3B, E Eg — EZ — 2E3) /™.

Moreover, as we have indicated above, the relationship between the
functions 1" (T, U) and PF systems with sources also appears to gen-
eralize in a natural manner. As discussed above, 9% f{6}(T,U) is given
by 3.5. Following the algorithm outlined above we find the function:

usd = omi(fryy + Sfitey + 9fd) — Slog(w, — ws) .

It satisfies 3.6 for » = 6 in which the homogenous part, ,C;%f is given by
3.1, and the source part by:

6 20102
MP = =y [ e (€8~ e — ) -

(1 —ws) (L2 = &0 — 137) —
d

wi(1 — w2)d_w_2(£311 - '753) +
d

UMbﬂmaawﬁ—%)+

5 (w2l + §(1 — w2)fu, — 13w2) - (4.6)

The structure of the homogenous equations is indeed that of the PF
equation of Sym3(K3).
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