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Abstract

The goal of this paper is to analyse the method of angu-
lar quantization for the Sine-Gordon model at the free fermion
point, which is one of the most investigated models of the two-
dimensional integrable field theories. The angular quantiza-
tion method (see hep-th/9707091) is a continuous analog of
the Baxter’s corner transfer matrix method. Investigating the
canonical quantization of the free massive Dirac fermions in one
Rindler wedge we identify this quantization with a representa-
tion of the infinite-dimensional algebra introduced in the paper
g-alg/9702002 and specialized to the free fermion point. We con-
struct further the main ingredients of the SG theory in terms of
the representation theory of this algebra following the approach
by M. Jimbo, T. Miwa et al.

1 Introduction

The Sine-Gordon (SG) model in two-dimensional Minkowski space-time
is described by the action®

10%®(z,t) 10%®(z,1)
SSG“_/dtd (2 oz 2 02
2

+ 7 (cos(BP(z,t)) — 1) ) (1.1)
The quantum SG theory is perhaps the most fundamental of the in-
tegrable quantum field theories in two dimensions, and thus plays an
important role in the development of new methods. The S-matrix of
soliton-antisoliton scattering was obtained in [34]. This S-matrix (see
(3.4)) depends on so called renormalized coupling constant £ and the
relation of this parameter to the SG coupling constant 3 is

__P
f=5m0 (1.2)

1We have rescaled 8 — v/4n 8 in comparison with the usual convention, so that
the free fermion (FF) point occurs at 4% = 1.
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The quantum SG model is a superrenormalizable theory for the real
values of the coupling constant 0 < 3? < 2 which corresponds to the
restriction to the real positive values of £, 0 < £ < oo. The regime 1 <
¢ < oo is the breatherless one, where solitons and antisolitons do not
form bound states. One can see that modulo the overall scalar factor
and for appropriate choice of the multiplicative spectral parameter z =
e~%¢ where 6 is a rapidity of the particles, the soliton-antisoliton S-
matrix can be written in the form

z2q —z71q7t 0 0 0
: 0 z2—zt q—q! 0
S(eaf) = p(e’f) 0 qg-— q—l 2z — g1 0 )
0 0 0 2q — 2z g7

g = exp <7rz'§ z 1) (1.3)

which signifies in particular a quantum group symmetry of the Hilbert
space of states of the model with respect to the finite dimensional quan-
tum group U,(sly) [32, 22].

The SG model was also one of the first continuous integrable models
where the quantum inverse scattering method (QISM) was tested. It
was shown in the paper [12] that the quantum monodromy matrices
T (u) satisfy the commutation relation

R(u1 — u2, &) Ti (w1) Ta(u2) = To(u2) Ta (ua) R(uy — us,€) ,  (1.4)

where the R-matrix has the same structure as in (1.3) (see (3.6) for
the exact formula) in terms of additive an spectral parameter
u (z = e7/¢+), but with deformation parameter replaced by

q =exp (Wiff-l) . (1.5)

The equation (1.4) implies that

[tr T (u1),tr T (u2)] =0 (1.6)

and signifies that after proper expansion of the quantity tr 7 (u) with
respect to the spectral parameter u it generates the local integrals of
motion and (1.6) shows that they are in involution. Note that even at
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the FF point where 32 = 1 the R-matrix in the commutation relation
of monodromy matrices (1.4) is nontrivial since ¢’ = 4; this can be
traced to the fact that the monodromy matrix is constructed from the
fields exp(i®/2), which are non-local in terms of the fermions since the
fermion bilinear is exp(i®).

As we see, the SG model naturally contains two quantum group
symmetries, with different deformation parameters related by the du-
ality transformation (3.7). An attempt to explain this phenomena was
made in [26] in the framework of the bosonization technique in massive
integrable field theories. This approach was generalized then for the
lattice integrable models [14]. Following the ideas presented in these
papers a screening current algebra was proposed in [20]. The specific
coalgebraic properties of this infinite-dimensional algebra allowed to re-
construct the bosonization approach of [26] from algebraical analysis of
the representation theory of the screening current algebra.

Essential progress toward understanding quantum integrable mod-
els in the infinite volume limit was made in the framework of Baxter’s
corner transfer matrix (CTM) method [2]. It was observed that the
CTM of some lattice integrable models in the infinite volume limit has
equidistant spectrum bounded from below and so can be described by
the infinite set of oscillators. This fact allows one to develop a new ap-
proach to quantum integrable models on the lattice. This was done by
the Kyoto group for the XXZ model in the anti-ferroelectric regime [18].
The model was completely solved, namely, the correlation functions of
local operators and form-factors of local operators were calculated ex-
plicitly, using infinite-dimensional representations of quantum affine al-
gebra U, (sl;) with real parameter of deformation satisfying —1 < ¢ < 0.
One of the main ideas of the construction is to divide the total Hilbert
space of the model, which is identified in the infinite volume limit with
an infinite product of two-dimensional spaces where local operators act,

Hxxz~ - CRCRCRCICRC?--- (1.7)
into two semi-infinite products of these spaces

Hxxz ~( CRCRC)(CRCQC*--)
~ HETM ® HCTM = End (%CTM) (1.8)

which are denoted by Hcory and where the corner transfer matrix acts
naturally. Each of these semi-infinite products is identified with level
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1 and level —1 integrable modules of Uq(;l2), where operators of the
algebra act naturally. The decomposition (1.8) led in particular to
the identification of the states in the Hilbert space Hxxz with the
operators acting in Hcry. The space End (Hcrm) is equipped with a
natural scalar product (A4, B) = Tr %o, AB and the vacuum vector in
Hxxz is defined as (—q)¥c™, where Hory is a corner transfer matrix
hamiltonian.

The representation theory of the quantum affine algebra Uq(sAlg) pro-
vides certain operators which intertwine its action in HcerMm (type I and
type II intertwining operators). Type II intertwining operators are used
for the construction of the basis of asymptotic states in End (Hcrm),
and type I operators are used for the construction of the transfer matrix
and the local hamiltonian in this picture. Moreover, the adjoint action
of the elements of the quantum affine algebra in End (Hcry) describe
a level 0 Uq(glg) symmetry of the model. As a consequence, the form-
factors of the local operators and correlation functions of their product
are presented in a form of certain multiple integrals, which come as a
trace over Hcorm of certain products of the intertwining operators.

In the continuous integrable models an approach to implement Bax-
ter's CTM method was developed in the papers [26, 5] and was based on
the method of the angular quantization. The total Hilbert space of the
continuous quantum integrable model in infinite volume was supposed
to be embedded into a tensor product

H—>H,QHR, (1.9)

where H, (Hg) are the Hilbert spaces of the quantization in the left
(right) wedge. The right Rindler wedge (RRW) in two-dimensional
Minkowski space-time is

(z°)? = ()% <0, z'>0, (1.10)

0

where z° is a time and 2! is coordinate, while the left Rindler wedge

(LRW)
(z°)* — (z1)? <0, z'<o0. (1.11)
Let us fix the parametrization of space-time coordinates in RRW

2 =rsha, z'=rcha, r>0, a€R. (1.12)
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With this parametrization, the coordinates z°, z* cover the RRW, since
z' > 0. The LRW is formally obtained by the rotation o — a — iw
or by applying the operator e™® where K is Lorentz boost generator
K = —id,. The space Hy can be identified with the dual to Hzr and
so the states in the total Hilbert space can be realized as the operators
inH R

It was suggested in [26] to realize g for the SG model as a Fock
space with a natural action of the operators satisfying the commuta-
tion relations of Zamolodchikov-Faddeev (ZF) algebra. Further, in [20]
these operators were identified with intertwining operators of the scaled
elliptic algebra A(sls) which can be observed in the bosonization pic-
ture [26] by the presentation using screening currents. One of the main
arguments in favor of these mathematical constructions was the coinci-
dence of form factors of certain local operators in SG theory with trace
calculations in Hpg.

In this paper, we try to develop the method of the angular quanti-
zation in two directions. First, we analyze the SG model in RRW at
the free fermion point, where the canonical quantization can be done
explicitly. We see here that the usual conserved charges [23] diverge
and the only chance to get a rich algebra of symmetries is to use a cer-
tain analytical continuation of the conserved charges, or equivalently,
the scattering data. In this case the bosonization [26] naturally ap-
pears. We see further that in order to close the algebra, we are forced
to use the currents with dual monodromy properties and the algebra
of (nonlocal) conserved currents which we find here coincide with spe-
cialization of the scaling elliptic algebra A(sls) proposed in [20] and
specialized to the free fermion point (£ = 1).

Second, we go into further details of the description of the con-
tinuous SG model analogous to the group-theoretical description of the
space of states in the XXZ model [18]. We show that starting from level
one representation of the scaling elliptic algebra A(;lg) we can correctly
define the vacuum, the asymptotic states and operators which act on
the space of the asymptotic states, namely, the transfer matrix, the
hamiltonian, the local integrals of motion. Contrary to the lattice case
they are given now via coefficients of the asymptotic expansion of the
family of commuting operators. We define the adjoint action of the al-
gebra .A(;lz) on the space of states and show that known symmetries of
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this space related to the conserved nonlocal currents [28, 3] and formu-
lated in terms of quantum affine algebras at level zero, can be obtained
from this adjoint action by the asymptotical expansion. Let us roughly
explain this description.

The total Hilbert space  is supposed to be divided as in (1.9).
The spaces Hr and H, are level 1 and level —1 highest weight modules
over the algebra A(sls) so the states in H can be identified with some
operators in Hg. In particular, the physical vacuum state |vac)py is
identified with boost operator

[vac)pn = ™ = e7"0% (1.13)

where « is angular time in RRW and the states |6y,...,0n),,.. ., are
identified with the product

101, Onder,n = Z2(01) ... Z2 (Bn)e™ (1.14)

where Z*(0) are certain ‘twisted’ intertwining operators of the screening
currents algebra A(;\IQ), which also act in Hgr. The adjoint action of
the algebra A(sl,) is not standard because this algebra is not a Hopf
algebra. Indeed, the commutation and comultiplication relations of the
algebra A(;lQ) in terms of L-operators can be written in the form

R (w1 — ug, & + ¢) L1 (u1, &) La(usg, §)
= Ly (ug, &)L (u1, )R (u1 — us, §) (1.15)
APL(u, &) = L(u — inc® /4,6 + @) & L(u+incM/4,6)  (1.16)

where R(u,£) means R-matrix defined by (3.1) and c is a central el-
ement of the algebra A(sly). Note that R-matrices in the left and
right hand sides of (1.15) differ by the central element of the algebra,
which signifies that the algebra under consideration is not coassociative.
This algebra is not a usual Hopf algebra. Nevertheless, a coalgebraic
structure of this algebra was used in [20] to construct the intertwining
operators for highest weight modules over this algebra at the value of
the central element ¢ = 1. There are also some indications that this
screening current algebra is a quasi-Hopf algebra [11] (see papers [17]
on the lattice variants of this algebra).

The adjoint action has the different form on the subspaces H; € H,
1= 0,1 of even and odd number of particles and includes the involution
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of the algebra A(sl)
t(L(u)) = 0, L(u)o, . (1.17)
For the state X; € H;, i = 0,1 it is defined as follows

Adrug) - X
=1 (L7 (u+imc/4;€)) X " (L(u — im + imc/4;€)) . (1.18)

We prove that so defined adjoint action realizes the level zero repre-
sentation of the algebra A(sly) onto the space of states H, such that
n-particle states compose n-fold tensor products of two-dimensional
representations. The quantum affine symmetry of the Hilbert space
H found in [3] can be realized via the asymptotical expansion of the
adjoint action of the currents of the algebra A(;lg).

The paper is organized as follows. In the second section we con-
sider the canonical quantization of the SG model at FF point and its
specialization to right Rindler wedge. Then we construct the nonlocal
integrals of motion and develop bosonization of all the objects in terms
of these integrals of motion. The third section is devoted to the descrip-
tion of the screening currents algebra for general value of SG coupling
constant satisfying 1 < § < v/2. In the last section we develop the
angular quantization scheme in full aspect; for example, we construct
the monodromy matrix on the total Hilbert space and investigate some
of its properties.

2 Canonical quantization

2.1 Sine-Gordon model at free fermion point

It is well known [6] that the SG model model with the action (1.1) is
equivalent on the quantum level to the massive Thirring model defined
by the action

Stp = / dz°dx" B (T (2)iv"0,¥ (z) — 0,9 (x)iy"¥(z))

— mU(z)U(z) — g T2y ¥ ()" | (2.1)
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where g = m120)  The equivalence is established by the following

2¢
bosonization rules
éﬂ—s‘“’&,@(xo, ') = (2, 2" )y (20, 21),
m
cos(if®(z°, z')) = U(2°, 21) T (2, 2!) (2.2)

where #” is antisymmetric tensor normalized € = 1.

At the FF point (£ = 1) the interaction in the Thirring model
vanishes and its lagrangian becomes a lagrangian of free massive Dirac
fermions

L(z° 2') = {— (U(2)iv*0,9 (z) — 8, ¥(z)iy"¥(z)) — m@(x)\l}(x)] :
(2.3)

where U(z) = ¥f(z)° is a Dirac conjugated spinor. We fix the 7-
matrices to be

The complete set of solutions to the corresponding linear equation
of motion can be chosen in the form

0/2
‘Ifo(.’L'O,:IJl) — /% < i:—;/Z ) e—imch(e)m°+imsh(0)m1 (2.4)

and satisfies the completeness relation with respect to the scalar prod-
uct

(Tp, Tp) = / o' Ty(20, 2 ) g (a°, 21) = 66 — 0).  (2.5)

—00

Note that the solutions (2.4) are anti-periodic with respect to the shift
6 — 0+ 2mi.

The completeness relation (2.5) allows one to quantize the Dirac
field ¥(z) = ¥, (z) and its hermitian conjugate ¥' (z) = ¥U_(z)

U, (20, o) = /_ " 40 [e(0)o(2) + 4T (O) ¥} ()] (2.6)



1236  S. KHOROSHKIN, A. LECLAIR, AND S. PAKULIAK

U_(2,21) = /_ " 48 [d(0)Wo(2) + H(O) T ()] 2.7)

o0
by imposing equal time anticommutation relations

{'l,[}_*.(IL'O, CII), d}— (xO, ;’L‘,)} = 27{5(1" - xl)a
{E+(CL‘O7$)7E— (xO, xl)} = 27{5(1" - CL‘,), (28)

where 9 (2°, 2!) and 1, (2°, z!) are components of spinor ¥, (2%, z1).
One can verify now that (2.8) and the normalization condition (2.5)
imply the standard anticommutation relations

{c(6),c1(6")} =6(6 - 0), {d(6),d'(6")} =6(6—¢) (2.9)
and all others are trivial.

The Hilbert space H of this model is defined by application of
the creation operators cf(#) and df(f) to the ‘physical’ vacuum vec-
tor |vac)pn annihilated by the operators c(6) and d(6).

The integrals of motion are constructed from the conserved currents:

03, 0%
Jdy Oy

and are given by the contour integral
@’ = [y, + a5 %) (210)

The charge @’ is conserved along the evolution which is ‘orthogonal’
to the contour in the definition of Q7. In the standard quantization
picture this contour is chosen to be equal time line z° = const in the
space-time. The charges which are conserved along the evolution with
respect to the time 29 can be obtained from the currents

JE = (Dys)bs, TE = (DPa)ba, (2.11)

B = (Dy )y, J0= (DY )P, (2.12)
or equivalently from

JE = u(Dys), JE=14.(Dyy), (2.13)

7 = w(Dgy), B =T_(DY,), (2.14)
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for the operator D = 8y or 97, n > 0. Let us denote the neutral charges
which correspond to the ﬁrst operator as I, and to the second as Ip.
The charged conserved quantities we denote by I and I respectively.
They have the explicit expressions in terms of the operators acting in
total Hilbert space:

I, =m" / ” dg ™ (ct(8)c(8) + d'(6)d(6)) ,

T, =m" / " 40 e (1 (0)c(6) + d' (9)d(9)) (2.15)

and similar formulas for I and T: . The Hamiltonian H which de-
scribes the evolution of the quantum fields (2.6) and (2.7) with respect
to the time z° is given by the sum (I, +1;)/2 and has eigenvalue mch @
on the one-particle states generated by c'(d) and d(#) from physical
vacuum |vac)ph.

However there is no a direct way to quantize the SG field ®(x°, z')
at the FF point using the quantization of the Dirac fermion fields
U(z% z1). In particular, it is difficult to construct the realization of
the commutation relations (1.4) directly in the infinite volume limit us-
ing the canonical anticommutation relations (2.8) and without referring
to the lattice regularization.

On the other hand the canonical quantization of the free massive
Dirac fermions in RRW allows one to construct the operators which are
building blocks of the angular quantization method. This will be done
in the next subsections with the main goal being to demonstrate the
nonabelian symmetry algebra which appears in the angular quantiza-
tion approach to the SG model.

2.2 Free fermions in Rindler wedge

Let us solve the equation of motion for free massive Dirac field in RRW
using the parametrization (1.12). The solution to the Dirac equation
of motion normalized with respect to the scalar product

(@,xp’):/ooodr (e—aw’+e°‘¢z//) . U= ( g) (2.16)
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is given in terms of MacDonald functions

Vm eV Do, 1o (mr)
\IIV 9 = . — o ) R I
(T a’) \/7_TF(ZI/ T 1/2) 6(2" 1/2) Kiu—1/2 (777/7‘) Vv E

(2.17)

and has exponentially decreasing asymptotics in RRW when r — oco.
On the other hand we observe that rotation of angular time « by 273
which corresponds to the path around origin in euclidean plane multi-
plies the solution (2.17) by the factor —e=2™. This signifies the fact
that the space of functions used in canonical and angular quantization
are completely different. Nevertheless, the completeness relation

(T,,0,) = 6(v+1/) (2.18)

allows one to quantize the Dirac fields in RRW

Vo (r,a) = < gﬁ: Z; ) = /_ Z dv by ()T, (r, ) (2.19)

by imposing the equal ‘time’ (o = const) anticommutation relations

{T/J+(7”, Ol),

(r,a)} = —e~%(r — r'),
{E_,_(T‘, ), } =

Wv_(r
P_(r',a)} = —e*5(r — 1) (2.20)

which are equivalent to

{b+(v),b:(V)} =0, {byi(v),b_(V)}=6(w+1"). (2.21)

Rindler fermionic Fock space ’Hﬁ is defined by the vacuum state
|vac) ; which satisfies

bi(v)|vac)y =0, v>0. (2.22)
The left vacuum vector f(vac| is correspondingly defined:

s{vaclb+(v) =0, v<0. (2.23)
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2.3 Scattering transform

For the quantum fermionic fields (2.19) we introduce the scattering
transform [27]

U(r,a) = AL(0, @)
- % /Oojir e (3, (r, ) e 4 oy (r, a)e@0/2) | (2.24)

where 8 € C is spectral parameter. Using the free fermion equation
of motion in RRW we can verify that the dependence of the operators
A1 on the angular time « reduces to a simple shift of the spectral
parameter

Ar(0,0) = AL (0 + ), (2.25)

where A (6) is the value of the scattering transform at the initial time,
say o = 0. It is clear that the scattering transform (2.24) is not defined
for all values of the spectral parameter 6. For example, if the solutions
¥, (r, @) and 1+ (r, o) have the constant asymptotics when r — co then
the integral in (2.24) is convergent if |Im 6| < 7/2, which follows from
the inequality Re ché > 0. However, the solutions (2.17) of the Dirac
equation in RRW have exponentially decreasing asymptotics. Using the
fact that the leading term of the asymptotic of the MacDonald function
K4(z) when z — oo does not depend on the index z and is proportional
to 271/2¢7% we find that the inequality mentioned above is replaced by
the more weak inequality

Re chf > —1 . (2.26)

The solution of (2.26) defines a larger domain of existence of the scat-
tering transform than specified above, namely

Im 6] < 7/2+€, where e=m/2—arccos((chRe 6)™") (2.27)

so the domain of the possible values of the spectral parameter is a strip
whose width depends on the value of Re 6.

An important consequence of this observation is the fact that the
points Im 6§ = +7/2 are always in the domain of existence of the scat-
tering transform. This leads to the fact that the vacuum expectation
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value of the product Ay(0)A+(¢') is a well defined meromorphic func-
tion in the domain [Im (6 — ')| < 7 + ¢ for some positive number .
Using the expression of the scattering data operators A4 (6) in terms of
the fermionic operators by (v)

As(0) = o /_ : dv by ()T (% - z'z/) ¢t (2.28)

we can calculate this function explicitly:

1 0—0 +mi
(a0 = 120 (L), (2.29
where the S-function is B(z) = 8,In (T (&2)/T (£)). Since the func-
tion (2.29) has the poles only in the points § = 6’ — wi(2k + 1),
k= 0,1,... the domain of the ‘existence’ of this function can be ex-
tended to Im (6 —6') > —37 with a simple pole at the point § = ¢' —i.
The function (A4 (0)A+(0")) is given by the meromorphic function (2.29)
in this domain. An immediate consequence of this fact is the anticom-
mutation relation

{A4(0),A_(8)} = m Im(@—0) <3r. (2.30)

The scattering transform (2.24) describes an evolution of the initial
data (the quantum fields W (7, 0) at initial value of the angular time
a = 0) with respect to this angular time. Since this evolution reduces
to a simple shift in the spectral parameter one can easily restore the
quantum fields ¥ (r, @) at arbitrary time o by solving inverse scat-
tering problem, restoring quantum fields ¥, (r, o) from the operators
As(6).

This can be done using the operators Z..(#) related to the operators
A+(0) by the integral transform

A(6) = 11; / e ch(t%)?ﬁ—) (2.31)

—00

which can be inverted as follows

Z4(0) = A0 + i) + A6 — i) . (2.32)
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The inverse scattering problem has a solution in terms of the operators
Zi (9 )Z

6(0+a) /2

m 0 —mrc
U.(r,0) = % /_ } df Z.(0 + a)e~mreh? ( o (002 ) . (2.33)

One can observe that substitution of (2.33) into (2.24) leads to the
integral transform (2.31).

Formula (2.32) allows one to calculate the vacuum expectation val-
ues of the different operators

(A1(01) 25 (02)) = (Z+(61)A+(02))
1 1
= _2_71'1, m, Im (01 - 02) > —27l',
Y I S
271 01—92—1:71' 01—02+7:7T

(Z24(61)2+(02)) = —

These formulas allow to verify that the canonical anticommutation re-
lations (2.20) follow from the solution of the inverse scattering problem
(2.33). The formula (2.34) demonstrates also that the operators Z.(6)
anticommute for real values of the spectral parameter 6.

We would like to remark here that the operators Z.(6) being ex-
pressed in terms of the fermionic operators b.(v)

/ dv bi(” eif (2.35)

1+ zz/)

should not be understood literally, but rather as a certain normal or-
dering expression, where the normal ordering is dictated by the pre-
scription (2.34) on the domains of analyticity of the products of the
scattering data operators. The naive use of the vacuum expectation

value
(b ()b (v)) = 6(v + )0 (v)

where O(v) is the step-function, in order to calculate (2.34) does not al-
low to find the domain where the vacuum expectation value
(Z4(01)2+(02)) is defined since this information is encoded in the an-
alytical properties of the scattering transform.
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In order to obtain (2.20) from (2.34) it is convenient to introduce the
operators Z} (#) and Z.(0) as a shift by +7i/2 of the operators Z.(6)
using the freedom to move the contour in the integral representation
(2.33):

Z3(0) = 24(0 — mi/2), Z.(8) = Z=(0 +7i/2) . (2.36)

Then the fermion fields (2.33) can be rewritten in the two equivalent
form:

\/ﬁ 00 i emi/4e(0+a)/2
\Ij:t ('r, a) == m d0 Z:F(e + Ol)e Sh(e) e_ﬂ-i/4e_(0+a)/2
-0

\/ﬁ ) i - e~ Ti/4p(0+0)/2
= 2 ) do Z%(0 + a)emrsh®) mi/4 = (0+2)/2

The operators Z.(f) or Z1(6) acting in angular fermionic or bosonic
Hilbert spaces can be associated with the states in total Hilbert space
‘H of the model. In the next subsections we will identify them with
intertwining and dual intertwining operators for the screening current
algebra. The fact that the pole at the point #; = 6, + i does not pro-
duce the restriction on the domain of the analyticity can be seen in the
general situation, because the origin of this pole is the pinching of the
contour in the integral representation of the function (Z.(6;)Z+(62))
when 6; — 0, + i7.

2.4 Integrals of motion

The operator which describes the evolution with respect to the angular
time « is the Lorentz boost operator K. In terms of the fields:

K=3 [ darr[e= @ (05.) - (075.)%,)
— e (Yo (0rtbs) — (0,0) ) + 2mP_thy — 2mep P, |.

Using canonical anticommutation relations (2.20) one can find the ac-
tion of this operator on the components of the Dirac spinor:

K Tutra) = 20D 15 ),
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Kostra) = 220D L ) a)

Note that the boost operator acts differently on the different compo-

nents of spinors W.(r,«). The formulas (2.37) can be rewritten as
follows

e, (r,)e™E = e ", (r,a+ 1),
e—iani (7", a)einK — en/2¢i (7-, o+ 7”) . (238)

After rotation of the fermions around the origin by n = 27t both of the
equations (2.38) become

2BV, (r,a)e™™ = — W, (r, a + 2mi) . (2.39)
In terms of Rindler fermions by (v) the boost operator has a form

K= /_ Ty v b (V)b (—v): = / T v v b, Wb (—v):  (2.40)

—0o0

and yields the value of continuous mode v

[K,bL(v)] =vbsi(v), VveR. (2.41)

A second important operator is the operator of topological charge
which can be written in terms of the fields as follows

Q== [ dr (-t c)ulra) + P} () . (242)
0
In terms of the fermionic modes it has the form

Q=- /00 dv :b_ (V)b (—v): = /00 dv by (v)b_(—v): (2.43)

—o0 )

and is normalized in such a way that the charges of the Rindler fermions
b+ (v) correspond to their indexes

[Q,b+(v)] = £bs(v), VreR. (2.44)

In Rindler’s parametrization the contours in the definition of the
conserved charges (2.10) are the straight rays o = const. So in RRW
we have

Q= %/0 dr (e*J, + e *Jy) . (2.45)
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Let us consider the charges given by this formula and compute them for
the conserved currents J° (2.12) and J° (2.14). We obtain the result

I, =(-1)"I, = / " o e":Z_(0)A4(6):. (2.46)

Using formulas (2.28) and (2.35) we can observe that arbitrary non-
~ vanishing matrix elements of the integrals I, or I, in the Fermionic
Fock space are divergent. To avoid this divergence we consider the
analytical continuation of discrete index n — —i) to the imaginary
axis, where A € R. In this case the charges given by the currents
(2.13), (2.14) and (2.11), (2.12) will produce well defined quantities. In
contrast to (2.46) the charges corresponding to the currents J° and J°
do not coincide. We denote the ones corresponding to neutral currents
(2.14) and (2.12) as ay, @x. In terms of the scattering data operators
or in Rindler fermions they have the form

ax =/ df e0:Z_(6)A,(6):

_ _:: r (% - iu) ' B .
N /_oo W T o ) oA ) (2.47)

iy = / d0 XA (0)2, (0):

L TGE-i=w) '
‘/_ood” T+ -0, (2:48)

where normal ordering is defined with respect to fermionic vacuum
vectors.

By comparing the formulas (2.48) and (2.47) we conclude that the
conserved charges a) and a), are related to each other by some com-
plicated integral transform. This integral transform can be described
algebraically by extending the algebra of the operators ay and ay. This
will be demonstrated in the Appendix A.

Using (2.21) we see that
[ax, ] = [, 3] = M0+ 1) (2.49)

and this Heisenberg type commutation relation allows us to use these
operators for the bosonization.
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2.5 The bosonization and the screening currents

Using (2.21) we can obtain the commutation relations:

[ax, 2-(0)] = e™2_(8), [an, As(0)] = —e AL () (2:50)

[ax, A-(8)] = e™°A_(6), [ar, 24(0)] = —e™X2,(6)  (2:51)

These formulas together with (2.49) allow to bosonize the operators
A, (6) and Z_(6) in terms of a free bosonic field constructed from con-
tinuous bosons ay and the operators A_(f) and Z,(6) from the analo-
gous free field constructed from the bosons a.

This bosonization should conserve all the properties of the Hilbert
space 7, and the action of the operators A (6), Z+(6) on it. It is clear
that it is impossible to do this using only bosonic modes ay because
they carry the charge 0, while the Hilbert space ’H{Z is naturally graded
with respect to topological charge operator:

Hy= P Hhp Hho={o e [ Qv =nz} (2.52)

neZ

Because of the formulas (2.28) and (2.35) the operators A4(f) and
Z4(0) change the topological charge

As(0), Z+(0) + HEp = Hhpas - (2.53)

Note that in our normalization the topological charge operator ) coin-
cides with the operators —ag = —ay.

To conserve these properties of 'H}; in the bosonization picture we
introduce a pair of zero mode operators @ and P which satisfy the
commutation relations

[P,Q] =i (2.54)

and bosonic vacuum vectors |n),, n € Z which are annihilated by all
nonnegative bosonic modes and are eigenstates of the operator P

ax|n)y = 0, A0, Pln)y = n|n)s (2.55)

We identify ’H,fz,n with bosonic space %, generated from bosonic vac-
uum vector |n),

0 0
/ foO)ar. dAn ... / AODandA 17 | (2.56)



1246  S. KHOROSHKIN, A. LECLAIR, anD S. PAKULIAK
where the functions f;(\) are analytical functions in a neighborhood of

R_ except A = 0, where they can have a simple pole.

Then due to (2.51) the operators A_(#) and Z, () can be bosonized

as follows:
Ay (6) = exp (iQ —l—][ A a,\e”\a)
o A

Z_(6) = exp (—iQ - ][ m% axe”\e) (2.57)

The integral under the exponent is understood as principal value inte-
gral to exclude the singularity at zero:

f :f(A) ar = lim, ( / ; foyar+ | ) dA) O (@2s)

We define the products of the operators like (2.57) to be {-function
regularized [19, 16]

exp (/oo dA gl(A)ax) © exp (/ dp g2(1) @ )
- s ([ 22 00000

exp ( / A @) + 20 ) S (@s9)

—0Q

where ¢(\) = A and + is Euler constant and the contour C is shown in
Fig. 1.

<= o0

Figure 1.

Natﬁrally there is an alternative way to bosonize the fermionic Fock
space Hfl using modes @, and introducing the corresponding zero mode
operators Q, P, the bosonic vacuum vectors and bosonic Fock spaces.
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It is clear that these vacuum vectors are not a priori the same as for
bosons a) because of the complicated commutation relations between
the bosons a) and a, (see Appendix A). This alternative bosonization

looks as follows
A_(6) = exp (—ZQ —][ %)\— Eue“‘e> ,
. ® d\ .
Z,(6) = exp <z‘Q + ][ % ua”’) : (2.60)
—00

We also define the charged currents in the momentum space which
correspond to the charged conserved currents (2.13) and (2.11) by the
requirement that they relate the components of the operators Z.(6).
Let

E@®) =:A (0 +7mi/2)Ay (0 — 71/2):,
F(0) =:A_(0 +mi/2)A_(0 — mi/2): (2.61)

be the operator valued currents in the momentum space. Using vacuum
expectation values and Wick theorem we can prove the formulas

Z.(60) = —i /C du e*°Z_(6)E(u) + i /C du e*~E(u)Z_(0)

= Ay (0 + 7i) + Ay (0 — i), (2.62)
Z.(0) = —i /C du 2, O)F () +i [ du eI F(1)2,(0)
— A_(0+ i) + A_(8 — i), (2.63)

where the contour C; goes from —oo to +00 and is above all the poles
in the operator product expansion Z_(0)E(u) and 2, (0)F(u) and the
contour Cj is also from —oo to 400 and below all the poles in the OPE
E(u)Z_(0) and F(u)Z,(). Let us prove (2.62). It follows from the
OPE

1 A (w—= Ap (u+ )]
Z (0)Bw) = Z-(OB@): -5 0*_(u_;) - 0*_(u+;)
2 ]

2

Bz (0) = 2 (OB - L |20 t5) A(w-5F)

2m | u—-0-7% u—0+2 |
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Now the formula (2.62) follows from the trivial calculation of the inte-
grals. The second relation (2.63) is proved analogously.

Using formulas (2.57) and (2.60) we can write down the bosonized
expressions for the screening currents

E(u) = exp (22'Q + 2][00%\/} e™Ach (m)/2) a,\> ,  (2.64)

F(u) = exp (—2iQ -2 [_ oodA—A e™ch (m)/2) aA) , (2.65)

in terms of the bosons a, for the current E(u) and @, for F'(u). Because
the operators a) and ay do not form a closed algebra the screening
currents E(u) and F(u) also do not form the closed algebra. In the
next subsection we will define another pair of the screening currents
E(u) and F(u) such that the pairs E(u), F(u) or E(u), F(u) do form
the closed algebra both isomorphic to the screening current algebra
introduced in [26, 20].

2.6 Another pair of screening currents and quan-
tum Jost functions

The commutation relations (1.4) have a smooth classical limit when
& — 0 and correspondingly ¢ — 1. In this limit these commuta-
tion relations become Poisson brackets for the elements of monodromy
matrices for classical SG model [13]. The elements Z!(«) of the ‘mon-
odromy’ matrix associated with the half-line were introduced in [26]. It
was shown in [25] that they are the quantum analogs of classical Jost
functions. These classical objects can be written explicitly as path-
ordered exponents of SG connections in RRW and satisfy the Poisson
bracket relation

{2l (o), 2L, ()} = r8i%(an — a9) 2Ly (a2) 2L (en) (2.66)

el el . . . . .
where r.1.2() is a classical trigonometric r-matrix

o Ri2(0, ) -1
reies () = lim == (:Z.’;) (2.67)




ANGULAR QUANTIZATION 1249

th(a/2)

| =

—cth(e/2) 2sh™'(a)
2 2sh™'(a) —cth(a/2)
th(a/2)

obtained from the R-matrices (3.6). Note, that the scalar factor of the
R-matrix (3.6) also contribute to the classical r-matrix (2.67).

Unfortunately, a way to obtain the quantum analog of the relations
(2.66)

Z! (o) 2., (02) = Ri22(on — 0, €) 2L, (a2) 2Ly (o) (2.68)

£1€2

starting from SG Lagrangian is not known. Nevertheless, one can for-
mulate the properties of these operators which allows to reconstruct
them uniquely. These properties follow from the interpretation of the
operators Z4 () as the operators in Hg which correspond to the states
in total Hilbert space H of the model. Since the operators Z/ («) are
related to the quantum Jost functions and to the integrals of motion it
is natural to require their commutativity with the operators Z,(6) up
to the phase

Z.(0)2)(a) = ev (6 — a) Z,(2) Z.(0) (2.69)

where @(0) is a yet unknown function (see (3.65) below). Because of
the relations (2.62) and (2.63) this requirement is equivalent to the
following

E(w)Z.(a) = ~Z.(a)E(u), F(u)Zi(a)=-Z()F(u) (2.70)

These anticommutation relations can be satisfied by the following bo-
sonization of the operators Z,(c)

b . Fdx  ay i\a
Z! (o) = exp (zQ/2+/oo X A2 e > , . (2.1)

! _ A/ oo _d_)‘_ a il
Z (a) —exp< iQ/2 /oo N 2hna2 e ) . (2.72)

Using this bosonization and also the rule of the normal ordering (2.59)
we can observe that the operators Z! («) are related to the scattering
data operators A () as follows

A (a)=g7'2! (a - 3271) Z! (a + %)
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s i
=:Z] (a - ?> Z! (a+ 7) . (2.73)

The normalization constant is given in terms of double I'-functions (see
Appendix B for the definition of these functions). Note that formula
(2.73) allows to identify the scattering data operators Ay(f) with the
generating functions of the local operators introduced in the paper [26].
From the formulas (2.71) and (2.57) we can easily find the function

$(0) = ctg (5 + 5)-

The formulas in (2.73) are equalities in different bosonic Fock spaces
generated by the operators a) and @, respectively. We can translate
them in equal bosonic spaces introducing another pair of screening cur-
rents F'(u) and E(u)

F(u) = 2_(v), E(u)= Z.(u). (2.74)

These relations are given by the integral transforms

Z' (o) = 270732 | due’T [e”TiZ'_ (a)F(u) + e % F(u)Z (a)]
Cl

e=31/2 1 u—a 1 u—a ,
- /Clduf‘(z+ — )F(Z— — ) 2 (0)F(u):,
(2.75)

and

2 (2) =272 | due’T [e"TiZfF(a)E‘(u) + e'WTiE'(u)er(a)]
CI

e=31/2 1 u—a 1 u—a ~
— - - Z! :
Jon /C dul (4 o )F (4 omi ) He)B(u),
(2.76)

where in both formulas the contour C’ goes from —oo to oo along the
real axis such that

Ima—-7/2<Imu<Ima+r/2. (2.77)

The proof of the fact that the relation (2.75) is equivalent to the relation
(2.73) for € = — or vice versa (2.76) is equivalent to the relation (2.73)
for € = + can be found in the Appendix B.

The fact that the second set of the screening currents for the quan-
tum Jost operators Z/ (a) coincided with scattering data operators
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Z.(0) is specific to the FF point. But what is true in general is that
we have the closed algebra of screening currents either for the pair
E(u), F(u) or for the pair E(u), F(u). Both of these algebras can be
obtained from the commutation relations (1.15) using different Gauss
decompositions of L-operators.

3 Algebra of screening currents

As we already said in the Introduction one of the goals of this paper is to
explain the algebraic structures which allows to describe simultaneously
two quantum group structures with different parameter of deformations
developing ideas of the paper [26]. This algebra will be introduced and
explained in this section.

This is a non-abelian algebra of screening currents which can be de-
fined using exact S-matrix of soliton-antisoliton scattering in SG model
[34, 20]. We define this algebra for the value of the of the renormalized
coupling constant 1 < £ < oo in so called breatherless regime. We will
demonstrate that the representation theory of this algebra has smooth
limit when ¢ — 1, which corresponds to the FF point of SG model.
Using the bosonization we will show that the intertwining operators
of the level 1 highest weight modules for the screening current algebra
coincide with the operators Z,(6) and Z! (6) defined in the previous
section from analysis of massive Dirac fermions in RRW.

3.1 R and S Matrices

Consider the following R-matrix.

R*(u,€) =77 (w)R(w,§), R(u,&) =r(yw,)R(y,§) , (3.1)
1 0 0 0

= _| 0 b(u,8) c(u,&) 0

RO=1 0 tug) bwe) o |
0 0 0 1
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r(Hr(1+a) ] Zele ) Bplin — un) (3.2)

P(i+a) o BOORLmE
T(Z+2&)r(1+2+ 4
&(U,n)=F 2PTE+;_§;FEI+;}?_1:2%)
b(u, &) = S;h_fw e, €) =_S;h€m . 7t (u) = icth (;)

The scalar factor r(u,£) has an integral representation

_ [ dAshA/2 sh(€E—-1)A/2 . [Au
r(u,§) = exp (2’/0 X\ sha  shérz o (?))

—r<Imu<w. (3.3)

The R-matrix (3.1) differs from the physical S-matrix which de-
scribe the soliton-antisoliton scattering by the transformation

S(O) = —r(6,9)50), S(0) = (0. @ )R(6,¢)(1 ® 02) (3-4)

which change the sign in front of the elements b(6,£). In the classical
limit £ — oo such that u/¢ is fixed the R-matrix R (u, &) goes to identity,
while the ‘physical’ S-matrix goes to diag(—1,1,1,—1). On the other
hand at the FF point £ — 1 S-matrix becomes equal to —1 while
R-matrix (3.1) to diag(1,—1,—1,1).

The matrix S(#) can be written using a multiplicative spectral pa-
rameter z = e~%¢ and deformation parameter q introduced by (1.3)

1 0 0 0
z—2z"1 (g—q~1)
0 zq—z'it{'l 2q—z—1q~1 0 (35)
0 —le=a) z—z~1 0
2q—2-1¢g=1  z2q—z-1q~1
0 0 0 1

The physical R-matrix which describe the commutation relations of
quantum monodromy matrices in SG model (1.4) and quantum Jost
functions (2.68) can be similarly written in terms of the matrix R(u, £)

R(a) =r(a, &€+ 1)R(a),
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R(e) = (0. ® YR(-a,~¢ ~ 1)(1® 02) (3.6)

Note that matrices S(f) and R(c) are related by the duality transfor-
mation

E—=—€¢-1, 06— —a. (3.7)

The fact is that the scalar factors of S and R-matrices are related by
the same transformation. To see this one should use simple identity

shA/2 (sh(§+1)A/2  sh(§—-1)A/2) _
sh/\( Shex/2 T shér/2 )‘1

to rewrite the scalar factor —r(6,&) in the form

®dAshA/2sh(E+1)N/2 . [ Iu
o A sha  sherjz On <?)> (38)

—7(u,&) = exp (—2i

Now one can see that functions 7(u,& + 1) and —r(u,&) transform to
each other under (3.7), although one should not think about this trans-
formation literally. The point is that the quantization of the SG model
is well defined for 0 < £ < o0, so in order to perform the dual trans-
formation (3.7) we should first go to +co and then come back to the
negative axis from —oo. During this path the properties of the model
itself change drastically.

3.2 Algebra of screening currents

Set 1 < £ < co. Let

_ L +(u’§) L _(u,§)
”“’5)‘<Lf+(u,§) Lf_<u,§)> (3.9)

be a quantum L-operator whose matrix elements are treated as generat-
ing functions for the elements of the algebra given by the commutation
relations:

R*(uy — ug, € + ¢) Ly (ug, &) La(ug, §)
= Lo(ug,n) L1 (u1, §) R (u1 — ug, §), (3.10)
qdetL(u) = Lyt (u—im)L__(u) — Ly_(u —im)L_ (u) = 1. (3.11)
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Let

w0=(5 ) (%0 i) (et 1) 022

be the Gauss decomposition of the L-operator (3.9). This Gauss de-
composition corresponds to the algebra of screening currents F(u) and
F(u) described in the previous section at the value £ = 1. To obtain
the algebra related to the currents F(u) and F(u) we should start from
another Gauss decomposition

=i 1) ("7 1) (6 717) om0

The relation between the Gauss coordinates of both L-operators is com-
plicated enough and can be described on the level of the bosonization
of the L-operators by the relations similar to those described in the
Appendix A. For the remainder of this paper we will work only with
the operator (3.12).

One can deduce from (3.10), (3.11) that
ki(u) = (ka(u +im)) 7

Let
_ &sin(n/¢)
§'sin (1/¢)

where by & we denote the combination £ + ¢ of the parameter £ and
the central element of the algebra A(sl).

h(u) = ky (w) ko (u)™h, A (u) = ko (u) " k1 (u) h(u),

The Gauss coordinates e(u), f(u) and h(u) of the L-operator (3.9)
satisfy the following commutation relations (u = u; — ug):
sh (im/¢') sh (im/£)

dmﬁw”_ﬂwkmﬂzEﬁﬂ@ﬁWﬂ_ERW5MW%(3M)

m(“é”)Mmy@g—m(“;”)dmm@g

=t (7 ) (b)), (3.15)
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sh (“ . ”) h(u1) f (uz) —sh (“ h ”) £ (uz)h(ur)

2 2
=~ (G ) htw), lun), (3.16)

sh (“ ;”) e(u)e(un) — sh (%) e(us)e(uy)

=sh (%T) (e(ur)? + e(up)?) (3.17)

o (257 ) Fw ) =t (“ET) ) ()

= o () (12 + ), (3.18)
:E—:'g%h(m)h(W) = h(uﬂh(uﬂ%% . (3.19)

In the next subsections we will describe the finite and infinite dimen-
sional representations of the algbera A(sly). We will consider also the
tensor products of the representations where the action of the algebra-
A(slz) is defined by the following comultiplication structure compatible
with the commutation relations (3.10):

Ac=cV 40 =c®1+1Q®c,
A®L(u, &) = L(u — inc? /4,6 + @) @ L(u +incM /4,€)  (3.20)

A(L(u, €)™ = (Lu+inc®/4,6)) 7 & (L(u — imcV /4, € + D)) 7,
where the symbol ® signifies the matrix tensor product

(A®B),, Z Air, ® By; .

The comultiplications of the the Gauss coordinates of L-operators

e(u,€), f(u,€) and h(u,§) are

Ae(u,€) =e(u+inc?/4,6) @1 + Z(—l)” (f(u+imc®/4 - iw,f))p
p=0
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x h(u +irc® /4,€) ® (e(u — imc™ /4, & + c)P* . (3.21)
Af(u,€) = 1@ flu—imcV /4,6 + D)

+ Z(—l)p (f(u + i7rc(2)/4, é“))p+1 (3.22)

p=0
® h(u —imcV /4, € + V) (e(u— e /4 — i € + c(l)))p,

B oo _ psin(W(P"‘l)/f)
Ah(u,£) =) (-1) sin (7 /&)

p=0
x (f(u+inc® /4 — im,€))" h(u +inc® /4,€) (3.23)

® h(u — ircM /4, & + W) (e(u — imcM /4 — im, & + c(l)))p.

3.3 Finite-dimensional representations and the in-
tertwining operators

Let e, f and h be generators of the algebra Uiz /e (slz) with the commu-
tation relations:

The following formulas describe the evaluation homomorphism of the
algebra A(sly) at ¢ = 0 onto the algebra Usy ¢ (sly):

iirfe) o (mE)

(3.24)

Ev. (e(u)) = —

(=) ()
h (i /€) G
gvz(f(u))=——Sh (“S—g—’ fﬂ%l)) f=~f sh (u%g+;%2§:1—)) ,

e () () (555 )

— cth (” g S m(};; 1)> fe] . (3.25)

Let V, be (n + 1)-dimensional U,(slz)-module with a basis v, k =
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0,1,...,n where the operators h, e and f act according to the rules
sin(mk§) sin(m(n — k)/§)
= —_— 2 = - - = .
hvg = (n — 2k) vg, ey sin(7/€) Vk—1, f Uk sin(7 /) Vk+41

(3.26)

Combining these formulas with the evaluation homomorphism we can
construct the level zero evaluation representations of the algebra A(sls)
in the finite-dimensional space V,,. In particular, in what follows we
need the evaluation representation of this algebra into two-dimensional
space Vi. It is given by the formulas

7, (e(u)) vy =0, 7, (f(u))v_ =0, (3.27)
h (im/€)
7 (e(u) v = — "y
o (%)
(), = -2 (329
e

oo (£) 78 () (5

sh (=)

In these formulas we have identified v = vy and v_ = v;. Using formu-
las (3.27)—(3.29) we can define certain intertwining operators between
level one highest weight modules over the algebra A(sly).

(3.29)

It was shown in [20] that the algebra A(.;lz) has the highest weight
representations at the value of the central element ¢ = 1 which can
be bosonized using one free continuous bosonic field. We denote this
representation space by the symbol Hg and will demonstrate in the
next subsection that at the FF point it coincides with the bosonized
version of the Hilbert space of the free massive Dirac field in the RRW
#5%. In analogy with the group-theoretical description of the quantum
integrable models on the infinite-dimensional lattice [18] we define four
types of the twisted intertwining operators

Z'(z) : Hr—=Hr®Vi, Z"(2) : Hr® Vi — Hpg,
Z*(Z) : Vi Hr — Hr, Z(Z) : Hr > ViQHR . (3.30)
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The algebra .A(;lg) acts on the two-dimensional evaluation module V;
by the formulas (3.27)—(3.29). We require that these operators com-
mute with the action of the algebra A(sly) up to the the involution
(1.17)

Z(2)u(z) = A@)Z(2), Z"(2)A@) = (2)Z2"(2),
Z*0)A@) = 2)2°(), Z(2)uz) = A@)Z(z), (3.31)

where z € A(sly). Due to the dimension of the module V; the inter-
twining operators have two components which are defined as follows:

Z'(2v =2 (2)v®@v; + Z (2)v@v_, Z™(2)(v®@uvs) = Z{(2),
Z*(2) (v ®v) = Zi(2)v, Z(2)v=vs ® Z4(2)v +v_® Z_(2)v,

where v € Hp.

Using the coalgebraic structure of the algebra A(sly) we can rewrite
the defining relations (3.31) for the components of the intertwining
operators as commutativity with Gauss coordinates of L-operators. For
z = h(u) in (3.31) we have

A Z O ) = — (u_e;ﬂ) z:0), (332
S 3
s u—f+im/4
h(u) Z, ()h(u) = :(u_g _fm/)) Z.(0),  (3.33)
5 3
u—0—>5im /4
h(w)Zy (@)™ u) = ;((_jf14)) Zta),  (334)
£+1
e -~ )
h(w)Z (a)h™ (u) = - (“"’?ﬁf" 4)2_(04)- (3.35)

For e(u) we have

sh (E> Z:(0) = sh (H——giﬂﬁ) e(u

§
u—0+5m/4\ . olu
+ sh (—_—§ )Z_(O) (u) , (3.36)

z2(0)

~—
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sh (’—”) Z_(6) = sh (M) e(u)Z..(6)

3 £
+sh (%ﬂﬂ/‘l) Z,()e(u) (3.37)
{e(u), Z7(0)} = {e(u), Z_(0)} = 0, (3.38)

and finally for f(u)

o (£57) 200 =sh (=22 i)

£+ £+1
+sh (” = fi”/ 4) Z"e)f(u), (3.39)
sh <§T1) 7! (a) = sh (%f%ﬁ) f(w)Z. ()
+sh (%;1@—”/‘-‘-) Z' (a)f(u),  (3.40)
{f(u), Z2(0)} = {f(u), Z+(8)} = 0 . (3.41)

Note that in all commutation relations for the operators Z.(0) or Z% ()
appear only the trigonometric functions with the periods 2iw /€ while
in all those related to the operators Z) (a) or Z%(a) with the period
2im/(€ + 1). This property is encoded into the comultiplication rules
(3.21)~(3.23).

We did not write down all the relations following from (3.31) for the
components of the intertwining operators but only independent ones.
For example, the relation (3.32) is obtained by applying (3.31) to the
vector v_ @ v € V; ® Hg. If we apply it to the vector v, ® v we obtain
the relation

sh (2’?”) Z* (6)h(u)e(u — i) = sh (

u—0+ir/4 0\ 7
=R ey zi6)

—sh (M) Z%(8)h(u)

which is a consequence of (3.36) and (3.15). Nevertheless, the defining
relations (3.32)—(3.41) allow one to calculate some properties of the
intertwining operators. For example, the commutation relations

Z3,(00)Z;,(62) = p(6: — 0)5,171 (6 — 65,6) 23, (62) 23, (61)
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Zl ()2 (1) = (01— 0)R 2 (n — 03, 6) 2y (1) ZYy () -
can be proved using only (3.32)-(3.41) and supposing that the operators
Z*(61), Z*(62) commute up to some scalar factor and analogously for
the operators Z' (a1), Z' (a2).

The defining relations (3.32)—(3.41) allow one to find the bosoniza-
tion of the intertwining operators from the bosonization of the screening
current algebra. Being specialized to the FF point £ = 1 the inter-
twining operators will coincide with the operators Z4(), and Z! ()
constructed in the previous section modulo shifts in the spectral pa-
rameters. Also, all the scalar coefficients. mentioned above can be fixed
using these bosonizations. We will do this in the next subsection.

3.4 Bosonization of the screening operator algebra

The description of the infinite dimensional representations of the alge-
bra A(sls) at non-zero value of the central element C is divided into
two steps. The first step is to rewrite the commutation relations (3.14)—
(3.19) in terms of the total currents E(u), F'(v) and H(u):

iem icmw

e (u — T) +e (u — i€ — -—) = &sin (1/€)E(u) , (3.42)

4

f (u + %) +f (u —imé + ?) = ¢sin (n/¢")F(u) , (3.43)

h(u) = 2n¢’ sin(n/¢") H <u + % + z_z_c) . (3.44)

We write the commutation relations for the total currents in the form
adequate for the category of the highest weight representations:

B, F@)] = |6 (-0~ ) b (v TER)

—ﬁ@-w¥¥>HG—@%;QH,(um

T l+l+i(u—v) r l+l_i(1;r—v)
(25 ,“)H@E@:E@H@ Q ¢ g),@%)
r(i_1 i(u—v) T (l 1 i(u—v )

2 4 € 2 13 €
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p(%_w;;,w) i r3-4-49)
(e )T =TT
(3.47)
r(1+1 +ﬂ;—€l) r(1+}- i)
I‘( +_%2) E(W)E(v) = —E(v)E(u) r(_%_ﬁ%v)) ,(3 .
P+ 52 v —rre )
= AR e
(3.49)
r (1 i _€1_ " i(l;—gv)) T (1 _ 1l z(z:rglv))
r (1 _ % N i(t;zv)) T ( + ] z(z,ﬁg,v)) H(u)H (v)
r 1+l—l(’;”) T 1_l_z(?r,v)
= H)H()- El - ; - ’('3;)3 - El e _(%3 . (3.50)

The commutation relations for the total currents (3.46)—(3.50) are
written in the form of equalities of the meromorphic functions without
poles and zeros [10, 9]. This means that the product of the currents has
the structure of poles and zeros defined by the zeros and poles of the
function which is in front of this product in the commutation relations
(3.46)—-(3.50). For example, the product E(u)E(v) has poles at the
points u = v —iw +iw€k and zeros at the points u = v+ +in€(k+1),
kE>0.

The Frenkel-Ding [8] formulas (3.42) and (3.43) for the total currents
can be inverted solving the Riemann-Hilbert problem associated with
the strips of the widths ¢ and 7¢' = 7(£ + ¢) for the currents E(u)
and F'(u) respectively [20]

e(u) = sin7w/¢ / omi o avtienft v+m/4 , (3.51)

dv F(’U)

o 2mi gh Y ”g’CW/‘l ’ (3:52)

fu) = sinw/¢
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where the contour C’ goes from —oco to 400, the points u+icr/4+ikné’
(k > 0) are above the contour and the points u — ict/4 —ikw&’ (k > 0)
are below the contour. The contour C' also goes from —oo to 400 but
the points u — icw/4 + ikw€ (k > 0) are above the contour and the
points u + icm /4 — tkw& (k > 0) are below the contour.

The second step is the bosonization of the currents E(u), F'(u)
and H(u). To describe the symmetries of the SG model we need the
bosonization of the algebra A(;lg) at the value of the central element
¢ = 1. To construct this bosonization we define the continuous Heisen-
berg operators a) which satisfy the commutation relations

A wA(€+1)
sh % sh A —
shm™\ sh lgi

[ax, 0] = A SA+p)=c(N6A+u) . (353)

The commutation relations of the currents E(u), F'(u) and H(u) are
satisfied by the operators

E(u) = exp (2iQ + 2][00% e™Ach (7)/2) aA) , (3.54)
B 24¢ ©dx . ch (TA/2) sh (TAE/2)
F =ew (“s+ 10-2f ST ) |
55)
2 4\ .. sh(m))
H(u) = exp <§+ ] Q+ _0076 Ash BN a,\) . (3.56)

To verify this statement we should use the normal ordering rule given
by (2.59) with the function c()) specified in (3.53) and formulas given
in the Appendix B.

Note that at the FF point the Heisenberg operators a) become
the same as (2.49) of the nonlocal integrals of motion (2.47) so the
bosonization of the current E(u) coincides with the bosonization (2.64),
the bosonization of the current F'(u) coincides with the bosonization of
the scattering operator Z_(u) and H(u) with Ay (u) (cf. (2.57)). The
commutation relations (3.46)—(3.50) become in this case

[H(u), E(v)] = [E(u), E(v)] = {H(u), F(v)}
={F(u), F(v)} ={H(u),H(v)} =0 .
The commutation relation (3.45) being multiplied by e*™ and inte-

grated over the parameter u becomes the relation (2.62) which relates
the components of the scattering data operators Z.(6).
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The formulas (3.32)—(3.41) allow to bosonize the components of the
intertwining operators. It is given by the following formulas [26, 20]

Z.(0) = exp (—z’Q %\é e NO+mi/2) ) (3.57)

/ W (- O/ [(q) 2 E(u)Z4 (0) — (q) 2 Z,(6) E()], (3.58)

Z3(0) = Z+(0 —in), (3.59)
! — et a—mt/2 sh (71'){/2)
Z(a) = exp <g+1 ¢+ ][ ™ /)sh(vr/\(§+1)/2) ‘“)’
(3.60)
Z(a) = /C Czl_: =D [(() P Z, () F(u) - (¢) 7/ F(w) 2! ()],
(3.61)
Z¢ () = Zk(a +ir), (3.62)

where ¢ and ¢’ are given by (1.3) and (1.5) respectively and the contour
C' goes from —oo to +00 along the real axis leaving the points z+im/2+
ikm(£+1) (k > 0) above the contour and the points z —im/2—ikw(+1)
(k2 0) below the contour. The contour C' also goes from —oo to +oco
but the points z — im/2 + ikw€ (k > 0) are above the contour and the
points z + im/2 — tkn€ (k > 0) are below the contour.

The formulas (3.57), (3.58) and (3.60), (3.61) demonstrate that at
the FF point the operators Z4(6) coincide with the operators Z-(6 +
mi/2) modulo certain normalization constants. The same is true for the
relation between operators Z) (a) and Z! (a — 7i/2).

The second remark concerns the form of the contour C in the rela-
tion (3.58). The form of this contour is shown on the Fig. 2.

0, — /2 +iré o

o o Oy + im/2
+00

0 +in/2 —in& o o Oy +im/2 —in€

Figure 2.
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We can see from this picture that in the limit to the FF point (£ — 1)
there is a double pinching of the integral which leads to the relation
(2.62) where the integrals are calculated as the residues in the points
u = 6 £ mi/2. Moreover, this figure demonstrates that the product
Z,(01)Z_(62) has the pole when 6; — 05 + mi because of the pinching
of the contour in the integral representation of this quantity. The origin
of this pole due to pinching does not yield the restriction on the domain
of the definition of this product and Z,(6;)Z_(fs) is an meromorphic
function of the variable §; — 65 in the domain Im (6; — 63) > —7i/2
with a simple pole in the point §; — 05 + .

Using standard techniques [26, 20] we can find the properties of the
intertwining operators:

Z,,(01) 20, (02) = Siiz (0 — 02,6)Z,(62)Z,,(61) ,  (3.63)
Zl,(00)Z] (1) = BRI (an — a5,8)ZL ()2l (o) ,  (3.64)

2020 = veg( 70 -5) 220, o
ZZ’* )Z(a) = ¢'(&)id, (3.66)
Zél( )Zg( ) = gl(§)56162 id , (3'67)
Z€1(91)Z§2(92) = g(gl)(s'+2221d+0(21—22), (368)

where the S and R-matrices is given by (3.4) and (3.6) respectively
and the normalization constants g(£), ¢'(¢) can be expressed through
double I'-functions using the formulas given in the Appendix B [20].

4 Angular quantization

Before starting this section we would like to fix the terminology and
explain what we mean by the angular quantization in the context of
integrable quantum field theory. By this term we mean the possibility
to represent the states and operators in the total Hilbert space of the
model associated with total space-time as some operators acting in the
Hilbert space associated with RRW. So, considering the free fermion in
RRW in the second section we did not really consider the angular quan-
tization but did only some preliminary work. The angular quantization
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of SG model will be considered in this section. But first we would like
to recall the angular quantization in lattice integrable models inspired
by Baxter’s corner transfer matrix method.

4.1 Angular quantization on the lattice

In a series of papers, see e.g. [7, 18] the precise mathematical de-
scription of anti-ferroelectric XXZ model in thermodynamic limit was
developed in terms of representation theory of quantum affine Lie al-
gebra U,(sly) with the real deformation parameter —1 < ¢ < 0. This
description, based on Baxter’s corner transfer matrix method, looks as
follows.

The total Hilbert space of the theory is identified with the space
of endomorphisms End(Ag @ A;) of direct sum of the level one irre-
ducible Uq(glz) modules with (complex linear) scalar product given by
the natural prescription

(A, B) =Tr AoeBAlAB . (41)

Two components of degenerated vacuum are identified, up to the con-
stant, with (—q)P"”, where D® is principal gradation operator for quan-
tum affine algebra, multiplied by the projection to A;.

The representation theory of Uq(;l2) provides two types of operators
(I)(C) A — Al—z’ ® ‘/g, \I/*(C) : VZ QN — Al—i; 1=0,1 (42)

which commute with the action of Uq(;\lg). Here V is a two-dimensional
representation of Uy (slz) with basis vy evaluated at the point ¢2.

The transfer matrix T'({) of the theory acts on the state A €
End(AO + Al) as

T(C) A= Z q’s(() A CI)—S(C) (43)
e=+

and the eigenvectors of the transfer matrix are described in terms of
the second type intertwining operators:

e E)emense) = €T (&) .. U2 (E)(—9)P . (4.4)
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The local spin operators o acting on the nth cite of the lattice can
be described in terms of operators ®({). Due to the definition of scalar
product it gives the expressions of the correlation functions of finite
products of operators o and of the form-factors of a local operator
in terms of traces of products operators ®(¢) and ¥*(§) in the Fock
space Ag @ A; [18]. Moreover, the adjoint (in a sense of Hopf algebra)
action of Uq(;lg) equips the space of states with a structure of level 0
Uq((;lg)-module, such that n-particle states form n-fold tensor products

of the two-dimensional representations of Uq(;lg).

4.2 Angular quantization in the 2d field theory

A counterpart of the CTM ideology in the integrable models of the 2d
quantum field theory in the infinite volume looks as follows [5].

Let Hg be a Hilbert space of canonical quantization of a theory in
the RRW, where boost operator K = —id, is considered as Hamilto-
nian. Here 9, is the differentiation with respect to the angular ‘time’ or,
what is the same, with respect of the spectral parameters (see (2.25)).

The total Hilbert space H of the model is supposed to be a properly
defined subspace of End Hy with the scalar product (A, B) = Try, A -
B. The vacuum state in # is identified with the operator e™® in H and
the definition of the transfer matrix refers to certain quantum version
of Jost functions [26], Z/,(«) (here « is the spectral parameter) whose
precise construction on the quantum level is not known. On the classical
level these objects in SG theory were introduced by S.Lukyanov in
[25] using zero curvature representation of SG equation in RRW: [0, —
A, 0, — Ag] =0.

The asymptotic states |01, ... ,05),... ¢, are presented by the prod-
ucts of the operators

100, - Odersen = 25 (61) ... Z2. (0n)€", (4.5)

analytically continued to the real line, where Z}(6) are certain oper-
ators acting in the RRW Hilbert space Hg. They can be represented
by the bosonized expressions (3.57)-(3.59). The conjugated states are
given by the product of the operators Z4(0) = Z%(0 + mi):

croenlO1y - 00| = €K 2, (01) ... Zc, (6r). (4.6)
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Analogously to the lattice case, one can assume that any local op-
erator in the theory can be presented in this language in terms of left
and right multiplications of certain combinations of the operators Z.(c)
and thus form-factor of operator O can be given by some trace formula

b (vaclOl0y, ... ,0nYer... e = Trou, (e%KOz; ©)...2", (9n)) . (4.7)

where O is some operator acting in Hg and corresponding to the orig-
inal operator O. The problem to find an expression for the operator O
in terms of the quantum Jost operators Z/ («) is a complicated prob-
lem and has no general solution for the arbitrary operator O although
for some simple operators it can be solved by comparing the form fac-
tors obtained in the framework of the bootstrap program with those
obtained by means of the formula (4.7) (see [26, 29] for the simplest ex-
amples in case of the SU(2)-invariant Thirring model). We understand
the trace in (4.7) as properly regularized to produce the known form
factor formulas in SG theory given in [33] (see the paper [30] for the
alternative formulation of a continuum analogue of the Baxter corner
matrix method).

The possibility to present the matrix element p,(vac|O|6,...,
Ondes,... en as a trace (4.7), the relation (3.59) and the fact that the
operators Z4(f) commute with the operators O up to numbers related
to the locality index [26] allows to demonstrate easily the crossing sym-

metry of these matrix elements. We have

e'l,...,eil,< ,17 ceey ;ﬂlO'Hl) oo )9n>61,...,en
= Trog (7524 (8)) . 2o, (01)0 22, (61) ... 22, (on))

=pn (vaclO|0y,...,0,,0] —im,... 00, — iﬂ->517---7€ny—€,17---y—€,’n/ . (4.8)

Using the trace formulas we can also verify the completeness of the
space of states (4.5) and (4.6) with respect to the scalar product given
by the trace over RRW Hilbert space Hg. First of all we observe that
the matrix element (4.7) of the unity operator vanishes identically be-
cause after substitution of the integral representations of the operators
Z%(0) (3.58) in (4.7) we obtain the integral with the integrand being
the total difference which leads to the vanishing of the integral [29]. On
the other hand the pairing of the states (4.5) and (4.6) does not vanish
identically but is proportional to some combinations of the §-functions.
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In particular, the simplest pairing of the one-particle states is equal to
6, <0,|9>€ == 66'6(9 - 9’)-

The delta-function in this formula appears because the trace
Tr g, (e7% Z(6')Z2(0)) has two simple poles in the points 6’ = § due
to (3.68) and in the point § = ¢’ + o + 277 due to the trace properties.
When the parameter ¢ tends to the value —27i these two poles form
the 0-function (see [18] for the detailed description of this mechanism
in a case of lattice integrable models). We would like to note here that
the same mechanism is responsible for the fact that form factors of the
local operators satisfy the annihilation axiom [33]. For XXZ model this
fact was established in [31].

These are the general features of the angular quantization approach
in the 2d integrable field theory. In order for the angular quantization
approach be the self-consistent, in particular the traces (4.7) satisfy all
the axioms in the form-factor approach [33], the operators Z3(6) and
Z! (a) should satisfy the properties (3.63)—(3.68). Since the represen-

tation theory of the algebra .A(QZQ) contains the operators which satisfy
such properties we claim that this algebra is the dynamical symmetry
algebra of the SG model in the sense claimed in [7] for the quantum
XXZ model.

Using the properties of the operators Z/, («) we can find representa-
tions of the commutation relations (1.4) for the quantum monodromy
matrices and interpret its trace as the generating function of the lo-
cal integrals of motion through the asymptotical expansion. This will
be done in the next subsection. Moreover, we can define appropriate
adjoint action of the algebra A(sly) onto the Hilbert space of the SG
model H which describes the known symmetries of this space of states
related to the quantum affine algebra U,(sl,) [3] and interpret these
symmetries as level zero action of the algebra A(;lg) in the Hilbert
space of states. In the last subsection we will demonstrate that these
symmetries being specialized to the FF point become the symmetries
governed by the classical affine algebra at level zero and associated with
the strip [21].
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4.3 Properties of the monodromy matrix in SG
model

In this and next subsections we will understand by the operators Z% (6),
Z+(0), Z'.(a) and Z}(a) the intertwining operators of the algebra

A(sls) which satisfy the properties (3.63)~(3.68).

A monodromy matrix of the model acting on any state Xy € Hy of
the total Hilbert space H = Ho @ H1, where k = 0,1 corresponds to the
subspaces of H of the even and odd number of particles respectively, is
defined as follows

Teo(@) - Xi = (6'(€) ™" €*ZL(e) - Xk - ZL(0), k=0,1. (4.9)

The commutation relations (3.64) allow to find the commutation rela-
tion for this matrices:

R(an — a2, ) Ti(an) Ta(a2) = Ta(az) Ti(eu) R(on — a2, €) (4.10)
which coincides with (1.4).
The trace of the monodromy matrix or the transfer matrix T'(«) is
T(a) Xi=(4'6)7" Y e*Zi(a) Xk Z(a) . (4.11)
e=+
The inverse transfer matrix is given in terms of the operators Z} («):
T a) - Xe = (¢'(€)7 D €2l (e) - Xi- Z2,(a) - (4.12)

e==%

The fact that operators (4.11) and (4.12) are inverse to each other is
a direct consequence of the properties (3.66) and (3.67). The same
properties allow to prove that the physical vacuum vector |vac)pn € H
is stable under the action of the operators T'(a) and T~ !(c):

T(a)|vac)ph = Z Zi(a)-e™ - Z. (a)

(3.62) WKZZ/* (3.66) vac)ph - (4.13)
e==+

Here and below we will often use the formulas

ZL(0)e™ = e Z(0), Zi(a)e™ =e"*Z2(0) (4.14)
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which are consequences of the definition of the boost operator and
(3.59),.(3.62).

The commutation relations (4.10) imply the commutativity
[T(cr), T(e2)] =0 (4.15)

which signifies that the operator T'(c) can be considered as the gen-
erating function of the local integrals of motion. Using the property
(3.65) we can calculate the action of the generating function 7'(«) onto
n-particle state |0y, ... ,0n)e;,... cn:

z T a—20;
T(a) . |91, cee ,9n>51’,_,’5n = H&j ctg (Z + % J) Iel, ce 70n>51,...,6n .
Jj=1

(4.16)
Using this equality we can see that the quantity
8T(a) 1 0lnT ()
= ¢ = — —_— 4.1
@)=Y Le RO = SR T

has an eigenvalue on the states |0y, ... ,01)cy.... 1

N
2
I(@)On, - O )ener = D, mlaw N
=1

and is a generating function of the local integrals of motion (2.15) I,
and I,, for odd indeces n:

I(a)|0N7 sy 01>€N,... €1

_ 2320(_1)56—(2s+1)a_[23+1|0N, e ’01>€N,---,51’ o — +00 (4 18)
ZSZO(_]‘)SG(ZS_'—I)O‘I?S-FI|0N7 s 01>5N,...,€17 a— —00
where
N
IZs+1 |9Na .. 01>€N = Z (254195 IBNa 701>6N,...,61)
N
I23+1|0N, .. €N, L1 T Z (2s+1)0 Ie Nyeo-- 701>6N,...,617 S > 0

(4.19)
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It follows from (4.13) that

I23_|_1IV&C>ph = 723+1|vac)ph =0. (420)

It is clear that the form factors of the quantum integrals I»s;; and
Iy, vanish identically, but using these quantities we can partially
solve the problem of the reconstructing the map O — O of the local
operators into the operators acting in the Hilbert space of the angular
quantization. Suppose we know this identification for some particular
local operator @ — O. Then we can immediately find this identification
for arbitrary descendant of the operator O with respect to all integrals
of motion Iy, and Ip,q: O(a) = [0, I(a)] [26]. The answer is

O(a) = O(a) = O I(a) — I(a+27i) O, (4.21)
where
~ 1
I(0) = = Za+1m)0, 2" (a
= Z fi(gsﬂ)e:F(Zs“)a when o — Zoo. (4.22)
§>0

The prove of this statement is based on the cyclic property of the trace
(4.7) and looks as follows:

pn(vaclO(a)|by, ... ,0n)c,... cn
=ph (V&CHO, I(a)]|91, < 7971)61,...,6"

(4.20)

="ph (vac|OI(a)|01, ... ,0n)es,... cn
1

_ 2rK AT * * N n
= Tr sz OI(a)Zgl(()l)...Zgn(Qn)) AL g;i(eu) T 4,

. (JK@z;*(a) Z(@)Z2,(01) . 72, (Bn)e”KZ'_“(a)aaZ'_*g(a)) .
The last line in the previous calculation can be transformed as follows:

S (6) Ty (€K OZL (@) Z4(0) 22, (61)-.. 22, (6)e™ 2L, (@) a2 (@)
&,u==

55 z Try, (e”K@Z;‘1 (61)...27 (On)Zé*(a)e”KZfﬂ(a)Z'_u(a)BaZ'_*g(a))
e,u==%

O (€) 3 Trn (20000 0a 20, (@)™ O, (01) .. 22, (62))
e==+



1272 S. KHOROSHKIN, A. LECLAIR, AnD S. PAKULIAK

S 6 T (ew fla+2m)0Z: (0) ... 22, (9n)) (4.23)

so (4.21) is proved.

The generating function (4.22) has also another meaning. Namely,
it was proved in [29] that after substitution to the trace (4.7) the coef-
ficients I; and I_; of the asymptotical expansion (4.22) one obtains the
known form factors [33] of the stress energy tensor in SU(2)-invariant
Thirring model (this model can be obtained from SG model in the
limit £ — 400). This allows to conjecture that for the finite ¢ the cor-

responding coeflicients of the quantity /(«) will also generate the form
factors of stress-energy tensor in the SG model.

4.4 Symmetries of the model

In this subsection we will prove the following three statements.

(1) The adjoint action of the algebra A(.;lg) (1.18) on the total
Hilbert space is given by the level zero action of this algebra

R(uy — vz, &) AdL, (uy)Ad Ly (uase) = AdLo(unie)Ad Ly (uise) R (w1 — U2(, 3 -)
494

(tt) The subspace of the n-particle states carries the finite-dimen-
sional representation of the algebra .A(sly) given by the formulas

(([de®:®id®c®...." ) AmD(@)|01,...,01)e,. 0,
z =-e(u), f(u), h(u), (4.25)

where A(™(z) is nth power of the comultiplication maps (3.21)—(3.23)
defined inductively

A=A, AM(z) = (A®id) AP |

where the action of the Gauss coordinates e(u), f(u) and h(u) on the
one-particle states is defined by the formulas (4.30) and (4.31).

(ut) The commutation relations of the algebra A(sls) in the form
(3.14)—(3.19) allow to define certain asymptotical operators e;, f; and
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h such that their commutation and comultiplication relations corre-
spond to those of the Chevalley generators of the quantum affine al-
gebra U,(sly) at level zero with the parameter of deformation ¢ =

exp <7m§“£—1) .

The first statement is a simple consequence of the commutation
relation (1.15) and the fact of commutativity [R(u,),0, ® 0,] = 0.

The second statement is a direct consequence of the defining rela-
tions (3.32), (3.36) and (3.41) for the operators Z} (f). We start from
one particle states |# +mi/2). and prove that they realize the spin 1/2
representation (3.27)—(3.29). From the definition of the adjoint action
(1.18) we have

Adpy w1 - Z5(0)
= k1 (@) 7" ZL(0) k1 (@) + R (@) {Z2(0 )’f( )} ha(@)e(@),  (4.26)
Adpyuy-1 + Z1(0) + Adequyks (-1 £y - Z3(0)
= ko(2) " ZL(0)ka(B) + e(@k1 (@) TH{ZL0), f(@)}Ra(T),  (4.27)
— Adg w15 - ZE0) = ki(@) H{ZL (), £ (@) }ea (@), (4.28)
— Adeuyts -+ Z2(0)
= e(@)ky(@) T ZL(0)k1(T) + ka(@) " ZL(O)ka(We (@)
+e(@ki (@) "H{ZL(0), £(@)Hha(@e (@), (4.29)
where we denote @ = u +mi/4 and 0 = 0 + i /2.
The calculation of the adjoint action of the Gauss coordinates of
L-operator onto the state |#)_ is an easy part. Indeed, using formulas

(3.41) we observe first that the anticommutator {Z* (d), f (@)} vanishes
in (4.26)-(4.27) and using then (3.32), (3.36) we obtain

Adjwlf)- =0,
~ sh i ~
Adyolf)- = -2/ gy
sh (1—‘—?’2)
u—0+iT
Adyonl@) = Sh—f_l i
hw)0)- = |0) - (4.30)
()

which obviously coincide with the analogous formulas from (3.27)-
(3.29). Let us demonstrate how the second formula in (4.30) is ob-
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tained. Combining (4.26) and (4.29) and taking into account (3.38) we
obtain

Adewy- 22 (0) = —e(@)2*(8) — h(@)Z* (0)h(G)  e(@)
) _ Shu—0+i7r _
2 _e(a)Zx(0) — ﬁzme)e(a)
3
shi -
(230 - “—29 Z3(0) .

The calculation of the adjoint action of the Gauss coordinates onto
the state |f) is more complicated but straightforward. The main trick
is to use the formula (3.36) to replace the operator Z% () by the com-
bination of the products e(v)Z*(f) and Z*(f)e(v). Using then the
commutation relations of the algebra A(;‘\lz) in terms of the Gauss co-
ordinates (3.14)—(3.19) we will find that the dependence on the spectral
parameter v is canceled out and we obtain

Ad,,)|0)+ =0,

Adj|B)s = zhE”/ ‘5) 18y,
3
h [ e=f=ir
Adpw)0)+ = Ssh(—(“;—)—)léh (4.31)

which coincide with the rest of the formulas (3.27)—(3.29).

To find the action of the Gauss coordinates e(u), f(u) and h(u)
on the n-particle states we use the same formulas (4.26)—(4.29) with
Zi(ﬁ) replaced by the n-fold product of these operators. For example,
the adjoint action of the Gauss coordinate e(u) on the two-particle state
is given by the formula

Ade(u) : |91a 92)—,—

= M—|01,92>+, . (#) - (m) |01, 62) -+
sh ( ) sh (T) sh ( )

~

= A(e(u)) Iela 92)—,— ) (4'32)
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where we denoted by A = (id ® 1) A the composition of the comulti-
plication of the algebra A(;lz) (3.21)—(3.23) and the involution (1.17).
Repeating these arguments inductively we prove the formula (4.25)
where the action of the Gauss coordinates e(u), f(u) and h(u) on the
one-particle states are given by the formulas (4.30) and (4.31).

The commutation relations of the algebra A(sly) (3.14)~(3.19) at
the zero central element demonstrate that the Gauss coordinates of
L-operators have following asymptotics when Re u — $o0:

_

—) , f(u) ~exp (—%) ,  h(u) ~ h(£oc0) = hy.

e(u) ~ exp ( ¢
(4.33)

It follows from (3.15) and (3.16) that Cartan asymptotical genera-
tors hy have the following commutation relations with Gauss coordi-
nates e(u) and f(u):

el =exp (220 ) etw), st = exp (#22°) )
(4.34)

The comultiplication rule (3.23) yields that the asympotical Cartan
elements are primitive and group-like: Ahy = hy ® hy. The commu-
tation relations (4.34) yields that the product h h_ is central and also
group-like primitive. Due to this we can put this central element to be
equal to one so the asymptotical Cartan operators are inverse to each
other: hy = hZ'.

Let us define the logarithmic Cartan operator h as follows:

hy = exp (:l:i7r5 —éi: ! h) (4.35)

where the operator h has standard commutation relation with the
Gauss coordinates [h,e(u)] = 2e(u) and [h, f(u)] = —2f(u). Define
also the asymptotical operators

1 e+ e
e = § sh (Zﬂ- é' ) Re 'lulin:i:oo ¢ e(u) ’
1 (. e+ uje
f. B sh (ZWT) . le)n:i:oo e*¢ f(u) . (4.36)
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From the commutation relations (3.14)—(3.16) we can obtain the com-
mutation relations of these operators:

[h, ei] = :|:2e:|:, [h, fj:] = :F2f:|:,

oy, £,] = 52 (th(€+1)/§) _  ¢"—q"
T sin (7 (€ +1)/€) q—q1t’

geje_ =q le_ey, ¢ ' f =gf f,

-3

¢ —q — =
q¥3e3ifi q—t—l_l (qqﬂezifiei qileifﬂ:e:zt) qisfiegi 0,
¢?—q3 F —qT = .
:I:ng q—-F ( ilfieifi —q lfieifi) q 3e:|:f3 0 y (437)

where ¢ = exp (mg'g—l) . These commutation relations allows to identify

the asymptotical operators with the Chevalley generators of the affine
quantum algebra Uy(sl2) at level zero.

Using formulas (4.30), (4.31) and the rule of the Gauss coordinates
actions onto multi-particle states (4.25) we can obtain the action of
the asymptotical operators ey, f. and h onto multiparticle states and
prove that it is given by the comultiplication of the algebra U, (Slg) To
do this we first slightly modify the action of these generators following
[32] when they act on the one-particle states |0).:

e — exp (:F§> er, fir>exp <:I:§) f., h—h. (4.38)

By the straightforward calculation using the definition of the adjoint
action on the multiple-particle states (1.18) and the formulas (3.32)-
(3.41) we obtain that this action can be formulated through the comul-
tiplication

Aper =e: @1+ Qey,

Aofr = 1@ 1£: +f: @ ¢,
Aoh=h®1+1®h, (4.39)
which can be formally obtained from the comultiplication formulas for

the Gauss coordinates (3.21)—(3.23) using (4.33). The action of the
asymptotical operators on the one particle states are defined as follows

exlf) =fil0)- =0, eL|d)_ =1[0), £:|6)+=[0)-, h|f)s = ﬂ:(|9>i.)
4.40
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For example, let us demonstrate the origin of this comultiplication on
the two-particle state. From (4.32) we have

Ade, - 161, 05)—
exp ( = sh (m) exp (""‘92
= m | — (;) 01,2 = — <%) — (__;2> 101, 05)_ 4

— 161, 8a)s - exp( )|01,02> .

D (e ®1+q P ®er)|01,02)- - = Aqler) [61,605)__ .

We would like to note here that the set of the asymptotical generators
e;,f_and hore_, f, and h cannot be identified with the set e, f and
h used in the construction of the evaluation homomorphism from the
algebra A(Slg) onto Uy /E(Slg) because the first ones are the subalgebras
while the second one is factor subalgebra. In particular, the action
(4.40) cannot be obtained from the adjoint action onto one-particle
states (4.30) and (4.31).

The consideration presented above prove that the adjoint action of
the finite-dimensional subalgebra of A(sly) onto the total Hilbert space
of the SG model describe the symmetries of this space investigated in
(32, 22, 3].

4.5 Symmetries of the model at the FF point

Now we would like to demonstrate how the quantum symmetries of
the Hilbert space H of the SG model become the classical ones (i.e.
correspond to undeformed current algebra) at the FF point.

It is clear that the finite-dimensional representations of the algebra
A(le) at the value £ = 1 degenerate. Moreover, the operator hy be-
comes the central element of the algebra (cf. (4. 34)) and takes the value
(=1)%+1, k = 0,1 on the subspace H;, of the even and odd number of
particles of the total Hilbert space #. In order to obtain the nontrivial
action of the algebra A(Slg) at the FF point on the Hilbert space of
states we introduce the rescaled operators

é(u) = — e(u)

Sh(ir/€) ey
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VNI (O

flu) = _h+sh(z’7r/§) g=1,

) = _h(u)h;l -1

h(u) ——sh(z'vr/f) £=1. (4.41)

The nontrivial commutation relations of the algebra A(;\lz) reads as
follows:

[A(u),é(w)] = 2cth(u—v)é(v) — 2sllii_u—)v) , (4.42)
[A(u), f(v)] = —2cth(u—v)f(v)+ 2;3% . (4.43)
e fw) = S (444

The algebra (4.42)-(4.44) coincides with the classical current algebra
sly on the line [21].

Formulas (4.30) and (4.31) of the adjoint action of the operators
(4.41) becomes

Adj,16) - = Adew)|0)+ =0,  Adgg,|0)+ = £cth(u — 6)).
1 1

Adgw)|0)- = m@w Adj,|0)+ = —mla)— ;
(4.45)

and on the multi-particle states are
Ale)=z0@1+10z, z=eé(), f(u), h(u), (4.46)

where in order to obtain (4.45) and (4.46) we used the fact that operator
hy equal to —1 on the one-particle state.

The phenomena that quantum symmetries of the Hilbert space of
state for the SG model becomes the classical ones at the FF' point is a
consequence of the fact that S-matrix in this limit yields the classical
r-matrix (2.67):

S(u; 1
r(u) = lim M .
-1 mi(l — &)
This phenomena was observed in reflectionless SG theory [24] and was

used to investigate the space of the local operators in SG model at FF
point [23].

(4.47)
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5 Discussion

In this paper we further developed the method of angular quantization
for the Sine-Gordon model. Technically the application of this method
splits into two parts. First, one should explicitly describe canonical
quantization Hp of the model in right Rindler wedge, where the boost
plays the role of hamiltonian. Then the space of states and local opera-
tors of the theory on the line are described in terms of certain operators
acting in ‘Hg.

We studied the SG theory at the free fermion point where the canon-
ical quantization in RRW can be done explicitly. We investigated the
integrals of motion and found that the usual local integrals of motion
diverge. This forced us to consider nonlocal integrals of motion which
are a certain analytical continuation (in the space of eigenvalues of
Lorentz boost) of the usual charges and the only possibility to close
them into a quadratic current algebra is to use charges with different
monodromy properties. They form the specialization of the scaling el-
liptic algebra A(sly) [20] into free fermion point. The bosonization [26]
naturally appears in terms of scattering data.

This indicates that angular quantization of SG model can be done in
terms of the representation theory of the algebra .A(sl3). Starting from
level one representations of this algebra in the bosonic Fock space we
managed to construct the space of asymptotical states of SG model and
some local operators acting into this space of states, in particular, the
transfer matrix and the commuting set of the integrals of motion, and
demonstrate the mechanism of trace calculations of the form factors of
local operators. This approach is an extension of the ideas presented
in [18] for XXZ model. The algebra A(sly) is not a Hopf algebra,
but we were able to define the adjoint action of this algebra on the
space of states, such that n-particle states with given rapidities form
n-fold tensor product of two-dimensional representations of the algebra

A(sly).

Contrary to the integrable models on the lattice local integrals and
local operators of the SG theory appear as coefficients of the asymp-
totical expansions of certain currents which are constructed explicitly.
In particular, the asymptotical expansion of the level zero adjoint ac-
tion of the algebra .A(sl;) on the space of states produce the action
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of Chevelley generators of quantum affine algebra, which was known
before. At the free fermion point we get in this way the action of the
classical affine algebra sl, which was constructed in the framework of
the radial quantization in the paper [23].

Nevertheless, the understanding of the angular quantization method
of SG model for generic value of the renormalized coupling constant £ is
far from being complete. In particular, there is no rigorous construction
of the quantum analogs of the Jost functions introduced in [26, 25]
without referring to bosonization. SG model admits also natural analog
of ‘new level zero action’ (see [15] and references therein) which is given
in terms of L-operators as follows

Adyyy - X = L(u) X L(u)™ (5.1)

and depends on the dual deformation parameter ¢’ = exp ("“g—%) It

will be interesting to extend the results on the spinon bases in conformal
field theories investigated in [4] to the massive integrable models. As
we mentioned already that the algebra .A(.;lg) is quasi-Hopf algebra,
but belonging to a family of dynamical elliptic algebra. The definition
of adjoint action, used in this paper, did not refer to the axiomatics of
this family. It would be interesting to fill this gap.

Finally, it would also be interesting to further explore the role of
the duality transformation (3.7). In terms of the SG coupling 3, this
is an electric/magnetic duality § — 2/ familiar from the conformal
field theory of a compactified free boson. As described in the paper
this duality relates the ¢’-deformation parameter of the algebra of the
monodromy matrix with the g-deformation parameter of the physical
S-matrix. Though we did not present this here, one can define a dual
monodromy matrix by the formal replacement 8§ — 2/ in the usual
monondromy matrix, and show that formally this dual monodromy
matrix commutes with the original monodromy matrix. This would
imply that the dual monodromy matrix generates additional integrals of
motion, presumably related to the quantum affine symmetry described
in [3].
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Appendix A. The algebra of bosons a) and
a) |

The normal ordering with respect to the vacuum vectors (2.22) and
(2.23)

ba ()b (V) = 2bs (b5 (V): + (b ()b (),
(b ()b (V) = 6(v + )O(—1), (A1)

where O(v) is a ‘continuous’ step function

1, for v>0
Ow)=< 1/2, for v=0, OWw)+06(-v)=1 (A.2)
0, for v<0

allows to observe that the commutation relations between operators ay
and @, is not closed in a sense that the commutator [ay,@,] cannot
be presented as a linear combinations of the same operators with C-
number coefficients and C-valued functions. The idea is to consider this
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commutator as a new bosonic operator and try to close the extended
by this operator algebra. Fortunately this extended algebra is closed.
To describe its commutation relations we introduce new operators:

by = / dy —2 ‘ ::‘:Z;; thov b_(p—v)bs(A+v):, (A3)

R YR Ok (75t ) N .
by = [mdy T+ 0) thry b_(p—v)by(A+v): . (A4)

The bosonic operators ay and @, are related to the new operators ¢, ,
and ), by the linear transformation:

1 t
shax O

f)\7[) —cthmwA to,,\. (A5)

ay = cthmA t~,\,0—

o sh\

Using simple trigonometric algebra we conclude that the set of the
operators ty, and ty , is not independent. For example, the following
relation is valid:

shwA (tau — tatpo) = shmu (fo,,\+p - EA,#) (A.6)

therefore we can conclude that complete algebra of the bosonic opera-
tors reads as follows:

(a3, 3] = A6+ 1) (A7)
A

[@x; o] = tupir = tutre T 6(A+ 1+ p) / dv thm(v+p) (A8)
0

[tk,w tA’,u'] = cth 7r()\ + NI) (tz\+z\’+u’,u - t/\’,/\+u’+u)
+ cth (X + ) (B4 = Exsrtpp)

Ap
+6(,\+X+u+u’)/ dvthn(v — \) tho(v + ).
0
(A.9)

This algebra can be understood as an algebraic realization of the com-
plicated integral transform which relate the operators a, and a,. In-
deed, using these commutation relations we can verify that the combi-
nation

&)\ =chmA ay — shmA to’,\ (A.IO)
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also has the commutation relations of the Heisenberg algebra as a, do

(cf. (A.7)).

Appendix B. Quantum Jost functions at
the FF point

We will prove the equivalence of (2.75) to (2.73). The second case
can be treated analogously.

First, we write down explicitly all the normal ordering rules which
follows from (2.59)

e/? 14 u—z
Z (2)F(u) = (2m)3/2 ? E% ._:: z%; :Z" (2)F(u):
/2 1 _u—z
F(u)Z.(2) = ¢ 2;)3 - ? é - ;; 7" (2)F(u):
F(u)F(v) = —%(u —v):F(u)F(v)

s o) 5)

where in the last formula the function g(«) is given in terms of double
I'-functions
%1/ I'2(37 + iq)

21 To(2m + ia)To(41 + iar)
For the double and usual I'-functions we use the integral representations
1, 19]

_ —zA
. P e =ml(ne) + (ne— ) (—Inm) — Lmor,
dA In(=X) e~ oA
& - 2miA (1 —e )1 — eAw2)

=InDy(z | wi,ws) — %Bz,z(x | wi;wa)

g(a) =
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where Bss(x | wi;ws) is the double Bernulli polynomial of the second
order
1

Baa(z | wisws) = Drin [932 — z(wy + wy) +
1w2

w? + 3wywy + w?
6

The constant g in the relation (2.73) is the value of the function g(«)
at the point o = 0.

We have

17 _TN u
I Z*(“ 2>Z< 2)
=t / durduy 2" (a— 2 ) 7 a+i_7r F(u1)F (us):
T 1670 o Jo, 2 g ) 7T

1 v —« U — Q 1 wu—« Uy — O
F(2+ 2mi )F(_ 21 )F 2 2mi )F< 2mi )

FG+H4)T (- %)
. (’U,l - ’UQ) 2 271; 2 ul27_”;1 . (Bl)
L1455 T (1-45)
The contours C; and C; in (B.1) go from —oo to +o0o0 and
Imo—7<Imu;<Ime, Ima<Imus<Ima+7 (B.2)

Using the elementary properties of the I'-functions we can rewrite the
integrand in (B.1) in the form

1 1
82//du1duz[ ]
T ¢ Jo, 2—01 Ul'—a

..Z'_( — ) Z (a+ T) F(ur)F(uy):
ch (5 ch (*5%)

where contours C; and C, are specified in (B.2).

Using the fact that integrand in (B.3) is antisymmetric function
with respect to variables u; and us we conclude:

977, (a— %) Vi (a+i§) = %/_oo du——" }Ei )a) =A_(a)

(B.4)

since the current F'(u) coincide with the scattering data operator Z_(u).
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