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Abstract

We use local mirror symmetry in type IIA string compactifications
on Calabi-Yau n + 1 folds X1 to construct vector bundles on (possibly
singular) elliptically fibered Calabi-Yau n-folds Z,,. The interpretation of
these data as valid classical solutions of the heterotic string compactified on
Z,, proves F-theory/heterotic duality at the classical level. Toric geometry
is used to establish a systematic dictionary that assigns to each given toric
n + 1-fold X, +1 a toric n fold Z,, together with a specific family of sheaves
on it. This allows for a systematic construction of phenomenologically
interesting d = 4 N = 1 heterotic vacua, e.g. on deformations of the tangent
bundle, with grand unified and SU(3) x SU(2) gauge groups. As another
application we find non-perturbative gauge enhancements of the heterotic
string on singular Calabi—Yau manifolds and new non-perturbative dualities
relating heterotic compactifications on different manifolds.

e-print archive: http://xxx.lanl.gov/abs/hep-th/9811217



1308 HETEROTIC STRING/F-THEORY DUALITY ...
1 Introduction

The heterotic string compactified on a Calabi-Yau three-fold X3 has been
the phenomenologically most promising candidate amongst perturbatively
defined string theories for quite some time [1] In particular, compactifications
with (0, 2) supersymmetry can easily lead to realistic gauge groups [2]. The
definition of the theory involves the understanding of a suitable stable vector
bundle V' on X3, which turns out to be a very difficult problem, however.

A new promising approach to the problem is given by the duality to
F-theory [3]. The basic duality is between F-theory on elliptically fibered
K3 and the heterotic string on 72 in eight dimensions[3, 4]. Lower dimen-
sional dualities are obtained by ”fibering the eight-dimensional duality” with
the result that F-theory on an elliptically and K3 fibered n-+1-dimensional
Calabi-Yau manifold X, ; is dual to the heterotic string on an elliptically
fibered n-dimensional Calabi-Yau Z,[5]

Quantum corrections of various kinds on both sides are expected to chal-
lenge the usefulness of these dualities for the case of minimal supersymmetry.
However, to not put the cart before the horse, the first task should be to
determine dual compactifications in a classical sense, by specifying to each
Calabi—Yau manifold X,4; for the F-theory compactification the dual man-
ifold Z, together with an appropriate bundle!V on it. A big step in this
direction has been done in the mathematical analysis of [7, 8, 9, 10] where
the moduli space of holomorphic H bundles on elliptically fibered manifolds
has been determined.

In this paper we take a rather different route to F-theory/heterotic du-
ality. We define vector bundles on general elliptically fibered Calabi-Yau
n-folds purely in a type IIA language. Specifically, the type IIA theory
compactified on an elliptically and K3 fibered Calabi—Yau manifold X,
describes holomorphic H bundles on an elliptically fibered Calabi—Yau man-
ifold Z, on general grounds, without any reference to a heterotic dual. As
the starting point consider a type ITA compactification on K3xT? where the
K3 is elliptically fibered and has a singularity of type H. Part of the mod-
uli space Mjs,4 is identified with the moduli space M2 of Wilson lines on
T?. The R-symmetry of the N = 4 supersymmetry of this compactification
provides identifications in M4 which in particular relate Kahler deforma-
tions of the singularity H in the elliptic fibration of the K3 to M2 [11]. The
correspondence can be made precise by considering a certain local limit. Ap-
plication of local mirror symmetry maps this description of Mr2 in terms of

'Or more generally, reflexive or coherent sheaves [6]
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Kahler moduli to a description of Mp2 in terms of complex deformations of
a local mirror geometry? W,.In particular, W, gives a concrete description
of the elliptic curve T2 and a flat H bundle on it, where H is the type of
the original singularity we started with. Combining this construction with
an adiabatic argument as in [12], we can use an equivalent limit of a type
ITA compactification on a Calabi-Yau n + 1-fold X, rather than K3, to
describe deformations of a weighted projective bundle W — Z, on the ellip-
tically fibered manifold Z,,. These data define a family of vector bundles V'
on Z, [8]. Taking the small fiber limit of X, 1, which does not interfer with
the limit extracting the submoduli space of the holomorphic bundle on Z,,
we arrive at a similar conclusion for the F-theory vacua in two dimensions
higher. F-theory/heterotic duality reduces to the mere statement that we
can now interprete the stable H bundle on Z,, as a classical solution of the
heterotic string.

Our approach improves in various aspects the previous understanding
and use of heterotic/F-theory duality. First note that rather than com-
paring properties of two supposedly dual theories such as the topological
data of line bundles in [8], we derive F-theory/heterotic duality from known,
classical physics of the type ITA compactification. On the practical side,
the method allows us to engineer a bundle with any given structure group
H on any elliptically fibered Calabi-Yau manifold Z,, with no restriction
on the smoothness of the elliptic fibration. Using the powerful concept of
toric geometry we can give a systematic construction of how to build the
Calabi~Yau manifold X, from a few elementary building blocks. Sub-
tleties arising from singularities in the elliptic fibrations are taken care of by
the toric framework.

That a purely classical type ITA framework can be used to provide a
geometric construction of a supersymmetric quantum theory has a well-
known prehistory. In the geometric realization of the result of Seiberg and
Witten [13] on N = 2 supersymmetric Super-Yang-Mills (SYM) theory, the
moduli space is described in terms of periods of a Riemann surface 3. The
a priori surprising appearance of the complex geometry X is explained by
the fact that it appears as the mirror geometry of a type II Calabi-Yau
three-fold compactification[14, 15, 16, 11]. Once this relation is recognized,
it is much simpler and much more general to obtain the exact answer for
SYM theories in the type II setup, with the result that for general gauge
group H, the Seiberg—Witten geometry is a Calabi-Yau threefold rather
than a curve [11], as anticipated by the string point of view.In the present
case, the mathematical analysis of [8] leads to a formulation of the moduli

*Here and in the following a subscript denotes the complex dimension of a geometry.
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space of H bundles on an elliptically fibered Calabi-Yau Z, in terms of
deformations of seemingly unrelated geometries of various dimensions for
various H [8]. Again these geometries are identified in the present paper
directly with a physical type IIA compactification. These geometries are
well-understood and together with toric geometry provide an easy kit to
construct any given combination of a family of bundles and a manifold. We
will formulate our construction in terms of Calabi-Yau manifolds represented
as toric hypersurfaces, which also in many other respects is the most useful
and most general representation of these manifolds.

The organization of this paper is as follows. In sect.2 we explain the basic
set up, in particular the local mirror map, and give an outline of the general
recipe for lower-dimensional theories. In sect.3 we define the toric geometries
and their mirrors for the eight-dimensional case and describe how the polyhe-
dron A}n +1 associated to the toric manifold X;,1; in the description of toric
geometry, encodes the toric manifold Z,, in terms of a projection. In sect.4 we
complete the eight-dimensional dictionary between toric K3 manifolds and
H bundles on an elliptic curve. In sect.5 we illustrate the six-dimensional
case, giving a dictionary between local degeneration of Calabi-Yau three-
folds X3 on the one side and a family of vector bundles with structure group
H on a K3 manifold Z;. We find that a singular heterotic manifold can lead
to non-perturbative symmetry enhancement for appropriate choice of gauge
bundle. Many of these theories turn out to have a non-perturbative dual
with a gauge bundle with different structure group on a different K3 mani-
fold. In sect.6 we describe vector bundles on Calabi-Yau three-folds which
may serve as a classical vacuum of a four-dimensional N = 1 heterotic string.
We discuss compactification on the tangent bundle generally in 10 — 2n di-
mensions and find similar non-perturbative equivalences as those in the six
dimensions. Some phenomenological interesting configurations with gauge
groups Eg, E;, Eg, SO(10), SU(5) and SU(3) x SU(2) are considered in
sect.7. We end with our conclusions in sect.8.

2 Holomorphic bundles on elliptically fibered
Calabi—Yau’s from mirror symmetry

For the class of heterotic vacua with F-theory duals we can restrict to the case
of vector bundles on elliptically fibered manifolds. For smooth fibrations,
the vector bundle V on Z, can then be thought of in a fiberwise way as the
situation where the data of a flat H bundle on the elliptic curve E varies over
the points on the base. This case has been analyzed mathematically in [8, 10].
We then analyze the type ITA aspect, stressing the natural appearance of the
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mirror manifold, Wy, and how the moduli space of H bundles is described in
terms of complex structure deformations of W5. From this we are lead to the
local mirror limit and how the construction generalizes to lower dimensional
theories.

The heterotic perspective

Let us recall the basic construction of ref.[8]. In [7] it was shown that the
moduli space Mg of a holomorphic H bundle on the elliptic curve E is a
weighted projective space W = WP ., where r is the rank of H and s;
are the Dynkin numbers of the Dynkin diagram of the twisted Kac-Moody
algebra dual to H. In [8], the moduli space Mz of H bundles on elliptically
fibered manifolds Z (not necessarily Calabi-Yau) is described in terms of
families of elliptic curves Ej together with a bundle V, on E} varying over
the base B of the elliptic fibration 7 : Z — B. Here b parametrizes the
base B. Part of the data of the bundle V' on Z is described by a bundle w
of weighted projective spaces over B. Restriction to a point b € B gives a
weighted projective space W; as above, together with an elliptic curve Ej.
The bundle W is given by a projectivization of the bundle

Q=0 (@ L™%), (2.1)

where £71 is the normal bundle of B and the d; are the degrees of the
independent Casimir operators of H.

For example, in the case G = SU(n), the zero of a section of W deter-
mines a ”spectral cover” C C Z, a codimension one submanifold in Z. C
intersects an elliptic fiber Ej at n points which define a holomorphic SU(n)
bundle by identifying Ej with its Jacobian.

The information provided by a section of W fixes only the part of the
data of V' which determines the restriction V|g, to fibers of 7 : Z — B.
The information about the non-trivial twisting is contained in a line bundle
S on C [8]. If C is non-simply connected, the definition of S requires® the
specification of holonomies classified by the Jacobian of C. In the F-theory
compactification on X this information corresponds to a point in the torus
H3(X,R)/H3(X,Z). The moduli space Mz of the H bundles on Z is thus
fibered over the basis ), the space of sections of W.

In the duality between the heterotic string on Z and F-theory on X, the
geometric data of X fix only the bundle W. This is clear upon further com-

3 Additional data related to singularities in the fiber product Z xp Z are required if
the complex dimension of B is larger than one. See[64] for a partial identification of these
data and refs [8, 10, 65] for comments on the data related to additional singularities in the
construction.
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pactification on a two torus, where the torus H3(X,R)/H?(X,Z) gives rise
to RR fields of the dual type IIA compactification, which are non-geometric.

The type IIA perspective

The moduli space Mg of flat H bundles on an elliptic curve E appears in a
different context in the type ITA compactification on K3 x T2, corresponding
to the Wilson lines on T2. As observed in [11], this implies that complex de-
formations of K3, Kéahler deformations of K3 and Wilson lines on the elliptic
curve E can lead to equivalent moduli spaces. Specifically, the three different
kinds of deformations can be identified with the three adjoint scalar fields in
the N = 4 vector multiplet in four dimensions. Since there are elements of
the SO(6) R-symmetry which rotate the three deformations into each other,
one can infer an equivalence of moduli spaces under certain conditions. First
note that if we choose a specific algebraic representation M, for a K3, the
Kahler deformations of My are equivalent to complex deformations of the
mirror manifold W, so we may have to switch representations of K3, when
applying R-symmetry transformations. Similarly, the moduli space of H
Wilson lines on T2 will appear in a type IIA compactification on a K3 Z,
with an H singularity. The generic theory is mapped by the R-symmetry
to a type ITA compactification on a smooth K3, My or Wy, in which an H
singularity is deformed in either Kahler or complex structure.

The moduli space Mg of H Wilson lines on T2 contains the geometric
deformations of T2. In order that these moduli can be equivalent to Kahler
deformations of My, the latter has to be elliptically fibered, with the two
classes of the fiber and the base related to the moduli of T2. Similarly, to
have an equivalent representation in terms of complex deformations of a K3,
W>, we have to require the mirror Ms to be elliptically fibered.

/ Moreover, in the full string moduli space these deformations are inter-
twined with each other, so we have to consider a special boundary in moduli
space where the deformations are independent. For Kahler deformations of
a K3, M>, this requires that we restrict to a region in moduli space where
the local deformations of a single H singularity decouple from the rest of the
global geometry. The corresponding limit in the mirror manifold that gives
a representation of Mg as complex deformations is given by translating the
previous local limit in K&hler moduli to a limit in complex moduli. It is
defined by the action of mirror symmetry on the moduli spaces of M, and
W,. In the following this limit in W5 will be denoted the local mirror limit
and the associated local geometry W,.

After having understood the relation between the moduli space of ellip-
tically fibered K3 and flat bundles on E, we can discard the T2 in the above
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discussion and consider the six-dimensional type IIA compactification on the
K3, M. If both M and W5 are elliptically fibered, the complex and Kahler
deformations of My will describe two vector bundles V,V’ with structure
groups H, H' on (different) tori E, E’, respectively. Because of the elliptic
fibration we can moreover consider the eight-dimensional small fiber limit
of F-theory. The local mirror limit in complex structure now describes H
Wilson lines on T2.

Our strategy to describe an H bundle on an elliptic curve E is now as
follows: we start with an elliptically fibered K3 manifold M>(H) with a
singularity of type H in the elliptic fibration. Applying mirror symmetry to
M (H) we obtain a mirror K3, W(H), with the roles of complex and Kéahler
deformations exchanged. In the local mirror limit we obtain a complex
geometry Ws whose deformations describe the H bundle on Ey. Fibering
the local geometry W, over a complex base manifold B we obtain an H
bundle on the elliptically fibered manifold Z — B with fibers Ey, b € B.

Type IIA/F-theory/heterotic duality

Up to now we have obtained the moduli space of H bundles on Z as complex
deformations of Ws. In addition we have Kahler deformations describing an-
other flat bundle on T'2.This is also the classical moduli space of the heterotic
string on T2 x T2 with a vector bundle that splits over the two T2 factors. In
the small fiber limit this is reduced to the heterotic string on T2. The state-
ment that the full moduli spaces are equivalent is the conjectured duality
between the heterotic string and the corresponding type IIA/F-theory. In
six dimensions, we can interpret the complex and Kahler deformations of the
elliptically fibered manifold W5 as two sets of Wilson lines W; and Wy; with
structure groups Hy and Hyy on a T? x T? compactification of the heterotic
string, respectively. Specifically, the K3 W, provides a Kahler resolution of
an Hj singularity, whereas the complex deformations encode the resolution
of an Hjy singularity. The decompactification limit of T? switches off the
Wilson lines in Hy and restores an Hj gauge symmetry. It corresponds to
the small fiber limit of W5 which blows down the Kéahler resolution of the
Hj singularity in the elliptic fibration. Specifically, the Kahler resolution
replaces the singular elliptic fiber by a collection of rk(G) + 1 two-spheres
which intersect according to the affine Dynkin diagram of H. The classes of
the blow-up spheres C; are related to the class E of a generic fiber over a
generic point by

E=) sCi, (2.2)

with s; the (positive) Dynkin indices. Thus blowing down the generic fiber
blows down the spheres of the Hy singularity leading to a gauge symmetry
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enhancement in the type IIA theory.

2.1 The local mirror limit

As mentioned before, the classical limit of the moduli space Mg(H) of H
bundles on E, as represented by a Kéhler deformation of an H singularity
in an elliptic fibration of a K3, M, corresponds to a limit where we consider
only the local deformations of the H singularity and switch off the coupling
to the global geometry.

However, we are really interested in taking the same limit for the complex
deformations of the mirror Wy(H). To be specific consider the case of K3
manifolds dual to the Eg x Eg string. In this case the K3 manifold M>(H) has
generically two singularities at the points z = 0 and z = oo corresponding
to the eight-dimensional gauge group H = H; x Hs in the two Ejg factors.
We represent My(H) and Wo(H) as hypersurfaces in a toric variety. The
toric construction will be described in detail in the next section. For the
present discussion it is sufficient to know that the mirror manifold Wy (H) is
described as a hypersurface, given as the zero locus of a polynomial PWa(H)
in the toric embedding space. We assert that for the class of K3’s dual to
FEg x Eg string, the polynomial py, ) takes the general form

Pwy(H) = Po+tp++p—,
po = Y4z +35+ pxyz (2.3)
k
pr = Yy vEph,
i=1

where y, z, Z, v are specially chosen coordinates on the embedding space; in
particular v is a coordinate on the base P1. Moreover p. are polynomials in
Yy, z,z of homogeneous degree with respect to the scaling action (y,z,Z) —
(X3y, A2z, \Z). Moreover p is a complex parameter related to the complex
structure of the elliptic curve Eg : pg = 0.

The fact that py,(g) takes the above form is the way in which the com-
plex geometry Ws(H) encodes the information that there is a singularity in
each of the two Ejg factors at the two points z = 0 and z = oo, respectively.
Note that in addition to taking the large base limit in the original K3 M»(H)
we have also to make a choice of which of the two points z = 0 or z = oo we
want to concentrate on. We claim that the local mirror corresponds to take
a limit in the complex parameters such that

pi_ — eipi_ , (2.4)
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with € — 0. The local mirror geometry W is then given by

pw =po +p+ =0. (2.5)

The complex deformation of the geometry pyy = 0 describes the moduli
space of a flat bundle V' compactified on the elliptic curve Ey defined by
the hypersurface v = 0, By : py = 0. More precisely Ey is the dual of
the torus Eg; in other words, we can think of Ep as the Jacobian of Ey,
which shares the complex structure with Ey. The polynomial p, contains
the information about a bundle V; on Ey. E.g. for H = SU(N), N even,
we will have

p+=v(EN+2N_2x+2N—3y+...+:cN/2). (2.6)

As explained in more detail in a moment, we can integrate out v and obtain
a geometry defined by the two equations pg = 0 N p; = 0. This intersection
gives N points on Epg, which are interpreted as the values of the Wilson lines
in the Cartan algebra of SU(N). These data specify uniquely the SU(N)
bundle V; [8]

Via duality, we will interpret this bundle as a bundle in the first Fg
factor of the heterotic string. Since the original K3 had two singularities,
the limit 2.4 must. already include a choice of neighborhood. To describe
the neighbourhood of the second singularity, we simply rescale the variable
v — ve with the result that now the perturbations in pﬂ_ scale as € while
those in p* are constant. The corresponding bundle V_ can be interpreted
as the bundle in the second Ejg factor of the dual heterotic string.

The fact that the limit 2.4 is indeed the action on the complex struc-
ture moduli obtained from action of mirror symmetry on the local limit in
the Kahler moduli space can be shown by a straightforward analysis of the
Kahler cone of M3(H) and the mirror map between the Kéhler moduli space
of M5(H) and the complex moduli of Wy(H). This is described in Appendix
A using the toric formulation introduced in the next section.

2.2 Lower dimensional theories

The above construction will be generalized to lower-dimensional dual pairs of
F-theory on Calabi—Yau W, ; and the heterotic string on Calabi-Yau Z, by
an application of the adiabatic argument [12] The geometry Wo(H) describes
an H bundle over Ex in the local limit. To obtain the description of an H
bundle over an elliptically fibered Calabi-Yau Z, we can fiber the geometry
W(H) over an n — 1 dimensional base B,_; to obtain a Calabi-Yau Wp41.
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In the local limit we now get an n dimensional geometry W defined as in
2.3, but with the polynomials p; being functions of the coordinates of the
base B,_1 (or rather sections of line bundles on B,_1). Similarly the bundle
is now defined on the projection to py = 0, which gives an n dimensional
Calabi-Yau Z,. We can identify Zn with the dual* Zg of a dual heterotic
compactification manifold Zz. We will return to the higher dimensional
case later. For now we note that the local limit is taken only in the fiber
Wa(H) (we choose to concentrate on the point with the singularity in the
K3 fiber), but we retain the global structure of the elliptic fibration over the
base B,_1.

3 Toric Construction

3.1 General remarks

In the toric framework, a Calabi-Yau manifold M,, is described by an n+1
dimensional polyhedron A. The vertices v of A lying on faces of codimen-
sion larger than one correspond to divisors z; = 0 in M,. Here z; is a
coordinate on the toric ambient space associated to vg. If n = 2, that is
M, is a K3 manifold, then a divisor is simply a holomorphic curve. On the
other hand, the Kahler resolution of a local H singularity gives also rise to
a collection of holomorphic spheres, intersecting according to the Dynkin
diagram of H. Therefore the resolution of H corresponds to a set of vertices
Vg in the polyhedron A of Ma(H). It is in this way that the construction of
the K3 My(H) and its mirror Wo(H) can be phrased entirely in terms of the
polyhedra A and A*. For n > 2, the divisors z = 0 are no longer curves,
but are dual to curves in X%

In general the mirror manifold W,, associated to My, can be obtained
using Batyrev’s construction in terms of of the dual polyhedron A*[18].The
manifolds M,, and W,, are then defined by the zero of a polynomial as:

(vi,v¥)+1
p(My) = pa=3 a; [Te; 7",
j i

(3.1)

4With duality understood as the replacement of the elliptic fiber Ex by the dual En
parametrizing the Jacobian of Eg. For simplification we will drop the hat on Z, in the

following.
5For more details the reader is refered to the reviews and discussions of toric geometry

in the physics literature[17]
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< 1) *>+1
p(Wn) = p*A = sz . le/ VJ ,
i J

where the sum (product) runs over all vertices v; (v) of A (A*) which are
on faces of codimension higher than one. The parameters a;, b; determine
the complex structure.

If N is the number of (relevant) vertices v; of A, there willbe N —n—1
non-trivial relations ), lz(r)ui = 0 defined by the vectors I("). From 3.1 it

follows that the equation pa is invariant under rescalings z; — ; ulz(r). Using
these rescalings we can set N —n — 1 coordinates to one in the appropriate
patch and compactified on the remaining equation in n + 1 variables defines
a patch of the Calabi-Yau manifold M,, of dimension n. The number of
such rescalings is precisely the hodge number A'!(M,) ©. This is of course
a consequence of the fact that a vertex v; in A corresponds to a divisor in
M, which in turn defines a (1,1) form K, on M,. The same is true for W,
with the roles of A and A* interchanged.

From 3.1 one can see that the relations I{") translate to relations

i)

Hyi’ =1 (3.2)

. (R )+l .
between the monomials y; = []; sc§~V i) of piA. In other words, given pa

and its scaling relations we can construct pj; by solving for these relations
without having a dual polyhedron. In particular we can take the vertices
associated to the resolution of an elliptic singularity as in Table 1 and get
an equation for the mirror geometry, which describe a flat H bundle over an
elliptic curve [11], for the reasons explained above.

If these vertices are part of a polyhedron A of a compact Calabi-—Yau
manifold, we can alternatively use Batyrev’s construction 3.1 to get the
global mirror geometry. This global information contains in particular a
complete basis of divisors in W, and the associated rescalings {("*. The
polynomial p, obtained in this way agrees with the one obtained from the
local description in a certain patch with some of the x; set to one.

3.2 Mirror geometries for elliptically fibered K3

We proceed with a construction of Wa(H) in terms of toric polyhedra and
the derivation of the precise form of 2.5 for various H.

8This assumes that all the Kahler deformations are toric.
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The toric resolution of singularities in an elliptic fibration has been stud-
ied in [19, 20, 11] For the case n = 2, we use the definitions

e2 = (0,-1,0), e3 =(0,0,-1),

fi (0,2,3), f2=1(0,1,2), f3=1(0,1,1)

w = (-123), w=(-12-TY 2%

w (=2,3—k,4—k), k>0, (3.3)
s1 = (=2,1,1), s2=(-3,1,1), t1=(-3,1,2), ta =(-4,1,2),

ur = (-3,2,3), ug =(-4,2,3), uz = (-5,2,3), ug =(—6,2,3) .

Moreover a tilde will denote a reversal of the sign of the first entry, e.g.
%o = (1,2,3). The toric data for an H singularity in the elliptic fibration
over a plane are [19]:

H {vi}

SU(N) V1y.+.+,UN-1

SO(7) 2, U3, W1

SO(2N+5) V2, UN+1, W1, .- ., WN
SP(N) V1,03,...,V2N-1
SO(2N + 6) V2, UN+41, UN+2; W1, -« - , WN
G va, w1

Fy u1, U3, W1, W2

Eg 81,1, U3, Vg, W1, W2

Er 81, t1, u1, U2, v4, W1, W3
ES 32:t2au17"‘au4aw1?w3

Table 1:Vertices {v;} of the toric polyhedron A;y.q; = convex hull {ez, e3,vo, v}
for the resolution of an H singularity in the elliptic fibration over the plane..

Solutions of the relations 3.2 for many H has been given in [11] and will
be extended in the next section to all Lie groups. The generic structure is
as follows. Firstly we associate to the vertices e;, f1 of the elliptic fiber the
monomials:

eg = 23, e3 o y? fL & 25 (3.4)

Moreover we associate to a vertex v; € Ajyeq With first entry v;; a monomial
v f(y,x, 2) (3.5)

such that f(y,z, %) is a polynomial which solves the obvious linear relations
between the vertices. Note that (y,z,Z) will appear as homogeneous coor-
dinates of the elliptic curve Ey : po = 0 while v defines a grading of the
bundle on E’H.
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Note that the (negative of) first entry of the vertices in (3.4) agrees with
the Dynkin label of the twisted Kac-Moody algebra associated to a simple
Lie group H shown in Fig. 1. Thus the v powers that appear are also in
one to one correspondence with the Dynkin labels. Moreover the number of
monomials in pﬂ_ is equal to the number of Dynkin labels equal to i.

Global K8 mirror manifolds

While we can use the local description above to define any flat H bundle
on the elliptic curve EH, viewing it as a heterotic vacuum will of course
imply restrictions on the possible structure groups H. The point is that
precisely if H can be embedded in a heterotic gauge group then the local
geometry corresponding to Aj,q of Table 1 can be embedded into a global
K3 geometry My(H) corresponding to a larger polyhedron A. In particular
we can construct a dual polyhedron A* describing a global geometry W5 that
contains the local mirror geometry in a patch. This will be very useful when
constructing fibrations of the local mirror geometry over an n — 1 complex
dimensional base. If we construct a global K3 manifold M, with only an
elliptic singularity of type H above a single point, we obtain the vertices of
A* shown in Table 2.7

There is a nice property of mirror symmetry when acting on the ellip-
tically fibered K3 manifolds in Table 2 and their generalization with two
singularities at the two points z = 0 and z = oo of the base P! (correspond-
ing to an elliptic fibration with a Eg x Eg structure):

(*) Let Xo(Hy, Hy) denote the elliptically fibered K3 manifold with
singularities of type Hy and Hs at z = 0 and z = oo, respectively. Then
the mirror of Xo(H1, Hs) is a K3 manifold of type X2(GH1)GH2) with
Gg, the commutant of H; in Eg.

This result is not unexpected in view of the interpretation of K3
mirror symmetry in terms of orthogonal lattices [21]. It can be proven
by a straightforward application of Batyrev’s construction of mirror
manifolds in terms of dual polyhedra.

"We have performed a simple rotation of basis in order to use the definitions 3.3.
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Figure 1: Fig. 1:Dynkin diagrams for the duals of the untwisted Kac-Moody
algebras. The integers denote the associated Dynkin labels for the affine root.
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H {vi} GH H | {4} | Gu
SU(].) U4 Eg 50(14) 170, f3,v3 SU(2)
SU(2) u2, w3 E7 50(16) 'lZIl, f2, V3 SU(I)
SU(3) 81,U1,V4 E6 50(5) w1, W3 SO(].].)
SU(4) | v, w1, ws S0(10) SO(7) | wi,wy | SO(9)
SU(5) | vo,v2,vs,v4 SU(5) SO9) | w3, w1 | SO(7)
SU(G) fl,v1,1)3,’v4 SU(2) X SU(3) 50(11) V0, U3 50(5)
SU(7) o, f3,v3, V4 SU(2) X SU(2) 50(13) f1,v3 SU(2)
SU(8) | w1, f2,vs,v4 SU(2) SO(15) | g, vs SU(1)
SU(9) | 41, 09,vs3,v4 | SO(14) x SU(2) Go U1 Fy
Sp(3) f1,ws G2 X SU(2) Fy w1 G,
Sp(4) 'lbl, w3 SU(2)2 Eﬁ Vo, V1, V2 SU(3)
50(10) Vo, U2, V3 SU(4) E7 Vo, V1 SU(2)
50(12) fl,vl,v3 SU(2) X SU(2) - Eg Vo SU(l)
(3.6)

Table 2: Vertices {v]} associated to the moduli space of H bundles over E in
terms of complex geometries. The toric polyhedron is A}, =convex hull {4, e2, e3}U
{vf}. For H = SU(9) G is the commutant of H in SO(32).

A similar statement applies to fibrations with only a single singularity cor-
responding to K3’s dual to the SO(32) heterotic string. We have indicated
the commutants G in Table 2. An over-lined SU(2) denotes a special SU(2)
factor which appears as a point in the hyperplane of the elliptic fiber; in this
case there is no decomposition as H X G in terms of maximal subgroups (as
e.g. in the breaking Eg — SU(7)).

3.3 Lower dimensional theories: Heterotic polyhedra from
F-theory polyhedra

To obtain a description of holomorphic bundles on elliptic (Calabi-Yau)
manifolds we need a toric description of a fibration of the local mirror ge-
ometry W, above a base manifold B,_;. This is a very simple process if Ws
can be described in terms of a polyhedron A*, which as we noted above is
immediate if the structure group H fits into a heterotic gauge group. In this
case we have the embedding in a global K3 geometry W,. We will restrict
to this simple case, which is also the physically most interesting one in the
following. The general case is more involved technically but can be treated
very similarly.
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In[22] it was shown that a toric manifold X, defined by a polynomial as
in 3.1 admits a fibration with Calabi-Yau fibers Y}, if its polyhedron Ax,
contains the polyhedron of the fiber Y; as a hypersurface of codimension
n — k. Thus a fibration of Wy C Wy(H) over an n — 1 dimensional base
By, is described by an n + 2 dimensional polyhedron Ay, that contains

v, as a hyperplane. Specifically we can choose coordinates such that the
hypersurface {vj € A*: f; =0, j =1,...,n — 1} contains the vertices
(0", u¥(W>)), with v¥(W2) the three-dimensional vertices described in the
previous section.

Since we have a well-defined global geometry we can get the defining
equation for the mirror manifold directly from 3.1, rather than solving 3.2.
After a choice of variables — corresponding to setting some of the toric vari-
ables x to one or equivalently concentrating on the relevant local patch —
we obtain an expression precisely as in 2.3, but with the coefficients of the
polynomials p?. in (y, z, Z) being functions of the toric coordinates on By,_1.
In particular, Z, : pg = 0 defines an n dimensional Calabi—Yau manifold.
The holomorphic H bundle is defined on Z,, and we are free to interpret this
data as a classical heterotic vacuum.

We have used a limit of the n + 1 dimensional toric geometries W, 1 to
describe a heterotic compactification on an n dimensional Calabi-Yau Z,
with a prescribed vector bundle. In toric terms, Wy 4 is given by an n 4+ 2
dimensional polyhedron Ay, . and its dual Ay, ,,;, while the manifold Z,
can be described by an n + 1 dimensional polyhedron A7 and its dual. Let
us see how to get Ay directly from A*V‘Vn+1 by an appropriate projection.

First recall that a hypersurface # in a polyhedron A corresponds to
a projection in the dual polyhedron A*. This is evident if we choose co-
ordinates where the k£ dimensional hypersurface H is described by vertices
v; € A with the first k entries equal to zero. The inner product (v;, v; ) that
determines the monomials in 3.1 does not depend on the first k£ entries of
the vertices v}, thus defining a projection in A*.

The ”heterotic manifold” Z, is defined by py = 0 which contains the
monomials with zero power of v. Recall that in the K3 case the v power is
associated to the first entry v; 1 of a vertex in A and in the above conventions
it will be the n-th entry of the higher dimensional polyhedron Ay, ,,, the
dual polyhedron of Ay, e Thus the heterotic manifold Z,, corresponds to a
projection in the n-th direction of the polyhedron Ay, .~ and its mirror Zy
to a hyperplane v; =0 of the polyhedron Ay, ,, .

Ffor Wepr— Zn
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v i)+l )

bo = Zai ij Vin = 0 (37)
i J

Note that the above implies that the mirror M, of the Calabi-Yau W,
which is dual to the heterotic string on Z, admits a Z}, fibration, 7 : Mp4+; —
P! with fibers Z}, where Z} is the mirror manifold of Z,, !

4 Local mirror limit of K3 manifolds

From the toric construction of the elliptic singularities over the plane, see
sect.3.2, and solving 3.2 using the variables defined below eq.3.4, we can
determine the polynomials pﬂr appearing in the local limit 2.4. Below we
collect the results for the various choices of structure group H of the bundles.

The H = SU(N) cases can be phrased in the general form [11],

N/2

aNZXT

Pt =a1ZV +apFN 2o+ asFN Sy + .+ { N N_s} , (4.1)
anNyc 2

where the {a;} are coordinates on the moduli space which is isomorphic to
PN-1, The geometry pe + v pﬁ_ = 0 describes a two-dimensional complex
geometry. Note that we have four coordinates, one equation, and one scaling
relation

(¥, 2,7,0) ~ (Wy, N2, 22,27 N) . (4.2)

This is different from the zero dimensional spectral cover description of the
moduli space of SU(n) bundles obtained in [8, 10]. However as far as the
complex structure moduli space is concerned, we can integrate out linear
variables, that is v in the geometry above, to obtain a zero dimensional
geometry

PE = 0: pi_ =0 )
the spectral cover. Note that the situation is very similar to what happens
in the case of moduli spaces of N = 2 d = 4 SYM theories: the general
complex geometry determining the exact solution is a Calabi—Yau three-fold
[11] but for the SU(N) case it is natural to integrate out two dimensions
[14, 15] to get the Riemann surface of [13]. For SO(2N + 1) the local limit
can be phrased in the general form

p},_ = bléN"?’y +b2Y +e bg,yar:mzb_l_2 +(1—¢) b3.’L‘% ,
(4.3)

p?,_ = 72N 0+ az,%ZN"Sw +...+ aN_grcN'3 ,



1324 HETEROTIC STRING/F-THEORY DUALITY ...

with {b1, b2, b3,0a1,...,an—2} coordinates on the moduli space WP{\,’LI,Z,-.-Q
of flat By bundles on elliptic curve E. Moreover € = (0, 1) for N even (odd).
This expression can be shown to be valid for any N > 4 by using non-local
Calabi-Yau two-fold geometries[23]. The only other case SO(7) is slightly
irregular and is obtained from the SO(9) case by discarding the term ayz in

Pi.
For Sp(N) bundles we obtain

1 2N -2

Py = a122N + asz 2N_4$2 +..

T+ a3z A anzN (4.4)

with {a;} coordinates on the moduli space PV of Cy bundles. The Sp(N)
case can be considered as a modding y — —y of the SU(2N) case in 4.1.

SO(2N) bundles are described by a geometry Wo(Dy) with [11]

~N— ~ ~1— Nte ~e N=—c
pfIr = bV 3y +bozN 4 ¢3! Cyz 2z 4 epifzT
(4.5)
pi = a122N_6 + a222N_8w +...+ aN_322 N-4
. . N-1
Here {b1, b2, ¢1, C2, a1, . ..,an—3} are coordinates on the moduli space WPy 1715 o

of flat Dy_; bundles on elliptic curve E, and again € = (0,1) for N even
(odd).

For the exceptional group G2 we find
pi=aP+ay, pi=b (4.6)
with {ay, az, b1} coordinates on the moduli space WP%’l’z of flat G2 bundles.

The geometry Wy (Fy) for the exceptional group Fy is given by
p}l, =a17* + axz? | pﬁ_ =b13% + by, p?,_ = (4.7)

where {a1,as,b1,bs,c1} are coordinates on the moduli space WP%’1’2’2’3 of
flat F4 bundles.

Finally the geometries for the exceptional groups E, can be written as
follows®. For Eg we have

p}l_ = a12° + agZz? + aszy | p_2+_ =bzt + boZy + b3z’ | p‘l =¢3,

(4.8)

8There are several equivalent ways of parametrizing these geometries, see [8, 11].
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parametrizing a WP?,1’1’2,2’2,3,

for E7
pL = a1 +agzy,  pi =b12* + bea® + byy7
(4.9)
p‘l = 13 43, p‘i =dyz?
defining a moduli space WPI’1,2,2,2,3,3,4
and for Eg
ph = ad, Pi=bz+b2?, pl=c1+ey,
(4.10)
p‘-li- = d122+d2$7 p3-=612’ P§|-=f17

giving a moduli space WP§’2,2,3,3,4,4,5,6. The E, geometries define two-
dimensional complex del Pezzo surfaces.

The parametrization of the complex geometries as above is ambiguous
in the sense that there are additional terms compatible with the scaling
symmetries which can be absorbed by variable definitions. E.g. in the
polynomial for the elliptic curve E : y2 + 23 + 2% + yzZ = 0 we can eliminate
the linear term in y by a shift of y and obtain new monomials 2z and
z7* instead. In the fibrations of the geometries below it may happen that a
specific fibration prefers a different parametrization then the one given above.
However the monomials always will have the identical scaling properties as
the ones given above.

5 Six-dimensional heterotic N = 1 vacua

Let us proceed with six-dimensional dual pairs, that is F-theory on Calabi—
Yau three-fold W3 versus the heterotic string on K3. This case has been
studied from other various points of view in [24, 25, 26]°.

After a brief discussion of the toric geometry for the elliptic fibration
in sect.5.1. we turn to identifying the components of the geometric moduli
space in sect.5.2. To demonstrate the method we will describe the con-
struction of smooth bundles on K3 obtained from mirror symmetry in some
detail in sect.5.3. In sect.5.4. we discuss gauge backgrounds that lead to

°In particular the result of local mirror symmetry is technically closely related to the
stable degenerations of Calabi-Yau manifolds introduced in [8] and discussed further in
[24)].
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non-perturbative gauge symmetry enhancements. In sect.5.5. we describe
the geometric configuration for the tangent bundle. In sect.5.6. we will
derive new non-perturbative equivalences in six dimensional heterotic string
compactification. The duality involves compactification on quite different K3
manifolds. In sect. 5.7. we discuss pairs of six dimensional compactifications
on mirror Calabi—Yau three-folds that become equivalent after further com-
pactifying to three dimensions. In sect.5.8 we show how the Higgs branches
related to Coulomb branches in the dual theory can be realized in terms of
non-toric and non-polynomial deformations. In particular the physical spec-
trum is not determined by the theoretical topological data of the Calabi-Yau
manifold, but by the number of deformations of a specific toric realization
of it.

5.1 Toric geometry of the fibration

As described in sect.3.3. we have to fiber the local geometry W, over a PL.
For the cases where H C Gy, with G the heterotic gauge group, we can
describe W, as a local patch of the K3 W; given by a polyhedron Aj as
in Table 2. In this fibration, A3 becomes the hypersurface # : v} = 0 in
a four-dimensional polyhedron A} corresponding to a Calabi~yau three-fold
Wis. It remains to specify the vertices of A} which do not lie in H.

There is no freedom in the choice of the base manifold; it is just a P. In
the toric polyhedron the vertices associated to the P! are given by projecting
along the fiber directions [27] which maps a vector v} to its first entry. The
vertices for the toric variety P! are {(—1),(1)}. Thus we add vertices with
first entry +1.

Consider now the base of the elliptic fibration 7 : W3 — Bs. In the
simplest case the base is a P! bundle over a base P! (with the base P!
being the base of the elliptic K3 W3), that is a Hirzebruch surface Fp,. The
vertices of F, are v} € {(—1,0), (0,-1),(0,1), (1,n)}, with the two relations
between the v} corresponding to the two classes of P1’s. The vertices with
vy = 0 are already contained in the hyperplane #. We add therefore two
vertices and obtain a polyhedron

A} = convex hull {(0,2}"), (1,n,2,3), (-1,0,2,3)} (5.1)

Furthermore, we can add two types of vertices corresponding to non-perturba-
tive dynamics of the heterotic string: a) we can blow up the base F, of
the elliptic fibration 7z where the new moduli associated to the blown up
spheres correspond to non-perturbative tensor multiplets from five-branes in
six dimensions [5], b) we can introduce singularities in the elliptic fibration
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located at points on the base P!. The new Kahler classes from reducible
fibers correspond to non-perturbative gauge symmetries [5].

5.2 The geometric moduli space

Let us consider in more detail the precise meaning of the map f : W3 — Z,
which gives the heterotic manifold in terms of the polyhedron of the type
ITA compactification. The moduli space of the type ITA compactification
on W3 has two sectors, the moduli space Mgy parametrized by the hyper-
multiplets and the vector multiplet moduli space My ps. These spaces are
in general decoupled due to the constraints of N = 2 supersymmetry up to
subtleties explained e.g. in [28].

The hypermultiplets of type ITA on W3 contain the string coupling, the
complex structure of W3 and the Ramond-Ramond (RR) fields. In the dual
heterotic theory on Z3 x T2 the hypermultiplets contain the geometric mod-
uli of Z5 and the data of the bundle on Z;. The complex structure of W3
describes the geometry of Z5 and part of the bundle data, namely the ”spec-
tral cover” C of V or its generalizations defined by W3 for H # SU(n). The
RR moduli determine a line bundle £ on C [8].

The 20 hypermultiplets that describe the geometry of K3 split into Kahler
deformations and complex deformations in a given algebraic realization of Z;.
In particular, if Z5 is elliptically fibered and has a global section, the Picard
lattice Pic(Z3) has at least rank two with a hyperbolic plane U generated by
the class of the section and the class of the elliptic fiber. We can therefore
test only the part of the moduli space of K3 compactifications with rank
Pic(Z3) > 2 using the type IIA/F-theory picture. Actually we can argue
that it is sufficient to consider the case with rank Pic(Z;) = 2. Namely, since
Kahler and complex structure deformations of a singularity are equivalent
for K3, we can always choose a complex deformation of a singularity to keep
the rank of Pic(Z,) fixed!®. Said differently, reaching a singularity in the
complex structure of Zs, there is in general no new branch in the moduli
space corresponding to Kahler deformations of this singularity. However
there can be new branches in four dimensions if the singularity is associated
with non-perturbative gauge symmetries G. In this case there is a new
branch in the four dimensional compactification on K3xT? corresponding
to non-vanishing G Wilson lines on T2 emanating from the locus of singular
K3.

10The same will of course not be true in the case of n > 2, where Kahler and complex
structure deformations are not equivalent.
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Keeping this in mind we can now make the meaning of the map f from
the type IIA to the heterotic polyhedron more precise. The correspondence
of the geometric hypermultiplet moduli space, identifying the complex struc-
ture deformations of W,,; with the complex structure of Z, and the bundle
data on it has been discussed in the previous sections. It remains to assign
the vector moduli, corresponding to Kahler moduli of the toric manifold
Whp1, to heterotic deformations.

In general, the Kahler deformations of the toric variety Wy, defined
by a complex polyhedron A*Wn+1 provide always a complete resolution of
the canonical singularities of birational equivalent models. In particular this
implies also the complete resolution of singularities for any divisor in Wy 1.
Let us assume that A7 appears not only as a projection but is a hyper-
plane in A;Vnﬂ, that is Z,, is a divisor in Wj,;;. The Ké&hler resolution of
Whp1 provides a Kahler resolution of the divisor Z,,. However, since the
Kahler moduli of type ITA on W3 correspond to vector multiplets whereas
the Kahler deformations of the heterotic string on Z; are related to hy-
permultiplets, the Kahler blow up of the singularities in the divisor Z; of
W3 is not mapped to a Kahler blow up of Z;. Rather it corresponds to
the above mentioned four-dimensional Coulomb branch of non-perturbative
gauge symmetries emanating from the singularity in Z;. So although the
Kabhler resolution of W3 provides a Kahler resolution of a singularity of Zs,
the correct heterotic picture is in terms of a Coulomb branch of a non-
perturbative gauge symmetry compactified on the singular K3 x T2. Of
course this interpretation is only possible because of the equivalence of the
moduli space of Kahler deformations of singularities in the elliptic fibration
of K3 manifolds with the moduli space of flat bundles on an elliptic curve!
This is another, different consequence of the fact that we used elliptically
fibered manifolds as the starting point for our geometric construction of flat
bundles.

The fact that A, appears in general only as a projection rather than
a hyperplane, fits nicely in the above picture. Since Z; does not represent
a divisor in W3, the complete Kéhler resolution of W3 does not necessarily
provide a complete Kahler resolution of Z3. This corresponds to the situation
with generic bundle V', where the singularity in Z; does not lead to a non-
perturbative gauge symmetry and there is no new branch in the moduli
space.
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5.3 Smooth bundles

We consider now in some detail configurations which correspond to smooth
heterotic bundles at a generic point in moduli space. To specify the theory
we have to choose two bundles V3, V5 in the two Fg factors and the integer
n which specifies the fibration of the K3 fiber My over a further P!, n
corresponds also to the way the total instanton number k£ = 24 is divided
between the two Eg factors: ky =12 +n, kg =12 —n [5] .

The geometry corresponding to the choice of (V1, V2) and n is as follows.
The bundle (V;,V,) determines the K3 fiber M. As before we take the
structure group of V to be trivial and concentrate on the first Eg factor.
For a structure group H; we take the corresponding K3 specified in Table
2. The instanton number k; is encoded in the fibration of My(H;) over the
base P! with coordinates (s,t) and corresponds to the choice of n for the
Hirzebruch surface F,, [5]. We therefore consider the polyhedron A} of 5.1
with n = k; — 12.

SU(N) bundles

From the polyhedron 5.1 we obtain a Calabi-Yau three-fold W3(Ax). The
defining hypersurface is given by 3.1. Taking the local limit of pa; and
making our special choice of local coordinates we obtain the local three-fold
geometry Ws:

pajliocal = po+p+,
_ .2, .3, 56 53 -4 22 =
po = Y +z°+ 2 fia+yzhe +zZ hg + x°Z°hyg + yxzst , (5.2)
N/2f
~ ~N— z k1—2N
py = v(EVfr, + 2V 2fk1_4+...+{ Nes }).
yr 2 fk1—2N

Here f) is a generic polynomial of homogeneous degree [ in the variables (s, t)
while h; is of the restricted form h; = s! 4+ oqt!. The interpretation of the
three complex dimensional geometry Wjs is very similar to the situation we
encountered before: v = 0 projects onto the K3 surface Z3 : pg = 0. This is
the K3 surface (dual to the manifold) on which the heterotic string is com-
pactified. Integrating out the linear variable v we obtain a one-dimensional
geometry, the intersection pp = 0 N p; = 0 which describes a curve C in
Zj. C is the spectral curve which determines the SU(NN) bundle on Z; as in
8, 10].

The number of parameters of p, is Nk; — N2 + 2. Discarding one pa-
rameter which can be absorbed in an overall rescaling this agrees with the
dimension of the moduli space of Ay bundles of instanton number k& on K3
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as determined by the index formula
dim M(H) = co(H) k — dim(H) , (5.3)

which applies for simple H and large enough k. Strictly speaking the formula
(5.2) and similar formulae below for the other groups are valid for the values
of N which appear in Table 2. However it is worth noting that these formulae
are valid for any large N as well. The only new aspect is that for large N
we have to consider non-compact Calabi-Yau geometries as in [11].

SO(2N + 1) bundles

For the group By (as well as for several other groups below) we encounter
the situation that the fibered geometry W3(H) includes monomials with
identical scaling properties in addition to those encountered for Wy(H).
In particular note that the polynomial p}|_ has degree N in the variables
(y,z,2) ~ (A3y, A%z, A\Z) but does not contain all monomials of the appro-
priate weight. In the fibered geometry W3(By), the monomials in Wa(Bpy)
are multiplied by general functions f; of the base variables (s,t), while the
extra monomials are multiplied by restricted functions h; = s' + oqt!. The
general expression can be written as

- N— N1 N
pLo= ANf + 2V Sy e teyzTe fi_anv +(1—€)z T fr_an +
ZN_thkl_4 + EN_4:1:2hk1_3 + ZN_5:L'yhk1_1o + §N~6w3hk1_12
~ Nl - N_
o 4ezz e Yhyy _ongz+ (1—€)Zyz? 2hy _ani2, (5.4)
pr = BN o+ BN B e+ + 2N B o _an

with € = 0 (1) for N even (odd). The number of parameters is (2N — 1)k, —
(2N?% + N) + 1 as predicted by the index formula. The SO(7) case is again
obtained from SO(9) by dropping the second term z fa, 16 in p?,_.

Sp(N) bundles

The Sp(N) case can again be considered as a modding of the SU(2N) bundle
by the operation y — —y. This agrees with the result obtained from the
geometric construction:

Py = (EZkal + $§2N_2fk1_4 +...+ fok1—4N) . (5.5)

The number of parameters is (N + 1)k; — (2N2 4+ N) + 1 as predicted by
(5.3).

SO(2N) bundles
For H = SO(2N) we have again extra monomials because p} of Wa(Dy) is
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not of the generic form. We find

~ ~N— ~1— Nte
Pt = EVfi + 2V Pyfoe + 2 yx 2 2 av—t14e)
~e N=—e ~N— ~N— ~N—
+ETT fry oo T2 Czhi—a + 2N *2Phiys + 2N Cxyhy, 10
~N— ~3— Nte
+EV Sy .+ BT B hy gvie-s) (5.6)

~24 N-e_ 4
+Z2°T%27T T hy,_a(N-2-¢)
2 _ -2N—6 ~ON—8 -2 N—4
Py = Z for—12+2 Tfor,—16+ ...+ 22" " fog,—av-1) -

with € = 0 (1) for N even (odd). The number of parameters in p}. and p3 is
(2N —2)k; — (2N2? — N) + 1 in agreement with the index formula (5.3).

G4 bundles
For G3 bundles we obtain a geometry W3(G2):

pL = Zfi, +zZhe_a+ yfi-s,

(5.7
P2 = fok-12
The number of parameters is 4k; — 14 + 1 in agreement with (3.5).
Fy bundles
For F4 bundles, the complex geometry W3(Fjy) takes the form
‘ p}}_ = 24fk1 + :L‘Zzhkl._4 + yZhg,—6 + :L‘szl_g ,
P2 = Ffog—12+Tfor—16 (5.8)
3 _
PL = fak,-24 -

The number of parameters is 9k; — 52 + 1.

E¢ bundles
If we fiber the geometry W2(Eg) we obtain a three-dimensional manifold
p}{- = Zsf’ﬂ + 23$hk1_4 + 22yhk1—6 + 2$2fk1—8 + yxfk1—10 )
2 = Zfor,12+ 22T for, 16 + ZYfoks-18 5 (5.9)
3 _ 33
Py = Z°fag 24 -

The number of parameters is 12k; — 78 + 1, as expected.

Ey bundles
For H = Ey, the local geometry W3(E7) takes the form

p+ = 25fk1 + 23$hk1_4 + 22yhk1—6 + 2$2hk1—8 + wakl—lo )
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P2 = Zfor_12 + Z2Thog, 16 + 2y for,—18 + 2 far—20 , (5.10)
Pi = 2 far, o4+ 3,28
i = 2 far-s6-

The number of parameters is 18%k; — 133 4+ 1 and agrees with 5.3.

FEg bundles
Finally we describe Eg bundles over the K3 Z; : pg = 0. The geometry
W3(Esg) reads

pL = 2fi, + Pahg,_a + Pyhy, 6 + 28 by, g + yThi—10

P2 = Zfok—12 + Fxhor,—16 + Zyhor,—18 + 7° for, 20 »

P = 2 fan,_oa + ZFwhar,—0s + Y fak—30 » (5.11)
Pt = 2 fari—s6 + TFaki—40

Py = Zfsk-as,

P& = foki—60 -

The number of parameters is 30k; — 248 + 1 as expected.

5.4 Singular bundles and non-perturbatively enhanced gauge
symmetries

The heterotic vacua with smooth compactification manifold Zg and generic
H bundle described so far have unbroken gauge symmetries with group G,
the commutant of H in the perturbative original ten-dimensional gauge
group Gy. Let us investigate the conditions under which the heterotic
string acquires extra massless degrees of freedom of non-perturbative origin.
Note that the local mirror geometry Wj, which defines the map of moduli
spaces, is part of an F-theory compactification on the small fiber limit of
Ws3. We can therefore use the F-theory knowledge of how to engineer non-
perturbative gauge symmetries to obtain a blow-up of W3 corresponding to
a non-perturbative gauge symmetry Gpp [5, 19]. This is done by wrapping
a seven-brane on the fiber P! of the base Bp = F,, of the elliptic fibration
nf : W — Bp. The geometry Wj obtained from the blown up three-fold
defines the heterotic data in the same way as for the case of smooth bundles
and smooth Z,. In the toric language this corresponds to adding a vertex of
type b) in sect.5.1. Let us first establish the following general result:

(+) Consider the Eg x Eg string compactified on an elliptically fibered
K3 with a singularity of type G at a point s = 0 and a special gauge
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background V. If the restriction V,EH to the fiber Eg at s = 0 1is suf-
ficiently trivial, the heterotic string acquires a non-perturbative gauge
symmetry Gpp D G.

Note that the above result is very similar to the case of the type IIA string
on singularities. In this case we know that type IIA on singularities of
2-cycles acquires a non-perturbative gauge symmetry from D2-brane wrap-
pings, under the condition that the background field B vanishes [66] In the
heterotic string, not surprisingly, the vanishing condition includes also the
gauge fields. It would be interesting to have a geometric interpretation of
this gauge symmetry enhancement as in the brane picture of the type ITA
theory.

There are two comments in order. Firstly, since the geometric data
of W3 describe only a subset of the heterotic moduli corresponding to the
spectral cover and its generalization for other gauge groups, but not the
extra information of a line bundle £ on it [8], the enhancement of gauge
symmetry requires in addition appropriate values for these non-geometric
moduli. Secondly, the non-perturbative gauge group is at least G for a gauge
background of the restricted type described below and can be larger than
G, if additional restrictions on the behavior of V in a neighbourhood of the
singularity are imposed. We will discuss such cases below.

The verification of the above claim is very simple using the fact that the
bundle is defined on the Calabi-Yau Z; : pg = 0. Addition of vertices of
type b) amounts to a singularity G of the Calabi-Yau manifold W3 over a
point on the base P!. If W3 is written in generalized Weierstrass form!?

p=y?+ 2 +yziar + 225%as + y23as + z5%ay + 3%as , (5.12)

the conditions for a singularity of type G have been analyzed using the
Tate’s formalism in [19]. The singularity at a point s = 0 is determined
by the powers of vanishing of the coefficients a; ~ s™ specified by a vector
n= (nlanZ)n3,n4)n6)'

Since the polynomial py consists of a subset of the polynomials in (5.12),
the coefficients a; o of the generalized Weierstrass form of Z, fulfil the same
singularity condition as p, so Z; has a G singularity. Moreover from the
explicit form of the bundle moduli space associated to a structure group
H we see, that if the dependence of the a; is given by n then the leading
behavior of the bundle is shown!? in Table 3.

" Note that we use (y,z, 2) and (y,z, %) to denote the homogeneous coordinates of the
elliptic fiber of the n+ 1-dimensional Calabi-Yau Wy 41 and the n dimensional Calabi-Yau
Zn, respectively.

12We restrict to the subset of structure groups H, for which the toric resolution results
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H v v? v3 vt v vl
SU(2) | s™z - - - - -
SU(3) | s™y — - -~ - -

SU(4) |s™22? — - - - -
SU(5) | sMyz — - - - -
SO(7) |s™2g? sm632 — - - -
SO(9) |s™2z? s™z — - - -
SO(11) |sMzy s™2z? — - - -
Sp(2) |s™z? - - - - -
SO(8) |s™z? s™z — - - -
SO(10) | s™yxz s™z  — - - -
Go sMy g6 — — - -
Fy |s™2z? gty gne - - -
Eg |sMyz s™zy sz — - =
Eq sMyr s"2g? 2

stz stezt — —
Eg |sMyz s™2g? s"yd gnagp gnez gne (5.13)

Table 3:Behavior of the gauge background V near the K3 singularity.

For example consider the simplest case with a structure group Hy; = SU(2).
The Calabi-Yau threefold W3(A;) is defined by the polynomial
v 2 fog g, +
(% + 23 + yxzst + 2222k + y3°he + 23%hg + #f12)+ (5.14)
v (Zsfkl + x24fk1~4) )
where h; = s' + #' and f; is a generic degree i polynomial as before. To
obtain a non-perturbative gauge symmetry G = SU(2) we blow up the locus
y=z=s=0in Ws:
Yy = uy, T = uz, s=us. (5.15)
This blow up is compatible with only a subset of the perturbations in 5.14
and we get a new manifold
5228 fao iy +
0 (2 + 2B + 225%hy + yZBshs + z3shy + yziust + 7552 f10) 45.16)
v(2%s fr, o + 345 fr,_5)
Here h; and f; are as before apart from the fact that s is replaced by su.

Note that the heterotic manifold Z; : pg = 0 has an A; singularity at s = 0.
The spectral cover has become

Py = s(sészl_g + zfr,—5) =0 (5.17)

in a Weierstrass form as in (5.12).
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Let S denote the class of the section of Z; and F' the class of the generic
elliptic fiber. The intersections are S = —2, F- S =1, F2 = 0. The class of
the spectral cover ¥ : py = 0 is then 25 + k1 F' which is generically a smooth
connected curve. The bundle V described by 5.17 instead corresponds to
a spectral cover with two components, ¥ = ¥; + X3 with [X;] = F and
[Z2] =25+ (k1 — 1)F.

A physical interesting case which features a supposedly self-dual heterotic
string theory in six dimensions is the compactification of the heterotic Egx Fg
string with 12 instantons in each Ej factor [29, 30]. It was argued in [30,
31] that unhiggsing of a perturbative SU(N) is dual to a non-perturbative
SU(N) arising from 1+ % S0O(32) small instantons without vector structure
at an A; singularity (using a duality between SO(32) and Eg X Ej string on
K3). Here we see that the Eg x Ejg picture of this gauge enhancement is in
terms of a compactification on a K3 with Ay_; singularity, rather than A;,
with a particular behavior of the vector bundle near the singularity specified
in Table 313.

5.5 Near the tangent bundle

The class with structure group H; = SU(2) described in eq.5.14 should
contain also the standard embedding with the gauge background identical
to the spin connection. Since the SU(2) bundle is embedded in one Ejg factor
we choose k; = 24. The spectral bundle reads then

C:7foq+xfoo=0,

with the 46 — 1 parameters corresponding to the well-known 45 deformations
of the tangent bundle T of K3. To get strictly the tangent bundle, first note
that the restriction Vg, to the elliptic curve must be trivial due to the
flatness of T2. So we have to tune foo = 0. Moreover the only pathologies
of T|g,, appear at the singular fibers of the elliptic fibration. These occur at
the 24 zeros of the discriminant Aqy = 4 fg + 27gf2 of pg, where fg and g1
are related to the polynomials in 5.16 by a shift of variables that puts pg into
Weierstrass form, y2 423 +224 fs+7%g15. So we must choose fog = const. Agg.
From the point of F-theory this geometry is identical to the one with 24 small
instantons sitting at the singular fibers of the fibration. This agrees with
the result in [26]. There the authors argue that the difference between the
tangent bundle and the small instanton configuration is in the non-geometric
moduli corresponding to RR fields in the type ITA theory.

3For a related phenomenon in compactifications on the tangent sheaf, see [26].
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5.6 Non-perturbative equivalences

We now will study some applications of the toric map f : Wz — Zs to
investigate a certain class of six-dimensional heterotic theories with large
non-perturbative groups and interesting non-perturbative equivalences. To
recap, we consider a type ITA /F-theory compactification on an elliptically
Calabi-Yau three-fold W3 which also has a K3 fibration whose fiber we
denote by Wy. This is dual to the heterotic string compactified on Zs. In the
toric polyhedron Ajy, 7) the fiber W2 corresponds to a hyperplane H = Ay,
in Ajy,, ii) the heterotlc K3 Z, appears as the projection f: A, — A%,

An interesting situation appears, if the projection f results in a hyper-
plane #H', that is W3 admits at the same time a Z, fibration. The two K3
fibrations imply that we have two different perturbatively defined heterotic
theories in four dimensions, which are non-perturbatively equivalent!4

Moreover, if the two K3 manifolds defined by the hyperplanes # and H’
share the same elliptic fiber, we can take the F-theory limit without interfer-
ing with the equivalence!®. In this way we obtain two six-dimensional het-
erotic compactifications on Z; and W5 which are non-perturbatively equiv-
alent. These manifolds can be at rather different moduli, one being highly
singular while the other being smooth, as we will see in the following exam-
ple.

2/ small instantons on smooth K3

Let us start with the simplest case corresponding to a heterotic theory with
24 small Eg instantons on a single point in a smooth K3 Z;. The perturbative
gauge group is Eg X Eg. The K3 fiber of the three-fold W3 is therefore the
K3 Wy with Eg X Ejg singularity described by the polyhedron

A;VESXES = convex hull {eg, e3,u4, U4} , (5.18)

2
where W» has an elliptic fibration with fiber A% = convex hull {e2, €3, f1}-
Let v*(®) denote an n+1 dimensional vertex obtained from an n dimensional
vertex v* by adding a zero at the a-th position. Since W, appears as a

)

hyperplane z; = 0 in A}y, in our conventions, we obtain A *(1 gy FaxEa as the

first piece of Ajy,,. We w1ll refer to the K3 Wy which is the ﬁber of the K3
fibration W35 — P1 as the "fiber K3”.

The quite reverse situation is known to occur, in which two heterotic theories have
the same perturbative spectrum while non-perturbatively they are different [32]

15Ty be precise, in order for the F-theory limit to work, we have to require that not
only H' but also the hyperplane H : v}; = 0 coincides with a projection (in the first
coordinate).
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The smooth K3 of the heterotic string appears as the projection in the
direction of the second coordinate. It is modeled by a polyhedron

AZ:O = convex hull {ez, e3,v0,T0} - (5.19)

We add therefore A*Z(:) to Ajy,. We will refer to the ”heterotic K3” Z;,
which is an elliptic fibration over the base P! of the K3 fibration as the ”base
K3”.

Finally we have to ensure convexity of Ay, . A discrete series of solutions
corresponding to the situation where the instantons have been divided into
two groups with a + b and 24 — a — b instantons is provided by

W, = convex hull {Ag}zsxb‘s U A*Z?z) U Ajlf)l) U A:lff)} , (5.20)
with
~1(11) = convex hull {(1,q,2,3), (1,-b,2,3)} ,
:1‘()2) = convex hull {(-1,12 —a,2,3), (-1,-12+b,2,3)} ,(5.21)

with 0 < a,b < 12. For simplicity we assume in the following that both
groups contain a non-zero number of small instantons.

Note how simple the toric construction of the combined data for the
bundle and the manifold is. It is also easy to show that the Calabi—Yau
manifolds W3 associated to Ajy, give indeed the correct physics. Firstly,
the hodge numbers are h! = 43(0), h!? = 43(22), where the number in
parentheses denotes the number §h'! (§h12) of so-called non-toric (non-
polynomial) deformations, which are not available in the toric model. The
np+ny = h! —2 vector and tensor multiplets are associated to the 16 vector
multiplets of Eg X Fg, 24 tensor multiplets from the 24 small Eg instantons
and the heterotic coupling (2 Kahler classes corresponding to the volume of
the elliptic fiber and the volume of the base do not contribute to the vector
and tensor multiplets [5]). The ng = h*! + 1 hypermultiplets arise from the
20 moduli from K3 and 2 moduli for the two positions of the two groups of
fivebranes. The 22 missing complex structure moduli correspond naturally
to the fact that we have fixed 22 of 24 positions of the small instantons in
the K3 Zg.

There is a second elliptic fibration of the K3 fiber W5 due to the hy-
perplane A%, = convex hull {es, w3, w3} corresponding to the gauge group
S0(32)[33] Instead of ny = 24 extra tensors we have in this case an Sp(a +
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b) x Sp(24 — a — b) gauge group from two groups of coincident SO(32) five
branes [34] with matter in the (2k,32) @ (1,1) ® (2k2 —k —1,1) of each
Sp(k) x SO(32) factor.

The non-perturbative gauge groups are determined by the intersections of
the holomorphic two-cycles in W3¢ For the elliptic and K3 fibered manifolds
used in the present context, these intersections can be conveniently described
by projections of the polyhedron Ajy, in the direction of the elliptic fiber [36]
For W3 we find in this way indeed a non-perturbative gauge group G=10
for the E; fibration and Sp(a + b) x Sp(24 — a — b) for the E; fibration.
Note that after having chosen the perturbative gauge group corresponding
to W5 and the heterotic compactification Z3, the non-perturbative dynamics
is completely determined by convezity of the polyhedron Ajy, , with a discrete
set of solutions corresponding to various branches in the moduli space.

These are the first two interpretations of F-theory compactification on
Ws. Note that we have to shrink different elliptic fibers E; and Es in the
F-theory limit, so these theories are disconnected in the small fiber limit in
six dimensions and become equivalent only in five dimensions by T-duality
[37].

5.7 A non-perturbatively equivalent heterotic theory

More interestingly, since the base K3 A* , , corresponding to the heterotic
g zho

compactification manifold, does not only appear as a projection but as a
hyperplane, there is a second K3 fibration with fiber Z5 which is itself ellip-
tically fibered with the same elliptic fiber E; as the K3 fiber of the original
K3 fibration. Therefore we obtain a theory in six dimensions which is non-
perturbatively equivalent to the heterotic string with 24 small instantons on
on smooth K3.

We interpret now the smooth K3 described by A} 4, as the fiber K3. Due
2

to the absence of a singularity, the perturbative gauge group must be trivial
and therefore the bundle Vj has structure group Fs x Fg on the generic
elliptic fiber. On the other hand, in the new K3 fibration, WZ;E*‘X}"?8 has
become the base K3. The heterotic compactification manifold has therefore
an Eg x Eg singularity. The perturbative Eg x Eg gauge symmetry of the
compactification with small instantons is produced in the dual theory purely
by non-perturbative effects related to the singularities of the manifold and
the bundle. For a = b = 12 we have therefore the following duality:

*6This is explained in detail in [11, 35]
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(1) The Eg x Eg heterotic string compactified on a smooth K3 with
two groups of 12 small instantons is non-perturbatively equivalent to
compactifying on a K3 pg = 0 with Eg x Eg singularity with gauge
bundle Vy. Here

po =y + ¥ + yazst + 35(st5 + 548 + 55¢7) . (5.22)

The Eg x Eg bundle Vy is specified by a geometry W as in eq. 5.11 of
the special form

pr = 0(2° +yz) + 32 (2 +2?) + PP 4 y) + 31 (22 +2) + 50 + 30 . (5.23)

with © = vst, 2/ = Zst and a similar polynomial for p_ for the other Eg
factor.

Small instantons on singular K3 manifolds

The above situation can be very easily generalized to singular K3 manifolds.
Let us consider the case where we still start with only small instantons, now
on a singular K3 surface. This case has been analyzed from various points
of view in [38, 24]. What is new is that with our understanding of bundles
and manifolds we will sometimes find non-perturbatively equivalent theories
involving a specific gauge background with non-trivial structure group on a
different K3.

The construction of the appropriate three-folds W3 is by now standard
using our kit of K3 polyhedra: to obtain a compactification on a singular K3
we choose simply the polyhedron of the base K3 to describe a K3 manifold
with a given singularity G’. Requiring convexity of the polyhedron Ay,

starting from A’;(;? U A;%,st 5 We obtain a set of discrete solutions corre-
sponding to a choice of positions for the small instantons. It is impressive
to observe that in fact all gauge groups derived in [38, 24] arise in the toric

construction as a very simple consequence of the convexity of Ay !

We will discuss only one further example, the prototype case with an
A; singularity in Z5. This will turn out to be interesting also from its
surprising relation to the compactification on the vector bundle near the
tangent bundle. For A7 we take the K3 with A; singularity

A7 4, = convex hull {e3, e3,vo,v1, U0} (5.24)
2

The solutions to the convexity with the 24 small instantons collected in two
groups located at the singular point of Z; and a smooth point, respectively,
are given by

W, = convex hull {A’;VZEstS U A*Z:I U A*Al U Ajﬁlo} , (5.25)
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where the polyhedra Aj, , and Ajlo encode the information about the small
instantons at the singular and smooth point of K3, respectively:

A:.al = convex hull {(17 a, 27 3)7 (1’ a-— 27 1) 2)7 (1) —b) 2) 3)) (1) _b + 27 1) 2)} )
A%, = convex hull {(-1,12 —a,2,3), (-1,-12+5,2,3)}, (5.26)

with 2 < a,b < 12. This configuration corresponds to a collection of A = a+b
instantons on the A; singularity and B = 24 — A instantons on a smooth
point in K3.

Determining the gauge symmetry from projecting along the fibers as in
[36] we find the gauge groups

Eg x Eg x SU(2)p5 %, np =24,
SO(32) x Sp(A)np X Sp(A —4)pp X Sp(B)np , np =1, (5.27)

for the elliptic fibers £y and Ej, respectively. Moreover n7. denotes the num-
ber of tensor multiplets in addition to the generic one. This is in agreement
with the results of [38] and [24]. For the local geometry we have a chain
of three ALE spaces fibered over three P!’s with intersections between the
neighbors. From the intersections we obtain matter as in [39] in addition to
the gauge fields.

The heterotic manifold and the bundle V on it can be obtained in the
now familiar way from (3.1) and (2.4). For the manifold we obtain

po =% + 2% + 22 22hy + yz3sh5 + z2tshy + zss2f10 + yzz(st + t2) , (5.28)
which has an A; singularity at s = 0. For the bundle we obtain
py = vs?, p_=v 148, (5.29)

Let us mention two cases which are physically interesting. The first case is
where all instantons are on the A; singularity, A = 24. We will argue in
the next section that this theory is equivalent to a compactification on the
deformation of the tangent bundle of a smooth K3 after compactification
on a T3. There is no non-perturbative dual in six dimensions since the
projection in the v}, direction does not yield a K3 polyhedron.

As a second case consider A = 12. This time there is a non-perturbative
dual and it is in terms of an Fg x E7 bundle on a K3 with Eg X Eg singularity
with a similar structure as in eq. 5.23. Quite generally it follows from the
construction that the new duality implies:

(11) The heterotic string compactified on a K38 with G' singularity and
with a certain gauge background Vp with structure group H is non-
perturbatively equivalent to the heterotic string compactified on a K3
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with G singularity and with o specific gauge background Vy with struc-
ture group H'.

Here H (H') is the commutant of G (G') in Eg x Eg. Technically, this
duality exists if the F-theory manifold is described by a polyhedron with
two K3 hyperplanes that coincide at the same time with projections and
intersect in a plane that corresponds to an elliptic curve. The bundles Vj
and Vp are determined by local mirror symmetry, as was done in the two
examples above.

5.8 F-theory on mirror manifolds

It is instructive to look also at the heterotic theory corresponding to type
ITA /F-theory compactification on the mirror manifold M3 of W3. In partic-
ular, upon further compactification on a circle to three dimensions, the two
type IIA theories on M3z x S! and W3 x S should describe the same physics
in virtue of mirror symmetry of Calabi—Yau three-fold and T-duality on the
circle!”[40]. Assuming that M3 is also elliptically fibered, we have a pair of
six-dimensional theories from F-theory compactification on M3 and W3;. We
do not expect these two theories to be dual in any sense in six dimensions.
However, these theories are equivalent after compactification on a three torus
to three dimensions. Using the toric map f : W3 — Z3 and some basic prop-
erties of mirror symmetry of K3 we can easily derive the six-dimensional
theories which become equivalent after further compactification. Recall the
claim (%) concerning mirror symmetry of elliptically fibered K3 manifolds
in sect.3.2. We can combine this result with the previous construction of
Calabi-Yau three-folds to obtain a map between six-dimensional F-theories.
We use X3, Z¥ to denote the two K3 manifolds used as the K3 fiber and the
model for heterotic K3, respectively. Here H and H denote the singularity
type in the elliptic fibration. Consider the family of Calabi-Yau manifolds
X3(X4#, ZH) which is constructed from choosing a convex closure of the
vertices

A’;é}} U A;(;) C AL, (5.30)

as before. This manifold describes a heterotic theory on K3 Z, with H
singularity with perturbative gauge group H. Depending on which ver-
tices are added to those in 7.4 to render A} convex, there can be also
a non-perturbatively dual theory with the roles of H and H _exchanged.
From the above we have that the mirror manifold of X3(X4!, Z{1) is of type

1"Here S denotes the T-dual of S*.
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G bundle . H bundle
N Mirror symmetry A
on K3 with H singularity on K3 with G singularity
'3 R
A A
G bundle Mirror symmetry H bundle
on K3 with H singularity on K3 with G singularity
Figure 2:

5(3(X2G , ch';* ). Thus mirror symmetry relates the heterotic theories in figure
2.

Note that the formal mirror of the theory with G bundle on K3 with H
singularity is the one with an H bundle on K3 with G singularity singularity
(the two theories in the upper half of the diagram above). However if we
do not insist on the special case of double K3 fibrations, the situation is
different. The K3 fiber X5 appears as a hyperplane in the three-fold poly-
hedron, while the heterotic K3 Z3 as a projection. Moreover existence of a
hyperplane (projection) in A* corresponds to a projection (hyperplane) in
A. In particular this means that the K3 fiber and heterotic manifold are
exchanged after the mirror transformation. The only generic K3 fibration
in the mirror X3 is the one with a fiber that is the mirror of the base K3 of
X3. The two relevant theories are denoted by a box in the above diagram.

As an example consider the case of a smooth G bundle on a smooth K3,
that is H = (). The compactification on the mirror is a heterotic theory with
24 small Fg instantons on a G singularity!8.

As a second example consider the compactification with 24 small instan-
tons on the A; singularity described in the previous section. Using mirror
symmetry we can show that the compactification on the mirror manifold
describes an SU(2) bundle with instanton number 24 on a smooth K3. In
fact from (3.1), the defining equations for the heterotic compactification is
p=po+ps +v7 L, with

po = v +2%+3f1o+ ythe + 23hg + £25%hy + yaZst
pr = v(Zfu+zfn), (5.31)

in agreement with eq. 5.2. Note that from 5.27 we have hM1(W;) =
h12(M3) = 64 from the 16 + 21 vector multiplets, 24 tensors and three

18 A relation between the instanton configurations of the heterotic string theories dual
to F-theory compactifications on a Calabi-Yau 3-fold and its mirror has been conjectured
in [41] based on a comparison of topological data.
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classes for the elliptic fiber and the two complex-dimensional base. In the
mirror these deformations correspond to 65 = h'»? 4+ 1 hypermultiplet mod-
uli, splitting in the 20 geometric hypermultiplets from K3 and 45 =2-24—3
moduli for the SU(2) bundle. Similarly we have h12(W3) = h11(M;) = 18,
with the 19 hypermultiplets of W3 corresponding to the K3 moduli minus
one for the A; singularity. In the mirror, h1"! = 18 corresponds to the 15
vectors from Eg X E7 and the generic three classes.

For the case A = 12, we find that the compactification on the mirror
corresponds to a generic k = 12 SU(2) bundle on a smooth K3 plus 12 small
instantons:

Pt = v(2*f12 + z fs), p— =v"fio. (5.32)

Note that the instanton number k is determined by the number of small
instantons on the A; singularity. However, there is a subtlety in the toric
realization which follows from a simple counting of vector and hypermulti-
plets. For the theory on W3 we get 52 = 3 4+ 16 + 9 4 24 vector multiplets
and (20 — 1) + 1 hypermultiplets for a configuration with the 12 instantons
on the same smooth point. This corresponds to a toric manifold W3 with
hodge numbers A1 = 52(0), A2 = 30(11). The mirror with a k = 12
SU(2) bundle for a configuration with the 12 instantons on a single smooth
point should have ny +ny =30 =3+15+12, nyg = 42 = 20+ 21 + 1 corre-
sponding to Ab! = 30(0), A1? = 52(11). On the contrary the mirror of Ws
has Rb! = 30(11), M2 = 52(0), that is a deficit of 11 vector/tensor multi-
plets. This is related to the fact that the three-dimensional mirror symmetry,
which relates the theories after compactification on 7, exchanges Higgs and
Coulomb branches. We now turn to a more detailed analysis of the relation
between a particular physical model and the toric representation.

5.9 Higgs branches in toric geometry and self-dual string dy-
namics

With the above understanding, we can refine the map between six-dimensional
theories and determine the non-trivial mapping between various Higgs and
Coulomb branches. Interestingly we will find that the hodge numbers of the
Calabi—Yau manifold do not in general give the physical spectrum. We will
still find complete agreement between toric manifolds and physics using a
subtle realization of Higgs branches in toric geometry in terms of non-toric
and non-polynomial deformations dh>! and §h!2, respectively. Recall that
these terms denote the number of Kahler and complex structure deforma-
tions, which are moduli of the general Calabi-Yau geometry X, but frozen
in a given toric realization. We find that the deformations of the toric repre-
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sentation, hi’fl ;= h¥1 — 6h®! agree precisely with the physical spectrum. In
this sense the toric representation has more physical meaning than the theo-
retical geometric data. This is very similar to the F-theory duals of the CHL
string [42] and confirms the picture that the choice of toric representation
with non-toric and non-polynomial deformations has an important physical
interpretation rather than being a technical subtlety [43]

Let us return to the example of A small instantons on the A; singularity.
In general, from 5.27, we would expect

AUt =40+A, A2 =18+1, (5.33)

where the +1 denotes the extra position for the instantons on the smooth
point if A # 24, which we assume for the following. Rather than this simple
result, the polyhedra in eq. 5.26 correspond to Calabi—Yau manifolds W3
with hodge numbers All = 40+ A, h12 = 18+ B. To be consistent with 5.33
there must be k12 = B —1 non-polynomial deformations of W3. The actual
story is much richer: there is a chain of Calabi-Yau manifolds with this
Hodge number but different numbers of §h1:1, h12 and gauge symmetries
shown in Tables 4,5.

Let us finally comment on the other theories with a different number of
effective moduli. The polyhedra for the theories in Table 4 are obtained by
successively dropping the edge vertex of the line y;, i = 1... B+1 associated
to the B small instantons on a single smooth point. In the first step we loose
one vertex from that line and catch a new point p = (0,—1,0,0) in the K3
polyhedron. In the Eg X Eg language we have lost a tensor multiplet. The
new point p can not correspond to a tensor multiplet from a small instanton
since the associated divisor does not give a location on the base.

G =Gnpx 8032, np=1 n. G=GnpxEgxEs | hjy ki
Spa X Spa—4 X SpB 24 (SU,)A-3 40+A4 19

SUY x Spa x Spa_ax Spp_1| 23 SUY x (SU)A-3 | d0+4 20

SU) x Spa x Spas x Sps—z| 22 SUL x (SU)A~® | 390+4 21

SUP™ x Spa x Spas x Spr |A+1 SUL™ x (SU,)A-3 |18+ 24 B +18

S-U;B) X Spa X Spa—q A S’.UgB) x (SUz)A=3 |17+2A B+18

Table. 4: Higgs branches emanating from type ITA compactification on W3
with A instantons on an A; singularity and B = 24 — A small instantons on

a smooth point. A superscript SUz(k) denotes a level k gauge group.
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G =Gnp xS0y x SUz, np =0| nf G=GnpxEsxEr| hyyy  hj

sy suY 19 40+4
Spy x SUL Y 1 SU(B Y 20 40+ A
Spa x SU(B ? 2 SUQB 2 21 39+ A
SpB L x ST B-1 SU“’ B+18 18+24
Sps B B+18 17+ 24

Table. 5: Higgs branches for the heterotic compactification on the mirror manifolds
of those in Table 4.

Anomaly cancellation in six dimensions as well as the fact that the size
of the Kahler class is blown down by the small fiber limit imply that the
new branch exists in one lower dimension upon compactification on a circle.
Blowing down the divisor corresponding to the point p we get a gauge sym-
metry enhancement to a new SU(2) factor that is denoted by a tilde in the
Tables 4,5. In the following, continuing dropping vertices from the line p;, at
each step we loose one rank for the gauge group while the self-intersection of
the sphere associated to p jumps by —2. We interpret this effect as a higher
level rank gauge factor SU(2)(*).

In fact it is likely that these Higgs branches are associated to extra mat-
ter, charged under the circle U(1), which arises in the Eg X Eg picture from
self-dual string windings on S!. In particular, as we will argue in a moment,
the Fj five-brane in six dimensions, when compactified on a torus, gives rise
to matter in the fundamental representation of the SU(2) enhanced gauge
symmetry of the heterotic Fg string at T = U. While the vector bosons
in this case arise from fundamental string windings that become massless
at T' = U, we claim that the non-critical string compactified on the same
torus gives rise to hypermultiplets, charged under the SU(2), at the special
radius. Whereas the massless vector states follow easily from the perturba-
tive world-sheet formulation of the heterotic fundamental string, a similar
phenomenon is somehow surprising for the non-critical string; in particular
there is no known framework to describe the dynamics of the non-critical
string and the generation of massless states at ' = U.

To see that the five-brane wrapped on the torus produces a fundamental
of the torus SU(2), recall that geometrically, the five-brane is associated to a
blow up of the base, which is a Hirzebruch surface F,,. F, is a P! fibration
over P!, which in the framework of geometric engineering of type IIA is
well-known to give rise to a pure SU(2) gauge theory [14]. To add matter
in this theory, one blows up the P! fibration at a point of the base [39].
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But precisely the same is done in F-theory in six dimensions to get a tensor.
Upon compactification on the torus, which unifies the two pictures, the size
of the fiber P! gets identified with the difference T'— U on the heterotic
side [44] Thus the blow up corresponding to the Ejg fivebrane has become
equivalent to the addition of a single doublet in the SU(2) at T'= U of the
heterotic string.

6 N =1 supersymmetric vacua in four dimensions

We proceed now with the most interesting case of N = 1 supersymmetric
vacua in four dimensions. In sect.6.1 we give a systematic description of
the bundle in terms of two line bundles £, A on the base B,_;. This
determines essentially the n + 1-fold geometries Wy +1, whose precise form
can be obtained from the local mirror limit. In sect.6.2 we explain the
relation of these two bundles to similar bundles used in the construction of
Friedman Morgan and Witten In sect.6.3 we give explicit discussion of the
case of toric four-folds'®that are fibered over the toric bases P? and F,,, or
blow ups thereof. In sect.6.4 we describe the geometry for compactifying on
(deformations of) the tangent bundle for any dimension n. In sect. 6.5 we
describe how to construct bundles on singular Calabi—Yau three-folds and
describe new non-perturbative dualities that are similar to the ones discussed
in six dimensions.

6.1 Description of the Bundle

Our construction of the local geometry W does not depend on the dimension
of the base B,,_1. As before we get the equation for the mirror geometry
from 3.1 and taking the local mirror limit 2.4, or directly from 3.2. Below
we describe the outcome in a more economic way in terms of the eight-
dimensional geometries of sect.4. This general discussion will cover much of
the information of the detailed result.

The two-fold geometries of sect.4 are defined by the vanishing of the
polynomial

pw=po+ps+=0. (6.1)

The polynomial p depends on four coordinates (y,z,Z,v). In the higher-

dimensional fibration, the coefficients of the polynomials in p will become
functions of the variables of the base B,,_1. More precisely, (y, z, Z, v) become

19Toric constructions of Calabi-Yau 4-folds have been discussed in [45, 46, 47, 48, 49].
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sections of line bundles on B,,—;. These line bundles correspond to the
scaling relations I{") of the polyhedron A*, as discussed in sect.3.1. If we
know these scalings, we can determine the generic dependence of the function
f4¢ multiplying a term y®z?z°v? of the eight-dimensional local geometry.

Naively we have to determine four different line bundles for the four
variables (y, z, Z,v). However we have one scaling relation 4.2 amongst them.
Let us call the line bundle associated to it @. Moreover we have assumed
that the elliptic fibration has a section which gives a second constraint. In
total we have therefore to specify 2 = 4 — 2 line bundles on B,_; to up-
grade the two-dimensional local geometry W5 to a n + 1-dimensional local
geometry Wp41.

Let us denote these two bundles by M and L. By definition, y is a
section of O3, y € I'(O3). Since we have the terms y2 and z3 appearing in
p, we must have y € T(A203%), z € T'(A20?) and p € T(A%0°), for a line
bundle A. From the fact that

po=yt+ad+aztf+2%+... (6.2)

describes a Calabi-Yau manifold Z,,, with f, g polynomials in the base vari-
ables, we need to have A = ML, with Z € T'(MO) and L, the anti-
canonical bundle of B2. Moreover from p; € ['(MSL80®) we have v €
T(M5~-NOS-N)  with N being the highest z power in p!. This fixes almost
completely the four-dimensional local geometry Wy41 in terms of Ws:

Wy — Wn+1
yiz’5vla.y — ylaPFutfed (6.3)
o4 e (ML),

Note that the fact that a = 0,1 and 3a + 2b + ¢ = 6 implies that the coeffi-
cient function f. 4 has only two indices, which is equivalent to our previous
statement that the definition involves only two independent line bundles.
Eq. 6.3 gives a general definition of the line bundle M for any fibration,
also for non-toric bases. We will give explicit expressions for toric bases in
sect.6.3.

6.2 More on the line bundle M and stability of V'

Let us compare the above result from mirror symmetry with the general
structure of the moduli space of holomorphic stable vector bundles found
in [8]. Friedman, Morgan and Witten described holomorphic stable bundles
on elliptically fibered Calabi-Yau manifold Z by fibering the data (E, W")
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holomorphically over a complex base B. Here W7 is a short-hand notation
for the weighted projective space WP . predicted by Loojienga. The
projective spaces W' fit into a holomorphic bundle W” over B. If s : B —
WT is a section, the homogeneous coordinates a; of W™ pull back to sections

a; € HO(B’N‘” ® ‘C’_dj)’ (64)

where L is the anti-canonical bundle of B, N a line bundle on B, the d; are
the degrees of the independent Casimir operators of the group H and s; the
Dynkin indices as above. Part of the data of V' are defined by choosing a
section of W". The line bundle N is an important characteristic of V' and
its first Chern class n = ¢;(N) is closely related to the higher Chern classes
of V[8, 56]

Our local mirror construction has given a similar answer for the struc-
ture of the bundle: the relation between the geometry and the associated
topological data is essentially determined by the two line bundles £ and M.
Of course the two descriptions should agree and in fact it is easy to see that
egs. 6.3 and 6.4 imply

N = MLE. (6.5)

Eq. 6.3 gives a general definition of the line bundle A in terms of the
toric construction for all structure groups H as well as singular configurations
such as sheafs and geometric singularities. In particular we see that A is
described in toric terms as a simple linear relation [ V) between the vertices
of the toric polyhedron A*. As we will see in a moment, convexity of a
polyhedron A* that describes a fixed structure group imposes a constraint
on the possible values of 7 = ¢; (N).

6.3 Toric Bases

To get a four-dimensional theory by considering the F-theory compactifica-
tion associated to the local mirror limit of the type IIA geometry we fiber
the local geometries W5 over a two complex dimensional base By. B will
also be the base of the elliptic fibration 7y : Z3 — B of the Calabi-Yau
three-fold Z3 on which the bundle V is defined. A toric representation can
be given for the cases By = P2 or F,, or a series of blow ups thereof. With
these two choices for By the toric polyhedra A%, are the convex hull of the

vertices
P?|uf € Ap, | K
s (1,0) 1
t (0,1) 1
v |(-1,-1)|1 (6.6)
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B, |t € Ap, | K1 Ko
t| (0,1) |1 -n

s | (0,-1) | 1
t'| (1,0) 1
s | (-1,n) 1 (6.7)

Here we have also indicated the scaling relations between the vertices and
associated coordinates on them. These coordinates transform as sections of
the line bundles defined by the scaling relations?, e.g. ¢’ € T'(KJ ® K}).

As before, the three-fold base Bj of the elliptic fibration g : Wy —
B3 will determine the topological properties of the gauge bundle V' on the
Calabi-Yau Z3. The base Bj is a P! bundle over B; with the following toric
data. From By = P2 we get a P! bundle that we call Fy:

Fi| uredy, |Ko K

z | (0,0,1) 1 -k

w | (0,0,-1) | 1

s | (0,1,0) 1

¢ | (1,0,0) 1

u | (=1,-1,k) 1 (6.8)

The integer & specifies the P! bundle over P2. Similarly we get from By = Fy,
a P! bundle Fy, 1,

Fimn | 05 € A, | Ko K1 K
z (0,0,1) [1 -k —m
w |(0,0,-1) | 1

t | (0,1,0) 1 -n

8 (0,-1,k) 1

£ | (1,0,0) 1

s |(-1,n,m) 1 (6.9)

with the two integers k, m specifying the P! fibration

The four-fold Wy will be defined by a polyhedron A} which is obtained
by joining the vertices of the base B> and the vertices of the K3 polyhedron
A% 3.6 which describes the H bundle:

A% = convex hull {A"P UAY, }. (6.10)

Here the superscript (1,2) denotes adding zeros at the first and second po-
sition of the K3 vertices in 3.6 and Ap, = {v* : v* = (u*,2,3) ,u* € AR, }.

20A letter K denotes the class of the line bundle K.



1350 HETEROTIC STRING/F-THEORY DUALITY ...

We can add three kinds of vertices to the polyhedron (some of which
may be enforced by the convexity condition); a’) blow ups of the P! — By
fibration. These are similar to case a) in six dimensions and correspond to
non-perturbative tensor multiplets from five-branes in the heterotic dual; )
extra singularities of the elliptic fibration located on the base B, related to
non-perturbative gauge dynamics of the heterotic dual; ¢') blow ups of the
base Bs. Note that due to the eight-dimensional equivalence the base B is
visible to both the heterotic string and the F-theory. Thus a modification
of By is common to both theories. As for the two line bundles appearing in
6.3, we have

L(P?) = 3K =3D,,
L(F,) = 2K+ (2-n)Ky=2D,+(2—n)Dy , (6.11)

with D, : z = 0. The bundle M is determined by the transformation
properties of, say, y under the rescalings of A*. Consider first Fj. Including
homogeneous coordinates (y,z, 2) for the elliptic fiber, the polyhedron A}
has scaling relations

|ya:22wstu
03 21
K|3Xx 2 —k 111 (6.12)

with A = 3 — k. From the scaling properties of y and £ = K? it follows that
M(F;) = —k K. The relation between the global toric coordinates in 6.12
and the coordinates (y, z, z,v) of the local geometry in this case can be seen
to be

(yax,g’v)local = (y:l‘:ézwawz_l(ézw)s_N)global ) (6-13)

with the result that v € (M5~ NO8N) as promised. Similarly we find
M(Fimn) = —k K1 —m Kj. So for the bundle NV in 6.5 we have

Fy: N =(18-Fk)C,
Frmn: N =(12-k)+ (12 -6n—m)K, . (6.14)

6.4 Heterotic (2,2) compactification in 10 — 2n dimensions

Using the F-theory/heterotic map presented above it is straightforward to
provide the F-theory manifold X, ; which corresponds to a heterotic com-
pactification on the tangent bundle in 10 — 2n dimensions. The heterotic
gauge bundle takes values in the structure group SU(n). A generic deforma-
tion of the tangent bundle is obtained by fibering the relevant K3 manifold
in Table 2. The tangent bundle itself is a highly degenerate version of the
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general SU(n) bundle for the same reasons as in sect.5.5: the tangent bundle
on the generic elliptic curve is trivial, so the bundle (or rather sheaf) V' of
the heterotic compactification must be trivial away from the discriminant
locus of the fibration g : Z, — Bp_1. The only pathologies of V' appear
at the discriminant locus of the fibration. In this way we get the following
”theorem”:

Let the heterotic string be compactified on the elliptically fibered Calabi-
You Z,, 7y, : Z,, — Bp_1 described in Weierstrass form by

pH=y2+x3+xz4f+zﬁg=0, (6.15)

where f and g are sections of L* and L®, respectively. The spectral
cover of the two components of the sheaf V in the gauge group Eg x Eg
1s described by the equations

P+ = znA 3 b-= 1 3 (616)

where A is the discriminant of the elliptic fibration mg, A = 4f3 +
27g%. This is dual to F-theory compactified on the Calabi-Yau n + 1
fold Xp 41 given by

pr = y° + 23 + z(B2w)tf + (22w)bg + 2525w A 4+ 2827w . (6.17)

Here (2, w) denote the variables parametrizing the base P! of the elliptically

fibered K3 fiber of the K3 fibration g : X,,+1 = Bp—1.Egs. 6.16 and 6.17 fix
the K3 fibration structure of X, ; completely. In particular, from 6.16 and
6.3 we see that f%0%~1 € T'(M~1£5) must be a section of the trivial bundle
so M = L5 E.g., the standard embedding for the two base geometries P?
and F,, discussed in the previous section arises from F-theory on an elliptic
fibration over Fig and ]-.5‘12’6(2_”)7,,, respectively.

6.5 Bundles on singular manifolds and non-perturbative du-
alities in four dimensions

As in six dimensions, there are non-trivial non-perturbative dualities in four
dimensions implied by the local mirror construction (and corresponding du-
alities will also exist in lower dimensions). Let A} describe the polyhedron
associated to a Calabi—-Yau manifold Wy. There is a codimension two hyper-
plane H = Aj associated to an elliptically fibered K3, W5. The elliptic fiber
is described by a hyperplane A3(E) in Aj. The W, fibration of Wy describes
H bundles on a Calabi-Yau three-fold Z3 given by a projection in the di-
rection of the section of Wa. In our conventions the hyperplane is given by
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z1 = 2 = 0 and the projection is in the third direction. A non-perturbative
dual in four dimensions exists if 7) there is a second codimension two hyper-
~ plane H' that describes an elliptically fibered K3 manifold W3 with a section
and the same elliptic fiber E as Wy: H NH' = Aj(E); ii) the projection
in the direction of the section of W} results in a reflexive polyhedron for a
Calabi-Yau three-fold Zj.

We hayve:

(tt1) Let the heterotic string be compactified on a Calabi-Yau three-
fold with G' singularity and with a certain gauge background with struc-
ture group H such that the toric data A} fulfil conditions i) and ii).
Then there exists a non-perturbatively equivalent compactification on
a Calabi-Yau manifold with G singularity and with a specific gauge
background with structure group H'.

Again H (H') is the commutant of G (G') in Eg x Fig.

Note that as in six dimensions it is very easy to describe H bundles on
Calabi-Yau manifolds with G’ singularity from our construction. If Aj is the
polyhedron associated to H bundles as in sect.3.2 and A} the polyhedron
associated to the Calabi-Yau manifold Z3 with a G singularity, we consider
polyhedra Aj that provide a convex closure of the vertices

(0$07 /"’L)) Hi € A;’
(pi1s Pi2, Qi) Py Pi5), Pi € A (6.18)

with a; integers that determine the topological data of the bundle. As a
simple example consider a theory with a smooth Eg x Eg bundle on a Calabi-
Yau manifold 7 : Z3 — Fy with an A; X A; singularity in the elliptic fibration.
The polyhedron is given by

A=A uad (6.19)

0

where we use the same notation as in sect.5. Explicitly, we have

A = convex hull {(0,0,+1,2,3),(0,0,0,~1,0),(0,0,0,0,—1)},
(6.20)
A {convex hull(+1,0,0,2,3), (0,%1,0,2,3), (0, £1,0, 1, 2)}
Zs (0,0,0,—-1,0),(0,0,0,0,—1)

These data correspond to a toric Calabi-Yau manifold with h1(6R!) =
6(0), K2 = 0, h13(6R13) = 2130(0) and x = 12864 = 0 mod 24. Note that
we have three non-perturbatively equivalent theories corresponding to a K3



P. BERGLUND, P. MAYR 1353

fiber given by z, = zp = 0 and a projection to a Calabi~Yau manifold Z3 in
the ¢ direction:

e (a,b,c) =(1,2,3): An H = Eg x Eg bundle on an elliptically fibered
Calabi-Yau 7 : Z3 — Fy with A; x A; singularity;

e (a,b,c) =(1,3,2): An H = E; X E; bundle on an elliptically fibered
Calabi-Yau 7 : Z3 — F( without singularity;

e (a,b,c) =(2,3,1): An H = Eg x Eg bundle on an elliptically fibered
Calabi-Yau 7 : Z3 — Fy with A; x A; singularity.

One also easily can construct dualities where all three theories are on dif-
ferent Calabi~Yau manifolds, and moreover such that the latter are fibered
over bases F,, with different n.

7 Phenomenological N = 1d = 4 F-theory/heterotic
Vacua

Let us finally apply our framework to construct dual pairs of F-theory /heterotic
vacua with phenomenologically interesting gauge bundles. In particular, we
will consider SU(N) bundles in one Eg factor for 1 < N < 6 on elliptically
fibered Calabi-Yau three-folds with bases By = P2 or F,, corresponding to
unbroken gauge groups Eg, E7, Eg, SO(10), SU(5) and SU(3) x SU(2)%.

7.1 Moduli and Spectra of the Four-dimensional Theories

The moduli of F-theory on Calabi—Yau 4-folds and the heterotic string dual
on Calabi-Yau 3-fold appear in several ways in the different formulations
according to whether they arise geometrically or non-geometrically, pertur-
batively or non-perturbatively.

The perturbative moduli of the heterotic string are

i) the complex structure of Zs,
i1) the Kahler structure of Z3,
i11) the moduli of the ”spectral cover” C,

21Note that these gauge groups can be further broken by the non-geometric moduli.
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iv) the moduli of a line bundle £ on the resolved fiber product C X, Z3.

Clearly, 7) and i) correspond to the complex structure of Wy. There is
one further complex structure modulus of Wy that we lost in the local mirror
limit. It is related to the Kahler class of the heterotic elliptic fiber.

The moduli 7v) should be identified with instanton bundles on coincid-
ing seven branes [10]. Note that an instanton inside a seven brane corre-
sponds to an Euclidean three-brane wrapped on the interior part of the
seven brane [50].The specification of £ includes the behavior on the excep-
tional divisors of the resolution of the fiber product C xp, Z3. Moreover,
continuous moduli arise from non-trivial elements in H(C). They corre-
spond to elements in H»?(WW,) [8]. In addition one can twist the Jacobian
HY2(Wy,R)/HY? (W4, Z) by elements in H?2(X4,Z) [8, 64]. This twisting
contributes to the gravitational anomaly [51], as has been discovered in the
M-theory context in terms of four-form flux [52].The equivalent contribution
in F-theory arises from the instanton bundle in the seven brane due to the
world-sheet couplings[53].

Non-perturbative gauge symmetries )
As for the remaining Kihler moduli of Z3, the h''(B;) moduli in the base
maps to the same moduli in F-theory, since the base is common to both
theories in the compactification from eight dimensions. We are left with the
Kéahler moduli of Z3 that arise neither from the base B nor from the ellipitc
fiber, that is reducible fibers from singularities of the elliptic fibration. We
will now argue that they are equivalent to deformations of non-perturbative
gauge dynamics of the heterotic string.

Let us first consider a simple case, where we have a non-perturbative
gauge symmetry G in the F-theory manifold Wy from a G singularity in the
elliptic fibration over a divisor D with codimension one in the base By. The
singularity can be described in the Weierstrass form 5.12 in terms of the
vanishing of the coefficients a;. As argued in sect.5.4, if D is toric, then the
vanishing conditions on the a; are shared by the polynomial py specifying
the heterotic manifold; that is, Z3 has (at least) a G singularity. The Kahler
blow up of this singularity in Z3 can not correspond to a similar blow up in
Wy, since in the F-theory limit these moduli are frozen to zero. However,
there are other natural moduli associated to the G singularity in Wy, namely
the moduli of a non-trivial instanton bundle on the coinciding seven branes
associated to the singularity over D. They are the only possible candidates
for the dual of the heterotic moduli. Note that since the heterotic non-
perturbative gauge symmetry G is associated to the singular geometry, we
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indeed expect that the blow up moduli are charged with respect to G and
can be used to break the gauge symmetry.

In the reverse direction we can argue as follows. Assume we have a
smooth Eg x Eg bundle on an elliptic fibration Z3 with a singularity G over
a curve C in By. From the above identifications there are no perturbative
moduli available in the F-theory which could correspond to the Kéhler blow
up of G in Z3. The only moduli that are not ruled out by the perturbative
argument are moduli from instantons on coinciding seven branes on a "non-
perturbative” divisor D.

There is another possible scenario starting from the singular heterotic
manifold in a case where there are no moduli from instantons on coinciding
seven branes associated to non-perturbative gauge symmetries: there is an
obstruction to blow up in the heterotic theory. This is reminiscent of a
similar situation in the formulation of heterotic compactifications in terms
of linear sigma models, where it can happen that one cannot extend a gauge
background defined on the singular manifold to another one on the resolved
manifold within this framework [54].

Non-perturbative five-branes

To complete our dictionary, there are two further types of moduli of non-
perturbative origin in the heterotic theory. Firstly, there are hé’é = hb1(B3)-
h11(B3) moduli of the F-theory manifold that have no correspondence in the
perturbative heterotic theory. From the analogy to five-branes in six dimen-
sio ns they give rise to non-perturbative tensor multiplets in four dimensions
associated to non-critical strings in the four-dimensional theory??. A toric
vertex v associated to h;’é is one of the type a') specified in sect.6.1 and the
divisor (curve) in Bj asspciated to v is the supersymmetric 2-cycle on which
the five brane is wrapped. This is clear in the case of By = F, which can be
considered as a compactification of a six-dimensional theory on the base P!
of Fp,. The six-dimensional tensor multiplet gives rise to an antisymmetric
tensor By, and a scalar ¢ in four dimensions which combine to an N =1
linear multiplet. Secondly, if the instanton bundle does not balance the grav-
itational anomaly associated to the curvature of Z3, there are additional five
branes wrapped on the elliptic fiber Eg of Z3[8]. There is a U(1) field and
three complex scalars associated to the five brane, which specify a position
on By and a Wilson line on Fy. They correspond to the positions of a D3
brane on Bj in the F-theory context?3.

*23uch strings have been suggested as a new mechanism for low energy supersymmetry
breaking in [46].

3In the M-theory picture, apart from the contribution from four-flux on H*?(W,) and
membranes filling space-time, there appears to be a further contribution to the gravita-
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Non-perturbative gauge symmetries from non-toric bases

Another non-perturbative effect arises from elements h!?(B3) which give rise
to vector multiplets in four dimensions. This can be argued from considering
a compactification on S and comparison with M-theory, which leads to the
following contribution of the hodge numbers of Wy to the four-dimensional
fields [48]%*

ny = (R (W) —hV(Bs) — 1) + hM2(By)
ng = RUN(Bs)+ (RA(Wa) —hV(Bs)) + A3 (Wa) . (7.1)

I

In our case, since Bs is toric, A1"?(B3;) = 0 and there are no contributions
from h12(W}) to vector multiplets. In the toric framework that we use these
hodge numbers can be determined from the toric polyhedra A7 and As using
Batyrevs formula [57].

B = HA) - (n+2) - Y 1Y)+ D LEE)

codimf*=1 codim@*=i+1
+6" 1 (1(A) - (n+2) - co&%ﬂ 1)) - (7.2)

Here 6 denotes a face of A, 8* the dual face and moreover [ and I’ are the
number of total and interior points of a face, respectively.

7.2 Fibrations over P2

Consider the case where the heterotic manifold is given by a fibration over
P2. The compactification is specified by the choice of N for the SU(N)
gauge bundle together with the integer k that determines the base of the
elliptic F-theory fibration Fi. The requirement that the singularities in the
ellipitic fibration are not worse than Eg implies

k| < 18. (7.3)

Note that this constraint gives a bound on the class ¢;(N) as can be seen
from 6.14. We will discover a similar bound for non-trivial structure groups
in a moment.

As in six dimensions, the number k¥ determines how the total Chern
class c2(V) = c2(V1) + c2(V2) + [W] = ¢2(T'Z) of the gauge background is
distributed among the Ej factors. Here [W] is the class of the fivebranes that

tional anomaly from five branes wrapped around 3-cycles in Wy [46].
24See also ref.[55]
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are wrapped around the elliptic fiber [8] and are needed to ensure tadpole
cancelations [9].

The starting point for type ITA manifolds Wy is the polyhedron A% de-
scribed in eq.6.10. In this convention, k¥ = 18 corresponds to a configuration
near the standard embedding with the non-trivial gauge background embed-
ded completely in one Ejg factor. Since the bundle in the second Ejg factor
is trivial, we expect a gauge group Gy x Eg with Gy the commutant of
SU(N) in Eg and the extra Eg factor arising from the second Eg. More
generally, similar situations arise for large k < 18 as a reflection of the fact
that maximal breaking associated to the gauge background embedded in the
second Eg with fixed Chern classes terminates at a non-trivial extra gauge
group G® c Eg (ingoring extra breaking due to non-geometric Higgs mod-
uli). The gauge groups G(?) and the extra vertices y; which we add to A%
to describe the toric resolution of the associated singularities are shown in
Table 7.

Similarly if k£ is small, the “instanton number” in the first Eg bundle
might not be sufficient to support the SU(N) bundle for large N. This gives
a restriction on possible combinations of N and k. In Table B.1 In other
words, there is a lower bound on = ¢;(N) for a given structure group
SU(N).

In Table B.1 we collect the geometric data that enter the spectrum of the
heterotic compactifications?®. In particular we observe, that for a structure
group H = SU(N), we need k > 3N which means in view of 6.14 that

n=ci(N) 2 Ney(L) . (7.4)
k G? Wi
4 Al (0)0)1’2)3)7 (0)0)1)1)2)
56 | Ga (0,0,2,2,3)
7,8,9 | Fy (0,0,3,2,3)
10,11,12 | E; |(0,0,4,2,3), (0,0,3,1,2), (0,0,2,0,1), (0,0,1,0,0)
13,...,18 | Es (0,0,6,2,3)

Table 7: Singularities and toric resolution for B(?) = P2

The spectrum as determined by 7.1 is as follows: the vector multiplets
follow from the gauge group Gy X G?). In many cases, for N = 1 there is an

2*Note that there is an irrelevant sign switch in our notation of k as compared to sect.
6.3.
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extra SU(2) factor of the same origin as in the discussion of Higgs branches
in six dimensions that explains the exceed of one in A!!. The hodge number
h12, which is expected to agree with the genus of the spectral cover, can be
quite large for the manifolds under consideration.

7.3 Fibrations over F, using Deformation of the Standard
Embedding

Let us now consider the case with Z3 an elliptic fibration over By = F,,.
Requiring as before that the singularities of the ellipitc fibration are not
worse than Fg one obtains the restriction

k| <12, —(12+n(6+k) < m <12+n(6—k), (7.5)

which again defines a lower bound on ¢; (N) in 6.14. We will consider only the
case close to the standard embedding with the gauge background embedded
in the SU(N) bundle of a single Eg factor, corresponding to k¥ = 12 and
m = 12 — 6n.

The case By = F, is different from the B, = P2 models discussed above
in that for |n| > 3, the elliptic fibration over B, will have unavoidably singu-
larities. Moreover the possible intersections of these singularities with those
describing the perturbative gauge symmetries will lead to extra singularities
above these intersections that need to be resolved in the Calabi-Yau four-fold
Wy. In general this requires a case by case study of the actual singularities
and their intersections. However we can give quite a canonical description
for the following interesting combinations of n and N: ¢) the trivial SU(1)
bundle for all n; 7¢) SU(N) bundles for |n| < 6.

Let us first consider the singularities associated to large |n|, in a het-
erotic compactification on the trivial SU(1) bundle. The toric resolution of
singularities in Wy is described by adding the following vertices 7* to Aj in
6.10:
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n 7
—12,...,-9| (0,—6,42,2,3)

-8,—7 (0,—4,30,2,3)
—6,-5 (0,-3,24,2,3)

—4 (0,-2,18,2,3)

-3 (0,-1,8,2,3)
—2,...,2 -

3 (0,1, -4,2,3)

4 (0,2,-6,2,3)

5,6 (0,3,-12,2,3)

7,8 (0,4, 18,2, 3)

9,...,12 (0,6,-30,2,3)

Table 8: Toric resolution for a trivial bundle on the fibration 7 : Z3 — F,.

Taking the convex hull of these vertices leads to Calabi-Yau four-folds
with the topological properties?® collected in Table B.2. For k > 2 there are
additional non-perturbative degrees of freedom that contribute to hl!:

n=-3 : np=4, Gpp=2SU(2),
n=-4 : nh=6, Gy =SU(2)? x G, (7.6)
n=-5-6 : np=10, Gy = SU(2)* x G} x Fy,

Note that these spectra are precisely what we expect from k£ = 4,6, 8 small
Ejg instantons on Ejg singularity, respectively.

For N > 1 a toric resolution of the intersections of singularities can be
described by further adding the vertices p to Aj:

n p

—6,-5 (0,-1,4,2,3)

—4 (0,-1,6,2,3)
-3,...,3 -

4 0,1,-6,2,3)

5,6 (0,1,-8,2,3)

Table 9: Toric resolution for SU(N) bundles on the fibration 7 : Z3 — F,,.

The topological data for these cases are collected in Table B.3.27

?The Calabi-Yau manifolds associated to the polyhedra A} as defined above have
identical hodge numbers for n and —n and we can therefore restrict to one sign for n.

*"For |n| = 4 and N = 2 we have omitted the vertex p, since addition of the vertices 7*
provides already a valid resolution.
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The non-perturbative degrees of freedom contributing to A1! are

n="8 : nph=14, Gnp=SU(2) x SU(2)? x G3 x Fy ,
n=9,...,12 : nh =22 Gup = SU(2) x SU(2)* x G5 x F% x E{7.7)

These spectra are almost identical to what we expect from & = 9,10
small Fg instantons on an FEjg singularity, respectively. We interpret the
modifications as deformations of these configurations.

8 Conclusions

We have seen how mirror symmetry can be used to define vector bundles on
Calabi-Yau n-folds Z,, and implies F-theory /heterotic duality at the classical
level. In particular the construction allows for a very systematic identifica-
tion of a dual pair realized in toric geometry, consisting of a Calabi-Yau
n + 1-fold W, 4 for F-theory compactification and a Calabi-Yau n-fold Z,
together with a family of vector bundles on it defining a heterotic theory.
While the construction proves F-theory/heterotic duality at the classical
level, we would really like to go on to a comparison of quantum corrected
properties, both to verify duality at the quantum level and also to calculate
quantities that are difficult to access in one of the two theories, assuming
duality. There are two obvious candidates for quantum corrected quantities
accessible by the geometric framework. Firstly, we can use mirror symme-
try to compute correlation functions of two-dimensional topological sigma
models[58] and compare to correlators in the space time theory. The general
framework of mirror symmetry of Calabi-Yau n-folds has been developped
in [59] and has been implemented into toric geometry in [46], with an identi-
fication of the relevant correlators in M-theory?3.In general the correlators as
computed by the topological sigma model are further modified by quantum
corrections that do not arise from Euclidean fundamental string world-sheet
wrappings. However, favorable situations in which these extra corrections
are absent should exist and could be used for a comparison of heterotic and
F-theory moduli spaces at the quantum level?®.

A second important quantity of the four-dimensional NV = 1 theory is
its superpotential for the moduli fields. In M-theory compactified on Wy to

%8For a relation to space time quantities in the two dimensional type IIA compactifica-
tion, see[60].

29 An interesting comparison of quantum corrected correlators in eight dimensions ap-
peared in [61].
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three dimensions, the superpotential arises from Euclidean five-brane wrap-
pings on six-cycles D with special topological properties [62], with an in-
stanton action proportional to the volume V(D) of D. For smooth D the
condition is that its arithmetic genus x(D) is equal to one. This framework
has been used in [63] to calculate the superpotential of N = 1 field theories
and their compactifications to three dimensions. In the toric Calabi-Yau
manifolds used in the present paper, the divisors D, x(D) and V(D) can be
systematically determined from intersection calculus [46]. It would be very
interesting to apply and extend these toric methods in phenomenologically
interesting NV = 1 d = 4 theories constructed in this paper.
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part by the Natural Science Foundation under Grant No. PHY94-07194.
P.B. would also like to acknowledge the Aspen Center for Physics and LBL,
Berkeley for hospitality during the course of this work.

Appendix A. The Local Mirror Limit

To justify the limit 2.4 we have to show that it corresponds to the image
in complex structure of the local limit in K&hler moduli space under the
action of mirror symmetry. To decouple the Kahler deformations of the
local resolution of an H singularity in the elliptic fibration over a point
z = 0 on the base P!, we require first an infinite volume for the base and
then concentrate on the flat local neighborhood of z = 0.

The Kahler moduli ¢,, 7 = 1,...,hb! measure the volumes of holomor-
phic curves in M,; with the volume form given by the Kahler form. In
toric geometry, a non-trivial homology class corresponds to a linear relation
1(r) between the vertices v; of the polyhedron A Mpi1'

Sy =0. (A1)

)

In the absence of non-toric deformations there are hl+! relations of this type.
The specific choice of a basis of such linear relations which generates the
Kahler cone is provided by the so-called Mori vectors.

Let us consider n = 1, the case n > 1 being completely analogous. For
the K3 manifolds described in sect 3.2, the vertices v; can be divided into
three groups Ny, ¥ € {0,+, —} according to the sign of the first entry. The
vertices with a zero entry form the polyhedron Ag of the elliptic fiber, while
the vertices with positive (negative) first entry correspond to the resolution
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of a singularity H; (H2) at z = 0 (z = o), except for vy and 7. The
volumes of the generic elliptic fiber £ and the base B correspond to the
linear relations

IB) . _6eg+2es+3es+f1=0, 1B : p+5—21=0, (A2)

where €9 = (0,0,0) is the single interior point of the polyhedron A, and
the coefficient of e is determined by the fact that the vertices v; are in fact
a short-hand notation for four-dimensional vertices in the hyperplane z¢ = 1
of a four-dimensional integral lattice A4 [17] .

The linear relation I(3) determines a holomorphic curve Cg which is
isomorphic to the base of the elliptic fibration of M. The local limit in
Kahler moduli is thus given by tg — 700, where tp is the flat coordinate at
large radius whose imaginary part measures the size of the base B.

In the K3 manifold M, a vertex v; of Ap, corresponds to a divisor
D; : x; = 0 in M, where x; are the Batyrev-Cox variables used in the
definition of the hyperplane as in 3.1. In particular, Cg C M, is given by
zf, = 0. There are further linear relations, or equivalently Kahler classes,
1(+7) | which are associated to the resolution of the singularities H;. They
involve only vertices in Ny and N, . Similarly there is another set of linear
relations (=) involving vertices in Ny U N_ associated to the resolution
of the H_ singularity. In terms of the mirror manifold W, the vertices v;
correspond to deformations of the defining equation in 3.1. In particular a
vertex v; C Ny corresponds to a monomial in py in 2.3. To find the limit
in complex structure corresponding to tg — 700 we need also the action of
mirror symmetry on the moduli space, or said differently the map between
Kéhler moduli of My and complex structure moduli of Ws. In the large
radius/large complex structure limit it is given in terms of the so-called
algebraic coordinates z, by

(r)

1 l
tr = Er-z:lnzr, Zr = 1;[ai' , (A.3)

where a; are the parameters for the complex structure related to the vertex
v; as defined in 3.1.

We are now ready to establish the validity of 2.4. We are searching for
a limit a; — ea; of the parameters a; in 3.1, defined by the exponents \;,
which corresponds to tg — ico for € — 0, while keeping all the other Kahler
moduli fixed. From A.3 it follows that A; = Zj ¢ v; j leaves all 2, invariant,
with »; ; denoting the j-th entry of the vertex v; and ¢’ constants. However
there is another solution for the A; that leaves invariant the z4 , as well as zg,
namely as; — e’\E»iag,i with A ; = cgv;1 parametrized by three constants
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cx, of which ¢y is irrelevant. The only two classes of inequivalent solutions for
the constants cy,c_ that are compatible with zg — 0, are c}F =1,c =0

or c},_ =0, ¢t = —1. The first entry v;1 determines also the v power of
1 *) i . . . .

the monomial []; :cj+(y’ v multiplying a;. So z;, will be independent of

€ — 0 precisely if A} ; is proportional to the v power of the monomial that

multiplies a4 ;. Therefore the two solutions are precisely the two patches of

the local mirror limit in 2.4, in agreement with our assertion.

For the higher-dimensional case, we can similarly split the vertices v;
according to the sign of the n-th entry v;,, whicha gain determines the
power of v of the monomial associated to v; in the mirror polynomial pa=.
The rest follows from the above n = 1 case.
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Appendix B. Topological Data for The Manifolds in Sect.7

The following tables specify the topological data for the elliptic fibrations
above the bases f‘k and f‘k’m,n described in section 7. The hodge numbers
are given in the first line in the form (h};}l,l,hl’z, h;i’l‘a), where as before
Shl* denotes the number of Al* deformations that are frozen in the toric

model. The second line denotes the Euler number x and (x mod 24).

SUL SUs, SUs SU4 SUs SUs
k=—18 GA=sUy

(110,0,309890)
186048 (0)

k=—17 G =sU,
(120,0,28348)
170208 (0)

k=-16 G =50,
(120,0,258280)
155088 (0)

k=—15 G =51,
(120,1,234299)
140688 (0)

k=—14 G =51
(120,3,21151)
127008 (0)

k=-13 G@=sU;
(120,6,18994¢)
114048 (0)

k=—12 G =5U;
(120,10,169580) (100,0,16959)
101808 (0) 101862 (6)

k=—11 G =5t
(120,15,150430) (100,0,15046¢)
90288 (0) 90384 (0)

k=—10 G =50
(120,21,13249) (100,0,132550)
79488 (0) 79638 (6)
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SU; SU, SU3 SU4 SUs SUsg
k=-9 G =8U,
(120,28,11576¢) (100,0,115860) (90,0,115870)
69408 (0) 69624 (0) 69624 (0)
k=-8 G =8U,
(120,36,100240) (100,0,100390) (90,0,10042)
60048 (0) 60342 (6) 60354 (18)
k=-7 G =8,
(120,45,85930)  (100,0,86140)  (99,0,86200)
51408 (0) 51792 (0) 51822 (6)
k=—6 G =8U;
(120,55,72830)  (100,0,7311¢)  (90,0,73210) (80,0,73220)
43488 (0) 43974 (6) 44028 (12) 44028 (12)
k=-5 G =50,
(120,66,6094p)  (100,0,61300)  (90,0,61450) (80,0,61480)
36288 (0) 36888 (0) 36972 (12) 36984 (0)
k=—4 GR=sU;
(120,78,50260)  (100,0,50710)  (90,0,50920) (80,0,50980)
29808 (0) 30534 (6) 30654 (6) 30684 (12)
k=-3 G =8Uy
(120,91,40790)  (100,0,41349)  (90,0,41620) (80,0,41720) (70,0,41730)
24048 (0) 24912 (0) 25074 (18) 25128 (0) 25128 (0)
k=-2 G =8U;
(120,105,32530) (100,0,33190)  (90,0,33550) (80,0,33700) (70,0,33730)
19008 (0) 20022 (6) 20232 (0) 20316 (12) 20328 (0)
k=—1 G =sU;
(120,120,25480) (100,0,26260)  (90,0,26710) (80,0,26920) (70,0,26980)
14688 (0) 15864 (0) 16128 (0) 16248 (0) 16278 (6)
k=0 G@=sU;
(120,136,19640)  (100,0,20550)  (90,0,21100) (80,0,21380) (70,0,21480) (60,0,2149¢)
11088 (0) 12438 (6) 12762 (18) 12924 (12) 12978 (18) 12978 (18)
k=1 G =51,
(120,153,15010) (100,0,16060) (90,0,16720) (80,0,17080) (70,0,17230) (60,0,1726¢)
8208 (0) 9744 (0) 10134 (6) 10344 (0) 10428 (12) 10440 (0)
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SUy SUs SUs SUy SUs SUs
k=2 G =s5U;
(120,171,11590) (100,0,1279) (90,0,13570) (80,0,14020) (70,0,1423¢)  (60,0,1429)
6048 (0) 7782 (6) 8244 (12) 8508 (12) 8628 (12) 8658 (18)
k=3 G =5U;
(120,191,9390) (100,1,10750) (90,1,11660) (80,1,12210)  (70,1,12499) (60,1,12590)
4608 (0) 6552 (0) 7092 (12) 7416 (0) 7578 (18) 7632 (0)
k=4 G =5U,
(130,210,8280)  (110,0,981¢) (100,0,10860) (90,0,11520) (80,0,11880) (70,0,1203¢)
3834 (18) 6000 (0) 6624 (0) 7014 (6) 7224 (0) 7308 (12)
k=5 G2 =G,
(140,231,7730)  (120,0,9440) (110,0,10649) (100,0,11420) (90,0,11870) (80,0,12080)
3384 (0) 5784 (0) 6498 (18) 6960 (0) 7224 (0) 7344 (0)
k=6 G =@G,
(162,253,7450)  (142,0,9350) (132,0,1071p) (122,0,11620) (112,0,1217p) (102,0,12450)
3096 (0) 5742 (6) 6552 (0) 7092 (12) 7416 (0) 7578 (18)
k=7 G =F,
(160,276,7360)  (140,0,9460) (130,0,1099) (120,0,12049) (110,0,12705) (100,0,13060)
2904 (0) 5808 (0) 6720 (0) 7344 (0) 7734 (6) 7944 (0)
k=8 G =Fy
(160,300,7360)  (140,0,9670) (130,0,11380) (120,0,12580) (110,0,13360) (100,0,13810)
2760 (0) 5934 (6) 6954 (18) 7668 (12) 8130 (18) 8394 (18)
k=9 G =Fy
(182,325,7430)  (162,0,9960) (152,0,11860) (142,0,13220) (132,0,1413¢) (122,0,1468)
2664 (0) 6120 (0) 7254 (6) 8064 (0) 8604 (12) 8928 (0)
k=10 G =E,
(190,351,7570)  (170,0,10330) (160,0,12439) (150,0,13960) (140,0,1501p) (130,0,15670)
2598 (6) 6348 (12) 7602 (18) 8514 (18) 9138 (18) 9528 (0)
k=11 G =g,
(190,378,7750)  (170,0,10750) (160,0,13060) (150,0,14770) (140,0,15970) (130,0,16750)
2544 (0) 6600 (0) 7980 (12) 9000 (0) 9714 (18) 10176 (0)
k=12 G =Ey
(190,406,7960)  (170,0,11210) (160,0,13740) (150,0,15640) (140,0,17000) (130,0,17910)
2502 (6) 6876 (12) 8388 (12) 9522 (18) 10332 (12) 10872 (0)
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sU, SU; SUs SU4 SUs SUs
k=13 G =Egx U,
(210,441,8200) (190,6,11719) (180,6,14470) (170,6,16570) (160,6,18100) (150,6,19150)
2448 (0) 7152 (0) 8802 (18) 10056 (0) 10968 (0) 11592 (0)
k=14 G =EgxSU;
(210,468,8479) (190,3,12250) (180,3,15250) (170,3,17560) (160,3,19270) (150,3,20470)
2448 (0) 7494 (6) 9288 (0) 10668 (12) 11688 (0) 12402 (18)
k=15 G =Egx U,
(210,497,8760) (190,1,12820) (180,1,16070) (170,1,18600) (160,1,20500) (150,1,21860)
2448 (0) 7848 (0) 9792 (0) 11304 (0) 12438 (6) 13248 (0)
k=16 G =Egx SU,
(210,528,9070) (190,0,13420) (180,0,16930) (170,0,19690) (160,0,2179) (150,0,23320)
2448 (0) 8214 (6) 10314 (18) 11964 (12) 13218 (18) 14130 (18)
k=17 G =Egx SU,
(210,561,9400) (190,0,14050) (180,0,1783¢) (170,0,20830) (160,0,23149) (150,0,2485¢)
2448 (0) 8592 (0) 10854 (6) 12648 (0) 14028 (12) 15048 (0)
' k=18 G =E;4
(200,595,9750) (180,0,14710) (170,0,18770) (160,0,22020) (150,0,24550) (140,0,26450)
2448 (0) 8982 (6) 11412 (12) 13356 (12) 14868 (12) 16002 (18)

Table B.1: Topological data for the elliptic fibrations over ¥, dual to SU(N)
bundles on elliptic fibrations Z3 — P2 as described in sect.7.2.

n="7 n=8 n=9 n=10 n=11 n=12
(510,763,12520) (510,827,1352¢) (720,886,1454¢) (720,950,15580) (720,1014,1662¢) (731,1079,1766¢)
3288 (0) 3504 (0) 3888 (0) 4128 (0) 4368 (0) 4608 (0)

Table B.2: Topological data for the elliptic fibrations over ]‘5"12,12_6”,,,, dual to
SU(1) bundles on elliptic fibrations Z3 — F,, as described in sect.7.3.
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SUy SU, SU; SU;, SUs SUs
n=-=6 G =Ey
(416,707,11540) (390,2,173%) (380,2,22120) (370,2,25810) (360,2,28540) (350,2,30390)
2976 (0) 10704 (0) 13536 (0) 15744 (0) 17376 (0) 18480 (0)
n=-5 G =F4
(410,645,10600) (390,0,15930) (380,0,20220) (370,0,23550) (360,0,26000) (350,0,27650)
2784 (0) 9840 (0) 12408 (0) 14400 (0) 15864 (0) 16848 (0)
n=—4 G =F,4
(310,597,9740)  (280,2,14700) (280,2,18720) (270,2,21910) (260,2,24349) (250,2,2609)
2496 (0) 9024 (0) 11436 (12) 13344 (0) 14796 (12) 15840 (0)
n=-3 GR)=Eg
(260,552,9020)  (240,1,13610) (230,1,17360) (220,1,20350) (210,1,22660) (200,1,24370)
2304 (0) 8352 (0) 10596 (12) 12384 (0) 13764 (12) 14784 (0)
n=-2 G@®=Es .
(210,529,8681)  (190,0,1309;) (180,0,16701) (170,0,1959;) (160,0,2184;) (150,0,2353;)
2208 (0) 8016 (0) 10176 (0) 11904 (0) 13248 (0) 14256 (0)
n=-1 G =Fg
(210,529,8680) (190,0,13090) (180,0,16700) (170,0,19590) (160,0,2184¢) (150,0,23530)
2208 (0) 8016 (0) 10176 (0) 11904 (0) 13248 (0) 14256 (0)
n=0 G =E,
(210,529,8680)  (190,0,13090) (180,0,16700) (170,0,19590) (160,0,21845) (150,0,23530)
2208 (0) 8016 (0) 10176 (0) 11904 (0) 13248 (0) 14256 (0)

Table B.3: Topological data for the elliptic fibrations over ﬁ12,12—6n,n dual to
SU(N) bundles on elliptic fibrations Z3 — F,, as described in sect.7.3.
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