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0. Introduction.

Spencer cohomology of a Z-graded Lie algebra g = ®;>_1g; of depth 1
is an important tool for the study of deformations of geometric structures
on a manifold [S], [GS], [SS], [KN]. It works best, however, when the cor-
responding transitive pseudogroup of transformations is irreducible, i.e. ad-
mits no invariant differential systems, integrable or not. In the primitive
(but reducible) case, i.e. when there are no integrable differential systems,
it is natural to pick a minimal invariant (non-integrable) differential system,
which leads to Z-graded Lie algebras of depth h > 1 [W]: g = @®;j>—ng;. This
brings us to the generalized Spencer cohomology (Section 1).

The present paper is a part of the program of classification, up to formal
equivalence, of simple infinite-dimensional Lie superalgebras of vector fields
on a finite-dimensional supermanifold [K3]. Like in the Lie algebra case,
an important ingredient in this classification is the description of all simple

filtered deformations of a given graded Lie superalgebras cf. [SS], [KN], [W],
[G].

Let L be a linearly compact Lie (super)algebra, that is a complete topo-
logical Lie (super)algebra, which admits a fundamental system of neigh-
borhoods of 0 consisting of subspaces of finite codimension. (The formal
completion of a Lie (super)algebra o f vector fields on a finite-dimensional
(super)manifold X at a neighborhood of a point of X is of this kind.) Pro-
vided that L is simple (i.e. has no non-trivial closed ideals), one can construct
a filtration of L by open (and hence closed) subspac es

L=L_hDL_h+1D"'DLoDLlD"',

such that the associated graded Lie (super)algebra GrL = @72_,g;, g; =
L;/Ljt1, of depth h has the properties [W]:

(GO) dimg; < oo,

(Gl) g_j =g, for j > 1,

(G2) if a € gj, j > 0, then [a,g_4] = 0 implies that a =0,

(G3) the representation of gy on g_, is irreducible.

In the Lie algebra case such a filtration is unique, provided that dimL =
oo [G], and it is not too hard to classify all Z-graded Lie algebras satisfying
properties (G0)—(G3) (see [K1] or [G]). However, in the Lie superalgebra
case there ar e many such filtrations and it is all but impossible to classify
all Z-graded Lie superalgebras satisfying (G0)-(G3). The basic idea of [K3]
is to choose a “maximally even” Lg; then the representation of gy on g_;
satisfies much more s evere restrictions than (G3) (cf. [G]), which makes it
possible to classify such Z-graded Lie superalgebras.
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The next step is to describe, for each Z-graded Lie (super)algebra g of
the obtained list, all simple filtered deformations of g, i.e. all simple linearly
compact Lie (super)algebras L such that GrL = g. Of course, if g is a simple
Z-graded Lie (super)algebra, then its completion g in topology defined by the
fundamental system g(x) = @i>k8i, k € Z, is a simple filtered deformation,
called the trivial filtered deformation. It is easy to show (cf. Corollary 2.2)
that if gy contains a non-zero central element, then g has only a trivial
deformation.

In the Lie algebra case the only remaining examples are the two series
of Z-graded Lie algebras of depth 1, which consist of divergence free and
Hamiltonian vector fields with polynomial coefficients. In these two cases
one can either use the classi cal Spencer cohomology as in [SS], [KN], or
some more “pedestrian” arguments, as in [W], [K2], [K3], to show that all
filtered deformations are trivial.

However, in the Lie superalgebra case there are many more cases of
Z-graded Lie superalgebras, and only for some of them the “pedestrian”
arguments work (cf. [K3]). Also, we do not have at our disposal a Serre
type vanishing theorem for Spencer coho mology as in the Lie algebra case
(cf. [KN]). Moreover, there are several series of Z-graded Lie superalgebras
of depth h > 2 to which the classical Spencer cohomology is not applicable.

The aim of the present paper is to show how to resolve these difficulties.
In Section 1 we introduce generalized Spencer cohomology, which is applica-
ble to graded Lie superalgebras of arbitrary depth h. In Section 2 we show
that filtered deforma tions are described by the invariant Spencer 2-cocycles,
provided that g is an almost full prolongation. We introduce the latter notion
since, unlike in the Lie algebra case, not all Z-graded algebras in question are
full prolongations (mea ning that the first Spencer cohomology is trivial),
but all, except for one of them, happen to be almost full prolongations.

After describing in Section 3 all examples of Z-graded Lie superalgebras
determination of whose filtered deformations was left out in [K3], we apply to
them in Section 4 the techniques developed in Section 2. We find that, unlike
in the Lie algebra ca se, there are three series of Z-graded Lie superalgebras
that do admit a (unique) non-trivial filtered deformation (Theorems 5.1 and
5.2), and the rest do not (Theorems 4.1-4.4). Note that one of these filtered
deformations was discovered by Kotchetk off [Ko], and that the two filtered
deformations discovered in this paper are isomorphic.

We would like to thank Yuri Kotchetkoff for very useful correspondence.

All vector spaces, algebras and tensor products in this paper are consid-
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ered over the field C of complex numbers.

1. Generalized Spencer cohomology.

Let g = @72 _,g; be a Lie superalgebra with a Z-gradation (compatible
with its Zp-gradation) of finite depth h, where h is a positive integer. We
have [g;, g;] C 9,1, and we shall always assume that dim G; < oo for all
J=—h

Set g_ = GBj_:l_ »9;- Obviously g_ is a (finite-dimensional) subalgebra of
g and hence g_ acts on g via the adjoint representation, so that we may
consider H*(g_;g), the cohomology groups of g_ with coefficients in it s
adjoint representation in g. Recall (see e.g. [F]) that the space of cochains is

C*(g-;0) =A"(g9-) ®g,
where the exterior product A* is understood in the usual super sense. The

space of the j-cochains (j € Z,) is then
Ci(g_;8) = B—15i,5is>i;>-h(85 A o Ag) ®g,

on which the coboundary operator d acts as (p+¢ =7+ 1)

(dC)(:Cl,- Tpy Y1, :yq) =
Z (_1)s+t_lc([xs;xt])$1; o ;:i's; T ):%t’ oy Tpy Y1, ;yq)

1<s<t<p

+ZZ £L'1, ):i‘s;'“7$p>[x87yt]>y1>'”:gt:.”:yq))
s=1t=1 '

+ Z [ysyyt] Ty, )mp)yla"'ag.s‘)'")gt)"'ayq)
1<s<t<q

p
+ Z(—l)s[xhc(wla e )i"sa s Tpy Yl ;yq)]

q
+(_1)p—1 Z[ysa C(.’B]_, oy Tpy Y1, 7?8; e )yq)])
where z1,---,2p € (9_)5 and y1,- -,y € (9_);- We have then H*(g_;g) =

Kerd/Imd.

Note that C’(g_;g) is Z-graded by letting degg; = —degg} = i. This
gradation induces a Z-gradation on H?(g_;g):

Hi(g_;g) = @z HY (3_;9),
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where H"J(g_;g) denotes the I-th graded component of Hi(g_;g).

We will call the vector space H(g_; g) the (I, j)-th (generalized) Spencer
cohomology group of the Z-graded Lie superalgebra g and we will call ele-
ments in Kerd (respectively Imd) Spencer cocycles (respectivel y Spencer
coboundaries). In this paper only those H"(g_;g), for which [ > 0 will play
arole. This definition is a generalization of the classical Spencer cohomology
defined for h = 1. We would like to point out that the classical Sp encer
cohomology HP? (cf. [Sp]) would in our definition correspond to HP+9~14,

From the definition it is obvious that H*? is the subspace of
g_-invariants in g so that we have

H*(g_; g) = (g5)9-.

The Lie superalgebra g is called transitive if H¥%(g_;g) = 0 for all k¥ > 0,
ie. g is transitive if the conditions [g_,a] = 0 and a € @;>og; imply that
a=0.

Remark 1.1. The transitivity property is equivalent to (G2), provided that
(G1) holds (see Introduction).

A linear map o : g_ — g is called a derivation of g_ into g if for all
z,y € g_ we have o([z,y]) = [a(z),y] + (=1)P@PE) [z a(y)]. Evidently,
the space of all derivations derc(g_,g) is Z-graded so that we may write
derc(g_, g) = ®;czderc(g-, g);. Furthermore every element of g itself defines
a derivation of g_ into g. It follows from the definition that H*!(g_;g) =
derc(g_, g)/g so that

Hl)l(g_; g) = del'(c(g_) G)l/gl

Let g<¢ denote the subalgebra g_ & gy of g. We will say that g is a full
prolongation of g<o of degree k, if g contains all derivations of g_ into g of
degree > k. This is equivalent to saying that H"'(g_;g) = 0, for [ > k. Note
that a full prolongation of g<y of degree 1 is uniquely determined (since in
this case g; is just der(c(g_,a)j, for j > 1); in this case we shall call g the
full prolongation of g<q.

Remark 1.2. For most cases the notion of full prolongation is adequate for
the study of filtered deformations. However, in some cases, full prolongation
is too strong an assumption, and should be replaced by a weaker notion,
which we shall call an almost full prolongation. We shall take this up in the
next section after introducing filtered deformations, which turn out to be
closely related to H*2(g_; g).
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2. Preliminaries on filtered deformations.

Let L be a filtered Lie superalgebra of finite depth h, where h is a positive
integer. This means that L is a Lie superalgebra with a sequence of subspaces
(compatible with the Zo-gradation of L)

L=L p DL p41D---L1DLyDLy---DLpD---,

such that [L;, L;] C L;4;. We shall assume in this paper that dimcL;/Lj41 <
oo, for all j. The filtration in a natural way induces a topology on L. The
condition [L;, L;] C Lj;; makes L into a topological Lie superalgebra. We
will say that L is complete, if L is complete with respect to this topology.
In this paper we shall always deal with complete filtered Lie superalgebras.
Let g = @;g_hgj, where g; = L; /Lj+1, be i ts associated graded Lie super-
algebra. We let g(;) = ®;>;g;. This defines a filtration on g. The completion
of g with respect to the topology induced by this filtration will be denoted

by §.

For each j > —h we may choose a subspace V; of L; so that V;@L;1 = Lj
as vector spaces. We may identify V; with g; so that in the vector space
g = Il;9; = II;V; = L we may define two Lie brackets. Namely, [-,-],
which is the Lie bracket of the Lie superalgebra g, and [-,-]1, which is the
Lie bracket of the Lie superalgebra L. We have for z,y € g = @;g;:

[:E)y]l = [$>y] +Z/‘i(£)y)) (21)

i>1
where p; : g Ag — g is an even super-skewsymmetric bilinear map such that
pi(gj A gs) C gjpsqq for each ¢ = },2, ---. Note that for each € € C* the map
@e : g — 5, d efined by ¢¢(z) = €z, if z € g, is a continuous automorphism
of the Lie superalgebra g, provided that ¢ # 0. Applying pe, with € # 0,
to both sides of (2.1) and dividing by an appropriate power of €, we obtain,

letting [$> y]e = (Pe([-'E: y]l):

[z, y]e = [z,9] + Y ni(e, y)e". (2.2)

i>1

The bracket [z,y]. defines a Lie superalgebra structure on the space g. If
€ # 0, the obtained Lie superalgebra, which we denote by g, is isomorphic
to §;. If € = 0, it is isomorphic t o §. We will sometimes call [-, ] the
deformed bracket of [-,-], and g, with a deformed bracket (or L) a filtered
deformation of g. A filtered deformation is said to be a trivial deformat ion,
if it is isomorphic to §.

We have associated to a filtered deformation g, = L of g a sequence
of bilinear maps p; : gAg — g, ¢ = 1,2,---. We shall call the sequence
{u1, p2,- -} a defining sequence of this filtered d eformation.
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Remark 2.1. Of course, a different choice of the subspaces V; gives rise to a
different defining sequence in general. Hence a filtered deformation may be
represented by different defining sequences. Thus we may study a filtered
deformation by analyzing the effect of a different choice of the subspaces V;
on the resulting defining sequence. Clearly, a filtered deformation is trivial if
and only if we may choose the subspaces V; in such a way that the resulting
defining sequence cons ists of zero maps.

Let z, y and z be homogeneous (both in the Z- and Zy-grading) elements
of g. The Jacobi identity in g, gives

[z, [y, z]e]e = [[2, Y)e, 2)e + D(z,9)[y, [, 2)ele, where p(z,y) = (~1)PEPO),

Substituting (2.2) into this expression gives an identity in power series in €
with coefficients in g. We collect the coefficient of €* and obtain the following
identity in g:

[, e (v, 2)] + o, [y, 2) + D pal, iy, 2))

1<ij<k

= /J,k([:E,y],Z) + [/J,k(:l?,'y),Z] + Z /J,;(/.Lj((L‘,j_l/),Z) +p(a:, y)[y)“k(:p)z)]
1<i,j<k
1<i,j<k

Proposition 2.1. The first non-zero term py in (2.2) is an even 2-cocycle
of g with coefficients in the adjoint representation.

Proof. Since p; = 0 for all ¢ < k, from (2.3) we get

[, 06 (y, 2)] + (2, [y, 2]) = pa([=z, 9], 2) + [pe(z, 9), 2]
+ p(xay)[yaﬂk(a’?Z)]
+ p(a, )k (y; [z, 2])- (2.4)

But this precisely means that pj is a 2-cocycle. 0O
We rewrite (2.4) as

,U,k(.’):, [y>z]) - [ﬂk(a:) y):z] —p(xiy)[yaﬂ'k(wvz)] =

,u‘k([x> y]7 z) +p(:13, y)/-"k(y: [.’)3, z]) - [:17, ,u'k(ya Z)]
The right hand side above is precisely

€z - /J'k(y>z)7
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while the left hand side is —df¥(y, z), where f¥ : g — g is given by fk(y) =
ux(z,y) and d is the coboundary operator. Thus it follows from the proof of
Proposition 2.1 that (2.3) may be rewritten as

oo 2) F ) = — Y mlem®))+ Y wlus(z,y),z)
1<i,j<k 1<i,j<k
+ p(xay) Z #i(y)ﬂj(xrz))y (25)
1<i,j<k

Of course (2.3) can also be rewritten as

dpr(e,y,2) = — Y wilmpw,2)+ Y. piui(z,y),2)
1<ij<k 1<i,j<k

+ p(zy) Y wi(ypi(z,2). (2.6)
1<i,j<k

Here is the key observation (due to Kobayashi and Nagano [KN] in the
case h =1):

Proposition 2.2. The first non-zero term py, in (2.2) restricted to g_ defines
an even gg-invariant element in H*2(g_; g).

Proof. By Proposition 2.1 ug|g_xg_ is a 2-cocycle. Now (2.5) with z € g
and y,z € g_ means precisely that it is go-invariant in H*(g_;g) (since its
right-hand side is zero). 0O

Remark 2.2. Proposition 2.2 also follows from Proposition 2.1 as follows:
pr defines a g-invariant element of H*(g_;g), hence it is gy-invariant in
H*(g_;g), when restricted to g_.

Proposition 2.3. Let g, and g. be two filtered deformations given by
defining sequences {1, 2, - -} and {u], ub, - - -}, respectively. Suppose that
(ux — p)lg_xg_ Is a Spencer coboundary for some k > 1. Then g. has a
defining sequence {uf, u3, - -} such that u = pi, for i <k, and pflg_xg_ =
Lklg_xg_- (In other words, one can c hange the defining sequence of g. such
that its first k — 1 terms are unchanged, and its k-th term becomes the k-th

term of the defining sequence of g, when restricted to g_.)

Proof. We have for z,y € g_

[,9]e = [z, 4] + ) pi(z, )€’ [z,9]l = [z,9] + Y pilz,v)e.
i>1 i>1
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By assumption py — pj, is a Spencer coboundary, hence there exists an f :
g_ — g such that df = pj — pj,. We define an injective map py : g_ — g via

pe(z) =z + f(z)e*, Veegq..

A simple calculation shows that

[ox(@), pr ()] = pr((z,0]) + D wi(=, y)€" + (e, y)e* + > pll (w, y)e
i<k >k

But now obviously px(g_) + g(9) = g- Thus replacing g_ by px(g_) in g,
which correspond to a new choice of Vj, for j < 0, we obtain a defining
sequence with the desired property. O

Combining Propositions 2.2 and 2.3 we obtain

Corollary 2.1. Let g, be a filtered deformation of a graded Lie superalgebra
g with defining sequence {u1, pa, - -}. Suppose that H??(g_;g) has no non-
trivial even gg-invariant vectors for any j > 1. Then g, has a defining
sequence {1, Uy, -} such that pi|g xg_ is identically zero for all j > 1.

Proof.  Since pi|g_xg_ is a Spencer coboundary by Proposition 2.1, the
filtered deformation g, has a defining sequence such that {u}, uh, - - -}, where
P1lg_xg_ = 0 by Proposition 2.3. Now muj|g_xg_ is a Spencer cobound-
ary, hence g, has a defining sequence {uj, 5, - -}, such that ps|g_xg_ = 0.
Repeating this procedure, we may make u3'|g_xg_ = 0 as well, etc. Since g,
is complete, we may take the limit. O

Let g = ®72_pg; be a Z-graded Lie superalgebra. Suppose that g is
a filtered deformation of g with defining sequence {0,---,0, pg, pr+1, - }-
Let a be a maximal reductive subalgebra of g5 and suppose that either a is
semisimple or has a 1-dimensional center Cc, where adc acts on g; as the
scalar j for each j € Z. By Proposition 2.1, px|axq is a 2-cocycle of a with
coefficients in the a-module g;. Due to our assumptions on a, by Whitehead’s
second lemma pg|qxq is a coboundary. As in the proof of Corollary 2.1 we
may find a defining sequence {0, - -, 0, puy, f1 1, - -} for §, such that p}|axa
is identically zero for all j. Thus we may assume that

[a’b]G = [a7 b]) Va, be€a.
Note that py : go ® 9; — gj4 induces a map vifq : a — g7 ® itk

It is easy to show, using the Jacobi identity and the fact that px|axq is
identically zero, that vg|q is a 1- cocycle of a with coefficients in g;f ®gjyk If
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a is semisimple, then by Whitehead’s first lemma Vk|a is a coboundary. If a
has a non-zero center, then it acts non-trivially on g;f ®g;+, and hence vy 4
is a coboundary as well. Arguing as before, we may assume that for all j

[a,z]e = [a,z], Va€a,Vze g

Now let = € g, and y € g;. Taking bracket in g of an element a € a with
[z,y]e we obtain

o[ lde = ool + 3 o, i, p))ee
1=k

= @l + S o wile, y)le.
=k

On the other hand, by Jacobi identity in g, the same quantity is equal
to

[[a) Il)]e, y]e + [:I), [a) y]e]e
= [[a’ .’I?], y]e + ["Ea [a, y]]e

(0,0l 91+ 3 pille 2L y)E + [ [a gl + S (e [a, o))
1=k 1=k

Comparing the coefficients of ! we obtain

[a, pi(z,y)] = pi[a, 2], y) + pi(=, [a,y)),

which means precisely that the map Kilg, x g, © 0s ® 9t = gs4444 is @ homo-
morphism of a-modules for every 7 > k and s,t > —h. We thus have proved
the following proposition:

Proposition 2.4. Let g = @;’;’_hgj be a Z-graded Lie superalgebra and let
a C go be a maximal reductive subalgebra of g5. Suppose that either a is
semisimple or the center of a is Cc, where adc acts on g; as j, for every j € Z.
Then every filtered deformation of g has a defining sequence {u1, 2, - - -} such
that pi(a,g) =0 and p; : g, ® 9; — 9,444 is a homomorphism of a-modules
,fori=1,2,--.

In other words, Proposition 2.4 says that in every filtered deformation L
of g one can choose a subalgebra o' C Ly which maps isomorphically to a un-
der the map Ly — go and one can choose a subspace Vj in L; complementar
y to Lj; for each j > —h such that o' C Vg and [o’, V;] C V. From this we
obtain immediately the following (well-known) corollary, which takes care of
the case when a has a non-trivial center.
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Corollary 2.2. Let g = @?‘;_hgj be a graded Lie superalgebra of depth h.
Suppose that gy contains an element ¢ such that adclgj = j. Then g has no
non-trivial filtered deformations.

From now on we shall assume that g is transitive.
Proposition 2.5. Let g = ®72_jg; be a transitive graded Lie superalgebra.
Suppose that {u1, p2,- -} is a defining sequence of a filtered deformation g,

of g. Then p; is completely det ermined by its restriction to g_ X g.

Proof. Let a,b € gy and ¢ € g_. We have

o lde = [o ot + Do ila, b

=1

= [z,[a,b] + [z, p1(a, b)]e + p1(z, [a,b))e + o(€?).

Now obviously

2, [a, b]e]e [z, ale, ble + p(z, a)la, [z, b]e]e
= [[:I:, al, b] + p(z, a’)[a) [w) b]] + Nl([$> a], ble + [/"1(1” a),ble
+ p(z,a)[a, p1(z,b)]e + p(z, a)p1(a, [z, b])e + o(€?).
Hence

[113,;1,1(@, b)] + [.L]_(:l?, [a’>b]) = “1([17)@]’ b) =+ [/"‘l(x’ a’))b]
+ p(.’l:, a)[a).ul(m) b)] +p(:z:, a’)»u'l (a” [IB, b]) (27)

By assumption p;|g_xg is known. Hence the only term in (2.7) that is not
determined is p1(a,b). However, since g is transitive, uj(a,b) is uniquely
determined by (2.7). Thus pi|g,xg, is determined by u1]g_xg-

Now suppose that a € gy and b € g;. We will argue inductively. Suppose
that p1lg_xg, #1lg,xgy > H1lgyxg,_, are uniquely determined. From (2.7)
again we see that the only term that is not deter mined is pi(a,b). By
transitivity again p;(a, b) must be uniquely determined. Hence p;]g_xg and
p1lgyxg are uniquely determined.

Now suppose that a,b € g;. Again from (2.7) and transitivity we see that
p1(a,b) is uniquely determined. Similarly pi|g, xg is uniquely determined.
Proceeding this way we see that p; is uniquely determined by u, |g_'i'mesg.

Now po satisfies equation (2.7) up to a function depending only on py
by (2.3). Since p; is already uniquely determined, we may proceed as before
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to show that u2 is uniquely determined by pa|g_ xg and py. Similarl y u3
satisfies equation (2.7) up to a function depending on p; and ps. Hence pug
is uniquely determined by u3|g_xg, #1 and pg etc. This completes the proof.
O

Proposition 2.6. Let g = &2 _,g; be a transitive graded Lie superalgebra
such that {u1,pa,---} and {pj, uh,---} define two filtered deformations of
g. Suppose that p;|g_xg = pilg_xg for i < k and pglg_xg_ = pilg_xg_ for
some k > 1. Assume that g is a full prolongation of gy of degree k. Then
g. has a defining sequence {u!, 3, -} such that p! = p;, fori =1,--- k.
Furthermore pj|g_xg_=pilg_xg_ for all i. (In other words g, and g, have
defining sequences that coincide up to the k-th term an d coincide when

restricted to g_ X g_.)

Proof. Let a € gy and z € g_. By Proposition 2.5 it follows that p; = p;
for ¢ < k. Now from this, the fact that (ur — u},)|g_xg_ is identically zero
and (2.5) it is easy to see that the map f¥: g_ — g defined by

f:(m) = ;U'k(a) :B) - :u’;c(a)m), TEg_

is a Spencer 1-cocycle. Hence by hypothesis there exists an element v, € g
such that f¥(z) = [vg,x], for all z € g_. Now set pf(a) = a — v,e*, for all
a € go. It follows that

i@, = [ao]+ Y pilaa)e
i<k

+  pp(a,z)e* + Z,u;'(a, z)e',Va € go,Vz € g_.
1>k

Next let b € g; and z € g_. Using the fact that (ux — pj,), restricted to
g_ x g_ and g_ X g, is identically zero, that u; = u; for ¢ < k and (2.5) we
may again show analogously that the map fF : g_ — g given by

fl:c(w) = /J'k(b> (l?) - /'L;c(b) 33), TEQG_

defines a Spencer 1-cocycle. In a completely analogous fashion we define the
map pf : g; — g such that

i), 2l = [ba]+ D ui(b2)e
i<k

+ pr(b )+ pi(bz)e, Vbeg,Vreg_.
1>k
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Now p;?, for j > 2, are defined analogously. The sequence above, call
it {py,ph, -}, of course is a defining sequence for g'. We have p; = pf
for i < k and prlg_xg = Milg_xg- App lying Proposition 2.5 again we
have pp = pj. Also since the subspace V_ remains unchanged, obviously
pilg_xg_ = milg_xg_- O

The following is an important remark.

Remark 2.3. In the proof of Proposition 2.6 the only place where full pro-
longation is used is to find elements v,, which then allows us to define pF.
Now we may assume that pjla x g = 0 for all j, where a is the maximal
reductive subalgebra of (gg)j, as explained earlier. Using this it is easy to
verify that pf is an injective a-homomorphism. Hence the map a — v, is
an a-homomorphism. In particular, if H%1(g_;g) is a direct sum of irre-
ducible a-modules that are not isomorphic to those irreducible a-modules
that appear in the decomposition of g(x), then we may always find such v,’s.
Therefore the assumption of full prolongation of degree k may be repl aced
by the weaker assumption of

Homg(H"(9_;9),01)) =0, VI>k,

and the conclusion of Proposition 2.5 remains valid. We will say that g is an
almost full prolongation of g if Homg(H"(g_;9), g1)) =0 foralll > 1.

Combining Remark 2.3 with Proposition 2.6 we have proved

Theorem 2.1. Let g = @;‘;_hgj be a transitive graded Lie superalge-
bra. Let g, and g, be two filtered deformations of g with defining se-
quences {p1, p2, - - -} and {p}, py, - - -}, respectively. Suppose that pilg_xg_ =
pilg_xg_, for all i > 1. If furthermore g is an almost full prolongation of
g<o, then g, = g,.

The next two corollaries generalize two results of Kobayashi and Nagano
[KN].

Corollary 2.3. Let g = ®72_pg; be a transitive graded Lie superalgebra.
Suppose that H"?(g_;g)5 contains no non-trivial g,-invariant vectors and
that g is an almost full prolongation of g~y . Then g has no non-trivial
filtered deformations. -

Proof. Let g, correspond to {y1, 2, -}. By Propositions 2.2 and 2.3 we
may assume that p;|g_xg_ = 0. But then Theorem 2.1 tells us that g is
isomorphic to the trivial deformation. Od
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Corollary 2.4. Let L=L_p D +--- D> L_1 D Ly D L; D - be a filtered
deformation of a transitive graded Lie superalgebra g = GB;";_ 8- Suppose
that g is an almost full prolongation o f g<y. If there exists a Z-graded
subalgebra V_ = @;<oV; of L isomorphic to g_ such that V_ + Ly = L, then
L3

Proof. The existence of the subalgebra V_ means that there exists a defining
sequence {1, 2, -} of L such that puslg_xg_ = 0 for all 7. But since it is
an almost full prolongation, Theorem 2.1 tells us that y; =0 for alli. O

Corollary 2.5. Let g be a transitive graded Lie superalgebra. Let g, and
g. be two filtered deformations given by {u1,pa, -} and {u}, pb, -}, re-
spectively. Suppose that ui|lg_xg_ = pilg_xg_ fori = 1,--- k —1 and
H'2(g_; g) contains no gg-invariant vectors for | > k. If furthermore g is an
almost full prolongation of g, then g, = rg..

Proof. By Proposition 2.6 we may assume that p; = p} fori =1,--- k—1.
By formulas (2.5) and (2.6) it follows that (ug — uy)|g_xg_ is a go-invariant
Spencer cocycle. Hence by Proposition 2.6 again we may assume that u; =
- Proceeding this way we show that p; = p} for alli > k. O

Proposition 2.7. [G] Let g be a transitive Z-graded Lie superalgebra such
that g_, contains a central element of g of parity §. If H'(gy;9_1)s = 0,
then g has no filtered deformation L such tha t Ly is a maximal subalgebra.

Proof.  Let 1 denote this central element. Suppose that {p1,u2---} is a
defining sequence of a deformation g, = L of g. We will show that there
exists a defining sequence {p],ph -} of L such that pj(1,g9) = 0. From
this it follows that 1 normalizes 9(0) and hence Lg is not maximal.

For a,b € gy we have by Jacobi identity
[1, [a, b]e]e = [[1, ale, ble + p(1, @) a, [1, ble]e.
Collecting the coefficient of € we get
pa(L,[a,8]) = [pa (1, a),8] + p(1, a)[a, pa (1,0)].

This means precisely that the map ¢ : gy — g_; given by c(a) = p1(1,a) is
a l-cocycle of gy with coefficients in g_;. By assumption c is a coboundary,
and hence we may add to 1 an element = in g_; so that

1+ 2,4l = wh(1,0)é + o().

This choice of V_5 gives the required defining sequence. 0O
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Lemma 2.1. Let § = g+ C1 be a transitive Z-graded Lie superalgebra,
which is a central extension of a Z-graded Lie superalgebra by adding a
central element 1 in degree —2 such that [g_;,g_1] = C1l. Then g i s the full
prolongation of g<q, provided that g is the full prolongation of g<.

Proof. Let a:g_y+ Cl — § be a derivation of degree > 1. Thus a :
g_1 + Cl — g. It suffices to show that a(l) = 0. Let z € g_;. Then 0 =
o[z, 1]) = [a(z), 1]+ p(a, z)[z, @(1)] = p(e, z)[z,a(1)]. Thus by transitivity
a(1l) = A1, A € C. But then A = 0, since « is of positive degree. 0O

3. Examples of Z-graded Lie superalgebras.

In this section we will recall the definitions and list some properties of
those Z-graded Lie superalgebras whose filtered deformations we are inter-
ested in. Some of their properties are well-known and can be found in [S].

Let A(n) be the Grassmann superalgebra in the n odd indeterminates
&,8, -+, &n. Let z1,29, -+, 2, be m even indeterminates. Set A(m,n) =
C[z1,-+*,Zm] ® A(n). Then A(m,n) is an associative commutative superal-
gebra. Let W(m,n) be the Lie superalgebra of derivations of A(m,n). Then
W (m,n) consists of elements of the form [K1]:

Zfz +Zg’8§,

where f;,9; € A(m,n) and —Q— (respectively g;) 18 the even (respectively

odd) derlvatlon uniquely determlned by zg; 9 (zj) = &;; and oroz;(&) =0

(respectively -2 26 (z;) = 0 and %6 (&) = &ij). To each vector field D =
i1 f i;g% + > gi% we may associate its divergence by

p(gi) 391 .
9%;

divD = Z Bf,

Let ©(m,n) be the superalgebra of differential forms over A(m,n) [K1].
Consider the following differential form:

an z;d¢; € Q(n,n).
=1

Define the odd Hamiltonian superalgebra [L]
HO(n,n) := {D € W(n,n)|Dw = 0}.
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The Lie superalgebra HO(n,n) is simple if and only if n > 2.

The Lie superalgebra H O(n n) contains the subalgebra of divergence
free vector fields

SHO'(n,n) := {D € HO(n,n)|divD = 0}.

The derived algebra of SHO'(n,n) is an ideal of codimension 1, denoted by
SHO(n,n), provided that n > 2. SHO(n,n) is simple if and only if n > 3.

In A(n,n) we can define the Buttin bracket by

_y~ 99y (5 9f 99
0] = 3o g+ (P05

which makes A(n,n), with reversed parity, into a Lie superalgebra. It con-
tains a one-dimensional center consisting of constant functions. The map
A(n,n) — HO(n,n) given by

07 0 _1windf 0
F 2(8 gL,

is a surjective homomorphism of Lie superalgebras with kernel consisting
of constant functions. Hence we may (and will) identify HO(n,n) with
A(n,n)/C1 with reversed parity. In this identification we have:

SHO'(n,n) = {f € A(n,n)/C1]| A(f) = 0},

where A =Y 8:1; 6{ is the odd Laplace operator, and SHO(n,n) is iden-
tified with the subspace consisting of elements not containing the monomial

§1§2 T ‘Sn'

By putting degz; = 1 and deg¢; = 1 for 2 = 1,2, ---,n the Lie superal-
gebras HO(n,n), SHO'(n,n) and SHO(n,n) become Z-graded Lie super-
algebras of depth 1. Since [z;, {;] = i1 we obtain, by adding C1 to degree
—2, non-trivial central extensions of HO(n,n), SHO'(n,n) and SHO(n,n),

denoted by HO(n,n), SH O'(n, n) and SHO(n,n), respectively.

The 0-th graded components of HO(n,n) and HO(n,n) have a basis
consisting of vectors of the form {z;z;}, {z:§;} and {&&;}iz; for 4,5 =
1,2,---,n. This is the Z-graded finite-dimensional Lie superalgebra P(n) =
P( )—1 4+ P(n)o + P(n); (cf. [K1]), where P(n)g & gln, P(n)_1 = A%(C™)
and P(n); & S%(C"), where C" stands for the standard representation of
gln. Their —1-st graded components have a basis consisting of {z;} and {&;},
i=1,2,---,n. Evidently the span of {z;} as a gl,-module is isomorphic to
C™, while the span of {{;} is isomorphic to C™*.
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The 0-th graded components of SHO(n,n), SHO'(n,n), SH O(n,n) and
SH O/(n, n) have a basis consisting of vectors of the form {ziz;}, {i&;}izy,
{2ili — Tir1bivi}icn and {&¢;}ig; for 4,5 = 1,2,--- n. This is the Z-
graded subalgebra P(n) of P(n) (cf. [K1]), where P(n)o & sl,, and P(n)_; &
A?(C™) and P(n); & 52 (C"), where C" stands for the standard representa-
tion of sl,,. Similarly, their —1-st graded components have a basis consisting
of {z;} and {{}, i =1,2,---,n with the span of {z;} isomorphic to C" and
the span of {¢;} isomorphic to C™*.

It can be shown that HO(n,n) and SHO'(n,n) are full prolongations of
i=1(Cz;+C&)®P(n) and T, (Cz;+C&;)®P(n), respectively [CK]. Thus it
follows from Lemma 2.1 that HO(n,n) and SH OI(n, n) are full prolongations
of C1®Y 1 (Cz;+C¢;)® P(n) and Cle3 71 (Cai+CE)® P(n), respectively,
as well. Consequently, in the case of SHO(n,n) and SH O(n,n) the only
obstruction to being a full prolongation lies in degree n — 2. More precisely
we have (I € Z,)

HY(SHO(n, n)-1;8HO(n,n)) =0, l#n—2,

H"(SHO(n,n)_; SHO(n,n)) =0, l#n-2

H"2Y(SHO(n,n)_1; SHO(n,n)) = Ct16s - - - &,

H">Y(SHO(n,n)_; SHO(n,n)) = C&1&, - - - &,,. (3.1)

Let us denote the vector Y37 z;¢; in HO(n,n)o by ®. Other Lie superalge-
bras that arise in the classification in [K3], and hence whose filtered deforma-
tions we also need to consider are the following four series: SHO (n,n)+C®,

SHO'(n,n) + C®, SHO(n,n) + C& and SHO'(n,n) + C&.

Let z1,23,---,2, be n even indeterminates and §1,62,  ény i1 = T
be n + 1 odd indeterminates. Define the odd contact form to be

n
Q= dr+ ) (&dw; + idg;) € Qn,n + 1).

=1

The odd contact superalgebra KO(n,n + 1) is the following subalgebra of
W(n,n +1) [ALS]:

KO(n,n+1) = {D € W(n,n +1)|DQ = fpf},

for some fp € C[r,z1,---,z,, &1, - - - ,&n]. The Lie superalgebra KO(n,n+1)
can be realized as follows. We may define the odd contact bracket on the
space A(n,n + 1) by

=2-B) 2 L —1pn 0 o v N~ 0f 89 ) Of B9
(a1 = =B 5L+ (PO L0 myg = 3L 2 (i 2 00

i=1
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where E = Y14 ( 6_2,7 + 3—%) is the Euler operator. Reversing parity, A(n,n+
1) with this bracket becomes a Lie superalgebra and the map A(n,n+1) —
KO(n,n + 1), given by

0 of " 8f 9 of 0
2 _EVf— — (=1)PNH L Ay N[0 )
f= @B g~ (PGB = Y+ (UG,
is a isomorphism of Lie superalgebras. Hence we may (and will) identify the
Lie superalgebra KO(n,n + 1) with A(n,n + 1) with reversed parity.

For B € C we let divg = 2(~1)?) (A + (B - n,@)-‘%), where A is the odd
Laplace operator. We set [Ko]

SKO'(n,n+1;8) = {f € A(n,n+ 1)| divgf = 0}.

This is a subalgebra of KO(n,n+1) and is simple if and only if n > 2 and 5 #
1,222 Let SKO(n,n+1; 3) denote the derived algebra of SKO'(n, n+1; §).
Then SKO(n,n+1; ) is simple for n > 2 and it coincides with SKO'(n,n+
1;3) unless B = 1 or 8 = "T_z The Lie superalgebra SKO(n,n + 1;1)
(respectively SKO(n,n + 1; ”—;—2)) consists of elements not containing the
monomial 7£1& - - - &, (respectivel y &16a - - - &,). Note that SKO(n,n+1; %)
is the subalgebra of KO(n,n + 1) consisting of divergence free vector fields.

By setting degr = 2 and degz; = deg{; = 1 for all i, KO(n,n + 1) and
hence SKO(n,n + 1; 8) and SKO'(n,n + 1;5) (since divg is homogeneous
with respect to this gradation) become Z-graded Lie superalgebras. They
are all of depth 2. In the case of KO(n,n+1) the 0-th graded component has
a non-trivial center, namely Cr, and hence by Corollary 2.2, KO(n,n + 1)
has no non-trivial filtered deformations.

Now consider SKO(n,n + 1; 3) and SKO'(n,n+1; (). The 0-th graded
component is spanned by the vectors {z;z;}, {z:{;}, {£;}ix; and T+ B,
where 1,7 = 1,2,---,n and ® = Y- ; z;§;. This is the Lie superalgebra
P(n) = P(n) + C(r + B®). The —2-nd graded component is spanned by
C1, on which 7 + 8% acts as the scalar —2. The —1-st graded component is
spanned by the vectors {z;} and {{;} for ¢ = 1,---,n. With respect to P(n)
this is the standard representation, and 7+ 3® acts on Y ;- ; Cz; (respectively

1 C¢&;) as the scalar —1 + (3 (respectively —1 — (). It can be shown that
SKO'(n,n + 1; 8) are full prolongations for all § [CK]. Hence we have:
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HY(SKO(n,n+1;1)_1; SKO(n,n +1;1)) =0, [#n, (3.2)
HYY(SKO(n,n + 1, %=2)_1; SKO(n,n + 1; ”—;—3)) —0, I#n—2
HYY(SKO(n,n+1;1)_1; SKO(n,n + 1;1)) = Cr&1&a -+ - &n,

-9 -2
H™ 21 (SKO(n, n+1; “—=)_1; SKO(n,n +1; ")) = Cé16a - bn.

Let P1,P2," " ,Pn>,4q1,92," ** ,qn be 2n even and 61)52) e 7€m be m odd
variables. Consider the differential form

o= Z dpidg; + Z dé;d¢; € Q(2n,m).
i=1 i=1

Define the Hamiltonian superalgebra to be [K1]
H(2n,m) = {D € W(2n,m)|Do = 0}.
It is a simple Lie superalgebra for n > 1 and m > 0.

Let A(2n,m) = Clp1, "+ ,Pn,q1, " ,4qn] ® A(m). For f,g € A(2n,m) we
define the Poisson bracket

_y~ 919 91 %, s~ 9f 9
129 = 2 G 5 ~ Bgiops) ~ Zasza@

As before A(2n, m) with this Poisson bracket is a Lie superalgebra. The map

., 0f 8 @ 8 of o0
f%;(_i____i )p(f)zagz 5

defines a surjective homomorphism of Lie superalgebras from A(2n,m) onto
H(2n,m). The kernel of this map consists of constant functions so that
we may (and will) identify H(2n,m) with A(2n,m)/C1. By putting degp; =
degg; = 1and deg{; = 1fori=1,---,nand j =1, ---,m H(2n,m) becomes
a Z-graded Lie superalgebra of depth 1.

The 0-th graded component of H(2n, m) is the Lie superalgebra spo(2n, m).
Now spo(2n,m); has a basis consisting of vectors of the form {p;p;, pig;, ¢ig; }
fori,j =1,---,nand {§¢;}iz; fori,j =1,---,m and hence is isomorphic to
the Lie algebra sp2, @ som. spo(2n,m)j has a basis consisting of vectors of
the form {p;¢;, ¢;§;} fori=1,--- ,nand j =1,---,m. Its span is isomorphic
to the spa, ® som-m odule C?" @ C™, where C2* and C™ are the respective
standard representations of spa, and so,,. H(2n,m)_; has a basis consisting
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of vectors of the form {p;,¢;} and {¢;},i=1,---,nand j=1,---,m. E
vidently the span of {p;, ¢;} is isomorphic to C>", while the span of {{;} is
isomorphic to C™. It is the standard representation of spo(2n,m), denoted
by C2nim

Finally H(2n,m) is the full prolongation of the pair C2*I™ @ spo(2n,m)
[CK].

4. Calculations of Spencer 2-cocycles and triviality of filtered
deformations of SHO(n,n), HO(n,n), H(2m,n) and SKO(n,n +

10), B # 2.

In this section we will apply the results obtained in Section 2 and start
our investigations of filtered deformations of those graded Lie superalgebras
discussed in Section 3. Due to Proposition 2.2 our first step should be to
find gy-invariant Spenc er 2-cocycles. However, because of lack of complete
reducibility of gy-modules in general, we will restrict ourselves to the even
part a = (gg)g of go, for which we do have complete reducibility (in all our
examples). So our task w ill be first to look for all a-invariant vectors on
the level of 2-cochains and then determine which of those vectors indeed
satisfy the 2-cocycle condition. To find a-invariant 2-cochains we will first
need the a-module structure of g; and then use this to find all the trivial
a-modules that appear in A?(g* ) ® g;. So our first task will be to determine
the a-module structure of g; for every j.

Consider the Lie superalgebra g = SHO'(n,n), for n > 3. As usual we
will write g; for its j-th graded component. Here a = sl, and we denote by
R(Y; kim;) the irreducible sl,-module with highest weight 3, k;m;, where 7;
is the i-th fundamental weight of sl,. Below we will list the structure of g;
as sl,-modules and also include explicitly a highest weight vector.

91 : {R(ﬂ-l)’ xl}) {R(ﬂ-n—l)a §n}
g :{R(2m)at},
{R(m1 + mn-1), 71én},
{R(Tn-2),6nén—1}
g1 : {R(3m1), x%}’ {R(2m1 + mp—1), w%ﬁn};
{R(Wl + 7Tn—2)7 xl‘fn&n—l}y
{R("Tn—S)) gnfn—lgn-—Z}
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Ba—2 : {R(nm), 27}, {R((n — \)m + mp1), 277 6n},
{R((n - 2)m1 + mn—2), 7 26nbn-1}, -,
{R(2m1), x1€n - - - &2}, {R(0), {nén1 - - &1}

In-1 {R((n + 1)my), xrlH-l}’ {R(nmy + mpo1), 2760},
{R((n - 1)7"1 + 7"n—2), x?_lgngn—l}’ )
{R(3m),21n - -~ &2}

Note that the structure as an si,-module of SHO(n,n) is exactly the same
except that the component {R(0),{,€n—1" &1} is removed in g,,_,.

For ¢ = 1,---,n let f;,6; € g*, be such that f;(z;) = ds, fi(§;) = 0,
6;(z;) = 0 and 6;(¢;) = &;;. Note that since the map A(n,n) = HO(n,n) is
odd (see Section 3), we have to rever se parity in A(n,n) in order to get the
correct parity. Hence p(f;) = 1 and p(6;) = 0. Evidently the span of {f;}
is the slp-module R(m,—1) with highest weight vector f,, while the span of
{6;} is R(m;) with highest weight vector 6;. So using our notation A2(g*,)
consists of the following irreducible components with highest weight vectors:

(R@nr), £23,{R(ms + 1), O fud, {R(m2), 6262, {R(0), 3 £:64).

=1

So to find trivial sl,-modules in A*(g* ;) ® g; we need to find modules in the
table above that are contragredient to these modules in A2(g* ;).

Let g = SHO(n,n) or g = SHO'(n,n) n > 3. In the case when n = 3
g_1 = R(m)®R(m2). Hence there exits a trivial sl3-module in A2(g* 1)®9-1,
given by the vector 3°5_; 0} ®z;, where 0} stands for the Hodge dual of heta;.
However this vector is odd hence it cannot give a deformation. For n > 3
there are no trivial sl,-modules in A%(g* ;) ® g_;.

Now for n > 3 we have the following linearly independent sl,-invariant
vectors in A%(g* ;) ® go:

a = > fifj®zizj,

1,j
1 n—1
@ = 3 Y (fifli = fir16i41) ® (wili — wir1&ira)
i=1

+ Zfiej ® xié.j)
17
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s = ) 0;0; ®&iE;.

i<j

But ¢, c2, c3 are all odd vectors, hence they cannot give deformations.

In A%(g* ,)®g,,_, We have the following sl,-invariant vector in SHO(n, n):
a =) fifi ®xi],
i,j

where &7 again denotes the Hodge dual of {;. However,

dey(é1, 21, 21) = —[€1, 71€7] # 0.

Hence c; is not a cocycle. In the case of SHO'(n,n) there is an additional
sln-invariant vector in A%(g* ;) ® g,_» that is not proportional to ¢;, namely

o= fii®&i&r - bn.

=1

It is subject to direct verification that ¢; + ¢ is an even Spencer cocycle for
n even. For n odd, obviously ¢; and c¢; are both odd. We summarize the
above computation.

Proposition 4.1.

HY(SHO(n,n)_1; SHO(n, n))gl" =0, n>3,

HY(SHO'(n,n)_1;SHO'(n,n))i" =0, n>3, l#n,
H™*(SHO'(n,n)_1;SHO'(n,n))i" =C, n >3, neven,
H™*(SHO'(n,n)_1; SHO'(n, n))gl" =0, n>3, nodd

From the structure of SHO(n,n) as an sl,-module given in the above
table, we see that the trivial sl,-module doesn’t appear in the decomposi-
tion of SHO(n,n), for n > 3. Hence by (3.1) SHO(n,n) is an almost full
prolongation and so by Corol lary 2.3 we obtain

Theorem 4.1. SHO(n,n) has no non-trivial filtered deformations for n >
3.

Next consider the case of SHO'(2,2). In this case the maximal reductive
subalgebra of gy is sly. Denoting by R(k) the irreducible siy-module of
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highest weight k € Z, SHO'(2,2) decomposes as an slz-module as follows:

g-1 - {R(l)’xl}’{R(1)1€2}
g : {R(2),21},{R(2),z1é2}, {R(0), &162}
g1 {R(3),IB%}, {R(3),m%§2}

o ¢ {R((k+2), 282} {R((k +2)), 25162}

A%(g*,) = {R(2), f2} ®{R(2), £261} ®{R(0), 161 + fob2} ® {R(0), 616}
Here as usual fi(z;) = d;; and 6;(&;) = d;5, 1,5 = 1,2.

Thus R(0) can appear in A%(g* ;) ® g only in degree 2, i.e. in A(g* ) ®
go- The following linearly independent vectors span the even sly-invariant
subspace in A%(g* ;) ® go:

= fifa® (@b — zaba) — fE @ 312 + f3 ®@ T,
cs = (f161 — fa02) ® T1z2 — f102 ® 37 + f2b1 ® 3,
cs = (f161+ f202) ® &18o.

Compute

dei(61,€2,21) =0,
dea(é1, €2, 1) = —[1, —a3] + [€2, 2172] = =321 # O,
des (€1, €2,1) = [€2,6182] = 0.

Hence any cocycle must be a linear combination of ¢; and c3. Now dcy (&1, 21,
z1) = [é1,21&2] = —& # 0. One checks easily that ¢; — 2c3 is a Spencer
cocycle. This calculation also shows that SHO(2,2) has no non-trivial sla-
invariant Spencer 2-cocyles. Thus we arrive at

Proposition 4.2. Proposition 4.1 holds for SHO'(2,2) and SHO(2,2) as
well.

Consider now g = SHO(n,n). We will now compute H®2(g_; g)gl". Let
cr € H?(g_; g)%l". Recalling that g_ = C1 @ g_1, c; can be written as

2, 1

—2,—2 —2,—-1 —1,—
Cr — Ck + ck + Ck ,

2,—~ 2,— -1 .

where ¢, 2.c1xcCl — Ok—4, C . c1x g_1 — gr—3 and c,zl’
g_1 X g_1 — gk_o are bilinear maps. It follows from the fact that 1 is central
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—2,-2

and transitivity that ¢ = (. Hence

-2,—1 -1,-1
cp = ¢ +c .

1 -1

Now both c;2’_1 and c,?l’_ are sl,-invariant. We have investigated c,;l’
in our computation Spencer 2-cocycles of SHO(n,n). Now we need to inves-
tigate c,zz’_l. From our table of sl,-module structure of SHO(n,n) a bove,

%=1 can be non-zero only for £k = 2 and k = n. Let 1* denote the dual to

2,—1.

o
k
1. Then we have the following choices for a non-zero c;,
Fork =2: ¢, >~ js a linear combination of 7 ; 1* f;®z; and Y 1%0:®

&;. However, both vectors are odd. So this cannot happen.

2-1 is a scalar multiple of

For k =n: ¢,

n
cs= ) 1I'f; ®¢,
=1

where as usual ¢ is the Hodge dual of {;. In this case we see from our

previous calculations that c; 17! is a scalar multiple of
a=Y fifi®z.
i,J

We know that c; is not a cocycle. However, it is easy to verify that ¢; + c3
is a non-trivial Spencer cocycle. Thus we have

Proposition 4.3. Let n > 2. Then

H"(SHO(n,n)_; SHO(n,n) gl" =0, l#n.
H™*(SHO(n,n)_; SHO(n,n) gl" =C, n even.
H™*(SHO(n,n)_; SHO(n,n))d" =0, n odd.

Now consider g = SH O,(n,n). In this case the calculations of Spencer
cocycles is analogous to the case of SHO(n,n). We write an element ¢y, €
Hb2(g_;g) as ¢ = c,:2’—1 +c;1’_1. As before 0;2’_1 is non-zero only for k =
2,n. When k = 2 this cannot happen as in the case of SH O(n,n). Fork=n
we conclude as before that ;%! is a scalar multiple of c3 = Y1 ; 1*f; ® &}
However, there are two other linearly independent si, -invariant cochains
of degree n, as we have seen in the computation of SHO'(n,n), namely
a =Y fifi ® 2} and ¢ = iy fib; ® & - & There are two linearly
independent cocycles in the span of the se three vectors, namely ¢; + ¢z and
c1 + c3. However, ¢y — cg = db, where b is the Spencer 1-cochain defined by

b(1) =&+~ &n and b(g_1) = 0.
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Proposition 4.4. Let n > 2. Then
HY2(SHO'(n,n)_; SHO'(n,n))i» =0, 1#n.
H"’z(SI:IO,(n, n)_; SI:IO,(n, n))%l" =C, neven.
H™(SHO'(n,n)_; SHO'(n,n))i» =0, nodd.
We will now consider HO(n,n). Here the even part of gg is gl,. First

we will assume that n # 2,4. As an sl,-module HO(n,n) decomposes as
follows (® = Y1, w:;):

g1 {R(m),z1},{R(mn-1),én}
g0 : {R(27T1), :L‘%}, {R(T"l + 7Tn—1), xlén}a {R(O)’ @}a
» {R(ﬂ'n—2)a §n§n-—1}
o {RGm),z}}, {R(2m1 + 1), 2360}, {R(m1), 218},

{R(m1 + mp—2), T1€nén-1}, {R(Tn-1), & @},
{R("Tn—B), gnfn—l&n—Z}

g {R@m),2t}, {R(3m1 + mno1), 236n}, {R(2m), 218},
{R(2m1 4 Tn—2), 23nln-1}, {R(m1 + Tn_1), 21£n 8},
{R(m1 + Tn—3), T1énbn—1€n—2}, {R(mn_2),én-16n—22},
{R("rn—4)a fngn—lgn—2§n—3}

Gz ¢ {R(m),z}}, {R((n — 1)m + mn1), 27 En},
{R((n - 2)m1), 27728}, -+,
{R(2m1), T16n - - - E2}, {R(m2), &n - - €32},
{R(0),énén-1---&1}

g1 ¢ AR((n+ Dm), 23, {R(nmy + 1), 210}
{R((n - 1)7"1)7 x?_lé}’ T {R(37"1)) x%fn T fZ}a
{R(my + m2), 1€ - - €3}, {R(m1), T16nén—1- - &1}

In : {R((n + 2)m1), w?+2}’

{R((n+ 1)m1 + mtn—1), 27 &}, {R(nm1), 278}, - - -,
{R(4m), 23tn - - &2},
{R(2m; + ma), 226 - - - £38}, {R(2m1), 23enbn1 - - &1}

A%(g*;) = {R(2mn-1), f2} ® {R(m1 + mn—1), fn01} @ {R(m2), 0162} ®
{R(0), 7, fi6;}, where as before f; and ; are the corresponding dual basis
to z; and &; , respectively.
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For n = 3, there is a gls-invariant vector in A%(g*;) ® g_;, namely

10 ® z;, where 6 is the Hodge dual to 6;. However, this vector is

odd. For n > 3, there are no non-zero gl,-invariant vectors in A%(g* ;) ®g_;
by inspection of the table above.

For n > 3 there are four linearly independent sl,-invariant cochains in
A?(g* ;) ® go. However they are all odd.

Consider now the sl,-invariant cochains in A%(g*;) ® go. They are all
linear combinations of the following vectors:

a = Y fifj®ziz;®,
1,J
ln -1

co = = Z fibi — fir10i41) ® (zi&i — Tiy16i41)2
=1

+ ) fi6; ® 9,
i#j
ez = Y 0i6; ®&iL;®.
i<j
Compute

dcl(xl,xl,xl —3[1:1,:17%@] = —3:1,'"{' 75 0,

dea(z1, 1,21

des(z1, 1, 71

)
1)
)
dey (€1,62,€3)
)
)
)

<

dc2 (61) 62) 63
de3(€1,€2,83

dea (&1, 21, 21

Il
o o0 o oo

RN

)

[z1,z1&1 — 2262) = 71 # 0.

Therefore there are no cocycles in the span of ¢j, ca and c3. Hence there are
no gl,-invariant Spencer cocycles in A2(g* ;) ® go.

Consider now the sl,-invariant cochains in A%(g*;) ® g,,_o. They are all
linear combinations of the following vectors:

> fif; ® witf,

',J'

2 = (qu ® &1l &ns

1
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It is evident that ® acts non-trivially on ¢; and ¢o, hence these vectors are not
gly-invariant. Hence there are no gl,-invariant non-trivial Spencer cocycles
in A%(g%;) ® gn_2-

Finally there is an sl,-invariant cocycle in A%(g* ;) ® g,,, namely

c=> fifi®ziwi&1&s - bn.

1,
But obviously c is not gl,-invariant.

Next consider HO(4,4). The sly-invariant cochains in A%(g*,) ® gy and
A%(g*,) ® g4 are as in the general case and the same argument applies.

There are five cochains now in A%(g* ;) ® go, namely

e = Y fifj ® zz;®,

1,5
13
g = ‘2-2(fi9z'—fz‘+19i+1)®($i§i—$i+1€i+1)q’
=1

+ Y fif; @ g ®,

i#j

ca = ) 0i8; ® k59,
i<j

= ) fifi @],
i,j

4
s = (O fibi) ® 16656
=1

(Recall that £ denotes the Hodge dual as usual.) However, c4 and cs
are not gls-invariant, and we have seen earlier in the general case that there
is no cocycle in the span of ¢;, ¢z and cs.

Finally consider HO(2,2). In this case the slp-module structure of
HO(2,2) is as follows:

g-1 ¢ {R(1),z1}, {R(1), &}

g : {R(2),23},{R(2),z162}, {R(0), 8}, {R(0), 162}

g1 : {R(3),23},{R(3),23&}, {R(1), 2,8},
{R(1),z1&:1&2}

g2 : {R(4),21},{R(4),23¢:}, {R(2),23 @}, {R(2), 236162}
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g {R(k+2),252) (R(k +2),z51g,),
{R(k)’ "BIICQ}) {R(k)’ $’f§1§2}

A%(g*;) = {R(2), 3} © {R(2), f201} ® {R(0), /161 + fob2} & {R(0), 6162}
Here as usual f,(IL‘J) = 51;_7' and ei(fj) = dij, i,j = 1,2.

In A%(g*;) ® go the even sly-invariant cochains are in the span of the
following vectors:

a = fif2® (z1é&1 — x262)
—- ffemb+ f2@ ¢,
2 = (f161 — fo62) @ w122
~ f16: ® 2} + f26; ® 23,
c3 = (f101 + fa02) ® &i&o,
cs = 0102 ® (2161 + z2ba).

However, none of them is ®-invariant, as is easily seen.

In A%(g*,) ® g, the even sly-invariant cochains are in the span of the
following vectors:

a = Y fifj®ziz;®,
1,J
c2 = (f101 — f262) ® T1226160 — F102 ® T2E1&2 + foby @ T2E1Es.

Compute
dC](.'L'],.’L‘]_,(B]) = _3[‘1‘173:%@] 7é 0)
dey(z1,21,71) = 0,
dea(&1,€2,21) = —3z16& #0.

Hence there are no even glo-invariant cocycles in A%(g* ;) ® g,. Thus we
have proved

Proposition 4.5.

HY2(HO(n)-1; HOn))g" =0, 1>1; n>2.

Recall that HO(n,n) is the full prolongation of g<o- Hence by Corollary
2.3 we obtain
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Theorem 4.2. HO(n,n) has no non-trivial filtered deformations for n > 2.

Remark 4.1. Let g be either SHO(n, n), SﬂO’(n, n) or HO(n,n) and let a
be its maximal reductive subalgebra with respect to which we have decom-
posed g. For n # 3 it is clear from the a-module structure of g that the
a-module g§ ® g_; has no trivial a-component in its a-module decomposi-
tion, and hence it has no trivial gg-subquotient in its gy-composition series.
Therefore H!(gg;9_;) = 0. It follows from Proposition 2.7 that g has no
filtered deformation L such that Lg is a maximal subalgebra. In the case
when n = 3, the vector 1 and the trivial sl,-module in g§® g_; have opposite
parity, and so Proposition 2. 7 takes care of this case as well. In fact it can
be shown directly that HO(n,n) has no non-trivial filtered deformations at
all. However the remaining two cases do possess non-trivial filtered defor-
mations which turn out to be interesting. Thi s is the reason why we have
calculated Spencer 2-cocycles of SHO(n,n) and SH Ol(n, n) in Propositions
4.3 and 4 4.

In the next two remarks we will deal with the Lie superalgebras SHO(n,n)
+C®, SHO'(n,n) + C®, SHO(n,n) + C® and SfIOI(n, n) + C®.

Remark 4.2. Let g be either SHO(n,n) + C® or .S'I:IOI(n,n) + C®. Here
the maximal reductive subalgebra a of gq is of course gl,, = sl, + C®. Asin
Remark 4.1 it follows from Proposition 2.7 that g has no filtered deforma-
tion L such that Lg is a maximal subalgebra. Actually one can show that
SHO(n,n) +C® has a unique non-trivial (non-simple) filtered deformation,

while SH Ol(n, n) + C® has no non-trivial filtered deformations at all.

Remark 4.3. Let g be either SHO(n,n) + C® or SHO'(n,n) + C®. Our
computations of Spencer 2-cocycles of HO(n,n), SHO(n,n) and SHO'(n,n)
above also show that g has no non-trivial Spencer 2-cocycles. Namely, the
computation for HO(n,n) shows that all Spencer 2-cocycles of g of degree
2 are odd and so cannot give rise to filtered deformations. Also it is easy to
check that the unique non-trivial Spencer 2-cocycle of SHO'(n,n) of degree
n cannot be invariant u nder the action of ®. Thus if {1, 2, - -} is a defining
sequence of a filtered deformation g, then we may assume that p; vanishes
for all « when restricted to g_;. In particular it follows that [g_;,g_;]¢ has
trivial projection onto C®. Now for n # 3 the trivial sl,-module does not
appear in gy @ g_; and hence [gg,g_1]e projects trivially onto C®. When
n = 3, [gg, g—1)e Pr ojects trivially onto C® due to parity reason. Of course
(91, 9_1]e projects trivially onto C®. Therefore [g, g]c projects trivially onto
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C® and hence g, cannot be simple. Again here one can determine all non-
trivial filtered deformations. It turns out that SHO(n,n)+ C® has a unique
non-trivial (non-simple) filtered deformation, while SHO'(n, n)+ C® has no
non-trivial filtered deformation at all.

We shall next consider SKO'(n,n+1;8) and SKO(n,n+1;8). Here the
even part of gy is gl,. As an sl,-module SKO'(n,n+1;3), B # 1, decomposes
as follows (as usual we include a highest weight vector and & = Y1 ; :&):

g-2 @ {R(0),1}g_; : {R(m1), 21}, {R(mn-1),&n}
g0 - {R(27r1),37%},{R(7r1 +7Tn—1)1$1§n}:
{R(0),7 + B2}, {R(mn—2), énén-1}
g1 : {R(3m),z3}, {RQ2m + mno1),22,},

Bn—1
{R(m1), z1(T + ——— o —9)},

{R m + 7Tn-2);x1€n€n 1}
{Rlm 1), talr + L)),
{R(ﬂ'n—.'i)) €n§n—1€n—2}

g2 ¢ {R(4m), 21}, {R(3m +7Tn—1),x21"§n},

[n —
(R )}

(
{R(2m + mn_2), 3énén-1},

{R(my + mp—1), 21a(T + fn -2
{R(m1 + Tn—3), Z1€nn—16n— 2}
{RTn ), bnrbnalr + 22 8)),

{R(ﬂ'n—al )fngn—lgn—2§n—3};

2m1), .'171(7’ +

?)},

ooz : {R(nm), 27}, {R((n — 1)m +mn1), 27" 6n},
{R((n — 2)m), 2(r + ﬁ’;ﬂ’jjz@)}
{R(2m1), z18n - - - €2},
{R(m2),&n -+ &(T +

{R(0),énén-1--- &1}
g1 {R((n+1)m), a7t} {R(nmy + ma1), 2760}

(R~ Dm), 2p 7+ P ),

Bn—mn+2

)},
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{R(3m), 216~ &2},

(Blm +m2), - Es(r + 2 L),
(R(m), Enbn s+ o(r + 222 F 2 g

1
0o ¢ {R((n+2)m), 2772} {R((n + Dy + 1), 27},

{R(nm1),z7 (T + ﬂn%: “8)},- -,
{R(4m1), 23n - - E2}, {R(2my + m3), 2} -+ - Ea(T + ﬁn4— ")},
{R(27T1)7 wlgngn—l T 52(7' + ﬁn — n‘I’)}

Ont+1 ¢ {R((n + 3)7‘-1)> .’L‘?+3}, {R((TL + 2)7T1 + 7rn—1)a x?+2§n}7

R+ Dm), e+ + D e, (R(5m) el 62},
(BB + m2), 2 &s(r + 22 L),
(RBm),036ntn 1 alr + 2 2a))

In the case when 8 = 1 an extra component {R(0), 7¢,€n—1 - &1} is in-
cluded in g,,. The structure of SKO(n,n + 1; ) is then easily derived from
(3:2). A%g") = {R(2mn_1), £2} ® {R(ms + Tuo), fabh} ® {R(m2), 0162} @
{R(mn—1), 1" fn} @ {R(m1),1*61} ® {R(0),1"1"} ® {R(0), X_i-, fifhi}, where
fi , 6; and 1* are the corresponding dual basis to z;, & and 1, respectively.
Below we will find gl,,-invariant 2-cocycles. Just as for HO(n,n) the cases
n = 2,4 again need to be considered separately, however, the analysis is ¢
ompletely analogous and we will omit these cases. For our calculations below
we shall need the following lemma, whose proof is straightforward.

Lemma 4.1. Let f be a monomial in C[z1,- -, %n,&1, -+, &) and let X € C.
Let o(f) and e(f) denote the number of ¢;’s and z;’s in f, respectively. Then

(1) [7 + B2, (7 + A2) f] = (1 — B)o(f) + (1 + Ble(f))(T + A®)f.
(i) (= +82), fl = (=2 + (1 = B)o(f) + (1 + B)e(f))f-

For n = 3 there is an sl,-invariant 2-cochain of degree 1. However, as in
the case of HO(3, 3), this vector is odd.

The sl,-invariant Spencer 2-cochains of degree 2 are all odd, and so are
excluded.
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There are six linearly independent sl,-invariant Spencer 2-cochains of
degree 4. They are as follows:

fn —2
c = %:fifj@ximj('r‘"m@)a
1& -2
ca = §Z(fi0i = fit10i41) @ (zi&i — Tiv1&iv1)(T + ﬁnn ?)
i=1
-2
+ Zfiej ® zi&;(T + pn ),
i%j n
-2
o = Y0806+ 2 2a),
i<j n-
n
* -1
cy = ;1 fi®$_«i(7'+€zn+1 (I)),
n
~1
cs = 21*91®§1,(T+ IBn @),
i=1 n—1

e = 1'1* @ (7 + ).

However, by Lemma 4.1 all these vectors have (7 + G®)-eigenvalue 4, and
hence are not gl,-invariant.

We have three linearly independent sl,-invariant vectors of degree n,
namely

a = Y fifi®ug],
1,J

n
2 = Y. 3i0; @& bn,

i=1

n
s = Y 1I'fi®E,
=1
where as usual & is the Hodge dual of §;. By Lemma 4.1 7 + 3P acts on
these vectors as the scalar (1 — 3)n and hence they are gl,-invariant if and
only if 8 = 1. However there are two 1-cochains of degree n , namely

b= Y segr+s 2T s,

=1

by = I"®&& &,

which are gl,-invariant if and only if 8 = 1. It is easy to check that db;
and dbs are linearly independent and lie in the span of ci, ¢z and c3. But
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dea(€1,1,21) = —2€} # 0 and thus there are no non-trivial cocycles in the
span of ¢;, ¢z and cs.

Of degree n + 2 there are three sl,-invariant cochains, namely

1 = Zfzf]®mz§](7+ﬁn z

,J
¢ = Z I'fi® & (r+
=1
g = I'"I"®&& - &n.
Note that they are even cochains if and only if n is odd. By Lemma 4.1 they
are 7 + B®-invariant if and only if 8 = "T"'z Compute (8 = "T*'z)
der(§r,21,21) = 7€ +37161le - bn,
dC3(§1, I, xl) 07
dCl(fl; 1, 1) = 0’
de3(é1,21,1) = &é2---&n.

Hence the space of cocycles in the span of ¢, ¢2 and c3 is at most one. We
will construct a cocycle of degree n + 2 in the next section.

),

Bn—n+1

$
1 )7

For 8 =1 there exists an sl,-invariant cochain of degree n + 4, namely
c=1"1"® &b én.
By Lemma 4.1 its (7 + $®)-eigenvalue is 4, hence it is not gl,-invariant.

We summarize our calculations above.

Proposition 4.6 For n > 2

H'Y2(SKO(n,n +1;8)—; SKO(n,n + 1; 88" =0, Yl and g # "2,

H2(SKO(m,n+1;“2)_. SKO(n,n +1; —iE))Q’" ~0, l;én+2,
H22(SKO(n,n + 1; ”+2)  SKO(n,n +1; —ig))g’" —C,n odd,
H™"22(SKO(n,n + ) i SKO(n,n + 1, 7};*‘_2))91,, =0,n even.

Theorem 4.3. The Lie superalgebras SKO(n,n + 1; 3) and SKO'(n,n +
1;8), for B # nnﬁ or n even, have no non-trivial filtered deformations.

Proof. We shall always assume that § # "TH We know that SKO'(n,n +
1;8) is a full prolongation, and hence by Proposition 4.6 and Corollary



1174 GENERALIZED SPENCER COHOMOLOGY ..

2.3, it has no non-trivial filtered deformations. Since SKO(n,n + 1;8) =
SKO'(n,n + 1;a) for 8 # 1, ﬂ_—z, we are left to consider two cases.

Now SKO(n,n+1; 2== )(1) contains no trivial sl,-module. Thus it is an
almost full prolongation by (3.2) and hence Proposition 4.6 and Corollary
2.3 take care of this case as well.

Now consider g = SKO(n,n + 1;1). In this case it is not an almost full
prolongation. We need to go back to the proof of Proposition 2.6, from which
and (3.2) it follows that if L is a filtered deformation of g, then L can be
given a defining seque nce {1, p2, - - -} with the properties that p;|g_xg =0
for i < n, pp(g—,a) = 0 for a € gy not lying in the trivial si,-component
and pnp(z, 7+ ®) = Ar&éa---&n, ), for all z € g_ and for some A € C.
Furthermore by Proposition 4.6 we may also assume that p, vanishes when
restricted to g_. Of course this only makes sense if n is even. Hence we
may assume that m is an even integer from now on. For a fixed ¢ we let
b = & (7 + @) € g1, lying in the irreducible sl,-module R(mp,—1). We then
have for x € g_:

(b, z]e = [b’ :L'] + pn(b, )" + - -

Taking x € g_; we have u,(b,z) C g,. But the irreducible sl,-modules R(0),
R(m; + mp—1) and R(m,—2) do not appear in g,,. Hence pn(b,g_;) = 0 by
Proposition 2.4. Using this fact we compute the Jaco bi identity of the triple
z;,&5,&(T + @) for ¢ # j and derive that A[7€1&y - - &, x;] = 0. Thus A = 0.
Therefore pn|g_xg, = 0. Now g(1) only has one more trivial sl,-component,
namel y £&1€s - - - €,. However it has parity different from that of 7&;1&2 - - - &,.
Thus we conclude that pn|g_xg = 0. Now g is a full prolongation of degree
n + 1, which combined with Proposition 4.6, allows us to a pply Proposition
2.6 to conclude that L is a trivial filtered deformation. O

We shall now consider the Lie superalgebra g = H(2n, m). Here (gg) is
isomorphic to a = spay, @ so,. With respect to a, g decomposes as follows
(m; and 7; are the respective fundamental weights of spa, and sop,.):

g1 R(m), R(71)
g : R(2m), R(m) ® R(71), R(72)
o R((k + 2)7T1) R((k +1)m) ® R(ﬁ) R(k42)

Om—2 ° R(mm), R(m — 1)m) ® R(71),- (71'1) ® R(fm—-1), R(0)
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g : R((s + 2)m), B((s + 1)m) ® B(T1), -,
R((s = m + 3)m1) ® R(fm—1), R((s — m + 2)my)

Continuing using the notation adapted in Section 3, we let dp;, dg; for
i=1,---,n and d¢; for j = 1,---, m denote the dual basis to p;, ¢; and &;,
respectively. Then as spa, @ son-modules we have

A%(g* ;) = R(ms) ® R(0) ® R(m1) ® R(71) ® R(271) ® R(0), (4.1)

where the two trivial components are spanned by the vectors Y i ; dp;dg; and

™, d€2, respectively. We need to make some further clarifications of (4.1):
R(m) =0 if n = 1. Also R(27) is understood a s follows: It is irreducible
of highest weight 27, only when m > 5. For m = 4 it is isomorphic to
R(2) ® R(2), where so4 = sly @ sly. For m = 3 it is R(4), where we identify
sog with sly. For m = 2 it is isomorphic to C; & C_, where £;£3 acts on
the one-dimensional spaces C4 and C_ as the scalars 2¢/—1 and —2v/-1,
respectively. For m = 1, it is empty.

Note that all the modules are self-contragredient. Furthermore R(ms)
doesn’t appear in g, for any k. Also R(7y) are all non-isomorphic except for
R(7m—i) & R(7;). Finally the component R(2 pi;) in (4.1) is not isomorphic
to R(7) in g for any k. From this it follows that the only spa, @ som-
invariant cochains are:

In A%(g*;) ® gy

Y dpidé; ® pidj + dgidé; @ qif;.
1,J

€o

In Az(gil) ® Im—2°
a = (O dpidg)®& - bm,

i=1

o = O d) @& bm,
i=1

n
s = Y dpidé; ® pif} + dgidé; ® i},

=1

where 7 as usual stands for the Hodge dual of ¢;.

Suppose that m # 2. Now dco(p1,£€1,€1) = 2p1 # 0. Hence ¢p is not a
cocycle. On the other hand

dcl(fl)&lagl) = O)
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d02(§1,€1,§1) = _3£ik 75 0,
de3(é1,€1,61) 0,
dei(p1,q1,61) = —& #0.

From this it follows that the space of cocycles in A%(g*;) ® g,,_o is at
most 1-dimensional. Let

n
b= dpi®pil1- - m +dgi @ gié1 -+ Em.

i=1

It is an spg, ® som-invariant 1-cochain such that db € A%(g*;) ® g,,_o and
db # 0. Hence any spa, @ sop-invariant cocycle in A%(g* ;) ® g,,_o must be
a coboundary.

Now if m = 2, then all four cochains appear in A%(g* ;) ® go. We have

deo(€1,€1,61) = 0.

Hence every cocycle must be a linear combination of ¢y, ¢; and c3. However,

ch (pla 61) 61) # 0)
dCl (plv §1> gl) = 0)
ch(p1>§1a€1) = 0.

Thus any cocycle must be a linear combination of ¢; and c3. But we have
seen from the general case that it must be a coboundary.

Proposition 4.7. Forn>1andm >0
1,2 . \SP2n®som __
H"(H(2n,m)_1; H(2n,m))g7**" =0, VI
By Corollary 2.3, since H(2n,m) is a full prolongation, we arrive at

Theorem 4.4. H(2n,m) has no non-trivial filtered deformations for n > 1
and m > 0.
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5. Existence and uniqueness of filtered deformations of
SHO'(n,n), SHO(n,n) and SKO(n,n + 1; 22),

In this section we will construct non-trivial filtered deformations of the
Lie superalgebras SHO(n,n), SHO'(n,n) and S’I:IOI(n,n), for n even, and
for SKO(n,n + 1; "T"'z), for n odd. From Propositions 4.2, 4.3, 4.4 and 4.6
and Corollary 2.5 it follows that such filtered deformations are necessarily
unique.

Let g be either SHO(n,n) or SH Ol(n, n). As usual we identify g with
a subalgebra in A(n,n) with the odd Poisson bracket. Recall that A(n)
is naturally Z-graded so that we may write A(n) = ®7_ga(n);. We let

gj =gN (C[wl) L2, ,xn] b2 A(n)J)

Lemma 5.1. Let f € g/ withj > 1, where g is either SHO(n,n), SI:IOI(n, n)
or SHO'(n,n). Then [£1&y---&n, f] = 0.

Proof. Note that we have [g¢, g7] C ¢*7~1. Hence [£1&;- - - &, ¢7] C gnTi~ L.
In particular if j > 1, (162 &n,07] C g". But g" = C&16y--- €y or g =
0. On the other hand we know that C&1&s--- €, doesn’t lie in the derived
algebra. Thus [£1€2---&,, f]=0. O

We define a super-skewsymmetric bilinear map pu, : g A g — g of degree
n as follows:

pn(frg) = [1ba---&n, fo] if frg€ o,
pn(frg) = O otherwise.

Ing=SHO(n,n)org= SI;IOI(n, n) we define a new bracket [, -] using
this p,, i.e. we set

[f:9)e = [f, 9] + pa(f, 9)€™ (5.1)

Proposition 5.1. The deformed bracket (5.1) defines a unique non-trivial
filtered deformation of SHO(n,n) and SH Ol(n, n).

Proof. It suffices to check the [-, ] is a Lie bracket. Since [-,]¢ is obviously
super-skewsymmetric, we only need to verify that the Jacobi identity is
satisfied.

Let g = SHO(n,n) or g = SH OI(n, n). Recall that [-,:] is a Poisson
bracket, which means that we have

[k, fg] = [h, flg + (=1)PWEDD g[p g]. (5.2)
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Here and below we mean by p(f) the parity of f as an element of the Lie
superalgebra. So for example p(z;) = 1 and p(§;) = 0. We remind the reader

~

again that the Lie superalgebra HO(n,n) is isomorphic to the odd Poisson
superalgebra A(n,n) with reversed parity, which accounts for the additional
+1 in (5.2). We need to check

[h7 [f) g]e]e = [[h7 f]é)g]e + P(h, f)[f7 [h’ g]f]é‘ (53)
By Lemma 5.1 pn(a, pn(b,¢)) =0, for a,b,c € g. Thus the left-hand side of
(5.3) is
[, [f, gl + (kn(h, [f, 9]) + [h, pn(f, 9)])€™,
while the right hand side of (5.3) is

(lh, fl.g) + p(h, HISf, [h, gl]
+  (pa(lh, £, 9) + [pa(h, £), 9]
+  ph, fpa(f, [h, g]) +p(h, £)If, tn(h, g)])e"

Thus (5.3) is equivalent to

mun(h, [f, g]) + [k, pn(f, )] = (5.4)
pn([h, 1, 9) + [pn(h, £), g1 + p(h, flun(F, (R, g]) + p(h, £, tin(h, 9)]-

So we need to verify (5.4) for f,g,h € g. It is easy to see that if one of
the f, g or h lies in g/, for j > 2, then the left-hand side and the right-hand
side of (5.4) are zero. Thus we may assume that f, g,h € g/, 7 = 0,1. Now
it is as easy to see that if any two of the f,g,h lie in g', then (5.4) gives
again 0 = 0. Hence we may assume that either f,g,h € g° or exactly one
of them lies in g' and while the other two lie in g°. We will consider those

cases separately.

Case 1. f,9,h € ¢°. In this case, noting that p(f) = p(g) = p(h) = 1 and
[6°, 6°] = 0 (5.4) reduces to

(h,[61 - &n, Fall = [[61- - &n, BFL 9] — [, [61- - &ns gl (5.5)
Now the left-hand side of (5.5) equals
[, [61-+ - &n, Flg) + [Bs flE1 -+ &y gl] =
The right-hand side of (5.5) is

"[f)h[fl o ’&n,g]] = [[51 : "gmh]ag]f + h[[ﬁl t 'fn,f]’g]
=[f, (& &n, hllg = RIS, [61- - &nr gl)-
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Thus we are to show

(h (&1 &n, Fllg + flPs[61- - bnsgll = [[61--&ns Bl g)f + Al[61 -+~ &n, £, 9]
- [f:[gl"'gmh]]g_h[f)[é.l €na ]]
(5.6)

But (5.6) is equivalent to saying that
=& n, [fsRllg — (61 &ni (R gllf = hl61- -, [frgll (B.7)
But (5.7) is obviously true, since [g°,¢%] = 0.

Cask 2. One of the f,g,h is in g', while the other two are in g°. We will
assume that h € g'. Other cases are analogous. In this case (5.4) reduces to

[h’ [51 e §n; fg]] = [51 e gm [h) f]g] + [51 T &n: f[h’g]]' (5'8)

(5.8) is equivalent to

[hy €1+ -~ &ns Flg] + [R, Fl61 - - ny 9]

(€1 &n, [h, fllg + [2, Fll€1 - - éns 9]
[fl e ‘Ena f][hvg]
+ f[&l T énv [h,g]],

+

which in term is equivalent to

[y [&1 -~ &ns fllg + (&1 - &ny IRy 9] + [By F1[E1 - - &ns 9] + fTRs (61 -+ 6y 9]
= [ﬁlﬁn)[h7f]]g+[h:f][ 1 gn) ] [§ gn) ][h’g]+f[§1§n)[h)g]]

But this is equivalent to saying that

f[[él"‘émh])g] + [[glgn)h]af]g =0,

which is certainly true, since [§; -+ - &n, h] =0 by Lemma 5.1. 0O

Denote these filtered deformations of SHO(n,n) and SH Ol(n,n) by
SHO(n,n). and SI-:TO/(n,n)E, respectively. SHO(n,n). is a simple Lie su-
peralgebra. Now in SH Ol(n, n)e 1 1s no longer central. But it is easy to see
that 1 —¢; - - - &, is central. Dividing by the ideal C(1—¢; - - - &,) we obtain a
filtered deformation of SHO'(n,n), which we denote by SHO'(n,n).. The
Lie bracket in SHO'(n,n). is given by:

[f)g]€=[€l"'§N)fg]7 f’QEQO)
[©5,&5le = 03561 &n,s (5.9)
[f,9]e =[f,g], otherwise.
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Define a map p : SHO(n,n). — SHO'(n,n). by

p(f) = f: feg(-—l)>
p(l) = &2 -én.

It is easy to see that p is an isomorphism of Lie superalgebras. We summarize
our discussion above in the following theorem.

Theorem 5.1. Let n > 2 be a positive even integer.

(i) SHO'(n,n)e with bracket given as in (5.9) defines a unique non-trivial
filtered deformation of SHO'(n,n). It is a simple filtered Lie superalgebra.

(ii) SHO(n, n)e with bracket (5.1) defines a unique non-trivial filtered
deformation of SHO(n,n). It is isomorphic to SHO'(n,n)..

(iil) SH O'(n, n) has no simple filtered deformations.
We define a deformed bracket on SKO(n, n+1; %t2) as follows (cf. [Ko]):

[f: g]e = ([Téléz e gme] + 2f9£1€2 toe €n)6n+2) f;g € (C[(L'l, ) xn]:
[f,9]e = [f.g], otherwise. (5.10)

Note that [7€1€2 - &n, fg] + 2fg€1é2 - €n € SKO(n,n + 1; Ll';'z_—z .

Theorem 5.2 The deformed bracket in (5.10) defines a unique non-trivial
filtered deformation of SKO(n,n + 1; %2).

Proof. It remains to show that [-, ] is a Lie bracket. Set

/"n+2(f)g) = [T§1§2 e 611) fg] + 2fg§1‘§2 ot gn, f)g € C[xb o ,-’l?n],
pni2(f,g) = 0, otherwise.

Note that pn42(a, pni2(b,c)) =0, for a,b,c € SKO(n,n+1; "—;’;—2) Thus [, ]e
is a Lie bracket if and only if 12 is a 2-cocycle of SKO(n,n+1; &nﬂ) with
coefficients in its adjoint representa tion. Hence for f,g,h € SKO(n,n +
1; 1‘—:—2-) we only need to check identity (5.4). It is easy to verify that unless
f, g and h belong to the gl,-components generated by the highest weight
vectors o¥, 56, and z¥ (7 + £25E®) (see the table of SKO(n,n + 1;6) in
Section 4) (5.4) gives the trivial identity 0 = 0. Also it can be verified
directly that if two of the f,g,h are not in C[z1,---,zy], then (5.4) again
gives the trivial iden tity. Hence we are to consider three cases. Namely

(1) f)gah € C[zly"'yxn]'



S. CHENG, V. KAC 1181

(2) f,9 € Clz1,---,z,) and h is in the gl,-component generated z¥¢,,.

(3) f,g € Cl[z1,- - -, ;] and h is in the gl,-component generated by =¥ (T+

Bn—k
nn+k Q)),

Even though we don’t have the Poisson bracket at our disposal, we have
the following useful identity:

.u’n-l-2(f:g) = [7-6162 o 'gna f]g =+ f[7-£1§2 o 'gnag]’ f:g € (C[xla T ,‘L'n]'

Note also that [7€1€2 - - - &, f]=0, if f lies in the gl,-component generated by
z¥€, and [t61&2 -+, &, 9] + 296162 -+ €, = 0, if g lies in the gl,-component
generated by z¥(r + %@) Using these identities the computation is sim-
ilar to the one given in the proof of Proposition 5.1. O
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