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1 Introduction

A substantial effort has been undertaken in the last decade to understand
what a canonical quantization of space-time would mean in terms of self-
dual variables and the corresponding loop representation it implies. Most
of the effort has been geared to the study of the constraint equations and
their algebra, while little has been done about the evolution equations, in
the understanding that, since the Hamiltonian of the theory is a linear com-
bination of the constraints, the information contained in their algebra is all
what is needed.

Nevertheless we believe that the study of the evolution equations as such
should be of relevance for a better understanding of the constraint algebra,
for it might assert that it has very important properties which might other-
wise be very difficult to recognize, namely that of giving rise to a well posed
initial value formulation, that is, a theory in which one could predict the
future based on knowledge gathered at an initial Cauchy surface.

It is not clear a priori that a classical well posed initial value formulation
is essential for quantization. However all physically interesting quantum
theories we know of correspond to well posed classical systems, and this fact
is implicitly used in most approximation schemes.

The well posedness of the initial value problem for the classical theory in
the usual tensorial variables was asserted in the fifties by Choquet-Bruhat([1]
using a particular reduction of the equations in the harmonic gauge. Since
then, a number of other formulations of the theory as symmetric hyperbolic
systems have appeared (see [1, 2, 3, 4, 5, 6, 7] and for an updated review
with a more complete reference list see [8] ), mainly aiming to gain some
advantages in dealing with certain specific problems, such as asymptotic
studies, global existence, the Newtonian limit and numerical simulations of
fully general relativistic configurations.

It is not clear that the study of the dynamics of Einstein’s equations
in Ashtekar’s variables as a symmetric hyperbolic system would have an
important impact on applications such as those mentioned above, but its
intrinsic beauty, simplicity, and economy can not be in vane.

In dealing with first order quasi-linear systems of evolution equations,
-as Einstein’s equations naturally are in Ashtekar’s variables— a sufficient
condition for well posedness is symmetric hyperbolicity, that is, if the system
can be written in the form:

MO(w)ug := M*(u)Vau + B(u)u (1)
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where u is a “vector” and M, M? and B are matrices which have smooth
dependence on u and, in addition M® and M? are symmetric and M? is
positive definite . This condition is the one of more immediate use, in
particular for numerical simulations, for it enables one to estimate the growth
of the solution in terms of conventional norms; therefore it is always worth
checking whether or not it holds. If a system does not have this property it
does not mean that its associated initial value formulation is not well posed,
for the necessary condition for well posedness is a weaker condition, namely
strong hyperbolicity 2, that is, that the eigenvalues of the principal symbol,
iM®(u)k, be purely imaginary and that it has a complete set of eigenvectors,
all of them smooth in their dependence on u and k,. It turns out that the
Ashtekar’s system can be extended outside the constraint and reality sub-
manifold of the phase space in such a way that both hyperbolicity conditions
hold.

In determining whether a formulation of general relativity is well posed or
not there usually arises the problem of constraints, since we can not locally
separate the fields into free and into dependent ones with respect to the
constraints. We have to think on the evolution equations not only as giving
the dynamics at the constraint sub-manifolds, but also as evolution equations
for the complete fields, that is, as equations also valid in a neighborhood of
the constraint sub-manifold. But this makes those equations non-uniquely
determined; all dynamics which at the constraint sub-manifold give the same
evolution vector field are valid, and therefore equivalent. Thus, if we modify
the equations, by adding to them terms proportional to the constraints,
we obtain equivalent systems of equations. Thus, in order to show well
posedness one only has to search for one of these equivalent systems of
equations in which the above conditions hold.

In the Ashtekar formulation of general relativity a further complication
arises because besides the constraints there are reality conditions. Along
evolution the soldering forms are in general not anti-hermitian, even if they
started that way at the initial surface, so without assuming very stringent
evolution gauge conditions or imposing elliptic gauges, one can only require
the metric reality conditions along evolution and since these conditions are
non-linear in terms of the basic dynamical variables, it becomes necessary
to deal with them as if they were a new set of constraints.

In a recent paper [9], the authors have answered the question of

'For a short introduction into the topic see [8] and references therein.

*The name strong comes because it is stronger than the primitive concept of hyperbol-
icity, namely that the eigenvalues of the associated symbol be purely imaginary, but it is
a weaker condition than symmetric hyperbolicity.
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hyperbolicity by finding a representative within the equivalent class of evo-
lution equations and showing that it is a symmetric hyperbolic system. In
that paper it was assumed that the soldering form was anti-hermitian, re-
stricting unnecessarily the set of gauge conditions (choices of lapse-shift pair
and of the SU(2) rotation gauge) for which symmetric hyperbolicity holds.
That restriction can be easily lifted to allow for all soldering forms to be

SL(2, C) rotated to an anti-hermitian one, that is, for all soldering forms
satisfying the metric reality condition. We do this in the next section, (§2).

Unfortunately this lifting is not enough to grant the well posedness of
the system, because a small departure from the reality sub-manifold would
imply an immediate and strong instability for certain perturbations. Thus,
the usual methods of constructing the solution via a contraction map of
successive approximations can not be used, nor can one use these equations
for numerical simulations. To overcome this problem a further modification
to the evolution equations is needed, this time outside the reality condi-
tion sub-manifold, which makes the system symmetric-hyperbolic in a whole
neighborhood of that sub-manifold. We study this modification in §3. In or-
der to distinguish it from the prior modifications above mentioned, we shall
call it flow regularization.

We then study, in §4, the diagonalization problem for the principal sym-
bol of the system, that is, the issue of strong hyperbolicity and of the prop-
agation speeds of perturbations. In particular we display remarkably simple
expressions for the different eigenvalues-eigenvectors of the system. We con-
clude that the system can not be extended outside the reality condition
sub-manifold in order to make it strongly hyperbolic there, keeping at the
same time unchanged the simple dependence of the characteristic eigenvec-
tors on the solution. On the other hand one can modify the equation into
a strongly hyperbolic pseudo-differential system, the advantage here being
that the characteristics of the system remain very simple.

In §5 we study the issue of the constraint and reality conditions propa-
gation, showing that the system stays on those sub-manifolds if initially so.
We show in particular that the constraints propagate also via a symmetric
hyperbolic system. The diagonalization of this system is also remarkably
simple.
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2 Symmetric Hyperbolicity

2.1 Earlier Results

In a recent paper [9], the authors have shown that the Einstein’s equations in
Ashtekar’s variables constitute a symmetric hyperbolic system. In that paper
it was assumed that the soldering form was anti-hermitian 3, restricting

unnecessarily the set of gauge conditions for which symmetric hyperbolicity
holds.

In order to obtain a symmetric hyperbolic system for any given lapse-
shift pair, we suitably extended the field equations outside the constraint
sub-manifold. Since this extension only involves the addition of terms pro-
portional to the constraints, we know that the evolution vector field is tan-
gent to the constraint sub-manifold, and so the physically relevant evolution,
that is, the dynamics inside this sub-manifold, remains unchanged.

For completeness, we repeat here part of the calculations made in [9],
showing in addition that the above extension is unique.

It is known ([10], see appendix 6 for a brief overview) that, using the
Hamiltonian formulation to determine the dynamics of the pair (5%, Ap),
Einstein’s equations can be written as

1

L7 = aﬁ&b—-\/—ipa(maa,&b]),
P
ﬁtAb = EﬁAb‘l‘ﬁMC"aaFab]a
C(5,4) := tr(6°6°Fy) =0, (2)
Co(5,A) = tr(6°Fy) =0,
CaB(5,4) = D,5248 =0,

Since the evolution equations have a block diagonal principal part, that
is, in the time evolution for 6% (A4,) there only appear space derivatives of
7% (respectively A,), the desired modification is of the following form:

3Since we are using intensely the matrix algebra of the soldering forms we refer to them
as anti-hermitian in the matrix sense, in the abstract sense, as defined in [10] they are
actually hermitian.

“One can always add to these equations given SU(2, C) gauge terms in the usual way
without affecting hyperbolicity, for if they do not depend on 6%, nor on A,, they do not
enter the principal part.



1080 ON THE DYNAMICS OF EINSTEIN’S EQUATIONS

Lid® = Lyd® = Z=Dallo*,5"]) +[C, "), 3)
LAy, = EﬁAb + 77’5 M&a, Fab] +B6,C+ v ede&ch. (4)

where o, § and -y are complex functions to be determined so that the system
becomes symmetric-hyperbolic, meaning that the principal symbol becomes
anti-hermitian with respect to the canonical inner product

(ug,u1) = ((G2,4%),(51,4%))
= ~ta=b AZT Al ab
= tr(65°67) qab + tr(A%,A%) ¢,
and considering the soldering forms, ¢® anti-hermitian.

Recall that the principal symbol of a quasi-linear evolution equation sys-

tem ‘
4 = BLo(u)Veud + M(u)

is given by P(u,ik,) = i B';*(u)ks. In our case u denotes u = (0%, 4p).
Thus we need to prove that

Pio+ Pflg = (uz,Pul) + (UZ,PT’U,1> =0.

Using the fact that any complex matrix can be written as u = —glr_;tr(u&e)&e
and that [5%,5°] = 0/2e%.5°, the principal symbol can be written as

=~ ~ b _ kN b~ \~e kq ~ b~ey.a ~c
P,(5,1ks)51° = —1 2 tr(61°6¢)0°¢ — ;Ntr(al %)% o
/3 .
e (0= 75¥) kate@r75)e ", (5)
~ . 1 .kaNa ~ \~e 2 1~ ae ~c
Pp(G,ik;) Ay = —i 3 tr(A1p0e)0 +;Nk[atr(Ab]ae)s oy

+i BV20e°% k5, tr(Ge AY) +12 ver G, tr(5® kigAy6)

A very simple calculus shows, using the inner product above and the anti-
hermiticity of the background soldering form, that

ko N® f - ko N® s .
Pyi2+ Ploip = —i ‘;2 tr(&lbée)tr(agbae) +1 ‘;2 tr(G9 105, ) tr(6155°)
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1 1
--N kg t0(61°50)e%, tr(55,5) — Nka tr(5155¢)€%,

T iv2 i - g~ ot
xtr(ozﬂ’ac) — —%_—(a — ﬁN) ke tr(alaae)eebd tr(a;bod)
/3 .
+30£(a + —ZEN) ko tr(6156%)e® g tr(521%5,). (7)

The sum of the first and the second term vanishes because of the symmetry
of the background metric used in the inner product, the sum of the third
and the fourth term vanishes because of the anti-symmetry of %%, finally
the last two terms should vanish in order to get the desired result, but it is
impossible for the sum to vanish because there are different contractions on
the indices and &; is independent of &2, thus, the only way for these terms to
vanish is that each one of them do so separately. This is obtained requiring

1
= —N.
=

Next we calculate

a

koN© koN
Purg + Pl g0 = —i “0 —tr(AL5°)tr(AT5.) +i‘;—2tr(A1bae)

xtr(A%,6,) + N %eaemtr(Albae)tr(A’f”&m) +N %s“mtr(A”’&m)

tr(A12,5,) + i3V 20e%% tr(A1205,)k, tr(A'gde) — iTkae™s tr(A1*?5,)
kotr(ALG,) + ivet® kg tr(A1205,) tr(A105,) — ifV20e°“k, tr(A46e)

tr(A6,) —N %sm tr(A126,,) tr(A'ad,) — iveaPhs tr(AT2%5))

tr(A'467) - N %e‘"’" tr(Af2,5,) tr(A%6y,) + i7e,%%k, tr(A1245%)
tr(A5,). : (8)

The sum of the first and the second term vanishes because of the symmetry of
the metric, the third and fourth terms vanish because of the anti-symmetry
of €%¢, The next four terms give rise to

i tr(AMGy) tr(ALgde)e ko (Bv20 +7) + i tr(A%45e) tr(A'45%)e%k,
X (BV20 +7)

and there are no other terms of the same kind, so they must vanish. The
only way (since A' and A2 are independent) this can happens is if

V20 = —7.
Finally the last four terms vanish if we use

~b b dx
24le5Y = cobeg,  Ad5™,
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and choose

) )
=——N and cons ntl = — N.
v=--N, equently  f=-— N

2.2 Lifting the Anti-Hermiticity Condition

In the above calculations it was assumed that 6% was anti-hermitian. A
simple modification of the scalar product into a “rotated” one, allows to
conclude that the equations are still symmetric hyperbolic (w.r.t. the new
scalar product) even when the soldering forms are not anti-hermitian, as
long as they can be transformed into ones that are so by a SL(2,C) trans-
formation, that is, as long as the metric they generate is real and positive
definite.

Indeed, given 6% such that the metric it produces is real, there exist
SL(2, C) transformations L(5%) such that 4% := L~16%L is anti-hermitian.
(See Appendix 6 for a procedure to construct one.) Using any one of these
transformations we define the following scalar product:

(ug,u1) gy = (H'(6)(52,4%), H(5)(61,A")) 9)
= tr(L7'65L)" L7'60L) qup + tr((LTAZL)T L1 A L) ¢,
(10)

where the linear operator H(u) is defined through L as in the second step.
Thus, when computing

Piog + Ptigg = tr((L7Yue L) L7 Pus L) + tr((L™ 1 Pug L) L™, L),
we obtain terms with the structure,®

tr((L Y ue L) LYW (L6 LY Ltr(uy LG L7Y)) =
tr((L " ug L) 6)tr(L~uy L6),

that is, with the same structure as the one in the calculation in [9], and
above, if one substitutes u;, and uy by their rotated versions, L~!u; L, and
L~ luyL, and correspondingly ¢ by 4°. Since 6¢ is by construction anti-
hermitian, symmetric-hyperbolicity follows for the extended system from
the same calculations as in the previous subsection.

As argued below, symmetric hyperbolicity in the reality condition sub-
manifold does not seems to be enough for the usual proof of well posedness

®We consider the case N* = 0, for the part proportional to it is diagonal, hence sym-
metric, without any conditions on &°.
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to work. Thus, a further modification of the equations is needed to obtain
a set of equations which are symmetric hyperbolic in a whole neighborhood
of the reality conditions sub-manifold. We do this in the next section.

3 Flow Regularization

Although, as we shall prove in section 5, the evolution respects the reality
conditions (and therefore solutions whose initial data sets satisfy them, have
a metric which stays real along evolution), this property is not sufficient to
conclude that the system is well posed. Indeed, all schemes used to prove ex-
istence of solutions rely upon sequences of intermediate equations and their
corresponding solutions, which are shown to form a contractive map, and
hence to converge to the exact solution. These intermediate equations are
in general linear versions of the original equations, but with the principal
part evaluated at earlier approximated solutions. The problem is that this

" intermediate solutions do not propagate correctly the reality conditions and
so one has to solve approximated systems in a neighborhood of the reality
condition sub-manifold, but there the system is not symmetric hyperbolic,
and so its eigenvalues have non-zero real part. Thus, the intermediate equa-
tions unstable, and so if intermediate solutions exist at all their norm can
not be properly estimated.

This problem is overcome by further modifying the evolution equations
outside the reality condition in such a way to obtain a symmetric hyper-
bolic system even outside of it. Then standard contracting maps schemes
for proving existence of solutions can then be applied to obtain local well
posedness.

Here we present a detailed description of the required extension to the
flow in order to obtain a symmetric hyperbolicity in a whole neighborhood
of the reality condition sub-manifold.

If the metric is real and positive definite, that is, if it lies in the real-
ity condition sub-manifold, then to prove symmetric-hyperbolicity one can
simply use the fact that there is an SL(2, C) transformation which makes o
anti-hermitian. Outside the reality sub-manifold no extension of the trans-
formation would give an anti-hermitian soldering form, so the system there
is not symmetric-hyperbolic without a further modification.

The extra modification of the evolution equations consists first in extend-
ing the SL(2, C) transformation outside the reality condition sub-manifold,
with properties which ensure that when the reality conditions are satis-
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fied the resulting 0® would be anti-hermitian; we present in detail one way
to achieve this in Appendix 6 (the procedure is not unique). The second
step is to change everywhere in the principal symbol of the system o¢ by
L&°L™1 == (L(L7'6°L — (L716°L)T)L~!). At the reality sub-manifold we
re-obtain 6% but, outside of it, the equations differ. Notice also that 6 is,
by construction, anti-hermitian. Therefore we claim that the system is ev-
erywhere symmetrizable, with symmetrizer H(5) := (L~!)TL! to the left
and H~! to the right (notice that H is symmetric and positive definite ev-
erywhere, since L € SL(2,C)), that is, with respect to the following scalar
product:

(ug, )y = (H7Y(5)(52,4%),H(5)(51,A4"))
= tr((L7'64L)" L7'68L) Gap + tr((L™ AZL)T L1 ALL) 6%,

where ¢% is the metric constructed out of %, and therefore real. We shall
denote with a ( *) tensors which are constructed with . Since they are
SL(2, C) scalars they are also the ones constructed with L6°L~!. On the
extended equations we shall raise and lower indices with G and its inverse.

Again, we consider just the case N* = 0, for the part proportional to it
is diagonal, hence symmetric, without any conditions on 6¢. Recalling the
expressions for the principal symbols,

k
P, (5,ike)51° = —;“ Ntr(51°6%)e%..5°, (11)

~ 2 . .
P(5,ik;) AYy = ;l,\jk[atr(Ag]ae)e“ecac
2
+N€°delzcab tr(Ge AY) + —l}J €395, tr(5° k[dA}L])(12)

Once modified, they become

P, (6,ik,)51° = —%Ntr(a—’{La—eL-l)éaecLaCL—l, (13)

Py(6,ik.) Aly = gmk[atr(A,}]Lae Heee Lot

+N”CdekcLabL Lir(LéoL™t Ad)+—N &%°L6. L1
xtr(Lo“L kiaAg))- (14)
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Which is identical to the one used in the previous section, but now 4¢ is by
construction anti-hermitian even outside the reality condition sub-manifold,
therefore L6®L™! can be trivially rotated into an anti-hermitian one, and
so symmetric-hyperbolicity follows as before. With this modification the
standard proof of well posedness of symmetric-hyperbolic systems apply.

Main Result: If we assume that data, (08, A%), is given at a initial surface
Yo such that it belongs (locally) to the Sobolev space H*(Zo) x HS~1(Zg),
s >3, and such that §® and its first time derivative at Xy are very close to
be real, (that is, we start with initial data in a sufficiently small neighborhood
of the reality sub-manifold) then a local solution exists and it stays in these
spaces along the generated foliation.

4 Characteristic Directions and Strong Hyperbol-
icity

It is of interest to see whether there are simpler modifications to the equation
system outside the constraint sub-manifold which would give us well posed-
ness (strong-hyperbolicity) but with a system not necessarily symmetric-
hyperbolic. In doing this we shall calculate the complete set of eigenvectors
with their respective eigenvalues.

Recalling the expressions for the principal symbols of the system, (11),
(12), we see that it is convenient to use at each point an orthogonal triad
{ka,m},m7} since we want to extend the results to a neighborhood of
the reality condition sub-manifold. Let k% —the wave vector— be real, with
|kok?®| = 1 and let the other two vectors are taken to be null and orthogonal
to kq. They are normalized such that, mim; ¢® = k7! = (Vk.k%) 1,
and chosen so that when the metric becomes real m; = m (complex null
vectors). Note in particular that we have the relation:

Eabe = iﬁk[am;-mc_]

Thus the symbol can be diagonalized in blocks with the following eigen-
values

Xo=ikgN® Ay =i(kaN®+DNkq) A =i( koN® — Nkq)

and the subspaces associated with the above eigenvalues are

E,° = Span{ke kag®,m} kag®mg kag®},
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E,* = Span{k, m; @d m} m7 g% m; m; g%,
E,~ = Span{k, m} g%, m m}'gd my md g%,
EA’ = Span{k, kdq ke md g 4 ke, my g },

B4t = Span{m] kqg%,m} mJ g% m} m7 g%,
Es~ = Span{m; kd@d,m; m;l'—@{ my My éd}a

In order to clarify how we have computed these eigenvectors and eigenval-
ues, let us check this result for A} = mfldkd € B}, with [, € {k,,m},m7}.
Consider the case N* = 0, for the part proportional to it is diagonal, then

PA(3,ike) A% = 2Nk tr(Af50)e 5"
+NECde%5'b tr(Ge Ad) g'N 8b Coe tr(o k[dA ])

=oN (2k[bm;:]lesaeccr +2k[amd] €%.0°¢ —kamd l,e%¢ ab)
ik

= ——2—0N (2€panm ™t €% 15 + 2€qanm €% 145C
—€adn m+n adel Ub)
= ikaN mj Igk%. (15)

Note that, assuming the metric to be real and choosing the space-like
foliation such that k, becomes the normal to a time-like hypersurface and the
shift vector tangent to it, then we see that for each 6% and A,, there are three
incoming characteristics, the same number of outgoing (as should be the
case for gauges respecting time-direction symmetry) and three characteristics
which move along the boundary.

Note that the eigenvectors span the whole space on the solution mani-
fold, furthermore they are smooth functions on all arguments for &k, # 0.
Furthermore, if the metric is real, that is, if we are in the reality con-
dition sub-manifold, then the eigenvalues are purely imaginary, thus we
have a strongly-hyperbolic system. Can one make a simpler flow regular-
ization and get strongly hyperbolicity (a weaker condition than symmetric-
hyperbolicity)? That is, can we get away with the L transformation? From
the form of the eigenvalues it is clear that this is the case. Indeed, one can
modify the system outside the reality condition sub-manifold in such a way
that the eigenvalues are purely imaginary also there, but since in general
k is complex, and depends on k,, the needed modification transforms the
differential equation system into a pseudo-differential one. We do not pur-
sue this further because such a modification would not be practical for most
applications one envisions.
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5 The evolution of constraints and reality condi-
tions

Once a suitable extended evolution system for general relativity is shown
to be symmetric hyperbolic in a whole neighborhood of the constraint and
reality conditions sub-manifold, then standard results can be applied and
different results on well posedness follow, in particular local evolution is
granted if the initial data is smooth enough. For instance, for the specific
system at hand, if the initial data (6%, A,) is in H*(Z) x H*"}(Zp), s > 3,
then the solution remains for a finite time in the corresponding spaces along
the generated foliation %;. ©

Given a solution in a foliation, we can identify via the lapse-shift pair
any point on X; for any ¢ with a point at the initial surface, namely the
points that lying in the integral curve of the four dimensional vector field,
t* = Nn®+ N® and so we can pull back to the initial surface the pair (6%, 4,),
thus in the initial surface a solution can be seen as a one parameter family
of fields in H*(Zg) x H*~}(Zp).

The following geometrical picture of evolution emerges: we have an infi-
nite dimensional manifold, K, of pairs of soldering forms and connections in
a three dimensional manifold, ¥y belonging to H*(Xg) x H*1(Zy). Given
any lapse-shift pair we can generate an evolution, that after the pull back is
just a one parameter family of pairs in K, that is, a curve on that manifold.
The tangent vector to that integral curve is our twice modified evolution
equation system. Of course not all these integral curves are solutions to
Einstein equations, for they would not generally satisfy the constraint nor
the reality conditions, which in fact form a sub-manifold of K, denoted P.

The relevant question is whether the integral curves which start at P
remain on P, for they conform the true solutions to Einstein’s equations.
This would happens if and only if the tangent vector fields to the integral
curves are themselves tangent to the sub-manifold P. In order to see that
one can proceed as follows:

We let RE, and CE denote the reality conditions quantities, namely
Fq?, Sy, and the constraint equations quantities, namely C, C, and C®

respectively. 7 We smear these expressions out with smooth tensors and so

®For the local problem one takes (through the choice of lapse-shift pairs) the foliation
to be such that all the constant time surfaces coincide at their boundaries, that is, a lens
shaped domain of evolution.

"This is basically a coordinatization of a neighborhood of P in K.
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obtain maps from the manifold K into the complex numbers,

RE;,(5,4) = /Z FurSq® dz? (16)
RE;u(5,4) = /2 £y da? (17)
CE;5,4) = -iv2 /2 tr(f&) da® (18)
CE/(5,4) = —iv2 /2 fCdz® (19)
CE;,(6,4) = —iv2 /E faC® da?, (20)

We thus see that the reality-conditions-constraint sub-manifold P can be
defined as the intersection of zero level set of each of this infinite set of maps.
If these maps are sufficiently differentiable so that their gradients are well
defined, it is clear that the tangency condition of the evolution vector field is
just the requirement that when contracted with the differentials of the above
defined maps the result should vanish at points of P. But these contractions
are just the smeared out version of the time derivatives of the reality and
constraint equations. Thus, provided we have enough differentiability,® we
only have to check that this time derivatives vanish at P.

Since these calculations need only be done at points of P, it only in-
volves the original evolution vectors field, and so the standard results can be
used, namely that the time derivative of the constraint equations, and the
time derivative of the reality conditions vanish at P. The first result (see
appendix2) follows from the constraint algebra calculated in [10]. The second
one, basically, follows from the fact that the Ashtekar system is equivalent,
up to terms proportional to the constraints, to Einstein’s evolution equa-
tions. Since in that equivalence one does not use any hermiticity nor reality
condition explicitly, Ashtekar’s equations are in fact equivalent to complexi-
fied gravity that is to equations identical to Einstein’s, but where the metric
and the second fundamental form on each slice can be complex. Thus, at
points where both the metric and the second fundamental form are real,
and the constraints are satisfied, that is, at P, and provided that the three
metric is invertible, the imaginary part of these tensors clearly vanishes. We
have also verified this directly (see appendix 2, and see also previous works,
[11] and [12]), obtaining

Liqay = Lqab — 2N(gp)
Limey = ﬁﬁﬂ'ab + Nrrgy — 2N ey — NRopy — Do Dy N

8Note that in this manipulations no surface term arises, for in treating the local problem
the lapse-shift pair vanishes at the boundary
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N .
~ 5 dab (R +7 - Wdcﬂc.d) — iNea? D (Tac — Tac)
+2N (ﬂ‘daﬂ‘[db] — MT[gp) + ﬂ[ad]'n‘db) —iN fbdeaﬂ'[dm]

~ 4™ (DeN g ~ NDcrymay) (21)

where

Tab = —tr(meop) and  mpgy = _zegbc tr(c“Dyo d)-

Since the terms, which could give an imaginary contribution to the expression
when ¢, and 74, are real, are proportional to the constraints, we see that
at points of P the evolution of the imaginary parts gqp, and m,;, vanishes.
Note that the real part of mg, corresponds to the extrinsic curvature, i.e.
T(ab) = Kap- We conclude that,

Main Result: Initial data satisfying both the reality conditions, and the
constraint equations have an evolution which stays inside P, and so are
solutions to the real and complete set of Einstein’s equations. °

We will conclude with a brief discussion of some issues relevant to nu-
merical relativity.

What does this mean when one does not solve Einstein’s equations ex-
actly, but just approximate them via numerical simulations or other means?
If the approximations were a contraction map as the one often used to prove
existence of exact solutions of symmetric hyperbolic systems, then it would
follow that the approximate solution must approach the manifold P as it
is refined and made closer to the exact solution. In practice the approxi-
mation schemes are not contractive as required. Even after refinement, if
the method yields convergence to the manifold P, this convergence could be
very slow.

To explore this problem, and in analogy with a similar work of Fritelli
[13], we have looked at the evolution equations that the constraints satisfy
when the flow is extended , but assuming that the reality conditions hold.
From this study we have found that the constraint quantities satisfy by them-
selves a symmetric hyperbolic system of equations. Thus, initial data sets
which satisfy exactly the reality conditions, but are just near the constraint
sub-manifold, if evolved by a scheme that respects the reality conditions
then would stay “near” the constraint sub-manifold, in the sense that their
departure would be bounded by a constant that depends only on the Sobolev

®The above argument is only valid for establishing local well posedness. For initial-
boundary-value problems, one must be aware of boundary terms and impose conditions
for them to also vanish.
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norm of the initial data set. Unfortunately symmetric hyperbolicity by itself
does not allow a finer control on the bound, which in principle could, even
for linear equations, grow exponentially with the evolution time. Thus, this
crude bound is not enough for controlling numerical simulations, but its
absence would certainly make simulations very hard to implement.

The evolution equations for the constraints have been calculated in ap-
pendix 2. In order to prove the symmetric hyperbolicity we just need to
consider the principal part of this set

. -
= N°%9,C — —=N|[c" 0,C],
7 o ]

= N%,C —iV2No?0°C,, (22)

Q. Qr

1

\/EN 0.C.

da = Nbaboa + %N gabcach +

Then we prove the following,

Lemma III.1: The equation system (22) for any fized, but arbitrary lapse
and shift fields is a symmetric hyperbolic system in the reality condition sub-
manifold.

Proof:

The eigenvectors and the eigenvalues can now be easily calculated, note
that the principal symbol in this system

P(ua ika) = Pé‘('z}’ ika) @ PC-;(IJ, ika)’ (23)

herey = (3,4), and C = (C, Cy).

As above we use the orthogonal triad {k%, m®, m®} being m® and 2 null
vectors. Thus the symbol can be diagonalized in blocks with the following
eigenvalues

Mo =i kaN® A =i(kaN®—NG) A =i( kaN®+1N3),
and the subspaces associated with the above eigenvalues are
BE" = Span{kiq’}, Ez” =Span{me3’},  Eg* =Span{ma.g?},
Bt = Span{(0,ma), (3, Jska)),
i

Eé"— = Span{(oam(z):(é’a_ﬁka)}'
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This set is a complete orthonormal set of eigenvectors with respect to
the inner product

(W ul) = ((C%C?),(C",CY)
= tr(C12CY) + ;12502*01 +q®cH ey,

and since the eigenvalues are purely imaginary the principal symbol is anti-
hermitian. This concludes the proof of the Lemma.d

6 Conclusions

We have studied several aspects of Einstein’s evolution equations as given in
Ashtekar’s formalism. We first have shown that when the reality conditions
are satisfied, that is, when there is a SL(2, C) transformation that rotates the
soldering form into a anti-hermitian one, the system is symmetric hyperbolic.

Contrary to what one might expect at first , this condition is not enough
to conclude that there are solutions, even local ones, to the evolution equa-
tions. The problem being that, since the reality conditions are not linear
conditions on the variables on which the problem is formulated, the usual
contractive map of successive approximations does not respect them, and so
evolution occurs in this approximations along paths where the system is not
symmetric-hyperbolic, meaning that they can not be appropriately bounded
by the usual methods.

To remedy this problem we have proposed two further modifications.
One of the modifications, called the regularized flows is a standard trick
commonly used to grant symmetric hyperbolicity, suitably extended to the
case under consideration, that is, to account for the intermediate SL(2, C)
rotation mentioned above. In that case one obtains a symmetric hyperbolic
system of equations even outside the reality condition sub-manifold. This
allows then to establish the local well posedness of the problem by standard
procedures.

The second modification has the advantage of keeping unmodified the
eigenvalues-eigenvectors structure of the principal part, which have a simple,
and therefore probably useful, expression in terms of the solution, at the
expense of transforming the differential equations into non local ones, namely
into pseudo-differential equations. This modification can be implemented in
numerical schemes —using fast Fourier transform— but only for a limited type
of boundary conditions.
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After the regularization of the flow and the subsequent implication of
the existence of solutions of given differentiability, we discuss the problem
of making sure that the solution, whose local existence we are asserting,
does satisfy the whole set of Einstein’s equations. In other words, whether
integral curves to the evolution vector fields starting at the reality-constraint
sub-manifold stay there. Since we have already shown that the solutions are
unique (if sufficiently differentiability is assumed) then it is enough to show
tangency of the vector field with respect to that sub-manifold. Provided
some differentiability conditions are satisfied, this is equivalent to standard
results which were nevertheless reviewed.

We concluded section 5 with some considerations about the problem
of numerical simulations, or approximations in general. Since errors are
unavoidable in numerical algorithms one can at most consider evolution
in a hopefully small neighborhood of the reality-condition-constraint sub-
manifold. Thus, even when —in the best of the cases— knowing that eventu-
ally, by refinements of the approximation scheme, the solution would con-
verge to that sub-manifold, one would like to have a priori estimates of the
deviation as a function of the initial error.

We have shown, following the ideas of Fritelli for the ADM formulation,
that the constraint system —while at the reality sub-manifold- satisfies by
itself a set of symmetric hyperbolic equations. Thus such an a priori bound
follows directly. We consider this a preliminary result, for the bounds that
follow from symmetric hyperbolicity are too crude for numerical purposes,
and so a further refinement, this time using information about the full sys-
tem of equations (contrary to symmetric-hyperbolicity which only uses the
principal part structure of them), seems to be needed.

We will conclude with a remark. A substantial improvement on the
handling of these equations would be the possibility of imposing reality
conditions in a linear way, that is, by requiring the hermiticity (or anti-
hermiticity if considered as matrices) of the soldering forms. Unfortunately
with the present scheme of modifying the equations outside the constraint
sub-manifold, the hermiticity condition restricts unnecessarily the possible
evolutions, for it basically fixes a unique lapse. Otherwise the system can not
be made symmetric hyperbolic in an straightforward way. This restriction is
unnatural, for one would expect that this condition could be enforced fixing
the SU(2) gauge freedom, and not the one associated with diffeomorphisms.
But all attempts to fix the SU(2) gauge appropriately seems to involve (at
best) elliptic conditions on the ”time component” of the connection. Is there
an alternative avenue to handle the linear reality conditions?
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APPENDIX A: THE CONSTRUCTION OF THE SL(2,C)
TRANSFORMATION.

Given a soldering form, 0%, we shall define here a procedure to construct a
SL(2, C) transformation such that, when the metric is real the transformed
soldering form is anti-hermitian. Given a transformation L making ¢ anti-
hermitian, there is a whole set of them with the same property, namely one
can left-right multiply the new one by a SU(2) rotation and obtain a new one
with the same anti-hermiticity property. To remove this arbitrariness in our
construction we fix a real basis (not orthonormal), {e¢} 7 = 1,2, 3 of vector
fields. For simplicity we shall work here with frames,{E?} i = 1,2,3 so that
0® = E&7% where 7¢ is an anti-hermitian Pauli set of matrices. We then have
EfE;?(Sij = ¢®, and so Ef‘E;’qab = 0;j. We define L as the transformation
such that the transformed frame {E¢} i = 1,2, 3 satisfies:

Bt = blet

A by b3

ES = bled +b2ed +b3ed with 5%’ 5% real.
2 2

The ortho-normality condition then fixes the third vector, and so the com-
plete transformation. Notice that if the initial frame can be rotated to a real
one, that is, if the metric is real, then the rotated frame we are constructing
will be real.

We let B = Cfe? and B¢ = LIE? = LiJCjFel = LJe}. Since Cif is
invertible, knowing L is equivalent to knowing L, we shall construct L.

We have, £1! = bl, £,2 = £,% = 0, b} is fixed by the ortho-normality
condition: 1 = (b})2e; - e1, we choose the root with positive real part.

Next we have Lo = b} L% = b3 L% = b3, and two conditions, the
normality condition,

1= (b3)%e1-e1+ (b3)%ez-ea+(b3)%e3-e3+2bdb2e; - €5 +2b2b3e; - €3+ 2bb3e; - e3.
and the orthogonality one,

0 = b}(bler - ey + bler - ex + be; - €3)
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We require that %(%—2) # 0, otherwise we impose the reality condition
to b3 /b3 and take b2 = 0. We multiply the orthogonality relation by a phase
% such that S(ee; - e3) = 0, we then divide by b3 and assume the quotient
of the b’s to be real. Taking real and imaginary part we get two real linear
equations:

ﬁg(ewe ﬁc” e, - e3) =

5 1-e1)+ 55(e"er -e3) =0

by b3

b3 g/ i b3 o/ it

-bi‘SR(e e1-e1)+ 5§§R(e e -e3) = —le; - eal,
2 2

which, because of the requirement above, have a non-vanishing determinant.
Thus, it has a real solution for the quotients. We then solve the normality
condition for b%, choosing, as before, the root with the positive real part.
The remaining coefficients of £ are completely determined by the remaining
ortho-normality conditions (three equations) and the condition that the real
part of b3 be positive.

APPENDIX B: BRIEF OVERVIEW OF THE HAMILTONIAN
FORMULATION IN ASHTEKAR’S VARIABLES

In this section we shall present a brief overview of the Hamiltonian formula-
tion in spinorial variables in order to get Einstein field equations as a system
of evolution and constraints equations and thereby to study the evolution of
the constraints (we follow [10] and [11]).

1 The Lagrangian Framework

Let us consider a four-manifold M which has topology ¥ x R, for some three-
manifold ¥, with a four dimensional SL(2, C) soldering form, 6%44’, and a
connection *A, 4P which acts on the unprimed spinor indices. We restrict
the soldering form to be anti-Hermitian so that it defines a real space-time
metric via g% = 0% 4 o?44" with signature (— 4+ ++) and a unique torsion-
free derivative operator V compatible with o® 4%, Finally, the derivative
operator 4D, defined by 44,48 via ‘DyAa = A4 + 4, 4B\p acts on
unprimed spinors.

The gravitational part of the Lagrangian density of weight 1 is:

4 A b 47 AB
L= (0)o4" 0’par"Fap”™”,
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where (*0) is the determinant of the inverse soldering form and F,; 4 & is
the curvature tensor of A4 45.

It is useful to perform a 3 + 1 decomposition of the action, this shall be
needed latter in order to pass on to the Hamiltonian framework.

Let us introduce on M a smooth function ¢ whose gradient is nowhere
vanishing and whose level surfaces ¥; are each diffeomorphic to ¥. Let ¢*
be a smooth vector field on M with affine parameter ¢ and on each level
surface, let n® be the future-directed, unit,time-like vector field orthogonal
to ¥;. Denote the induced positive-definite metric on Xy by gop = gap + namp
and obtain the lapse and shift fields N and N® by projecting t* into and
orthogonal to X , i.e. t* = Nn®+ N°.

Identifying unprimed SL(2, C) spinors on M with SU(2) on X;, we intro-
duce the soldering form 0% 42 on SU(2) spinors. It defines the three metric
on 3; as ¢® = —tr (¢%0® ). Here a matrix notation is employed, and shall be
used in the following, for unprimed spinor indices in which adjacent summed
indices go from upper left to lower right, e.g., (0%0%) 4 = 094 0% B.

Let Ag4®, Fupa® and D, (the Sen connection) be the pull-backs to X;
of A, 4B, 4F 4B and Dy respectively. Then DoAg = 8,74 + AgaBAp and
Fop = 28[aAb] + [Aa, Ab]

Finally, there is a natural (canonical) spinorial connection associated
with the three-metric such that Dyo® = 0. It relates to the Sen connection
via the extrinsic curvature K ,on ¥; as follows

V2

= 04 +TanBAp + —=K,4B2p,

V2

Doda = Doda+ —=KaaBp

where K|, AB_ = Kg40% 42 and T'y4® is the spin connection 1-form of D. Then
Ay =T+ ﬁKa and using the fact that the derivative D is compatible with

o, ie.

D,op = 3aab - 11abc(7'c + [Paa O'b] =0
with I';;¢ denoting the Christoffel symbols; we calculate

bed bed
€ Jagy (00c04) — £ Ty (000c04). (24)

Fe=%0 72

where the orientation three-form on ¥ is written as €%*¢ = —/2tr (0%0%0°).
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The action 1 can be expressed in terms of only of three-dimensional
fields:

S = / dt / &3z tr(\/i i5%(CoAy — Dy(*A 1)) = N 5°6°Fpy— /2 iN“&"Fa,,>.

where 6% 4p = (0) 0%aB, N = (0)~! N and the Lie derivatives treat internal

indices as scalars.

The action depends on five variables NN, N¢, %A - ¢, A,4P and §%4B.

The first three variables play the role of the Lagrange multipliers, only the
last two are dynamical variables. Varying the action with respect to the
Lagrange multipliers we obtain the constraint equations:

C(3,A) := tr(5°°Fy) =0,
Ca(&7 A) = tr(&bFab) =0, (25)
CaP(5,A) = D,5°4 =0,

and varying with respect to the dynamical variables, yields the evolution
equations:

L = —[4A~t,6"]+27>a(N[“a"])—\/%Da(M&“,&”D,
LA, = Db(4A-t)+N“Fab+71—§M6“,Fab]. (26)

2 The Hamiltonian Framework

Recall that the dynamics of a mechanical system can be achieved having
what is called a symplectic manifold, i.e a pair (I', Q43), where I is an even-
dimensional manifold, and Qg a symplectic form, i.e a 2-form which is closed
and nondegenerate. Given any function f : I' = R, the Hamiltonian vector
field of f is defined by X;* = 2PV f. Given any vector field v* € T,T,
we say that v® is a symmetry of the symplectic manifold if it leaves the
symplectic form invariant, i.e if £,Q,4 = 0, in which case the diffeomorfisms
generated by v* are called canonical transformations.

Given two functions f,g: I' = R, their Poisson bracket is defined by

{f,9} = Q*VofVsg=Lx,9=—Lx,f.

10The surface terms are not included here.
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Thus the dynamics of a physical system is given by assigning a phase space
(T, Qap, H) on which the evolution is generated by the Hamiltonian H from
the initial state. Hence for any observable f

f= ['XHf = {va}
When the system is constrained, i.e. when there are points in the phase
space that can not be reached by the physical system, the system remains in
a sub-manifold called constraint sub-manifold, that can be specified by the
vanishing of a set of functions ' = {p € ['/C;(p) = 0,for i = 1---m}. The
constrained system is said to be first class if there exist functions fij’“, 1,5,k =
1,---,m, called structure functions, such that {C;,C;} = fijka.

In the formulation of General relativity in Ashtekar variables, the config-
uration space C is the space of all weighted soldering forms 6%, and the phase
space I' is the cotangent bundle over C. The phase space is represented by
the pairs (6%, Ap) (these variables, apart from a numerical factor, the new
canonically conjugate pair, ). The action of a cotangent vector A, on any
tangent vector (60)? at a point % of C is given by

A(do) = — /E 831 tr(Aebo).

We will not discuss boundary conditions here, but just remark that one
possible choice would be to require that the canonically conjugate fields
should admit a smooth extension to the point at spatial infinity if the three-
surface ¥ is made into the three sphere by the one point compactification,
for an extensive discussion of fall-off properties of the fields see [10].

Thus in order to obtain the constraint sub-manifold where the physical
gravitational states take place, we need to construct functionals from the
constraints (25), i.e. we need to smear out these constraints with a function

N, a vector field N* and an anti-hermitian traceless N4P test fields. We

define

Cn(5,A) = —iV2 / Bz tr(NDe5%),
b
CMG,A) = —iv2 / BN (596" Fay), 27)
~ P
Cy(6,4) = —iva / Bz N® t2(5°Fyy — A Dyd?),
b

then we should ask if these constraint functions are first class in the above
terminology, to answer this question we have to calculate their Poisson brack-
ets. For that purpose, we introduce the symplectic form

o) ((50, 54), (50',5,4')) - \/Li /E &z tr(5 450" — 54509,
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where (do,0A) and (do’,A’) are any two tangent vectors at the point (o, A).
Thus given two functionals f and g their Poisson bracket is

_ i [ 3 of og Of 59)
{f’g}—\/ﬁ/gdxtr(JAaécra G054, )

The Poisson bracket between the constraint functionals and our fundamental
variables are:

(6°un, B} = - —2—5(90, y)oarAonD),

V2
{ON’&G} = [&aaN]a
{C’N,Aa} = D,N,
{Cy,5°} = 2D, W5l*5"), (28)
{Cy A} = N[5, Fal,
{Cg,6% = —Lg&%

{CirAa} = —LygAs,

and the constraints algebra becomes

{Cn,Cu} = Cvm,
{CN-,CM} = CﬁﬁMa

{Cy Cizt = Clemp
{Cn,Cyt = 0, (29)
{CN’CM} = CﬁﬁM

{Cn,Cyt = Ci+Cankm,

where K¢ = 20% (MD*N —ND°M).

Using the canonical variables (o, A,) and the action, the resulting
Hamiltonian writes:

H = / d3z (z V2tr(N®5°Fy, — N®A,Dy5®) +IV tr( &aabFa,,)),
=

ECN’ (30)

where the Lagrange multiplier *A4,t® has been chosen as A,N®.
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Therefore, the Hamiltonian evolution of the dynamical variables, yields:

L5 = {H, 5%

= ,CNO‘b - —\;—EDa(M&a’&b])

= —[A4N®, 5" + 2D, (Nle5%) + NP D52 — -%Da(y[aa, &°))(31)
['tAb = {Ha Ab}

= L Ab+ Fab]

75 e

= 'Db(AaNa) NaFab + — Fab] (32)

N[a
f
Note that the evolution obtained from the Lagrangian differs from the evo-
lution obtained from the Hamiltonian in a ”constraint term”.

APPENDIX C: THE CONSTRAINTS EVOLUTION

To compute the evolution equations for the constraints with the ex-
tended flow let us first calculate the Hamiltonian evolution of the constraints
(CA4B,C,C,). Using the Hamiltonian given by (30), the constraint algebra
(29) and integrating by parts, we obtain

¢ = {HC}=_LzC,
¢ = {HC}= Eﬁ0+i\/§ 0N D°C, + i 2V202C°D,N. (33)
Co = {H,C.}=LCo— —=ND,C —ivV2CDN+ ——Ntr([o F]0).

\/_~ V2~

The most complicated calculation is the last one (the evolution of C,),
in order to do this, we define the functional

Y= —i/2 / Bz M? tr(5°Fy),
b
thén '
~ ~ ) ~
{H,Cy} = —{Cx,Cpt + —={G, Cy1}- (34)
V2
We calculate each one of the terms above as follows

A _ 3 [ §Cy 5%_501\7 6Cyz
{C O} = ﬂ/gd”tr(aAa Goe  do% 04,
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= {Cy,Cji} +{Cx,CP}P=pos,
+iv2 /E d®z Lz A. M°C,
= Cigai+ Crgasan)+ Chocga,
= Can + O e
= Cigmyp (35)
and
{GnCizt = {QyCu}t +{G, CrHP=peoa,
—iv2 /2 Bol tr([5°, Fuy) M2C),
= —Cran+ Qo pume: (36)

Inserting the Poisson brackets (35) and (36) in (34), using that the Lie
derivative of a function with weight minus one is LN = M0, N — N 0,M*

and integrating by parts we get
{H,C.} = LzCa — L NDLC — iVICDN + — .Ntr([ab,Fba]C').
\/— V2
Since we have changed the evolution of the dynamical variables outside the

constraint sub-manifold, the calculus of the time derivative of the constraint
equations must be done using equations (3) and (4). If f : ' — C then

/d?’a: tr((Saw (;Z )

and since the perturbation we have made on the equations (3) and (4) are
linear in the constraints, we obtain

(5, 4) = {H, f} + / &Pz
xtr(;fb (\/_N[C' ~"]) 6‘1 ( i\/_N‘bC’+ 2 et ach))(37)

Then, using (33) in (37), we have the constraints evolution

% ~ I3 ~
C = N@%j, C——N ¢ D,Cl — —= DN [62, C] — i2v/2N Cy54,

\/_~ [U ] \/§ aly [0’ ] 2 N Cgo
¢ = N°D,C —iv2No DC, — iv/20N tr (é&d)
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TN tr ([(Z*, 5%)[a°, Fa,,]) + izy Ce®etr ((Dyda) Fe) (38)

C, = N'DyC,+ ﬁbf £.9D,Cy + ——N DoC + CyDaN?

\/‘
—%CdDbN &~ S—j:LV br ((D[a& |c|) o b) e

APPENDIX D: THE REALITY CONDITIONS

Consider the variables (62, A,). We want to prove that if they define
a real metric on an initial surface, then this metric remains real under the
Hamiltonian evolution. In order to do this, we shall calculate the evolution
of the variables gz, = —tr (040p) and g = —tr (m,0), where 7, is defined
by

Doda =D, >\A+\/§7TaA AB.

We write the evolution of &, in terms of mq, as follows

Lb = Lﬁ&b—T (N[&“ ~b) \/_N[D 5]

= Lgd®—iDNo e ae+a.N(7r o —m"), (39)
then we calculate
Lt = —2tr (£,5057)
= L Ig-tjab + 2No® (ﬂ(ab) - wq“b) . (40)

The evolution of gg follows from the evolution of 02 = det (qqp), thus we
calculate
Li0° = 202D N® — 20°7NN. (41)

Finally, we get
Liqab = L3qab — 2N (gp).- (42)

Thus in order to ensure the reality of g,, we need to know the reality of mgp.
The evolution of 7,y is given by

LTy = —tr (1o L1op) + iV2tr (opLiAg) — iV2tr (opLiTy) -

Hence in order to calculate it, we need to rewrite the evolution of A and o,
in terms of mgp. Using

Fop = Rop — ey + ’i\/ﬁD[aﬂ'b]
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where R, is the spinorial curvature, and redefining C' = tr (aaobFab) and
Cy = tr (0% Fgp), we compute

Lioy = Lgop—1 DN 0 €pe 0° — NTepo® (43)

-

V2
)

V2

~1N (Tanmp® — TMpn) 0™ — No®, Digmy)]

V2

—%NU;,C — iNe,%0,Cy. (44)

1

\/iNabC —iNe%o,Cy

£tAb = £]\7Ab+ N[O’a,Fab]—'

= »CN‘Ab + N[O’a, Rab]

Hence
Limep = [’1\77ra,b + N7mgp — 2N Tepmy© — NRg, — QabNC + N\/ieabdod
—i2Ney%etr (D[dﬂ'a]ae) + 4D Ne®pmae
+i\/§tr ((ﬁﬁr‘a - ﬁtra) O'b) . (45)

Using the fact that D,op = 0 and the formula 24 for T',, the last three terms
can be set as

—i2Ney®tr (Dygmyoe) +iDeNe®ymae +iv/2tr ((LgTa — LiTa) 03)
= —DuDyN — iNe*™ Dytgm — > ause™ (DeN s + NDeia)
yielding
Limay = LygTap + NTgp — 2N, Tep — NRop — Do Dy N
"']2XQab (R +7 - 7rdc7T°d) — iNegy D (mqe — mqqc) +
2N (7Tda7l'[db] — TT[gp) + W[ad]ﬂdb)

. %
—iN ébdeaﬂ’[dm] — —2-qabecmd (DCN Tma) — NV Dc’ﬂ'[md]) . (46)
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