© 1998 International Press
Adv. Theor. Math. Phys. 2 (1998) 697-718

Three-Point Functions of Chiral
Operators in D =4, N =4
SYM at Large N

Sangmin Lee?®, Shiraz Minwalla®, Mukund Rangamani®, Nathan SeibergP

%Department of Physics
Princeton University
Princeton NJ 08544

sangmin, minwalla, rmukund@princeton.edu

b School of Natural Sciences
Institute for Advanced Study
Olden Lane
Princeton, NJ 08540
seiberg@sns.ias.edu

Abstract

We study all three-point functions of normalized chiral operators in
D = 4, N = 4, U(N) supersymmetric Yang-Mills theory in the large N
limit. We compute them for small 't Hooft coupling A = g2, N <« 1
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AdS/CFT correspondence. Surprisingly, we find the same answers in the
two limits. We conjecture that at least for large N the exact answers are
independent of A.
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1 Introduction

The conjectured duality [1] (for earlier related references see [2, 3, 4, 5])
between string/M theory on Anti-de Sitter space (AdS) times a compact
manifold, and conformal field theory (CFT) living on the boundary of AdS
has attracted much attention. According to this proposal, Type IIB string
theory on AdSs x S® isdualto D = 4, N =4 supersymmetnc Yang-Mills
theory (SYMy).

In [6, 7] a detailed dictionary relating S-matrix elements of the string
theory to Green’s functions of the CFT was proposed. The operators of
the CFT are mapped to on-shell bulk fields on AdS. The CFT operators
interact with the boundary values of these bulk fields through an interaction
action Si¢. The partition function of the string theory with fixed boundary
values of fields is then identified with the partition function of the CFT with
external sources coupled to the corresponding operators.

Using this dictionary, two point functions of CF'T operators correspond-
ing to massive scalars [6, 7, 8, 9], vectors [7, 9], the graviton [10], and spinors
[11] have been computed.

In a series of recent papers, the 3-point functions of operators in a CFTy
corresponding to massive minimally coupled scalars [8, 9], or scalars and
spinors [12], or vectors and spinors [13] on the AdSs with certain generic,
arbitrarily prescribed, interactions have been computed.

Certain computations of correlation functions of operators in actual SYMy
have also been performed. Using a proposed form of Sjy;, the 2-point func-
tions of the stress energy tensor and Tr(F,, F'*) were computed in [6]. Us-
ing the model independent coupling of gauge fields to currents, the 3-point
functions of the R-symmetry currents of SYMy were computed in [9, 14].
Similarly, 3-point functions of the dilaton and the stress energy tensor were
computed in [10].

Local operators in SYMy are organized into infinite dimensional fami-
lies, each of which is an irreducible representation of the D = 4, N = 4,
superconformal algebra. Each family (or module) contains special operators
of lowest scaling dimension in an SU(4) representation. We will call them
primary operators (PO) (strictly, only the operator with the highest SU(4)
weight is primary). SYMy contains a set of special short families that con-
tain fewer operators than the generic module. Such families include primary
operators which are chiral under an A/ = 1 subalgebra; the scaling dimension
of operators in these families is determined by the superconformal algebra
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[15, 16] in terms of their SU(4) R-symmetry representation. We will loosely
refer to all the lowest dimension operators in such a representation as chiral
primary operators (CPO). Under a given N' = 1 subalgebra, the N' = 4
chiral primaries include /' = 1 chiral operators, N’ = 1 anti-chiral operators
and non-chiral operators.

It should be stressed that unlike the situation in N/ = 1, these chiral
primary fields do not form a ring. The product of two N/ = 4 chiral operators
includes a product of an AN/ = 1 chiral operator with an A" = 1 anti-chiral
operator and even two AN/ = 1 non-chiral operators, which are singular.
Because of such singularities the A’ = 4 chiral operators do not form a ring.

In this paper, we study the 3-point functions of all CPOs, in the large
N limit of SYMy. We first compute them in the limit of weak 't Hooft
coupling A = g2 ,,N < 1 using free field theory. We then study them in the
limit of large ’t Hooft coupling A = ¢2,,N > 1 using Type IIB supergravity
(SUGRA). Surprisingly, we find the same answers. Clearly, this agreement
for the primary fields guarantees similar agreements for all their descendants.

Banks and Green [17] showed that for infinite IV the leading order result
at large A is not corrected at the next order. Given that we found that the
leading order result agrees with the weak coupling answer, we are led to
conjecture that the 3-point functions of all chiral primary operators at large
N is independent of X\ = g%,MN.

Since R-symmetry currents and the stress energy tensor are descendents
of CPOs, our results include all previous results on 3-point functions [9, 10,
14], as special cases. Also, the discussion of [18, 19] shows that some of these
3-point functions are independent of the coupling even for finite N.

We point out that a similar result cannot be true for the 4-point function
of these chiral operators. Unlike the 3-point functions, the 4-point functions
depend on X at the next to leading order [17].

It might be that even a stronger claim is true, and these 3-point functions
are independent of gy ps even for finite N. (For some of the 3-point functions
this was proven in [19].) From the weak coupling side it is clear that the 3-
point functions depend on N (even the spectrum of chiral primary operators
depends on N). Therefore, if this stronger claim is true, then at strong
coupling, on the AdS side, the coupling of three gravitons depends on N;
i.e. it is corrected by quantum stringy effects. It is well known that such
corrections are absent around flat space. This result is a consequence of the
large amount of supersymmetry in the flat space theory. Since the AdSsx S°
background preserves the same number of supersymmetries as the flat space
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background, one might guess that here too the scattering of three gravitons
is not affected by quantum corrections. This guess cannot be simultaneously
correct with the claim that the 3-point functions are not corrected at finite!
N.

This paper is organized as follows. In section 2, we compute the correla-
tion functions in the weak coupling limit. In section 3, we identify fields on
AdS which represent the modes corresponding to the chiral operators and
construct their effective action to cubic order in the fields. In section 4, we
use this action to obtain the 3-point functions of normalized CPOs of the
SYM,. We compare this result with the free field calculation of section 2
and find precise agreement. In Appendix A, we explain our notations and
conventions. Appendix B is devoted to spherical harmonics on S%; we define
scalar, vector and tensor spherical harmonics in arbitrary dimensions, and
obtain several formulae needed for the calculation in section 3.

2 Correlation Functions at Weak Coupling

CPOs of SYMy are operators of the form

l1 lk (¢ll ¢lk)

where i1,---,i; are SO(6) vector indices and ¢* are six N x N matrices
transforming in the adjoint of U(NN). The trace in the formula above is over
U(N) indices. C! is a totally symmetric traceless rank k tensor of SO(6).
We can choose an orthonormal basis on the vector space {C’} such that

(chchy = C{ll %C'I?z1 “ — 11Tz We normalize our action as

1
_ 4. / Fa Fomy 4
/ 29%’M 49YM

In this normalization the Yang-Mills coupling and the string coupling are
related by g%,; = 4mgs. The propagators of interest are

ol =c¢

; o 9y a0apd”
(Pu(z) B (y)) = ﬁ—_y—w

where a,b, ... are U(N) color indices.

The 2-point function of two CPOs specified by tensors ch and CI2

1.0k J1-Jky’
is computed in free field theory by contracting all the ¢s pair-wise and is

'We thank T. Banks for a useful discussion on this point.
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nonzero only if k; = ko = k. Consider

9(z,y) = (Tr(¢" (z)..¢™ (z)) Tr (¢ (y)--¢7* (v)))-
In the large N limit only planar diagrams contribute. Planar diagrams
correspond to contracting i's and j's in the same cyclic order in which they
appear in g(z,y). One finds
o(zy) = Nkg2k (5017180232 §ikdr 4 cyclic)
’ (2m)%F|z — y|?*

Using the orthonormality of the C coefficients one thus deduces that (the
6112 term in the equation below is replaced by (C'1C'2) when considering
the 2-point function of arbitrary CPOs which are not necessarily orthogonal)

(O" ()% (y)) = /\kmdhh~ (2.1)

In a similar fashion one may compute the 3-point function of CPOs specified

by ¢ ¢k . cl3 . Toensurethat all $s are contracted, oz = Fitka=ka
11Tk 31..jk27 ll..lks 2
of the ¢s must contract between the first and second of these operators and

similarly for other pairs. In the large N limit, one finds

A\E/2 k1koks
N (2m)E|z — y|?e]y — 2|2 |z — z|2e2

(0hol2oh) = (chcl2clsy, (2.2)

where ¥ = k; +ky+k3 and (C11C12C13) represents the unique SO(6) invariant
that can be formed from C’1,C2,C% (by contracting o; indices between C'2

and C3; a5 indices between C'3 and C* and a3 indices between €’ and CIZ)

We rescale the CPOs O = Of em* such that they have normalized

Me/2V/k
2-point functions i.e.,
(0110[2) B shlz (2 3)
-yl '
Their 3-point function is
(01 (2)O (4) 0% (2)) = 1 Vkikgks(CTrcl2Cl3) (2.4)

- N |$ _ y|2a3|y _ Z|2al |Z _ ml?az *

This result is correct only at large IV and receives nonzero corrections at
O(NA;) from non-planar diagrams.

Finally note that the contraction of two or three C's may be related to
the integrals of two or three spherical harmonics over the sphere, by the
formulae given in Appendix B.
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3 Equations of Motion and Actions

3.1 Foreword to the Calculation‘

The particle spectrum of Type IIB SUGRA has been worked out in [20].
The particles are grouped into supermultiplets [21]. It turns out that the
supermultiplets present in the theory correspond to representations of the
superconformal algebra labeled by SU(4) weight (0, %,0), SO(4) j1 = jo =0
and scaling dimension ¢y = k [22] . According to the results of [15, 16]
these are short representations. These supermultiplets of particles must
correspond to CPOs (and their descendents) in SYMy with the same SO(6),
SO(4) and scaling dimension labels. These are the operators discussed at the
beginning of section 2. The AdS fields that correspond to CPOs are particles
in the SU(4) representation with weight (0, k,0), SO(4) representation with
j1 = j2 = 0 and mass m? = ¢y(ep — 4) = k(k —4) [7] . Studying [20] (table
I11 in particular), we conclude that the required fields s’ are mixtures of the
trace of the graviton on the sphere, and the five form field strength on the
sphere.

Before identifying these fields and starting the calculation we make a few
comments.

1. Since gravity is a gauge theory, not all fields in the IIB SUGRA action
are physical. We need to choose a gauge and then solve the Gauss law
constraints to identify the physical fields. Only these correspond to
operators of the SYMy.

2. Because of the absence of a simple covariant action for IIB SUGRA,
we choose to work with equations of motion rather than an action.
In order to compute the action for the fields s/ to cubic order, we
compute their equations of motion to quadratic order, and then pro-
duce an action that leads to these equations of motion. The action
thus produced is of uncertain normalization; we fix this ambiguity by
comparison with the correctly normalized action proposed in [23], at
quadratic order.

3. We need to identify the SUGRA fields that couple to various operators
only at linear order in fluctuations about the AdSs x S° background.
Nonlinear higher order corrections modify the computed correlation
functions of the corresponding operators only by contact terms. This
translates in spacetime to the fact that we compute only S matrix
elements which are not modified by field redefinitions. We use this
freedom to simplify our analysis.
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With the cubic action in hand we then use the procedure of [8, 9] to
obtain the correlation functions of interest.

3.2 The Setting

The IIB SUGRA equations of motion of the graviton and the 5-form field
strength are

4 ikl
Rmn = EFmijlenm (3.1)
F —_ 1 Fnln2n3n4n5 2
mimamamams — g{emlmzmsm4m5n1n2n3n4ns . (3.2)

We use units in which the scale Ry = (Aa/?)'/* of the AdSs and S° is set to
be unity. See Appendix A for other conventions.

The AdSs x S® background solution is

1
ds? = ;(-dm% + dz? + dzk + dz? + d2?) + dQZ,
Ru)\ua = _(g,ul/g)\cr - gpag)\u); R,uu = _49;111; Ry = —20,
Raygs = (9ap9rs — 9as918); Rap = 49ap; Rz = 20, (3.3)
Fﬂlﬂ2ﬂ3#4ﬂ5 = Curpopspapss Falazasaws = €yazazasas-

Bulk fields of interest are fluctuations about this background. Following
[20], we set

Gmn = gmn + hmny
h h P2 b = 4
(@) = fap) T 55 9 Map =0, (34)
h h'
hl“’ = h,lull - ?29#1/7 h;,u/ = h/(;u/) + ggﬂll/; gl“/h/(’uy) = 07

F = F+ 0F, 5Fijklm = Viajpim +4 terms = 5V[iajklm]~

We choose to (almost completely) fix diffeomorphic and 4-form gauge in-
variance by choosing the de Donder gauge V®h,s = V%, =
V®amimamams = 0. With this choice the most general expansion of these
functions about the sphere is given by [11] (see Appendix B for information
on spherical harmonics). For our purposes, it suffices to note that

I
W = Y YW,
hy = Y YAl (3.5)
Qaiasazag  — Zvayleaalazagoqbla

_ I.I
Opypapsps = ZY Oy papzpg
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3.3 Linear Constraints and Equations of Motion

The Einstein and self-duality equations about this background have been
written out to linear order in [20]. Of interest to us are the three constraint
equations (E3.2), (E2.2) and (M2.2) in that paper,

1 8
(ih’l - Ehg) VieVaY! =0, (3.6)
I 8 8
|:V”hll“’ N v/ (h/I _ Ehg + SbI> _ 24—!61/”1”2”“]'4@/[““2“3#4] vay.[ — 0’
(3.7)
(a/[il/i2/13ﬂ4 + €1 papizpapts A% bl)vaYI = 07 (3'8)
and the dynamical equations for b and hy (Eq.(2.31) and (2.32) of [20]),
mpl o (L0 41\ 1
(Vi V™ — 32)h] + 80V, Vb + Vv,V (h’[ - %hé)] Yi=0. (3.10)

We are interested in modes with & > 2 only. For such modes the con-
straint (3.6) may be used to eliminate '/ from (3.9) and (3.10) to yield

4
Vi V™~ chy = 0, (3.11)

(Vi V™ = 32)hy + 80V Vb = 0. (3.12)

These two equations may now be diagonalized. Using the fact that V,V*Y! =
~k(k+4)YT as shown in Appendix B, we find that the diagonal linear com-
binations (We choose the normalization such that the inverse relations are
simple: hl = 10ks’ +10(k + 4)t!, bl = —sT +1t1)),

1
I = ——_[nl —10(k + 4)b" 3.13
1
! = ———[hl + 10kb!
200k 1) 2+ 10RY]
obey the equations of motion
Vv, Vtst = k(k—4)s’, (3.14)

V. VA = (k+4)(k+8)t.
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To linear order, s’ corresponds to CPOs in SYMy, and it will be the
focus of our attention through the rest of the paper.

The scalars ¢/, on the other hand, correspond to descendents of CPOs;
specifically they map to the operator ¢(®) in Table 1 of [11] . The expansion
of t proportional to the k* spherical harmonic, corresponds to an operator
formed by acting with 4 Qs and 4 Qs on the trace of k + 4 ¢ operators.
The 3-point functions of these operators are determined in terms of those
of CPOs by the superconformal algebra, and so we will not compute them
directly. Henceforth we set ¢! = 0.

We now construct an action whose variations leads to the equations of
motion of s’.

5= [ Y E (V) ~ Kk~ 4)(5")) (3.15)

with A undetermined constants which depend on k.

3.4 Normalization of the Quadratic Action

The normalization coefficients A; may be determined by comparison of (3.15)
with the full ‘actual’ action of IIB SUGRA [23]

_Lag_ 1 [0 { _8V™aVya, = ~nijkl}
§= 535 =55 [ d°=V=C{R T 0 = P4,
(3.16)

where F is defined by the right-hand-side (RHS) of (3.2), and a is an auxiliary
4N?

field. In our units 51;; = G

In order to obtain A; from (3.16) we work at quadratic order, choose a
gauge, solve for all constrained fields in terms of physical fields, and then set
all physical fields except s’ to zero.

Firstly we eliminate the auxiliary field a in (3.16) . As shown in [23], we
are free to fix a gauge by choosing an arbitrary function for a. We will set
a = z, which amounts to removing the components of the 4-form potential
of the form Aj;jx4.

Having done this use (3.6), (3.7), (but not yet (3.8) ) in (3.16) and set
all unconstrained fields other than b and hy and A}, to zero. The action we

obtain at the end of this process is (z(k) is defined in Appendix B equation
(B.4))
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5= Zz(k)/d% g {Li+ 1+ 13} (3.17)

I
L{I contains terms from the Einstein part of the action except those involving
H )y
32

Li=— 2 {(th) +k(k+4)(h§)2}+18—75

= {8(VA)? +5(k? + 4k — 9) (b))%} ,

(3.18)

where the first group comes from the hg kinetic and mass terms while the
second group was obtained by inserting (3.6) into the h' kinetic and mass
terms. LI contains terms from the F? part except ' (uv) berms,

LY = —8k(k +4) {(be)2 +E(k+4)(0")2 + %h,gbf} i’gz (hh)?  (3.19)

L1 is the part of (3.16) quadratic in A’ (IW) :

Ly = ——Vxh/{ VAR 4 2 V“hlf VAT — 285vuhlvuhl(uu)
I I(uv
—Z(k2 + 4k — 2R, b (3.20)

We now attempt to use (3. 7) to obtain the quadratic dependence of L§
on b and hy. On eliminating &'’ and af from (3.7) and separating out

12 43 4
the trace explicitly we obtain -
vt —v, [ SR e 3.21
([,Ll/) v 25 2 + * ( N )

We can solve the equation by setting

hl(#y) == H(,u.u) + V(#VV)K

where H{,,, obeys VAH{,,) =0 and K satisfy (V? - 5)K' = Zhj + 200",
Note that unlike hgw), H (qu)
and b. Substituting this into L{ leads unfortunately to an action non-local

in b and hs.

may consistently be set to zero for arbitrary hs

To avoid undue complications, we notice that it is sufficient for us to
~compute (3.17) on shell in order to obtain A;. In that case

2

K= 5(k + 1)(k + 3)

(hd — 3007)
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We substitute hd = 10ks!, b/ = —s in (3.15) to find

L[s"] = - {65—4132 + 32k — 128} (Vsh? — 35_2k2(2k +1)(k — 4)(s")?
4(K? + 4k — 2) 4 -
T (k+1)2 (VuVis)™ = (k—_i_l)g(vxv(#vy)s )%(3.22)

(3.17) vanishes on shell in the bulk (as every quadratic action does), but
is nonzero as a function of boundary values due to surface terms. We now
compute each of (3.15) and (3.17) as a function of boundary values of s,
and compare the two results to read off the value of A;. The result is

k(k —1)(k +2)
k+ 1

A =32 2(k). (3.23)

3.5 Cubic Couplings

To study the 3-point functions of the field s’, we need the cubic terms in
the action (3.15). To compute these we need quadratic corrections to Egs.
(3.6), (3.8), (3.9) and (3.10). We define

' 16

B = EhQ +10Q1, (3.24)
Qprpopsps = —€prpapspaps (VF20 + Q5°),
m a a ! 16
(Vm V™ = 32)hy + 80V Vb + Vo V(K = 2ho) =105, (3.25)
1 4
SV [y Cpuppiapuaps) = €prpapapaps VoV + §hl - §h2 + Qal -

Substituting (3.24) into (3.25), we obtain,
(Vi V™ — 32)hg + 80V Ve + 10(VaVeQy — Q3) =0,  (3.26)
4
Vi V™ — ghg +5Q1+V,Q5 +Qs =0.

The corrected equation of motion for s is a linear combination of the two
above:
1
2(k +2)
x {(k+4)(k+5)Q1+ Q2+ (k+ (V.05 + QY.
(3.27)

[V, VF —k(k—4)]s! =
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To calculate the Qs we use the methods outlined in [11]. The first lines
of (3.24) and (3.25) are the coefficients of v(avaf and Y1g,s respectively,

in the equation R,5 = %FalizimisFEi””““. To compute Q1 and Q9, we
must therefore compute R,,, and Fmijlenij kl to second order in s [24]. Since

we are only interested in the s dependence of these quantities, we substitute

3 2
hI — _ 2l y I __ bI
v o5 129m + 5(k +1)(k + 3) V (V) (hz = 3067)
= U(K)s gu + W(k)V(, Vs, (3.28)
hI
hgzﬁ = ?29048 = V(k)SIgaﬂ:
oY = X(k)s!, hap=0,
5 4
— JR—— e = = —1. 2
V (k) 3U(k) 2k, W(k) i1’ X (k) 1 (3.29)
to find
1 1, ., 1
Rop = (V' + 1—0Z7)Qaﬁ + 1 2(p)>
Y = NV (s1Vys2) + Ui1VaV¥#(s1V,s2)
W VoV, (VEVY) 51V, 59),
Zaﬁ = W+ 5U1U2)(Va31V582 + 2$1VQV582)
AW W (Vo VEV) 51V 5V (,V )52
+2V(“VU)$1VQV,3V(“V,,)SQ)
4 g
EijleﬁUkl = 4gaﬂ{X1X2(V7V731V‘5V532+V“V731VuV732)
—8V1X281V7V782 + 10V1V23132}
—8X1X5V\V,51VgVHsy. (3.30)

In the equations above, the symbol s; is used as shorthand for s’#Y’¢ and
Ui, -+, X; as shorthand for U(k;),---, X (k;), respectively. Summation over
I, and I is assumed.

Projection of these quantities onto V(avﬁ)YI yields

1
{1 = 20q(k1)2 (k1) i {(0123 + dog1 + dao1)T? + 32X2X30123Vu32V“33} ,

(3.31)
Tos = (3VaVs + 5UsUs)s253 + WoWsVEV) 5,V (, V) 53,
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where cj93, etc., are used as shorthand for c(k, k2, k3), etc. defined in
Appendix B (dropping an overall factor of (C1*C2C’3) from the equations
which will be reinstate later) and s; as shorthand for s’i.

Projection onto gaﬁYI yields

1
= 108 To3(biog — 2
9 202(51) :L; 123 + To3(b123 — 2f3a123)
+32X5X3V 59V s3b123,
S123 = —VoVabaizsass + ValUaa123VH#(52V us3) (3.32)

+W21/5a123V”(V(“V")32V,,33)
—8X2X3(a123f2f35253 + b123V#52V ,53)
—ai193 (64V2X3f3 + 8OV2V3)8283.

Expansion of the self-duality equations to quadratic order and projection
onto appropriate spherical harmonics yields Q3 and Q4. Q3 arises as the
coefficient of VoY ! and Q4 from the coefficient of Y/ in the self duality
equation (3.2). The answers are

1

QM = = _NT(Uy + 3V5) X35, Vs
3 f(kl)z(kl) 22’;( 2 2) 392 3
+Wa X3V HV) 55V, s3b913, (3.33)
1
il = — Z {T23 — (16V2X3f3 + 40V2V3)8283} a123, (3.34)
4z(k1) o3

where f(k) = k(k + 4) and T?® is the same as in (3.31).

This completes the evaluation of the RHS of the equation of motion
(3.27) which now takes the form

2 I Iy I I I.
(VMVu — mh)s 1 = Z D[112]38 2878 4 E111213VM5 EAVLF
I,I3

Fr, 1, VYY)V (V81 (3.35)

where D, E and F are computed by substituting (3.31),(3.32),(3.33) and
(3.34) into (3.27). We can remove the derivative terms on the RHS of (3.35)
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by a field redefinition

shh=gh Z {J[1[2[3$'128II3 + L[112[3V”5”.2vu8”3} , (3.36)
Io,I3
where
1 1 1 L 9 9
Linr, = §FI11213’ Jnnr = §E111213 + ZFIIIQI:S(mIl —m7, —mp, + 8),

such that (3.35) becomes (we henceforth omit the primes on redefined fields)

(V,VH —m} sl = Z A 11, s72s13 (3.37)
I2’I3

where

2
— 2 2 2 2 2
)‘111'213 - D111213 - (mlg + mr, — mh)JI11213 - gLIIIZIBmIleg' (3'38)

Putting together the values of Qs and reintroducing the factors
of (C11¢%2C™) that we suppressed for notational convenience (the definition
of ¥ and «; are as in Section 2) we obtain

\ _alky, ko, k3) 8S{(33)2 — 1H{(33)? — 4faranas
Lbls = o)k +2) (k1 — 1)ki(ks + 1) (ks + 1)
x(cliclzch). (3.39)

Taking into account the normalization of the quadratic action (3.23), the
cubic coupling constant is

Onnrs = AnAnni
1285{(3%)? — 1H{(3%)? — 4}aranas

(k1 + 1)(k;2 + 1)(]{,‘3 T 1) (Cl1clzcl3>.

= a(k17k27k3)

(3.40)

Note that Gy, 1,1, is totally symmetric, which ensures that the equations
of motion can be derived from an action.
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4 The Strong Coupling Limit of The Three-point
Function

The cubic equations of motion for the fields s/ may be derived from the
action

$\/:—§]_IZ -14—121[—@751)2 —k(k—4)(s1)?]  (41)

I Is I
+ Z 91112133 g2,
11,12,13

There is an ambiguity in the use of this action due to our lack of knowledge
of Sini. We know only that the field that couples to the primary operator of
interest is proportional to s!. The unknown proportionality constant may
be a function of N, A and k. Let 3! be the field that couples to CPOs via

Sint = [ 1O and s = w!3F for some function w!. The action written in
terms of S is

4N?
S = (zﬂ)s/d%‘/_gl

EZA“W” )2+ k(k — 4)(31)2)

whtwl2wBg
bl ghglgls, (4.2)

+ > 3

I1IoI3

To compute the 2- and 3-point functions of CPOs from (4.2) we apply
the formulae derived, for instance, in [9]. From Eq. 17 and the correction
factor in Eq. 95 of [9], we derive that in the large N limit of SYMy,

4N? 1 T(k+1)2k —4 Ap(wh)260 12

(01 ()02 (y)) = P m2T(k—2) & |z — y|2*

(4.3)

From Eq. 25 of the same paper we derive that

no Iz oA __4N? 1 T(a1)T(a2)(as)T(5Z ~ 2)
(O @)OPWIOP @) =~ GE T Tk — 2T (hy — 20T (ks = 2)
whwwBGr 1,1,
4.4
Tyl — Al — o s
Using (3.23) and the formula (B.1), we can simplify (4.3) to read
2 _ 2 _ 2 IAVEVER D)

(Oh(x)oh(y)) — 4N 7!' k(k 1) (k 2) (w ) 4 (45)

(2m)5 2k=7 (k +1)? |z —y|%k
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Similarly using (3.40) and (B.2) we have,

4N?2 1 whwlwB(chiclcls)
011 012 I3 - _
(O (2)0" (y) O™ (2)) (27)3 12359 |z — y|* |y — z|22|z — z|os

| Fa (b = 1) (k= 2) k(s — 1) (h — 2)

(k1 +1) (k2 +1)
ks(ks — 1) (ks — 2)
. 4.6
(s + 1) (49)
Finally, we obtain the 3-point functions of normalized CPOs,
1 VEikaks(ChclCls
(01 (@)0"(4)0"(2)) = e (47)

T Nz —yesly — 22z — gfPe’

which agree exactly with the weak coupling result (2.4) in Section 2. Note
that all the numerical factors as well as the unknown function w! present in
(4.5) and (4.6) have been canceled.

The action (4.2) was obtained up to an overall normalization merely
from the equations of motion. To obtain this overall normalization, we had
to make assumptions about the ‘true’ action (including surface terms) for
IIB SUGRA. Changing the normalization of (4.2) by a factor n scales the
result in (4.7) by %, i.e a factor independent of k. We present here a further

argument that the 3-point functions in (4.7) are correctly normalized.

R-symmetry currents are descendents of Tr (¢'¢’) (after subtracting the
trace). Specifically JgBa « eij’“(b(QainB — %Qamé—)g’ﬁ)
X Tr(Pa);br1 — %gbmnd)pqem"pqea)jkl). Here a,b,--- = 1,---,4 label the 4
or 4 of SU(4), brackets indicate trace removal, « is a chiral spinor index and
B is an anti-chiral spinor index. Therefore, the correlation functions of R-
symmetry currents are determined in terms of those of T'r(¢'¢’). However,
the 2- and 3-point functions of R-symmetry currents are known to be given
exactly by the free field value ([9] , and references cited therein ). This is
sufficient to ensure that the overall normalization in (4.7) agrees with the
free field result at least for £ = 2, and hence for all &.
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Appendix A. Notations and Conventions

Consider the manifold AdSs x S°. We use Latin indices i, §,k,I,m, ...
for the whole 10-dimensional manifold. Indices p,v, A, ... are AdSs indices
and run from 0 to 4. Indices a, 3,7,... are S° indices and run from 5 to
9. Our choice of the signature of the metric is (— + ...+). We use G
for the metric and g, for its background value. The conventions for metric
connection, curvature tensor, Ricci tensor and the scalar curvature are

. 1 .
;’k = §Gll(akG[j + 8lek - 81ij),
Ry = OkT% — Ok + Th Il — Thlh, (A.1)
Ry = R'jy, R=G"R;.

For comparison, we note that Ref. [20] uses the same convention as
ours except that they define R, = Rk . = —RF, . The determinant of
the metric is denoted by G. The determinants of the AdS metric g,, and
the S° metric gap are denoted by G and G, respectively. The completely

antisymmetric €,,...mg Symbol is defined to be a tensor of rank 10, such that

123456789 __
€0123456789 = v/ —G and 0123456789 — _1/\/_@G.

Appendix B. Spherical Harmonics

B.1 Scalar Spherical Harmonics

The set of scalar functions on S form a vector space which is an infinite di-
mensional reducible representation of SO(D+1). Scalar spherical harmonics
(SSH) form a complete basis on this space.

It is convenient to regard a function on SP as a restriction of functions
on the RP*! in which SP is embedded. An arbitrary C™ function on RP+!
may be expanded in polynomials in the Cartesian coordinates z*, so it is
sufficient to consider separately functions on RP+! homogeneous in z¢ of
degree k. Not all such functions are independent when restricted to a sphere.
Consider, for example, 72z ...z%. This is a function of degree k42 but when
restricted to the sphere, it is identical to z%...z%  a function of degree k. If
at each degree we wish to restrict ourselves to functions linearly independent
of those of lower degree, we must consider only functions C;, . ;, 1 ...z% such
that Cilmikéimi" = 0 for any 1 < m,n < k. With no loss of generality, we
may demand that C;, ;, be symmetric in 4;..9.

Thus we have shown that each independent component of a totally sym-
metric traceless tensor of rank k defines a spherical harmonic by Y/ =
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CiI1 %:v“ ...z% . This construction clearly shows which representation of SO(D+
1) the spherical harmonics transform in. The Gelfand-Zetlin indices for the
representation are (hi,ho,hs,...) = (k,0,0,...). The degeneracy of the
harmonics is the number of symmetric polynomials of degree £ minus the
number of symmetric polynomials of degree k — 2, i.e. (? gk) e +L’;*2).

Since Myp = (—1)(24 Vs — 23Va), the Casimir of this representation,
L? = %MaﬂM“ﬁ = k(k+D—1), is simply the value of —72V? on the sphere.
Therefore we deduce that the degree k spherical harmonics are eigenvectors
of V? on the sphere, with eigenvalues —k(k + D — 1).

The eigenvalue of V2 may be obtained in an alternative fashion. Note
that the harmonics as polynomials in RP*! obey (V2)pi1fr = 0. How-
1 k

ever, (V¥)py1 = T—D(?TTD(?T + ;12—(V2)SD. Since our functions behave as 7",

(V) py1fe = 0 implies (V2)gp fr = —k(k + D — 1) fi, as above.

B.2 Scalar Harmonic Contractions on S°

We need to evaluate the integral of the product of two or three scalar spher-
ical harmonics over S°. Let YT = C{lmikx“ ...z% be the spherical harmonics.
The results of the integration are

L[ yoyh o B.1

ws Jss Tkl 1) (k+2) (B-1)
L[ ynynys L oy k! (chchchy, (B.2)
ws Jss (%2—6—2)!25(2_2) arlaglag!

where a; = %(k‘g + kg — k1), & = ki + ko + k3 and ws = 7 is the area of
a unit 5-sphere. Both of the above equations can be derived by using the
following general formula:

. . 21—m
L gh...gm =~ x (All possible contractions), (B.3)
ws Jgs (m+2)!
where “All possible contractions” means §%% for m = 1, §i1i2§%=i +

§iriagizia 4 §iia§i2is for m = 2 and analogous objects for higher m. This
formula can be proved by starting from

2
/ xil e xi2m — ___ﬂ____ / eJ'a“.
55 OJ;y -+ 0y, 55
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The following integrals occur naturally when one considers projection of
the equations in section 4 onto appropriate spherical harmonics.

/YIIYI2 = z(k)ol 2,
/ VaVpYIVEVIYR = g(k)z(k)6"",
/Yflyfzyfﬁ — a(ky, ke, ks)(CliCR2CT),  (BA)
/Y’lvayfzvayf?» — b(ky, ky, ka)(CliCT2CR),
/ Vevhyhy, vveyh = c(ki, ke, ks)(CiC2CT),

/ YOvevAYLy vyl = d(ky, ks, ks)(CTCT2CTR).

The functions ¢, a,b,c,d can be evaluated by integrating by parts and
using the fact that V,VoY! = —k(k + 4)Y7.

B.3  Vector and Tensor Spherical Harmonics

One may now ask for a basis in the space of vector functions on the sphere.
To find such a basis, one again considers vectors of the form
eY® = e,Cf, ; " ..z% in RP*!, where e, is a unit vector in the " Carte-
sian direction. This is a complete set of vector functions on RP*! but is
over-complete on SP for two reasons. The first is the same as that for SSH
and may be fixed in the same fashion. The second reason is that some of
these vectors have no projection onto the tangent space of the sphere.

The vector function e,Cf) lkm“x'k transforms in the product of the
vector representation and (k,0,...,0) under SO(D +1). For the rest of this
subsection we assume that D is odd as it is in our paper. That product
has 3 irreducible representations, (k¢ —1,0,0,...,0), (k+1,0,0,...,0) and
(k,1,0,...,0). The first corresponds to a vector of the form Y* = z*Y (k—1),
where Y (k — 1) is a SSH of degree k — 1. It has no projection onto the
tangent space of SP. The second corresponds to a vector of the form Y* =
0°Y (k +1). Tt is a derivative of a SSH of one higher degree. Projected onto
SP | this becomes VoY (k+1). The last corresponds to vector functions that
obey z,Y® = §,Y% = 0, which implies V,Y® = 0 on SP. This function is
called a vector spherical harmonic.
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In summary, an arbitrary vector function on SP is a linear combination
of the gradients of SSH and vector spherical harmonics introduced above.

The story is very similar for symmetric tensors. Any symmetric tensor
on the sphere can be decomposed into a sum of the form

Sap =D 9apATYT + BV, VY + CTV (Y] + DY 5,
I

where A, B,C, D are constants. The Yé and Y({xﬁ) are vector and symmet-
ric tensor spherical harmonics. Symmetric tensor spherical harmonics of
degree k are a new set of functions. They transform in the (k,1,1,0,..0)
representation of SO(D + 1) and obey

Byl eyl
Vi ¥(ap) = 9" ¥(ap) =0
These properties, and the orthogonality of SSHs on the sphere imply that

1 [ Sapg®?Y! [ SasVevAYT

Al = L Z7efs - =
D [yIyl > IV VaYIVevAYT
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