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On the sum of a prime power and a power
in short intervals

Yuta Suzuki

Abstract. Let Ry ¢(N) be the representation function for the sum of the k-th power
of a prime and the ¢-th power of a positive integer. Languasco and Zaccagnini (2017) proved
an asymptotic formula for the average of Ri 2(NN) over short intervals (X, X+ H| of the length

H slightly shorter than X%, which is shorter than the length H:X%+E in the exceptional set
estimates of Mikawa (1993) and of Perelli and Pintz (1995). In this paper, we prove that the
same asymptotic formula for Ry 2(N) holds for H of the size X0-337  Recently, Languasco and
Zaccagnini (2018) extended their result to more general (k, £). We also consider this general case
and as a corollary, we prove a conditional result of Languasco and Zaccagnini (2018) for the case
£=2 unconditionally up to some small factors.

1. Introduction

Let R(N) be the representation function for a given additive problem with
prime numbers. For example, in this paper, we consider the binary additive problem
with prime numbers given by the equation

(1) N =p*4nt,

where k, ¢ are given positive integers, p denotes a variable for prime numbers and
n denotes a variable for positive integers. Then the representation function for the
equation (1) with logarithmic weight is given by

(2) R(N)=Ro(N)= > logp,

pk+nf=N

Key words and phrases: Waring—Goldbach problem, exponential sums, zero density estimates.
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which counts the solutions (p,n) of (1). In this paper, we consider the short interval
average of such representation function

(3) Y. R(N),

X<N<X+H

where 4<H<X. Recently, Languasco and Zaccagnini gave extensive research
(e.g. see [5]-[9] and [10]) on the short interval average (3) for various additive
problems with prime numbers and in the case k=1 of (1), they obtained short
interval asymptotic formulas for the average (3) with H shorter than in the known
exceptional set estimates in short intervals.

For example, let us consider the Hardy—Littlewood equation

N:p+n27
which is the case (k,¢)=(1,2) of our equation (1). In their famous paper Partitio
Numerorum III, Hardy and Littlewood [1, Conjecture H] applied their circle method
formally to obtain a hypothetical asymptotic formula

(4) Ry 2(N)=6&(N)VN+(error), (N: not square)

as N — o0, where the singular series G(N) is given by

S(N)= 1_[2 (1—(;\[%];)) ,  (N/p): Legendre symbol.

This asymptotic formula (4) itself seems still far beyond our current technology, but
we can prove (4) on average. Let A>0 be an arbitrary constant and introduce

EX)=# {NSX‘ ‘R172(N)_6(N)\/N‘ >+VN(log N)~*, N: not square},

where X >2 is a real number. This function E(X) counts the number of positive
integers <X for which the hypothetical asymptotic formula (4) fails. Miech [11]
proved a non-trivial bound

(5) E(X)< XL, L=logX

for any A>0, where the implicit constant depends on A. Thus, Miech proved
that the asymptotic formula (4) holds for almost all integer N. The short interval
version of Miech’s result (5) was obtained by Mikawa [12] and by Perelli and Pintz
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[14] independently. Their result gives a non-trivial bound
(6) E(X+H)-E(X)<HL™4
for any A>0 provided

(7) Xite<H <X,

where X, H, ¢ are real numbers with 4<H <X, e>0 and the implicit constant may
depend on A and €. One of the aims in this problem is to obtain the same bound (6)
for shorter H. Although the range (7) is still the best possible result today for the
estimate (6), Languasco and Zaccagnini [5] showed that if we consider the direct
average (3) instead, then we can deal with shorter H than (7). After some minor
modification, Theorem 2 of [5] gives the following. In this paper, the letter B
denotes the quantity given by

1
log X \?3
B= —_—
®) P (C (log logX) ) ’

where c is some small positive constant which may depend on k&, ¢ and ¢.

Theorem LZ1. (Languasco and Zaccagnini [5, Theorem 2]) For real numbers
X, H and ¢ with 4<H<X and >0, we have

(9) > Ria(N)=HX:+O(HX*B™)
X<N<X+H

provided X3:B-! <H<X'~¢ where the implicit constant depends on e.

Thus, Languasco and Zaccagnini obtained the asymptotic formula (9) for H

shorter than (7) up to the factor B~!. However, we still have the same exponent %

of X. In this paper, we improve this exponent from % to 0.336899....

Theorem 1. For real numbers X, H,e with 4<H<X and >0, we have the
asymptotic formula (9) provided

32—44/15
9

X@(l,2)+6 SHSX1_67 @(172) = :0336899,

where the implicit constant depends on €.

Recently, Languasco and Zaccagnini [9] and [10] dealt with other cases of (1):
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Theorem LZ2. (Languasco and Zaccagnini [10, Theorem 1.3]) For positive
integers k,£>2 and real numbers X, H,e with 4<H <X and >0, we have

_ 1 TOT@)
(10) Xd%:XJFHRk,z(N)— RT(L+ 1) HX

=

+

Bl
=

“lLoHXFHEIBTY

=

provided
X@Lz(k,£)+€ <H<X17€,

where

1
@Lz(k,E)ZI—QLz(k,E), GLZ(k,E):min (6%’2>

and the implicit constant depends on k,¢ and €.
Remark 2. In [10], Languasco and Zaccagnini considered
Rpo(N)= > logp
karne:N
N/B<pF nt<N
instead of (2). However, new restrictions

N/B<pt n*<N

are introNduced just for some technical simplicity of the proof. Indeed, it is easy to
replace Ry ¢(N) by Ry ¢(N) assuming X1-min(3.7) < F< X as follows. If we remove
the restriction p*¥ >N/B, then the resulting error is bounded by

< > logp<L Y > 1.

X<pF4m’<X+H pk<2X/B X —pk<m!<X+H—p*
p*<2X/B

By Lemma 5 below and the assumption H> X 1_%, this is

<HL Y (X—p")i'<HXI(X/B)t < HXFHi71B 1,
ph<2X/B

which is bounded by the error term of Theorem LZ2 up to replacing the constant ¢
in (8). The restriction n*>N/B can be removed in the same way.

Actually, Theorem 1 above is a special case of the following general result:
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Theorem 3. For positive integers k, £ with £>2 and real numbers X, H, e with
4<H<X and >0, we have the asymptotic formula (10) provided

X@(k,f)-i—a SHSXl_E,
where ©(k, L) is defined by

Ok, ) =1—0(k,0), 0(k, ) =max(04(k,0),05(k, L)),
(

) Mk K
HA(k,é)—m1n< Tk 75(/{:—1))7

GB(k:,é):min<5 i )

12k’ €(k—1)
2(;_1) if 2<0<3,
) Ai(l) = % if3<0<®,
ey R
%(%4‘%) if 20<k,
Ao (k, £) = i—g+i—lz+§ g(g—%) if Be<k<3e,
% <%+i> if k<20

and the implicit constant depends on k,{ and €.

We prove Theorem 3 at the end of Section 6.
The mainly concerned case of Theorem 3 is the case

(12) Ok, 0)>05(k,0), 002 (k. 0).

We compare these three exponents in Section 7. By Lemma 28 in Section 6 and
Lemma 31 in Section 7, it turns out that (12) occurs for

=2, or

(13) 3</¢<9 and 2—54€<k<)\1(€)£7 or

£>10 and 2%”% VE(250—240) < k < A ()L
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Table 1. The best exponents in 04,0p,6017.

I\k 4 5 6 7 8 9 10
2 A A A A A A A
3 Lz LzZ Lz LZ LZ LZ LZ
4 Lz Lz Lz LZ LZ LZ LZ
5 Lz Lz Lz LZ LZ LZ LZ
6 LZ LzZ Lz LZ LZ LZ LZ
7 Lz Lz Lz LZ LZ LZ LZ
8 Lz LZ Lz Lz LZ LZ
9 Lz Lz Lz LZ LZ LZ
10 LZ Lz Lz Lz LZ LZ

S
ST TR T NS B
ST TIPS NSNS
SISV A PN S N S

A
A
A
11 A A LZ Lz LZ Lz LZ
A A LZ LZ LZ LZ LZ
13 B A A Lz LZ Lz LZ
14 B A A Lz LZ Lz LZ
15 B B A A LZ LZ LZ
16 B B A A LZ Lz LZ
17 B B A A LZ LZ LZ
18 B B B A A LZ LZ
19 B B B A A LZ LZ
20 B B B B A A LZ
21 B B B B A A LZ
22 B B B B B A LZ
Furthermore, in Section 7, we also see that
Aa(k, €
% for (k,£)=(1,2), (1,3), (1,4)
(2,5),(2,6),(2,7),(2,8),(2,9),
(14) 0k, 0) = 0p(k,0) for k=1 and £>5,
A1 (0 k
min( 1}5 ), Z(kl)) otherwise.

In Table 1, we show which exponent gives the best result in the range 1<k<10
and 2</<22, where if some exponents coincide, then we use the order of priority
017,085,604 from high to low. We also plot the value of 04,605,607 with k=1,2,3,4
in Figure 1 and the value of 04,0p,60;7 with /=2 in Figure 2. We can see that
the case (12) occurs for at least one k for each £>2 as follows: For 2</<9, we can
check the existence of such &k by Table 1. For £>10, by (13), we have (12) if

ke <%g+i ¢(25¢—240), A1(€)K>~

If the interval on the right has length >1, we can take an integer from the interval,
which is our desired k. We have

5 / 48 5
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Figure 1. 04(k,¢),0p(k,£),0Lz(k,¢) with k=1,2,3,4. (The horizontal axes are for the variable
0>2))

and so the length of the interval is estimated from below strictly by 1. However, (12)
occurs only in a small neighborhood of the line k= %5 for £>3. In contrast, for £=
2, (12) is always the case. In particular, as a corollary of Theorem 3, we can obtain
the exponent 1—% unconditionally for the case k>2 and ¢=2, which was obtained
under the Riemann hypothesis by Languasco and Zaccagnini [9, Theorem 1.4] up
to a small factor X©:

Theorem 4. For positive integer k with k>2 and real numbers X, H,e with
4<H<X and £>0, we have the asymptotic formula (10) with {=2 provided

Xl—%—i—s SHSXl_s,

where the implicit constant depends on k and €.

We prove Theorem 4 at the end of Section 6.
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Figure 2. 04 (k,¢),05(k,0),017(k,€) with £=2.

Languasco and Zaccagnini applied the circle method to prove Theorem LZ1
and Theorem LZ2. In this paper, we deal with the average (3) rather more directly.
Our argument is similar to the classical proof of the prime number theorem in short
intervals. We first insert the von Mangoldt explicit formula. Then, we apply the
Poisson summation formula in order to detect the cancellations over the sequence
n’, which is not involved in the proof of Languasco and Zaccagnini. Finally, we
estimate the sum over non-trivial zeros of the Riemann zeta function by using the
Huxley-Ingham zero density estimate.

2. Notations and conventions

We use the following notations and conventions.
As usual, let A(n) be the von Mangoldt function and

(15) Y(x)= Y Alm).

m<zx

We denote the Riemann zeta function by ((s). By p=8+1iv, we denote non-trivial
zeros of ((s) with the real part 5 and the imaginary part v. For a real number «
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and T with T>0, let N(a,T) be the number of non-trivial zeros p=£+ivy of {(s)
in the rectangle a<A<1 and |y|<T counted with multiplicity.

For a complex valued function f defined over an interval [a,b], let Vi, 4)(f) be
the total variation of f over [a,b] and

(16) ||fH = ||f||Bv([a,b]) = SUP] |f('r)‘+‘/[a,b](f)'

z€la,b

For a real number z, let e(x)=exp(2mix), [z] be the largest integer not exceeding z
and {z}=x—|z].
The letters X, H, Q denote real numbers and they are always assumed to satisfy

41<H<X, X<Q<X+H.

The letters cq, ¢1 >0 denote some small absolute constants and ¢ denotes a constant
with 0<¢<1 which may depend on k, ¢ and €. The letters B and L are used for the

quantities
log X 5
B= —_— L=log X.
P <C (log logX) ) ’ °8

For positive integers k, ¢ and a non-zero complex number «, we let
1 a
(17) 5a(Q)=Sare(@ X)== > (Q-n)F, $(Q)=5%1(Q).

nf<X

Let ¢(\) be a function defined over [0,400) by

3, 3 .

AT if 0<A< 22,

(18) d(A) =14 3A+2(1—V3N) if Z<a<3,
1 .

A+§ if 2<A<1.

This function will be used for estimating sums over non-trivial zeros of {(s). For real
numbers k, ¢ with k>1 and £>2, we also introduce two real-valued functions A (¢)
and A2(k,£) as in (11). These functions are used in the exponent of the admissible
ranges for X and H.

We use a convention min (4, co)=A.

If Theorem or Lemma is stated with the phrase “where the implicit constant
depends on a, b, ¢, ...”, then every implicit constant in the corresponding proof may
also depend on a, b, ¢, ... even without special mentions.
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3. Preliminary lemmas

In this section, we prepare some lemmas for the proof of Theorem 3. We start
with some simple estimates for short interval sums without prime numbers.

Lemma 5. For positive integer £ and real numbers X, H with X, H>2,

> 1< HX*t 141,
X<n!<X+H

where the implicit constant is absolute.
Proof. By using x—1<[z]<x, we see that

1 1 1 X+H 1 1 1
> 1§(X+H)7—X?+1:Z/ wf du+1<HX 7T 41
X<nl<X+H X

This completes the proof. O

Lemma 6. For positive integers k,f and real numbers X, H with 4<H <X,

1 T(H)I(3) 1.1 141

kﬁF(% %+1) ((X+H)k t—X*& 2)
1)) iy 1

= R U gxati i O(H2X R T2
R ( )

where the implicit constant is absolute.

Proof. By the fundamental theorem of calculus,

1 D(HD(3) 11 141
Hr(%k %fl) (Cremiet—xivt)
(19) I\prly  PXH
RTGD '

For X <u< X+ H, by using the mean value theorem, we have
WETTl= XFt7-140 (Hxi+%—2) _

Thus, the integral in (19) can be rewritten as

X+H
/ Wt lau= HX P 0 (H2xhE2)
X



On the sum of a prime power and a power in short intervals 447

On inserting this formula into (19) and noting that

1)
RT(E+)) ©

=

(20)

« L@
SR

(\IH

we arrive at the lemma. O

Lemma 7. For positive integers k,{ and real numbers X, H with 4<H<X,
S(X+H)—8(X)=——E L gxiti-110 (H”kX”l—kH%) :

where S(Q) is defined as in (17) and the implicit constant is absolute.
Proof. The left-hand side of the assertion is
1 X+H i X+H 4 i
(21) =En£§<:X/X (u—n) du—/X EﬂgX(u—n )ET du.

1

Since the function (u— wz) = 1is non-decreasing over 0<w < X1 ,

= (u—nf)%—lzé/oﬂ(u whyk 1dw+0<k(u x)t- )

_i/X( )t dwro (Luox)it
_ké . u—w w w ku

for X <u<X+H. Note that the second term on the right-hand side may tend to
oo as u— X +0, but this term is integrable over (X, X +H]. We next extend the
integral on the right-hand side. For X <u< X+ H, by changing the variable,

u—X
k:é/ (u— w’lc Lyt 1dw<<k€X__1/0 w1 dw

H X

Sl

-1

|

< €X“1(u—X)% <

Hence, we can extend the integral in (22) as
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The last integral on the right-hand side is

Therefore,
1y7(L

% > (wontyt-1 = LIWNGE) aga <(uX)i1+HiX%1> .

nt<X

On inserting this formula into (21), the left-hand side of the assertion is

Iyl X+H
:iw/ u%-‘r%—ldu_i_o (H%+H1+%X%_1>

— - W W pxi+iclyo (HQX%+%’2+H1+%X%*1+H%) .

Since H <X, we can estimate the first error term as
H2xiti—2_pg2x-(-%) xi-1 gH“%X%*l.
This completes the proof. O
Lemma 8. For positive integers k,{ and real numbers X, H with 4<H<X,
3 l<HX*t e 'y Hr 4 X7,
X<mk4+nt<X+H

where the implicit constant is absolute.

Proof. We rewrite the left-hand side as
>, 1= ) >, L
X<mbk4nt<X+H nt<X+H X—-nt<mkF<X+H-nt
We next truncate the outer summation over n‘. By using Lemma 5,
> > 1< > Y i<HTEXTTLHT
X<n!<X+H X—nt<mk<X+H-n’ X<n!<X+HmF<H
Thus, by using the assumption H <X,

(23) 3 1=y 3 1+0 (HX%W*#H%).

X<mk4nt<X+H nf{<X X—nf<mrk<X+H-nt
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The sum on the right-hand side is
3 3 1= Y (X+H-n")t —(X-n")t+0(1))

nf<X X—nt<mrt<X+H-nt nt<X
= S(X+H)—S5(X)+0(X7).

By using Lemma 7 with the bound (20) and the assumption H <X,
> > 1< HX# i\ He 4 X7

<X X—nt<mk<X+H-nt
On inserting this estimate into (23), we obtain the lemma. O

We next recall some standard lemmas in prime number theory.

Lemma 9. For real numbers X,T,x with 2<T<2X and 0<x<X, we have

Yla)=z— > x—pp+O(XT*1L2),

p
[vI<T

where the implicit constant is absolute.
Proof. In the case 2<x <X this follows from Theorem 12.5 of [13]. In the case
0<x<2, the lemma trivially follows since XT~'L?>>L? by T<2X and

xf 1

Yo <> = <(logT)* < L?
p = |pl

[vI<T [vI<T

for the case 0<x<2. This completes the proof. [J

Lemma 10. (The Korobov—Vinogradov zero-free region) We have ((s)#0 for

o> 1—60(10g7)*§(10glog7)*%, s=o+it, T=|t|+4,

where c¢o>0 is some absolute constant.

Proof. See [4, Theorem 6.1, p. 143]. O

Lemma 11. (The Huxley—Ingham zero density estimate [2] and [3]) For real

numbers o and T with %gagl and T>2,
31—a) . 3

(a) N Sootr W 1<a<l,
N(a,T)<T"(logT)*, c(a)=
8loa) jrl<a<s,

where the constant A and the implicit constant are absolute.
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Proof. See (11.26) and (11.27) of [4, p. 275]. O
Lemma 12. For real numbers X, H,e with 4<H <X and >0,
Y(X+H)—y(X)=H+OHB™")
provided X%JF‘ESHSX, where the implicit constant depends on ¢.

Proof. This follows by Lemma 10 and Lemma 11 through the standard argu-
ment. [

In the proof of Theorem 3, we need to estimate several sums over non-trivial
zeros of the Riemann zeta function. Our next several lemmas deal with such sums
and the exponents in the resulting estimates.

Lemma 13. For real numbers K, X,Y with 1<K <Y <X? and X >4,
Y v« (Y¢<A>+y1—n+znx) LA,
K<ly|<2K
where the function ¢(\) is defined by (18),

_log K
" logY’

n=ci(log X)~5 (loglog X)~%, A

and constants A, c1>0 and the implicit constant are absolute.

Proof. By Lemma 10 and Lemma 11, the left-hand side is bounded by

1—-n 1—n
(24) > vi=- / Y*dN(a,2K) < KY? L+L" K@Y da
1 1
K<lr|<2K ’ ’
>3

for sufficiently small ¢; >0. We determine the maximum value of

Kc(a)y(x :ch(oz)-‘roz
over a€[$,1—n]. Let h(a)=Ac(a)+a. For a€[], 3], we have

h(a) = M—f—a:i’))\—;—)\—i—a.
—a -

By taking the derivative,

h'(a) = —ﬁ—f‘l.
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Thus, in the range a€(—o0, 2),
MWia)=0 —— a=2-V3\
so h(a) is increasing for a«<2—+/3X and decreasing for 2—v/3\<a<2. Hence,

25
g)\-l-z if 0<A<7Zg,
max_h(a)={ 3A+2(1-VEN) if Z<a<d,
agls3,%
1 :
A5 if 3<A<1
For a€[2,1—n], we have
3A(1—a) 22
h(a)—m-&-a——)\—i—m—i—a.

By taking the derivative twice, in the range o€ [%, 1—n],

18X
;>0

W) = (Ba—1)

so that h(a) is convex downwards in this range. Thus, for small ¢,

max h(a) =max <h (§> ,h(l—n)) < max (h (§> ,1—n+277)\) .
a€[3,1-n] 4 4

By using the above observations for A(«@) in (24), we obtain the lemma. O

Lemma 14. Let ¢(\) be the function given by (18). Then,
S<omst
for A>0. In particular, $(\) is increasing.

Proof. 1t suffices to consider the case %g)\gg. In this range,

3
'N)=3—4/~.
d=3-1/3
Thus, the lemma easily follows. [
Lemma 15. Let ¢(N) be the function given by (18). For real numbers k, £ with
k>1 and £>2, consider the solutions A1 and Ao of the equations

(25) (b()\l)—%)q:l, (p()\2)+%)\2:1+%

Then, these functions A1, Aa coincide with the functions given in (11).
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Proof. By Lemma 14 and £>2, both of the continuous functions

(26) )X B+ A

are strictly increasing for A>0 and take the value from 3/4 to +oco. Thus, by the
intermediate value theorem, A1 and Ay are well-defined.
We first consider A;. If ¢(32)— 2% >1, i.e. £>2 then

31 3
600 gh=(3-3) n+
so that
5¢
4(30-5)
If p(2)— 2 <1<¢(3)— 2, ie. 3<<Z | then

— ¢(A1)—%)\1 = (3—%) A+2(1-1/3))

so that, by using % <A1 in the current case,

A=

\ 30242302 44
LT (Be-1)?
Finally, if ¢(3)— 2 <1, i.e. 2<¢<3, then

12(150\1)—%)\1: (1—2) )\1-1-%

so that
Y4

2(0—1)

This completes the proof of the assertion for A;.

A =

We next consider Ao, If 1+ % <¢(48)—|—§ Zg, ie k< %Z, then
k 1 11 3
T4+ — =d(Aa)F+=Ao = — Ao+
+ o( 2)+22 02t

so that
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so that, by using 72 <)\2 in the current case,

_10+2k
T49 ¢

I
o
7 N\
NI??‘
\]

v

Finally, if (;5(%) +1. %Sl—&—%, ie. 3¢<k, then

so that

This completes the proof of the assertion for Ay. [

Lemma 16. For positive integers k, ¢ with £>2 and a real number & with € >0,

1 € k ¢
—IA<l—— <l4-——
P(A) =A< g od (N + 7710

provided
(27) OSASmiH(Al,)\g)—
where A1, Ay are the solutions of (25) or equivalently, defined by (11).

Proof. By the assumption £>2 and Lemma 14, both of the functions (26) have
the derivative of the size > ;5. Thus, the mean value theorem and (27) give

1 1 1 e
—-A< — == — N <1=—
SN =A< o) = A= 5 (=) <1-
and ) . X .
g
A< —dg— — N < —_
SN +A D)+ 50— 15 (e =N <1+ - 15

This completes the proof. [

Lemma 17. The functions \1(£), \a(k,£) are strictly decreasing with respect
to L.

Proof. By Lemma 15, we A1 (¢) and Az (k, £) can be regarded as the solutions of
the equations (25). Then, the lemma follows since the functions (26) are increasing.
O

As we mentioned in Section 1, we shall apply the Poisson summation formula
in order to detect some cancellation over the sequence n‘. In order to estimate the
resulting exponential integrals, we recall the next two standard estimates.
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Lemma 18. (First derivative estimate) Let A be a positive real number and
f,g be real-valued functions defined over an interval [a,b] satisfying

(A) f is continuously differentiable on the interval [a,b],

(B) f' is monotonic on the interval [a,b] and

(C) f' satisfies |f'(x)|> X on the interval [a,b].
Then, by using notation (16), we have

b
[ st@etrtan de < lglx,
where the implicit constant is absolute.
Proof. See [4, Lemma 2.1, p. 56]. O

Lemma 19. (Second derivative estimate) Let A be a positive real number and
f, g be real-valued functions defined over an interval [a,b] satisfying

(A) f is twice continuously differentiable on the interval [a,b],

(B) f” satisfies |f"(x)| >\ on the interval [a,b].

Then, by using notation (16), we have

b
| s@ets@ < gla-t,
where the implicit constant is absolute.

Proof. See [4, Lemma 2.2, p. 56]. O

4. Preliminary calculations

In this section, we carry out preliminary calculations for the proof of Theorem 3.
We first replace logp in (2) by the von Mangoldt function.

Lemma 20. For positive integers k, ¢ and real numbers X, H, e with A<H<X
and £>0, we have

> RWN)= > A(m)+O(HX*+i-1B~1)
X<N<X+H X<mbnl<X+H
provided
(28) lemin(%,ﬁﬂre §H§X17€7

where the implicit constant depends on k,¢ and .
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Proof. By definition (2) of R(N),

Y. R)= > logp

X<N<X+H X<prF4+nt<X+H
o(L)
= Z A(m)— Z Z log p.
X<mbk4nt<X+H v=2 X<p'hb{nt<X+H

By Lemma 8, the second term on the right hand side is bounded by
O(L)
LY (HX# i 4 Hor 4 X 7)< (HX 2 T 4 HE 4+ X7) L2,

v=2
which is < HX#t7-1B~! provided (28). This completes the proof. [
We then modify the sum on the right-hand side of Lemma 20.

Lemma 21. For positive integers k, ¢ and real numbers X, H, e with 4A<H<X
and >0, we have

> R(N)

X<N<X+H
= > (v((x+H=n"}) = ((x=n")t))+o(Hx 171871
nt<X
provided
(29) lemin(%,ﬁﬁrs SHSXPE,

where the implicit constant depends on k,¢ and €.

Proof. We truncate the summation over n in Lemma 20. By using Lemma 5
and the argument similar to the beginning of the proof of Lemma 8,

3 > Am)<HW ¥ Xt "4 HF <« HX¥Te7'B~!
X<n!<X+HX—-nl<mkF<X+H-nt
provided (29). Thus we can employ the truncation as
oo Am=)] > A(m)+O(HX++171B7h),
X<mk4nt<X+H nt<X X—nt<mk<X+H-nt
By recalling the notation (15), this is
=3 (v (x+H=nF)=p ((x=n"))+OHX 1B,
nt<X

By substituting this formula into Lemma 20, we obtain the lemma. [
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5. Detection of the cancellation over the £-th powers
In this section, we derive an expansion for
5 (s (orsat) - (or-0)
nt<X

by which we try to detect some cancellation caused by the average over n‘. This
expansion will be given by Lemma 22 and Lemma 24. We first substitute Lemma 9.

Lemma 22. Let k,{ be positive integers and X, H,Q,T be real numbers sat-
isfying ASH< X, X<Q<X+H and 2<T<X7%. Then,

> v ((@-nht)=s Z Sp(Q)+O(XFHT71L2),
nt<X
|v|<T
where S(Q) and S,(Q) are defined as in (17) and the implicit constant is absolute.
Proof. This follows immediately by inserting Lemma 9. O

Our next task is to detect the cancellation in the sum S,(Q). We prepare the
next lemma in order to estimate exponential integrals.

Lemma 23. For positive integers k,{, an integer n not necessarily positive
and real numbers o, v, Q, U,V with a<1, |v|>1 and 1<U <V <Q, we have

ver .
W ZdeZO,
v , UL .
woet i 1, (n(Q )%) du<{ —1 if a<0,
U bk
Q. .
- Finl>€Q' b,

where the implicit constant depends on k,{ and .

Proof. We rewrite the left-hand side as

(30) /Uvu(“%_le(( % du—/ G(u w)) du,

where
F(u)zn(Q—u)% —klogu G(u)=u>"".
Then
' __1 19 v 1" _E—_l _a\E-2 y
B Fa)=—pn@-u)! s =@
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and since G(u) is non-increasing, by using the notation (16),
|Gl sv(r,r7) < R*

for any subinterval [R, R'|C[U,V].
For the former two estimates, we dissect the integral (30) dyadically as

(32) < L sup
U<RLV

min(2R,V)
/ G(u)e(F(u)) dul .

R

If n and ~+ have the same signs, then we have

el

|F" (u)] > IE2R)

for u€[R, min(2R,V)]. Therefore, by Lemma 19,

min(2R,V) ) -
i _q 1 —1 h’l R
(33) /R u*tE e (n(Q—u) 2) du < R* (ﬁ) <

i
Q

On the other hand, if n and ~ have the opposite signs, then we have

kel

[F'(u)] = 27k (2R)

and F"”(u) has at most one zero in [R,min(2R,V)]. Therefore, we may dissect
[R,min(2R, V)] into at most two intervals, on each of which F’(u) is monotonic.
By applying Lemma 18,

min(2R,V) . | ‘ -1 R R
34 / wtE e (n(Q—u T) du< R*! (’Y> =— <K —
(34 R ( (Q@-u) ) R R

since |y|>1. Therefore, by (33) and (34), we have

(e}

min(2R,V) : R
/ uwtF e (n(Q—u)%) du << —
R bk

in any case. On inserting this estimate into (32), we obtain the first two estimates.
For the last estimate, we work without the dyadic dissection. We apply
Lemma 18 to the integral (30). By assuming |n|>(Q'~ 7 ||,

T L I v
| (u)|—gQ1—% 2rk T Q-+t
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Also, by (31), we can dissect [U,V] into at most two intervals, on each of which
F’(u) is monotonic. Thus, by Lemma 18,

v ) . —1 1_1'
/ uo“"'%_le(n(Q— )7) du<< U™ 1( n|1> <<Q i

U Q-1 In

since a<1. This completes the proof. [

We now apply the Poisson summation formula and detect the cancellation over

the sequence n’.

Lemma 24. For positive integers k, £, real numbers X, H, e with 4<H<X and
>0 and a non-trivial zero p=L+ivy of ((s) with |y|<2X, we have

S, (X+H)-S,(X)
1 D(E)r (é) pil eyl
T RT(2+141) ((xrmies—xte)
X+H)F-X*# HX#t+i1p2
_Mw HEpy it I B
2p v

provided
(35) lemin(#ﬁ)JregHSXl—a

where the implicit constant depends on k,{ and .

Proof. By partial summation, for X <Q <X+ H, we have

X
Sp@):% / (Q-wkdu]

=L [t ant [Momta ().

The first integral on the right-hand side of (36) is

(36)

1~ . 1 (9
P (Q—u)?u%_ldu:%

provided (35). The second integral on the right-hand side of (36) is

2 [ @-wta(h-})
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1 ¥ o 1 & H*

_ 1 ooy o1y 1 QFf HXi+i~1p~?
*_E/O (Q—wu) ({u }—5) du—=-+0 (T)

provided (35). Recall the Fourier expansion
1 e(nu)
{u}—§ T Z 2min’
n#0
which holds for u¢Z and converges boundedly for u€R. Then since

—%/Ox@—u)ﬁl (tuhy-3) du

X-1 X
1

= __ —u ot u% _1 U 1 —Uu %_1 U
1 [ @-wt (h 2>d+0<k " @-u d)

:_%/Ox_l(Q—u)f_l ({ﬁ}-%) dutO (%) :

by using Lemma 10 and the assumption |y|<X, we have

HX#+i71B—2
+R,(Q)+0 <—+L>

g1 QF
@ 5

1 T()r(z)
KT (2+4+1)

So(@)= A

S

for X<Q<X+H, where we used the bound

1
=< L
B

obtained by Lemma 10 with the functional equation of {(s) and R,(Q) is defined
by

Rp(Q)=Rypee(@) = L,(Q.n)

o 2mwikn

IP(Q,n)Ip,k,Z(Q,n)/OX_l(Qu)ﬁle(nu%)du.
In order to prove the lemma, it suffices to estimate
R,(X+H)-R,(X).
We first estimate the difference of oscillating integrals

(37) I,(X+H,n)—I,(X,n).
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By changing the variable in the definiton of I,(Q, n), we obtain expressions
X P 1
I,(X+H,n) :/ (u+H)* e (n(X—u)f) du,
1

X ) 1
Ip(X,n):/ uk e (n(X—u)f) du.
1
Let U=min(4H|y|, X). Then we decompose (37) as
I,(X+H,n)—1,(X,n)=1+1,—1Is,
where

I:/X ((u—f—H)% ! u%_l) 2 (n(X—u)%) du,

U

ENE

I1:/1U(u+H)zle (n(X—uﬁ) du, Igz/lngle (n(X—u)

For the integral I, we use the Taylor expansion

() —uf 1 =t~ 12 ( N(E)
By substituting this expansion into the definition of I,

= - %_1 v X L_p—1 1
_Z:l< , )H /U u* e(n(X—u)'f) du.

By using Lemma 23 and the definition of U, if 4H|v|<X,

URL & <ﬁ—1 H\" UkL y|+2u\  UFL
S GG (Sr) < T
2 2 v R ZH Aply| vl

|’Yz,,:1 v=1p=1

) du.

since |y|>2. If 4H|v|>X, then I is an empty integral, so the same estimate holds
trivially. For the integrals I; and I, we may use Lemma 23 directly to obtain

U‘L
L, [« ——
Bl

since we can choose Q=X+ H for the integral
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Therefore, we have
B
k
I(X+H,n)—1,(X,n)< WE
’y 2

1

<HF[F3L

On the other hand, if |n|>¢(X+H)'~7|y|, Lemma 23 gives

1
1-7

I(X+H,n)—I,(X,n)<

n|
Thus we have
Ry(X+H)—R,(X)
< HF¥|y|f73L 3 %+X1‘% 3 %
n<U(X+H) " | n>0(X+H) "1 ||

< HF|y|f~2L2+1.

This completes the proof. [I

6. Completion of the proof

In this section, we complete the proof of main theorems. However, before the
main part of the proof of Theorem 3, we check the direct consequence of Lemma 12.

Lemma 25. For positive integers k, ¢ with £>2 and real numbers X, H, e with
4<H<X and >0, we have the asymptotic formula (10) provided

(38) leeB(k,Z)JrE §H§X17€7

where 0p(k,0) is defined by

Op(k, ) =min (%akk——l))

as in Theorem 3 and the implicit constant depends on k, £ and e.

Proof. We may assume that X is larger than some constant depends only on &, ¢
and ¢ since otherwise the assertion trivially holds. We use Lemma 12 in Lemma 21.
If n*<X and (X+H—n%)<2(X —n"),

1 X+H-—n* 1
(X ntt=(Xonh=p [ ke (0
k X —nt 2k
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[~

€
2k
provided (38) and X is large. Thus, in this case, Lemma 12 gives
o ((X+H-n"1) = ((x-n")1)
=(X+H-n")%—(X-n")*+O0((X+H—-n")* —(X—n")*)B™")

+5

|
)

X17%+5(X_n£)%71 > ((X_né)%)

(39)

by making the constant ¢ smaller since
(X—n')% > (X+H-n")* > H*

in the current case. If n<X and (X+H —n’)>2(X —n’), then we may apply the
usual prime number theorem to obtain the same estimate (39) since in this case

(X+H-—n")% —(X—n")% < (X+H-n")*.
By using (39) in Lemma 21 and using Lemma 7, we arrive at the lemma. O

We now prove the main part of Theorem 3.

Lemma 26. For positive integers k, ¢ with £>2 and real numbers X, H,e with
4<H<X and >0, we have the asymptotic formula (10) provided

Xl*@@(k,@}ka <H< X1787

where 0c(k, £) is defined by

o Al) Aa(k0) K .
mln( T g ’E(k—l)) if k>2,

and the implicit constant depends on k,¢ and .

00<k7 Z) =

Proof. We may assume that X is larger than some constant depends only on
k,? and ¢ since otherwise the assertion trivially holds. By Lemma 21, Lemma 22
and Lemma 24,

> R(N)

(40) X<N<X+H
=M+Ry+Ry+O((Rs+ X+ Tt T 4+ TV L2+ HX*+i-1p~ 1)

provided

x|

(41) Xl—min(%,—e(k’il))-‘rs §H§X1_67 QSTSX

)
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where
M=SX+H)-S(X),
1 D) T

Ry =- — k0t X+H)Ftr—XxFte)
DT 2 (414 (+) )

lvIsT

(X+H)F—XF* 8. 8_1

3222 2p ’ RS_ZHkmk ’

g [v|<T

[vI<T

In order to control the size of the error X%+%T’1L2, we choose T by
(42) T—X"FH, 0<51§§,

where we choose ¢; later (our choice will be £;=g5). This choice is admissible since
the former inequality of (41) implies

=
wln

(43) X <T<X
If we assume further
(44) XlosGtire < g,
then
T =X TH ' [P=HX" T H 22 <HXtti '[P« HX 17171,
Thus,
(45) (XF T TP < HX+ 717!
provided (44). By Lemma 7, the main term M can be evaluated as

_1T()re)

(46) S kCT(3+1)

HX'H7 0 (HX 7B
provided (41). The remaining task is to estimate Ry, Re and Rj.
We first estimate the sum R;. By the fundamental theorem of calculus,
ke

241 eri_ (P, 1 i 241
(X+H)ft7_xfte = £y wkrT N du < |y HX ®H e

X

Then, by using Stirling’s formula and dissecting dyadically,
8

x4

C<HXtUL sup KTt Y XE

ISEST kejyl<ek

(47) Ry<HXT71 Y =
=t 117
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For 1<K <T, we write K=X*%. Further, we write
(48) XH '=X*%.

Then, by (42), § moves in the range

(49) 0<0 < Ater.

By Lemma 13,

(50) K-t Z Xt < (X%(tb@)*%)+X%(1*n+(2n*%)5)) LA
K<|y|<2K

By Lemma 14 and the assumption ¢>2, for sufficiently large X,

d

1 1
g (¢(5)——5> >0, 20— <0.

14
Therefore, by (47), (49) and (50),

Ry < HXt! (X%(¢(A+s1 —%(A+€1))+X%(1—n)) LA+1
51
( ) <<Hx%—1+%(¢(A+61)—%(A+€1))LA+1_i_HX%-‘—%—lB—l.

By Lemma 14 and the mean value theorem,

1

S(Ater) <H(A)—EAte,.

d(A+er) 7

Thus, by (51), we obtain
(52) Ry < HXt-1HE@@)=8)+2e | gy t+i-1p-1,

This completes the estimate of R;.
We next estimate the sum Ry. We use

>

X+H
(X+H)f-X :B/ u%*ldu<<|’y|HX%*1.

k Jx
Then, since X/|y|>1 for |y|<T<X,

@

X*®

Ro<HX ' Y XP<HX? Y
ly|<T =z

S

This right-hand side is the same quantity appeared in (47). Thus,

(53) Ry < HX T~ 1H#(0(8)=38)+2e1 | prxs+i-1p-1,
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This completes the estimate of Ry.
We finally estimate the sum R3. We dissect the sum dyadically to obtain

(54) Rs<L sup K% > (HEK)F.
1sK=T K<|y|<2K
We again write K=X* and use the parameter A defined in (48). By (43),

A+teq

X =X"HFH l=T<X*

so that
(55) 0<A<1l—gg.

Let log K klog K 5
og og
log(HK)* log H+log K 1-2+%

By (55), this function A(d) is increasing with respect to . Note that

K=K'"tKt <T'"tK* <(X'"FK)* < (HK)*
by (43) provided (41). Thus, by using Lemma 13 with ¥ =(HK)*,

K3 Z (HEK)* < ((HK)%(M)\)*%/\)Jr(HK)%(lfnJr(?nf%)A)) LA

K<|y|<2K

Since HK=X(XH')"'K=X'"%T% the last estimate is rewritten as

K™* Y (HK)
(56) K<|v|<2K
< (X%(l—%+%)(¢(/\)—%/\)+X%(1—%+%)(1—n+(2n—%)/\)) LA

B
k

Since both of (1—2+2), (¢(\)—2)) are increasing function of §, by (49),

XEA=2+H M —4Y) < x 1+ GAA+e)—FAA+er)

< X HOOA+en)—EA(A+en) e

Since

1—
)\/(6)(1_&2§1§§1 for AS(SSA+E],
k

7)

by Lemma 14 and the mean value theorem,

+ |=>

d(MAte1))— %)\(AJrel) < $(M(A))— %)\(A)—ksl = $(A) - %A—kel.
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Thus
(57) x U=+ (™) )< X £(P(A)=3A)+2¢;
Since

we have

1— i A YO A
X2t bn | HITIX BT =1,
H & Xn(Aten)  if >2
(58)

- Hi X321 if =1,
H* X% if k>2,

for sufficiently large X. By (54), (56), (57) and (58),

#(@(8) =3 M) +3e1 4 fr3 Xat3er (if k=1),
1

X 3
(59) fls < { X# @A) =383 L i X3er (if k>2).

By combining (40), (45), (4 2), (53) and (59), we have

6), (5
X<N<X+H k€ I( +%)

NI)—‘

?rl»—t

provided
X1-min(s (G Dte< H< X1 if k=1,
lemin(%’%(%jL%)’g(Tk_l))‘FsSHSlee if kZQ,

and g1 < where

16’
(60) E:HX%71+%(¢(A)7%A)+461 +X%(¢(A)7%A)+4€17 XH71 :X%

Let A1, A2 be the functions given by (11), or equivalently, given in Lemma 15. Then,

by assuming further
min(xkl,xQ)JrE

X' <H,
we have 0<A<min(Aq, A2) —ke. Thus, Lemma 16 and (60) implies

E< HX#ti-1-mtder
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Thus, by taking €1 =2, we obtain the asymptotic formula (10) provided

%7
oL X1-min(F 23k Dte< < X1me if k=1,
) xlmmin(E b D ) < g < X1¢ if k>2.

Our remaining task is to remove the exponents % and %(%Jr%) in (61). Since
A1 (£)<1 for any £>2, we have %th(l)_

n (61). Note that

Thus, we can remove the exponent %

1(11+2)>A;§@ —  k2@MO-1I=X(0).

For the function A;(£), we can check Ai(2), ..., A1(5)<2, A1(6), ..., A1 (9) <1 numeri-
cally and we have
0>10 == A\ (£) <(2A\1(10)—-1)¢=0

since A1(¢) is decreasing. Thus,
l AN )\1(@
KT k

except the cases (k,¢)=(1,2),(1,3),(1,4),(1,5) for which we can check numerically

> (i %) s

Thus, we can remove the exponent % (4 ) in (61). This completes the proof. [

N | =

We next replace the exponent 8¢ (k, ) by 64(k,£) as in Theorem 3.
Lemma 27. For positive integers k,{ with £>2, we have
5 k
= >
12k = 0(k—1)

if and only if
(62) £>10 and 3é—i\/€(25€—24:0)<k<iﬂ—i-i\/€(25£—24:0)
- 24 24 - 724 24 '
Proof. This lemma follows just by solving the quadratic inequality
5 k 5\ (1)
> _ < | = _
2k = 10=1) = (k 24() < (24> £(250—240)

for k>2. Note that (62) never holds for k=1 since

24 5/ 24 24 5¢
for £>10. This completes the proof. [

5 1 5 5 8 5 5 24
Sl 57 VIRAI=240) = 0~ 1——>—e——e<1——) 1



468 Yuta Suzuki
Lemma 28. Let 04(k,£),05(k,0) be functions given in Theorem 3. Then, for
positive integers k,{ with {>2, we have
£<9 and %€<k,
or 0210 and 370+ 57+/€(25(—240) <k

Proof. We first consider the case k< 7. In this case,

04k, ¢) < min (A2(/]§7£) ’ E(kk—l)> = min (AZ(kﬁk)’ é(kk—l))

— min (%ﬁ) —0p (k. )

by Lemma 17. Thus, in the case k< 5 4€ both hand sides of the assertion are false

Op(k,0)<0a(k,l) —

so that the assertion holds.
We consider the remaining case k> 5; Z In this case, by Lemma 27,

K it4>10 and <k < Zpl+457/€(250—240),
0 (k. 0) = ((k—1)

% otherwise.

Therefore, in the former case, i.e. in the case

1
(63) (>10 and —€<k_254€ 1250—240),
we have
a(k, ) < gy =08 (k.0

This again makes both sides of the assertion false, which proves the assertion for
the case (63).
In the remaining case, in which (63) does not hold but k> 25—4€ holds, we have

MO 5 dak ) ek FR) 5 5
k 12k’ k k 12k (k—1) T 12k

by Lemma 17 and Lemma 27. Thus,

)
04k, €)>ﬁ 0p(k,0)

in the remaining case. This completes the proof. [
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Lemma 29. Let Op(k,{0),0c(k, L) be functions given in Lemma 25 and Lem-
ma 26, respectively. Then, for positive integers k, ¢ with £>2, we have

£<9 and %€<k,
or =10 and 20+ 57/€(250—240) <k

and max(0p(k,£),0c(k,0))=max(04(k,£),0p(k,L)).

Op(k,l)<0c(k,l) —

Proof. If k>2, then this trivially holds since 04 (k, £)=0c(k, ¢) for k>2. Thus
we consider the case k=1. Since 0c(1,£)<64(1,¢) for any case, it suffices to prove
that 0.4(1,0)<2 if 05(1,)<04(1,¢). By Lemma 28, 05(1,€)<04(1,¢) holds if and
only if /=2,3,4. For these cases, we have

17+4+/15 <1

444242 _
49 ’

04(1,2)= 147 =

2
QA(].,S)Z ga HA(174): S

This completes the proof. [I

We now complete the proof of main theorems. Since Theorem 1 is just a special
case of Theorem 3, we prove only Theorem 3 and Theorem 4.

Proof of Theorem 3. By Lemma 25 and Lemma 26, we have (10) provided

lemax(GB(k,@),@o(kl))+s <H<X!=

Then the theorem follows by Lemma 29. [

Proof of Theorem 4. By Theorem 3 and Lemma 28, it suffices to prove

(64) Oa(k,0)= for k>2 and £ =2.

| =

Since k>{, we have

Aa(k, ) > Aa(k, k) =1,

~| =
=

Also, A1(2)=1. Thus, we obtain (64) and arrive at the theorem. O
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7. Comparison of the exponents

In this section, we compare three exponents 64,6p and 0, 7. As a preparation,
we prove (14), which determines the value §=max(6 4, 6p5) more precisely.

Lemma 30. Let 0(k,£) be the function given in Theorem 3. Then, for positive
integers k, £ with £>2, we have

# for (kvg):(1’2)7(1a3)7(174)
(27 5)’ (2’ 6)7 (2’ 7)7 (27 8)7 (27 9)’
ok, £) = 05 (k) for k=1 and (>5,
. () k ‘
min (T, K(k—l)) otherwise.

Proof. We first consider the case k=1. In this case, Lemma 28 implies 0(1, )=
0p(1,£) for £>5. Some numerical computation tells us 6(k, £)= )‘2(k 9 for the cases
(k,0)=(1,2),(1,3),(1,4).

We next consider the case k>/£. In this case, we have

Aa(k,0) 2<k+1>>1 S

ko 3k \/ k= k

Therefore,

_ (M) Ak )k

GA(k,E)—m1n< F T E 1)
. (A(0) k . ) k
= > —_— —
mm< k ’z(k—1)>mm<12k’e(k—1)) 05k, 1)

$0

O(k, £) =0a(k, £) = min <A1;§£) ’ E(kk—l)>

as in the assertion.
We further consider the case k>2 and ¢>22. If

—E V2(250—24
_24+ ) 0),

then, since

48
24 5¢

48
— ) — <
[ 24£< 5€> 2sk,

5 01
o1l 73V (250-240) = £
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Lemma 27 implies

05k, 0) = >04(k,0) and

L(k—1) L(k—1) — 12k k
so that L M) L
0k, 0)=0p(k, )= —min ( 222 ).
(k €) =05k, ) = 755 mm( i ’é(k:—l))
Therefore, for the case k>2 and £>22, it suffices to prove
() k
(65) HA(k,E)—m1n< =)
provided
(66) k> —EJr 51 V/£(25¢—240)

since min (’\lké), f(k]il)) >0p(k,0). If k>%€ further holds, then

k=2 (£+3) > =n@> 00

0 (65) holds. Thus we may assume kg%ﬁ. By (66), we have

Y
5 48\ 5
> —e+ o (1—§> = (-2,

By using ¢>22, we further find that

5 k 5 1 43 31
(67) 82770 11 132706

Thus, by definition,

10 2k 4 [6 [k
Ao(k, €)= @+ﬁ+??<27>

By using (67) and Lemma 17, we have

132 ) 961+156+/22

)\2(k,€)2>\2 </€ —k? —_>\1(10)>/\1(€)

3234 2

0 (65) holds. Thus the assertion holds provided k>2 and ¢>22.

The remaining cases satisfy 2<k</<21 so that only finitely many cases are
remaining. Therefore, we can use some numerical calculation to check that the
assertion holds even for the remaining cases. This completes the proof. [
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We now prove that the case (12) occur if and only if (13) holds. Since the
exponents 64 and 6p have been already compared in Lemma 28, it suffices to prove
the next lemma. For completeness, we include the case k=1 as well.

Lemma 31. Let0z(k,{),0(k,£) be functions given in Theorem LZ2 and The-
orem 3, respectively. Then, for positive integers k,{ with £>2, we have
Orz(k,0)<0(k,l) <—— (=2 or k<AL

Proof. In the case =2, we have

17+4v/15 1
:i >—=0.2(1,2)

0(1,2) 49 2

and as we have seen in the proof of Theorem 4,

1
Ok, 2) =0a(h,2) = 1 > 6% > 05(k2) it k>2.

Thus, both sides of the assertion is true, so that the assertion itself is true.
We next consider the case £>3 and k>\;(¢)€. Since A (¢) is decreasing,

A1 (6) ()1 A(3) 1
Oa(k,0) < 1k :m1n< lk ,Z>§mln< lk '3

) < HLZ (k7 g)
Again, since A1 (¢) is decreasing, the assumption k> A1 (¢)¢ implies

5
> > —
k200 ot

so that
Ok, 0) < —— <min [ =, 1) Z 604k, 0)
L DT 6k’ 0)  HETS
Combining two estimates above,

0(k, 0) =max(04(k,0),05(k,0)) <0z (k,0).

Thus, both sides of the assertion is false in this case so the assertion itself holds.
We finally consider the case £>3 and k<\;(¢)¢. It suffices to prove

(68) Ok, 0) > %

since 01,7 (k,¢)<1/¢. In the current case, we immediately have

A1 (€)

Eal

|

~
—

ol

I

—_

S~—



On the sum of a prime power and a power in short intervals 473

Therefore, by Lemma 30, in order to prove (68), it suffices to consider the case
(69) (k)= (1,3), (1,4),(2,5), (2,6), (2,7),(2,8),(2,9)

and the case

(70) k=1 and {¢2>5.

In the case (69), we can check (68) numerically. For the case (70), it suffices to see

5 o 1
12k~ ¢
which trivially holds. This completes the proof. [
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