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Quantum Euler class and virtual Tevelev
degrees of Fano complete intersections

Alessio Cela

Abstract. We compute the quantum Euler class of Fano complete intersections X in a
projective space. In particular, we prove a recent conjecture of A. Buch and R. Pandharipande,
namely [7, Conjecture 5.14]. Finally we apply our result to obtain formulas for the virtual Tevelev
degrees of X. An algorithm computing all genus 0 two-point Hyperplane Gromov-Witten invariants
of X is illustrated along the way.
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1. Introduction

1.1. Quantum Euler class of a variety

Let X be a nonsingular, projective, algebraic variety over C of dimension r and
let {~; };-V:O CH*(X) be a homogeneous basis with 7p=1 and vy =P the point class.
The small quantum cohomology ring QH*(X)(') of X is defined via the 3-point
genus 0 Gromov-Witten invariants:

vixvi= > > ) sa
BEHL(X,Z) k

where v/ € H*(X) is the dual of 7 with respect to the intersection form on X,
defined by the conditions

/’ijW,\C/:(Sj,k for 7=0,...,N.
X

Here we are following the notation of [14].
Let also
A=) "7/ @y e H(X)@H"(X)
J
be the Kiinneth decomposition of the diagonal class of X x X.
The quantum Euler class of X is the image of A under the product map

H*(X)oH*(X) 2> QH*(X).

This is a canonically defined element of QH*(X), first introduced by Abrams
in [2]. In terms of the basis {;}, we have

E:ZWJ-V*%-.
J

Note that in particular
E=x(X)P mod ¢

where x(X) is the Euler characteristic of X.

In this paper we compute the quantum Euler class of all Fano nonsingular
complete intersections of dimension at least 3 in a projective space (see Theorem 5
below). In particular, we prove a conjecture of Buch-Pandharipande, namely [7,
Conjecture 5.14].

(1) Unless otherwise specified, (co)homology and quantum cohomology will always be taken
with Q-coefficients in this paper.
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It is worth noting that although a priori the definition of E involves also the
primitive cohomology of X, in our case of interest, this class actually lies in the
restricted quantum cohomology ring QH*(X)™® of X, that is the quantum coho-
mology ring coming from the projective space (see Proposition 1 below for the exact
definition of QH*(X)"*). This is a key reason we were able to obtain so explicit a
formula for E.

Finally, in [7] the quantum Euler class E of any variety X is related via a very
simple formula (see [7, Theorem 1.4]) to the virtual Tevelev degrees of X, that is
the virtual count of genus g maps of fixed complex structure in a given curve class
through n general points of X. Exploiting their formula and our explicit expression
of E for X a Fano nonsingular complete intersection of dimension at least 3, we are
able to compute all the virtual Tevelev degrees of such varieties X (see Theorem 10
below).

res

1.2. Preliminary results on complete intersections

We now specialize to smooth complete intersections of dimension at least 3.
Let X=V(f1,..., fr)CP"*L be a nonsingular complete intersection of dimension 7.
Assume for the rest of the paper that >3 and that for i=1,..., L,

fi € HYP"E O(my))

where m; >2.
Let m=(myq, ..., my) be the vector of degrees and, for a, be€Z adopt the following

notation:
L

L
=3, et [T,
i=1 i=1
1.2.1. Cohomology of complete intersections
Consider the map
(1) H'(P™") — H'(X)

induced by the inclusion X CP"+X. By the Lefschetz Hyperplane Theorem, this
map is an isomorphism for all <2r,i#r and is injective for i=r. Also, for i=r, we
have a canonical decomposition

HT(X) —H" (X)prirn @HT (X)res
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as a direct sum of the primitive cohomology and the restricted cohomology of de-
gree 1.
Explicitly
H"(X)' =Im(H"(P""5)——H"(X))
and
H"(X)P"™ =Ker(HU—: H"(X) — H""(X))
where HE H*(X) is the hyperplane class.
Note that
dimH" (X)P™" = (=1)" (x(X) = (r+1))

where x(X) is the Euler characteristic of X.

1.2.2. Quantum cohomology of Fano complete intersections

From now on, we will further restrict our attention to the Fano case
(2) Im| <r+L.
Since r>3, the map in Equation 1 is an isomorphism when =2 and thus

Hy(X)=QlL
where Le H*(X) is the class of a line in X. It follows that QH*(X) is a graded
algebra over the polynomial ring Q[g] in one variable ¢ and as Q[g]-modules we have
QH™(X)=H"(X)®qQlg].
The degree of ¢ is equal to 2d where
d=r+L+1—|m|.

which is greater than 0 by Equation 2.

Depending on the degree |m| of X, the ring QH*(X) satisfies the following
magic relation (due to A. Givental):

e if [m|<r+L—1 we have:

(3) H*(r+1) — mqu*(\m\fL)
e if |[m|=r+L we have:
(4) (H+m!g)*+D = mMg(H+mlg)*"

Some cases of Equation 3 are proved in [3]. A complete proof of both relations
can be found in Givental’s paper [15]. There also are two very nice expositions
of Givental’s work, see [22, Section 3.2] and [6, Corollary 4.4 and Corollary 4.19].
Relations 3 and 4 will be essential for the object of this paper.



Quantum Euler class and virtual Tevelev degrees of Fano complete intersections 305

1.3. Statement of the main theorem

In Theorem 5 below we will give explicit formulas for the quantum Euler class of
any smooth Fano complete intersection X CP+L as above. Much of our work starts
with the results in [7], some of which we now recall for the reader’s convenience.

Proposition 1. (due to T. Graber) Let R=Span{1,H,....H"}CH*(X). Then,
(R®gQlg], %) is a subring of QH*(X).

Proof. This is [7, Proposition 5.1]. O

This ring is denoted by QH*(X) .

Remark 2. The elements 1, H, ..., H*" form a basis of Q H* (X )**® as Q[g]-module.
This follows from the fact that H'= H*Z mod ¢ and H* € QH*(X)™s for i=0, ..., 7.

Let E be the quantum Euler class of X.

Lemma 3. We have EEQH™*(X)".

Proof. See [7, Proof of Proposition 5.5]. O

By Remark 2 and Lemma 3, we can uniquely write
Lg)

E=" Coeff(E, g'H* (=) giH+(r—id),
i=0

where Coeff(E, ¢'H*("=*))cQ. Our goal is to make this coefficients explicit.
Remark 4. We have

Coeff( H*r 712\/ ,.YJ U’Y] lz deg "/J)*m X(X)

The main result of the paper is the followmg:

Theorem 5. (Main Theorem) The following equalities hold:
o if Im|<r+L—1 then

E=m ' X(X)H" +(r+L+1—|m|—x(X))m™ ! gH*ImI=E=1,
o if Im|=r—+L then
|

E=m™'X(X)H"+)_ m~'(j—x(X)) (;1) (mt)y7 [m’“—%(m)
j=1

The case |m|<r+L—1 in the theorem is exactly [7, Conjecture 5.14] and is
already shown to be true mod ¢ in [7, Corollary 5.13]. The proof of this theorem
is given in Section 3.

¢H"I,
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1.4. Application: virtual Tevelev degrees of Fano complete intersections
1.4.1. Virtual Tevelev degrees

Let X be a nonsingular, projective, algebraic variety over C of dimension r. Fix
integers g, n>0 satisfying the stability condition 2g—2+n>0 and fix € H3(X,7Z)
an effective curve class satisfying the condition

/ﬁcl(TX)>O.

Let mg,n(X , B) be the moduli space of genus g, n-pointed stable maps to X in class
[ and assume that the dimensional constraint

vdim(M, (X, 8)) =dim(M, , x X™)

holds. This is equivalent to
(5) /cl(TX) —r(ntg-1).
B

Let
T Mgn(X,8) — Mg oxX"

be the canonical morphism obtained from the domain curve and the evaluation
maps:

T Myn(X,8) — Mg, ev:Mya(X,B)— X"
Then the virtual Tevelev degree VTeVin, 3€Q of X is defined by the equality

T My (X, BT =vTevy, s[Mynx X" € A (M, x X™).

g,m.8

Alternatively, denoting by Q;{_’nyﬁ:H* (X)®"— H*(M,,) the Gromov-Witten class

0x (o) :=m(ev™(a)N [MM(X, BV,

g,n,B

we have
—
vTevy , s[Mgnl= Qéfnﬂ(P(@”).

Fixed-domain curve counts for Grassmanians have a beautiful story at the
intersection between algebraic geometry and physics. They are computed by the
celebrated Vafa-Intriligator formula, conjectured by the physicists Vafa and Intrili-
gator [16] and partially proved by Siebert-Tian [23] and by Bertram-Daskalopoulos-
Wentworth in [4] and [5], and fully proven by Marian-Oprea in [20] using Quot-
schemes. The equivalence with the formulation in terms of stable maps was then
proven by Marian-Oprea-Pandharipande in [21]. The systematic study of Tevelev
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degrees for general targets started with [11], motivated by work of Tevelev [24] on
scattering amplitudes in mathematical physics. The paper [11] then stimulated a se-
ries of subsequent studies. In [11] these degrees were formally defined and computed
via Hurwitz theory for the case of P!; then, in [13], using Schubert calculus the prob-
lem was posed and solved for the case of P™; in [10] a generalization of these degrees
is presented for P!. In [7] a virtual perspective is adopted via Gromov-Witten the-
ory and in [19] an equality between virtual and geometric Tevelev degrees is proven
for certain Fano varieties and large degree curve classes. The relationship between
virtual and geometric degrees is studied for point blow-up of projective spaces in [9],
where the authors also provided simpled closed formulas for the Tevelev degrees of
such varieties. In [18] geometric Tevelev degrees are computed for low degree hyper-
surfaces and large degree curve classes via projective geometry. Finally, a tropical
perspective is presented in [8] where, after proving a generalization of Mikhalkin’s
correspondence theorem for logarithmic and tropical Tevelev degrees, the authors
computed these degrees for Hirzebruch surfaces in genus 0.

1.4.2. Virtual Tevelev degrees of Fano complete intersections

In this paper, we are concerned with exact computations of virtual Tevelev
degrees of Fano complete intersections following the perspective presented in [7]
and described above in Section 1.4.1.

Let X be a smooth Fano complete intersection in PT+L of dimension >3 and
vector of degrees m. Writing S=kL with £>0, condition 5 becomes

k=klg,n|:= %g_lr.

For us, the main ingredient to compute vTev;n’ i Will be the following result:
Theorem 6. Suppose k=k[g,n|. Then

VTGVinyk = m!Coeff(P*™+E*9, g"H*").

Proof. This is [7, Theorem 1.4]. O

Before stating our theorem, we require a remark and some additional notation.

Remark 7. Given the form of Equation 4, when |m|=r+L it will be more
convenient to use 1, (H+mlg),...,(H4+m!g)*" instead of 1,H,...,H*" as a basis of
QH*(X) as Q[g]-module.
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Definition 8. Define

Q5P _{Coeff(P,qu*T_id) when |m|<r+L-1,

Coeff(P, ¢'(H+m!q)*"~%) when |m|=r+L,
for i=0,..., | 5] and
Qsbi= Coeff (P*"xE*9, gitFH*r—id) when |m|<r+L-1,
" | Coeff(P*+E*9, ¢i+*(H+mlg)* %) when |m|=r-+L,
for i=0, ..., [5].
Note that, by Theorem 6
VTev;fmk =m'by
and that by Theorem 5 the b;’s are determined by the P;’s.

Definition 9. Following [7, Definition 5.15], we define the discrepancy of P*"
E*9 to be
Lg)
Disc(P*"+E*) =~ b;m ™",
i=1
Putting everything together we obtain explicit formulas for all virtual Tevelev
degrees of X (once all the coefficients P; are known):

Theorem 10. Suppose k=k[g,n]. Then, the virtual Tevelev degrees of X are

as follows:
o if Im|<r+L—1 then

Lg) n
VTeV;fn,k = (Z Pim_im> (r+L+1—|m|)Im*Fm =9+ _Digc(P*"xE*9),
i=0

e if [m|=r+L then

r n g
VeV k= <Zpimim> (1—mrm(m!)r(r+1—x(X))> mkm—g+1

=0
—Disc(P*"xE*9).
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The case |m|<r+L—1 already appears in [7, Proposition 5.16] (where they as-
sume that [7, conjecture 5.14] holds for X)), the case |m|=r+L is instead completely
new.

The last question would be if we can actually express the coefficients P; ap-
pearing in Theorem 10 in a closed formula, obtaining in this way a closed formula
for the virtual Tevelev degrees.

Partial results have been obtained in [7], where they gave a complete answer
in the following cases:

e for quadric hypersurfaces (see [7, Theorem 1.5 and Example 2.4];

o for low degree complete complete intersections r>2|m|—2L—2 which are not
quadrics (see [7, Corollary 5.11 and Theorem 5.19]);

e for the border case r=2|m|—2L—2 (see [7, Lemma 5.21 and Corollary 5.23]).
Here we will content ourselves with illustrating in Section 5 an algorithm that
calculates all the coefficients P;. It should be noted here that the method we
will describe is more effective than the general result in [1], where they deal with
Gromov-Witten invariants in all genera with arbitrary insertions.

Acknowledgement. 1 am especially thankful to my supervisor R. Pandhari-
pande who introduced me to the topic of this paper, explained me some parts of
the papers [7] and [22] and read very carefully the first draft of this paper. I also
would like to thank S. Molcho for reading and commenting the final draft of the
paper, C. Lian and J. Schmitt for several disscussions about Tevelev degrees and
Younghan Bae for discussions about the content of Section 5. I am supported by
the grant SNF-200020-182181.

2. A preliminary computation

We start with expressing H? for i=1,...,r as a linear combination of 1, ..., H*"
with coefficients in Q[g].

The following notation will be convenient. For k>0 and 0<j<r let

r—j 0,k —

af_ .= m71<de+j71,HT7j>Xk:m71/ evl*de+j71UeV;HT7j
[Mo,2(X, kL)

where L is the class of a line in X and ev; Zﬂo’g (X, kL)— X are the evaluation maps
for i=1,2. Note the following symmetry:

k  _ k
Qpj = Okdtj—1-
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Proposition 11. Let 0<:<r. Then, for 1§j§L§J, we have

Coeff(H?, ¢/ H*(=iD)) =

¢
= Z (-1 Z Z H iaa:“(l—(j—il—...—ia,)d—ua,'

0:1<€<j (i1,-80) €Lz 1% (un,..up) € (L) X =1
i1t tie=]  0<up<...<uq <i—jd
Proof. We proceed by induction on 1.
When i<d there is nothing to prove. When i=d, it follows that j=1 and the
right-hand side of the equation is just al. To compute the left-hand side note that
Hi=H* for i<d and thus

H* = HxH? ' =H4-g(H, HY " H") g m ™.
Note that, since HxHY 1€ QH*(X)™*, the primitive cohomology contribution in

HxH?1 is 0.
Use now the divisor equation in Gromov-Witten theory to obtain

H7Hd_1,HT X m—lzal.
< 0,1 T

Assume now that the Theorem is true for i=d, ..., t—1<r.
Write
L5
H*Ht—l _ Ht+Z<H Ht—l de+r—t>g(km—lqut—kd.

k=1 7
where again the primitive cohomology contributions in HxH!~! is 0 and by the
divisor equation

-1 —1 ykd+r—t\ X k
m <H7 Ht P H +r t>0,k = karf(tfkd)'

Note now that, by induction, we know how to write the H*"*? and H*~! in terms
of 1,H,...,H*". Putting everything together we obtain for 1<j<[%]

Coeff(H!, g7 H*(!=34))

J
_ Coeﬂ'(Hi&fl7 qu*(tflfjd))_Z kaf_(t_kd)CoePf(Ht*kd, qukH*(tfjd))

k=1

J L
:Z(_l)e Z ]T[liaaiz(jfilf...fia)dfua

P

(=1 14 +ip=7,
0<u,<..<u;<t—1-—jd

J ji—k 4
—Z kol k) (Z(—l)e Z H iaaia—(j—k—il—4..—ia)d—ua>
a=1

=0 i1t tie=j—k,
0<ur<...<us <t—jd
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and, since

r—(t—kd)=r—(j—k)d—(t—jd),

this is exactly the right-hand side appearing in the statement above with i=¢t. [
Corollary 12. For 1<j<[%| we have

COGH(H*T+1, qj H*r+1—jd>
4

©) = Z (- Z Z Hiaa?—(j—z‘l—...—md—ua'

0:1<4<j (i‘l"")if)‘EZZAl: (ulwwue)G(ZZo)XZ: a=1
1t tie=] 0<u,<...<u;<r+1l—jd

Proof. Proceeding as in the proof of Proposition 11, we write H*"t1=HxH*"

and
H*" =H" = " Coeff (H", ¢/H*" /%) g/ H*" 3¢,
j=1

Since

L=

HeH" = > kaf, g"H HH

k=1

we have

COGH(H*(T+1), qj H*(r+1fjd))
= —Coeff (H", ¢/ H*"—7D)
J

_|_Z k‘aff(r+17kd)COGH(HT+1_kd, qj—kH*r+1—jd)

k=1
¢
_ ERRYAS! g
= Z (=1) Z H’ao‘r—(j—il—“.—ia)d—ua
1<0<j in4..Aie=j, a=1
0<u,<...<up <r—jd
J L
_ k EETYAS] S g
E kagq_q E (-1 E H La® (—k—iy—...—iq)d—uq
k=1 1<0<j—k ivt...+ig=j—k, a=1

0<ue<...<ur <r+1—jd

for j=1,...,|5]. Finally, since kd—1=r—(j—k)d—(r+1—jd), we are done. [
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3. Proof of the main theorem

3.1. Plan of the proof

In this subsection we explain how the proof of Theorem 5 goes.

Define
I'= Z fy]\-/*'yj
iy €HT(X)prim
and .
E':i=m~ ') HxH"
i=0
Then

E=T+FE.
So by Lemma 3, we see that '€ QH*(X)**.

Using relations 3 and 4, the proof of Theorem 5 becomes an easy algebraic
count (done in Section 3.4) once we know the following two propositions.

Proposition 13. For j=1,...,| 5] we have

Coeff (T, qu*T_jd) = m_l(r—l—l—x(X))Coeff(H*TH, qu*T'H_jd).
The proof is presented in Section 3.2.
Proposition 14. For j=1,...,[ 5] we have

Coeft(E', ¢/ H*" /%) = —m~ ! (r— jd+1)Coeff (H*"+*, g/ H*" +177),

The proof is presented in Section 3.3.
We remark here that the way we prove Proposition 14 is purely algebraic. It
would be interesting to find a more conceptual explanation for this equality.

3.2. Computation of T'

The proof of Proposition 13 relies on the following preliminary lemma which
is very similar to [7, Lemma 5.2].

Lemma 15. Let AeQH*(X)™ be a degree 2r class such that
A=aH" mod ¢ and HxA=0
where a€Q. Then
Coeff(A, g/ H*"~9) = —aCoeff(H*"+1, g7 H"+1-i)

fori=1,..,[5].
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Proof. Write

L)
A= aH*r—I—Z Coeff(A, g'H* ) gt H* =,

=1
Then we have
L7]
0=HxA= aH*?"-‘rl +Z Coeﬂ'(A7 qu*T—id)qu*r—i-l—id
=1

from which we obtain the lemma. O

Proof of Proposition 13. By [7, Corollary 5.3] (the proof of that corollary also
applies when |m|=r+L), we have Hx['=0. Moreover

I'= Z ’YJ\/U*}/j :dim(H"(X)prim)(_l)rm—1Hr mod g.
j:‘yjeHr(X)Prim

Note that we have dim(H" (X )P*™)=(—1)"(x(X)—7r—1). The proposition now fol-
lows from an application of Lemma 15. [

3.3. Computation of E’

In this subsection we prove Proposition 14 by showing the following equivalent
result:

Lemma 16. For j=1,...,| %] we have
Z Coeff(H'xH™ % g7 H*"=39)) = —(r— jd+1) times the RHS of Equation 6.
i=0
Proof. For 0<i<r and 1<j<|%| we have
Coeff (H'xH" ", ¢/ H*"=7))

= > Coeff(H, g H* (1D Coeff (H™ 7, g H*(r—i=sd))
(h,s)EZé%:h-}-s:j

and for each (h, s) as above such that hd<i and r—i>sd, the product

COGH(Hi, qh H*(i—hd))coeﬁ-(Hr—i, qs H*(r—i—sd))



314 Alessio Cela

is equal to
w
1 \w+z . iq
> (1) > > | R —.——
1<w<h Yi+...tyw=h 0<p,<...<p1<i—hd a=l1
1<z<s z1+...+r.=5 0<v,<...<v1<r—i—sd
z
Ty
(7) X H xbarf(slef‘..fxb)dfvh'
b=1

Note that it could be that h=0 or s=0 (but not h=s=0, since h+s=;>0). Observe
the symmetry

a:i(87$17...7$b)d71)b = a(zsbfivlf...fajb_l)dﬁdubfl’
and that
(s—x1—.c—xp_1)dH+vp—1=r—[(j—zp—...—x,)d+r—0p+1—7jd]

where r—vp+1—7jd varies in [i —hd+1,74+1—jd] for 0<wv, <r—i—sd. Therefore we
can rewrite the quantity in Equation 7 as

Z (=1 Z Z H Z.aOéi’a—(h—yl—--.—ya)d—joa

1<w<h Vit Ayw=h  0<p,<..<pi<i—hd  a=1
1<2<s z1+...+r=8 i—hd+1<v;<...<v,<r+1—jd
z
Ty
(8) x H :Ebarf(jfxbf.,.fzz)dfvb'
b=1

Note that the quantity i—hd appearing in Equation 8 under the third summation
symbol varies in [0,7—jd] and not in [0, ] (if i—hd>r—jd, then r—i<(j—h)d=sd
and so Coeff(H"™?, g*H*(r—i=sd)) =),

Fix je{l,...,[ 5]} and let £, (i1, ...,i¢) and (u1,...,ur) be such that

0<l<yj, t1+...4ig=7 and 0<uy<..<wu; <r+1-—jd.

We want to count how many times the term

4
o S0 | (T
a:1

appears in
bj = Coeff(H'xH"~", ¢/ H*"=i%)
i=0

= Z Z Coeff(Hi’ qhH*(i—hd))Coeﬁ'(Hr—i7 qu*(r—i—sd)).
=0 h+s=j
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We observe that w+z=/¢ and (2, ..., 1, Y1, .., Yw) = (%1, ..., 4¢) must hold. Moreover,
given any integer g€[0,r—jd], if i—hd=g then in Equation 8 we must have

z=min{f:u;<g}—1 and w={l—2
where if {f:u;<g}=2, we set 2=/ and w=~{.

Therefore

Vy = ULy ooy U] = Uy PL = Uzt 1y ey Pro = Uy
and

Ty =11y, X1 =0, YL =gt 1y -oes Y =10
and finally

h=y1+..4y», and s=x1+..4x,.
This means that the term in Equation 9 appears in b; once for every g€|0,r—jd],
and thus a total of r—jd+1 times. This concludes the proof of the lemma. O

3.4. Computation of E
We finally prove Theorem 5. We will distinguish two cases.
e Case |m|<r+L—1.
By Relation 3, in this case we have
Coeff(H*" T g/ H*" 1739 =0 for j>1 and Coeff(H*" ! gH*" =4 =m™,
Therefore, by Propositions 13 and 14, we have
Coeff(E, ¢/H*" /%) =0 for j>1 and
Coeff(E, gH* =) =m™ L (r4+ L+1—|m| —x(X)).
This is what we wanted to prove.
e Case |m|=r+L.

Note that in this case d=1. Relation 4, can be rewritten as

. . . |
Coeff(H™ 1, g H+177) = (L) (m!)~! lmm_%(m)

for j=1,...,r+1. Therefore for j=1,....,r we have
Coeff(E, ¢/ H*"~7) = m~! (j —x(X)) Coeff(H*" 1, g H*" 1)

m!

) (| )y [mm—7<r+1>

This concludes the proof.
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4. Virtual Tevelev degrees

We now apply our computations to prove Theorem 10. We distinguish two
cases again.

e Case |m|<r+L—1.
This case follows from [7, Proposition 5.16] and Theorem 5 above.
e Case |m|=r+L.

The first step is to express E in terms of the basis 1, H+mlq, ..., (H+m!lg)*".
This will use the following simple combinatorial lemma.

Lemma 17. For j=2,...,r the following two equalities hold:

w ()G

and
! T r—1 -
11 ] -1 =r+1.
w () G
Proof. The proof is left to the reader. [

Lemma 18. We have

E=m~1x(X)(H+mlg) +[m™ (r+1—x(X))(m™ —m!) —m™ Lr]g(H+mlg)*
+ [ (ml)? (L= x (X)) (™ = m!) g (H-+ mlg)™" 7.
j=2

Proof. This is an algebraic check substituting
H=(H+mlg)—mlq

in the expression of E found in Theorem 5.

Here we will deal with Coeff(E, ¢/ (H+m!q)*"=7) for j=2, ...,r. The cases j=0, 1
are instead left to the reader.

Using Theorem 5, we see that for j=2,...,r the coefficient Coeff(E, ¢’ (H+
mlq)*"7) is equal to

(0 (1) -1y ey
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(J—j) (1) (m!l)i—

which we now rewrite as a sum of four terms. The first one is

m~ 1 x(X)(m!)7 " 'm! [(—Uj (;) +§;(—1)“ (lil) (Ziﬁ) Tl

=m Iy (X)(m!) " Im!

71— )

+im-1<z‘—x<x>>(.Q)(m!)i* lmm—m ()

where we used Equation 10. The second one is

Cm(X '“Z (20 (2 ) 0 = mm ) my-

where we used Equation 10. The third term is

-m~ m'z (Z_ )( _Z>(—l)j_i(r—l—l):—m_l(m!)j_lm!(H—l)

where we used again Equation 10. Finally the last term is

m g (7)) () et =m

where instead we used Equation 11.
Summing everything up we obtain the desired conclusion. [

Although the full expression of E might be a bit complicated, the product
(H4+m!g)*"xE is quite simple.

Corollary 19. We have

(Hemlg) " +E = [m = —m "™ (m!)" (r+ 1 (X)))(H-+-mlg) "
Proof. Use r times Equality 4. 0O
We can now finish the proof of Theorem 10.

Proof of Theorem 10 when |m|=r+L. From Definition 8 and Equation 4, we
see that

(12) P*"xE* %(H+mlg)* <Zb m— (k+) m> (H4gm!)*rtrotnr,
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Using Definition 8 and Equation 4, we also have

P % (H4+mlg)*" = (Z Hmim> (H-gm!)*r+r,
i=0

and so by Corollary 19
P*"xE*9 % (H+mlg)*"

(13) = (ipim_im> (m_l—m_rm_l(m!)T(r—kl—X(X))) (H+mlg)*rtortnr,
i=0

The theorem follows by comparing Equation 12 and Equation 13. O

5. An algorithm for the calculation of the coefficients P;

In this final section we propose a method to compute the coefficients P; appear-
ing in Definition 8. In this way, up to implementing the algorithm with a computer,
all the virtual Tevelev degrees of X can be explicitly calculated.

It is possible that our result is known to the experts, but we preferred to include
it anyway for completeness.

5.1. Recursion for genus 0 two-pointed Hyperplane Gromov-Witten in-
variants

Proposition 11 reduces the computation of the P;’s to the computation of
genus 0 two-pointed Hyperplane Gromov-Witten invariants of X. These invariants
satisfies a recursion involving more general integrals which we now recall.

5.1.1. The recursion

For ¢>0, k>0 and n>0 the gravitational descendant invariants of X are
defined by:

(Tar (1) oo Ta () Dok ;:/_ evi () Uy U...Uevy, () Uy
Mg n(X,kL)]Vi

where 1, ..., v, € H*(X) and v;=c1(L;) € H*(M,,,(X, kL)) is the first Chern class

of the cotangent line

) _ v
LZ|[f:(C’;D1 ,,,,, Pr)—X] (Tpi C)

for i=1,...,n.
We start with a monodromy result.
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Lemma 20. For any y€H*(X)P'™, 41, ..., v, € H*(X)™ (with n>0), ay, ...,
an€Z>o and k>0 we have

(Tay (71); -+ Tan (), Vo ke =0

Proof. The proof is a monodromy argument. Let

L
Uc[[PE P, 0(m;)))

i=1

be the open subscheme parametrizing smooth complete intersection in P™+¥ of
dimension 7 and degree m. Call V=VPimgVres where VPim=H*(X)PmgqR
and V**=H*(X)"*®gR, and

p:m (U, u) — Aut(V)

the monodromy homomorphism (here u€U is the point corresponding to X). The
homomorphism p preserves the decomposition V=VP'mMg Vs and actually its in-
variant subspace is exactly V', Let G CGL(VP"™) be the algebraic monodromy
group defined as the Zariski closure of the image of 1 (U, u)— Aut(VP"™). The
lemma will follow from the following two standard facts:

e the invariance under deformations of X in Gromov-Witten theory tells us
that for any aem; (U, u) we have:

<Ta1 (Oé.’}/l), o Tay, (O"’yn)v O"’Y>(¥k = <Ta1 (71)7 < Tap, (’Yn)v 7)8(,13;

e the intersection form Q on VP™™ is preserved by the monodromy action.

When r is odd, @ is a non-degenerate skew-symmetric bilinear form, it follows that
in this case dim(VP"™) is even and that GCSp(VP"'™). When instead r is even, Q
is a non-degenerate symmetric bilinear form and we have G CO(VPr™). Since for us
r>3, by [12, Theorem 4.4.1] (see also [1, Proposition 4.2]), the previous inclusions
are actually equalities except for the case when r is even and m=(2,2). In this
latter case, dim(VP'm)=r+3 and G is the Weyl group W of D, 3.
Since —IdeSp(VP'™) and —Id€ O(VP™™) the proof is complete in all cases except
for the case r even and m=(2,2). In this case, note that if L:VPrim 5 Prim jg any
R-linear map invariant under W then L=0 must hold (reason: if ® CVP'™ is the
root system corresponding to D,3 then for all v€® the reflection r, along the
hyperplane v lies in W and sends v to —v, thus L(v)=L(—v)=—L(v), from which
L(v)=0. Since Spang (®)=VP"™ we are done). To conclude the proof of the lemma,
apply this observation with L= (74, (1), ., Ta,, (W), =)o O
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Proposition 21. Let i,a>0 and j, k>0 be integers satisfying
i+j+a=vdim(Mo (X, kL)).
Then we have

(ra(H'), Y )Gk = (1o (HT), W7 3 4k (Taqa (HY), 1) 5

k—1
_Z m—1£<Ta(H’i)’ HZ(H_T_l_i_a)é{:MHj_l, H(k—@)d+r—j>é(:k7[
£=1

Proof. An application of [17, Corollary 1] and the splitting principle in Gromov-
Witten theory yields

Ta -7 HO,k: Ta ‘ ) - 0,k Ta+1 i? - 0,k
(ra(HO), FO), = (B ), )0 (R, B0

)

k-1 N

j—1 X
*Z ¢(ra(H ’YJ 0/<HJ V)0 k—e
¢=1 j=0

where as always {’yj} o is any homogeneous basis of H*(X) with vp=1 and yy=P.
Finally, apply Lemma 20 to conclude the proof. [

5.1.2. The base case

Consider the recursion of Proposition 21. In each two-pointed Gromov-Witten
integral on the right-hand side, either the quantity j decreased or the quantity k
decreased (when compared to those appearing in the left-hand side). Note also that
when k=1, the recursion becomes simply

(ra(H'), W)y = (7a (HT), W7 T 4 (Tasa (HY), BT

So, when k=1, k stabilizes while j continues to decrease. It follows that the recur-
sion completely determines all the integrals

(Ta(HY), Hj>éfk for a,i,j >0 such that a+i+j=vdim(My2(X, kL))

once the integrals (7,(H?), 1>8fk are given for all a,7>0 and k>0. These last invari-

ants are indeed known as the next proposition shows.
Proposition 22. Let a,i>0 and k>0 be integers such that
a+i= Vdim(MO’Q(X, kL))

Then



where in both cases the coefficient of x

Quantum FEuler class and virtual Tevelev degrees of Fano complete intersections 321

e for |m|<r+L—1 and i=0,...,r we have

L km,;

[T L2 (mget0) )

, T
[Ty (w0t

)

(Trsra—1-i(H), D = Coeﬁ’(
e for [m|=r+L and i=0,...,r we have

- L (—mi)kh I, 176 (myw+0) .
Tr —1—i HZ 71 X = ( m- COGH =1 =0 ! 7xT+L72
(Trh—1-i(H"), 1)1 hZ:o (k—h)! ( ngl(x_,_g)wrurl

r+L=i s meant to be the coefficient of the

Taylor expansion in x at 0.

Proof. This is just a way of rephrasing [6, Theorem 4.2 and Theorem 4.17].

Note that in [6, Theorem 4.17] there is a typo: in their notation, their index m in
the product appearing in the numerator should range from 0 to dl;, instead of from
l1tod O
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