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On Hedenmalm-Shimorin type inequalities

Yong Han, Yanqi Qiu and Zipeng Wang

Abstract. We present a direct proof of an Hedenmalm-Shimorin inequality for short anti-
diagonals proved recently in [HS20, Advances in Mathematics, 2020] and give the three tensor
analogue of such inequality.

1. Introduction

1.1. Hedenmalm and Shimorin’s inequality

Very recently, Hedenmalm and Shimorin proved the following:

Theorem A. (Hedenmalm and Shimorin [HS20]) Let M={m;x}75_; be an
infinite complexz-valued matriz which acts contractively on €2. Then
2

mjk e
k| <961 (—) 0<s<1.
Vil slog (1 <s

To prove Theorem A, Hedenmalm and Shimorin interpreted the bound (1.1) in
terms of the correlation E®(z)¥(z) of two coupled Gaussian analytic functions of
Dirichlet type (simplified as Do-GAFs) with possibly intricate Gaussian correlation
structure between them. More precisely, define a Dy-GAF by

oo

(1.1) Sy

=2 |j+k=l

Vi

where ()32, are independent standard complex Gaussian variables, then Theo-
rem A is equivalent to the following

(1.2) @(z)zza—j,zj, ze€D={zeC:|z| <1},
j=1
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Theorem B. (Hedenmalm and Shimorin [HS20]) For any two coupled Dy-
GAFs ®(z) and V(z), with possibly intricate Gaussian correlation structure between
them, we have

(1.3) /T|E<I>(r§)\11(rg)|2dm(0§2r210g(1_er2), 0<r<1,

where dm is the normalized Lebesgue measure on the unit circle T.

The inequality (1.3) follows immediately from the inequality (1.1). Indeed, if

we write
Z —z] and U(z Z

with ()52, and (8;)72; two sequences of mdependent standard complex Gaus-
sian variables, with possibly intricate correlation structure between them, then the
infinite matrix M={m;x}35_, defined by
myk:=E(a;fk), jk=1
acts contractively on £2 and the left hand side of the inequality (1.3) is given by
2

(1.4) /yEcb rO)W(r¢)|dm(¢ Zr” Z m”“

+kl

Conversely, the inequality (1.3) also implies the inequality (1.1). The implication
(1.3)=-(1.1) is rather simple by using a standard convexity argument and the
fact that extreme points of the set of contractive operators on a Hilbert space are
contained in the set of partial isometries.

1.2. Main results

Theorem 1.1. For any infinite complex-valued matriz M={m;x}35_,, we

have
2
15 l mﬂk < (IMI2,+ M2 ) slog (), 0<s<1
(15) 38| 30 ] S (MMt M5 )stog (=), 0=s<1,
=2 ]+kl

provided that the two quantities defined as follows

(1.6) IIMHHrit;pZImJkl2 and IIMllzﬁoo—supZImgkl
=tj=1 izl

are both finite.
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Remark Note that ||M |12 and ||M |20 are in fact the operator norms:
Mo = M8 — 2] and [ Ml 0= M2 — £2]).
The inequality (1.5) clearly implies the inequality (1.1) since
max([[M|l1-2, [|M]|2500) < | M : €2 — 2]

A little-o version of the inequality (1.1) for compact operators on 2 is given in
the following

Proposition 1.2. Suppose that the complexr matriz M:{mj7k};?f’k:1 1S a com-
pact operator on £2. Then
2

(1.7) isl Z Jk <o<log1%), as s— 1"

1=2 ]+kl

Theorem 1.1 can be easily generalized to the case of higher tensors. Here we
only state Hedenmalm and Shimorin-type inequalities for 3-tensors.

Theorem 1.3. Let {m”k};xj’kzl be a sequence of complex numbers such that

(1.8) Sltlp Zlmm Kl +SUP Z‘mw Kl +SUP Zlmwk| <1
7,
Then
2
(19) S| Xt (o) ose
. — —=| <—(log—), <s< 1.
l:3l 1 T 17k 2 1—s

It is not known to us whether the inequality (1.9) is optimal. However, we
have the following

Proposition 1.4. There exists a sequence {m”k}j’oj w—1 of complex numbers
with

o0 o0
(1.10) max ( sup Z Imi jkl?, sup Z |mi jx|?, sup Z |mi’j,k|2) <1
ik>1577 6,321

]kl

such that for a constant ¢>0, we have
2

o0 i 1
(1.11) Z Z mjk chog: for all s€10,1).

1
=3 i+j+k=l
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Remark 1.5. In the case where the numbers m; j i arise as expectation of prod-
ucts of three random variables, the inequality can be improved significantly. The
following result is rather simple, we include it here only for comparison.

Let a, 8,7 be three centered real random variables with finite moments up to
order 6. Let (a;)72;, (8;)72; and (yx)72; be independent copies of a, 3,7 respec-
tively, possibly with intricate joint distribution. Then, for any §>0, we have

E(iBivk) |
2~

< 00.

1
S e

2. Hedenmalm and Shimorin’s inequality

Proof of Theorem 1.1. For any fixed integer [>2, by Cauchy-Schwarz inequal-
ity,
2

Z mak < Z |myk‘ Z Z |m3k| ~1).

JHk= z j+k=l GHk=l JHk=l

Therefore, for any s€|0, 1),

Z Z mjk Sisl Z |mj]:|2 (1-1)
1=2 j+kl 1=2 k=t 7

< oosl —|m7’k|2 =
2\ 2

Jj+k=l =2  j+k=I
2
kl ! .k
2.13 = J + s —.
(2.13) -y Yy >
=2 j+k=l =2 j+k=l
denoted by I denoted by IT

Now we estimate the summations I and II. Since 0<s<1, for any j>1, we have

[eS)

2 2

=Y |mygl*s* <SSUPZ|mgk| =s||M3. -
_ 1= k 1
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It follows that

|m3k| |m]k|
I= — Im s

oo

s 1
<MY 7=s||M||§m~log (E).
j=1

Similarly, for all integers k>1,

Zlmg K8’ =s: ZlmJ W75/ < s SUPZWJ kl? =M,

Jj=1 =
then
(o) ‘m'k|2 ) (o) |m‘k|2 ) (o) S oo )
II= E g —Jk §Isk = g —]k sisk = g ” g | x| ?s?
1=2 j+k=l Jik=1 k=1 " =1

o0
s* 1
<MY - =M p-log ().
k=1

This completes the whole proof. [

Proof of Proposition 1.2. Without loss of generality, we assume that M :£2—¢?
is a compact operator with operator norm || M ||2—2<1. Recall the inequality (2.13):

> zm““ <y oy by s bl

=2 |j+k= l =2 jtk=l =2  j+k=l
denoted by I denoted by I
Define
5 o0 o0
s 2 2
aj(s):? bi=Y Imikl> and o= |m;xl*
k=1 j=1

Since | M||22<1, we have 0<b;<1 and 0<¢;<1. The compactness of M on (>
implies that

lim b; =0 and lim ¢, =0.
j—oo k—o0

For any s€[0,1), we have

:Z Z mj)k|23k§2aj(s)bj.

s?
J
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For any given >0, there exists an integer jo such that b;<e for all j>jo. Then we
get

Jo—1 Jo—1
Zaj b<€Za] —&-Za] b<EZa] +Zaj(s)
J=jo J=jo J=1
Jjo—1 jo—1

§eZaJ —|—Z a;(s —alog—+z a;(s
j=1
Therefore,

2 aj(s)b; Jo—1 g (s
thHPM <6+hmsupM:
s—1— og 1—s s—1— 1 0g 1—s

It follows that

lim sup —=0.
s—1— 108 75

With similar arguments, we also have
17
lim sup ——~— =0.
s—1— 108 75

Consequently, we obtain

51‘13'17 10g 22 Z

1- J+k=l

2

=0

w—k

and complete the proof. [

3. Hedenmalm and Shimorin-type inequalities for 3-tensors

Proof of Theorem 1.3. For any fixed integer [>3, by Cauchy-Schwarz inequal-
ity, we have

Mgk .7, 2 .7, 2 I-1)(1-2

ijk
it k=l itith=t idjtk=l  itjtk=l

Therefore, for any s€0, 1), we have

2

2\ s mijr| _w= s (=1)(1-2) | j k|
Zl—l Z z;k SZl+_1 2 2. z'ij;

1=3 itj+k=l
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1 — k .
<32 ¥ Petlisn
1=3  it+j+tk
l(i Z 5,1 +i5l 3 |mi,j,k|2+isz T [m,j, 2)
2 ; Jk A ik e ] '
1=3  it+j+k=l 1=3  itj+k=l 1=3  i+j+k=l
denoted T'(1) denoted T'(2) denoted T'(3)
We have
c- |m ?
T()= 3 s Z Z Zzlmwkl
ivj k=1 j=
<2 T S sl (e T e D

Similarly, we have
T(2) < s(log —) sup Z Imi j k)

and

T(3) < s(log —) sup Z Im gl

1-s 7,]>1

Under the assumption (1.8), we have

This completes the proof of the theorem. [

The proof of Proposition 1.4 is based on a modified Zachary Chase’s construc-
tion [HS20, p.35] described as follows. Let N denote the set of positive integers. For
any even integer d>2 and any integer m>2, define

Ln(d):={(i,5,k) €N3:4, 5, k>2" d™ ! and i+j+k=d™}.

Clearly, the subsets I,,,(d) CN? are mutually disjoint. Set



358 Yong Han, Yanqi Qiu and Zipeng Wang

Lemma 3.1. Let d>2 be an integer. For any (i,7)EN?, there exists at most
one k€N such that (i,7,k)€S(d). That is,

sup Y sy (i, j, k) < 1.
HIEN N

Similarly,

sup > Ls)(i,5,k) <1 and  sup ¥ Ls()(i,j, k) <1.
j,kEN ieN i,keNjeN

Proof. We prove the lemma by contradiction. Suppose there exists (i, j) €N>
and two distinct integers k1, k2 €N such that (7,4, k1), (4, j, k2) are both inside the
subset S(d). Then, by the definition of the set S(d), there exist two distinct integers
mq, me €N with m;>2, ms>2 such that

i,j,k12271dm171 and i,j,k22271dm271
itk =dm™ it ity =dm>

Without loss of generality, we assume that ms>m;. Then

dm1 :l+]+k1 22—1dm2—1+2—1dm2—1+2—1dm1—1:dm2—1_~_2—1dm1—1.

That is,
1
1>dme—m—ly -
> + 2d
Note that the assumption mo>m; implies mg—mq —1>0. Thus, we obtain

1 1
1>dm ™y — > 14—
> tog2 5y

which is absurd and we complete the proof of the lemma. [
Proof of Proposition 1.4. Let d>2 be an even integer and take
mi,j,kZJIS(d)(iaj7k)a iajakEN-

By Lemma 3.1, {m; ;}75 ,—, satisfies the assumption (1.10) of Proposition 1.4.
We now show that this sequence {m; ; 1} ;—, satisfies the required lower estima-
tion (1.11). For any integer m>2 and any (4, j, k) €1,,(d), we have i, j, k<d™ and
hence

(3.14) Vijk<d’®

Thus

My 5.k 1r,,a)(i,7,k) _ §1n(d)
(3.15) P >
itjtheam VIR S g VIR d
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where #1,,(d) denotes the cardinality of the finite set I,,(d). Since d is an even
integer and m €N with m>2, we have 27 1d™~*€N. Now using the following equality

#1,,(d) =8{(i, ) EN?:4, 5, d™ —i—j > 27 d™ 1},

we obtain
dm_ad";*l +1
1 3dm—1 3dm—1
gl (d) = =—(d"— +1)(d"— +2
(3.16) ; 2 ( 2 ) ( 2 )
1 3 dzm
> _ 2m 1__ 2
- 2d ( 2d> = 32

Combining (3.14), (3.15) and (3.16), we obtain, for any m>2, that
Z M _ Z jlS(d)(iaja k) > ﬁ
itjt+h=dm Vijk i+j+k=dm Vijk 32
It follows that, for d>2 and m>2, we have

2

1 Mijk 1 dm 1
- ) > —.
dm+1< Z Vijk ) 32 40

i+j+k=dm

I V

Therefore, for any s€0,1), we have

Z ( > m) i si" ( 5 ns<d><z‘,j,k)>2
i+j+k=l Z] = dm+1 it+j+k=dm Vljk

—4025d :

Finally, by applying the well-known equality (cf. [HS20, p.36])

oo

Z log d’

1-s m=

lim
s—1- log

we see that there exists a constant ¢4 >0 depending on d such that

oo

st m”k 1
;H——l( Z )>cdlogg for s€[0,1).

i+j+k=I

This completes the proof of the proposition. [

We now proceed to the proof of inequality (1.12). The following elementary
lemma will be useful for us.
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Lemma 3.2. For any §>0, there exist two constants c1,co>0 depending on §
such that for any integer n>1, we have

tn o

1
a
3.17 < dt < .
B )] (1=0)flog 175" = log(n+ 1759

Proof. By change of variables, we have

1 (e’
t’n,
dt= H,(x)dzx,
| L 0)log ST Jpa )

where
(1—2e—%)"
Hi(2)= "5
Note that )
, _(1—2@‘”)"‘ _x 2n _e”—2
H(@) =5 —we (4+5)(4+5 z )

It is easy to see that the function (e” —2)/x is increasing for x€ (0, 00). Therefore,
for any integer n such that log(n)>4+06 and any z€[log 2, logn|, we have

2n e*—2 2n  n-—2 (2 1 )
n

— > — > —
446 x 4+ logn 446 logn

It follows that for all integer n>e**?, the function H, () is increasing on [log2,
logn]. Consequently, we have

logn 2\n
0< / H,(z)dx < H,(logn)logn= (1— E) (logn)~37° < ¢(logn) 279,
1

og 2

where ¢>0 is a numerical constant. We thus obtain, for all integer n>e*t9, that

h H (x)dac<c(logn)_3_5+/oo Ld:E: (c—i—i)(log n)=37°
" - ] 3+6

log 2 logn

and

o0 0 (1_9¢~)n < (1—2/n)" /
Hn(x)de/ #de/ ( 4/?) dx > ¢ (logn) =3¢,
log 2 logn ot logn it 3+5

where ¢/ >0 is a numerical constant (for instance, take ¢/ =inf, > a+s(1—-2/n)">0).
For the finitely many integers 1<n<e?*?, the inequalities (3.17) clearly hold for
suitable c¢1,co>0, hence by modifying the two constants c¢j,ce if necessary, the
inequalities (3.17) hold for all integers n>1. O
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Proof of inequality (1.12). Fix a number 6>0. Let (a;)%2,, B=(8;)32, 7=
(7j)721 be three sequence of random variables as stated in Remark 1.5. For any
€1[0,1), define
2

(log l)3+5 ’

E(ciBimn) |”
2 Vigk

i+j+k=l

=3

Then, to prove the inequality (1.12), it suffices to prove

(3.18) sup S(r) <oo
0<r<1

By Lemma 3.2, there exists a constant C'>0 such that

2l dA(2)
(logl {log P77 = /' | 1—[2[)[log =]+

for all integers [ > 3,

where dA(z) is the normalized Lebesgue measure on D). Therefore, for any r€[0, 1),

i Az
<C’Z Z O‘ﬂJ’Yk 2l/| E SE0 dloé) ]
1

=3 "i+j+k=l
denoted I(r)

Consequently, the inequality (3.18) would be a consequence of the following inequal-
ity

(3.19) sup I(r)<oo.
0<r<1

Now define three random analytic functions on D by

OO_J _NBi d S i
2::\/_ FB);ﬁzanF ij

Set
(3.20) fr(2):=E[Fy(rz)Fp(rz)F. Z ( Z O\é/lg_]km)r z.

=3 i+j+k=l

Then clearly, we have

- ) dA(z)
(3.21) 1(7")—/@ (2] (1—[2[?)[log = 1**°
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Write the integral in (3.21) in the polar coordinate system z=pe®® with 0<p<1 and
6€]0,2m), we obtain

B °r pdp

= / / |f7‘ pe ‘ da} (1 p )[log ]4+5
27

_ 0|2 pdp

_2/0 /0 |fpr(€ )| de} (1*,02)[10g ﬁ]é&ﬂs

1
pdp
=2 [
/0 ||fp ||L (T )[log }4+5

Let us proceed to the estimate of ||fpr||%2(1r). From the definition (3.20), for any
p€l0,1) and r€[0,1), by Jensen’s inequality and then by Holder’s inequality, we

have

o320y =NELFa (1) Fi (1) Fy (32 ) < E [ Fa () B () By (o) 3

SE[”Fa(pT')H%G'(T) HF»B(/)T')H%G(T)||F5(pr')||%6(11‘)} .
Hence, by Hélder’s inequality again, we have
(3.22)
2 2 2 1/2
Vel 22y < (B[IFalor) e eny 1B (or) [aqoy | P (o7 oy | )
1/6 1/6 1/6
< EIFa(or) o | [EIBs(r) G| [EIFGorlGeem] -

By Khintchine’s inequality for centered i.i.d. random variables, there exists a con-
stant C,, >0 such that for any r€[0,1) and any (€T, we have

(E|F (or0)| ) ( ’Z JPJTJ.CJ’ )1/6§CQ(E‘§aij\7"/j_f’2)l/2.

Since (aj)jo’;l are centered i.i.d. random variables, they are orthogonal and with a
common L2-norm ||a|[z. Then

s S 00 o

piri¢i 2 p%ir2i
E[> o 22| =13 Y- =
= Vi =

Therefore,

o 94 2
sup {EHF (pr)||L6 T)T/ <Cyullallz sup (prrj)l/z

0<r<1 0<r<1
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1 \l/2
=Callal2( log m) .

Similar inequalities hold for the counterparts of 3, and hence there exists a con-
stant C'=C'(a, 8,)>0 such that for any p€[0, 1),

1 \3
2
su - <C(a, B, (10 )
Ogrgll\fp I22(ry < Clev, B,7) &1 2

It follows that

1

pdp

sup I(r)<2 su 2

Oﬁrgl (r) < /0 OérglHfm”H(T)(l_pQ)[lOg 172/32]4Jr5

! dt
Sc(aaﬁa,y)/o (1—t)[10g %]14»5 < 00.

This completes the proof of the desired inequality (3.19). O
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