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Weil-Poincaré series and topology of collections
of valuations on rational double points

A. Campillo, F. Delgado and S.M. Gusein-Zade

Abstract. Earlier it was described to which extent the Alexander polynomial in several
variables of an algebraic link in the Poincaré sphere determines the topology of the link. It was
shown that, except some explicitly described cases, the Alexander polynomial of an algebraic link
determines the combinatorial type of the minimal resolution of the curve and therefore the topology
of the corresponding link. The Alexander polynomial of an algebraic link in the Poincaré sphere
coincides with the Poincaré series of the corresponding set of curve valuations. The latter one
can be defined as an integral over the space of divisors on the Eg-singularity. Here, we consider a
similar integral for rational double point surface singularities over the space of Weil divisors called
the Weil-Poincaré series. We show that, except a few explicitly described cases, the Weil-Poincaré
series of a collection of curve valuations on a rational double point surface singularity determines
the topology of the corresponding link. We give analogous statements for collections of divisorial
valuations.

1. Introduction

An algebraic link in the three-dimensional sphere is the intersection K=CNS?
of a germ (C,0)C(C?,0) of a complex analytic plane curve with the sphere S2 of
radius € centred at the origin in C? with € small enough. The number r of the
components of the link K is equal to the number of the irreducible components
of the curve (C,0). It is well-known that the Alexander polynomial in r variables
determines the topological type of an algebraic link (or, equivalently, the (local)
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topological type of the triple (C2,C,0)): [15]. This follows from the fact that the
Alexander polynomial determines the combinatorial type of the minimal embedded
resolution of the curve C'. The Alexander polynomial is defined for links in three-
dimensional manifolds which are homology spheres. One of them is the Poincaré
sphere which is the intersection of the surface S={(21, 22, 23) €C3:20 +23 +23=0}
(the Eg surface singularity) with the 5-dimensional sphere S2={(z1, 22, 23)€C?:
|21]2+|22|? +|23/2>=¢%}. An algebraic link in the Poincaré sphere is the intersection
of a germ (C,0)C(S,0) of a complex analytic curve in (S, 0) with the sphere S? of
radius € small enough.

A (reducible) curve singularity (C,0)C(S,0) in a normal surface singularity
determines a collection of (discrete rang one) valuations on the ring Og o of germs
of functions on S (called curve valuations). To a collection {v;} of (discrete rank
one) valuations on Og, i=1,...,r, one may associate, as in [11], a Poincaré series
Py (tey o tr) €EZ[t1, ..., ] (see also Section 2). In [2] it was shown that, for
(S,0)=(C2,0), the Poincaré series Py, y(t1, ..., tr) of a collection of (different) curve
valuations {vg,,i=1,...,7} coincides with the Alexander polynomial A% (t,...,t,)

in r variables of the algebraic link defined by the curve C= |J C; for r>1. (For r=1,

one has P, (t)= Alc_(tt ) .) In [5] it was shown that the same Izloids for an algebraic link
in the Poincaré sphere. In [7] it was proved that the Poincaré series of a collection
of divisorial valuations on O¢z o (computed in [12]) determines the combinatorial
type of the minimal resolution of the collection. (In general, this is not the case for
a collection consisisting both of curve and divisorial valuations.)

In [9], it was discussed to which extent the Alexander polynomial in several
variables of an algebraic link in the Poincaré sphere (that is the Poincaré series of
the corresponding curve) determines the topology of the link or rather the combi-
natorial type of the minimal (embedded) resolution of the curve on the Eg surface
singularity. It was shown that two curves (even irreducible ones) with combinatori-
ally different minimal resolutions may have equal Alexander polynomials. However,
under some restrictions on the curve (formulated in terms of the intersection of the

strict transform of a curve with the exceptional divisor in the minimal resolution of
the Eg surface singularity), its Poincaré series determines the combinatorial type of
the minimal resolution of the curve and therefore the topology of the corresponding
link. There were given analogues of these statements for collections of divisorial
valuations on the Eg surface singularity.

For other surface singularities (say, for rational ones, for whom one has a
formula for the Poincaré series) the (classical) Poincaré series for a collection of curve
or divisorial valuations does not determine the combinatorial type of the minimal
resolution even in the simplest case of the A singularities. The Poincaré series of a
collection of valuations can be interpreted as an integral with respect to the Euler
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characteristic over the space of Cartier divisors (appropriately defined: see below).
We consider an analogue of the Poincaré series which is the same integral over the
space of all (that is Weil) divisors. One has an equation for this (“Weil-Poincaré”)
series similar to the one for the smooth case or for the Eg surface singularity. (The
Weil-Poincaré series of a collection of curve or divisorial valuations is a fractional
power series.) We show that, except a few cases (somewhat similar to the exceptions
for the Eg singularity), the Weil-Poincaré series of a collection of curve valuations or
of a collection of divisorial valuations on a rational double point surface singularity
determines the combinatorial type of the minimal resolution (and thus the topology
of the corresponding link in the curve case) up to the possible symmetry of the
minimal resolution graph of the surface singularity. (It is somewhat curious that
exceptions exist for the E; and for the Eg surface singularities, i.e. precisely for
those whose minimal resolution graphs have no non-trivial symmetries.)

2. The Weil-Poincaré series

A valuation (discrete of rank one) on the ring Oy of germs of functions on a
complex analytic variety (V,0) is a function v:Oy,o—Z>oU{+00} such that

1) v(Ag)=v(g) for AeC, A#£0;

2) v(g1+g2) Zmin(v(g1),v(g2));

3) v(g192)=0(g1)+v(g2).

We permit a valuation to have the value infinity for a non-zero element. (In this
case, some authors speak about “semivaluations”.)

An irreducible curve germ (C,0) in a germ of a complex analytic variety (V,0)
defines a valuation vc on the ring Oy of germs of functions on (V,0) (called a
curve valuation). Let :(C,0)—(V,0) be a parametrization (an uniformization) of
the curve (C,0), that is Im¢=(C,0) and ¢ is an isomorphism between punctured
neighbourhoods of the origin in C and in C. For a function germ f€ Oy, the value
ve(f) is defined as the degree of the leading term in the Taylor series of the function
fop:(C,0)—=C:

foo(r)=ar"*¥) £terms of higher degree,
where a#£0; if fop=0, one defines v (f) to be equal to +oo.

A collection {(C;,0)} of irreducible curves in (V,0), i=1,...,r, defines the col-
lection {v¢,} of valuations. To a collection {v;} of discrete rank one valuations on
Ovy,0, i=1,...,7, one may associate, as in [11], a Poincaré series Py, (t1,...,t,)€
Zl[[t1, ..., tr]]. The collection {v;} defines a multi-index filtration on Oy,g by

(1) J(u)={g€Ovyp:uv(g) >u},

where u=(u1,...,u) €Z%, v(g)=(v1(g), ..., vr(g)) and uw'=(u,...,u;) >u=(uy, ...,
u,) if and only if u}>u; for all i=1,...,r. Equation (1) defines the subspaces J(u)
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for all u€Z". The Poincaré series of the filtration {J(u)} (or of the collection {v;}
of valuations) is defined by:
Lty tr) Tl (8i—1)

9 Proa(ty, .. ty) = ’
(2) (oiy (1, - ) t1oetr—1

where
L(ty,rty) =Y dim(J(w)/J (u+1))-t*
uez”
1=(1,1,...,1)€Z". This definition makes sense if and only if all the quotients
J(u)/J(u+1) are finite-dimensional.

Let (S,0) be a normal surface singularity and let v;, i=1,...,7, be either a
curve valuation on Og ¢ defined by an irreducible curve (C;, 0) C (S, 0), or a divisorial
valuation on Og o defined by a component of the exceptional divisor D of a resolution
7w: (X, D)—(S,0) of the surface S. Assume that 7:(X,D)—(S5,0) is a resolution of
the surface S which is, at the same time, a resolution of the collection {v;} of
valuations, that is the total transform of the union of the curves C; (such that v; is
the curve valuation v¢, ) is a normal crossing divisor on X and each divisor defining
the divisorial valuation from the collection {v;} is present in D.

Let D= |J E, be the representation of the exceptional divisor D as the union of
oel

its irreducible components. For o €T, let ];07}0 be the “smooth part” of the component
E, in the total transform of the curve | J; C;, i.e., the component E, itself minus the
intersection points with all other components of the exceptional divisor D and with
the strict transforms of the curves C;. A curvette corresponding to a component E.,
of the resolution is the blow-down of a germ of a smooth curve transversal to E, at
a point of Eg. For i€{1,2,...,7}, let 7(¢) be either the index of the component E.
which intersects the strict transform of the curve C; (if v; is a curve valuation), or
the index of the component which defines the divisorial valuation v;. Let (E,oFEs)
be the intersection matrix of the components F,. The diagonal entries of this matrix
are negative integers and a non-diagonal entry is equal to 1 if the components F,
and Ejs intersect and is equal to 0 otherwise. Let (mys):=—(E,oEs;)~!. The entries
Mgs are positive rational numbers whose denominators divide the determinant d of
the matrix —(F,0Fs). For €T, let mgiz(mm-(l), Meor(2)s - mgT(r))Eng.

Definition 1. The Weil-Poincaré series (W-Poincaré series for short) of the
collection of valuations {v;} is

) P 0= TT (-2e) ™ E) ezl g/, .. et/

el

where t=(t1,t2, ..., t;), for m=(my,...,m;)€QL, ™=t7""-...-t]"".
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Remark 2. One can see that the W—Poincaré series P{in (t) is well-defined, i.e.,
does not depend on the choice of the resolution 7: (X, D)— (.S, 0). This follows from
the fact that a resolution of the collection {v;} can be obtained from the minimal
one by additional blow-ups either at smooth points of the total transform of the

curve |J, C; or at intersection points of it.

If (S,0) is smooth or if it is the Eg-surface singularity, the W—Poincaré series of
the collection {v;} coincides with the usual Poincaré series of {v;} described above:

(2], 151, [9)-

Remark 3. For the case when (S,0) was a rational surface singularity and v;
were the divisorial valuations corresponding to all the components of the exceptional
divisor of a resolution of (S,0), the series P{in }@) was defined in [4] and [5] and
used in [6]; see also [14].

3. Weil-Poincaré series and integrals with respect to the Euler
characteristic

In [3] it was (essentially) shown that the Poincaré series P,y (t) of a collection
{v;} of valuations (curve or divisorial ones) on the ring Ox o of germs of functions
on a variety X can be given by the equation

P{vi}(t)=/ t*dy,
]P’OX,O

where the right hand side is the integral with respect to the Euler characteristic
over the projectivization of Ox o (properly defined), ¢7°:=0 (see also [10, Proposition
1.1]). In [3] it was shown that the Poincaré series of a collection of curve valuations
on Og¢z o can be written as an integral with respect to the Euler characteristic over
the configuration space of effective divisors on the smooth part of the exceptional
divisors of the embedded resolution of the union of curves.

Let (S,0) be a normal surface singularity, let {v;} be a collection of curve
or divisorial valuations on Ogg, and let 7:(X,D)—(S,0) be a resolution of the
collection (not the minimal one, in general). Let E,, o€I, be the irreducible

components of the exceptional divisor D and let LOC(, be the “smooth part” of E, in
the total transform of the union (C,0)=J,(C;,0) of the irreducible curves (Cj,0)
defining curve valuations from the collection (i.e. E, minus the intersection points
with other components of D and with the total transforms of the curves C;). Let

vy =[] (Ooos’cég> = 11 IIs*E.

cel’ \k= {’%}GZEU o



302 A. Campillo, F. Delgado and S.M. Gusein-Zade

be the configuration space of effective divisors on ]O):UU lo?g.

Let y:Y”—ﬂ@TZO be the function which sends the component []_ Sko i?g of Y™

to > kom,. Let OF, be the set of non-zero function germs on (S,0) such that
oel

the strict transform of the zero-level curve {f=0} intersects D only at points of D
One has a map I™ from OF, to Y™ which sends a function f to the intersection of

the strict transform of the curve {f=0} with D. Let Y7 be the image of I". The
set {m} of resolutions of the collection {v;} is a partially ordered set: a resolution
is bigger than another one if it can be obtained from the latter by a sequence of
blow-ups.

Let 25 o be the set of effective divisors (that is Weil divisors) on (S, 0) and let
Cs5,0CWg o be the set of effective Cartier divisors on (S, 0). There is a natural map
J from POg g to €g0. For a resolution 7 of the collection {v;}, let 05, be the set
of divisors in 2Wg ¢ whose strict transforms intersect the exceptional divisor D only
at points of D. One has the natural map I from W5, onto Y™ and the map I™
factorizes through it: I"=1"sJ.

Let v:2050—Q%, be the composition vel™, where v:Y™ Q% is described
above. The map v sends Cso to ZL,. For a rational surface sin_gularity S the
map v:2so— Q% can be defined in the following way. For any divisor CeWeso, a
multiple kC of it, k>0, is a Cartier divisor, i.e. the divisor of a holomorphic function
f:58—C. (It is possible to take k=det(E,, Es) for a resolution of the singularity S.)
Then v(C)=uv(f)/k. For two divisors C' and C" on S (C={JC;, C'={JC}, where
C; and C} are irreducible curves) the (rational) number >, ve, (C7)=>_; vcjr_(C’)
can be regarded as the intersection number (C,C’) of the curves C and C’ and
will be called (and denoted) in this way. (In these terms, the number m,s is the
intersection number of curvettes at the components E, and Fj.)

We shall show that the Poincaré series P(,,}(t) can be interpreted as an integral

/ t=dx
€s.0

with respect to the Euler characteristic. Moreover, we shall show that in the same
way the W-Poincaré series P{in }(E) is equal to

/ trdx .
Ws,o

For that we have to define such integrals.
To give the definition we shall consider arcs and divisors on (5, 0) as arcs and
divisors on a resolution 7: (X, D)—(S,0). In this case, an arc is represented locally
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(in some local coordinates) by a pair of power series in a parameter 7. Let Lg be
the space of arcs (that is parametrized curves) on (5,0) and let B=Lg,o/Aut(C,0)
be the space of branches, i.e. non-parametrized arcs. Let B=| ]}, SkB. Each
element of B represents a (effective) divisor on (S,0). However, some divisors are
represented by different elements of B. This can be explained by the following
situation. Let ¥€B be a branch. It is represented by an arc y=~(7). Then the
branch 5% represented by the arc v(7*) defines the same divisor as the collection
of k copies of . Let us call a branch ¥ (represented by an arc «y) primitive if ~ is
an uniformization of its image and let By C B be the set of primitive branches. One
has Ws o=| |y S*Bo.

Let J™B be the space of m-jets of branches on (X,D). The restriction of
the truncation map to By is surjective. Therefore, the image of |_|ZO:0 SkBy in
Llsey J™B is the same as the one of | |-, S*B. This produces a problem to use the
image to define the integral over Qg o through this truncation. To avoid this prob-
lem, let us consider the subspace J7;,, BCJ™ B consisting of the jets each represen-
tative of whom is primitive (a jet is a class of branches). Let J™=| [}~ S*JJ"; . B.

Let w;:Wgs0—Q>oU{oo}, i=1,2,...,r be functions on the set of Weil divi-
sors. Let w;":J™—Qx>oU{oo} be the function defined by w;"([a])=sup,c[y) wi(a)
where [a|C| ;2 S¥ByC2Ws o is the equivalence class of the m-jet a. Let w:=
(w1, oo, wy) We 0= (QxoU{oo})” and w™:=(w", ..., w): I —=(QsoU{o0})". We
shall say that the function w is constructible if w™ is constructible for all m (and
therefore integrable with respect to the Euler characteristic).

Definition 4. The integral with respect to the Euler characteristic of the func-
tion t¥(=) over the space Ws,o is defined by

m—o0
m
Ws,o Jgo

(4) /zﬂ—)dxz lim [ 2" Oay ezt .t/

where the limit in the right hand side is in the sense of the (¢1, ..., t,.)-adic topology
on Z[[ti/d, . i/d]], (t1, ..., t.) is the ideal generated by ¢, ..., .

If the right hand side of (4) makes no sense, i.e. the limit does not exist, we
regard the function t2(~) as a non-integrable one. For a subset ACWg and a func-
tion w: A—Z[[t/%, ..., t+/%)], the integral [ 4t dy is understood as Joss t2) gy,
where w(—) is the extension of the function w by +o0o outside of A (recall that
ttee=0).

Now let v;, i=1,...,r be curve and/or divisorial valuations on (S,0). They
define natural maps (also denoted by v;) from Ws to Z[[ti/d, ey ,l,/d]]. (In this
case, one has v;(a+b)=wv;(a)+wv;(b).) Moreover, in this case, one assumes that
d=det(—(FEy-Es)). One has the following statement.
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Proposition 5.

(5) / £ =lim [ O =P, 0.
m]srg YC"

Proof. Let J7' be the set of jets of divisors which intersect the exceptional
divisor D of the resolution 7 only at points of D There is a natural map from J7*
to Y. One can see that the preimage of a point from Y™ has the Euler characteristic
equal to 1. This follows from the following arguments. An arc at a point of D in
some local coordinates (u,v) such that D is given by the equation u=0 can be
written as u=7° and v=v(7) is a (truncated) series in 7. For a fixed s the set
of jets of these arcs has the Euler characteristic equal to 1 (being isomorphic to a
complex affine space). If s=1, the jet belongs to orim B+ 1f s>1, the set of jets not
belonging to J;,;,, B has the Euler characteristic equal to 1 (being also isomorphic to
a complex affine space). Therefore, the set of jets belonging to orim B has the Euler
characteristic equal to 0. The preimage of a point from Y™ is the union of products
of symmetric powers of these spaces. All of them have the Euler characteristics
equal to zero except the product of the symmetric powers of the spaces of the
spaces of arcs with s=1 whose Euler characteristic is equal to 1.

The fact that the preimage of a point from Y™ has the Euler characteristic

equal to 1 (alongside with the Fubini formula) implies the statements. [

The direct computation of the mid term in Equation (5) (see, e.g., [12, Equa-
tion 4]) gives the following equation.

Proposition 6.
/ Iﬂ(*)dxzhm/zy(*)dxz H(l_tma)fx(Ea)_
{m} oel
Ws.o Yy~

Corollary 7.

Pl ()= / £y .
Ws,o

4. Curves and divisors on the Er-singularity whose Weil-Poincaré series
do not determine the minimal resolution

Ezample 8. The dual graph of the minimal resolution of the Er-singularity
(S,0) is shown in Figure 5. Let C’ be a curvette at the component Ey and let C”

~1!
be the blow down of a smooth curve C' on the surface of the resolution tangent to
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Figure 1. The minimal resolution graph of the curve C"’.

the component E; at a smooth point (i.e. not at the intersection point with Eg) with
the intersection multiplicity equal to 2 (i.e. the tangency of 5” and E7 is simple).
The minimal resolution of the curve C’ coincides with the minimal resolution of the
surface (5,0). The dual graph of the minimal resolution of the curve C” is shown
in Figure 1. One can show that

(1—1%)(1—1%)

Pg'/(t) :Pg’/’(t) = (l—tz)(l—t3)(1—t4) :

(The data for these computations and for those in the next example can be taken
from the matrix 7 on page 311.) Therefore, the W—Poincaré series of a curve on the
E7 surface singularity does not determine, in general, the combinatorial type of its
minimal resolution.

Remark 9. We do not know how to prove (or to refute) that the triples (S, C’, 0)
and (S,C",0) are not homeomorphic. However, the knots K'=C’'NS% and K" =
C"NS in (the rational homology sphere) L=SNS? are not isotopic. This follows
from the fact that the linking numbers of the knots K’ and K" with the classes
[E;]€ Ho(X;Z) (X is the space of the minimal resolution of the surface singularity)
are different. The same applies to the curves C’ and C” from [9, Example 2].

Ezxample 10. Let D’ be the divisor created by the blow-up of a smooth point
of the component Eq of the resolution shown in Figure 1 and let D" be the divisor
created after 3 blow-ups starting at a smooth point of the component F, and pro-
duced at each step at a smooth point of the previously created divisor. One can
show that for the divisorial valuations v’ and v” defined by the divisors D’ and D"
respectively one has

(1—-t%)(1—1®)

PJ/’V(t) :quj'[{(t) = (1—t2)(1—t3)(1—t4)(1—t9) :

Therefore, the W-Poincaré series of a divisorial valuation on the E;-singularity does
not determine, in general, the combinatorial type of the minimal resolution.
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5. Main statements

Let (5,0) be a rational double point and let {v;}, i=1,...,r, be a collection of
different curve valuations on Og defined by irreducible curves (C;,0)C (S, 0).

Let us make the following additional assumptions. If the singularity (.9, 0) is of
type E; (respectively of type Eg), we either assume that the (minimal) resolution
process does not contain a blow-up at a smooth point of the exceptional divisor of
the minimal resolution of (.9, 0) lying on the component E7 (on the component Eg
respectively) or assume that does not contain a blow-up at the similar point lying
on the component Fy (on the component Fg respectively).

Theorem 11. Under the previous assumptions the W-Poincaré series
Pg/gvi}(j)::P{‘/Vm}(j), t=(t1,...,tr), of the curve C=J,_, C; determines, up to the
symmetry of the dual graph of the minimal resolution of (S,0), the combinato-
rial type of the minimal (embedded) resolution of the curve (C,0)=U;_,(C;,0) and
therefore the topological type of the link CNL in L=SNS3, i.e. the topological type
of the pair (L,CNL).

Now let {v;}, i=1,...,r, be a collection of different divisorial valuations on
Os,0. In the cases of E; and of Eg singularities we assume the same restrictions on
the resolution process of the collection of divisorial valuations as for curves above.

Theorem 12. Under the previous assumptions the W—-Poincaré series P{Ww}@)
determines, up to the symmetry of the dual resolution graph of (S,0), the combina-
torial type of the minimal resolution of the collection {v;}.

Remark 13. To a divisorial valuation v; one can associate a curve C;: a curvette
at the component £, ;) defining the valuation v;. Theorem 12 implies that the series
P{Ww}(ﬁ) determines the topological type of the link (J;_, C;)NL in L.

Remark 14. In a statement like Theorems 11 and 12 one cannot mix curve and
divisorial valuations in one collection; see an example in [7].

6. The case of one valuation

Let (S,0) be a rational double point (of type Ay, Di, Eg, E7, or Eg) and let v
be either a curve valuation (defined by a curve germ (C,0)C(S,0)) or a divisorial
valuation on Og . In the latter case, let (C,0)C(S,0) be a curvette at the divisor
defining the valuation. (A resolution of a divisorial valuation is at the same time a
resolution of the corresponding curvette, but not vice versa.) The minimal resolu-
tion of the valuation v is obtained from the minimal resolution of the surface (.5, 0)
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by a sequence of blow-ups made (at each step) at intersection points of the strict
transform of the curve C and the exceptional divisor. Let #’:(X’, D")— (S, 0) be the
minimal resolution of the surface (S,0) such that the strict transform of the curve
C intersects the exceptional divisor D’ at a smooth point of it. This resolution is
obtained from the minimal resolution of (S,0) by blow-ups made (at each step) at
intersection points of the components of the exceptional divisor.

Definition 15. The resolution 7:(X’,D')—(S,0) of (S,0) will be called the
pre-resolution of the valuation v.

Let E,, be the component of the exceptional divisor D’ of the pre-resolution
7’ intersecting the strict transform of curve C' and let £ be the intersection number
of them in the space X’ of the pre-resolution. We shall use the numbering of the
components of the exceptional divisor of the minimal resolution of (S,0) shown in
Figures 2, 3, 4, 5, and 7. (They are at the same time components of the exceptional
divisor of the pre-resolution 7’.) In the case of the E; (Eg) singularity we either
assume that og is not 7 (8 respectively) or assume that it is not 2 (6 respectively).
Pay attention that in all the cases excluded from consideration the pre-resolution
7’ is the minimal resolution of the surface (S,0).

Lemma 16. Under the conditions above, the W-Poincaré series PY (t) de-
termines, up to the symmetry of the resolution graph of the minimal resolution of
(S,0), the pre-resolution 7', the component E,, of the exceptional divisor D', and
the intersection multiplicity £.

Proof. The proof is based on the analysis of the matrix (m,s) which has to be
made separately for different cases. In all the cases, let us write the Poincaré series
PY(t) in the form

q

(6) [[—em" T a-tm,

i=1 m>0

where my <mg<...<my (thus the first product may have repeated factors) and, in
the second product, the (integer) exponents s,, are non-negative and are equal to
zero for m=m,;, i=1,...,q. Let us recall that the representation of the Poincaré
series in this form is unique.

Case of Ay singularity. Let (S,0) be the singularity of type Aj. The minimal
resolution graph is shown in Figure 2.
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1 2 3 k-1 k

Figure 2. The dual resolution graph of the Ay-singularity.

Figure 3. The dual resolution graph of the Dg-singularity.

The matrix (m;;) is

ko k-1 k-2 i 2 1
k—12(k—1)2(k—2) ... 2 4
k—22(k—2) 3(k—2) ...  3i 6 3

1
FELL G o 8 i(k—it1) o 2(k—id1) ki
1 2 3 . k—itl .. k-1 k

To identify the components of the exceptional divisor D’, let us mark them by
the indices ¢ being rational numbers in between 1 and k, naming the component
created by the blow-up of the intersection point of the components E,, and E,, by
Esy+0, . (This methods can be applied to other rational double points under some
rest;ictions.) Since we have to find 7’ and E,, up to the symmetry of the graph in
Figure 2, we can assume that oy> %

1) op=k;

2) Bl <gg<k.

Let us consider Case 1. For the curve case either ¢g=1 or %>k (the first option
takes place if C' is a curvette at Ej). For the divisorial case one has ;—‘f >k.

. We shall consider the following two cases:

In Case 2 one has ¢>2, mi=~{my,1, Mma=I{my, and therefore Z—f<k (in con-
trast with Case 1). The fact that the series PV (¢) determines the component E,,
follows from the fact that the ratio z—f is strictly increasing with og.

In both cases the intersection multiplicity ¢ is determined by the equation
mq zﬁmgol.

Case of Dy singularity. Let (S,0) be the singularity of type Dj. The minimal
resolution graph is shown in Figure 3.
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The matrix (m;;) is

444 ... 4 2 2
48 8 .. 8
4812 ... 12 6 6

>~ =

4812 ... 4(k—2) 2(k—2) 2(k—2)
246 ..20k-2) k k-2
246 ..2k—-2) k-2  k

Assume first that k>4. Because of the symmetry of the graph D, we can
assume that g does not belong to the lower right tail of the graph, that is 1<oy<
k—1 (we use the same numbering of newly created components as above for Ay).
We shall consider the following four cases:

1) 1<og<k—2;

2) k—2<o09<k—1;
3) oo=1;

4) O'Ozk—l.

In Cases 1 and 2 (both in the curve and the divisorial cases) one has ¢>3 and
my, mg, and mg are {my,1, fMeyp—1, and m,,j in a certain order.
In Case 1 at least two of the exponents my, mq, and ms coincide (and are equal

to m’). Let us denote the third component by m”. We always have ;L”,/, > All
three exponents coincide, that is m’ =m/, if and only if og=2. If m”>m/, then o9 <
2 and my=mo=Lmy x_1, Mz=lmy,1. If m”"<m’, then 2<oo<k—2, mi=~Cm,,,
Moy (k—1)
Tiegr

mo=ms={my,,k—1. In this case, the ratio is strictly increasing with g and
therefore determines oy.

In Case 2 the exponents m;j, mg, and ms are different and moreover m; =~¢m,1,
ma =My, M3=Mgg(k-1), Tmn—2<%. Again the ratio %=1
and therefore determines og.

The equations above determine /.

is strictly increasing

In Case 3 one has: in the curve case either g=2 with m;=mo=2¢ or m'=m;=

mao=20, m" =ms>4¢ with ;[f,,, <%; in the divisorial case n’?,/, < %, m1=mo=2/.
In Case 4 one has: in the curve case either ¢g=2 with m;=2¢ or my, ms, and
5

mg are different with m—2> 1 mq=2/; in the divisorial case mi, mo, and ms are
different with %2%’ mq=20.

Now let k=4, i.e. (S,0) is the singularity of type Dy. Because of the symmetry
of the graph, we can assume that 1<0y<2. We shall consider the following two

cases:
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Figure 4. The dual resolution graph of the Eg-singularity.

1) 1<og<2.

2) oo=1;
In Case 1 one has (both for the curve and for the divisorial cases) mi;=mao=~Im¢, 3,
ms=~{mg, 1 and mgz/my<2. The ratio ""3 is strictly increasing with ¢ and there-
fore determines the latter one. In Case 2 one has: in the curve case either =2 with
my=mg=2{ or m;=mo=2¢ and m3z/m; >2; in the divisorial case m;=my=2¢ and
mg/ml > 2.

Case of Eg singularity. Let (5,0) be the singularity of type Eg. The minimal
resolution graph is shown in Figure 4.
The matrix (m;;) is

4/3 5/3 21 4/3 2/3
5/310/342 8/3 4/3
2 4 63 4 2
1 2 32 2 1
4/3 8/3 4210/35/3
2/3 4/3 21 5/3 4/3

Because of the symmetry of the graph, we can assume that oy does not belong to
the right tail of the graph, i.e. (using the same rule of numbering of the components
of the exceptional divisor D’ as above) 1<op<4. We shall consider the following
four cases:

1) 1<op<3;

2) 3<o9<4;

3) O'():l;

4) g0 =4.

In Cases 1 and 3 one has m; <ms; in Cases 2 and 4 mi=ms.

In Case 1 z—?<2. In Case 3 one has: in the curve case either ¢g=2 or Z—;’>2;
in the divisorial case % >2 with mj; =/ in all the cases.

In Case 2 2—?<2. In Case 4 one has: in the curve case either ¢g=2 or Z—f>2;
in the divisorial case z—f >2 with mq=/ in all the cases.

In Case 1 (both for the curve and for the divisorial valuation) one has either
2= S or md = § If 72 —§ , then 09 <1.5, the ratio 72 is strictly increasing with oy



Weil-Poincaré series and topology of collections of valuations on rational double points 311

Figure 5. The dual resolution graph of the E7-singularity.

and therefore determines og; m;=~0myya. If z—f* then 0g>1.5, the ratio % is

strictly decreasing with oy and therefore determines o¢; m 1 —Em006 In Case 2 (both
for the curve and for the divisorial valuation) the ratio 7+ is strictly increasing with
oo and therefore determines og; m1=~0mg,1.

Case of E; singularity. Let (5,0) be the singularity of type E;. The minimal
resolution graph is shown in Figure 5.
The matrix (m;;) is

234 2 3 21
368 4 6 4 2
4812 6 9 6 3
(7) 246 7/2 9/2 33/2

369 9/215/255/2
246 3 5 4 2
123 3/2 5/2 23/2

Let us analyze first the situation when we assume that p#7. We shall consider
the following cases:

1. 00#1,4;
2. 0p9=1;
3. 0'0:4.

In Case 1, both for the curve and for the divisorial valuations one has ms=
fme, 4 and mq and mo are fmy,q and €me, 7 in a certain order. Moreover mo/m <2
and mg/mq<7/3.

In Figure 6, the ratio (Mg, 1:Mey.4:Me, 7) ERP? is shown (by the bold lines)
in the affine chart (meg,.1/Mog.4, Moy, 7/Meo,4). (The fact that the edges meeting
at a vertex of valency 2 lie on a straight line is a general feature of pictures of
this sort.) The figure shows that the ratio (mgy1:Mey.4:M0,,7) determines og.
However, the explanation above says that the W-Poincaré series determines this
ratio only up to the exchange of the first and the third components. The graph
obtained by exchanging m, 1 and mg,, 7 is drawn by thin lines. One can see that

they intersect only at a point on the diagonal Li M
o0,

and therefore the ratios

(Meg,1:Mey,4:Me,,7) determines oy.
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Te .

Figure 7. The dual resolution graph of the Eg-singularity.

In Case 2, one has ma/mi=2 (in contrast to Case 1 above and Case 3 below);
mi=~¢. In Case 3, one has my/m;=4/3 and for the curve case, either ¢=2 or
ms/my>7/3; for the divisorial case msz/mi>7/3; mo=2¢.

In the situation when we assume that op#2, we shall consider the following
four cases:

1. 00#1,4,7;
2. 00=1;
3. 09p=4;
4. 0'027.

The analysis of the Cases 1 to 3 is the same as above. In Case 4, one has
ma/m1=3/2. This differs Case 4 from Cases 2 and 3 and in Case 1 the value
ma/m1=3/2 holds only if g=2. In this case, mi=~.

Case of Eg singularity. Let (5,0) be the singularity of type Es. The minimal
resolution graph is shown in Figure 7.
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The matrix (m;;) is:

4 7105 8 6 42
71420101612 8 4
102030 152418126
510158129 6 3
8 1624122015105
6 1218 9 1512 8 4
4 8126 108 6 3
246 35432

The situation when we assume that oo #8 was analyzed in [9]. One can see that,
in this case, the possibility to restore ¢ easily follows from the discussion therein.
In the situation when we assume that og#6, we shall consider the following four

cases:
1. 0'0#1,4,8;
2. 0p9=1;
3. 00=4;
4. 0'0:8.

In Case 1, one has ms/m1 <2. The way to determine oq in this case is described
in [9]; my={¢my,s. In Case 2, one has mg/m;=5/2. In Case 3, one has mg/m;=5/3
and either ¢=2 (in the curve case) or mg/m;>8/3. This can be met in Case 1
when 3<og<4 (i.e. if 0¢ is on the lower tail of the diagram). In this case, one has
5/2<mg/m1<8/3. In case 3 m;=3/.

In Case 4, one has mg/m;=3/2. This differs Case 4 from Cases 2 and 3. In
Case 1 the value ma/m;=3/2 holds only if 0p=6. In Case 4 m;=2¢. O

Let (C,0) be an irreducible curve on a rational double point (S, 0).

Proposition 17. Under the described assumptions, the W-Poincaré series
ng(t) determines the combinatorial type of the minimal embedded resolution of
the curve C' and therefore the topological type ot the knot CNL in L=SNS?.

Let v be a divisorial valuation on (S,0).

Proposition 18. Under the described assumptions, the W-Poincaré series
P&/}(t) determines the combinatorial type of the minimal resolution of the valu-
ation v.

Proofs of Propositions 17 and 18 are essentially the same as of Theorems 1 and
2 in [9].
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Assume that C; and Cy are two curves with the (known) W-Poincaré series
PY(t) such that the components E,; of the exceptional divisors D; of the pre-
resolutions emerge from the parts (one can say “tails” in all the cases but Ay) of
the resolution graph of the minimal resolution of (.5, 0) exchangable by a symmetry
of the graph acting non-trivially on them. (Pay attention that in this case S is one
of the singularities Ay, Dy, and Eg. It cannot be a singularity of type E7 or Eg when
the series W—Poincaré series determines the component E,, of the pre-resolution
only under additional conditions.)

Lemma 19. In the described situation (for (S,0) of the type Ay, Dy, or Eg),
The W—-Poincaré series ng (t), i=1,2, alongside with the intersection number (Cyo
Cy) determines whether the strict transforms of the curves Cy and Cs intersect the
same part of the graph of the minimal resolution of the surface singularity (S,0) or
different ones.

Proof. If the strict transforms intersect the same part of the graph, then (Cjo
C)>{1l2-mg1,2. (The sign > may hold only if ob=03.) If the strict transforms
intersect different parts of the graph, one has (Olng)zﬂl-ég-maégg. Moreover,
from the matrices (m,s) above one can see that, for fixed up to symmetry o} and
o3, the intersection number m,,2 for the components of and ¢f from the same
part is strictly larger than the one for the components from different parts. [

7. The case of several valuations

The idea of the proofs of Theorems 11 and 12 is the same as of Theorems 3
and 4 in [9]. Moreover, the proof of Theorem 12 is literally the same modulo one
remark related with the symmetry of the minimal resolution graph of the surface
singularity: see at the end of the section. This is explained by the fact that the “pro-
jection formula” (the equation connecting the Weil-Poincaré series of a collection of
valuations with the one for the collection with one valuation excluded) is much sim-
pler for a collection of divisorial valuations. In this case, the Weil-Poincaré series
of the smaller collection is obtained from the other one simply by putting the value
1 for the corresponding variable t;. Thus, the Weil-Poincaré series of the smaller
collection is determined by the same series for the larger one. This is not the case,
in general, for a collection of curve valuations. In this case, the projection formula
includes a certain factor for the excluded valuation which, in general, cannot be
directly obtained from the initial Weil-Poincaré series. (This also explains the fact
that, in [9], the proof for divisorial valuations is much shorter than for curve ones.)
For the curve case (Theorem 11) the proof contains some differences. Therefore, we
include some parts of it.
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Let C be an irreducible curve germ in the surface (5,0) and let 7:(X,D)—
(S,0) be an embedded resolution of the curve (C,0)C(S,0). Let T' be the minimal
resolution graph of C, i.e., the dual graph of 7. Let C' be the total transform of the
curve C' in X. One has

Cc=C + Z L .

oel

where C is the strict transform of the curve C. The rational numbers {m,:0€T'}
are uniquely determined by the system of linear equations

(8) {CoEa+Y myEy;0oE,=0: Eo€D}.

oel’

(Each equation is a consequence of the fact C'oE,=0; see [13, Equation (1)].)

Let peT be an end and let A={p=ayp, a1, ....cs=0} be the corresponding dead
arc in T' (i.e. the minimal connected subgraph of T' such that o is a star vertex).
Then one has:

Lemma 20. If —E(Qxi;«él for i=0,...,s—1, then there exists an integer N >1,
independent of the branch C, such that ms=Nm,.

Proof. Equation (8) for E, gives mq, =(—E>)m,=Nym, with an integer N; >
1. Again, the same equation for F,, gives
it1 <_E2i)mai —Ma; = _EiiNimp_Niflmp =

(—l??,“]\fZ —Ni_l)mp = Ni_,_lmp.

Ma

Since Eiﬁé—l, one has N;41>2N;—N;_1>N,; provided we assume N;>N,_; by
induction. O

Let C=J;_, C; be a reducible (that is, r>1) curve germ in the surface (5, 0)
and let 7: (X, D)—(S,0) be the minimal embedded resolution of the curve (C,0)C
(S,0). Let T be the minimal resolution graph of C, i.e., the dual graph of 7. Let
7(i) be the vertex of I' such that the component E.(;) of the exceptional divisor
D intersects the strict transform C~'l of the curve C; and let mf,::mw(i). One has
m,=(mk,...,m”
for a multi-exponent of a term of the Poincaré series Pco(t1, ...,t,.) or of a factor
of its decomposition, one knows its components m., ..., m”, but does not know the
vertex 0. One can say that our aim is to find vertices 7(i) corresponding to the
curve.

). The reason (somewhat psychological) for that is the fact that,
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Let C) (k=1,...,7) be the total transform of the curve Cj, in X. One has

6k :5k+z m(k;Ea'a

el

where ac is the strict transform of the curve Cy.
Let us fix a pair of branches C; and C; and let ¢:I'=Q be the function defined
by q(a)=mJ, /m?, for a€T. One has the following statement.

Lemma 21. Let E, be a component of the exceptional divisor D such that
CioEa=0 and let {p1, ..., ps} CT be the set of all vertices connected by an edge
with «. Let us assume that either C~'j intersects E, or there exists p;, such that
q(piy)>q(a). Then there exists py such that q(a)>q(pr)-

Proof. Assume that g(pr)>q(a) for any k=1, ..., s. Applying (8) to C; and C;
one gets:

S
0=Cjo EaergEiJrZ mf)k >
k=1

_C o Eq+q(a)(m Ez—&—Zmpk C~'joEa20

The inequality is strict if 5’joEa>O or if there exists ig such that ¢(p;,)>q(a). This
implies the statement. [

Let [7(j),7(?)]CT be the (oriented) geodesic from 7(j) to 7(i) and let {A,},
p€ll, be the connected components of I'\[7(j), 7(7)]. For each p€ll there exists a
unique p, €[7(j), 7(7)] connecting A, with [7(j),7(4)], i.e., such that Ay=A,U{p,}
is connected.

Proposition 22. With the previous notations, one has:
1. The function q is strictly decreasing along the geodesic [1(j), 7(4)].
2. For each pell, the function q is constant on Aj.

Proof. Let o and 8 be two vertices of T connected by an edge and let g(«)>
q(B). Lemma 21 permits to construct a maximal sequence «g, a1, ..., a of consec-
utive vertices starting with « and 8 (i.e., ap=c, ay=p) such that q(a;)>q(a;t1).
(We will call a sequence of this sort a decreasing path. If the inequality is in the
other direction, the path will be called increasing.) The maximality means that
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either oy, is a deadend of T or aEak #0. If oy is a deadend, a1 is the only ver-
tex connected with ay and Lemma 21 implies that g(ay)=¢(ag—_1). Therefore, the
constructed path finishes by the vertex ax=7(i). Note that, if a€[r(j), 7(7)] and
Bé&[r(4),7(7)], the end of a maximal decreasing (or increasing) path has to finish at
a deadend and therefore g(«)=¢(3). In particular, this implies that the function ¢
is constant on each connected set Aj.

Assume that 7(i)#7(j). Lemma 21 implies that there exists a vertex a; con-
nected with 7(j) such that ¢(7(j)) >¢g(a1). Therefore, the maximal decreasing path
starting with 7(j) and «; coincides with the geodesic [7(j),7(i)]. O

Remark 23. Let peT be an end and let A={p=ay, ai,....cs=0c} be the corre-
sponding dead arc in I'. In this case, Proposition 22 implies that the ratio m¢, /m?,
is constant for «€A and for any pair 4, j€{1,...,r}. In fact, from Lemma 20, one
can easily deduce that m,=Nm, for an integer N>1, in particular, m,>m,,.

Proof of Theorem 11. We have to show that the Weil-Poincaré series P{Vgi}(z)
determines the minimal resolution graph I' of C'. In the case under consideration,
one has a projection formula different of the one for divisorial valuations.

Let ig€{1,...,r}. The A’Campo type formula (3) for P{Vgi}(z) implies that
(9) P{V[C/'l} (£)|ti0=1 = PCVK{CiO}(th ceey ti0—17 tio-‘rla ceny tr) . (1 —tﬂﬂio) )‘ti0=1 .

Applying (9) several times one gets
mioi
(10) ng(t)ltjzl for j#iq :Pg'[;o(tio)'H(l_tio ())'
i#io

Pay attention to the fact that mi"(i):mi(io) and therefore the series ng . (t;,) can
be determined from the Weil-Poincaré series Po(t) if one knows the multiplicity
m, ;). The strategy of the proof follows the steps from [7] (see also [8]):

1) To detect an index ig for which one can find the corresponding multiplicity
M, from the A’Campo type formula for PY (t). Then Proposition 17 and equa-
tion (10) permit to recover the minimal resolution graph I';, of the curve C;,. Equa-
tion (9) gives the possibility to compute the Poincaré series Pg‘K{CiO}(tl’ vy tio—1,
tio+1, - tr) Of the curve C\{C;,}. By induction one can assume that the resolu-
tion graph I'® of the curve C\{Cj,} is known. Moreover, Lemma 19 implies that,
for each j, the multiplicity m ) determines whether the vertices of the minimal
resolution graph corresponding to the curves C;, and C; are on the same part from
those exchanged by symmetries or on different ones.

2) To determine the separation vertex of the curves C;, and C; for j#ip in
order to join the graphs I';, and I'*® to obtain the resolution graph T.
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The second step literally repeats the same one in the proof of Theorem 3 in [9].
Therefore, we omit an analysis of it here.
Proposition 22 implies that, for any fixed 79 and for any j#ig and o€, one
has mJ /mto Zmi(io)/mio(io). Therefore, one has
1 1

—m,_ > — M-
7,0_0'7 20 77(10)
m m°.

i 7(io)

Let P (t)=]T4_,(1—t2+)** be the Weil-Poincaré series of the curve C, where
sk#0 for all k. Note that the only case in which ng(t)zl corresponds to the
singularity Ay and two branches C;, Cs in such a way that they are curvettes at
the end points named 1 and k of the dual graph of Ag. In the sequel we omit
this trivial situation. For i€ I={1,...,r} let »:I1—{1,...,p} be the map defined by
k=23¢(i) be such that s;>0 and

(11)

for all j. Note that if the inequalities (11) hold for n,=m,, p a deadend of I, then
(see Proposition 22); one has the same condition for o, the star vertex of I' more
close to p. Let E=3(I)C{1,...,p} be the set of indices k such that k=2(4) for some
ie{l,...,r} and for ke E let A(k)C{1,...,r} denote the set of indices ¢ such that
k=5(i). Note that A(k) contains all the indices i€{1,...,r} such that n,=m._ ;.
Let B(k) be the subset of such indices. Our aim is to show that one can find k€ FE
such that B(k)#@.

Proposition 24. Let us assume that #E>2. Then there exists ke E and
i€ A(k) such that
L. ni.>n) for any j€ A(k)
2. ny. <ni, for any k'€ E, k'#k, and je A(K').
Moreover, for any pair (k,i) satistying conditions 1) and 2) above, one has that
i€ B(k) and therefore B(k)#@.

Proof. Let je A(k), j¢ B(k). One has

Lo 1
g > M)
m mjf(j)

and therefore x( [DCT(J-)):O This implies that 7(j) is connected with only one vertex

in I' (plus the arrow corresponding to 5j), i.e., 7(j) is a deadend of the resolution
graph of the curve C'\{C;}. Let o€l be such that n,=m, and assume that i€
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B(k)#2. In this case, ny=m.; and one has nfg:mi(i):Nmi( > With an integer
N>1, being 7(j) a deadend of the dual graph of C\C,} (see 20). In particular,
n};>mir(j):mi(i):ni. Notice that if 4, s€ B(k) one has also that n,=m, ) and
therefore nt =n;. As a consequence, if B(k)#@ one can fix an index i(k)€ B(k)
taking a maximal one of the set {n}:i€ A(k)} as in the condition 1) of the statement.

Let K'€E, k'#k, and je A(K'). If jeB(K'), then ny=m,
nz(,k):mi((?) :mi(i(k)):ni. Otherwise, j€A(k')\B(k') and one has that nj=
mi (i(k)) :mi((];.)) and also nz(,k) =N mi((lz.)) for a positive integer N. As a consequence,
nz(,k) >ni and therefore i(k) satisfies the second requirement of the proposition.

In order to finish the proof, one has to prove that B(k)#@ for some k€ E. Let
us assume that B(k)=@ for some k€ F and n,=m,_, for some o€l with v(c)>3
(here v(o) is the valency of the vertex o). Let 7':(X’,D')—(S,0) be the pre-
resolution of C' and let IV be the resolution graph of 7’. For any j€ A(k) one has
that 7(j) is an end of r\{@} We will distinguish two cases:

Let us assume that o¢I”. In this case, also 7(j)¢I" is a deadend of the dual
resolution graph of the curve C\{C;} and A(k)={j}. In particular, the vertex o
appears after 7(j) in the resolution process of a certain branch C;, i#j, which is
not a curvette at E,. It is clear that in this case (l/n};)ﬂk>(l/mi(i
k'=3(i) provides a new element k'€ E. Using this new element k' we can repeat
the argument up to the moment when we reach e€ E such that B(e)#@ (note that
Ny <y )-

Assume that o€I”. If there exists an irreducible component C; such that its
strict transform by 7’ intersects D’ at E, one can repeat the same argument of
the above case for k'=5(i) and so there exists an element e€ E' such that B(e)#9.
Otherwise, o €I must be a star vertex of I and all the elements of A(k) correspond
to curvettes at some of the end points of IV. However, there is (at most) only one
vertex in IV with such conditions: the vertex named k—2 if S=Dy,, the vertex named
3 for Eg,E; and Eg and no one for the case A;. Being #E>2 in order to finish it
suffices to take a new k'€ E, k'#£k. O

and therefore

)1 () and

In order to finish the proof of the Theorem it remains only to treat the case
when #E=1, i.e. k€FE is such that A(k)={1,...,r}. First of all, we will identify
the cases when B(k)=@. Taking into account the discussion in the proof of the
Proposition above about the indices j€ A(k)\ B(k), the only possibility to have this
situation is when n;=m, for c€I" being a star vertex and all the branches are
curvettes at some end points of IV and no two of them are in the same vertex. This
situations can be described (and so detected) one by one for each of the singularities
Dy, Eg,E7,Eg (note that Ay does not appear in this situation). The table below
describe all the possible choices of the ends and the corresponding Weil-Poincaré
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series:
Dp  {Lk} = QA-ttd D)2

L N e e e (I
{1,k—1,k} — (1—t,{F72/24(E=2)/2)

Ee {14} (1—8313)(1—17t)
{1,6} (1—t3t2) (1 —t1t2)*
{1,4,6} — (1-t3t3t3)

B {1,4 o (1=t18) (1—t,85%)
L7}~ (1-t1) (1 365%)
4.7 = (1=t9t3) (1 —t3t,)
{1,4,7} ~ (1-t1t5t3)

Es {14} =~ (1=t15°) (1 —13t3) 7"
{1,8} (1—t1945) (1 —#9t23) 1
{4,8 = (1-1°5) (1—t3t3) "
{1,4,8} (1—19¢354%)

Now, if the Weil-Poincaré series is not one of the above, then B(k)#@ and the
we can choose an index i€ B(k) as in the Proposition above. This finishes the proof
of Theorem 11. [J

For the proof of Theorem 12 (an analogue of Theorem 11 for divisorial valua-
tions) the projection formula permits to reduce (to split) the case of r valuations to
the cases of one valuation v; and (r—1) remaining valuations. For the Eg-singularity
in [9] this finishes the proof (due to the absence of symmetries of the Eg graph). In
the case under consideration the multiplicity m,; determines whether the vertices
of the minimal resolution graph corresponding to the divisorial valuations v; and
v; are on the same part from those exchanged by symmetries or on different ones.
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