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On the double of the Jordan plane

Nicolds Andruskiewitsch, Frangois Dumas and Héctor Martin Pefia Pollastri

Abstract. We compute the simple finite-dimensional modules and the center of the Drinfeld
double of the Jordan plane introduced in [AP1] assuming that the characteristic is zero.

1. Introduction

Let k be a field. The well-known Jordan plane is the quadratic algebra J=
k(z, y|zy—yz—1z?); it bears a structure of braided Hopf algebra where z and y are
primitive [G]. When k has characteristic zero, J is indeed a Nichols algebra (any
primitive element belongs to V=kx®ky) but if chark=p>0, then J covers the
Nichols algebra (V') which has now finite dimension [CLW]. In [AP1] Z(V) was
called the restricted Jordan plane and, assuming p>2, the Drinfeld double D(H) of
the bosonization H=2%B(V)#kC, was studied. It was shown that D(H) fits into an
exact sequence of Hopf algebras R——— D(H) — u(sly(k)) where R is local
commutative and u(slz(k)) is the restricted enveloping algebra of sl (k). Hence the
simple D(#H)-modules coincide with those of u(slz(k)) [AP1, 1.11].

In [AP1] a Hopf algebra D covering D(H) was defined, see Section 2; D can
be thought of as the Drinfeld double of the bosonization J#kZ. Now D fits into an
exact sequence of Hopf algebras O(G)——— D —— U (sly(k)) where O(G) is the
algebra of regular functions on G=(G, X G,) X G, and U (slz(k)) is the enveloping
algebra.

Both the definition of D and the exact sequence are still valid in characteristic
0, which we assume from now on. In this paper, we offer two results on the structure
of D. First, we classify in Section 3 the finite-dimensional irreducible representations
of D; the outcome ressembles the case of D(H), analogy supported by Lemma 3.10.
Concretely, we prove:
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Theorem 3.11. There is a bijection irrep D~irrep sly(k) induced by the mor-
phism m:D—U (sly(k)).

Second, we consider in Section 4 the localization D’ of D at the powers of two
elements x and ¢ which generate an Ore subset of D. We show in Theorem 4.8 that
D’ is isomorphic to a localization of the Weyl algebra As(S), where S:=k[zF1, 2/]
with z and 2’ algebraically independent. This result allows us to compute the center
of D, which turns out to be a Kleinian singularity of type Ay, see Theorem 4.10.
Also, by Theorem 4.8, D satisfies the Gelfand-Kirillov property; see §4.4.

The classification of the Nichols algebras over abelian groups with finite
Gelfand-Kirillov dimension (GK-dim for short) is essential for the classification of
Hopf algebras with finite GK-dim; see [AAH] for details. Conjecturally, a Nichols
algebra of diagonal type has finite GK-dim if and only if the corresponding Weyl
groupoid is finite. Assuming the conjecture, the classification for Nichols algebras
of ‘blocks & points’ was solved in [AAH]; the Jordan and super Jordan planes are
crucial ingredients of this work.

A basic input for many questions is the Drinfeld double of a given Hopf al-
gebra. Note that the definition of the Drinfeld double of an infinite-dimensional
Hopf algebra relies on a suitable choice of a Hopf subalgebra of the Sweedler dual.
For instance, the Drinfeld doubles of (bosonizations of) Nichols algebras of diagonal
type are essentially multiparametric quantized (super) enveloping algebras, where
the duals of the bosonizations are chosen starting from suitable groups of charac-
ters. The study of the Drinfeld doubles of Nichols algebras of ‘blocks & points’
began by the smallest and crucial examples of the Jordan and super Jordan planes
[AP1], [AP2] which behave very differently from the diagonal case. As shown here,
both the representation theory and the algebra structure of the Drinfeld double of
the Jordan plane also deviate from the diagonal case. This confirms the intuition
that the Jordan world is closer to the classical one than to the quantum one. We
expect that the considerations of this article will guide us to set up a comprehensive
general picture.

Conventions If £<neNy, we set I, ={¢,¢+1,...,n}, I,=I;,. fY is a sub-
object of an object X in a category C, then we write Y <X.

In the rest of the paper k is an algebraically closed field of characteristic 0.
The subspace of a vector space V generated by SCV is denoted by kS. Let A be
an algebra and ay,...,ap, €A, n€N. Let Z(A) denote the center of A. We denote
by k{ai,...,a,) the subalgebra generated by a1, ...,a,. An element €A is normal
if Av=2A. If A=, ., A" is graded and T'CA is a subspace, then T":=TNA".
If M is an A-module and my,...,m, € M, n€N, then we denote by (my,...,m,,) the
submodule generated by mq, ..., M.
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Let L be a Hopf algebra. The kernel of the counit ¢ is denoted L™, the antipode
(always assumed bijective) by S, the space of primitive elements by P(L) and the
group of group-likes by G(L). The space of (g, h)-primitives is Py n(L)={z€L:
A(z)=2x®h+g®x} where g, h€ G(L). The category of left-left, respectively right-
right, Yetter-Drinfeld modules over L is denoted by £YD, respectively ny. Our
reference for Hopf algebras is [R].

2. The double of the Jordan plane

Definition 2.1. ([AP1, 2.3]) The Hopf algebra D is presented by generators u,
v, ¢, g*', z, y and relations

(2.1) gFlgTl=1, (g=g(,
gr=wxg, gy=yg+zg, Cy=y(+y, (r=z(+=,

(2.2)
ug=gu, vg=gv+gu, v(=Cv+v, uC=Cu+tu,
1 1
ymzxy—§x2, vu=uv—§u2,
(2.3) ur=zu, vr=zv+(l1-—g)+au,

uy =yu+(l—-g), vy=yv—gl{+yu.
The comultiplication is defined by g€ G(D), u,(€P (D), x,yePy1(D),
A(w)=v@1+1®v+({Ru.
We list some basic properties of D, cf. [AP1] for details.
» The following set is a PBW-basis of D:

B:{xnyrgmgkuivj:i,j,k,n,reNo, meZ}.
o D=@pczD" is Z-graded by
(2.4) degz=degy=—-1, degu=degv=1, degg=deg(=0.

e Let ' be the infinite cyclic group with generator g written multiplicatively and
let h be the one dimensional Lie algebra. The subalgebra D°=k(g*!,¢) is a Hopf
subalgebra isomorphic to k['®@U (h).

o The subalgebra D<C=k(z,y) is isomorphic to the Jordan plane J. It is a Hopf
algebra in XLYD and the bosonization D<C#KI~k(g*!, z,y).

e The subalgebra D>%=k(u,v) is isomorphic to J as algebra via urrx and vy,
but with a different comultiplication; actually D> is the graded dual of D<C. Then
D>Y is a Hopf algebra in yDZE{;; and U(h)#D>~k(¢,u,v).

e The subalgebras D>°, D° and D<° are graded and satisfy
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(a) D>Og@n€NoD[n]7 D<Og@n€N0D[_n]'

(b) (D>O)[O]:”<:(D<O)[O]'

(c) D2%:=DD>Y and D=Y:=D<ODP are Hopf subalgebras of D.
e The algebra D admits an exhaustive ascending filtration that satisfies gr D~
k[X1, ..., X5, T*!]. Hence D is a noetherian domain.
o The subalgebra O:=k(z,u,g*"') is a commutative Hopf subalgebra, hence O~
O(G), where G is the algebraic group as in the Introduction.
o Let e, f, h be the Chevalley generators of sla(k), i.e. [e, f]=h, [h,e]=2¢, [h, f]=
—2f. The Hopf algebra map m: D—U (slz(k)) determined by

1 1

(2.5) m(v)=qe wly)=2f w(()=-5h w(u)=n(y)=n(g-1)=0,

induces an isomorphism of Hopf algebras D/DOT ~U (sl3(k)).

Remark 2.2. The Hopf algebra D is pointed with coradical Dy=k(g*!). Indeed,
by [M, 5.3.4] it suffices to show that D admits an exhaustive coalgebra filtration
D=Upen, D) with D[O]:[k(gil>. Let Dy, defined recursively by

Dij=k(g*'),  Du=Dyg+k{z,y,¢,u},
Dioy=Dpj+k{v}, Dp=DDp—1j, n>3.

Using the PBW basis one can check this is an exhaustive coalgebra filtration.

3. Simple finite-dimensional modules

3.1. Overview

Let A be an algebra and B a subalgebra. Let 4 M (respectively Irrep A, irrep A)
denote the category of left A-modules (respectively, the set of isomorphism classes
of simple objects in 4 M, the finite-dimensional ones). Often we do not distinguish
a class in Irrep A and one of its representatives. Let Indg: BM— 4 M and Resﬁ :
AM— g M denote the induction and restriction functors, e.g. Inds(M)=A®M.
Given Seirrep A, there exists T €irrep B such that T§Resf S. By the standard
adjunction

(31)  Homu(Ind M, N)~Hompg(M,Res N), Ne M, MegM,

S is a quotient of Indg T. We apply this (classical) remark twice to compute irrep D.

First we compute irrep D=? by determining all simple quotients of IndgZO W for
each W €irrep H, where H:=k(g™" u,v), cf. [ABFF]. Then we compute irrep D
from irrep D20 in the same way.
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3.2. Determination of irrep D=°

For each (a,b)ek* xk there is a one-dimensional H-module, denoted by kg s,
with basis %, and action

(3.2) §'Xgp=0Xqp, U-Xgp=DbXqp, UXqp=D0.

Then irrep H={k,,: (a,b)€k* xk} [ABFF, 3.3]. Let Wy p:=Ind5 ke
Lemma 3.1. The elements xf@:z(”xa,b, n>0, form a basis of Wp.
Proof. Indeed, D=°®@pk, s~ (U(h) @ H)@p ke p=U(h) @pkap. O
Lemma 3.2. If b#0, then W, is simple for any ack™.

Proof. We use that (v—b)"¢=((v—b)"+nv(v—b)""! for all n>0, which is
straightforward. Notice that (v—b)”~x((;?b):b”n!x(og for all n>0. Indeed,

(0=b)" x5 = (v—b) (v—b)"C ")
= (v=b) (C(o—b)"+nv(v—b)") =)

8ROttt ) — 5 (4 1150

Let 0#£z€W,, and write 2=, _, cknglz with n>0 and ¢, #0. Then (v—>5b)"-z=
b"n!cnx(?z. Thus (z)=W,; and the claim follows. O

a

We next study the simple quotients of W, o, ack*. Let

1
Vae= <x,(117())+§cx((l?())> <Wao, Tae:=Wao/Vae, cek

The choice of the coefficient % is convenient for calculations with K.; see Re-

mark 3.12. Then T, . is one-dimensional with basis z, . and action

1
(33) 9-Za,c = QZq c, C'Za,C:_§CZa,Ca U'Za,czoa U'Za,c:0~

Lemma 3.3. The set of mazimal submodules of Wy o is {Vq,c: c€k}.

Proof. The subcategory of DZ%modules where u, v and g—a act by 0 is equiv-
alent to the category of modules over D=%/(u, v, g—a)~Kk[¢]. Now W, ¢ belongs to
this subcategory, because the action in the basis {xflnb) } is

g% = ¢ %0 =C"g Xap = ax\},
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u- xfl”z? ZUC"-Xa,bZZ (Z) Fuxq =0,

k=0
a3 (7)o
k=0

Under this correspondence, W, o goes to the regular k[¢(]-module; the claim follows.
O

Proposition 3.4. irrep D=~{T, .:(a,c)ek* xk}.

Proof. Let T€irrep D=, Then there exists (a,b) €k xk such that k, is iso-
morphic to a submodule of Resgzo T. By (3.1) T is a quotient of W, ;. If b0,
then T~W, ; by Lemma 3.2, contradicting dim 7'<oo. Hence b=0 and T~T, . for
some cek. O

3.3. Calculation of irrep D
The Verma module M, ., (a,c)ek* xk, is

My o:=IndD.o Ty . =D@p>0 Ty

Lemma 3.5. The elements z((l Cj).—yixfza’c, 1,720, form a basis of M, ..

Proof. Indeed, D®D20Tavcﬁ(p<o®kpzo)®pzoTa,02D<O®[kTa7C. O

For the next proof we need the following formulas from [AP1, Lemma 2.5]:

— +1)!
6 wrerwen -8 (1) S e
k=

(3.5) vr™ =z v+ma™ Y (1—g)+ma™u, m>1.

Lemma 3.6. If a#1 then M, . is simple.

Proof. From (3.4) we get the following formula for i>1 and j>0:

+1)!
(i,3) — (i—1,5) _ (i-1—k +k)
u-zy ) =(1-a)iz,' . —a E (k—i—l) ok Zgo

clearly u~z¢(1?(}j ) =0 for all 7>0. Next, we prove by induction that

ut -z = (1—a)il0?), i, j>0.
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Indeed, this is clear for i=0,1; for i>1, we argue by induction on i:

(k+1) ik
wtt (1+1 J)_(l a)(i+1)u’ z _az <]:__11) ;'k ) Uzzéz,zk7j+k)

=(1—a)" ' (i+1)12%7

" it (k+1)! —k k (077+k)
a;(kﬂ) (10
=(1—a) ™ (i+1)12{%).

Thus w27 =0 if n>i. From (3.5) we get v-24 =j(1—a)2% ", and it becomes

evident that

vtz = (1— a)"”z']'z(o 0,

u’)

Then v™ut- zc(f’c])fO for m>j and ¢>0. Given z€M, ., 2#0, write

z= Z Z di ;2 0 with dy,ary #0,

=0 j=0
hence vV ulN .z =dy e (1—a) TV NIMp 1200,

Since a#1 and M, .= (zgof’)} the Lemma follows. O

From (3.1) with Proposition 3.4 and Lemma 3.6 we deduce:
Corollary 3.7. Every ScirrepD is a quotient of My . for some cek. O

Thus we need to study the Verma modules M; .. For the next lemma we use
the following commutation relation from [AP1, Lemma 2.5]:

4
n e\ [2n)* n
(3.6) gy =y (k> [ Qi y*Fakgn, n,LeN.
k=0

Here [t]I¥] denotes the raising factorial [¢][¥] ::Hf:1 (t+i—1) for tek and keNy.
Lemma 3.8. The action of g—1 on M, . is locally nilpotent.

Proof. We prove recursively on ¢ that for each 7, 7>0 there exists n; ;€N such

that (g—1)m3 - z(m) 0. If i=0, then g- Z(O’J)fzgocj) for j€N, hence we take ng ;=1.

Given such ny ; for every j€N and k<i, we have

, 00 N~ (1Y 2% Gk
(=144 = -1l =3 () B A
k=1

by (3.6). Taking n; j=maxo<k<i{nk,i+;—k}+1, the Lemma follows. [
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Proposition 3.9. Let MepM, dim M <oo, with associated representation
p: D=End M. Then g—1, x and u act nilpotently on M.

Proof. Arguing by induction on dim M, we may assume that M €irrep D. Then
g—1 acts nilpotently on M by Corollary 3.7 and Lemma 3.8. Recall that a linear op-
erator T on a finite-dimensional space is nilpotent if and only if Tr(7™)=0 for every
neN. Since 2" =2 (z"y—yz") for neN we get Tr(p(x)"*)=2 Tr(p(z)"p(y)—
p(y)p(x)™)=0. Since x=(z—x(¢ we also have that Tr(p(z))=0. So p(z) is nilpo-
tent. The argument for u is similar using the relations u"*!=2 (v"v—vu™) and

n
u=u{—Cu. O
We now determine irrep D via an argument connecting with [AP1, 1.11].

Lemma 3.10. Let A be an algebra and FCA a family of elements satisfying
(a) the elements of F commute with each other,

(b) for any M€ 4 M, dim M <oo, any x€F acts nilpotently on M;

(¢) F is normal, i.e. the vector subspace I of A generated by F satisfies

(3.7) Al =TA.

Let Se€irrep A. Then the representation p: A—End S factorizes through A/IA.
Thus the projection A— A/IA induces a bijection

irrep A ~irrep A/T A.

Proof. Let I=p(I) and Z=p(AI)=p(IA). By (a) and (b) there exists €N such
that I"=0. Then Z"=0 by (3.7). Hence the ideal Z is contained in the Jacobson
radical of p(A). But by Burnside’s Theorem [CR, (3.3.2)] p(A)=End S since S is
simple. So IA acts by 0 on S. [

Recall the map m:D—U (sly(k)) from (2.5).
Theorem 3.11. The map 7 induces a bijection irrep D=~irrep U (sl2(k)).

Proof. Let F={z,u,g—1}. By the defining relations of D, F satisfies (a) and
(c). By Proposition 3.9 F satisfies (b). Thus Lemma 3.10 applies. O

Remark 3.12. For neNg, let L,€irrepD correspond to the simple sls(k)-
module of highest weight n. Then L, has a basis tg,...,t, where the action is
given by

1 1
ti=tiy1, vti=g5n—i+l)tig, (Cti=—5(n—20);,
(3.8) y +1, vti=g(n—i+ltig, ¢ 5 (n—20)

I'?fi:O, u-ti:O, g'ti:ti.
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It can be shown that L, can be presented as quotient of the Verma module My ,,.
Indeed, let M,, be the Verma module over sly(k) of highest weight n. Then M, ~
K :=My /M, where M, :=aM; ,=(=\"") <M, ,

Recall from [BaW] that a spherical Hopf algebra is a pair (H,w), where H is
a Hopf algebra and weG(H) (called the pivot) such that

(3.9) S*(r) =waw ™!, reH,
(3.10) Try (fw) =Try (0w '), O€Endy(V), VeEuM.

Corollary 3.13. The Hopf algebra D is spherical with pivot g~ .

Proof. By direct calculation in the generators we see that S?(h)=g 'hg for
every he€D. It remains to show that for every Vep M with dim V <oo, Try (fg)=
Try (fg~ 1) for every f€Endp(V). By [AAGTV, Prop. 2.1] we only need to consider
VeirrepD. Since Endp(V)~k, and Try(g)=Try (¢~ !)=dim V by 3.8, the claim
follows. O

4. A localization of the double of the Jordan plane

4.1. Weyl algebras and iterated Ore extensions

We refer to [MCR] for the notations and basic notions used here. Let R be a
commutative ring. Recall that the Weyl algebra A;(R) is the R-algebra generated
by p and ¢ satisfying pg—gp=1. Alternatively, it can be described as the Ore
extension A;(R)~R[q][p; 0], where, here and below, 9, denotes a%'

We shall also consider the algebra A} (R)=R[q*!][p; 0,], which is the localiza-
tion of A (R) with respect of the multiplicative set generated by g. Observing that
(gp)q—q(gp)=q, we have an alternative description of A} (R) as a Laurent extension:

(4.1) AY(R) = Rl¢*lp; ) = Rlapllg™" s 0™

with o the R-automorphism of R[gp] defined by o(gp)=gp—1.
The Weyl algebras A,,(R) and their localizations are defined similarly for n€N;
then A, (R)=R|q1,...,qn][p1; Og,]--.[P1; Og,] and

AL(R)=R[qi", ... aF")[p1s Og,)--[pns Og,]
=R[@p1, oy Gupn) 5 07 g5 oY)

qn?n

(4.2)

The proof of the following Lemma is straightforward.
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Lemma 4.1. The algebra D can be described as an iterated Ore extension:

(4.3) D=~ kgt a,u] [y; d)[¢; 8[vs 0,0]
(@] tats

where d is the derivation of O:=k[g™!, x,u], § is the derivation of Oly; d], o is the
automorphism and 0 is the o-derivation of Oly; d][(; 0] defined by:

d(x):—%xQ, z)=z, o(x)=uw, o(x)=1—g+zu,
dlu)=g—1, d(u)=—u, o(u)=u, D(u):—%uQ,
W ag=as s9=0. cl=g  2g)=gu
S(y)=y, oY=y,  dy)=—gl+yu,
() =C+1, 3(¢)=0.

Corollary 4.2. The algebra D is strongly noetherian, AS-reqular and Cohen-
Macaulay.

Proof. D is strongly noetherian by [ASZ, Proposition 4.10]; AS-regular by
[AST, Proposition 2] and Cohen-Macaulay by [ZZ, Lemma 5.3]. O

4.2. Localizing
We consider the following elements of the subalgebra O:
(4.5) ¢:=ur+2(1+g) and z:=¢*¢g" "

Lemma 4.3.

(i) z is ad-locally nilpotent in D;
(ii) g is normal in D,

(iii) z is central in D.

Proof. (i): We have that ad, (z)=ad, (u)=ad,(¢=!)=ad?(¢)=0; then ad?(y)=
ady(—32%)=0 and ad?(v)=ad,(—zu+g—1)=0. By the Leibniz rule, the claim
follows.

(ii): Clearly ¢ commmutes with u, x, g™ and we have

(4.6) qy:(y+%w)q, qv=(v—%U)q7 ¢ =Cq

by straightforward calculations. Thus Dg=¢D, i.e. ¢ is normal.
(iii): The generator g commutes with =, u and {, and satisfies: gy=(y+x)g,

gv=(v—u)g. Hence z=q?g~! is central in D. [J
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By Lemma 4.3 (ii) the multiplicative set generated by ¢ is an Ore subset of
D. Now by Lemma 4.3 (i) this is also the case for z by [KL, Lemma 4.7] which is
a particular case of [BR]. This allows us to consider the localization D’ of D with
respect to the multiplicative set generated by x and ¢g. Let us introduce the element

(4.7) t:=qr ' =u+2(1+9)z €O :=D'NO.
Observe that the preceding proof implies at once that
(4.8) tq=qt, tz=zt.

Then k[g*!, 21 u]=k[g*!, 2*,¢]. In O, the element ¢ is invertible with ¢t ! =

12 and the element z is invertible with z='=gg~2. Then:

q
(4.9) O = |]<[g:t1, m:l:17 75:|:1] _ [k[gzl:l7 q:|:17 t:l:l] — [L<[Z:t1, q:i:l, til].

We deduce the following description of D’ as an iterated Ore extension:

(4.10) D' =k ¢ i [y; d)[C; d)[v; 0,0];
N——
O’ commutative

here d, §, o, 0 denote the canonical extensions to D’ of d, §, o, 0 as in (4.3).
Let R:=k[2*!,#*1]. We introduce

(4.11) pi=—2q %ty.

Lemma 4.4. The subalgebra k=1, ¢! t5[y; d]=k[z*!, ¢, tFY[p; 0] of
D’ is isomorphic to A} (R).

Proof. We have d(z)=0 by Lemma 4.3(iii). We compute using (4.4):

1 1 1
d(q) =d(u)z+ud(z)+2d(g) = —gr—2— —uz’ = ——xq=—=q¢*t ",

2 2 2
d(t)=d(q)z~ " —qx~2d(z) =0.
Then the change of variable p:=—2¢~2ty leads to the commutation relations
(4.12) pz=zp, pt=tp and pg—qp=1.

This proves that k[z*1, ¢*1 tF1[y; d]=k[z*!, ¢*, tF1][p; 9,] since the powers of p
form a basis of the left-hand side as R[g™!]-module. Now the right-hand side is
isomorphic to A (R) by definition; see (4.1). O

Lemma 4.5. The following subalgebras of D' are equal:

K5 L, 2y dlIC 8 =KL g5 s 9,]1C; 1)
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Proof. We have 6(z)=0 by Lemma 4.3(iii). We compute using (4.4):
5(t) = 3(u) +2(1+9)0(a ) = —u+2(1+g) (—a 1) =,
d(q)=0(t)x+té(x) = —tx+tx =0,

3(p) =—28(¢~*)ty—2¢"8(t)y—2q"*t8(y) =2¢"*ty—2q" >ty =0.

To sum up,

(4.13) 0(z)=0d(q)=0(p)=0 and d(t)=—t,
which gives the desired result. O

Remark 4.6. The change of variable s:=—t"1¢ leads to the commutation rela-
tions sz —zs=sq—qs=sp—ps=0 and st—ts=1. Then denoting T:=k[2*!], we have
in D’ the equality of subalgebras:

K=t g 5y (G 8] =K [a ™ lps O] [t ][s 5 0] = AR(T).
Lemma 4.7. With the change of variable w:=t"'v, we have:
D' =Kz, ¢, (p; 9y)[w; DI 75,

where ® is the derivation of K[z*!,¢*L,(][p; 0,] such that:

(4.14) D(z)=9(¢) =0,
1
(4.15) D(g)=~1+59-2""¢"
(4.16) D(p) :—%p+2q271p+2271C+2q72—2271,

and 7 is the automorphism of k[z*1,¢F1,(][p; O4][w; D] such that:
(4.17) m(z)=2 7(@)=q, 7(p)=p

1
(4.18) T7(() =¢+1, T(w):w+§—2qz_1.

Proof. We start with the description (4.10) of D" and recall Lemma 4.5. By
direct calculations using (4.4), we show that:

1
vz=2zv, v(=((+1)v, vtztv—§t2+2qz_1t2,

o 1 4 —1.2
Vg =qu t—|—2tq tzq°,

1
vp=pv— 5tp+2tz*1qp+2tz*14+2tq*2 —2tz7 L,



On the double of the Jordan plane 225

We replace in D'=0"[p; 9,][C; —td:][v; o,0] the generator v by:
(4.19) w:=t"lv.
The last two of the above relations become:

1
wq:qw*Hiq*fqu,

1
wp = pw — §p—|—2qz_1p—|—22_1§+2q_2—2,2_1.

We still have wz=zw. By (4.13), we have (t=t(—t, thus (t~'=t"1(+t"1. We
deduce from this and the relation (v=v({—wv that w(=Cw. Finally, the relation
wt:tw—%t+2qz_1t can be rewritten as tw:(w—l—%—qu_l)t7 which gives rise to
the desired description of D’. O

Next, we introduce the element
/ -1 1
(4.20) z'i=q [wv—&—uy—!—(—ium‘—&—g—1)(—2(1—1—9)]
1
(4.21) = {xv—l—uy—k(—iuw‘—&-g—1)§—2(1+g)] ¢!

Theorem 4.8. The algebra D’ is isomorphic to the localized Weyl algebra
AL(S), with center S:=k[z*', 2']. In particular, 2’ is central in D’.

Proof. The subalgebra k[2*1, g%, (][p; 9,] is isomorphic to the localized Weyl
algebra A} (S) for S=k[z*!,(] by (4.12) and (4.13). Thus it is natural by [D,
Lemma 4.6.8] to look for an element fek[z*!,¢*! (][p; 9,] such that D is the
inner derivation ady. By (4.15) and (4.16), such an element satisfies:

1
fa—af =-1+50-= '¢?,

1 —1 -2 -1
fp—pf=(—§+22 Q)p+2q " +22(¢—1).

Using (4.13), a solution is clearly:

(4.22) f1=—(1—%q+z*1q2)p+2q*1—2Z’1(C—1)q~

Then we have by construction for any hek[z*1, g1, (][p; 9,]:

(w—f)h=wh— fh=hw+D(h)— fh=hw+fh—hf—fh=h(w—f).
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Moreover, we deduce from 7(¢)=(+1 that 7(f)=f—22"1¢. Then the second iden-
tity of (4.18) implies that T(wff):wfqu%. A first consequence is that the ele-
ment:

(4.23) z/::wff—%g

is central in D’. We can replace the generator w by 2’ to obtain:
(4.24) D =K=E! ¢, (lp; 9[22,
where all generators pairwise commute except:

(4.25) pg—qgp=1 and t{—(t=t.

We can replace the generator ¢ by:

(4.26) E:=—t71¢

to obtain the following differential description:

(4.27) D =K, 2l 9,)[E][E B,
with

(4.28) pg—qp=1 and &t—t&=1.

We can alternatively replace the generator p by:

(4.29) ri=—qp

to obtain the following automorphic description:

(4.30) D =Kz, gt o[ )
with

(4.31) gr=(r+1)g and t{=({+1)t.

We conclude from (4.27) or (4.30) that D’ is isomorphic to the localized Weyl algebra
AL(S) as in (4.2) for S=k[zFL, 2/]. Since char k=0, S=Z (A,(9)).

The last step is to express the central element 2’ according to the initial gen-
erators of D. Let us recall from (4.5) and (4.11) that

1 1

g=uz+2(1+g), z=q¢’¢ ' and p=-2¢ 'z ly.

It follows that the expression (1—%g-+2z""'¢?)p in formula (4.22) is equal to ¢~ 'uy.

Then: f=q¢ '[—uy+2(1+g)—29¢]. Moreover w=q 'zv by (4.7) and (4.19), and we
obtain obviously the relation (4.20) from (4.23). The alternative expression (4.21)
follows then from (4.6). O

Remark 4.9. Observe in (4.20) that 2’ does not depend on negative powers of
x; i.e. 2’ lies in the localization of D by inverting only the powers of g.
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4.3. The center of D

Because of Theorem 4.8 and (4.20), it is natural to introduce the following
element of D:

1
s:=q7 = xv+uy+(f§ux+gfl)C72(1+g) € Ovd 0y OB,

which is normal in D by Lemma 4.3 (ii) and Theorem 4.8.
Since z=¢%g~! is central in D, we are lead to introduce:

(4.32) 0:=s’g~ € Z(D).

Now z'=¢ 's=sq~! is central in D’ by Theorem 4.8, hence

(4.33) wi=z7=qg 's€ Z(D).

Moreover weOQvdOydO(HO. The three elements z,0,w are not algebraically
independent, since

(4.34) 260 = w?.

Theorem 4.10. The center of D is the commutative subalgebra generated by
2, w and 0, which is isomorphic to the quotient K[X,Y, Z|/(XZ—-Y?).

Proof. Clearly, Z(D)=2Z(D')ND. Since Z(D')=k[z*!, 2']|=k[z*!,w], we need
to determine k[z*1, w]ND. Since k[z,w]C Z(D), we have to consider the k-linear
combinations of monomials z~%w? for positive i. For any integer j>0, it follows
from the relations in the iterated Ore extension (4.3) that w? is of the form w’=
(979¢727)v7 +... where the rest if of degree <j—1 in D. We deduce that a power z*
with ¢>1 divides w’ in D if and only if 2* divides g 7¢727 in O, that is if and only
if j>2i. Then a monomial m=z"%w/ with i>1, >0 is in D if and only if j>2i and
we have in this case m=60%w’~%’. This is sufficient to complete the proof. O

The (spectrum of) k[X,Y, Z]/(XZ—Y?) is the well-known Kleinian surface of
type Aj, i.e. the algebra of invariants of the polynomial ring k[z1,xs] under the
action of the involution z1——x1, xo+>—xo.

4.4. The skew field of fractions of D

Let R be a commutative k-algebra which is a domain. With the notations of
§4.1, the algebra A,,(R) admits a skew field of fractions Frac(A, (R))=:D,,(K) where
K is the field of fractions of R. In particular, let 2, s(k)=D,, (K) when K is a purely
transcendental extension k(zy, ..., z5) of degree s. Following the seminal paper [GK],
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we say that a noncommutative k-algebra A which is a noetherian domain satisfies
the Gelfand-Kirillov property when its skew field of fractions Frac A is k-isomorphic
to a Weyl skew field 2, s(k) for some integers n>1, s>0.

The Jordan plane J satisfies the Gelfand-Kirillov property since FracJ~
91,0(k)=D; (k). This is also the case for the bosonizations D<#kI and U (h)#D>°
because we can prove by easy technical calculations that Frac(D<O#kI)~
Frac(U(h)#D>°)~2; 1(k). Finally, we conclude that the algebra D itself satisfies
the Gelfand-Kirillov property.

Corollary 4.11. The skew field of fractions of D is k-isomorphic to the Weyl
skew field P2 o(k).

Proof. By Theorem 4.8, we have Frac D=Frac A}(S)=Frac A2(S)=D2(K) of
center K=k(z,2'). O
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