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A breakdown of injectivity for weighted ray
transforms in multidimensions

F. O. Goncharov and R. G. Novikov

Abstract. We consider weighted ray-transforms Py (weighted Radon transforms along
oriented straight lines) in R%, d>2, with strictly positive weights . We construct an example
of such a transform with non-trivial kernel in the space of infinitely smooth compactly supported
functions on R%. In addition, the constructed weight W is rotation-invariant continuous and is
infinitely smooth almost everywhere on R%xS4~1. In particular, by this construction we give
counterexamples to some well-known injectivity results for weighted ray transforms for the case
when the regularity of W is slightly relaxed. We also give examples of continous strictly positive
W such that dimker Py >n in the space of infinitely smooth compactly supported functions on
R? for arbitrary n€NU{oco}, where W are infinitely smooth for d=2 and infinitely smooth almost
everywhere for d>3.

1. Introduction

We consider the weighted ray transforms Py defined by

(1.1) PWf(o:,t?):/W(z+t9,0)f(a:+t9) dt, (z,0)eTS™!, d>2,
R

(1.2) TS* ' ={(z,0) e R xS : 20 =0},

where f=f(x), W=W(z,0), xcR? §cS?t. Here, W is the weight, f is a test
function on R, In addition, we interpret TS%~! as the set of all rays in R?. As a ray
v we understand a straight line with fixed orientation. If y=~(z,0), (x,0)eTS%1,
then

(1.3) v(z,0)={yeR:y=x+th, tcR} (up to orientation),
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where 6 gives the orientation of .
We assume that
(1.4) W=W2>c>0, WeL>®Rxs%1),

where W denotes the complex conjugate of W, ¢ is a constant.
Note also that

(1.5) P f(@,0)= [ Wiw.n) ) dy, 7=1(2.0)
where
(1.6) W(y,v)=W(y,0) foryec~y, y=~(z,0), (z,0) TS

The aforementioned transforms Py arise in various domains of pure and ap-
plied mathematics; see [LB73], [TMS80], [Q83], [Be84], [MQ85], [Fi86], [BQS8T7],
[Sh92], [Kun92], [BQI3], [BI3], [Sh93], [KLM9I5], [Pad6], [ABKIS], [Na01], [NO2a],
[NO2b], [BS04], [Bal09], [Gil0], [BJ11], [PG13], [N14], [I16], [Ngl17] and references
therein.

In particular, the related results are the most developed for the case when
W=1. In this case Py is reduced to the classical ray-transform P (Radon trans-
form along straight lines). The transform P arises, in particular, in the X-ray
transmission tomography. We refer to [R17], [J38], [C64], [GGGS82], [HO1], [Na01]
and references therein in connection with basic results for this classical case.

At present, many important results on transforms Py with other weights W
satisfying (1.4) are also known; see the publications mentioned above with non-
constant W and references therein.

In particular, assuming (1.4) we have the following injectivity results.

Injectivity 1. (see [Fi86]) Suppose that d>3 and W eC?(R?xS%~1). Then Py
is injective on L}(R?) for p>2, where L} denotes compactly supported functions
from LP.

Injectivity 2. (see [MQ85]) Suppose that d=2, WeC?(R?xS!) and
(17) 0<co<W, ||W||C2(R2X51)§N,

for some constants ¢o and N. Then, for any p>2, there is 6=04(cg, N, p)>0 such
that Py is injective on LP(B(z,d)) for any xo€R?, where
LP(B(wo,6)) = {f € LP(R?) : supp f C B(x0, )},

(1.8) E(m0,5):{xeR2:|x_xo|§5}'
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Injectivity 3. (see [Q83]) Suppose that d=2, W € C*(R?xS') and W is rotation
invariant (see formula (2.18) below). Then Py is injective on Lf(R?) for p>2.

In a similar way with [Q83], we say that W is rotation invariant if and only if

19 W (z,~) is independent of the orientation of -,
1.9
W(z,v) =W (Azx, Ay) forzer, yeTS¥1, AcO(d),

where TS is defined in (1.2), O(d) denotes the group of orthogonal transforma-
tions of R

Note also that property (1.9) can be rewritten in the form (2.18), (2.19) or
(2.20), (2.21); see Section 2.

Injectivity 4. (see [BQ8T7]) Suppose that d=2, W is real-analytic on R?xS!.
Then Py is injective on L§(R?) for p>2.

Injectivity 1 is a global injectivity for d>3. Injectivity 2 is a local injectivity
for d=2. Injectivity 3 is a global injectivity for d=2 for the rotation invariant case.
Injectivity 4 is a global injectivity for d=2 for the real-analytic case.

The results of Injectivity 1 and Injectivity 2 remain valid with C%, a>1, in
place of C? in the assumptions on W; see [I16].

Injectivity 1 follows from Injectivity 2 in the framework of the layer-by-layer
reconstruction approach. See [Fi86], [N02a], [I16] and references therein in connec-
tion with the layer-by-layer reconstruction approach for weighted and non-abelian
ray transforms in dimension d>3.

The work [B93] gives a counterexample to Injectivity 4 for Py in C§°(R?) for
the case when the assumption that W is real-analytic is relaxed to the assump-
tion that W is infinitely smooth, where C§° denotes infinitely smooth compactly
supported functions.

In somewhat similar way with [B93], in the present work we obtain counterex-
amples to Injectivity 1, Injectivity 2 and Injectivity 3 for the case when the regu-
larity of W is slightly relaxed. In particular, by these counterexamples we continue
related studies of [MQ85], [B93] and [GN18].

More precisely, in the present work we construct W and f such that

(1.10) Pwf=0 onTS% ! d>2,
where W satisfies (1.4), W is rotation-invariant (i.e., satisfies (1.9)),

W is infinitely smooth almost everywhere on R% xS?~! and

(1.11) W e C*(R¥xS%1), at least, for any a € (0,ap), where ag=1/16;
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f is a non-zero spherically symmetric infinitely smooth and

(1.12) compactly supported function on R%;

see Theorem 1 of Section 3.

These W and f directly give the aforementioned counterexamples to Injectiv-
ity 1 and Injectivity 3.

Our counterexample to Injectivity 1 is of particular interest (and is rather
surprising) in view of the fact that the problem of finding f on R from Py f on
TS for known W is strongly overdetermined for d>3. Indeed,

dimRY=d, dim7TS?*!'=2d-2,
d<2d—2 for d>3.

This counterexample to Injectivity 1 is also rather surprising in view of the afore-
mentioned layer-by-layer reconstruction approach in dimension d>3.

Our counterexample to Injectivity 3 is considerably stronger than the preceed-
ing counterexample of [MQ85], where W is not yet continuous and is not yet strictly
positive (i.e., is not yet separated from zero by a positive constant).

Using our W and f of (1.11), (1.12) for d=3 we also obtain the aforementioned
counterexample to Injectivity 2; see Corollary 1 of Section 3.

Finally, in the present work we also give examples of W satisfying (1.4) such
that dim ker Py >n in C§°(R?) for arbitrary n€NU{oco}, where W € C>(R? xS*) for
d=2 and W satisfy (1.11) for d>3; see Theorem 2 of Section 3. To our knowledge,
examples of W satisfying (1.4), where dim ker Py >n (for example in L3(R?)) were
not yet given in the literature even for n=1 in dimension d>3 and even for n=2 in
dimension d=2.

In the present work we adopt and develop considerations of the famous work
[B93] and of our very recent work [GN18].

In Section 2 we give some preliminaries and notations.

Main results are presented in detail in Sections 3.

Related proofs are given in Sections 4-9.

2. Some preliminaries
Notations Let
(2.1) Q=RIxS% 1,
(2.2) r(z,0)=|z—(20)0|, (z,0)€Q,
(2.3) Q(0)={(z,0) eQ:r(x,0) >},
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(2.4) Q1(8) =\ () = {(x,0) €Q:7(z,0) <5}, >0,
(2.5) QA)={(z,0) eRIxS¥L:r(z,0) €A}, AC[0,+00),
(2.6) To(8) ={(x,0) e TS : |z| > 5},

(2.7) T1(8)={(z,0) e TS* ' : 2| <6}, 6>0,

(2.8) T(A)={(z,0)€TS* " :|z| €A}, AC[0,+00),

(2.9) Tre=(r—e,r+e)N[0,+00), r€]0,+00), €>0.

The set Ty (d) in (2.6) is considered as the set of all rays in R? which are located
at distance greater than ¢ from the origin.

The set T1(3) in (2.7) is considered as the set of all rays in R? which are located
at distance less or equal than § from the origin.

We also consider the projection

(2.10) T:Q— TS
(2.11) m(z,0)=(mpx,0), (z,0)e
(2.12) mox =z —(26)90.

In addition, r(z,#) of (2.2) is the distance from the origin {0}€R? to the ray
vy=y(w(x,0)) (i.e., r(z,0)=]|mgz|). The rays will be also denoted by
(2.13) 7=1(z.0) E y(n(z.6), (2.0)€Q.

We also consider

(2.14) Py f(x,0)=Pw f(r(z,0)) for (z,0)eQ
We also define
(2.15) B(xg,0) ={z e R®: |[x—x0| < 6},
' B(xo,0) ={zeR%: |z —2¢| <5}, 20€R? §>0,
(2.16) B=B(0,1), B=DB(0,1).
For a function f on R? we denote its restriction to a subset YCR? by f|s.
By Cy, C§° we denote continuous compactly supported and infinitely smooth
compactly supported functions, respectively.
By C*(Y), a€(0,1), we denote the space of a-Holder functions on Y with the
norm:

lullcay) = llulle) +llullga vy,

() —ulys)]

(2.17) lullpayy = sup W)
Y1,Y2€Y |y1 y2|
ly1—y2|<1

where ||u[|¢(y) denotes the supremum of |u| on Y.
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Rotation invariance Using formula (1.6), for positive and continous W, prop-
erty (1.9) can be rewritten in the following equivalent form:

(2.18) W(z,0)=U(|lz—(x0)0],20), zcR¢ HesSi!
for some positive and continuous U such that

(2.19) U(r,s)=U(-r,s)=U(r,—s), reR, seR.
In addition, symmetries (2.18), (2.19) of W can be also written as

(2.20) W(z,0)=U(|z|,260), (x,0)€,

(2.21) U(r,s)=U(—r,s)=U(r,—s), reR, seR.

where U is positive and continuous on R x R. Using the formula |z|2=|26|2+12(z, §),
one can see that symmetries (2.18), (2.19) and symmetries (2.20), (2.21) of W are
equivalent.

Partition of unity We recall the following classical result (see, e.g., Theorem 5.6
in [M92]):
Let M be a C*°-manifold, which is Hausdorff and has a countable base. Let also
{U:}22, be an open locally-finite cover of M.

Then there exists a C*-smooth locally-finite partition of unity {1;}2, on M,
such that

(2.22) supp ¢; C U;.

In particular, any open interval (a,b) CR and 2 satisfy the conditions for M
of this statement. It will be used in Subsection 3.1.

3. Main results

Theorem 1. There exist a weight W satisfying (1.4) and a non-zero function
fEC(RY), d>2, such that

(3.1) Pyf=0 onTS™ 1,

where Py is defined in (1.1). In addition, W is rotation invariant, i.e., satisfies
(2.18), and f is spherically symmetric with supp f CB. Moreover,

(3.2) W e C=(Q\Q(1)),
(3.3) WeC*(RYxS* 1) for any a € (0, ), ap=1/16,
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(3.4) W>1/2 onQ and W=1 on Q([1,+00)),
(3.5) W(z,0)=1 for|z|>R>1, S,

where Q, Q(1), Q([1,400)) are defined by (2.1), (2.5), R is a constant.

The construction of W and f proving Theorem 1 is presented below in Sub-
sections 3.1, 3.2. In addition, this construction consists of its version in dimension
d=2 (see Subsection 3.1) and its subsequent extension to the case of d>3 (see
Subsection 3.2).

Theorem 1 directly gives counterexamples to Injectivity 1 and Injectivity 3 of
Introduction. Theorem 1 also implies the following counterexample to Injectivity 2
of Introduction:

Corollary 1. For any a€(0,1/16) there is N >0 such that for any 6>0 there
are Ws, fs satisfying

(36) Wng/Q, W5€CQ(R2XSI), ||W5HCO‘(R2><S1)§N
(3.7) fs€C=(R?), [f5;#0, suppfs CB(0,0),
(3.8) Py, fs=0 on TS

The construction of Wy, fs proving Corollary 1 is presented in Subsection 5.1.

Theorem 2. For any neNU{oo} there exists a weight W,, satisfying (1.4)
such that

(3.9) dimker Py, >n in C5°(RY), d>2,

where Py is defined in (1.1). Moreover,

(3.10) W, €C®R*xS")  ford=2,

(3.11) W, is infinitely smooth almost everywhere on R¢ xS ! and
W, € C*(R*xS*1), ac(0,1/16) for d >3,

(3.12) Wy(z,0)=1 for|z|>R>1, 0€S* ! forneN, d>2,

where R is a constant.

The construction of W,, proving Theorem 2 is presented in Section 4. In this
construction we proceed from Theorem 1 of the present work for d>3 and from the
result of [B93] for d=2. In addition, for this construction it is essential that n<+4oo
in (3.12).
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3.1. Construction of f and W for d=2

In dimension d=2, the construction of f and W adopts and develops consider-
ations of [B93] and [GN18]. In particular, we construct f, first, and then W (in this
construction we use notations of Section 2 for d=2). In addition, this construction
is commented in Remarks 1-5 below.

Construction of f The function f is constructed as follows:
Ry
SO
=1

(814)  fule)=Fullal) = D2 (1—|a])) cos(8"|z2), z € B2, kEN,

for arbitrary ®€C>(RR) such that

(3.15) supp ®=1[4/5,6/5],
(3.16) 0<®(t)<1 forte(4/5,6/5),
(3.17) ®(t)=1, forte[9/10,11/10],

® monotonously increases on [4/5,9/10]

(3.18) and monotonously decreases on [11/10,6/5].

Properties (3.15), (3.16) imply that functions f;, (and functions f;) in (3.14) have
disjoint supports:

suppfiﬂsuppszg if 1£7,
= 6 4
suppfy =[1—27" (5) ,1-27F (5)], i, j, keN.

This implies the convergence of series in (3.13) for every fixed z€R2.

(3.19)

Lemma 1. Let f be defined by (3.13)—(3.17). Then f is spherically symmetric,
f€CE(R?) and supp fCB. In addition, if yeTS', yNB#@, then f|,#0 and f|,
has non-constant sign.

Lemma 1 is similar to Lemma 1 of [GN18] and it is, actually, proved in Sec-
tion 4.1 of [GN18].

Remark 1. Formulas (3.13)—(3.17) for f are similar to the formulas for f in
[B93], where Py was considered in R?, and also to the formulas for f in [GN18],
where the weighted Radon transform Ry along hyperplanes was considered in R3.
The only difference between (3.13)—(3.17) and the related formulas in [GN18] is the
dimension d=2 in (3.13)—(3.17) instead of d=3 in [GN18]. At the same time, the
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important difference between (3.13)—(3.17) and the related formulas in [B93] is that
in formula (3.14) the factor cos(8¥|z|?) depends only on |z|, whereas in [B93] the
corresponding factor is cos(3¥¢) which depends only on the angle ¢ in the polar
coordinates in R?. In a similar way with [B93], [GN18], we use the property that
the restriction of the function cos(8|z|?) to an arbitrary ray +y intersecting the open
ball oscillates sufficiently fast (with change of the sign) for large k.

Construction of W In our example W is of the following form:

N
W(:I?, 9) = d’l(x) <Z fl(’l"(l’, 9))W1(£C, 0)) +¢2(‘T>
i=0

N
(3.20) =¢1(x) <§0(r(x, 0))Wo(z, 9)4—2 &i(r(z, 0)W;(z, 9)) +¢a(x),
i=1
(z,0) €9,
where
pr=01(|z]), d2=2(|z])
(3.21) is a C'°°-smooth partition of unity on R? such that,
' $1=0 for |z|>R>1, ¢1=1for x| <1,
$2=0 for |z| <1,
(3.22) {&(s), seR}Y, isa C*-smooth partition of unity on R,
(3.23) &i(s)=&(—s), seR, i=0,N,
W;(z,6) are bounded, continuous, strictly positive
and rotation invariant (according to (2.18)), (2.21) on
(3.24) the open vicinities of supp&;(r(x,0)), i= 0, N, respectively.

From the result of Lemma 1 and from (3.20), (3.21) it follows that

N
(3.25)  Pwf(x,0) =&(|2l) Pw, f(,0)+ ) &i(l2)) Pw, f(2.6), (,0) €TS',
i=1
where W is given by (3.20). Here, we also used that 7(x,0)=|xz| for (x,0)eTS!.
From (3.20)—(3.24) it follows that W of (3.20) satisfies the conditions (1.4),
(2.20), (2.21).
The weight Wy is constructed in next paragraph and has the following proper-
ties:

(3.26) Wy is bounded, continuous and rotation invariant on Q(1/2,+00),



342 F. O. Goncharov and R. G. Novikov

Wo e C®(22((1/2,1)U(1,4+00))) and
(3.27) Wy e C*(Q(1/2,400)) for a€(0,1/16),
there exists dg € (1/2, 1) such that:
(3.28) Wo(z,0)>1/2 if r(x,0) > do,
Wo(z,0)=1 if r(z,0)>1,
(3.29)  Pw, f(2,0)=0 on Q((1/2,+00)),
where Py, is defined according to (1.1) for W=W,, f is given by (3.13), (3.14).
In addition,
(3.30) supp &o C (—00, —d)U(dg, +00),
(3.31) &(s)=1 for |s|>1,
where dp is the number of (3.28).
In particular, from (3.28), (3.30) it follows that
(3.32) Wo(z,0)E0(r(x,0)) >0 if &(r(x,0)) > 0.
In addition,

(3.33) &i(r(z,0))W;(x,0) are bounded, rotation invariant and C* on 2,
(3.34) Wi(z,0)>1/2 if &(r(x,0))#£0,
(3.35) Py, f(z,0)=0 on (z,0) €TS', such that &(r(x,6))#0,
i=1,N, (z,0)€.
Weights Wi, ..., Wx of (3.20) and {&}Y, are constructed in Subsection 3.1.

Theorem 1 for d=2 follows from Lemma 1 and formulas (3.20)—(3.29),
(3.32)—(3.35).

We point out that the construction of Wy of (3.20) is substantially different
from the construction of W1, ..., Wy. The weight Wy is defined for the rays y€TS!
which can be close to the boundary 9B of B which results in restrictions on global
smoothness of Wjy.

Remark 2. The construction of W summarized above in formulas (3.20)—(3.35)
arises in the framework of finding W such that

(3.36) Py f=0 on TS for f defined in (3.13)(3.18),

under the condition that W is strictly positive, sufficiently regular and rotation in-
variant (see formulas (1.4), (2.18), (2.19)). In addition, the weights W;, i=0, ..., N,
in (3.20) are constructed in a such a way that

(3.37) Py, f=0 onV,;, i=0,...,N,
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under the condition that W;=W;(x,~) are strictly positive, sufficiently regular and
rotation invariant for z€~v, veV;CTS!, i=0, ..., N, where

(3.38) {Vi}X, is an open cover of TS' and Vy = Ty(6),

(3.39) Vi=T(A;) for some open A; CR, i=0,...,N,

where Ty is defined in (2.6), dp is the number of (3.28), T'(A) is defined in (2.8).
In addition, the functions &;, i=0,..., N, in (3.20) can be interpreted as a parti-
tion of unity on T'S! subordinated to the open cover {V;}¥ . The aforementioned
construction of W is a two-dimensional analog of the construction developed in
[GN18], where the weighted Radon transform Ry along hyperplanes was consid-
ered in R3. At the same time, the construction of W of the present work is similar

to the construction in [B93] with the important difference that in the present work
f is spherically symmetric and W, W;, =0, ..., N, are rotation invariant.

Construction of Wy Let {¢1}72, be a C°° partition of unity on (1/2,1) such
that

(3.40) supp ¢y C (1—27F1 1-27F"1) keN,
(3.41) first derivatives 1}, satisfy the bounds: sup [} < C2¥,

where C'is a positive constant. Actually, functions {1} 72 ; satisfying (3.40), (3.41)
were used in considerations of [B93].
Note that

(3.42) 1—2==2-L 1 _97k(6/5), k>3
Therefore,
(3.43) for all sg, to €R, 5o €supp thp_a, to€supp ®(28(1—t)) = so <to, k>3.

Weight Wy is defined by the following formulas

o) oy 2 0)
(3.44)  Wo(z,0) = 1-G(z,0) k§3k!fk(l’) Ho@.0) 1/2<r(x,0)<1,
1, r(z,0)>1,
(3.45) G(z,0)= / fly)dy, Hg(z,0)= / f2(y)dy, z€R2, feS!,
v(,0) ~(z,6)

where f, fi are defined in (3.13), (3.14), respectively, rays y(x,0) are given by
(2.13).
Formula (3.44) implies that Wy is defined on Q4(1/2) CQ.
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Due to (3.14)—(3.17), (3.40), (3.43), in (3.45) we have that

(3.46) Hy(x,0)#0 if ¢p_o(r(x,0)) #0, (x,0) €Q,

Yr—2(r(z,0))

(3.47) AEN)

eC>®(Q(1/2,1)),
where r(z,0) is defined in (2.2), ©, Q(-) are defined in (2.1), (2.5), d=2.

Also, for any fixed (z,0)e€, 1/2<r(z,0), the series in the right hand-side of
(3.44) has only a finite number of non-zero terms (in fact, no more than two) and,
hence, the weight W is well-defined.

By the spherical symmetry of f, functions G, Hy, in (3.44) are of the type (2.18)
(and (2.20)). Therefore, Wy is rotation invariant (in the sense of (2.18) and (2.20)).

Actually, formula (3.29) follows from (3.13), (3.14), (3.44), (3.45) (see Subsec-
tion 6.2 for details).

Using the construction of Wy and the assumption that r(x,0)>1/2 one can see
that Wy is C*° on its domain of definition, possibly, except points with r(z,0)=1.

Note also that due to (3.13), (3.14), the functions fi, G, Hy, used in (3.44),
(3.45) can be considered as functions of one-dimensional arguments.

Formulas (3.26)—(3.28) are proved in Subsection 6.1.

Remark 3. Formulas (3.44), (3.45) given above for the weight Wy are considered
for the rays from Ty(dp) (mentioned in Remark 2) and, in particular, for rays close
to the tangent rays to dB. These formulas are direct two-dimensional analogs of the
related formulas in [GN18]. At the same time, formulas (3.44), (3.45) are similar to
the related formulas in [B93] with the important difference that f, fj are spherically
symmetric in the present work and, as a corollary, Wy is rotation invariant. Also,
in a similar way with [B93], [GN18], in the present work we show that G(z, §) tends
to zero sufficiently fast as r(x,8)—1. This is a very essential point for continuity of
Wy and it is given in Lemma 3 of Subsection 6.1.

Construction of Wy, ..., Wx and &y, ....,EN

Lemma 2. Let feC§°(R?) be spherically symmetric, (xq,00)€TS!,
Jly(@o,00)Z0 and fly(zo.00) changes the sign. Then there exist £9>0 and weight
Wi(ao,60),e0 Such that
(348) PW(zoyg[)),Eof:O on Q(jT(xo,GO),EU)v

Wizo.00),e0 8 bounded, infinitely smooth,

(3.49) strictly positive and rotation invariant on Ty (zy,00),c0)5

where U Tre0)s Treo are defined in (2.5) and (2.9), respectively.
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Lemma 2 is proved in Section 7. This lemma is a two-dimensional analog of
the related lemma in [GN18].

Remark 4. In Lemma 2 the construction of W, g,)., arises from

1. finding strictly positive and regular weight W, g,). on the rays y=~(z,0)
with fixed =00, where r(z,60) € Ty (2,6,),c for some >0, such that (3.48) holds for
#=0y and under the condition that
(3.50)

W(gcg,é’o),s(ya 7) = W(x0,90)75(|y90|7 ’7), yey= ’V(xa 00)7 T(:L’, 00) € jr(xo,eg),e;

2. extending Wi (z,,0,),c to all rays y=v(x,0), 7(x,0)€ Ty (20,00)e feS', via
formula (1.9).
We recall that r(z, ) is defined in (2.2).

Let f be the function of (3.13), (3.14). Then, using Lemmas 1, 2 one can see
that

for all § € (0,1) there exist {J; =T, ;s Wi = W(mhgi)’gi}i]il

such that J;, i=1, N, is an open cover of [0, 4] in R,
(3.51) and W; satisfy (3.48) and (3.49) on Q(J;), respectively.

Actually, we consider (3.51) for the case of 6=4dp of (3.28).
Note that in this case {Q(J;)}Y, for J; of (3.51) is the open cover of Q; ().
To the set Qy(dp) we associate the open set

(352) Jo= ((50, +OO) CR.

Therefore, the collection of intervals {+.J;, =0, N} is an open cover of R, where
—J; is the symmetrical reflection of J; with respect to {0} €R.
We construct the partition of unity {&}X, as follows:

(359) 6(5) =) = 5(E(5)+E:(~5)), s€R
(3.54) supp&; C J;U(=J;), =0, N,

where {£;} N is a partition of unity for the open cover {J;U(—.J;)} X, (see Section 2,

Partition of unity, for U;=J;U(—J;)).
Properties (3.30), (3.54) follow from (2.22) for {&}N, with U;=J;U(—J;), the
symmetry of J;U(—J;), i=1, N, choice of Jy in (3.52) and from (3.53).
In turn, (3.31) follows from (3.52) and the construction of J;, i=1, N, from
(3.51) (see the proof of Lemma 2 and properties (3.51) in Section 7 for details).
Properties (3.33)—(3.35) follow from (3.51) for =4y and from (3.52)—(3.54).
This completes the description of W1, ..., Wx and {&}Y .
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Remark 5. We have that J;=A;, i=1,..., N, where A; are the intervals in
formula (3.39) of Remark 2 and J; are the intervals considered in (3.51), (3.52).

3.2. Construction of W and f for d>3

Consider f and W of Theozem 1, for d=2, constructed in Subsection 3.1. For
these f and W consider f and U such that

(3.55) f(@)=f(z)), W(z 0 =U(z|,|z6]), x€R? 6eS".

Proposition 1. Let W and f, for d>3, be defined as

(3.56) W(z,0)=U(|zl|, |z8]), (x,0)cRIxS4"
(3.57) fl@)=f(lzl), zeR,

where ﬁ, f are the functions of (3.55). Then

(3.58) Pwf=0 on TSt

In addition, weight W satisfies properties (3.2)—(3.5), f is spherically symmetric
infinitely smooth and compactly supported on R?, f#0.

Proposition 1 is proved in Subsection 5.2.
This completes the proof of Theorem 1.

4. Proof of Theorem 2
4.1. Proof for d>3

Let

(4.1) W be the weight of Theorem 1 for d> 3,

R be the number in (3.5) for d >3,

{y:}52, be a sequence of vectors in R? such that y; =0, |y;—y;|>2R
(4.3) fori#j, i,j €N,

{B;}2°, be the closed balls in R? of radius R centered at y;
(4.4) (see (4.2), (4.3)).
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The weight W, is defined as follows

1 ifzﬁfﬁ B,
i=1
W(x_yhg):W(ﬁE,a) if(EEEh
W(l’*y279) lf ‘T€§27
W(‘r_ylwe) if J,‘EEIW
W(x_ynag) ifx€§n7

0S¥, neNu{x}, d>3,

where W is defined in (4.1), y; and B; are defined in (4.3), (4.4), respectively.
Properties (1.4), (3.11) and (3.12) for W,,, defined in (4.5), for d>3, follow
from (3.2)—(3.5), (4.1), (4.2).
Let

(46)  fi@) Y r@), fol@) X f@r—ya), o fa(@) L fla—yn), xR, d>3,

where y; are defined in (4.3) and

(4.7) f is the function of Theorem 1 for d > 3.

One can see that

(4.8) fi€Cg°(RY), d>3, fi#0, supp f; C B;, B;NB; = for i+ j,

where B; are defined in (4.4), i=1,...,n.
The point is that

(4.9) Py, fi=0 onTS¥' d>3 i=1,..,n,
(4.10) fi are linearly independent in C$°(R?), d>3, i=1,...,n,

where W, is defined in (4.5), f; are defined in (4.6).
To prove (4.9) we use, in particular, the following general formula:

Puw, f,(2,0) = / Wy —y. 0)1 (4 —)dy’
~(x,0)

(4.11) = / W', 0)f(y)dy' = Pw f(z—y,0), zcR? Hesit

v(z—y,0)
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(4.12) Wy(z,0)=W(z—y,0), f,=f(z—y), , yeR? gesit

where W is an arbitrary weight satisfying (1.4), f is a test-function, v(z, 0) is defined
according to (2.13).

Formula (4.9) follows from formula (3.1), definitions (4.5), (4.6), (4.7), proper-
ties (4.8) and from formulas (4.11), (4.12).

Formula (4.10) follows from definitions (4.6), (4.7) and properties (4.8).

This completes the proof of Theorem 2 for d>3.

4.2. Proof for d=2

In [B93], there were constructed a weight W and a function f for d=2, such
that:

(4.13) Pwf=0 onTS',
(4.14) W=W2>c>0, WeC®R*xS!),
(4.15) fECF(R?), f#0, suppfC B,
where c is a constant, B is defined in (2.16).
We define
(4.16) W(z,0)=c 1 (x)W (x,0)+pa(z), zeR? S,

where W is the weight of (4.13), (4.14), ¢ is a constant of (4.14).
61 =01(x), ¢o=dhs(x) is a C*°-smooth partition of unity on R? such that,
¢1=0 for|z|>R>1, ¢1=1for |z|<1, ¢ >0 on R2,
¢2=0 for |z| <1, ¢ >0 on R?

(4.17)

where R is a constant.

From (4.13)—(4.17) it follows that
(4.18) Py f=0 on TS,
W>1, WeC®R*xS"),
(4.19) N
W(z,0)=1 for|z|>R>1, 0cS".

The proof of Theorem 2 for d=2 proceeding from (4.15), (4.16), (4.18), (4.19) is
completely similar to the proof of Theorem 2 for d>3, proceeding from Theorem 1.
Theorem 2 is proved.
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5. Proofs of Corollary 1 and Proposition 1
5.1. Proof of Corollary 1

Let
(5.1) X, ={z1e1+aoeatres: (z1,20) ER?Y, 0<r<1,
(5.2) S = XoNS?={(cos ¢,sin¢,0) € R*: ¢ € [0,2m)} ~S*.

where (e, e2, e3) is the standard orthonormal basis in R3.

Without loss of generality we assume that 0<d<1. Choosing r so that v/1—4§2<
r<1, we have that the intersection of the three dimensional ball B(0,1) with X,
is the two-dimensional disk B(0,4"), ¢’ < (with respect to the coordinates (x1,x2)
induced by basis (e, e2) on X,.).

We define N, Ws on RZxS' and f5 on R? as follows:

(5.3) N =[W|ca®axs2),

(5.4) Ws:=W|x,xs,
fs=Fflx,,

(5.5) for r=1+/1-02,

where W and f are the functions of Theorem 1 for d=3.
Due to (3.2)—(3.4), (5.3), (5.4) we have that

(5.6) Ws>1/2, |[Ws|lcamexsy <N.

Properties (5.6) imply (3.6).

In view of Lemma 1 for the function f of Theorem 1, we have that fs is
spherically symmetric, fs€C§°(B(0,¢")), fsZ£0.

Using (3.1), (5.4), (5.5) one can see that (3.8) holds.

This completes the proof of Corollary 1.

5.2. Proof of Proposition 1

Let

(5.7) 1(r)= / Tllyl ) F(lyl) dy. 720, 7 =(res,er),

where v(z,6) is defined by (1.3), (e1, ..., eq) is the standard basis in R%.
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Due to formula (3.1) of Theorem 1 for d=2 and formulas (3.55), (5.7) we have
that

(5.8) I(r)=Pw f(rez,e1)=0 for r>0.

Next, using (1.1), (3.55), (5.8) we have also that

69 Put.0= [ Tolly—woODF (s dy=1(e) =0 for (z.0) TS,
v(x,0)
where (z, 0) is defined in (1.3).
Formula (5.9) implies (3.58). Properties of W and f mentioned in Proposition 1

follow from properties (3.2)—(3.5) of W and of f of Theorem 1 for d=2.
This completes the proof of Proposition 1.

6. Proofs of formulas (3.26)—(3.29)
6.1. Proof of formulas (3.26)—(3.28)

Lemma 3. Let Wy be defined by (3.44), (3.45). Then Wy admits the following

representation:
(61) Wo(iﬂ,g):Uo(|$*($9)9|,$0), ,(I,H)GQ((1/2,+OO)),
1—@(7’) = k!fk((52+r2)1/2)M, 1/2<r<1,

(6.2) Uo(r,s)= k=3 Hi(r)
1, r>1,

©3) GO [Fhdy B0 [ Ry F=3
Y A k=1

s€R, x€R?, v, is an arbitrary ray in T(r), r>1/2,

where fi, are defined by (3.14), T(r) is defined by (2.8), d=2. In addition:

(6.4) Uy s infinitely smooth on {(1/2,1)U(1,+00)} xR,
Uo(r,s) — 1 asr—>1 (uniformly in s €R),
Us(r,s)=1 if s*+r2>1,

1

(6.7) |1—Uo(r,s)| < Co(1—7)"/?1ogs <1——r> ,

for1/2<r<1, seR,
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|Uo(r,s)—=Up(r’,8")| < Ci|s—s'|*+Ci|r—r'|%,
(6.8) for a€(0,1/16), r,r’' >1/2, 5,8 €R, |r—1'| <1, |s—5'| <1,

where Cy, Cy are positive constants depending on ® of (3.15)—(3.17).

Lemma 3 is proved Section 8.

Lemma 3 implies (3.26)—(3.28) as follows.

The continuity and rotation invariancy of Wy in (3.26) follow from (2.18),
(2.19), (6.1), (6.8).

Due to (3.40), (6.1), (6.2), (6.3) we have also that

(6.9) Up admits a continuous extension to [1/2,4+00) xR.

Properties (6.6), (6.9) imply the boundedness of Wy on Q¢(1/2), where () is
defined in (2.3), d=2. This completes the proof of (3.26).

Formula (3.27) follows from (6.1), (6.4), (6.8) and from the fact that 6,
|x—(20)0| are infinitely smooth functions on Q4(1/2) and are Lipshitz in (z,6)
for € B(0, R), R>1.

Formula (3.28) follows from (3.26), (6.1), (6.2), (6.5), (6.6).

This completes the proof of (3.26)—(3.28).

6.2. Proof of formula (3.29)
From (1.1), (3.13)~(3.16), (3.40), (3.44), (3.45) it follows that:
I Fw) fr(y)dy

_ —G(x 3 rr e
Puvy f(2,0) = ( /9 | F0) dy=Glw0) 3 Konalrle, )=,
v(z,

. (f)f;?(y)dy
~(x,0
- [ 1wa- [ L O

v(,0) v(x,0) ~v(x,0)

©) = [ foay- [
x,0

F)dy > p_a(r(z,0)) =0 for (z,0) € Q(1/2),
+(,8) ~(,0) k=3

where y(z, 0) is defined in (1.3), Qo(:) is defined in (2.3), d=2.
Formula (3.29) is proved.
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7. Proof of Lemma 2

By u€R we denote the coordinates on a fixed ray v(x,0), (x,0)€Q, d=2,
taking into account the orientation, where u=0 at the point z— (z)0e€~(x,0); see
notation (2.13).

Using Lemma 1, one can see that

(7.1) Fly@o) €CEC(R),  fly,0) (1) = fly@o)(Jul), ueR.

Using (7.1) and the assumption that f|,, 9,)(%) changes the sign, one can see
that there exists 1, g,) such that

(7.2) V(zo.00) €Co (R),  Pao.00) 205 Y(ag.00) (W) = Y(ag.00)(ul), uER,

(7.3) / oy do 20,

Y(z0,00)
and if
(7.4) / fdo#0
~(x0,00)
then also
(7.5) sgn( / fdo)sgn( / S (0,00) do) = —1,
~¥(x0,60) ~¥(x0,00)

where do=du (i.e., o is the standard Euclidean measure on «(z, 9)).

Let
| fdo
(T.6)  Wiag.g0) (@, 0) = 10y 00 () 2 . zeR? ges,
f’y(mﬁ) f(ao.60) do
where do=du, where u is the coordinate on ~y(z, 6).
Lemma 1 and property (7.2) imply that
(7.7) / fdo and / S (0,00) do depend only on 7(z,0),

y(x,0) v(z,0)
where (z,0) € Q,

where r(z,0) is defined in (2.2), Q is defined in (2.1), d=2.
From (7.2), (7.6), (7.7) it follows that W(,, g,y is rotation-invariant in the sense
(2.18).
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Formulas (7.3), (7.6), (7.7), properties of f of Lemma 1 and properties of
V(z,6,) Of (7.2) imply that

(78) Jde; >0: / fw(xoﬂgo) do 7£ 0 for ((E, 0) S Q(jT(xo,Go),al)a
v(x,0)
where sets Q(Js.c), Js,e are defined in (2.5), (2.9), respectively.

In addition, using properties of f of Lemma 1 and also using (3.13), (3.19),
(7.2), (7.6), (7.8), one can see that

(79) W(Ioﬁo) € Cm(ﬂ(jr(loﬁn)ﬁl))'
In addition, from (7.1)—(7.7) it follows that

[ fdo

. (z0,60)
if r(x,0)=r(xg,0y) then W, z,0)=1—(, 6 i
( ) ( 0 0) ( 0,90)( ) ( 0,90)( ) f f¢(zo,eo) do
v(z0,00)

f fdo

(z0,00)
7.10 =1 (s g0 (20) — >1,
( ) ( 0790)( ) ( fa ) f¢(x0,90) do
Y(Zo,b0

where r(z,0) is defined in (2.2), d=2.
From properties of f of Lemma 1, properties of 9, 4,y of (7.2) and from
formulas (7.6), (7.8), (7.9), (7.10) it follows that

(711) 380 >0 (Eo < 81) : W(mo’go)(x, 9) > 1/2 for (J), 9) S Q(jT(wo,Go),Eo)'
Let
(712) W(wo,@o),&g = W(Io,eo) fOr (I, 0) E Q(j’l‘(a?o,eo),ffo)7

where Wiz, g,) is defined in (7.6).

Properties (7.7), (7.9), (7.11) imply (3.49) for W, 9.),e, of (7.12).
Using (1.1), (7.6), (7.8), (7.12) one can see that
Py @0 = [ Wy (-0)f do
v(,0)
fdo
(z,9)
7.13 = / fdo ——2 / (a0 0y do =0
(719 | F¥@o60) do (rot0)
v(=,0) ¥(x,0) v(x,0)

for (z,0) € QTr(x0.60).c0):
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where (-) is defined in (2.5), d=2, J, ¢ is defined in (2.9). Formula (3.48) follows
from (7.13).

Lemma 2 is proved.

8. Proof of Lemma 3

Proof of (6.1)-(6.3) Using (2.2), (3.13), (3.14), (3.45), (6.3) we obtain

(8.1) G(z,0)= /f
v(x,0)
(8.2) Hi(w, 0) = Hy(r(z, 0)) = / () da
v(z,0)
(8.3) Fr(z]) = frl(|20] +]z—(20)0)' /%), (2,0) € Q(1/2),

where Qq(-) is defined in (2.3), d

=2, v(z,0) is defined as in (2.13).
Formulas (3.44), (3.45), (8.1)—(8.

3) imply (6.1)—(6.3).
Proof of (6.4) Let

(8.4) Ap=(1-27FF 19271 LkeN, k>4

From (3.40) it follows that, for k>4:

(8.5) supp Y1 C (1-27%+2 1-27F),
SUpp Yo C (1—27F+3 127 Fhy = A,
supp Y3 C (1—27F+ 127~

Due to (6.2), (6.3), (8.5)—(8.7), we have the following formula for Uy:

r.s)=1—C(r 1 f s24p2)1/2 Yr—3(7)

Uo(r,s)=1-G(r) <(k DUfe—1((s”+77) )T_l(r)
F((s2412)1/2 Yr—a(r)

(8.8) +E fr((s*+7r7) >7ffk(r)

+<k+1>!fk+1(<s2+r2>1/2>—§’;‘1((7")))
ya(r

forre A, seR, k>4.
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From (6.3), (8.8) it follows that

9"Uy o O fr1((s* 7)) Yyp_s(r)
5an (r,s)=—G(r) ((kl)! 5an o (1)
(8.9) +k|a"fk((52+7’2)1/2) Yr—2(r)
' T
A = G i) 15k_1(r)>
Osm Hyya(r))
oG [ o
37(7")2 Wf:((SQ‘FTQ)l/Q)dS»
o 7 _OO+OO o
810)  TEn= [ () ) s

relg, seR, m>1, n>0, k>4,

where G, H,, are defined in (6.3).

Using Lemma 1 and formulas (3.13), (3.14), (3.40)—(3.47), (6.3) one can see
that:

f, fm_g, é, ﬁm belong to C5°(R),

(811) 11)77172 %)
= belongs to C5°((1/2,1)) for any m > 3.

m

From (8.9)—(8.11) it follows that Uy(r, s) has continuous partial derivatives of
all orders with respect to reAy, s€R. It implies that UyeC>®(Ax xR). From the
fact that Ay, k>4, is an open cover of (1/2,1) and from definition (6.2) of Uy, it
follows that UpeC*>({(1/2,1)U(1, +00)} xR).

This completes the proof of (6.4).

Proof of (6.6) From (3.14)—(3.17) it follows that
(8.12) fe(lz))=0 if |#]>1 for keN.

Formula |z|?=|26|?+|z— (20)0]?, x€R?, 0eS!, and formulas (6.2), (8.12) imply
(6.6).
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Proofs of (6.7)—(6.8)

Lemma 4. There are positive constants ¢, k1 depending on ® of (3.15)—(3.17),
such that

(i) for all k€N the following estimates hold:

(8.13) fel <1,
(8.14) il < 8%,

where f,’f denotes the deriwative of fj, defined in (6.3).
(ii) for k>ky and 1/2<r<1 the following estimates hold:

(8.15) Ye2(r) < 2k,
Hk(T‘)
(8.16) dii (%) <2k,

where Yy are defined in (3.40), Hy, is defined in (6.3).
(iii) for k>3 and r>1-27% the following estimates hold:

_ —k

(8.17) |G(r)] Sc%,
~ k
(8.18) %(r) gc%,

where G is defined in (6.3).

Lemma 5. Let Uy be defined by (6.2)—(6.3). Then the following estimates are
valid:

(819) %(T,S) S (1_6;_)3’ %(T,S)‘ S (1_6;-)5

forre(1/2,1), seR,

where C is a constant depending only on ® of (3.15)—(3.17).

Lemmas 4, 5 are proved in Subsections 9.1, 9.2, respectively.
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Proof of (6.7) From (8.15), (8.17) it follows that

(8.20) G()] < e2v3) 2 (k—3)L
|¢3_2<r> < ooh
H(r) |7

(8.21) for r € Ay, k>max(4, k1),

where Ay is defined in (8.4).
Properties (8.5)—(8.7) and estimate (8.15) imply that

¢k—l(r):07

: o—k+3 1 _o—k+2
(8.22) 1,@’“_3(7“) gt ifre(1-2 ,1-2 ),
Hya(r)|

wk72(r> :07
(8.23) Droor (1) if re (1—27FF2 127K+

¢k—1(r):07
(8.24) 0 if r=1-27F+2

for k>max(4, ky).

Note that the assumption that r€Ay is splitted into the assumptions on r of
(8.22), (8.23), (8.24).

Using formulas (8.8), (8.20)—(8.24), we obtain the following estimates:

(kD (202)2) L8 7 (2 g2z Vi)

|1—Uo(r, s)| =|G(r)]| Hy1(r) Hy(r)

< e(2v2) 3 (e(k—2) (k—1)2F " 4 e(k—2) (k—1)k2")
(8.25) <2V2P2 7R if e (127K 3 12742y

WA+ 20D )1 (402172 1)

Hi(r) Hi11(r)

<e(2v2) 7R3 (28 (k—2) (k—1)k+ 25T (k—2) (k—1)k(k+1))

1= Uo(r, )| = |G(r)]

(8.26) <210V2c22 M2k if e (12702 127 M)
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|]_—U0(7'7 S)| = |C~7'(’r')| k!fk((82+r2)1/2)%

(8.27) <2V2e227R 23 if r=1-27k+2
for seR, k>max(4, k1). Estimates (8.25)-(8.27) imply that
(8.28) 1-Uy(r,s)| < C27F2k* rely, seR, k>max(4, k),

where C' is a positive constant depending on ¢ of Lemma 4.

In addition, for r€ Ay we have that 27+ < (1—r)<27%3 which together with
(8.28) imply (6.7).

This completes the proof of (6.7).

Proof of (6.8) We consider the following cases of s, s', r, ' in (6.8):
1. Let

(8.29) s,s €R and r,r'>1.

Due to (6.2) we have that

(8.30) Uo(r,s)=1, Ug(r',s')=1.

Identities in (8.30) and assumption (8.29) imply (6.8) for this case.
2. Let

(8.31) s, €R, 1/2<r<1land? >1.

Then, due to (6.2), (6.7) we have that

(8.32) [1=Uo(r,s)| <C(1—r)"/?,

(8.33) Up(r',s") =1,

where s, s, r, 1’ satisfy assumption (8.31), C is a constant depending only on ®. In
particular, inequality (8.32) follows from (6.7) due to the following simple property
of the logarithm:

1
(8.34) logg <1—) <C(a,e)(1—r)~¢ for any e>0, r€[0,1), a>0,
where C(a, €) is some positive constant depending only on a and e.
Due to (8.31), (8.32), (8.33) we have that
Uo(r',8")=Up(r, s)| =|1-Uy(r,s)| <C(1—1)"/3
(8.35) <Clr—r' M3 <C(jr—r' |13 +|s—5'|1/3),

where C is a constant depending only on ®.
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Estimate (8.35) and assumptions (8.31) imply (6.8) for this case. Note that
the case when s,s’€R,; 1/2<r'<1 and r>1 is completely similar to (8.31).
3. Let

(8.36) s, €R and rr'e€(1/2,1).

In addition, without loss of generality we assume that r>7r'.
Next, using (6.4) one can see that
|Uo(r, 8)=Uo(r', 8" =|Uo(r,8)—Uq(r,s")+Uos(r,s")=Us(r’, s")|
<|Uo(r,s)=Uo(r,s")|+|Uo(r,s") = Uo (1", )]
aly, . aly .. ,
. <|=2 =0
(8.37) < |55 (19 5, (1)

for s,s' €R, 7,7’ >1/2, and for appropriate 8, #.

|s—s'|+ lr—7',

Note that 3,7 belong to open intervals (s, s’), (1, r), respectively.
Using (6.7), (8.19), (8.32), (8.37) and the property that 1/2<r'<f<r<1 we
obtain

(8.38) |Uo(r, s)—Up(r', 8| < C((1=r)3 4+ (1—1")1/3),

(8.39) [Uo(r,8)=Up(r',8")| <

c
(1-7’)5 (|S—Sl|+|7"—7"l|)7

where C' is a constant depending only on ®.
We have that

(=) 2 (1) = (1 =) P (A =r) + (r =)V
<2(1—r) 34— |13
3\r—7"|1/3 if 1—r<jr—r'|,
(8.40) <
3(1—r)1/3 if 1—r>|r—r/|,
where r, 7’ satisfy (8.36). Note that in (8.40) we used the following inequality:
y g
(8.41) (a+b)Y™ <a/™ /™ for a>0, b>0, meN.
In particular, using (8.38), (8.40) we have that
(8.42) |Uo(r,8)—Up (1, 8")|** <3PCH5(1—r)® if 1—1 > |[r—7/|,

where s, s, r, 7’ satisfy assumption (8.36), C' is a constant of (8.38), (8.39).
Multiplying the left and the right hand-sides of (8.39), (8.42) we obtain

(8.43) \Uo(r,8)—=Us (1, )M <38 (|s—s|+|r—r']), if 1—r>|r—1|.
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Using (8.38), (8.40) we obtain
(8.44) |Uo(r, s)=Uo(r', s")| <3C|r—r'|/3, if 1—r <|r—7'|,
where C' is a constant of (8.38), (8.39) depending only on ®. Using (8.43) and
(8.41) for m=16, a=|s—s'|, b=|r—r'|, we have that
(8.45) \Uo(r, s)—Up(r', 8| <3C(|s— |V 04— |M16),if 1—r> |r—r],

where s, s',r, ' satisfy assumption (8.36), C' is a constant of (8.38), (8.39) which
depends only on ®.

Formulas (8.44), (8.45) imply (6.8) for this case.
Note that assumptions (8.29), (8.31), (8.36) for cases 1, 2, 3, respectively, cover all
possible choices of s, s',r, " in (6.8).

This completes the proof of (6.8).

This completes the proof of Lemma 3.

9. Proofs of Lemmas 4, 5
9.1. Proof of Lemma 4

Proof of (8.13), (8.14) Estimates (8.13), (8.14) follow directly from (3.14)-
(3.17).

Proof of (8.17) We will use the following parametrization of the points y on
Y(x,0)€TS, (z,0)€Q, r(x,0)#£0 (see notations (2.1), (2.2), (2.13) for d=2):

(9.1) y(B8) =x—(x0)0+tan(B)r(z,0)8, Be(—7/2,7/2),

where 3 is the parameter.
We have that:

(9.2) do(B) =rd(tan(B)) = r=r(z,0),

where o is the standard Lebesgue measure on «y(z, ).
From definitions (3.13), (6.3) it follows that

93) G- &),

r 1
k=1
(9.4) Gu(r) = / Fellwhdy, weT(), r>1/2,

where T'(r) is defined by (2.8).
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Using (3.14), (9.1), (9.2), (9.4) we obtain the following formula for G

m/2
~ 2 ag
= o (28 (1-— )
Grlr)=r / ( ( cosﬂ)) o8 (8 cos? B ) cos? 3
—m/2
“+ o0
={u=tan(f8)}=2r / P (Qk (1—7“\/ u2+1)> cos (8Fr?(u?+1)) du
0
o dt
={t=u?}=r / ® (Qk (1—rVt+1)) cos (8kr2(t+1)) 7i
0
o cos(8Fr2t)
:rcos(SkTQ)/<I>(2k(1—r\/t+1))7dt
0
" sin(8%r2t)
—rsin(8kr2)/<I>(2k(1—r\/t+1))7dt
Vi
0
+o0 .
=87 F/2p =1 cos(812) / @k(t,r)co\s/(i)dt
0
+oo . t)
(9.5) —8F/2p =L gin(8kr2) / ot )W g sy,
Vi
0
where
(9.6) Op(t,r)=®(2F(1—r\/8Fr=2t+1)), t>0, r>1/2, keN.
For integrals arising in (9.5) the following estimates hold:
—+oo
(9.7) / Dy(t, r)¥ dt| < Cy < 400,
0
+o0 .
(9.8) / 0 (t,7) %D 41| < 05 < fo0,

Vi
0
for 1/2<r<1, k>1.

where @y, is defined in (9.6), Cy, Cs are some positive constants depending only on
® and not depending on k and r.

(9.9)

Estimates (9.7), (9.8) are proved in Subsection 9.3.
From (9.5)—(9.8) it follows that

Gr(r)] <2-87%2(Cy+Cy) forr>1/2, keN.
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Note that for y€~,, the following inequality holds:

2F(1—|y|) <2F(1—r)<2F ™ <1/2<4/5
(9.10) for 1-27"<r<1, k<m, m>3,

where 7, is a ray in T(r) (see notations of (2.8), d=2).
Formulas (3.14), (3.15), (6.3), (9.10) imply that

(9.11) YNsupp fr=2 ifr>1-27"" k<m,
In turn, (9.4), (9.11) imply that

(9.12) Ge(r)=0 for r>1-2"" k<m, m>3.
Due to (9.3), (9.4), (9.9), (9.12) we have that:

G| < |Gr(r)|/k!
k=m

(2V2) " S 5 5k, 2VD "
(9.13) <2ACH+Co)— kz:o(%/i) kZCIT
012(01—&-02)%,

forr>1-2"", m>3.

This completes the proof of estimate (8.17).
Proof of (8.18) Using (9.3), (9.4) we have that:

=1
SZE

k=

de (7‘) )

(9.14) .

dG
ar (r)

1
Formulas (3.14), (8.10) for n=1, (8.14), (9.4) imply that

aGy || [ i)
W”‘:/ e
+oo
< [Vt ds= [ 1Dl dy
—o0 Tr
(9.15) <cg® / dy < 28,

¥+NB(0,1)

where B(0, 1) is defined in (2.16), d=2.

)
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At the same time, formula (9.12) implies that

dG(r)
dr

(9.16) =0 forr>1-2"" k<m, m>3.

Formulas (9.14), (9.15), (9.16) imply the following sequence of inequalities:

- I8k
<c— _me r>1-2""" m>3.

9.17 < :
(9.17) ml &= (k+m)!

The series in the right hand-side in (9.17) admits the following estimate:

— mlgk =8k
(9.18) E (l::—m)! < E — =¢® and the estimate does not depend on m.
k=0

Formulas (9.17), (9.18) imply (8.18).

Proof of (8.15) For each ¢y, from (3.40) we have that
(9.19) [ibe| < 1.
Therefore, it is sufficient to show that
(9.20) Hy>C27% fork>ky, C=c".

Proceeding from (6.3) and in a similar way with (9.5) we obtain the formulas

—+oo

~ 2(9k(1_p
fiu()=r [ BT

7 cos?(8Fr2(t+1)) dt

(9.21) = Hp1 () +Hyo(r), r>1/2,

—+oo

r / 2(2F(1—ry/t+1))
2 Vit

(9.22) Hj1(r) =

)

dt,

—+o0

~ r 2(2F(1—r/
Hyoa(r) = / d2(2%(1 t+1))

(9.23) == cos(2-8%r2(t+1)) dt.
2 J NG

In addition, we have that:

9.24 supp, P2 (2F(1—rvt+1)) C[0,3] for 1/2<r<1—2"F+1 [>3,
t
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where supp, denotes the support of the function in variable ¢t. Property (9.24) is
proved below in this paragraph (see formulas (9.26)—(9.29)).
Note that

(9.25) 2k(1—r)y>2~.27F 1 >256/5 for1/2<r<1-27FF k>3
From (3.15), (3.16) and from (9.25) we have that:

(9.26) supp, ®2 (28 (1—rvt+1)) C[0,+00) for 1/2<r<1-27FF k>3,
We have that

3 =ty >0, P =t >0, £ >+ such that

027 2k (1—ry/t £ 1)=11/10,
9.27
2k (1—ry/t +1)=9/10,

k) Lk k k 2=k 27k
(9.28) tg)t§)|2<\/t§)+1\/t§)+1>5r >,

for 1/2<r<1-27FF1 k>3,

In addition, from (9.27) it follows that

—k11\2
i _(1=27"0)" o yq_gktlye gy
t = r2 1< 4( 10) -
9.29 1-27%4%)° 11
(9:29) tg’“):i( 10) —1<4(1-277 )2 1<3,

72 10 -
for 1/2<r<1-27F1 k>3,
Using (3.15)(3.17), (9.22), (9.24), (9.27)-(9.29) we have that

) 14257
r dt _r dt

2/ itz ) Vi

k) 1480

Hy1(r)>

2—k
(9.30) zr(\/tg‘“>+1— tﬁ’“ﬂ)zﬁ for 1/2<r<1-2"%1 k>3

On the other hand, proceeding from using (9.23) and, in a similar way with (9.5)—
(9.9), we have

) 7‘1’2(2’“(1—7"\/?1))

|Hpo(r)| = = 7 cos(2-8"r?(t+1)) dt

\V]

0
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+oo
2.8kr2t
< I cos(2-8%12)] /@2(2’“(14\/15“))%&
2 Vi
0
T w sin(2-8%r2t)
+ | sin(2-8%r2)| /<I>2(2k(1—r\/t+1))7dt
2 / Vit
+ +
<ghel /Ooq>2(t )982 | g-ks2T /wcb2(t )Sin(2t)
—_— T —_ r
= 2 k\Y \/E 2 kE\Y \/E

0
(9.31) <87F2C, for1/2<r<1-2"F1 k>3,

where @y (t,r) is defined in (9.6), C is some constant depending only on ® and
not depending on k,7. In (9.31) we have also used that ®2(¢) satisfies assumptions
(3.15)~(3.17).

Note also that ®2(¢) satisfies assumptions (3.15)—(3.17) for ®(t).

Using (9.21)—(9.23), (9.30), (9.31) we obtain

| Hi(r)| = | Hya (r)| = Hio(r)]

27, k/2
>2 ('8
210 C'-8

(9.32) >27k <1i0 (\%k)

>C-27% for1/2<r<1-2"% k>k >3,

1 / —k
= — — 2 1
C 10 C'(vV2)™k,

where C’ depends only on ®, k; is arbitrary constant such that k>3 and C is
positive.

Formulas (8.15) follows from (3.40), (9.32).

This completes the proof (8.15).

Proof of (8.16) The following formula holds:

d <wm(r>> _ H () (r) = Hi(r)vh,_o(r)

= = , 1/2<r<1,
dr\ Hy(r) Hi(r)

(9.33)

where I:T,’C, 1},_o denote the derivatives of ﬁk, Yy, defined in (6.3), (3.40), respec-
tively.
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Using (3.14), (6.3), (8.10), n=1, (8.13), (8.14) we have that

+oo
\Hy(r)| =2 / ﬁfk(\/rbrﬁ)ﬂ(\/rhrﬁ) ds

+oo

<2 [ A/ R/ ds=2 [ 17luDFiuD dy

—o0 Tr

(9.34) <28k / dy<4c8®, ~.e€T(r), k>3, r>1/2,

+NB(0,1)

where we use notations (2.8), (2.16), d=2.
Using (3.40), (3.41), (8.15), (9.32)—(9.34) we have that

d <w52<r>>
dT Hk(r)

for 1/2<r<1-27F1 k>k >3,

(9.35) < O (| Hy (r)|+ | Hy (r)]- [}, (r)]) < C"2%,

where C’ is a constant not depending on k and r and depending only on ®.
This completes the proof of Lemma 4.

9.2. Proof of Lemma 5

It is sufficient to show that

(9.36) ’ana(:’ ) < (1_07,)3,
(9.37) ‘ana(:, ?) < (15)5,

for seR, re€ Ay, k>max(4,k),

where C'is a positive constant depending only on ® of (3.14), Ay, is defined in (8.4),
k1 is a constant arising in Lemma 4 and depending only on ®.

Indeed, estimates (8.19) follow from (6.4), (9.36), (9.37) and the fact that
Ak, k>4, is an open cover of (1/2,1).

In turn, estimates (9.36), (9.37) follow from the estimates

chkv

(9.38) ‘ 9Uo(r; )

0s
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(9.39) ‘% <C-(32)F,

for seR, re€ Ay,

and from the fact that 27%+1<1—r<27%+3  k>max(4, k), for r€Ay, where C is
a positive constant depending only on .

Estimate (9.38) follows from formula (8.9) for n=1 and estimates (8.14), (8.15),
(8.20)—(8.24).

Estimate (9.39) follows from (8.8), (8.13)—(8.16), (8.20)—(8.24) and from the

estimates:
(940) i ka—i({r) S 025(k+1)7
dr \ Hy_;42(r)
dG(r)| = 8 H+3
41
(9.41) dr |~ “k—3)"

for re Ay, i€{1,2,3},

where c is a constant arising in Lemma 4.

Estimate (9.40) follows from (8.16) (used with k—1, k, k+1 in place of k).
Estimate (9.41) follows from (8.18) (used with k—3 in place of k).

This completes the proof of Lemma 5.

9.3. Proof of estimates (9.7), (9.8)

We use the following Bonnet’s integration formulas (see, e.g., [F59], Chapter 2):

b &1
(9.42) / FOR(E) dt=fr(a) | B(E)dt,
ab ab
(9.43) [ tomeyae=r.0) [ oy,
a &2

for some appropriate &1, £ €Ja, b], where

f1 is monotonously decreasing on [a,b], f1 >0,
(9.44) f2 is monotonously increasing on [a,b], f2>0,

h(t) is integrable on [a, b].
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Let

sin(¢ cos(t
(9.45) (=" )= fg), >0,

r sin(t) /Scos(t)
9.46 G = dt, G = dt, s>0.
(9.46) 1(5) = [ ()= [ <t s

0 0
We recall that

. T _ T
(9.47) SilinooGl(s)—sllinooGg(s)— 5

From (9.45), (9.46), (9.47) it follows that
(9.48) G1, Gy are continuous and bounded on [0, 4+00).

Due to (3.15)-(3.18), (9.6) and monotonicity of the function 2¥(1—rv/8=Fr—2¢+1)
in ¢ on [0, +00) it follows that

(9.49) @ (t,r) is monotonously decreasing on [0, +oc), if 2%(1—r) <11/10,
(9.50) @k (t,r) is monotonously increasing on [0, tg] for some to >0

and is monotonously decreasing on [tg, +-00), if 2¥(1—r)>11/10.
forr>1/2, k€N,

Moreover, due to (3.15)(3.17), (9.6), for T,=8*, k€N, we have that

(951)  Bp(Thr) = B2 (1—r/r2+1) = B2 (1—V/1+12)) =0,
(9.52) O (t,r)=0 for t > T,
(9.53) |®r(t,7)| <1 for t >0,

r>1/2, keN.

Using (9.6), (9.45)—(9.50), (9.52) and (9.42)—(9.44) we obtain

+o00 T &
/ D (t,r)g:(t) dt:/q)k(t,r)gi(t) dt=4(0,7) /gi(t) dt
0 0 0
=& (0,7)G;(&) for appropriate £ € [0, Ty,
(9.54) if 2%(1—r) <11/10,
oo Ty to

/@k(tm)gi(t) dt:/q)k(tm)gi(t) dt

0 0 0

Il
A
E
—
ﬂ@t-
<
~—
)
<
—~
~
~—
U
=
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Ty
+ / B (t, 7)gs (1) dt
to
to E//
:(bk(to,r)/g,-(t) dt—|—‘1>k(to,r)/gi(t)dt
134 to

=Dy (to,m)(Gi(€") - Gi(€)))
for appropriate & € [0,to], £ € [to, Tk], if 2¥(1—r) >11/10,

where i=1,2.
Estimates (9.7), (9.8) follow from (9.45), (9.46), (9.48), (9.53)—(9.55).
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