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Holder regularity for degenerate parabolic
obstacle problems

Verena Bogelein, Teemu Lukkari and Christoph Scheven

Abstract. We prove that weak solutions to the obstacle problem for the porous medium
equation are locally Holder continuous, provided that the obstacle is Holder continuous.

1. Introduction

The porous medium equation
dru—Au™ =0,

PME for short, is an important prototype of a nonlinear parabolic equation. The
name stems from modeling the flow of a gas in a porous medium. We restrict
our attention to the slow diffusion case when m>1. In this case the equation is
degenerate with respect to u, which means that the modulus of ellipticity vanishes
when the solution is zero. This leads to interesting phenomena, for instance the
existence of moving boundaries. The PME and its various generalizations have
been extensively studied, and we refer to the monographs [7], [9], [17] and [18] for
the basic theory and further references.

In the current paper we are interested in the obstacle problem for the PME.
This problem can be fomulated as a variational inequality: formally, a function u
solves the obstacle problem with obstacle v if u>1 and

(1.1) Su(v™ —u™)+Vu" V(™" —u™) dx dt >0
Qr

for all comparison maps v such that v>1. A rigorous interpretation of the time term
in this inequality requires some care as a solution might not have a time derivative
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in a suitable sense, see [1] and [5] and Definition 2.1 below. The classical references
for parabolic obstacle problems are [1], [15] and [16], and some of the more recent
ones are [4], [5], [6], [12], [13] and [14]. However, most of them are dealing with
the obstacle problem for the parabolic p-Laplacian equation. An alternative to the
variational inequality is to define the solution to the obstacle problem to be the
smallest supersolution lying above the obstacle, see [2] and [14] and Remark 2.3
below. We will not pursue the latter approach here.

The existence of appropriately defined weak solutions to the obstacle problem
for the PME was shown in our previous paper [5]. These solutions belong to the
class

Ky(Qp):={veC®([0,T}; L™ (Q)) :0™ € L*(0,T; H'(R)),v > ae. on Qr},

where 1 is a nonnegative obstacle function defined on a space-time cylinder Q=
2x(0,7), Q is a bounded domain in R", and T'>0. Here our aim is to complement
the results of [5] by establishing regularity for the solutions. The general guideline
is that a solution to the obstacle problem should be as regular as a weak solution,
as long as the regularity of the obstacle allows it. Hence a solution to the obstacle
problem should be Hoélder continuous if the obstacle is, since a weak solution to the
PME is in general no better than Holder continuous. This can be seen from explicit
examples, such as the Barenblatt solution. In this respect, the following regularity
result, which is the main result of this paper, is optimal.

Theorem 1.1. Suppose that the obstacle v is Holder continuous in Qr, and
let ue Ky (Qr) be a local weak solution to the obstacle problem for the PME in the
sense of Definition 2.1. Then u is locally Hélder continuous in Q.

Remark 1.2. It is clear from the comparison with the obstacle-free case that
the Holder continuity of the solution can not be expected for arbitrary Holder
exponents a€(0,1). In fact, our methods only yield Holder continuity for some
Holder exponent that depends on n,m, and the Hélder exponent of the obstacle
function, and is always smaller than the latter one. This is contrary to the results
from [13] for obstacle problems related to parabolic p-Laplacian type equations,
where the Holder exponent of the solution turns out to be the same as the one
of the obstacle function. However, the result in [13] relies on gradient bounds for
solutions to p-Laplacian type equations, for which the analoga are not available in
the case of the porous medium equation. In any case, the question for the optimal
Holder exponent in Theorem 1.1 remains an open problem.

The Holder continuity of solutions to the porous medium equation in the
obstacle-free case has first been established by DiBenedetto and Friedman [10]. The
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proof of the Holder continuity is based on two main elements: energy estimates for
truncations, and a De Giorgi type iteration argument to extract pointwise informa-
tion from the energy estimates. The derivation of the energy estimates is intricate
due to the necessarily complicated definition of weak solutions to the obstacle prob-
lem. For instance, the solution itself is not usually admissible as a comparison map
in the variational inequality. In the iteration arguments, we need to construct cylin-
ders with a proper scaling to balance the different powers in the energy estimates.
The scaling is intrinsic, as it depends on the solution itself. This method has been
introduced in [10] for the analysis of degenerate parabolic equations, cf. also [3], [8]
and [9]. More precisely, in order to compensate for the inhomogeneous scaling of
the underlying equation, we work with cylinders of the type

Qg,992 (xm to) = Bg(xo) X (to_9927 to)7

where the parameter 6 is comparable to u!~™. Additional care is needed in dealing
with the degeneration of the porous medium equation, which occurs if the solution
takes values close to zero in the sense that its infimum is considerably smaller than
its supremum. This case, which we call the degenerate regime, requires a different
treatment than the nondegenerate regime, in which the equation heuristically be-
haves like a linear equation with irregular coefficients. The proof is structured in
such a way that both regimes are treated in a unified way whenever it is possible
in order to work out the similarities and the differences of the two regimes.

The regularity of the obstacle enters the argument via a restriction on the
truncation levels, which is needed to ensure that the test functions do not violate
the obstacle condition.

The paper is organized as follows. In Section 2, we give the exact definition
of a weak solution to the obstacle problem. In Section 3 we recall several technical
results needed for the proofs. We prove the energy estimates for truncations in
Section 4. These estimates are then used in Section 5 to prove local boundedness
of solutions, and finally in Section 6 to prove the Hoélder continuity.

2. The obstacle problem

In this section, we give the rigorous definition of a solution to the obstacle
problem. For a bounded domain QCR"™ in dimension n€Nx>9 and a time 7'>0, we
write Qr:=0Qx(0,T) for the space-time cylinder. We consider continuous obstacle
functions Y €C%(Qr,R>p). For fixed m>1, we recall that the solution space is
defined by

Ky(Qr):={veC®([0,T}; L™ (Q)) :0™ € L*(0,T; H'(Q)),v > a.e. on Qr}.
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Furthermore, the class of admissible comparison functions is
Ky (Qr) = {ve Ky(Qr): 0 (v™) € ()}

Since the time derivative of a solution u€ K, (£2r) to the obstacle problem might not
exist in a sufficiently strong sense, we have to introduce a weak formulation of the
time term in the variational inequality (1.1). To this end, we follow the approach
by Alt & Luckhaus [1] and define for every u€ K (£2r) and every comparison map
’UEK{ZJ(QT)

7n+1

(2.1) {(Oru, an(v™ —u™))) ::/Q 77{0/ [#ﬂum‘*l—uvm] —auatvm} dz,

where a€W, > ([0,T],Rsq) and n€CA(Q,R>g) denote cut-off functions in time,
respectively in space.

We are now in a position to define the notion of a local weak solution to the
obstacle problem.

Definition 2.1. A nonnegative function u€ K (S2r) is a local weak solution to
the obstacle problem for the porous medium equation if and only if

(2.2) (Oru, an(v™ —u™))) +/Q aVu™ -V (n(v™—u™)) dz>0

holds true for all comparison maps ve K, (Qr), every cut-off function in time a€
W(;L’OO([O7 T],R>0) and every cut-off function in space neCg(Q, R>o).

Remark 2.2. Since ueC°([0,T]; L™ 1(£2)), this definition is consistent with
the notion of weak solution used in [5, Def. 2.1]. This means that for more general
cut-off functions in time with a(0)#£0, the above notion of solution implies

{(Oru, an(vmfum)»uoﬁL/Q aVu™ -V (n(v™—u™)) dz >0
T
for u,:=wu(-,0) if we define
{(Oru, an(v™ —u"™)Nar, ::/Q n{a’[ﬁum+l—uvm] —au(“)tvm} dz
T
+a(0)/977[m#+1u;"+1—uovm(-,0)] dz.
For obstacles v with

Y™ e L*(0,T; H(Q)), Ou(y™)e L™ " (Qr) and ¥™(-,0)€ HY(Q),

an existence result for local weak solutions is contained in our earlier work [5].
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Moreover, from [5, Lemma 3.2] we know that a local weak solution with d;ue
L?(0,T; H~1(Q)) is also a local strong solution in the sense that for all comparison
maps v€ Ky (Qr), every cut-off function in time a€ W1°°([0, T], R>¢) with a(T)=0
and every cut-off function in space n€CJ (2, R>o) we have

T
/ <8tu,a77(vm—um)>dt+/ aVu™-V(n(v™—u™)) dz >0,
0 Q

T

where here, (-,-) denotes the dual pairing between H~1(Q) and Hg (). O

Remark 2.3. An alternative to the variational inequality described above is to
define the solution to the obstacle problem to be the smallest weak supersolution
lying above the obstacle ¥. This approach is used in [14] in a nonlinear parabolic
setting, and in [2] for the PME. It is analogous to the balayage concept of classical
potential theory.

Existence and uniqueness of the smallest supersolution follow quite easily from
the definitions. However, the connection between the smallest supersolution and
the variational solutions studied here is less clear. In this direction, we have an
approximation property for the smallest supersolution: for continuous compactly
supported obstacles, the smallest supersolution is a pointwise limit of variational
solutions. See [2] for the proof. The approximation property together with a sta-
bility result from [5] implies that the smallest supersolution is also a variational
solution for sufficiently smooth obstacles. Further, since our Holder estimate de-
pends on the obstacle only via its Holder norm, Theorem 1.1 holds also for the
smallest supersolution.

The question whether all variational solutions are also smallest supersolutions
remains a very interesting open problem.

3. Preliminaries

3.1. Notation

We use the notation Q,¢(2,):=B,(z,) x (to—0,t,) CR" ™! for backward para-
bolic cylinders, where the point z,=(x,,t,) ER"*! is the vertex of the cylinder, and
0,0>0.

3.2. Auxiliary material

For later reference, we recall the parabolic version of the Gagliardo-Nirenberg
inequality.
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Lemma 3.1. Let Q,¢(2,) CR™™ be a parabolic cylinder and 1<p,r<oo. For
every

w€ L®(to—0,to; L™ (By(20)))NLP (to—0, to; WP (By(x,)))
we have u€ LY(Q,.0(20)) for q=p(1+7) with the estimate

ya
/ |u|qdz§c< sup / |urd:c> / (|Vu\p+‘g’p) dz,
Qo.0(20) t€(to—0,to) J By(wo)x {t} Qo.0(%0) 0

where c=c(n,p,r).

The proof of the following well-known lemma can be found e.g. in [11, Lem-
ma 7.1].

Lemma 3.2. Let (X;)ien, be a sequence of positive real numbers with
X1 <OB'X;t™  for all i € Ny,
for constants C,a>0 and B>1. Then
Xy <O~ aB a?
implies X; —0 as i—o00.

We will also use DeGiorgi’s isoperimetric inequality. See e.g. [9, §2, Lemma 2.2]
for the proof.

Lemma 3.3. Let veWYY(B,(x,)), and let k<{ be real numbers. There exists
a constant c=c(n), such that

an+l

{—K)|B,(xo)N{v> 1} < /
E=RIBo o) o> B S S A< h] Lo ngecoces

Vol dx.

3.3. Mollification in time

In order to deal with the possible lack of differentiability in time of weak so-
lutions, the following time mollification of functions v: Q7—R has proved to be
useful.

(3.1) [W]n(z,t):=~ [ e v(z,s)ds.

In the following lemma, we list some elementary properties of this mollification that
will be needed in the proof later (cf. [16]).
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Lemma 3.4. Let p>1.
(i) If ve LP(Qr) then [v]p—v in LP(Qr) as hl0 and

O lvln = £ (v—[v]n) €LP(Qr)  for every h>0.

(ii) If Voe LP(Qr,R™) then V[v]n=[Vv]y and V[v]p—Vv in LP(Qr,R™) as
h10.
(iii) If v€CO(Qr), then [v]n—v uniformly in Qr as hl0.

4. Energy estimates

4.1. Caccioppoli type estimates

Here, we derive energy estimates for the truncated functions
[0 —k™]; :=max{u" —k™,0} and [u™—k™]_ :=max{k™—u™,0},
where k>0 denotes a constant.

Lemma 4.1. Let Q1:=Q,, .0, (%0) EQr and Q2:=Qy,.0,(70) CQ1 be two cylin-
ders with p2<p1, 02<61, and assume that YEC’(Qp,R>o). Then, for every local
weak solution u€ Ky (Qr) to the obstacle problem for the porous medium equation
in the sense of Definition 2.1, we have the following estimates.

(i) For every k>supg, ¥ we have

sup / T (T A dx—l—/ ’V[um—km]+|2 dz
tE(to—02,t0) J By, (z0) X {t} Q2

1 klfm
< + m k™2 dz.
_C(m)<(Q1_Q2)2 01_92)/621[1/4 ]+ yA

(ii) For every k>0, we have

sup kl—m/ [um—km]ida:+/ V™ —k™]_|* dz
tE(to—02,t0) By, (o) x{t} Q

[um_k7n]_ N
<7c(m) 2/ [um—km]%dz—i——c(m) / / (k™ —7)™ Tdrd=.
) Q1 01—0 140

~ (o1—02 2

Proof of (i). By restricting ourselves to a compact subdomain of Qr if nec-
essary, we may assume ¥ €C%(Qr), so that Lemma 3.4 (iii) is applicable to v=1).
Moreover, we assume z,=0 for notational convenience. We choose a cut-off function
aeWy™([—01,0],Rso) and ne C4(B,,, R>0). In the variational inequality (2.2), we
choose

op = [u" = ([ a = K" )4 + 10" = [ ]nl L= 1)
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as comparison map for u, for some h>0, with the mollification [-], as defined
in (3.1). This map satisfies

m—+1

Oy = Oy min{Ju™]p, K™} € L™ ().

The comparison map vy, is admissible because we have

v =min{ [u" [, K"} [ = [0 nl e (@) = %™ on Qu,

since u>1 a.e. on Q0 and k>supg,, ¢ by assumption. We note that it is sufficient
to check the obstacle condition for v, on supp(an)C@Q:. We therefore know

(4.1) I, +11, := {(Opu, anz(v};”fum)»Jr/ aVu™ -V (n* (vt —u™)) dz > 0.

1

For the estimate of I, we use Lemma 3.4 (i) to calculate

/ naudvl dz
:/ nza[[um]]hm@tv,i“ dz—i—/ nza(u—[[um]]hm)%(um—[[um]]h) dz
1 Qin{[um]n<km}
> [ a1 ol (- k")) ds
m+1

=/ WQ(amlﬂﬁt[[um}]hm —i—a’[[um]],?([[um}]h—km)g dz

1

+/ n?ad [u™ ] ([u™]n—k™)4 dz.
1
The last integrand can be re-written using the identity

R m 1 9 [Tu"l=k")+ . Lom
(4.2) Olu™ ] ([u™]n—k ')+:E§/O (K" 4-1) " Tdr.

Plugging this into the preceding inequality and integrating by parts, we deduce

m+1

1
/ n2au8tvhmd22/ n2a/(—mL_H[[um]]h”‘ + [l ([w]n—k")4) dz
1 1

(™ Ta—k™) o
7#/ 7720// (K™ +71)"m TdTdz.
1 0
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Recalling definition (2.1) we deduce
Ih:/ 7> [a’[ﬁumﬂ—uv;’”]—au&vh’”} dz
1
S/ o (FEgu™ —u([u = ([T =k™) ¢+ 1™ = [l L) dz
2 I ' m m m;:l m % m m
+ [ e i ™), el (e =k ) dz
1

(e Ta—k™) s o
—|—%/ 7720// (K™47)™ Tdrd=.
1 0

Lemma 3.4 implies [u™],—u™ in L5 (Q1) as well as [|™ —[¢™]n|| L —0 as k0.
As a consequence, the sum of the first two integrals on the right-hand side vanishes
in the limit A]0 and we infer

[u'rn_k7n]+ e
(4.3) hmsuplhg%/ 7720// (k" +7) = 1 dr dz.
1 O

h10

Next, we note that V(n?(vy* —u™))——V(n?[u™—k™]+) in L*(Q1) as h]0 by Lem-
ma 3.4. Using moreover the identity

(4.4) Vu™ =V[u™—k™]y ae. on Qprn{u>k},
we calculate

1 —_ m 2, m__1.m
E%Hh_ /aVu V(n*[u™-k"]4) dz

1

:—/ a7]2|V[um—km]+|2d2’
Q1
—2/ anVu"™ k™ - Vnu™—k" 4 dz
(4.5) S—%/ anQIV[um—km]+|2dz+2/ a| VP u™ -k dz.
Q1 Q1
Combining (4.3) and (4.5) with (4.1), we arrive at
m m 2
%/Q an?|V[u™ =k 4| dz

™ — k™) .
g%/ 7720// (km+T)ITTdeZ+2/ a| VP u™ =k dz.
1 0

1
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Now, we choose n€Ca(B,,,R>0) with n=1 on B,, and |V77|§Q1
for any time t€(—6s,0) and £>0, we choose aeW, > (—6;,0) Wlth a(s)zeﬂlféz
for s€(—01,—02), a=1 on (—b2,t—¢), as)="=2 for se(t—e,t) and a=0 on (t,0).
Using the preceding estimate with this choice of cut-off functions and letting €0,
we infer

Moreover,

m km

[ -
%/ / (K™ 7)™ TdeaH—%/ |V[um—km]+|2dz
2 x{t} 2

<L/ [u™—k™% dz

(Q1—Q2)

mikwn

[u
4. m pr
(4.6) 91_02 /1/ (k +T) S drdz.

This implies the claimed energy estimate by bounding the left-hand side from below
via the inequality

[11‘771 k"b]+ [u777/ k77l]+
i/ (k:m—i—T) m TdT>m ul~ m/ TdT:ﬁul_m[um—k‘m]i
0 0

m

and the right-hand side via

m

. [unL_km]+ . e - [u77L_k77L]+ - . -
—/0 (K™ +7)7m TdTST/O Tdr = H—[u"—k"]L. O

Proof of (ii). Here, we consider an arbitrary k>0. Since most of the proof
of (ii) is analogous to that of (i), we only indicate the necessary changes. As
comparison maps, we now choose

ot = [u™ ]+ ([ — k™) =+ ™~ [ D | Lo (2)

which satisfy

ooyt = Oy max{[[u™]n, K™} eL™m (QT)

These maps are admissible since vy > [u™]n+(9™ —[¢™" |1l Lo (@p) =>9™ holds on
Qr. Now we can repeat the calculations leading to (4.6), but now replacing ([u™], —
E™)+ by —([u™]n—k™)— . Instead of the identity (4.2), we now use

n 1 o [u"Ta—k")- i—m
AT (k) )= o / (k=) 1 ar.
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Moreover, we replace (4.4) by Vu"' =—=V[u™—k™]_ on QrN{u<k}. The remainder
of the proof works as in the case of (i), and analogously to (4.6), we derive the
estimate

m_L m,

[u 1—m
it i
5 X {t} 2

8 m m
(91—92) / e =k ] dz

mikm

[u m
01_02 /1/ K" —7)"m 1drdz

for every t€(—602,0). This implies the claim by estimating the left-hand side from
below by

IN

m m

[u™—k™] - . T (TR i
L/0 (k™ —7) 7 rdr >~ /0 e e T S

4.2. The logarithmic estimate

In this section we derive an estimate that will be useful later to compare the
measures of certain super-level sets on different time slices. To this end, for param-
eters 0<y<I', we consider the function

(4.7) B(v) 1= r (V) = [m%%ﬁ_v)L for v < D +7.

We note that ¢(v)=0 for v<+, and for v<T we have the estimates

(4.8) 0§¢(U)§log(5) and 0<¢'(v) < % for v # .

Moreover, the function satisfies the differential equation ¢”=(¢')? for v#£y. We
point out that contrary to ¢, the squared function ¢? is differentiable on [0, '] with

(4.9) (%) =2¢¢' on [0,T] and (¢°)" =2(1+¢)(¢')* on [0,T]\ {7}
In particular (¢?)’ is Lipschitz, which will be crucial in the proof below.

Lemma 4.2. We consider two concentric balls By, (x,) € By, (x,) €S and times
0<t1<te<T and abbreviate Q1:=By,, (z,)x (t1,t2). Let ueKy(Qr) be a locally
bounded local weak solution to the obstacle problem for the porous medium equa-
tion in the sense of Definition 2.1, for an obstacle 1 €C°(Qr,R>q). For some k>0
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with k>supg, ¥ we define I:=supg,, [u™—k™]; and denote by ¢=¢r ~ the function
introduced in (4.7) for some parameter v€(0,T"). Then we have

sup / u' T (W k") da
Boy (o) x {t}

te(t1,ta)
Sk‘l_m/ ¢2([um_km]+) dx
By (wo)x{t1}

8m /
g o([u™ k™)) dz.
(01— 02)% JB,, (o) x (t1,t2) ( )

Proof. Since the asserted estimate is of local nature, we may assume Y€
C%(Qr). Because both sides of the asserted estimate are continuous in k, it suffices
to prove the claim for every k>supg, . For the sake of convenience, we more-
over assume z,=0. In the variational inequality (2.2) we consider cut-off functions
€Wy ™ ((t1,t2), Rso) and n€CA(B,,,Rso). For a suitable A\>0, we wish to choose

o= [T =A%) (™ Tn—k"™)+) + 1™ = [ Tall L

as comparison map in (2.2). Since (¢?)’ is a Lipschitz map, the chain rule implies
(i)tvhmemeJf ' (Qr) and Vo€ L?(Qr). Moreover, v, satisfies the obstacle constraint
for a sufficiently small choice of A>0 since for [u™];, <k™ we have

vt =" I+ 1™ = [ Inll Loe = 9™

by the obstacle condition for v, while for [u™];, >k™ we have

,U}T > ker_A(¢2)/(<[[umﬂh_km)+) Z Sg'p wm,

(k™ — P™) :
% . This means that vy*>%™ holds on Q; Dsupp(an),

which makes v), admissible in (2.2). We thereby get

if we choose A<

(4.10) Iy, +11, := {(Oru, anQ(vL”—um)»—&—/ aVu™ -V (n? (v —u™)) dz > 0.
Qr

For the analysis of Ij,, we first use Lemma 3.4 (i) to compute
dyopt = O, [u™Tn =A@ (([w™Tn—k"™)+) O [u™]n
= 3 (u" =[u"Tn) (1= ([ Tn—k™)+))-

We note that the terms involving (¢?)” are a.e. well-defined since d;[u™], vanishes
a.e. on the set {[u™],=k™+~}. By diminishing the value of A>0 once more we
can achieve A<[supj, r(¢?)"]~" and estimate

(u— [[um]],?)atu;” > (u— [[um]]h%) F(u™=[u™]5) (1=Asup(¢®)”) > 0.
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This implies

/ an*udw dz > / an?[u™];r Oyt dz
QT QT
1

= [ anlu 1o (- A (k")) ) d
Qr

:/QT (a0 um ], 2 [T (6 ([T —k™)4) ) d2
A [ anPafum I () ([ —k")+) d.

Qp

We re-write the last integrand using the equation

L 1o I l=km)y e
oL @) ([ h=k) ) = o [ (K™ +7)'7 (6 (7) d.

Combining the two preceding formulae and integrating by parts we deduce

AT @) ([ k")) ) dz

m+1

| arwonrdsz [ el (~ g
Qr

Qr

([u™n—k™)+ e
—2 0/772/ (K™ 47)"m () (1) dr dz.
QT 0

m

Now we recall the definition (2.1) to conclude
Ip, :/ 7 [a’[#ﬂum+l—uvf} —au@tvz”} dz
Qr
S/Q o [ ™ = ([u™ T = A@?) ([T = ™)+ ) + 1" = [ Inll )] dz
T

— [ e (= A Y (k) ) de

m

(T —k™) o
+2 0/772/ (k™ 4-7) 7 (¢%) (1) drdz.
Qr 0

Because [u™],—u™ in Lmv*jl(Ql) and [|[¢™ —[¢™]n|lL —0 as h{0 by Lemma 3.4,
the first two integrals on the right-hand side cancel each other in the limit AJ0.
Letting h{0 therefore yields

[w™ =k .
(4.11) limsupl, <2 / o'n? / (k™ +7) " (¢2) (1) dr dz.
hl0 Qr 0

Now, we turn our attention to the term II;,. We claim that

(U —u™) — =A% () ([u™—k™]y)  weakly in L2(ty,to; H'(B,,)),
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as h]0. First we note that this convergence holds strongly in L?*(Q;) by Lem-
ma 3.4 (i) and (iii). Furthermore, the sequence on the left-hand side is bounded in
L3(t1,t2; HY(B,,)) by Lemma 3.4 (i) and because (¢?)’ is Lipschitz. This implies
the claimed weak convergence, which in turn implies

UmII;, =—A aVu™ -V (¢*) ([u™—k™]1)] dz

hl0 Qr
==X [ a?[Vu"P(¢?)" ([u™ ~k™]4) dz
Qr
+2\ anVu™-Vn(¢?) ([u™—k™]4) dz.
Qr

The last integral is well-defined since Vu™=0 a.e. on the set {u™=k"+~}. Next,
we apply Young’s inequality in the last integral and infer

lgm I, <A an’|Vu™ *[26(¢')* = (¢°)"] ([u™ — k™)) dz
10 Qr

vor [ aWaPo(um— k")) dz
Qr

(4.12) <2\ a|VnlPo([u™—k™]y) dz.
Qr

The last estimate is a consequence of (4.9), which implies 2¢(¢')?—(¢?)"=
—2(¢’)?<0. Next, we plug (4.11) and (4.12) into (4.10) and divide by X. This
provides us with the estimate

k], .
Lo [T e 6 ) dr e
Qr 0

+2/ o V2o ([u™ — k™4 ) dz > 0.
Qr

Now we choose n€C3(B,, , R>0) as a standard cut-off function with n=1 on B,, and

V| < 91392 on B,,. For the choice of a, we fix t€ (¢, 1) and some 0<e<3(t—ty).

Then we define a€ Wy ™ ((t1,t2), Rsg) by as)===1 for se(t1,t1+¢), a=1 on

(t1+e,t—e), afs)=1=2 for s€(t—e,t) and «=0 elsewhere. Exploiting the preceding
inequality with this choice of cut-off functions and letting £].0, we deduce

e,
i / / (k™ 47) 552 (02 (7) dr da
B92x{t} 0

8

k"] .
</ (k™ +7) 52 (62)(7) dr do
Bé’l X{tl} 0
+7
(Ql —Q2)2 Q1

(™ —k™]) d.
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For the estimate of the first two integrals, we use the inequalities
1-m

wTm < (M) TR <ENT o< <[u™—k™],

and arrive at the claimed estimate. O

5. Local boundedness of solutions

Theorem 5.1. We consider an obstacle €C%(Qr,R>q). Then every local
weak solution ue Ky, (Qr) of the obstacle problem to the porous medium equation in

the sense of Definition 2.1 satisfies u€ LS. (S2r) and we have the local estimate

1
1 mE1 2 m+
sup u<c 1nax{<—n+2 / um dz) ,  sup 1, (g_) 1},
Qo.0(20) 0 Q20,20 (20) Q20,20 (20) 0

for every parabolic cylinder Q2,.20(20) €Qr, with a constant c=c(n, m).
Proof. For any i€Ny, we define
0;:=0+50 and 0;:=0+50

and abbreviate Q;:=Q,, 0,(%,). For notational convenience we assume z,=0
throughout the proof. We define k>0 by

Co AT 0%\
(5.1) km::max{< — / u2md2) , 4supy™, (_) }v
0 +2 Qo Qo 0

for a constant ¢, >0 to be chosen large on later in dependence on n and m only. For
this choice of k, we introduce an increasing sequence of levels k; and intermediate
levels k; by

E=km— L k™ and k=L HE) =ET - i kT

K3

for i€Ny. For any i€Ng, we apply Lemma 4.1 (i) on the cylinders Q;+1 CQ; CQr
and the level k"> ikmzsuin 9™, which provides us with the estimate

te(—0iy1,0) Qit1

<c< ! + L >/ [u™— KM% dz
— \(0i—0it1)? 0i—0i1 R

i

sup / ulfm[um—lzz;”]idx—i-/ ’V[um—é;n]+}2dz
Bei+1 X{t}
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Here and in the remainder of the proof, we write ¢ for universal constants that
depend at most on n and m. Using moreover the facts k'~™ < {_;% and k; <k;<kit1,
we deduce

sup / ulfm[umfl;:lm]id:wr/ ‘V[umfkﬁ_l]+|2dz
BQ¢+1 X{t} QH»l

te(—0i+1,0)
/ (W™ —k"3 de.

i

c 22i

Q2

(5.2)

In order to bound the first integral on the left-hand side from below, we obtain from
a straightforward calculation

U < (0 R = (272 = 2)[u" — K], provided u > ki,

- 1m m
ki-l—l 7]{:1'

and consequently,

RN -
[um—kﬁl]i|r L2y M2 ae. on Q.

Using this estimate in (5.2), we deduce

1
sup / [u™— ﬁl]}:_m dﬂr:+/ ’V[um—kﬁ1]+’2dz
te(—0,3+1,0) BQi+1 X{t} Qit1

c 23i

Q2

(5.3) < / [u™—k)3 dz

i

for all ieNy. Next, we apply the Gagliardo-Nirenberg inequality from Lemma 3.1
with the choices p=2, r=1+-1 and ¢=-2(mn+m+1)>2 to the function [u™—
ki 1]+ on Qiy1, with the result

a1 n
[owrenmpaese( s [ e )
Qi+t te€(—0i11,0) /By, x{t}

m  Lm 2 [Um_kﬂ-ﬂJr ?
X |V[u —ki+1]+| + | dz.
Qi+1

4
We estimate the right-hand side by means of (5.3) and arrive at

93i 143
(5.4) / [u™ =k} )L dz<c<—2/ [u™— k2 dz) :
Qi+1 Q

i
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Now we first use Holder’s inequality and then (5.4), with the result

/ [u™ -k ]2 dz
Qit1

_2 q
< !Qi+1ﬂ{u2ki+1}|l ¢ (/ [u™ =k )% dZ)
Qi+1

2 2
1 o 1-2 o 2
= ((km—k‘m)Q/Q [w™ —k; ]i dz) (/Q [u ki+1]3—d'z>
Z+1 i i+l i+1
2+ o 144
< }2m(=3) (4203 (/Q[U -k dz) .

For the sequence of integrals Yi::fQ[um—kim]i dz for i€Ny, we therefore have
established the estimate

. 4
(5.5) Y1 <CBY, *  for all i€ Ny,

with
4
c an
C:(—km+1g”+2) and B=064.

From the choice of k in (5.1) we infer

m—+1 Co 2m . Co
k Z—Q”+2 / U dz-—gn+21/().
0

For the parameter o:=-- this implies
qn

q22

O~ 5B 2 = ¢ gmtlnt2 =6

2,2
1 _an”
>c c,BT 16 Y.

2712
At this stage, we choose ¢o:=cB"16 . This choice fixes the constant in dependence
of m and n and yields the bound

(5.6) Yo<C~wB ar.

4q

n°

Because of (5.5) and (5.6), the assumptions of Lemma 3.2 are satisfied for a=
Hence, we infer

: mi2
Ozilir?oyi: [u™ =k™5 dz,
QQ,G

which is equivalent to u” <k™ a.e. on @, ¢. In view of the choice of k in (5.1), this
completes the proof of the theorem. [
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6. Holder continuity

In this section we will prove the assertion of Theorem 1.1 that solutions to
the obstacle problem for the porous medium equation are Holder continuous, pro-
vided that the obstacle function is Holder continuous. Therefore, we may assume
throughout this section that there exists 3€(0, 1) such that

(6.1) Y™ e CUBBI2 ().

By C%##/2 we mean the space of functions which are Holder continuous with Holder
exponent § in space and /2 in time. More precisely, for a function f: Qr—R we

e (2. )—F(p.5)
z,t)—f(y,s
o= o8 ey maxle—ylP, 1~ 51777)
Then, f€C%A/2(Qr) if and only if [f]o.5,5/2<0c.

Holder continuity at a point follows by constructing a sequence of cylinders
shrinking to the point. Each of the cylinders should be roughly half the size of
the previous one, and the oscillation of the function should be reduced by a fixed
multiplicative factor when passing to the next cylinder. We also need to ensure that
the cylinders have a proper scaling to balance the different powers in the energy
estimates.

6.1. Two alternatives

The oscillation can be reduced by either increasing the infimum or decreasing
the supremum of a function. Thus Hoélder continuity will follow from Lemmas 6.1
and 6.2 below. We call Lemma 6.1 the first alternative, and Lemma 6.2 the second
alternative, since for a given cylinder, either (6.2) holds, or (6.4) holds with v=uy.

To introduce the proper scaling, throughout this section we fix parameters
0<p_<p4 and >0 and define

W= plt—p
It will be necessary to distinguish between cylinders where the oscillation is
large compared to the infimum of u, (note that (D) below implies that p_ <w) and

cylinders where the oscillation is small compared to the infimum of u. Thus we
assume throughout this subsection that either

(D) po<ip, and O=w'""

(which we call the degenerate regime) or

(N) po>gpy and  (2uy)' <0< (suq) "
(

which we call the nondegenerate regime) holds true.
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Lemma 6.1. Suppose that Q24 9(2)2(20) CQr is a parabolic cylinder satisfying

inf u>p_, and sup U< fhy.
Q20,6(20)2 (%) Q20,6(20)2 (%)

Then there exists a number v,=v,(n,m)€(0,1), such that if
(62) |QQ,0@2(20)0{Um§NT+%wm}| §V0|Qg,992‘,

then
u' > ;/f—&—iwm a.e. i Qy/2,0(0/2)?(%0)-

Lemma 6.2. Suppose that Q24 6(20)2(20) CS7 is a parabolic cylinder satisfying

inf u>p_, sup u<py, and
Q24.0(20)2 (%0) Q2,,0(20)2 (20)
(6.3)
sup " < g (pf ).
Q20,0(2)2 (20)

Then, for any ve(0,1) there exists a constant a=a(n,m,v)€ (0, 3] such that if

(6.4) |QQ’992(ZO)Q{Um§MT+%wm}| > V|Qyp.002],

then
u™ S pf—aw™ a.e in Qo 16(0/2)2 (%0)-

6.1.1. The first alternative

Proof of Lemma 6.1. For i€Nj we define

1 1 m 4 4
Nmo._ — 4 - ., m LM .Y
(&) .—4+2i 5> ki i=pl+(&w)™,  and Qz.—2—|—2i T

Then, we have that (£,)™=3, & is decreasing and (&)™ |1 as i—oc. Similarly, we
have that o,=p, 0; is decreasing and giiég as i—00. Moreover, we abbreviate

Qi = Qgi,egf (20)7
and
_ |Qiﬁ{u < kl}| .
Qs

We aim at deriving an estimate for Y;;; in terms of Y; so that fast geometric

Y;:

convergence from Lemma 3.2 can be applied. We use the fact that

m

m m m m W 3
[u™ =k > K] —kiﬂzﬁ in the set {u<k;y1}
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to get
2(n+2) 2(n+2)
/ W™=k dzz/ [u™ =k dz
Qit1 Qit1N{u<kit1}
w2m(n+2)
(6.5) > Wl@i+1ﬂ{u<ki+1}lo

Next, we apply Gagliardo-Nirenberg’s inequality from Lemma 3.1 and the energy
estimate from Lemma 4.1 (ii) to get

2(n+2)
/Q [u™ =k dz
i+1

3

<c ( sup [u™—EM]? dx)

te(to—007, 4,t0) By iy

x/ (|V[um—km}_|2+
Qit1

2i(nt2)  2(m=1)
c2=n k"
— 2(n+2)

Y

1 [u"”—k;”], e 1+%
x(/ [um—k?]zdz—k—/ / (k;-m—T)TTdeZ> ,
Qi 9 i 0

where c=c(n,m). If (D) is satisfied, we estimate

[u™ =k

7

2
)dz

Oi+1

1—

[w™ k"] . [w™ k"] .
/0 (k'—71) ™™ TdTS[Um—kzm]—/O (k*—71)"™ dr

i
— " — k) fu—ki]_ <mlu™ -k
Now, we use the fact that
(W =k <K —p™ = (Gw)™ <w™,
which holds due to the assumption p_ <infg, u, and since f=w!'~™, we obtain

2(n+2)

/ [u™ =k dz
Qit1

2i(nt2)  2(m—1) 142
27w k" o | WM 142
= 2012 Wt —p— ) Qin{u<ki}[ T
g n
2i(n+2) w 2m (n+2)

c2  n . w

n 2
(6.6) < L Qin{u<ki}|"F.
0

n
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Otherwise, if (N) is satisfied, we observe that infg, u>p_ >0 and estimate

IA

™ k7 . ™ k7]
/ (k" —7)"™ Tdr ul_m/ rdr=tu' """ -k
0 0

Using again the fact that [u™—Ek"]_ <w™ we get

2i(n+2) 2(":1)

2(n+42) c2 ; £ m, 2m 1+
[, k= dZSTnl)(w Mi) Qin{u<hi}[1++.
Qt+1 ,Q

0

n

Using ,u1:m<(%u+)1_m§4m_19, we obtain (6.6) also in the case that (N) is satis-
fied. Combining (6.6) with (6.5), we get

2i(n+2) 2<m_1)
C n
|Qi-|-1m{u<]'{:1'-5-1}|S 2(n+2) |sz{u<k }|1+
Q n

Dividing on both sides by |Q;+1| and recalling the definition of Y;, we get

cb'k; Qil't 142
.}/,L’+1 < 2(1+ | 1‘ f n ,
Qi
where we abbreviated b:=4""" . If (D) is satisfied, we have that k" <py™+w™

IN

QU™ — ™ WM <2 =20T-m | while in the case (N) we have EP <pm4wm=pl
MmO T Taking also into account that %gg 0; <o for all i€Ny, we find that

Yip <ebly;
Note that the constant ¢ depends only on n,m. Lemma 3.2 now yields Y;—0 as

1— 00, provided that

n2

Yogc_%b_T.

This clearly holds if we take v,:=c~2b~“T . Note that v, depends only on n and m.
Since k] —>,u’_"+z and g; — 59 as i— 00, we have thus shown that

|Qo/2,0(0/2)2 (20) N {u™ < " + W™} =

as desired. O
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6.1.2. The second alternative

It remains to treat the second alternative considered in Lemma 6.2, when (6.2)
is violated. We begin with a lemma that is analogous to Lemma 6.1. However, the
methods from the proof of Lemma 6.1 work only for a small parameter v; in (6.7)
below, while the negation of (6.2) at first yields (6.7) only for 1—v, instead of v,
where v, is the small constant determined in Lemma 6.1. This is the reason why
compared to Lemma 6.1, in Lemma 6.3 we have to replace the cylinder @, g,2(%0)
by the smaller cylinder @, 1,4,2(20) with v€(0,1), and why we have to introduce
a small parameter €€ (0, %} instead of % Later on we will show that the opposite
of (6.2) implies assumption (6.7) on a smaller cylinder, for some suitable choice of
&. We stress that the constant v1 in the following lemma does not depend on &, so
that we still have the freedom to choose the latter parameter.

Lemma 6.3. Suppose that the assumptions from the beginning of Section 6.1
and (6.3) are in force. Moreover, let v€(0,1) and £€(0,%]. Then, there eists
vi=vi(n,m,v)€(0,1) such that if

(67) |QQ,%V0,92 (zo)ﬁ{um > /U‘T_fwm}| < V1|QQ,%I/092 )
then
™ <plt—5Ew™ e in Qo 16(0/2)2 (%0)-

Proof. For i€Ny we define

11 . . 0o o
(&) ::§§+2iﬁf’ k"= pf —(&w)™, and 0= 5T o

and

iMHu>k;
Y= Wa where Q; := Qgi,%VOQ? (ZO)'

Note that (£,)™=¢, & is decreasing and (&)™ 3¢ as i—o0. Similarly, we have that
0o=0, 0; is decreasing and gﬂ%g as i—o00. Note that (6.3) implies k" > p7" — %wm:

S+ pm) >supg, Y™ for any i€Npg. As in the proof of Lemma 6.1 we are going to
derive a suitable estimate for Y;1; in terms of Y;, and then apply Lemma 3.2. We
apply Gagliardo-Nirenberg’s inequality from Lemma 3.1 and the energy estimate
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from Lemma 4.1 (i) to get

m m 2(n+2)
/Q W™ —k"], " dz
i+1

<c sup /
te(to— o)/ B

[w™— k"2 dx)
1+17

2
<[ QWW=WMH )w
Q’i+1

2 2
2(m=1) /92 221’]{;3—771 =+ . . 1+=
<cp, " (?—FW) (/[u —k; ]idz)

2(m—1) n i(n
o 2n42)  2i(n42)

1+2
e (gm) M0 oy .
< + Qz(n+2) 1+ 29 ‘Qim{u>ki}|l+na

n
Qi41

[u™ k] ¢

3

Qi+1

where c=c(n, m,v). For the last two inequalities we used the facts that p! =" <u!l~™
and

(W™ =k < pf =k = (Gw)™ < gw™
which holds due to the assumption supg u<p;. Now, we observe that k;" > pu'l' —
me > 2/.LT > %wm. Therefore, if (D) is s

m— 2o
in the case (N) we have kil_m§2Tl,u}[m§2 7 0. Therefore, we arrive at

2(m—1) o 2(nF2)  2i(n+2)

2(n+2) cpy " (w n n 2
A N Qun{u> ki1,
it1 o n
Next, we use the fact that
m__1m mo__ gwm : .
W™=k > ki —k; = the set {u>k;y1}
to get
m m 2(n+2) m m 2(n+2)
/ [w™ =k " dzz/ W™=k, dz
Qit1 Qir1N{u>kip1}
2(n+2)
(§w™) =
> W|Qz+lﬂ{u>kz+1}|«

Combining the last estimate with (6.8), we get

2i(n+2) M

cd™ " p 2
|Qir1N{u>kip1} < TJ|QW{U>IW}|I+"7

n
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where, again, c=c(n, m,v). Dividing both sides by |Q,;+1| and recalling the defini-
tion of Y;, we get
2(m—1) 142
cbpy ™ Qi yl+2
PUDQip| "

Y1 <

)

2(n+2)

where we abbreviated b:=4"= . If (D) is satisfied, we have that u7'=2u7"—
T §2MT72M_’L:2wm:29ﬁ, while in the case that (N) is satisfied we have p7' <
MY T Taking also into account that %Qggigg for all i€N, we obtain

. 1 2
Vg <cbly; n

for a constant ¢ depending only on n,m, and v. Lemma 3.2 now yields ¥;—0 as

i1—00, provided that

n2

b~ 1.

w3

Yo<c~

n ’!12
This clearly holds if we take v1:=c~2b~ "7 . Note that v; depends only on n,m, v.
Since k" —pu'l* — %fwm and gi—>%g as 1— 00, we have thus shown that

IQQ/Q,%I/G(Q/2)2 (zo)ﬁ{um > /J‘T_ %gme =0,

as desired. O

In the following proof of Lemma 6.2 our aim will be to apply Lemma 6.3.
Thereby, the main difficulty will be to ensure that hypothesis (6.4) of Lemma 6.2
implies assumption (6.7) of Lemma 6.3.

Proof of Lemma 6.2. In the following, we let v€(0,1). We now proceed in
several steps.

Step 1. Selecting a “good” time slice. We first observe that /ff—l—%wm:,uf—
sw™. Therefore, (6.4) can be rewritten as

|QQ,992 (zo)ﬂ{um >MT_%wm}| < (1_V)|Qg,992|~

On the other hand, we have

to
|Q97992(zo)ﬁ{um > uf—%me :/ ) |Bg(xo)ﬂ{um(~,t) >uT—%wm}| dt
to—0o

t(,f%VeQQ
> / |By(wo) {um (1) > i — Lo} dt.
t

0—002
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By the mean value theorem there exists t; € [to—9Q2, to— %V9Q2] such that

1

| Bo(wo)N{u (1) >l =30 }| < W’Qg,egi’(%)ﬁ{um>ﬂf—%wm}|
2
1-v

(6.9) <W\Qgee| ; | Byl

Step 2. Ezxpansion in time. Our aim here is to prove that an estimate similar
to (6.9) holds for any t€(t1,t,]. Therefore, we define
k™= plt —o0w™,

with € (0, %] to be chosen later in dependence on m and v. Moreover, we let s,€N
with s,>1— %ggg >1 to be fixed later on, so that 21_s<5§% for any s>s,. Now, let
us suppose that

(6.10) sup u™ > pll— gwm.

Bo(zo) X (t1,t0)
The case where (6.10) is not satisfied is easier and will be considered at the end of
the proof. We let

H™:= sup [u™—k™] 4

Bo(xo)X(t1,t0)

and observe from the definition of k¥ and (6.10) that gmeHm <dw™. Since 2175 <
5§% for any s>s,, this implies

%wm <H™< %wm, for any s>s,.

We now define

Hm
P(v):= {bg (m)L for v<H™+ 0™
25

From (6.3), we deduce kmzwff%wm:%(,uTJruT)zsupQMQ?(za)wm. Hence, we

infer from the logarithmic energy estimate in Lemma 4.2 that for any o€(0,1) and
any t€(t1,t,) there holds

I(t) ::/ u' " (W™ =k ) da
oo(®o)x{t}

gkl—m/ ¢ ([u™—k™]y ) dz
Bo(wo) X{t1}

8m /
4o Bm H([u™—k™]4) dz.
(170—)292 By (o)X (t1,t0) ([ ]+)
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Since

29H™
) <log2°,
wm

we can use (6.9) (recall that k™ > —1w™) to further estimate

o([u" —k"]+) < log

8m log 251

I(t) <k'"™(log2°~ 1) | Bo(w0) N {u(- t1) > k}|+ =y

5 [Box(t1,to)]

21— flog 25!
(6.11) < |k (logaet P L | BmPlos }B ,

+
1—3v (1—0)2

where in the last line we have also used that t,—t; <fp?. On the other hand, on
the set By, (zo) N {u™ (-, t)>pT —w™}, with te(t1,t,) we have

W™ —k"™) 4 > plf — w™ — (] —0w™) = (6— 2 )w™.
Since ¢([u™—k™]4) is a decreasing function of H and H <dw™, this implies
dow™

ow™
> |lo =log (2°719).
= |: g<6wm_~_21swm_(5__215)wm):|+ g( )

Therefore, we get the following lower bound for I(t):

(6.12) 1(t) > k=™ (log (2°716) | B (o) N{u™ (-, 1) > 7 — £w™}|

for all t€(t1,t,). Joining (6.11) and (6.12) yields

| Boo(za) N {u™ (1) > 7 — 2}
m—1 1
Hy 1-m s—1y2 1—v  8mflog2
T aa—1og log 2
>~ (log(2s 16))2 k ( 0og ) 1_%]/ (1_0_)2 | Q|)

for all te(t1,t,). At this point, we use that k™ =(1-9)u [ +0u™>(1-05)u7". More-
over, if (D) is satisfied, then w™=pT —p™>1u™ and hence o<2ui™, while in
the case (N) we have 9§2m_1;41+7m. Taking also into account that |B,\By,|=

(1—0™)|B,|<n(l—0)|B,|, we can further estimate

|BQ(.’L'O)ﬂ{um(.7 t) > ——wm}’
i [ log25t YW 1—w 9m+3 1, log 25~
= [(1_6) " (log(2515)> *%V+(1—0)2(10g(25*15))2 +n(1—0)||By|.
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‘We now choose

and
(6.13) §—mind L1 ( 1-v )’"‘Tl <1
. :=min{ -, 1— -
2’ 1—502 -2
and note that L
1—m 1—zv
1=8) = < 2

Then, the last inequality yields that

| Bo(o)N{u™ (-, t) > plf = 3ow™}|

log2s~1 V¥ 1—
<
~ [\log(25719) ) (1—4v
for any t€(t1,t,). Next, we choose s, in dependence on n, m and v large enough to

ensure that )
log 2%-~1 ]
—= | <(1 1—=
(matray) <0040

2m 9 2m log 2521 < V8
(og@ )7 = 8

holds true. Then, we have for any s>s, and any t€ (¢1,t,) that

v? 2mt9n2mlog25—1 12
+ 4 1 2 Q |BQ|a
(1+v)  v*(log(2°-10)) 8

— (Nl

and

|Bylao) 1 {u™ (1) 2 7 = ™) < (1= 32)+ 12) Byl = (1- 12) By,

provided that (6.10) is satisfied. On the other hand, if (6.10) is not satisfied, then
we have that
[Bale)n{urm(.8) 2 a7~} =

holds true for any t€[tq,t,]. Since é ; for any s>s,, this implies the second last

inequality. Therefore, in any case we have proved that there exists s,=s,(n,m,v)e
N>, such that

|Bg(x0)m{um('at)Z/‘+*_Wm}| ( 2)|Bg‘a

2s

or equivalently

(6.14) | Bo(zo)N{u™ (- 1t) <pT — 55w™}| > 17| By|,

holds true for any t€(ty,t,] and any $>s,.
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Step 3. Improving the measure estimate on a smaller cylinder. Let v1=
vi1(n,m,v) be the corresponding parameter from Lemma 6.3. Here, we will prove
that there exists s1=s1(n, m,v)EN>q such that

(615) ‘Qg,%VGQQ (Zo)m{um >MT_250+S1wm}| < V1|QQ,%VGQ2|'

We abbreviate QQIZBQ(CUO)X(tO—%VQQQ,tO] and Q1:=Ba,(x,) X (t,—v00%t,], so
that Q2 CQ1CQ24,0(20)2(20). For jEN we define

(kj)™ = plf — ™

and the associated superlevel sets
Aj = Qzﬂ{u > k]}

An application of Lemma 3.3 to u™(-,t) on By(z,) with t€(t,—11v00? t,) and ¢, k
replaced by k7, k" yields that
(kﬂl _k;'n)|Bg($0)ﬂ{um('v t) > kﬂl}‘
c(n) " /
< )
| Bo(o) {u (-, 1) <K'} J B, (20)n{k; <u(-t)<kjir}

c(n)eo

[Vu™| dx

/ |Vu™| dx,
Bo(2o)N{k; <u(-t)<kjt1}
for any j€N with j>s,. We have also used (6.14) and the fact that (¢, — %1/992, to]C

[t1,to] in the last line. We integrate the last inequality with respect to ¢ over
(to—3100%,t,) to get

( Tk MNAj+1] < ( 2) / [Vu™|dz
v Aj\Aj 41

cln 1 %
<4 )9|Aj\Aj+1|2(/ VumFdz)
Aj\Aj+1

V2

cn)o 1 m m 2 %
< (VQ) |Aj\Aj+1|2(/Q V™ =k | dZ)~

Note that from (6.3) we have (kj)mZMTf%wm:%(u’eruT)Zsusz o202 (20) P

for any j€N. Therefore, the energy estimate in Lemma 4.1 (i) implies

[ i s () [ it

. 02 vho?
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First, we observe that k:m— p—2"3wm > > 1w™. Therefore, if (D) is satisfied,
we have that kjl m< 9T 9, while in the case (N) we have kjl m<2 vllpi__mg

[ =k <pP =k =279w™ on Qa, we can

m\2
[ i

Inserting this estimate above and taking into account that k7%, —k;”:2_(j+1)wm,

further estimate

we obtain

c(n, m)
|Aj112 < 5 1A\ Ajnl| @1l

Now, we let s;1 €N>, and add up the preceding inequality for j=s,, ..., so+s1—1 to
infer that

( )

c(n m)

(s1—1)|Ag 15,7 < Q2.

Choosing s1=s1(n, m,v,v1)=s1(n,m, 1/) large enough to ensure that

Q1=

C(nvm) 2
A
o(s1—1) — s

we conclude the claim (6.15).
Step 4. Concluding the proof of Lemma 6.2. Due to (6.15) we are allowed to
apply Lemma 6.3 with £€=27(551) to conclude that
u™ < plt— €™ ae. in Quya 1ye(gy2)2 (%0)-

This proves the assertion of Lemma 6.2 for the choice az%ﬁ. Note that £ depends
on n, m, v and therefore the parameter a depends on the same quantities. [

Combining the two alternatives (Lemma 6.1 and Lemma 6.2) we get the fol-
lowing proposition.

Proposition 6.4. Suppose that the assumptions from the beginning of Sec-
tion 6.1 are in force and let Q2 9(20)2(20) CQr be a parabolic cylinder satisfying

inf uU> sup u<py, and sup P < %(/fﬁ—i—,u’f).
Q29,9(29)2 (20) ng,e(zg)Q(Zo) ng,g(gg)’.’(zo)

Then, there ezists vo=v,(n,m)€(0,1) and a=a(n,m)€ (0, ;] such that either

inf u™ > pum 4+ %wm, or sup u™ <l —

Qo/2,0(0/2)2(%0) Qu/2, 3 vov(es2? (20)

holds true.



30 Verena Bogelein, Teemu Lukkari and Christoph Scheven

Proof. We let v,=v,(n,m)€(0,1) be the constant from Lemma 6.1. Then we
take a=a(n, m, v,)=a(n,m)€ (0, ] to be the constant from Lemma 6.2 applied with
v=v,. With these choices, one of the alternatives (6.2) and (6.4) of Lemmas 6.1
and 6.2 is satisfied for the given cylinder. Therefore, the application of Lemma 6.1,
respectively Lemma 6.2 yields the claim. [J

6.2. The degenerate and the nondegenerate regime

In this section we construct smaller cylinders on which the oscillation is re-
duced. We need to treat the two different regimes introduced at the beginning of
Section 6.1 separately.

Throughout this subsection we let v,=v,(n,m)€(0,1) and a=a(n,m)< (0, 1]
be the constants from Proposition 6.4 and define §:=1—a€ [%, 1).

We start by considering the degenerate regime. Here, we prove a reduction of
the oscillation of u™ on a smaller cylinder. Since we do not know if the smaller
cylinder again belongs to the degenerate regime, we cannot iterate the argument.

Proposition 6.5. Let p_, pu >0 be two parameters with

(6.16) - < gt

N

and define

1-m m m

0:=w with W™ = pl"—p™.

Suppose that Q:=Q, 9,2(2,) CQr is a parabolic cylinder satisfying

igfuz,u,, supu<py, and supwmgé(uf—&—ﬂ’f).
Q Q

Then, with
(w1)™:=max {&um, 2 ocs)c d)m},

and

1 m—1
@VOJ mo,

Ql = QQLelQ% (Zo)v where 04 ::w%—m’ 01:=Mn0, 1=
there holds

(6.17) %scumgwin, and Q1 CQ.
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Proof. First, we observe that n<i5% <i and wy >dm w, which implies that

(6.18) Q1 CQy/4,11,0(0/4)2(20) CQp/1,6(0/2)2(20) C Q.

Moreover, we note that assumption (D) is satisfied. Therefore, we can apply Propo-
sition 6.4 to conclude that either

inf u™>p"+iw™, or sup u™ <pll—aw™

Cosaoces? (7o) Qu/a,3vo0(e/ 02 (%0)

holds true. By (6.18), this implies that either

iélfum Z,uTqL%wm, or supu™ < pl—aw™
1 Q1

is satisfied. If the first alternative occurs, we conclude

%scum =supu™ —inf u™ < p'— (" +1w™) = (1-Hw™ < dw™ <wi”,
1 Q1 Q1

while in the case that the second alternative occurs, we have that

oncum ZS(lglp um—icglf u™ < pll'—aw™ —p" = (1-a)w™ =dw™ <wi".
1 1 1

This proves the assertion of the proposition. [

Next, we consider the nondegenerate regime. As in the degenerate regime, we
can prove a reduction of the oscillation on a smaller cylinder. However, in contrast
to the degenerate regime, we can even prove that the smaller cylinder again belongs
to the nondegenerate regime. Therefore, we can use an induction argument to prove
a reduction of the oscillation on a sequence of concentric nested cylinders.

Proposition 6.6. Let v,=v,(n,m)€(0,1) and 6=3(n,m)e(0,1) be the con-
stants from the beginning of Section 6.2 and let 0<pu_ <py be two parameters sat-
1sfying

fio > gy
and define 9::;1}[’". Suppose that Qo:=Q,, 002 (2,) CQr is a parabolic cylinder
satisfying
icIylfuZ'u_ and supu< iy,

o

as well as

(6.19) sup ™ < 3 (T +p")  and %soc P < (W ).

o
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With the sequence of cylinders

Qii=Qup(z0).  where oi:=n'0, =1/ 3500,

we define

(wo)™ :=p =™,  and (w;)™:=max {6%"11, QQ()SC wm} for ieN.

i—1

Then, for any i€Ngy there holds

(6.20) oscu™ <w!™.

i

Proof. First, we observe that
(621) Qi+1 CQQi/47%V09(Qi/4)2(’ZO) CQQi/4,9(Qi/4)2 (ZU) CQZ'7 for any 1€Np.
Next, we define pi— o:=p_ and piy o:=py, as well as

T IZiélf u, pfi=p+w”, for ieN.

From (6.19) and the definition of wy, we deduce wy <w,. Then, we infer inductively
that

(6.22) wit1 <w; for all i € Ng.
Next, we note that
(6.23) (2p4,0) " <O< (Fpug0) T

holds for any i€Ny. In fact, the first inequality is a consequence of 6= /L};Omz
(24— o) ™ > (20— i)' 7" >(2py 4)' ™™, while the second follows from u’f,=p™ ;4
w;i" <supg um+w;”§2,uq_”70:29ﬁ. Moreover, we have for any i€N

o Y7 =inf YT Foscy™ <ipfu+ osc YT < Pl it =g (),

while for =0, the same holds by assumption (6.19);.
In the following, we will prove

[ > S
(6.24) { 2

oscq, u™ <w™,
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for any i€Ny by induction. For i=0 the assertion (6.24) is a direct consequence of
the assumptions on p_ and py. We now assume that (6.24) is satisfied for some
i€Np. Keeping in mind (6.22) and p— ; <p_ ;41, we deduce

P = p g wi =27+ (Wﬁl —(2m— 1)#T,i+1)
<M (W= (2 =™ ) =2+ (=2 ™)
<2"p” i,
which proves the first assertion in (6.24) for i+1. Moreover, we have that u';=

pFwit >supg, u™ and hence iy ; >supg, u and assumption (N) holds for Q; by
(6.24); and (6.23). Therefore, we can apply Proposition 6.4 to conclude that either

inf u™ > ™+ Jwl,  or sup u™ < plt—aw”

Q"i/4’9(9i/4)2(20) QQi/4’%VOG(Qi/4)2(ZO) '
holds true. By the inclusions (6.21), this implies that either

inf o™ >p” +3w, or supu™ <p;—aw!”
Qi1 ' Qit1 '

holds true. If the first alternative occurs, we conclude

osc u™ = sup u™— inf u” <pT,— (" 410"
Qit1 Qit1 Qi+ 7 ,

= (1- Do < du <wlly,
while in the case that the second alternative occurs, we have that
osc u™ = sup u™— inf ™ < —awt—p"
Qit1 Qit1 Qit1 ’ ’

=(1-a)w" =dw" <w,.

Hence, in both cases we have proved (6.24)y and thereby (6.20) for i+1. This
finishes the proof of the proposition. [

6.3. The final iteration

In this section we finally prove the Hoélder continuity of the solution to the
obstacle problem for the porous medium equation. For this aim, we let

o 2B(m—1)
© 2m+pB(m—1)

2
6(0,1) and 7052%6(071)7
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where $€(0,1) is the Holder exponent from assumption (6.1). Then, we fix z,€Qr
and consider Re(0,1) such that Qap 4g2--(20) CQp. If

osc ¢ <max {g%ﬂ osc wm} =:U(p), forany p€(0,R],

Q‘,_,)QQ—@; (20) 0,02—¢ (20)

we use the Holder continuity assumption (6.1) on ¢ and the choice of ¢ to see that
U(p) <c max {Q%, QB_%}ZCQ’YO, for any 0€(0, R],

so that u™ is Holder continuous at z,. Therefore, it remains to consider the remain-
ing case. In this case we either have for g,=R that

[ ||z
v < osc u™ < ———pJ°
(QO) Q o (Zo) — R’Yo o )
Q000
or we can find a p,€(0, R) with
osc  u™>¥(g,), and osc  u™<2¥(r) for any r€(g,, R].
QQO)QE—E(ZO) Q.,,,,,,276 (Zo)
With this choice of p,, we define
P o 1= inf U,  fhg,oi= sup  u
Qgp.e2me (%) 0.g2—=(20)

and
m.__ ,m m o ,1-m
we =pl,—p, and O, i=w, ™.
With these choices of parameters, we have

1—m

Op=wl ™M= osc u™ <\II(QO)1;_Lm <o,°%,
Q 2—¢ (Zo)

Qo:Qo0

so that QO::Qngogg(zo)Cngggfa(zo). Therefore, we find that

supy™ < sup - YT=oinf T4 ose g
Qo Q,, ,2—=(20) ngygg_g(zo) ng,gg_s(zo)
S inf um+l osc um: T +l m 'r_n
Q9079375 (z0) 2 ngegff(zo) H 002 (,LL+70 K 7o)
(6.25) = L (7).

By v,,0€(0,1) we denote the corresponding constants from the beginning of Sec-
tion 6.2, both depending only on n and m. We define sequences of nonnegative
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numbers w;, fi4 4, ft— i, and cylinders Q; for ¢€N by the following recursive scheme.
Assuming that w;_; and @Q;_1 have already been defined, we let

(w;)™ :=max {6@1{’11, 2 CS)sc wm},

i—1

and

m

H—i = lélflh My i =H_ ,7,+wz )
as well as

m—1

Q; ::Qgiﬂm?(zo)v with 0; ::wil*m, 0i =100, 1n:= %VO(S D

For any ¢€N, we deduce

(6.26) sctglp P = lcrzlf ’(/Jm-I-OSC P < 1nfu + 1w %(MTJ"‘MT,Z-).

We let i, be the first index for which @;, is in the nondegenerate regime, i.e. we
choose i,€NgU{cc} in such a way that p_ ;, >Spy 5, and p_ ;<3 ; for any i <i,.
If u,’igéu%i for any i€Ny, we set i,=o00. We will apply Proposition 6.5 to prove
by induction that

(6.27) Qi, CQi,—1C...CQ,, and cgcumngn,

for any i€{0,...,4,}, (resp. i€Ny if i,=00). For i=0 the assertion (6.27) is a
direct consequence of the definition of w,. If i,=0, we are finished and therefore it
remains to consider the case where i,>0. We now assume that (6.27) is satisfied for
some i€{0, ...,4,—1}. Then, we have ul" i—uTZ+wm>suin u™ and hence py ;>
supg, - Moreover we have supg,, Ypm<d 5(uf;+u™ ;) by (6.26), respectively by
(6.25). Therefore, we can apply Proposition 6.5 on the cylinders @; to infer that
Qi+1CQ; and

cg)bfl u™ <wity.

This proves the claim (6.27).
If i, <00, we redefine the remaining cylinders so that Proposition 6.6 can be
applied. Let 6,: —,u1 i'<0;, and redefine the cylinders for i€ {i,+1,...} by

Qi::Qine*Q?(Zo)a with Qz-*nl ZOQ%? = V3 3 33V0-

Note that @;, DQ; +1D... and that the redefinition of @); also leads to a redefinition
of w;, p—; and piy ;.



36 Verena Bogelein, Teemu Lukkari and Christoph Scheven

Our aim is to apply Proposition 6.6 on the cylinder Q7 :=Q,, o, 2 (20)CQi,s
with the parameters p ;, and pu—; . To this end, we check that

infu>infu=p_,; and supu<supu<py,;, .
io io Q7. io
Moreover, from (6.26), respectively from (6.25), we know
sup 9™ <sup "™ < 3 (py i, 4 i,),
and the definition of w;,, respectively the choice of p,, implies
P, —p g, =wi =2 osc Y >2 osc P

Hence, Proposition 6.6 is applicable on @)} and provides us with the estimate

(6.28) oscu™ <w[, for any i€{i,+1,...}.

i

For :eNgy we now define
7 :=min {1795/2,9i/2}gi

so that
Qr,(20) = Qy, y2(20) CQ;, for any i€Ny.

i

Therefore, for any ¢€Ngy we can use either (6.27), or (6.28) to conclude that

i—1

oscu™ <oscu™ <w!" <ow!™+2 osc Y < 5iw?+225j osc P™.

r; i Qi—1 =0 i—1—j
In the case i—1—3<i,, we infer from assumption (6.1) that
B 9 8 _ B(1—m) ﬂ
?_Sf_i P < C(Qiflfj—*—(ei*l*jgiflfj) 2 ) = c(1+wi7127j )Qiflfj

i—1—j B-m)\ g M (i=1-5)8(1-m) g

< C(1+(6 m wo) 2 )‘Qi—l—j < c(l—i—wo 9 2m Qi—l—j

(1—m) Bli—1—4)
=l 7))l

For i—1—j>i, we get the same bound, since

B(1—m)

B8
osc meC(Qikj*‘(a*Q?—l—jV)SC(H'%O ’ )9?7173‘
i—1—j
i B(1—m) 8 B(l;rw) ioB(1—m) Ié]
So(l+(07wo) 7)oy Se(ltwe )0l
B(1—m) Bi=1-j)

—elia ()
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Inserting this above, we conclude for any i€Ny that

B(1—m)
oscu™ <(5lwm—|—c(1+wo 2 QOZ(SJ

T

ﬂ(t 1 7)

With the abbreviation 5

eimmax {2, (3)°)
this shows that

B(1—m)
oscu™ <61w teirT (1—|—wo 2 )g'g

T4

Since /2’ <—2/(elog ), this leads us to
B(1—m)
%scum<(5lwm+c\/> (1+wo 2 )of,

k2

for a constant ¢ depending only on n,m, 8, and [¢]o,3 /2. Now, we define

. log »
7 :=mln{210gn,%}
and note that y; < logé Therefore, from the last inequality and the fact 7’ <2
conclude that *
8U=m)
(6.29) oscu™ <MWl ten™ (14w, )g'f

T4

S c(n, m, 5? W]O;ﬁ,ﬁ/za ||u||L°° ) R) T:L'h .

Now, we consider r€(0,R]. If r€(0,r,) we choose i€Ny such that r; 1 <r<r;.
Then, from (6.29) we have

oscu™ <oscu™ <cr]t <en TV,
” 7‘i
Otherwise, if r€[r,, 0,), we estimate

oscu™ < osc uw™<2V¥(p,)<c (QL)M\II(QO) <cr,

Qr 00,087 ¢

Finally, by the choice of g, we have for r€[g,, R] that

oscu™ < osc u™<L2U(r)<crie <cr.
r rr2—c
Therefore, we conclude that u™ is Holder continuous at z,. Since z,€€Qr was
arbitrary, this proves that «™, and hence also u, is locally Hoélder continuous in Q7.
This finishes the proof of Theorem 1.1.
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