ANNALS OF MATHEMATICAL SCIENCES AND APPLICATIONS
Volume 5, Number 2, 349-373, 2020

Perturbation analysis of rational Riccati equations

PETER CHANG-Y1 WENG

In this paper, we consider the perturbation analyses of the con-
tinuous-time rational Riccati equations using the normwise, mixed
and componentwise analyses, which arises from the stochastic H,
problems and the indefinite stochastic linear quadratic control
problems. We derive sufficient conditions for the existence of stabi-
lizing solutions of the perturbed rational Riccati equations. More-
over, we obtain the perturbation bounds for the relative errors with
respect to the stabilizing solutions of the rational Riccati equa-
tions under three kinds of perturbation analyses. Numerical results
are presented to illustrate sharper perturbation bounds under the
normwise, mixed and componentwise perturbation analyses.
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1. Introduction

Consider the continuous-time rational Riccati equation (CRRE):

R(X) = AX+XA+Q+IL(X)—[L+XB+ (X)) [R+ Hy(X))

(1) - [L+XB+1pp(X)]" =0

with

(2) (X)) =) AFXA), Ma(X) =) ByFXBj, Mp(X) =Y AFXB,
=1 =1 =1

where A4, Q, A e K™" B, L, B € K"™*™ and R € K™*™ fori=1,2,...,N.
It arises in the linear time-invariant (LTI) systems such as stochastic Hu
problem [21] and indefinite stochastic linear quadratic control problem [30].
The linear operator

IL(X) II(X)

II(x) = M(X)* Ip(X)
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is said to be positive if II(X) > 0, for X > 0 and II;(X), II5(X) > 0. The
solution to the CRRE (1) X € K™*" which is required to be maximal and
stable, is difficult to solve. Only a few methods work, including Newton’s
method (NM) [10, 11], modified Newton’s method (MNM) [19, 23] and ho-
motopy method (HM) [33]. In this paper, we choose to apply an efficient
method called the generalized Smith method (GSM) [14]. Let

(3) La(X) = A*X + XA, Fx(X)=FX)'EX)*
E(X) = L+XB+1Is(X), F(X) = R+ I(X),

we apply NM to the CRRE (1) and get

(4) La-pFy, (x0)(Xk+1) +1x, (Xpy1) + Tx, =0,

which is linear in Xy, with

) @) = | o | 1@ gy |

|
1y {JkY] [ }

(6) T

EE

For the generalized inverse in (1) and (3), we need the null space re-
quirement:

ker[F(X)] C ker[E(X)], F(X) > 0.

This came from the elimination of Lagrange multipliers from the optimal
conditions, guaranteeing the solvability of the associated linear equation
despite of the singularity of the corresponding matrix operator F'(X).

The stabilizing solution plays an important role in some applications of
control theory and we introduce the stability definitions. We first represent
o(T) C C for the spectrum of a linear operator T' and p(T') = max{|A||\ €
o(T)} for the spectral radius. An n x n matrix M is said to be c-stable if
all of its eigenvalues lie in the open left-half complex plane s.t. o(M) C C_,
and M is said to be d-stable if its spectral radius satisfies p(M) < 1.

CRREs (1) can be degenerated into continuous-time algebraic Riccati
equations called CAREs

ATX+XA-XGX+H=0,
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with G = BR™'BT and H = CT~'CT, where A,X € R™", B € R™"™,
C e R"™P R e R™™and T € RP*P which arise in linear-quadratic optimal
control problems [26, 29]. In the past 40 years, many efficient methods such
as disk function method [1], matrix sign function method [4], structure-
preserving doubling algorithm (SDA) [8, 9], NM [20], Schur method [27],
and many others were developed.

The condition number, which is a measure of the sensitivity, is impor-
tant in the numerical computation. Moreover, perturbation analysis is to
study the sensitivity of solutions to the small perturbation in the input
data, and the perturbation bounds are usually discussed. There were a num-
ber of references about perturbation analyses and perturbation bounds in
[3, 5, 13, 16, 24, 25, 31, 32, 34], but only relatively few references discussed
those of the CAREs with stochastic disturbances. Chiang et al. [6, 7] dis-
cussed the residual bound of the continuous-time stochastic algebraic Riccati
equation (SARE) with one-dimensional Wiener process of white noise in the
stochastic disturbance, including the normwise local and non-local resid-
ual bounds, derived from the appropriate solution of the SARE by NM.
Furthermore, they derived the relative error and the condition number of
SARE and provided a tight perturbation bound of the stabilizing solution to
SARE. This paper, as an important extension of the previous research [7],
derives new perturbation bounds for the relative errors with respect to the
stabilizing solutions of CRREs with multi-dimensional disturbances, respec-
tively. The CRREs are more complex than SARE, but the derivations of new
perturbation bounds under normwise, mixed and componentwise perturba-
tion analyses are simple. Moreover, we apply an efficient method called GSM
to solve the perturbed CRREs and get the unique and stabilizing solutions.

The rest of this paper is organized as follows. We discuss the solvable
results of CRREs (1) in Section 2. In Section 3, the perturbation equation
of CRREs (1) is derived. We provide some sufficient conditions to present
the existence of the solution of the perturbed equation (10) in the Supple-
mentary Material S1, then recall some lemmas of stability analysis of the
linear operator to discuss the uniqueness of the stabilizing solution shown
in the Supplementary Material S2. Then, we compute the relative errors
with respect to the unique and stabilizing solution of CRREs (1). By drop-
ping the second and high-order terms in the perturbed CRREs (10), we
derive new perturbation bounds under normwise, mixed and component-
wise perturbation analyses, originated from Gohberg and Koltracht (1993).
The algorithm about perturbation analyses of CRREs is provided and we
select one representative numerical example to illustrate the sharpness of
new perturbation bounds, corresponding to the relative errors of the sta-
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bilizing solutions of CRREs (1) in Section 4. Section 5 concludes the pa-
per. Finally, we provide some proofs of several theorems in the Supplemen-
tary Material (http://intlpress.com/site/pub/files/ supp/amsa/2020/0005/
0002/ AMSA-2020-0005-0002-s001.pdf).

2. Solvable conditions

Before we discuss the perturbation analysis of CRRESs, we introduce the con-

cept of c-stability and some solvability results for stochastic control systems

in continuous-time. This leads to the unique and stable solution of CRREs.
First we quote the theorem on c-stability.

Theorem 2.1. Let A € R™*™, and consider linear operators L 4,11 : R"*™ —
R™ ™ where L4 is defined by L4(X) = A*X + XA and 11 is nonnegative
defined in (5). The following are equivalent:

(a) For allY >0, 3X > 0 such that Lo(X) + 11 =-Y;

(b) Y, X > 0 such that LAo(X)+ 1= -Y;

(¢c) 3Y >0 with (A,Y) observable, 3X > 0 such that L4+ 11 = -Y;
(d) U(‘CA + H) cC;

(e) o(L4) C C_ and p(L,'TI) < 1.

If any of these conditions is fulfilled then A is called c-stable relative
to II.
Then we present some definitions associated with c-stability.

Definition 2.2 (c-Stabilizability). A matriz pair (A, B) (A € R™"™ and
B € R™™) is said to be c-stabilizable relative to 11 if there is a matriz
F € R™™ such that A — BF is c-stable relative to

" = ]l ]

Definition 2.3 (Stabilizing Solution). If X is a solution of R(X) =0 and
if F = F(X) denotes the corresponding feedback matriz then X is called
stabilizing, if A — BF is c-stable relative to 11 as defined in (7).

Definition 2.4 (c-Detectability). A pair (C, A) of matrices A € R™™ and
C € R is said to be c-detectable relative to I1 if there is a matriz K € R™*!
such that A — KC' is c-stable relative to I1.

Next we quote some solvability results for CRREs in our notations. The
importance of these results is to establish conditions under which a semi-
definite or stabilizing solution is the unique maximal stabilizing solution we
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seek. This also makes the selection of the initial X easier for the NM, as
any stabilizing solution Xy will do.

Theorem 2.5 ([15, Theorem 5.2]). Assume that (A, B) is c-stabilizable rel-
ative to I and that there exists a matriz X € D(R), the domain of R (in
which the null space requirement is satisfied), with ker|R +TIy(X)] C ker(B)
for which R(X) > 0. Then there exists a solution X, € D(R) of R(X) =0
such that X4 > X for every solution of R(X) > 0 with ker[R + II2(X)] C

ker(B). Moreover, all the eigenvalues of
(8) Ay = A= BIR+ (X 4)]/[L + X1 B + Mia(X)]*

lie in the closed left half-plane.

Corollary 2.6 ([15, Corollary 5.3]). Assume that ker(R) C ker(B), (A, B)
is c-stabilizable relative to II and T' > 0 (c.f. (6)). Then R(X) = 0 has a
solution X4 > 0, and all the eigenvalues of the matriz Ay in (8) lie in the
closed left half-plane.

Corollary 2.7 ([15, Corollary 5.4]). Assume that (A, B) is c-stabilizable
relative to I and that there exists a matriz X € D(R) with ker[R+IIy(X)] C
ker(B) for which R(X) > 0. Then there exists a solution X, € D(R) of
R(X) = 0 such that X4 > X for every solution R(X) > 0 with ker[R +
II5(X)] C ker(B). Moreover, all the eigenvalues of Ay in (8) lie in the open
left half-plane.

Lemma 2.8 ([15, Lemma 5.5]). If R(X) = 0 has a stabilizing solution X,
then Xy > X for every solution X of R(X) > 0. In particular, Xs is the
(unique) maximal solution of R(X) = 0.

Lemma 2.9 ([15, Lemma 5.6]). Assume that R >0, T > 0 and that (Q —
LRYL*, A — BRYL*) is c-detectable relative to

©) 1= [ —RITL* ]H[ —RITL* }

Then every positive semidefinite solution of R(X) = 0 is stabilizing.

Corollary 2.10 ([15, Lemma 5.8]). Assume that R > 0, ker(R) C ker(L),
Q > LRIL*. If X > 0 is a solution of R(X) =0, then X is stabilizing and
positive definite.

Theorem 2.11 ([15, Theorem 5.9]). Assume that R >0, T > 0, (A, B) is c-
stabilizable relative to I1 and (Q — LRYL*, A— BRTL*) is c-detectable relative
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to I (defined in (9)). Then R(X) = 0 has a unique positive semidefinite
solution X 4. Moreover, X is stabilizing and mazximal among all solutions

of R(X) =
3. Perturbation analysis of CRREs
From (1), we represent the perturbed CRRE as
(10) R(X)= A*X + XA+ Q+ 11 (X) — E(X)F(X)'E*(X) =0,
with
E(X)=L+ XB+1I;5(X) and F(X) = R+ IIy(X),

and express the perturbed disturbances Iy (X), Iy(X), II12(X) as

N N N
M (X) =) Af XA, 10 EZ By X B, (X)) =Y AF X By,
- i=1 =1
where
A = A+AA,Q=Q+AQ,L=L+AL,B=DB+AB,
R = R+AR,Aj= A\ + AA{ By = Bl + AB}, X = X + AX,

fori=1,2,...,N and AA, AQ, AL, AB, AR, AA}, AB{ are small pertur-
bation matrices. In order to compute the first-order perturbation matrices,
we seperate E(X) and F(X) into

E(X) = E(X)+E(AX),E(X)=E(X)+0E,

F(X) = F(X)+ F(AX),F(X)=F(X)+dF,
with

F(AX) = F(AX)+ Fy(AX),6F = §F| + 6F,
where

Ei(AX) = AXB+ZA2*AXBO,F1 AX) ZB *AX B},
i=1
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N
Ey(AX) = AXAB+Y (AFAXAB)+ AAFAXB)+ AAFAXABY),

=1
N . . . . . .
Fy(AX) = > (BfAXABj+ ABJAXBj+ AByAXABY),
=1

N
0By = AL+XAB+)Y (AFXAB)+ AAYXBY),
i=1
N

0By = Y AAFXAB,
=1
N . . .
0F, = AR+ (BYXABj+AByXBj),0F, = ZAB *XAB].
=1

E(AX) and F(AX) are linear functions of AX, §FE; and 6F) are first-
order perturbation matrices, dF> and dF5 are second-order perturbation
matrices. Set ®c = A — BF(X)TE(X)* and ¥, = A} — BYF (X)) E(X)*,
for i = 1,2,..., N, then we can obtain ®c = A — BE(X)TE(X)* and ¥}, =
Al — BiF(X)TE(X)*, we obtain the following equation from (1) and (10)
(1)

N
R(X)-R(X) = PpAX +AX Do+ Y VEAXTL — By — By —ho(AX) =0,
=1

using the generalization of the Sherman-Morrison-Woodbury formula

(GSMWF) [12]
(A+UVHT = AT — ATU(T + V*ATU) 1V AT,
on

(F(X)+ F(AX))T = F(X)T = F(X)TF(AX) R F(X)T,
= (F(X)+0F) = F(X)I — F(X)T6FFF(X)T,

P = (In+FX)F(AX)™
= I,—F(X)'(I,+ F(AX)F(X))'F(AX),

Fy = (In+FX)6F) =1, - F(X)'(I, +0FF(X)))~16F,
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N
Bl = —AAX - XAA-AQ - (AFXAA)+ AAF X AY)

- EX)F(X)'6RF(X)'E (X):
+ E(X)F(X)'6E; +0E F(X) E*(X),

N
Ey = - (AAFXAAY) — E(X)F(X) 6RF(X) B(X)"

VF(X)6FF(X) F6FF(X)'E(X)" + E(X)F(X)6E;
VF(X)OFFF(X)0E* + 6B F(X)TE(X)*
SEF(X)I6FFF(X) E(X)* +0EF(X)T6E",
ho(AX) = VE(X)TF(AX)F(X) P F(AX)F(X)TE(X)*
VF(X)TF(AX)FLF(X)T E(AX)*
X)F(AX)RF(X)E(X)*

+ E X)E(AX)*.

We rewrite (11) into

N
(12)  QEAX +AXDc+ Y VGAXTY = By + By + hy(AX).
=1

From the definitions of ®¢ and \T/ic, we obtain

dc = (A+AA)—(B+AB)(F(X)!
— F(X)SFEF(X))(E(X)+6E)*
= &c+ Adg,
Ve = (A +AAY) — (Bf+ ABY)(F(X)!
— F(X)6FFF(X))(E(X)+6E)*
= Uh+ AT,

with

Ads = AA—-BF(X)I6E* + BF(X)6FFRF(X) E(X)*
+ BF(X)'6FFF(X)'0E* — ABF(X)'E(X)* — ABF(X)10E*
+ ABF(X)SFFRF(X) E(X)*+ ABF(X) §FFF(X)16E",
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AVL = AAj— BiF(X)'6E* 4+ B{F(X)6FFF(X) E(X)*
+ BiF(X)SFFRF(X)6E* — ABYF(X)E(X)* — AB{F(X)T6E*
+ AB'F(X)6FFF(X) E(X)*+ AB F(X)16FFF(X)0E".

We express the left-hand side of (12) using A®¢ and AL, as follows

N
DEAX + AX Do+ Y VEAX T PLAX + AX Do

=1

N
(13) + Y UEAXTE — by (AX),
=1
with
N . .
h(AX) = —(APLAX + AXA®c + > (PEAXAT,

i=1

+ AVGAXTL + AVEAXATE)).
From (12) and (13), we get
N . .
PEAX + AX Do+ Y WEAX TG = By + By + hi(AX) + hy(AX).
i=1

Lemma 3.1. Let X be the stabilizing solution of the CRRE (1) and X be
a symmetric solution of the perturbed CRRE (10), then AX satisfies the
equation

N
(14) PEAX + AX P+ Y VEAXVG = By + By + i (AX) + hy(AX),

=1
where
By = —AAX - XAA-AQ - (AFXAA)+ AAFXAY)
i=1
— EX)FX)FRF(X)EX) 4+ EX)F(X)6E;
+ OB F(X)TE*(X);
N

By = =) (AAFXAA)) — E(X)F(X)0FRF(X) E(X)*

=1
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+ EX)F(X)6FF(X)'F30FF(X) E(X)" + E(X)F(X)6F;
— EX)F(X)0FFRF(X)6E* + B F(X)TE(X)*
— JEF(X)6FRF(X)'E(X)" +6EF(X)I6E";

N
h(AX) = —(APLAX + AXADc + ) (VEAXATY,
i=1
+ AVZAXTL + AVEAXATL));
ho(AX) = E(X)F( ) F(AX)F(X) F{F(AX)F(X)TE(X)*
E(X)F ( J'F(AX)F F(X)TE(AX)
— E(AX)F(X)'F(AX)FF(X)TE(X)*
+ E(AX)F(X)'E(AX)"

FEy and E» are first-order and high-order perturbation matrices respec-
tively, and they do not depend on AX. h1(AX) and ha(AX) are the linear
and high-order degree functions of AX, respectively.

3.1. Perturbation equation

We focus on the condition of the existence of a fixed point, that is, the
perturbed CRRE (10) has some solution. From the definition of the linear
operator L., we represent (14) as

We provide a lemma to show the property of invertibility of the linear op-
erator L.

Lemma 3.2 (Damm and Hinrichsen [11]). Let £ : H™ — H™ be resolvent
positive and 11 : H™ — H™ be positive. Then the following are equivalent:

(a) L+ 11 is stable, i.e. o(L+1I) C C_.

(b) —(L +1I) is inverse positive.

(c) 3X >0: (L+1I)(X) <0.

(d) o(L) C C_ and p(L71I) < 1.

(e) o(L) C C_ and det(L + 7II) # 0 for T € [0,1].

According to the definition of IIx(X) in (6), we can obtain that Iy =
Zfil U X W, is positive. Let X be the stabilizing solution to the CRREs
(1), L. is resolvent positive since ®¢ is c-stable and L4 is a Lyapunov
operator. By applying the Lemma 3.2, L, = Lg,+1Ix is c-stable i.e. o(L.) C
C_. In addition, L. is invertible s.t. L' exists. Then, we define a function
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f(AX) by
(15) fIAX)=L;'Ey + L7 Ey + L7 h (AX) + L7 ho(AX).

f(AX) can be regarded as a continuous mapping f : ™" — S™*" and
any fixed point of the mapping f is a solution to the perturbed equation
(14). We provide the existence and uniqueness of the fixed point in (15),
that is, a unique and stabilizing solution to the perturbed CRREs (14). In
conclusion, there exists a unique and stabilizing solution of (10) since X and
AX are the unique stabilizing solutions of (1) and (14), respectively. Here,
we sketch the outlines of proofs about the existence and uniqueness of the
stabilizing solution to the perturbed CRREs (14):

[1] We apply the Brouwer fixed point theorem to show that it exists some
fixed point to the mapping f in (15), that is, the existence of some
solution to the perturbed equation (14) is existed.

[2] We apply the singular property of the linear operator to get the pertur-
bation bound of perturbation matrices, and furthermore to show some
conditions to get the stable perturbed linear operator. Therefore, we
can get the uniqueness of the stabilizing solution to the perturbed
equation (14).

For the details of proofs, please see the Supplementary Material S1 and S2.
3.2. Normwise condition number

We first discuss the perturbation analysis of the CRRE (1) and derive its
normwise condition numbers. From (14), we drop the second and high-order
terms and it yields

N
PLAX + AX o+ Y WEAX T,
=1
N . .
= —AA'X - XAA— AQ - > (AFXAA)
=1
+ AAFXAY) — E(X)F(X)TARF(X) E(X)*
N
— E(X)F(X)!> (B XABj
=1
+ ABYXBY)F(X) E(X)*
+ E(X)F(X)TAL* + E(X)F(X)'AB*X
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N
+E(X)F(X)") (AByX Ay + By XAA)

1
+ALF(X)'E(X)* + XABF(X)'E(X)*

~

N
+ Y (AFXAB) + AAF X BY)
i=1
(16) - F(X)B(X)*.
We recall some notations about vectorization. For a matrix A = [a;;] €
R™ " we define vec(A) = [a] ,aq,...,a,]" eR™, where A = [a1,a9,...,ap]
with a; € R, 1 =1,2,...,n. Some useful properties of Kronecker products

found in [18] are listed below:

[vec(A)ll2 = AllF,
[vec(A)lloo = [l Allmax;
(17) vec(AXB) = (B' ® A)vec(X),

where ||Allmax = max;j|ai|, for 4,5 = 1,2,...,n and B, X € R"*". By
applying the operator “vec” to both sides of the equation (16), we reset
the index ¢ into j such as A} and B} in order to differentiate II;2(X) and

Il5(X) inside of E(X) and F(X) and set E(X)F(X)t = e, A*X =} and
E(X)F(X)'B)*X = ¢}, then obtain

(18) Zvec(AX) = Ps,

N
Z = Lo+ 05al,+Y VG U,

=1
P = [P,P),P,=[P},P},...,P]l,
s = [31,32]T,82:[s%,s%,...,sg],
where
P = [-(X®1,),-I,®X),-(I,®1I,),—(ef @es),(In D ef),
(X®6f),(€f®[n),(ef®X)],
P = [-(I,®d),—(al®1,),—(e;@el),—(e] @ey), (a] @ ey),
(In@e)), (ef ®al), (e @ I,)],
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s1 = [vec(AA*)T vec(AA)T, vec(AQ) T, vec(AR) T, vec(AL*)T,
vec(AB*)T,vec(AL)",vec(AB)T],
s = [VGC(AA%)T, Vec(AAg*)T, Vec(ABg)T, vec(ABg*)T, vec(ABI) T,

vec(AAN) T vec(AB)) T, vec(AAT)T],

for j =1,2,..., N. Before we solve the equation (18) and derive the explicit
expression and its upper bound of the normwise condition number of CRRE
(1), we state a lemma about the nonsingular property of Z.

Lemma 3.3 (Horn and Johnson [22]). Given A, B € R™"™ and let oy, oo,
.ov, Oy and By, Bo, ..., By be eigenvalues of A and B, respectively. Then the
eigenvalues of I, AT +AT®I,+B'®@B" and AT® AT+B"®B" —I,®1,
can be represented as 2c; + 51-2 and a? + ﬁ? — 1, respectively.

Let X be the maximal and stabilizing solution of (1), then o(L.) C C_.
Furthermore,

N
Le(In) = @5+ ¢ + Y _UEUe and o(Lo(I,)) € C-.
i=1
From the Lemma 3.3,
o(Z) c C_ and det(Z) # 0.
Then, we can solve this equation (18)
(19) vec(AX) = Z7'Ps.
Define a mapping
¢: (A, B,Q,L,R, A}, B)) — vec(X),

where X is the maximal and stabilizing solution of CRRE (1). The normwise
condition number of CRRE (1) is defined as follows:

. [vec(AX)||
20 5 =1 )
(20) n(p,u) = lingsup 3(u+ Au, )| X|[F
where
Ay
6(u+ Au,u) = max { | ‘uu’ | },
ui¢,0,p i
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& = {AE||AE|r <€|E|r,E: A B,Q,L,R, A}, B ¢ > 0},

= [u] = (u1,u2) ", ug = [u%,u%,...,ug],for ji=1,2,...,N,
with
up = (vec(A")T vec(A)T,vec(Q)",vec(R) ", vec(L*) ", vec(B*)T,
vec(L), vec(B)T);
wh = (vec(Ah)T vee(AF)T vee( BY) T, vee(B) T, vea(BY) T, vee(4]) T,

vec(Bg)T, vec(Ag)*)T).

Theorem 3.4. The explicit expression and its upper bound of the normwise
condition number n(p,u) are

n(e,u) = [tl/IX]
(21) nu(p) = 127w/ X]F,

where

I
R
>

Ln)lvec(|A*]) + 127 (In @ X)[vec(| Al)
Ln)lvec(1Q]) + 127 (e @ ey) |vec(| R])
ep)lvec(|L7]) +|Z7H(X @ ef)|vec(| B))
Lp)lvec(|L]) + 127 (ef @ X)|vec(|B])

+ + +
N

+
[]=
N
~

&

g%
F
X
E

+

N
)

X

~
Fl
o
FS

1Z7 (e @ e])|vec(| BY|) + |27 (&) @ ef)|vec(|BS|)
1Z71(dd, @ ep)|vec(|BY|) + |27 (I @ €])|vec(|A)))
1Z7 (e @ al)|vec(|BY|) + |27 (e] @ L) [vec(|AL")));
2|Allp| X |lr + 1QllF + llesal FIRIEF + 2llesall £ IIL] #

+ + +

w1

N

+ 2lesall I BIFIXIE + Y 2lakallrl Apllr + 2lesal FlIBGllFll e, ]l r
j=1

+ 2lesall FIIB I Flladallr + 2llep Nl Fll A5l p)-

Proof. From the formula of the normwise condition number of CRRE (1),
we compute Au and vec(AX) via (19). Adding some small perturbations
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to the vector u and we get the equality s = Au. From the property of the
absolute value, we have

el < [EQOIFX) = epa,

ozl < [AYNIX] = ala,

el < [BOIFX)T|BY|1X] = e,

Hence, we derive the explicit expression and its perturbation bound of
n(p,u) using the formula (20)

12~ Pllulll.

n(e,u) = CXIE

= Z7HX @ L) |vec(|A%]) + 27 (In ® X)|vec(| Al)

+ 27 (I @ L) vec(|Q]) + |27 (ef @ ef)|vec(|R))

+ |Z_1(In®ef)|vec(]L*|)+|Z_1(X®ef)|vec(|B*|)

+ 127 (e @ I)|vec(|L) + 127 (ef ® X)|vec(|B|)

N
+ > (27N Iy ® af)vee(|AY)) + |27 (al, & L) |vec(| A}"])
j=1

+ 127 ey @ e])|vec(|BY)) + |27 (e] ® ey)|vec(|BY)

+ 27 (a] ® ep)lvec(|BY|) + 127 (In ® €] )| vec(| A)))

+ 127 ey @ ad)|vec(|BY|) + 1271 (e @ In)vec(|J AT I/ X |

= [lI/IX ] s

< NZ7HINAMIX] + XA+ Q] + les|[Rllef| + les||L¥|

N . .

+ el BY1X| + [Lllej| + IX[1Bllef] + > (lad ]| A)| + | Af"|lad]
7j=1

+ lellIBYllef| + lesl| B e | + les|| B l1ad| + ]| A}

+  ladl|Billes + AN el DIl e /1 X || s

< Z7YIA*X] + XAl + QI + egal Rlef, + efal L]
N . .

+ el BY|X| + |Llej, + |X[|Blefa + > (alo|Af] + A} |l
j=1

+ €l Blleta + eral By lely + e1al BY s, + €l |Af] + aly| BileFa

+ AY leg) 12/ 11X 15
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< Nz CIAIFIXIF + 1QlF + llesal I Rl + 2llesall 7l LIl 7
N ' A

+ 2llesallrIBIFIXF + Y @lladallrl Al
j=1

+ 2lesallrlByllrliel,llr + 2llesall FlI Bl Fllatall F

+ 2lleg el Agll#)) /1 X 73

1Z=H e /11X |-

3.3. Mixed and componentwise condition numbers

By considering the matrix structure, we introduce a lemma about mixed
and componentwise perturbation anlayses to compute condition numbers of
CRREs (1) efficiently.

Lemma 3.5 (Gohberg and Koltracht [17]). Let F' : RP — RY be a con-
tinuous map defined on an open set Dom(F) C RP. For a given a # 0 €
Dom(F), such that F(a) # 0, where Dom(F') denotes the domain of the
function F. Let B%(a,e) = {x : |v; — a;| < €lai|,i = 1,2,...,p}, where
a=(a1,a,...,ap) o= (21,29,...,7,)" €RP and e > 0.

(a) The mized condition number of the map F at the point a is defined

| IF@) - Fla)le 1
F =1
miba)=lg S e s@a)’

rH#a

where §(x,a) = maxi=iz2,...» {%}

a; #0
(b) Suppose F(a) = (fi(a), f2(a),..., fg(a)) such that fj(a) # 0, for
j=1,2,...,q. The componentwise condition number of F at the point
a s
F(z), F
¢(F,a) = lim sup (Flx), (a))7
€20 2ep0(a,e) 6(z, a)
z#a

where 0(F(z), F(a)) = maszqu{w}.

1£;(a)]
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Theorem 3.6. Based on Lemma 3.5 and the definitions of ¢ and u, we
express the mized and componentwise condition numbers of CRRE (1) as

m(p,u) = [[tloo/[1X [lmax,
c(p,u) = |t/vec(X)lloo-

The upper bounds of m(p,u) and c(p,u) are respectively

(22) mu(@) = 127 oow/]| X [lmax;

(23) cu(p) = |Diag™!(vec(|X|)Z 7" [[cowa,

where

wy = 2| Allmax[| X lmax + [| Q| max + ||6fa||r2nax”R||m&X + 2||€faHmaX||LHmaX

N
+  2[lefallmax || Bllmax/| X [[max + Z(2||a?pauma>(”‘4€)”max
j=1
+ 2||efa||maX|’Bg‘|maX||eia|’max + 2H6fa||maX||Bé||maxua.{~a||max

+ 2[le], a4 max) -

Ifx = (z1,22,...,2,) " € RP, then Diag(z) denotes the pxp diagonal matriz
with x1,x2,...,x, on its diagonal.

Proof. Let © = u+ Au, a = u and F = ¢. Based on (a) of Lemma 3.5, the

definition of the mapping ¢ and the properties of Kronecker products (17),
we can get

[F(z) = Fla)le  _  lleo(u+ Au) — p(u)]
1F(a)llo () lloo
_ |vec(X + AX) — vec(X)|| o
[[vec(X)|[oo
[vec(AX)[loo _ [[vec(AX)[loo
[[vec(X)|[oo (| X || max

The formula of mixed condition number of CRRE (1) can be rewritten

' [|vec(AX)||oo
24 =1
(24) mleu) = sup S X o

where F = {AF||AF| < ¢|F|,F : A,B,Q,L,R, A}, B}, ¢ > 0}. Similarly,

we can also rewrite the formula of componentwise condition number of
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CRRE (1)

vec(AX)
vec(X)

1
2 =1
( 5) C(SD? U/) GEE(I) Sl}p 6<U+Au7 U)

HOO

From (19) and (24), we can get the explicit expression and its perturbation
bound of the mixed condition number of CRRE (1)

12~ Pllullloo
X [[max
[[¢lloo /11X [ masx
127 lloowa/ 1 X [lmax-

m(p,u)

IN

Analogously, the explicit expression and its upper bound of the componen-
twise condition number are derived using (25)

_ |1z Pl
clpu) = ‘ vec(X) |l
= It/vec(X)lloo

IN

[Diag™ (vec(|X[)) 2™ [lagwa.

4. Numerical experiments

In this section, we have shown relative errors with respect to the solutions of
CRREs (1) under normwise, mixed and componentwise perturbation analy-

AX AX || max :
”HXII‘LF’ ””X”” and HATX and their sharper upper bounds
max max

in (21), (22), (23). The numerical algorithm is described in Algorithm 1
for condition numbers of rational Riccati equations. We have chosen one
representative example:

ses such as

(1) The CRREs in Example 4.1 are quoted from [2].

All the numerical experiments were conducted using MATLAB [28] Version
R2018a on a MacBook Pro with a 2.30 GHz Intel Core 8 Duo processor and
64 GB RAM, with machine accuracy eps = 2.22 x 10~16,

For the numerical results, we express r&FRE pCRRE .CRRE o1 pelative
erTors; ngRRE , ngRE , chRE for their upper bounds in the normwise,

mixed and componentwise perturbation analyses.
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Algorithm 1 (Condition numbers of rational Riccati equations)

Input: A Q, AL e K"*" B,L,B} € K™ and R € K™ ™ fori=1,2,...,N;
CRRE | CRRE

Output: Normwise, mixed and componentwise condition numbers r,; s T
and TCCRRE upper bounds nCRRE CORRE 4nq (SHREE.

Let AA, AQ, AAL € K", AB, AL, ABS € K"™*™ and AR € K™X™
be selected from normal distribution and the weighted coefficients be
10~% such as AE = 10~* x randn(n, m), for E € K"*™;

Set A=A+ AA Q=Q+AQ,B=B+AB,L =L+ AL,

R=R+ AR, A} = A} + AA} and B} = B} + AB{;

Solve the CRREs (1) and its perturbation equation (10)

by the GSM and get the solutions X and X, respectively;

Compute the relative errors with respect to the solution X under the
normwise, mixed and componentwise perturbation analyses,

pCRRE _ %7 pCRRE _ H)\?\;(H%’ and rCRRE _ veséjixjc) H
where 4 = ((Z”i, with A = (a;;) and B = (b;;);
Estimate the upper bounds nSR%E mSBRE and cSREE in (21), (22)
and (23);

End Do

Example 1 (CRREs [2])

This example 1 is an application of a mathematical model about an L-1011
aircraft, quoted from [2, Example 3] with the addition of stochastic distur-
bances in II. Consider the CRREs (1) with n =4, m =2 and N =1,

0 1 0 0 0 0
Ao 0 -1.89 0.39 —5.53 B_ 036 —1.6
0 —0.034 —298 243 |’ —0.95 —0.032 |’
0.034 —0.0011 —0.99 —0.21 0.03 0
2.313 2.727 0.688 0.023 ] 0 0
0= 2.727 4.271 1.148 0.323 I 0 0 R:{l 0}
0.688 1.148 0.313 0.102 |’ 0 0|’ 0 1
0.023 0.323 0.102 0.083 | 00

1.3239  0.9015  0.5466 —1.7672
0.9015  0.9607  0.4334 —1.1989
0.5466  0.4334  0.4605 —1.3633
—1.7672 —-1.1989 —1.3633  4.4612

Xo =
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Table 1: Example 4.1 (Condition Numbers of CRREs; n = 4, m = 2,
N=1)

3 yCRRE enCREE rCRRE emmCRRE rCRRE emcCRRE

5  4.5270e—05 2.7967e—03 3.7340e—05 5.4646e—04 3.7340e—05 1.6244e—03
6  4.5986e—06 4.2636e—04 3.8116e—06 1.6425e—04 3.8116e—06 4.8825e—04
7 5.3009e—07  2.4990e—05 5.3509e—07 1.3955e—05 5.3509e—07  4.1483e—05
8  1.1444e—07 2.6815e—06 1.1903e—07 2.0314e—06 1.1903e—07 6.0385e—06
9  1.5689e—09 2.4698e—07 1.9287e—09 2.9215e—07 1.9287e—09 8.6845e—07

10  1.1968e—09 2.4907e—08 1.3123e—09 2.0833e—08 1.3123e—09 6.1927e—08

X is the initial solution of (4) to the CRREs solved by NM. Let the per-
turbed coefficient matrices AA, AB, AR, AL, AQ, AAy and ABy be gen-
erated using the MATLAB command “randn” associated with the weighted
coefficient 107%, then we add the perturbation matrices to the original ones
and get (A, B,R,L,Q, Ay, By) = (A+ AA, B+ AB, R+ AR,L+ AL,Q +
AQ, Ao + AAy, By + ABy), which are coefficient matrices of the perturbed
CRREs (10). We apply the efficient method called GSM [14] associated
with NM to solve the CRREs (1) and perturbed CRREs (10) and get the
unique stabilizing and maximal solutions X and X respectively, then com-
pute the relative errors under three kinds of perturbation analyses such
as rORRE pORRE and pORRE with different weighted coefficients 107%, for
k=5,...,10.

From Theorems 3.4 and 3.6, we can obtain their upper bounds n$#RF
mCREE and (CRRE Set
o - max 4 JAAlF IABllr [AR|F [ALr [AQlr [[AdolF
n - ) ) b ) ) b
[Al= " IIBllr " IRlr " [ILIlF * 1QIF * [[Aollr
|1ABo|| 7
[Bollr |
en: = minfe:|AA| < dALIAB| < e|Bl, |AQ] < dQL,IAL| < e|L],

AR| < €[R|, |AAo| < € Ao], |ABo| < elByl,e > 0},

it can be found from Table 1 that the perturbation bounds are close to
relative errors under three kinds of perturbation analyses such as r&#RF <
ennCRRE pORRE < ¢ qORRE anq pORRE < ¢ cCORRE that is, (21), (22)
and (23) give sharper upper bounds of the relative errors with respect to

the unique stabilizing solution X.
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Example 2 (CRREs [27])

The example 2 involves circulant matrices, modified from [27, Example 5]
with the addition of stochastic disturbances Ay and By. Consider the CRREs
(1) with n =m =100 and N =1,

-2 1 0 0 1
1 0
0
A= ,
0 1
1 0 0 1 -2
(4595 —2 0 0 -2
-2 4.99 0
0
Q= ;
: 0
0 -2
i -2 0 e 0o -2 4.99_
L =0100, BR™'B" = Ioo, Xo = Ioo,
1 0 --- ... 0]

A():O.l*floo, B(): : : :

00 -+ --- 0

We generate one random sample (AA, AB, AR, AL, AQ, AAy, ABjy)
and obtain coefficient matrices of the perturbed CRREs (10), then the rel-
ative errors under the normwise, mixed and componentwise perturbation
analysis are computed according to different weighted coefficients 10~%, for
k = 9,10,11,12,13, 14, respectively. Moreover, upper bounds under three
kinds of perturbation analysis are following derived.

It can be seen from Table 2 that the values of the relative errors are
closely bounded by our perturbation bounds of (21), (22) and (23). In other
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Table 2: Example 4.2 (Condition Numbers of CRREs; n = 100, m = 100,
N=1)

CRRE CRRE CRRE CRRE CRRE CRRE
k T €nNy T, EmMey, Te €mCy

9  5.6622e—09 1.8864e—05 2.0797e—09 4.7837e—09 2.0797e—09 4.7837e—09
10 5.6475e—10 1.8865e—06 1.6699e—10 2.1944e—10 1.6699e—10 2.1944e—10
11 5.5968e—11 1.9095e—07 2.5674e—11 4.8917e—11 2.5674e—11 4.8917e—11
12 5.6183e—12 1.8865e—08 2.0756e—12 4.8413e—12 2.0756e—12 4.8413e—12
13 5.7175e—13 1.8679e—09 2.4425e—13 4.8040e—13  2.4425e—13  4.8040e—13
14 5.6072e—14 1.8882e—10 2.287le—14 4.4806e—14 2.2871e—14  4.4806e—14

words, (21), (22) and (23) does provide a sharp upper bound of the relative
errors of the stabilizing solution X. Table 2 shows that our estimates are
tight.

5. Conclusions

In this paper, we present condition numbers and upper bounds for the ratio-
nal Riccati equations (1) under small perturbation in the coefficient matri-
ces. Furthermore, some sufficient conditions are presented for the existence of
the stabilizing solution to the CRRE (1) and perturbed CRRE (10), respec-
tively. We highlight and compare the practical performance of the derived
condition numbers and perturbation bounds under the normwise, mixed and
componentwise perturbation analyses through two numerical examples. Nu-
merical results show that we provide tight and sharp perturbation bounds
of the stabilizing solution to CRRE, that is, our perturbation bound is very
sensitive to the condition numbers of the stabilizing solution in small- and
medium-sized problems about applications of a mathematical model [2] and
a circulant matrix [27], respectively. For the large-scale problem, we can also
get the condition estimates and upper bounds by modifying our algorithm
and only need to consider the numerically low-rank and sparsity structures
in solving CRREs. This will be our future work.
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