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A study on random differential equations of
arbitrary order
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In this paper, the well-posedness of fractional random differen-
tial equations (FRDEs) involving Hilfer-Katugampola fractional
derivative (HKFD) is discussed. The sufficient conditions to exis-
tence of solutions for FRDEs involving initial, nonlocal and impul-
sive conditions are generated using standard fixed point theorems.
Further the stability of solution is verified by the concept proposed
by Ulam. Uniqueness solutions of initial value problems for FRDEs
using picards iterative techique and continuous dependence of data
are also discussed.
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1. Preface

Fractional calculus is generalization of ordinary differentiation and integra-
tion to arbitrary non-integer order. The subject is as old as the differential
calculus. Integral equations are one of the most useful mathematical tools in
both pure and applied analysis. We can find numerous applications of dif-
ferential and integral equation of fractional order in finance, hydrology, bio-
physics; thermodynamics control theory, statistical mechanics, astrophysics,
cosmology and bioengineering [11, 12, 19]. For the significant development
in fractional differential equations (FDEs) in recent years; see [2, 4, 5].
Evaluation of parameters of a dynamical system is not without uncer-
tainties. When our knowledge about the parameters of a dynamic system is
of statistical nature, that is, the information is probabilistic; the common
approach in mathematical modeling of such systems is the use of random
differential equations (RDEs) or stochastic differential equations. RDEs, as
natural extensions of deterministic ones, arise in many applications and have
been investigated by many mathematicians. We refer the reader to the pa-
pers. The analyses of FDEs with random parameters have been studied in,
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[15, 20, 23]. The existence results for a FRDEs is discussed here [3, 6, 16, 23].
As an extension of work [9], here we study the special case of kernel which
represents Hilfer-Katugampola fractional derivative (HKFD). The general-
ization of HKFD and the properties are chiefly discussed by Oliveira and
Capelas, in [18]. The detailed study and theoretical analysis of FDEs involv-
ing HKFD is discussed in [10].

2. Preliminary

Set (9, F,p) is a complete probability space. Define the Banach space of all
continuous random functions space, C([a,b] = J xQ,R) :={u: J x Q@ — R}
with the norm

|lullo =sup {|u(t,¥)|:t € J, ¥ Q}.

We denote the weighted spaces of all continuous random functions space,
defined by

tP — af

P

1=y
Ci—yp(J,R) = {u I XxQ—=R: < ) u(t, ) € C(J, R)} ,
0<~y <1,

with the norm

(557) e

Next, we introduce the piecewise continuous space

lulc, .., = su

PC:{u:J><Q—>R:u€C(tk,tkﬂ],k:O,...,m;

there exists u+)(J) and u(t;)(ﬁ)}.

Now, we give the weighted piecewise continuous space of the form PC1_, ,(¥),

P — aP\ 177
PC1_%p = u: ( P ) u(t, 19)|t€[tk,tk+l] S C[tk,tk+1], k=0,...,m,

where 0 < v < 1}.
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Obviously, which is a Banach space with norm

P —aP\' T
lulpe, = sup ( ) Wt k=0 m.
T te(tntesn] P

Definition 2.1 ([13]). The generalized left-sided fractional integral PI®f of
order o € C(R(«)) is defined by

11—«

W e = [ - s

if the integral exists.
The generalized fractional derivative, corresponding to the generalized
fractional integral (1), is defined for 0 < a < t, by

@ er 0= (10 g) [ e i

if the integral exists.

Definition 2.2 ([18]). The Hilfer-Katugampola fractional operator with re-
spect to t, of order p > 0, is defined by

(3) (pDavﬁf) (t) = (p]oz (t”*%) p[(l—ﬁ)(l—a)) (t)
= <p 16,7 I(l—ﬂ)(ka)) (t).

Lemma 2.3. [18] Let o, B > 0, and

() 0t ()

P —gP\ > !
rpe ( a ) (t) = 0.
p

Lemma 2.4. [18] If a > 0 and 0 < p < 1, then PI% is bounded from
Cu(J,R) into Cy(J,R). In addition, if p < a, then PI® is bounded from
Cu(J,R) into C(J,R).

Lemma 2.5. [27] Suppose a > 0, a(t, V) is a nonnegative function locally
integrable on J x Q (some T < o), and let g(t,¥) be a nonnegative, non-
decreasing continuous function defined on J x Q, such that g(t,9) < K for
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some constant K. Further let u(t,9) be a nonnegative locally integrable on
J X Q function with

p_ gp\ o1
<t i > sPlu(s,9)ds, (t,9) € J x Q,

u(t, 9) < a(t,9) + g(t, V) /t -

a

with some o« > 0. Then

3 Lot O)(a)" (tp — SP>W_1 sﬂ—ll als, 0)ds,

n=1

u(t, 9) < a(t, ) /

(t,0) € J x Q.

Remark 2.6. Under the hypethesis of Lemma 2.5 let a(t,9) be a nonde-
creasing function on [a,b]. Then u(t,9) < a(t,9)Eag(t,9)'() (%) ,
where Eq is the Mittag-Leffler function defined by

;)Fkoa—i—l , z€C, Re(a) > 0.

Lemma 2.7. Let u € PCy_, , satisfies the following inequality

torp _ gp\ @1
(=) o e olast 3 o,

p O<tp<t

u(t, 9)] < alt, 0) +g(t,9) /

a

where c1 s a nonnegative, continuous and nondecreasing function and ca, \;
are constants. Then

a—1 k
(e, 9] < alt, ) (1 LB, (g(t,ﬁ)F(a) (tp = “p> >>
1P —ar\ !
< F, (g<t,z9>r<a> (=) ) ,

where A =sup{\;: k=1,2,3,...,m}.

Theorem 2.8 (Krasnoselskii’s fixed point theorem [7]). Let X be a Ba-
nach space, let B be a bounded closed convex subset of X and let P1,Po be
mapping from B into X such that Piu + Pov, € B for every pair u,v € B.
If By is contraction and Pao is completely continuous, then the equation
PBiu+ Pou = u has a solution on B.
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Theorem 2.9 (Schaefer’s Fixed Point Theorem [7]). Let K be a Banach
space and let P : K — K be completely continuous operator. If the set
{ue K :u=45§Bu for some § € (0,1)} is bounded, then P has a fized point.

Theorem 2.10 (Banach Fixed Point Theorem [7]). Suppose Q be a non-
empty closed subset of a Banach space EE. Then any contraction mapping P
from Q into itself has a unique fized point.

3. Initial value problem for FRDESs

Consider the FRDESs involving HKFD of the form

" P DBt 9) = g(t, 0, ult, V), teJ = (a,b,
PIY=Yu(t, V) |tma = Ua(V),

where ¥ € Q, P D%P is the HKFD of order o (0 < a < 1) and type 8 (0 < 3 <
1) and PI'~7 is generalized fractional integral of order 1—~ (v = a+£—af).
Let g: J x Q2 xR — R is a given continuous function. Here, ¥ is random
variable and ug(?) is random initial condition.

In this section, we prove existence and uniqueness of proposed Cauchy
type problem (4). Before starting and proving this result, we list the follow-
ing condition:

(H1) Lipschitz condition: There exist a constant £(t,9) > 0 such that
‘g(ta 197 11) - g(tv ﬁvﬁ)’ < E(t, 19) ‘u - ﬁ’ ’

for any u,u € R, and ¢ € J.

Lemma 3.1. Let v = a+ 5 — af, where 0 < a < 1 and 0 < § < 1.
Let g : J x QxR — R be a function such that g € Ci_.,(J,R) for any
u € Ci—y,p(J,R). If u satisfies the problem

PDPu(t, 9) = g(t, 9, u(t,9)),
PIVMu(t, )| tma = ua(V),

if and only if u satisfies the Volterra integral equation of second kind

u(t, ) = V) (tp;“p>“+w1a) /: (tp;8p>a1sp_lg(s,19,u(s,19))ds.
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Lemma 3.2. The Katugampola fractional integral operator PI¢ is bounded
from C1_4,p(J,R) to C1—,p(J,R):

B(y,0) <t” - a”)“
6 Pre <M ,
( ) H gHCl,W - F(Oz) D

where, M is the bound of bounded function g.

Proof. From Lemma 2.4, the result follows. Now we prove the estimate (6),
we have
1—
<tp — “p> Topog
P C

B(y,a) (t° —a?\"
S HgHC1—'y;n F(Oé) ( p > ’

pro —
I, —‘

using Lemma 2.3, we get

B(’%O‘) <tp — ap>a
PI% <M
H ”leﬂﬁp F(Oé) P

O

Theorem 3.3. Here the assumption [H1] holds. There exists a unique so-
lution u for the Cauchy-type problem (4) in Ci—~.,(J,R).

Proof. The integral Eq. (5) makes sense in any interval [a, t1] C [a, b]. Choose
t1 such that

a P —aP\®
(7) E(t,ﬁ)BF(z(;)) (tl ; ,,) <1

holds and first we prove the existence of unique solution ue C1_,,([a, t1], R).
We proceed as follows. Set Picard’s sequence functions

U (9) (P —ar "
i olt: ) = r<>( )
(9) 1t 9) = uo(t, 9) + (tp_sp> #=Lg(s, 0, 11 (s, 9))ds,
m € N.

We show that u,,(t,9) € Ci1—+,(J,R). From Eq. (8), it follows that ug(t,) €
Ci—vp(J,R). By Lemma 3.2, PI* is bounded from Ci_,,,(J,R) to
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Ci—v:p(J,R), which gives u,,(t,9) € Ci—4,p(J,R), m € N. By Eq. (8) and
Eq. (9), we have

ur (@, 9) = uo(t, Nlle, (o) r) = 17190 0w 9)) e, o) r)

using Lemma 3.2

B(v,a) (t? —aP\*
10) et 9) = wolt, Do, ganz <M (“ |

I'(a) p

Further we obtain

(11) Juz(t,9) —wi (&, Dlle, . (atr)
B(v,a) (1§ —a”\* B(v,a) (] —a”\“
< (5) (e s (150 )

Continuing in this way m-times, we obtain

(12) () = twm-a (D)o, o)
B(77 CY) tll) —a”\ % B(’y, a) tfly —aP\® m—1
=M INGY) ( p ) <€(t’ﬁ) () ( P ) ) :

By Eq. (7), we get

(13) i (t9) = wma () le, (a1 = 05 a8 m = +oo.
Again by Lemma 3.2, it follows that

||P10‘g(t, 19, um(t, 19)) — plag(t, 29, u(t, 19)) HCI—'y;p([aytlLR)

B(v,a) [(t] —a”\*
( ) < 1 > Hum(t) a u(t)Hcl—v;p([aﬂtﬂ,R)’

SR vry R

and hence by Eq. 13,

(14)
leag(tv v, um(t7 79)) - ,DIch(t, v, Ll(t, 19))‘|Cl,,y;p([a,t1],R) — 0, as m — +o0.

From Eq. (13) and Eq. (14), it follows that u(¢,?) is the solution of integral
Eq. (5) in Ci—+;p([a, t1], R).
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Now to show that the solution u(¢, ) is unique, consider there exists two
solutions u(¢,¥) and v(¢, J) of the integral equation (5) on [a, £1]. Substituting
them into Eq. (5) and using Lemma 2.4 with condition [H1], we get

(15)  u@9) = o, Dlle, (ot
< HPIOég(t’ 19, u(t, 19)) — plag(t, 19, U(t, 79)) HC17»y;p([a7t1LR)

B(v,a) (t? —a”\*
<t T (U] ) w0l o

This yields #(t,9) Bé(v;;) <tf77“p>a > 1, which contradicts to condition (7).

Thus there exists u(t,9) = ui(t,9) € Ci—,5([a,t1],R) as a unique solution
on [a,t1].

Next, consider the interval [tq,ts], where to = t1 + hy, hy > 0 such that
to < b. Now the integral Eq. (5) takes the form

(16)
0= (55) ert [ (5) e
+ ﬁ /mt1 <tp _p Sp>a_1 sP (s, 0,u(s,9))ds, t€ [t1,ta].

Since the function u(t,?) is uniquely defined on [a,t;], the last integral is
known function and therefore the integral Eq. (16) can be written in the
form

a—1
(17)  u(t,9) =u*(t,9) + ! ] /tt <tp — Sp) sP~ g (s, 9,u(s,9))ds,

T(a ;
where
+ ﬁ /at1 <$)O‘_1 s Lg(s, 0, u(s, ¥))ds,

is the known function. Using the same argument as above, we deduce that
there exist a unique solution u(t,9) = us(t,9) € Ci—p([t1, t2],R) on [t1, ta].
Taking interval [ta,t3], where t3 = ta + hg, he > a such that t3 < b, and
repeating the above process, we obtain a unique solution u(t) € C1—.,(J,R)
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of integral equation (5) such that u(t) = u;(t) € Ci—y;p([tj-1,t;],R) for
j=12,...;0,and a = up < w3 < ... < w = b. Using differential Eq. (4)
and Lipschitz condition [H1], we obtain

(19)

Hﬂpaﬁum(t, 9) — P DYBy(t, 19)]

— [lg(t, (£, 9)) — 9(t,u(t, ),
< f(t,ﬁ) ”um(t’ﬁ) - u(t719)||01,w) :

Clearly, (13) and (19) implies that »D*Pu(t,d) € C1_.,(J,R).
Thus, the proof of the theorem is complete. O
4. Solution of nonlocal initial value problem for FRDEs

First, we discuss the existence, uniqueness and stability of solutions of
FRDEs with nonlocal condition of the form

20) {pDaﬁu(uﬁ) =g(t,9,u(t,9)), teJ:=(a,b],

PIYYu(t, ) |1=a = u(9) + h(u, 9).

We establish by an integral equation is as follows

~ ug(9) + h(u, ) [(tP —aP -1
) w0 = I'(v) ( p )

1 t tpi o a—1
+F(a)/ ( p8> sP1g(s,9,u(s,))ds.

(H2) There exist p, ¢:J x Q — R with

la(t, 0, w)| <p(t,0) + q(t,9) [ul,
for all u € R and P(¥) = sup,esp(t,9), Q) = sup,cyq(t, V), for
(H3) tTleleié exist a constant ¢, such that
6w, 9) = b(v, D) < £y(L,9) [u— v

(H4) Let the functions ug, vy, @ J X @ — R are continuous and there exists
a constant £* > 0, such that

[us, (0) — 01, (D) < L7(¢, 9) |[u — o],
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and
lug, ()| < r(t, ), forall k=1,2,...,m,

and we denote R(1)) = sup,¢c;7(t,J).
(H5) There exists an increasing function ¢ : J x @ — R™ and there exists
Ap > 0 such that for any t € J

pIagp(ta 19) S )‘<p90(t7 ﬁ)

Theorem 4.1. Assume that hypotheses [H1]-[H3] are satisfied. Then,
Eq. (20) has at least one solution.
Proof. Consider the operator P() : Q x Ci1_, = C1—,p.

Hence, u is a solution for the problem (20) if and only if

u(t,9) = (Pu)(t,v),

where the equivalent integral equation which can be written in the operator
form

(22) (Pu)(t,9) = uq (V) + h(u,9) (tp _ ap)’y—l

I'(v) p

1 t P — gP a—1
+F(a)/ < ps) " 1g(s, 9, u(s, 9))ds.

Consider the ball B, = {u € Cryp i lulle, < r}. Set h(0,9) = H(9)
Now we subdivide the operator P into two operator P; and P, on B, as
follows

Cu(9) (P —a? " h(uW) (P —a’\!
Plu(tﬁ)_F(v)( p > " T(7)< p ) ’

and

INGe p

The proof is separated into some steps.

Pou(t, ) = — | /: (tp - Sp>a1 L, 9, u(s, 9))ds.

Step 1. Piu+ Pyv € B, for every u,v € B,.

ta (1) <tp - aﬂ)“ | h(t) <tp - ap)yl

L(v) p L(v) p

[Pru(t, 9)| =
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p_ P\ 177
Puu(t, ) (t p“ >

wo ()] | [, 9) — h(0,9)] . [h(0, )
S ) H ¥ ) R o)

(), b (1" —a?\7 H(9)
< (57) Me. gy

This gives

()] b (P —ar\T H(9)
@3 NPl ,, < 0 +F(7)< P ) lulle, .., + ¢y

For the operator P,

P _ P\ 17
Bt ) <t pa>

<r (50 [ (5F)
e ) [ (= )l p(t,9)] ds
1

th— P\ e — P\
. ) /( . ) 51 lq(t, 9)] [u(s)] ds

to —ar\' tr —ar\ T
) Bw,a)( ) Q) Iulle, _ds

" g(s, 0, u(s, 9))| ds

Thus, we obtain

P _ gp\ ¥t
(24) 1Pl g < I1P(19) (b a >

(a+1) p
Q) <b” —a’

I(e)

) B0 ullo, -

Linking (23) and (24), for every u,v € B,,

[Pru+ Polle, < |Puwlle, 4Pl <
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Step 2. P; is a contration mapping.
For any u,v € B,,

‘ (tp - “p> o (Piu(t, 9) — Pro(t, 19))‘

P
1

<t |h(u,9) — h(v,9)],
1

< o) |h(u,9) — h(v,9)],

0 (t,9) (tﬂ - ap)”‘l
< u—o
< T 5 lu—vlle,_

This gives

0,(,9) (bP —aP\ "
I(Piu— Pro)|l, < F((V))( p ) Ju—vlle,_ -

Thus, P; is a contraction mapping.

Step 3. The operator P, is compact and continuous.
According to Step 1, we know that

P@W) (b —a\*
1Pullc, . @) =< T ) < P )

(a+1
) (b’” - ) B(y,0) Jule, -

I(a)

So operator P is uniformly bounded.
Now, we confirm the compactness of operator Ps.
For 0 < t; < t,, < T, we have
) PQU tl, ) ‘

(5 e
) ; <tp; p>a 577 (s, 0, u(s, 9))ds

£ aP\1TT /P gp\ O
() [ s
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tending to zero as t; — t,,. Thus P, is equicontinuous. Hence, the operator Py
is compact on B, by the Arzela-Ascoli Theorem. It follows from Theorem 2.8
that the problem (20) has at least one solution. O

Lemma 4.2. Assume that the hypothesis (H1) is satisfied. If

() o )

then, (20) has a unique solution.

Next, we shall give the definition for generalized Ulam-Hyers-Rassias (U-
H-R) stability for the differential equations involving HKFD with random
effects is given by

(25) PDYBu(L,9) = g(t, 9, u(t, ).

Let € > 0 be a positive real number and ¢ : J X 2 — RT be a continuous
function. We consider the following inequality

(26) PD%Po(t,9) — g(t, 0, 0(t,9))| < o(t, ).

Definition 4.3. Eq. (25) is generalized U-H-R stable with respect to ¢ if
there exists a real number Cy, > 0 such that for each solution v : 0 —
Ci—,p of the inequality (26) there exists a solution u : Q — Ci_, , of Fq.
(25) with

lo(t,9) —u(t,9)] < Crop(t,9), teJdel.
Theorem 4.4. Under the hypotheses (H1) and (H5), the solution of Eq. (20)
s generalized U-H-R stable.

Proof. Let v be solution of inequality 26 and by Lemma 4.2 there exists a
unique solution u for the problem (20). Thus we have

ug(0) + h(w,9) [t —ar\7!
e O ( 5 )

1 t s gp\ L
+F(a)/ ( p8> " 1g(s,9,u(s, 9))ds.

By differentiating inequality (26) for each t € J, ¢ € 2, we have

n-H(5) ()
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1 [tr— s\ !
- p—1
o /a < P ) sPrg(s,0,0(s,9))ds

)
= )“P(p(ta 19)

Hence it follows

o(t,9) —u(t, V)]

_aP\ 7L
< n(t,z?)—u“w)ﬂ;;(uﬁ) <tﬂ p p)
1 t P — gP a—1 )
_F(a)/a ( p ) " 0(s, 9, u(s, 9))ds
wl®) (P =\ ho,9) (= ar\ T
< |o(t, 9) NG ( P ) I'(7) ( P) )
1 t P — gP a—1 .
_F(a)/a ( p ) s7g(s, 9, 0(s,9))ds
1 th— qP\ !
m( P > |h(v,9) — h(u, V)|
1 t P — gP a—1 )
+I‘(a)/a< P) ) sP7H g(s, 9, 0(s,9)) — g(s, 9, u(s, )| ds
—a” v—1
SAw¢(t,19)+£i?Eff;'39) (t/’p > [0(t,9) — u(t, V)|
09 L=\ o
+F(a)/a< P ) s o(s,9) —u(s, V)| d
= Crpp(t, V).
Thus, Eq. (20) is generalized U-H-R stable. 0

5. Random differential equation with impulsive effect

Next, we discuss the existence, uniqueness and stability of solutions of RDE
with impulsive involving HKFD of the form

PDYPU(t, ) = g(t, 9, u(t,?9)), teJ =J\{tr,...,tm},
(27) A”Il_“fu(t, 19)|t:tk = utk (19),
PV Yu(t,9) |=a = ua (),
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where ug(9) : J x @ — R is continuous for all £ = 1,2,...,m, and 0 =

to <t < oo < tm < g = 0, APTTU(t )]sy, = AT Tugn (9) —

pII_vu(t;)(ﬁ% pll_’YU(t;)(’ﬁ) = hmh_>0+ U(tk+h)(19) and pII_’Yu(t;)(ﬁ) =

limp, 0 U, 1) () represent the right and left limits of u(t, ) at t = .
The integral equation of the problem (27) is of the form

=4

(28)  u(t,9) = a(9) (tp - ap)AYl n D 0wty <t Wt () <tp _ ap)’}/l

L'(v) p I'(v) P
t s a—1
e (tpp ) s g(s, 9, u(s, 9))ds.

Theorem 5.1. Assume that [H2]-[H}] are satisfied. Then, Eq. (27) has at
least one solution.

Proof. Consider the operator 7' : Q x PCi_,, — PCi_, ,. The operator
form of integral equation (28) is written as follows

u(t, 9) = Tu(t, ),

where

_ ua(ﬂ) tp_ap 71 ZO<tk<t utk(,&) tp_ap 71
(29) (Tt 9) = I(v) ( p ) " I'(7) ( p )

1 t P — gP a—1
! F(a)/ < p : ) s"Lg(s, 9, u(s, 0))ds
a

Define B, = {u € PCi—p: ullpe, ., < 'r}. Set

w

w9 PW) [ —a\*TY
T T() T+ ( P >

and

oo [ MmEW) <bP - ap>7—1 L B0, Q) (bﬂ - ap)a
' I'(7) p I'(a) p
In order to apply Schauder fixed point theorem, we divide our proof into
three steps.
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Step 1: We check that T'(B,) C B,.

(Tu)(t,9) <tp - “p>u

p
ua (V)] Zo<tk<t g, (9)]
=Te) T 1)
a 1=y pt s a—1
+%(tﬂ p) / <th p) 5o~V |g(s, 0, u(s, 9))|ds

tP—a”

ua(ﬁ 7 — aP\7 2oct<t (D) (T) - lullpe, .,
< p ) I'(7)

P — af 1= il -
4 (! > : <t p ) 7! [p(s,9) + q(s, ) [u(s, V)] ds

()] | (¥ —a\" mR()
: +< p ) Ty Mo,

+(f aﬂ)” (t )
(57) 7

t*r—ar\'" 19) tr—ar\ !
( - ) oo,

[ua (V)] bp i
= T(y) +F(a+1)< p >

mR(9) (b’ —a” =1 B(v,a)Q(0) [b” —a’\*
" r(v)( p > T T < ) ))Hquowp.

I(TW)lpe, ., Sw+or<r,

which yields that T'(B,) C B,. Next we prove that the operator 7' is com-
pletely continuous.

Step 2: The operator T' is continuous.
Let u, be a sequence such that w,, — u in B,.. Then for each t € J,

Tup(,9) — Pu(t, 9)) <tp ; “p> o
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<% S g, (1)) — telu(ty))]

PY) O<tp<t

1 P gP\YTT e — e\ @L
w50 L(5T)
I'(a) p a p

X g(s, 9, un(s,9)) — g(s, 9, u(s,9))|ds.

Since g is continuous, then we have
||Tun - Tu”Pcl——yyp _> 0 as n _> Q.
This proves the continuity of 7T'.

Step 3: T'(B,) is relatively compact.
Thus T'(B,) is uniformly bounded. And for any t;, t,, € J, t; > t,, then,
we have

p
Socatn@®  (52) g oyt
0<tr<t; k 1 = 1
= + / (7) sPtg(s,9,u(s,9))ds
() Ta) Jo U p (5,9, u(s,9))
P —af 1=y -1
D o<ty<t, W (V) (t P ) /tm<t§1 —sp>a 1
- = - sP~Lg(s, 9, u(s, 9))ds|,
r() o4 55 a(s. 0. u(s. )

tending to zero as t; — t,,. That is, T" is equicontinuous. Hence, T'(B,) is
relatively compact. As a outcome of Steps 1-3 together with Arzela-Ascoli
theorem, we can conclude that that 7" is completely continuous. Finally by
Schauder fixed point theorem the proof is complete. O

Theorem 5.2. Assume that [H1] and [H3] are satisfied. If

me*(t,9) (1P —aP "t 0(E,9) [P —aP\*
(30) ( o (50) (5 >B(W)><1’

then, the Eq. (27) has a unique solution.

Now, we shall give the definition for U-H-R stability of random implicit
differential equation with impulsive effect involving HKFD of the form

(31) PDYPu(t, ) = g(t, 9, u(t,?)),
ApII_WU(t, ﬁ)’t:tk = Uy, (19)
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Let € > 0 be a positive real number and ¢ : J x Q — RT be a continuous
function. We consider the following inequalities

(32) {!ﬂmﬂuu,ﬂ) —a(t,9,0(1,0)| < (¢, ),

‘Ap[livb(taﬁ)’t:tk — 0y, (19)‘ < QO(t, 19)

Definition 5.3. Eq. (31) is generalized U-H-R stable with respect to ¢ if
there exists a real number Cy , > 0 such that for each solution u :  —
PCi— of the inequality (32) there exists a solution v : Q@ — PCi_., of Eq.
(31) with

lo(t,9) —u(t,9)] < Crop(t,9), teJ e

Theorem 5.4. The assumptions [H1], [H4], [H5] and (30) hold. Then,
Eq. (27) is generalized U-H-R stable.

Proof. Let v be solution of inequality (32) and by Theorem 4.2 there u is
unique solution of the problem
PDYPu(t,9) = g(t, 9, u(t,)),
APTu(t, ) =t = ug, (9),
PI(L, )] = a ().

Then, we have

_‘;1((;’;) <tp I—O ap>’7—1 N 20<t§?;;tk (9) <tp ; ap)’Y—l

1 t tp _ P a—1
" ['(a) / ( P - > Sp_lg(syﬁ,u(s,ﬁ))ds,

u(t, )

By differentiating inequality (32), for each ¢ € (tg,tx11], we have

v(t,9) — 1?((;9)) (tﬂ ;ap>w—1 ) Zmﬁfy)utk (9) <tp ; ap>7—1
_ ﬁ /at (tﬂ ; sp)al =1g(s, 0, u(s, 0))ds

20<t <t 9k tP —af 71 1 t P — gP a—1 -
= k P~ Lp(s,9)d
_‘ r) p +P(a)/0 5 s*~1p(s, 9)ds

m P —qP\77t
§W< - ) P(L,9) + Apip(t, D)
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m —a 7-1
= <W <¥> + A¢> P(t,9).

Hence for each t € (ty,tg11], it follows

[o(t, 9) — u(t, 9)|

_ua(ﬂ) tP —a” V_1_20<tk<tutk(19) P —aP\7 !
o(t:9) T(v)( P ) T'(v) ( P )

_r(la) /at (t/’ —p 5p>a1 s g(s, 9, u(s, 9))ds

ot,0) - 300 (L) R nld) (v o0y ™

‘r<1a> / (tp . ) s"a(s, 9, 0(s,9))ds

<

> octct [06(0) —up(D)] [0 —ar 7!
" i) (%)
1 L/ gP a—1
+ F(a) / ( P ) sp*1 ‘9(87197 U(S,ﬁ)) — 9(3779,11(8,19))| ds

(et (455) o)

me*(t,9) (tP —aP 7-1 -
T() < p ) [o(¢,9) — u(t, )|

E(t,?ﬁ‘) e — P a—1 1
+Tp [ (555) o bt -

By Lemma 2.7, there exists a constant K > 0 independent of A\ ¢(t, ) such
that

(¢, 9) — u(t,9)] < K (ﬂ <$

y—1
T'(7) ) + Av) o(t,9) == Crpp(t,9).

Thus, Eq. (27) is generalized U-H-R stable. O
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6. Continuous dependence

In this section, first we study the continuous dependence of solution of
FRDESs involving HFD by applying generalized Gronwall inequality an im-
portant tool. Consider the Eq. (4). To present dependence of solution on the
order, let us consider the solutions of two equations with the neighbouring
orders. Before studying the continuous dependence the Cauchy-type prob-
lem (4), we will discuss some results for the RDEs involving Katugampola
fractional derivative

(33) {’)Do‘u(f’ﬁ) = g(t,u(t,9)),teJ

PI*=u(a, ) = u("),
and equivalent to the integral equation which is of the form

(34)
=i (55) rig [ (557) o tovosieons

First we present the continuous dependence of the solution of the Cauchy-
type problem involving Katugampola fractional differential equation

Theorem 6.1. Let o > 0, v > 0 such that 0 < aa —v < a < 1. Let u is
continuous function satisfying Lipschitz condition [H2] in R. Foe a < t <
h < b, assume that u is the solution of Eq. (4) and u is the solution of
equation

PDYMu(t, 9) = g(t, 9, u(t, ),

(35) IR ) 1m0 = T(0).

Then, for a <t < h, the estimate of the following

|ﬁ(t’ 19) - u(t, 19)‘

<0+ [ i«(tmﬁ(g_w)k<Tr<k<a—u>> Falo) ) ds

t
@ k=1

holds, where
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tP—ar a—v P—ar a—v
p B p

Na—v+1) (a—v)(«o)

+ gl (&_TVRF(Q) = <F(a—+>1)

+ gl

Proof. Solutions of the problems (33) and (35) are given by

(36)

=i (5) [ (55) o oo
and

(37)  uw(t, ) = r(z(f),,) <tp ; a")“‘”‘l

respectively, it follows that

[u(t, 9) — u(t,9)|

(T ()

1 t tﬂ_ P a—v—1
+m/ (TS> sP~1g(s,0,1(s,0))ds
t /ap _ op\ o1
_F(loé)/ (t p8> sP71g(s,9,u(s,9))ds

B (5

p_ g\l g\ O
i /at (FT(a)— v) _< pF(>a) s"~lg(s, 0, 1(s,9))ds

Al ((5) (57 ) onemeom




162 K. Kanagarajan et al.

tr—se )1
at %3“1 (a(s,u(s)) —a(s,u(s))) ds
W) (- @\ w(@) (17— e\
<F(Z—V)< p ) _%< P )

(<) () (<5=) " (54)
p p p p
+ [lgl| - + {9l -

MNa-v+1) (a—v)(a) (o —v)I'(a) T(a+1)

T L

Then we have by Grownwall Lemma 2.5,

[u(t, 9) — u(t,9)|
k(a—v)—1
tﬂ—sﬂ)

< |5 =2) it o

k=1

Hence, the proof of theorem is complete. O

Next, we study the continuous dependence of the solution on the order of
the Cauchy-type problem (4) involving HKFD equation using the Grownwall
Lemma, for that we consider the initial condition that given in (4), and the
solutions of two initial value problems with a neighbouring orders and a
neighbouring initial values.

Theorem 6.2. Let « > 0, v > 0 such that 0 < o —v < a < 1. Let u is
continuous function satisfying Lipschitz condition [H1] in R. For a < t <
h < b, assume that u is the solution of Eq. (4) and u is the solution of
equation

PDOBR(E,9) = g(t, 0, T(t, 9)),

38
) PG4, )] = (D).

Then, for a <t < h, the estimate of the following
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[u(t, 9) — u(t,9)|

o0 k vL=s
< [ (1m0 <F;k(a_y)) oK) s

k=1

where

Ka(®) = Py + ff/ﬁ —1)) (t” ; a”)””(ﬁ‘l) B FL(lily) <tp ; GP>H

v=ar ) ()T
+ gl F((ap_ ,/>_|_ 1) B ((a —p V)>F(a)
+ g (<a = ,,)>p(a) S“ (a +)1) '

Proof. Solutions of the problems (20) and (38) are given by

(39)

u(9) [P —aP a-l 1 trtp — gP a718_1 . 5 <
=i (5F) [ (57) oo
and

B B i, P — af y+v(B8-1)

(40) u(t’ﬂ)_F(erV(ﬂ—l))( p >

1 t P — gP a—v—1
+ I'a—v) / ( P : > " a(s, 0,55, 9)ds

it follows that

[u(t,v) —u(t,v)]

I'(y +ﬁu(z9/5)) - 1)) (tp ;ap>7+y(ﬁ_l)_1 — % (t" ;m})oc—l

1 t P P a—v—1
+r(a—u)/ < ps ) ™ a(s, 0,85, 9)ds




164 K. Kanagarajan et al.

_F(la) /at (tp ; S'O)al (5,9, u(s, 9))ds

o (52 (55
o Sp a—v—1 g\ @ V1

* /t (( rp(a—y - (Tp()a) P 1g(s,9,T(s, 0))ds

i /at <<tp;sp a - <tp;SP>a_l> sPLg(s,9,u(s,9))ds

NG
a—v—1
4 /t ( P ) sP7 1 (g(s,9,1(s,9)) — g(s,9,u(s,9))) ds

ot T

tP—ar a—v tP—aP a—v
p B P

Na—v+1) (a—v)(a)

+ gl (EX_TV))F(Q) - S(a—jl)

09) [l — s\ o
+r<a>/a< / ) s~ (s, 9) = u(s, 9)| ds.

+ ol

Then, we have by Grownwall Lemma 2.5,

|ﬁ(ta 19) - u(ta 29)|
k(a—v)—1
tpfsp)

< Ko(t) + /: Z (6(15,19%{(‘((10)4 V)>k ( sz(a —)) s* " K (s) | ds.

k=1

Hence, the proof of the theorem is complete. O

In the next theorem, we shall make a small change of the initial condition
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that given in (4), as follows
(41) I'(a,9) = u(9) +e,

where € is arbitrary constant.
We state and prove the result as follows:

Theorem 6.3. Let v = a+  —af, where 0 < a <1 and 0 < 5 < 1.
Let g : J x R = R be a function such that g(-,u(-)) € Ci—;p(J,R) for any
u € Ci—,,(J,R), and satisfies the condition [H1]. Fora <t < h < b, assume
that u is the solution of Eq. (20) and u is the solution of equation

(42) {"D""ﬁu( ,0) = gf,ﬁ,ﬁ(t J0)),t € J,

Then,

o =son < 5 (“55) (1 (“57))

holds, where Eq = 12, T k2+,y) is Mittag-Leffler function.

Proof. In accordance with Theorem 3.3 we have u(,v9) = limy,_o0 U, (£, )
with ug(¢,9) and w,,(t,9) are as defined in equations (8) and (9). Clearly,
we can write U(t,¥) = limy,— o0 Wy (¢, 9), and

u € —aP\77t
(43) ﬁo“’19)211(1:9()’;; (t” p ”) ’
(44) t B
T (£, ) :ﬁo(t,ﬂ)—kﬁ/ (tp_psp> #Lg(s, 9, Tm_1(s,9))ds.

It follows from (8) and (43) that

(45) |up(t, V) —up(t, V)| =
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Now, by using equations (9) and (44) and applying the Lipschitz condition
[H1], we get

lui (t,9) —ui(t, V)]

(5

P
1 bl — e\t _
F( / ( > sP71 (g(s,9,up(s,9)) — a(s,9,1(s,19))) ds

! p

ity (55) [ (552 s
1

p p
P —ar\""
<(5%)
p

e (59
Then, we have

1 g —a at
o s (75 252 ]

=0
Similarly,
(47)

e [(tr—a’\TT' Gt,9) [tP—aP\™
ua(t, ) — Ta(t, 9)] < ( ) : ( > |
Pualt, 8) = (i 9) v\ » ZO Clai+y) \ p

By using the mathematical induction method, we conclude that
(48)

e (tP—aP\TTIEN | 4L, 0) <t” — a”)ai

W (£, 9) — Ty (¢, 9)| < - .
(1, 0) = (1 0) rw( / ) ;[nazm /

Taking limit as m — oo, we have

_ € tr—ar\"t & 0 (t,9) tr—a’\*
(49) |u(t’q9)—u(t,19)\ﬁr(,y)< P ) — [F(ai+’y)< P ) ]

(2

it (55 (555

which completes the proof. O
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