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and cobordisms [: classification
of higher-symmetry-protected topological states
and their boundary fermionic/bosonic anomalies
via a generalized cobordism theory
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By developing a generalized cobordism theory, we explore the
higher global symmetries and higher anomalies of quantum field
theories and interacting fermionic/bosonic systems in condensed
matter. Our essential math input is a generalization of Thom-
Madsen-Tillmann spectra, Adams spectral sequence, and Freed-
Hopkins theorem, to incorporate higher-groups and higher classi-
fying spaces. We provide many examples of bordism groups with
a generic H-structure manifold with a (d 4+ 1)-th higher-group G,
and their (d+1)d bordism invariants, which systematically classify
anomalies of dd spacetime dimensions — perturbative (e.g. chiral
fermions [originated from Adler-Bell-Jackiw] or bosons with U(1)
symmetry in any even d) and non-perturbative global anomalies
(e.g. Witten anomaly and the new SU(2) anomaly in 4d and 5d).
Suitable H such as SO/Spin/O/Pin* enables the study of quantum
vacua of general bosonic or fermionic systems with time-reversal or
reflection symmetry on (un)orientable spacetime. Higher 't Hooft
anomalies of dd live on the boundary of (d+ 1)d higher-Symmetry-
Protected Topological states (SPTs) or symmetric invertible topo-
logical orders (i.e., invertible topological quantum field theories at
low energy); thus our cobordism theory also classifies and charac-
terizes higher-SPTs, which include higher symmetric generalization
of time-reversal invariant topological insulators/superconductors.
Examples of higher-SPT’s anomalous boundary theories include
strongly coupled non-Abelian Yang-Mills (YM) gauge theories and
sigma models, complementary to physics obtained in [arXiv:1810.
00844, 1812.11955, 1812.11968, 1904.00994].

This article is a companion with further detailed calculations
supporting other shorter articles.
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1. Introduction and summary
1.1. Preliminaries

Thom, as the pioneer of bordism theory, studied the criteria when the dis-
joint union of two closed n-manifolds is the boundary of a compact (n+ 1)-
manifold [65]. Thom found that this relation is an equivalence relation on
the set of closed n-manifolds. Moreover, the disjoint union operation defines
an abelian group structure on the set of equivalence classes. This group
is called the unoriented bordism group, it is denoted by Q. Furthermore,
Thom found that the Cartesian product defines a graded ring structure on
Q0 1= @,5, 029, which is called the unoriented bordism ring. Thom also
found that the bordism invariants of QY are the Stiefel-Whitney numbers.
Namely, two manifolds are unorientedly bordant if and only if they have
identical sets of Stiefel-Whitney characteristic numbers. This yields many
interesting consequences. For example, the real projective space RP? is not a
boundary while RP? is; also the complex projective space CP? and RP? x RP?
are unorientedly bordant.

Many generalizations are made to bordism theories so far. For exam-
ple, we can consider manifolds which are equipped with an H-structure, we
follow the definition of H-structure given in [24]. Our work is inspired by a
cobordism theory from the Madsen-Tillmann spectrum [31] and from Freed-
Hopkins [25]. Freed and Hopkins propose a cobordism theory [25] to classify
the Symmetry-Protected Topological states (SPTs) [14] in condensed matter
physics [84] with ordinary internal global symmetries of group G and their
classifying space BG. Examples of SPTs include the famous topological in-
sulators and topological superconductors [36, 55].

The major motivation of our work is to generalize the calculations and
the cobordism theory of Freed-Hopkins [25] — such that, instead of the
ordinary group G or ordinary classifying space BG, we consider a gener-
alized cobordism theory studying manifolds (i.e., spacetime manifolds) en-
dorsed with H structure, with additional higher group G (i.e., generalized
as principal-G bundles) and higher classifying spaces BG. We consider this
particular generalized cobordism theory in order to study, characterize and
classify:
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1. Generalized higher global symmetries of G [30] in physics' and their
higher classifying spaces BG.

2. Higher-Symmetry-Protected Topological states (higher-SPTs), which
are nontrivial quantum vacua protected by higher global symmetries of
G. Higher SPTs are characterized by (co)bordism invariants obtained
from (co)bordism groups of higher classifying spaces BG. For example,
in (d+ 1)-dimensional spacetime, denoted (d+ 1)d, consider the quan-
tum vacua of internal global symmetry G on a (d+1)d spacetime man-
ifold with H-structure, we will propose a bordism group le +1)(BG)
and a related cobordism group TP (441)(H X G) to classify higher-SPTs
in (d 4 1)d. See the earlier pioneer work on higher-SPTs in [41, 66].

3. Higher quantum anomalies, e.g. higher ’t Hooft anomalies: The ordi-

nary 't Hooft anomalies [62] of global symmetry G is the anomaly for
QFT of the ordinary global symmetry G. In comparison, given the in-
ternal higher global symmetry G and the dd spacetime manifold with
H-structure, we can ask what are the possible higher quantum anoma-
lies in the dd physical theories? The associated higher anomalies, given
by the data G and H, in the dd spacetime, via a generalization of the
anomaly-inflow picture [13], turns out to relate to the anomalies of
the dd boundary theory (called the boundary anomalies) of (d + 1)d
higher-SPTs (given by the same data G and H). So the characteriza-
tion and classification of (d+ 1)d higher-SPTs in the previous remark
turns out to help on the characterization and classification of dd higher
't Hooft anomalies.
Modern examples of higher 't Hooft anomalies are found in quan-
tum field theories (QFTs) including Yang-Mills gauge theories [91] and
sigma models. The first example of higher 't Hooft anomalies is discov-
ered by a remarkable work Ref. [29] for a pure 4d SU(N) Yang-Mills
gauge theory of even integer N with a second Chern-class topological
term (called the §-term or OTr[F'A F]-term in particle physics.) Further
new higher 't Hooft anomalies are found in [18, 67-69].

In summary, as we have said, we aim to study higher global symmetries,
characterize and classify higher-SPTs and higher quantum anomalies.

o By characterization, we mean that given certain physics phenomena
or theories (here, higher-SPTs and higher quantum anomalies), we like

!Generalized higher global symmetries may or may not be higher-differential
form global symmetries. For example, there exist certain fermionic SPTs whose
higher global symmetries whose charged objects are not in terms of higher-
differential forms, see Ref. [34] and References therein.
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to write down their mathematical invariants (here, we mean the bor-
dism invariant) to fully describe or capture their essences/properties.
Hopefully, we can further compute their physical observables.

e By classification, we mean that given the spacetime dimensions (here
d + 1d for higher-SPTs or dd for higher quantum anomalies), their
H-structure and the internal higher global symmetry G, we aim to
know how many classes (a number to count them) there are? Also,
we aim to determine the mathematical structures of classes (i.e. here
group structure as for (co)bordism groups: would the classes be a finite
group Z, or an infinite group Z or their mixing, etc.).

Another purpose of this article is a companion article with further de-
tailed mathematical calculations in order to support other shorter articles
[67-69].

In this Introduction, we will provide some basic physics preliminaries in
Sec. 1.2 and mathematical preliminaries in Sec. 1.3. Since the concepts of
higher symmetries and higher anomalies are crucial, we will also clarify what
precisely we mean by higher symmetries/anomalies in condensed matter, in
QFTs and in mathematics, in Sec. 1.4.

After some additional introduction to mathematical background in
Sec. 2, we will provide explicit interpretations of familiar examples (to QFT-
ist and physicists) of perturbative anomalies in Sec. 3.1:

(1): Perturbative fermionic anomalies from chiral fermions with U(1) sym-
metry, originated from Adler-Bell-Jackiw (ABJ) anomalies [2, 7].

(2): Perturbative bosonic anomalies from bosonic systems with U(1) sym-
metry.

We will also provide more exotic non-perturbative global anomalies in
Sec. 3.2:

(3): The SU(2) anomaly of Witten [87].
(4): A new SU(2) anomaly [76],

matching the physics results of dd anomalies to mathematical cobordism
group calculations in (d + 1)d. In fact, the new SU(2) anomaly [76] has
an essential application to the anomaly-matching condition of the Standard
Models and Grand Unified Theories in the 4-dimensional spacetime, such as
SO(10) or SU(5) Grand Unifications, see a pertinent recent work [75].

We briefly comment the difference between a previous cobordism theory
[25, 35] and this work: In all Adams charts of the computation in [25, 35],
there are no nonzero differentials, while in this paper we encounter nonzero
differentials d,, due to the (p, p™)-Bockstein homomorphisms in the compu-
tation involving BQan and BZn.
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1.2. Physics preliminaries

Freed-Hopkins’s work [25] is motivated by the development of cobordism
theory classification [39, 45] of so-called the Symmetry Protected Topologi-
cal (SPT) state in condensed matter physics [84]. In a very short summary,
Freed-Hopkins’s work [25] applies the theory of Thom-Madsen-Tillmann
spectra [31, 65], to prove a theorem relating the “Topological Phases” (which
later will be abbreviated as TP) or certain deformation classes of reflec-
tion positive invertible n-dimensional extended topological field theories
(iTQFT) with symmetry group (or in short, symmetric iTQFT), to Madsen-
Tillmann spectrum [31] of the symmetry group.

Here an n-dimensional extended topological field theory is a symmet-
ric monoidal functor F' from the (oo, n)-category of extended cobordisms
Bord,,(H,,) to a symmetric monoidal (oo, n)-category C where Bord,,(H,,) is
defined as follows (all manifolds are equipped with H-structures, see defini-
tion 1):

objects are 0-manifolds;
1-morphisms are 1-cobordisms between objects;
2-morphisms are 2-cobordisms between 1-morphisms;

[

[

[ ]

e ...
e n-morphisms are n-cobordisms between (n — 1)-morphisms;

e (n + 1)-morphisms are diffeomorphisms between n-morphisms;

e (n+2)-morphisms are smooth homotopies between (n+1)-morphisms;
[

An n-dimensional extended topological field theory is called invertible if F'
factor through the Picard groupoid C*. By a theorem of Galatius-Madsen-
Tillmann-Weiss [31], the classifying space of Bord, (H,,) is exactly the 0-th
space of the Madsen-Tillmann spectrum >"MTH,,.

In this work, we will consider the generalization of [25] to include higher
symmetries [30], for example, including both 0-form symmetry of group G,
and 1-form symmetry of group G y), or in certain cases, as higher symmetry
group of higher n-group.? Other physics motivations to study higher group
can be found in [8, 19, 22, 93] and references therein.

2 For the physics application of our result, please see [67-69]. Some of these
4d non-Abelian SU(N) Yang-Mills [91]-like gauge theories can be obtained from
gauging the time-reversal symmetric SU(N)-SPT generalization of topological in-
sulator/superconductor (TI/SC) [35]. We can understand their anomalies of 0-form
symmetry of group G (g and 1-form symmetry of group Gy, as the obstruction
to regularize the global symmetries locally in its own dimensions (4d for YM the-
ory). Instead, in order to regularize the global symmetries locally and onsite, the
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We generalize the work of Freed-Hopkins [25]: there is a 1:1 correspon-
dence

deformation classes of reflection positive
invertible n-dimensional extended topological
field theories with a symmetry group H, x G

(11) = [MT(H X G),En+1IZ]torS7

where H is the space time symmetry, G is the internal symmetry which is
possibly a higher group, MT(H x G) is the Madsen-Tillmann spectrum [31]
of the group H x G, ¥ is the suspension, IZ is the Anderson dual spectrum,
and tors means the torsion part.

Since there is an exact sequence

(1.2) 0 — Ext}(r,B,Z) — [B, X" IZ] — Hom(m,11B,7Z) — 0

for any spectrum B, especially for MT(HXG). The torsion part [MT(HXG),
S Z)tors is Ext! (7, MT (HXG) )tors, Z) = Hom((71, MT(HXG))tors, U(1)).
By the generalized Pontryagin-Thom isomorphism (1.10), 7, MT(H X
G) = QI*C = Q(BG) which is the bordism group defined in definition 2.
Namely, we can classify the deformation classes of symmetric iTQFTs
and also symmetric invertible topological orders (iTOs), via the particular

group
(1.3) TP,(H x G) = [MT(H x G),x""17].

Here TP means the abbreviation of “Topological Phases” classifying the
above symmetric iTQFT, the torsion part of TP,,(H x G) and QX (BG) are
the same.

In this work, we compute the (co)bordism groups Q (BG) (TP4(H xG))
for H = 0/SO/Spin/Pin® and several G, we also consider Q% where BG
is the total space of the nontrivial fibration with base space BO and fiber
B2Zs in section 4.1.

If there is a nontrivial group action between H and G (let us denote
the action as the semi-direct product x), or if there is a shared common

4d gauge theories need to be placed on the boundary of 5d higher SPTs. The 5d
higher SPTs corresponds to the nontrivial generators of cobordism groups of higher
classifying spaces. We write G o) or G, to indicate some O-form symmetry probed
by 1-form a field. We write G(1) or G} to indicate some 1-form symmetry probed
by 2-form b field.
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normal subgroup Ngpareq Or sub-higher-group between H and G, then we
can generalize our above proposal eqn. (1.1) and eqn. (1.3) to

deformation classes of reflection positive
invertible n-dimensional extended topological

field theories with a symmetry group (ﬁ’;—w{z)
HxG
(1.4) > [MT(EZ2Y S 7 o,
Nshared
and
HxG Hx G
(1.5) TP (X2 = [MT (), st 7).
N, shared N, shared

For readers who wishes to explore other physics stories and some intro-
duction materials, we suggest to look at the introduction of [35] and other
shorter articles [64, 6769, 86]. In particular, Ref. [86] provides a condensed
matter interpretation of higher symmetries. We also encourage readers to
read the Section I to III of [67].

We will explore the generic manifold with H-structure, including the
orientable H = SO, Spin, etc., or unorientable H = O, Pin™. In physics,
the quantum system that can be put on an unorientable H manifold implies
that there is a time-reversal symmetry or a reflection symmetry (commonly
termed the parity symmetry in an odd dimensional space). Physicists can
find the introduction materials on the reflection symmetry and unorientable
manifolds in Ref. [5, 89].

For readers who wishes to explore other mathematical introductory ma-
terials, we suggest to look at the [6, 11, 12, 25] and Appendices of [35].

Readers may be also interested in other recent work along the cobordism
theory applications to physics [44], [73], [92], [32].

1.3. Mathematical preliminaries

In this subsection, we review the basics of bordism theory and possible
generalizations.

Definition 1. If H is a group with a group homomorphism p : H — O,
V is a vector bundle over M with a metric, then an H-structure on V is
a principal H-bundle P over M, together with an isomorphism of bundles
P xy O = Bo(V) where P x g O is the quotient (P x O)/H where H acts
freely on right of P x O by
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(p.g9)-h=(p-h,p(h)"'g), peP, geO, heH
and Bo(V) is the orthonormal frame bundle of V.

In particular, if V' = T'M, then an H-structure on T'M is also called
a tangential H-structure (or an H-structure) on M. Here we assume the
H-structures are defined on the tangent bundles instead of normal bundles.

Below we consider manifolds with a metric.

Any manifold admits an O-structure, a manifold M admits an SO-
structure if and only if wq(T'M) = 0, a manifold admits a Spin structure if
and only if w1 (T M) = we(TM) = 0, a manifold admits a Pin™ structure if
and only if we(T'M) = 0, a manifold admits a Pin™ structure if and only if
wo(TM) + w1 (TM)? = 0. Here w;(TM) is the i-th Stiefel-Whitney class of
the tangent bundle of M.

Moreover, we can consider manifolds equipped with a map to a fixed
topological space X, we are interested in the case when X is an Eilenberg-
MacLane space since

[M,K(G,n)] =H"(M, Q)

where the left hand side is the group of homotopy classes of maps from M
to K(G,n), the right hand side is the n-th cohomology group of M with
coefficients in G.

Definition 2. Let H be a group, X be a fixed topological space, we can
define an abelian group

QH(X) := {(M, f)|M is a closed
(1.6)  n-manifold with H-structure, f : M — X is a map}/bordism,

where bordism is an equivalence relation, namely, (M, f) and (M’, ) are
bordant if there exists a compact n + l-manifold N with H-structure and
amap h: N — X such that the boundary of IV is the disjoint union of M
and M’, the H-structures on M and M’ are induced from the H-structure
on N and hly = f, hlp = f'.

In particular, when X = B2Z,, f : M — B?Z, is a cohomology class in
H?(M,Z,). When X = BG, with G is a Lie group or a finite group (viewed
as a Lie group with discrete topology), then f : M — BG is a principal
G-bundle over M.

To explain our notation, here BG is a classifying space of G, and B?Z,,
is a higher classifying space (Eilenberg-MacLane space K(Zy,2)) of Zj,.
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In the particular case that H = O and X is a point, this definition 2
coincides with Thom’s original definition.

In this article, we study the cases in which H = O/SO/Spin/Pin*, and
X is a higher classifying space, or more complicated cases.

If QH(X) =Gy x Gy x --- x G, where G; are cyclic groups, then group
homomorphisms ¢; : Q7 (X) — G; form a complete set of bordism invariants
if g = (p1,h2,...,0,) : QT(X) = G1x Gy x---xG, is a group isomorphism.

Elements of QX (X) are manifold generators if their images in G x G x
-+ X G, under ¢ generate G1 X Gg X -+ - X G,.

We first introduce several concepts which are important for bordism
theory:

Thom space: Let V' — Y be a real vector bundle, and fix a Euclidean
metric. The Thom space Thom(Y;V) is the quotient D(V)/S(V) where
D(V) is the unit disk bundle and S(V') is the unit sphere bundle. Thom
spaces satisfy

Thom(X xY;V x W) = Thom(X;V)A Thom(Y; W),
Thom(X, V@& R") = X"Thom(X;V),
(1.7) Thom(X,R") = X"X_,

where V' — X and W — Y are real vector bundles, R" is the trivial real
vector bundle of dimension n, ¥ is the suspension, X is the disjoint union
of X and a point.

We follow the definition of Thom spectrum and Madsen-Tillmann spec-
trum given in [24].

Thom spectrum [65]: M H is the Thom spectrum of the group H, it is the
spectrification (see 2.2) of the prespectrum whose n-th space is M H(n) =
Thom(BH (n); V,,), and V;, is the induced vector bundle (of dimension n) by
the map BH(n) — BO(n).

In other words, M H = Thom(BH; V), where V is the induced virtual
bundle (of dimension 0) by the map BH — BO.

Madsen-Tillmann spectrum [31]: MTH is the Madsen-Tillmann spec-
trum of the group H, it is the colimit of X" MTH (n), where MTH (n) =
Thom(BH (n); —V,,), and V,, is the induced vector bundle (of dimension n)
by the map BH(n) — BO(n). The virtual Thom spectrum MTH(n) is
the spectrification (see 2.2) of the prespectrum whose (n + ¢)-th space is
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Thom(BH (n,n + q),Q4) where BH(n,n + q) is the pullback

(1.8) BH(n,n+ q) - - = BH(n)

V |

Grp(R"t7) ——BO(n)

and there is a direct sum R*"*4 =V, ® Q4 of vector bundles over Gr, (R"*9)
and, by pullback, over BH(n,n + ¢) where R""Y is the trivial real vector
bundle of dimension n + q.

In other words, MTH = Thom(BH; —V), where V is the induced virtual
bundle (of dimension 0) by the map BH — BO.

Here 2 is the loop space, ¥ is the suspension.

Note: “I” in MT H denotes that the H-structures are on tangent bundles
instead of normal bundles.

(Co)bordism theory is a generalized (co)homology theory which is rep-
resented by a spectrum by the Brown representability theorem.

In fact, it is represented by Thom spectrum due to the Pontryagin-Thom
isomorphism:

(1.9) m,(MTH)
= Qf the cobordism group of n-manifolds with tangential H-structure,
m(MH)

= QM the cobordism group of n-manifolds with normal H-structure.

In the case when tangential H-structure is the same as normal H'-
structure, the relevant Thom spectra are weakly equivalent. In particular,
MTO ~ MO, MTSO ~ MSO, MTSpin ~ MSpin, MTPint ~ MPin~,
MTPin~ ~ MPin™.

Pin® cobordism groups are not rings, though they are modules over the
Spin cobordism ring.

By the generalized Pontryagin-Thom construction, for X a topological
space, then the group of H-bordism classes of H-manifolds in X is isomor-
phic to the generalized homology of X with coefficients in MTH:

(1.10) QX)) =mg(MTH A X,) = MTHy(X)

where my(MTH A X;) is the d-th stable homotopy group of the spectrum
MTH A X4. The d-th stable homotopy group of a spectrum M is

(111) Wd(M) = COlimkHooﬂ_dJrkMk.
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So the computation of the bordism group Q4 (X) is the same as the
computation of the stable homotopy group of the spectrum MTH A X
which can be computed by Adams spectral sequence method.

Next, we introduce the Thom isomorphism [65]: Let p : E — B be a
real vector bundle of rank n. Then there is an isomorphism, called Thom
isomorphism

(1.12) & : HY(B, Zy) — 0"N(T(E), Z,)

where H is the reduced cohomology, T(E) = Thom(E; B) is the Thom space
and

(1.13) o(b) = p* (b)) UU

where U is the Thom class. We can define the i-th Stiefel-Whitney class of
the vector bundle p: £ — B by

(1.14) wi(p) = @~ (Sq'U)
where Sq is the Steenrod square.

1.4. Basics of higher symmetries and higher anomalies of
quantum field theory for physicists and mathematicians

In order to obtain a complete classification of 't Hooft anomalies of quan-
tum field theories (QFTs), we aim to first identify the relevant (if not all
of) global symmetry G (here we will abuse the notation to have G including
the higher symmetry G) of QFTs. Then we couple the QFTs to classical
background-symmetric gauge field of G. Then we try to detect the possible
obstructions of such coupling [62]. Such obstructions, known as the obstruc-
tion of gauging the global symmetry, are termed “’t Hooft anomalies” in
QFT. In the literature, when people refer to “anomalies,” however, they can
means several related but different issues. To fix our terminology, we refer
“anomalies” to be one of the followings:

1. Classical global symmetry is violated at the quantum theory, such
that the classical global symmetry fails to survive as a quantum global
symmetry, e.g. the original Adler-Bell-Jackiw (ABJ) anomaly [2, 7].

2. Quantum global symmetry is well-defined and preserved (for the
Hamiltonian or path integral Lagrangian formulation of quantum the-
ory). Namely, global symmetry is sensible, not only at a classical theory
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(if there is any classical description), but also for a quantum theory.
However, there is an obstruction to gauge the global symmetry. Specifi-
cally, we can detect a certain obstruction to even weakly gauge the sym-
metry or couple the symmetry to a non-dynamical background probed
gauge field. (We may abbreviate this background field as “bgd.field.”)
This is known as “’t Hooft anomaly,” or sometimes regarded as a
“weakly gauged anomaly” in condensed matter. Namely, the partition
function Z does not sum over background gauge connections, but only
fix a background gauge connection and only depend on the background
gauge connection as a classical field (as a classical coupling constant).
Say if the background gauge connection is A, the partition function is
Z[A] depending on A. Normally, the Z[A] on a closed manifold in its
own dimension is an invertible topological QFT (iTQFT), such that
Z[A] = exp(if(A)) is a complex phase (thus physically meaningfully
invertible) while its absolute value |Z[A]| = 1 for any choice of back-
ground A.

3. Quantum global symmetry is well-defined and preserved (for the
Hamiltonian or path integral Lagrangian formulation of quantum the-
ory). However, once we promote the global symmetry to a gauge sym-
metry of the dynamical gauge theory, then the gauge theory becomes
inconsistent. Some people call this as a “dynamical gauge anomaly”
which makes a quantum theory inconsistent. Namely, the partition
function Z after summing over dynamical gauge connections becomes
inconsistent or ill-defined.

From now on, when we simply refer to “anomalies,” we mean mostly “’t
Hooft anomalies,” which still have several intertwined interpretations:

Interpretation (1): In condensed matter physics, “’t Hooft anomalies” are
known as the obstruction to lattice-regularize the global symmetry’s quan-
tum operator in a strictly local manner. By claiming local on a lattice or on
a simplicial complex, we mean:

e on-site (e.g. on 0-simplex) for which 0-form symmetry operator acts on.
e on-link (e.g. on 1-simplex) for which 1-form symmetry operator acts on.
e on-plaquette (e.g. on 2-simplex) for which 2-form symmetry operator acts
on.

e on n-simplex for which n-form symmetry operator acts on.

This obstruction is due to the symmetry-twists (See [Ref. [77, 79, 82]] for
QFT-oriented discussion and references therein). This obstruction can be de-
tected at high energy lattice scale (known as the ultraviolet [UV] in QFT).
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This “non-onsite symmetry” viewpoint is generically applicable to both, per-
turbative anomalies, and non-perturbative global anomalies:
e Perturbative anomalies — Characterized and captured by perturbative
Feynman diagram calculations. Classified by an infinite integer Z class,
known as the free (sub)group.
e Non-perturbative or global anomalies — Examples of global anomalies in-
clude the old and the new SU(2) anomalies [76, 87] (here we mean their 't
Hooft anomaly analogs if we view the SU(2) gauge field as a non-dynamical
classical background field) and the global gravitational anomalies [88]. These
are classified by a finite group Z, class, known as the torsion (sub)group.
These anomalies are sensitive to the underlying UV-completion not only
of fermionic systems, but also of bosonic systems [43, 74, 78, 79]. We term
the anomalies of QFT whose UV-completion requires only the bosonic de-
grees of freedom as bosonic anomalies [74]. While we term those must require
fermionic degrees of freedom as fermionic anomalies.

Interpretation (2): In QFTs, the obstruction is on the impossibility of adding
any counter term in its own dimension (d-d) in order to absorb a one-higher-
dimensional counter term (e.g. (d+1)d topological term) due to background
G-field [40]. This is named the “anomaly-inflow [13].” The (d+ 1)d topolog-
ical term is known as the (d+1)d SPTs in condensed matter physics [14, 59].

Interpretation (3): In math, the dd anomalies can be systematically cap-
tured by (d + 1)d topological invariants [87] known as bordism invariants
[20, 25, 39, 45].

e Bosonic anomalies or bosonic SPTs are normally characterized by topo-
logical terms detected via manifolds with H = SO (orientable) or O (unori-
entable) structures.
e Fermionic anomalies or fermionic SPTs are normally characterized by
topological terms detected via manifolds with H = Spin (orientable) or
Pin® (unorientable) structures.

Below we summarize the higher symmetry G systematically introduced
in [30].
(1) Higher symmetries and higher anomalies: The ordinary 0-form global
symmetry has a charged object of 0d measured by the charge operator of
(d—1)d. The generalized g-form global symmetry is introduced by Ref. [30].
A charged object of ¢d is measured by the charge operator of (d—g—1)d (i.e.
codimension-(q 4+ 1)). This concept turns out to be powerful to detect new
anomalies, e.g. the pure SU(N)-YM at # = 7 has a mixed anomaly between
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0-form time-reversal symmetry Z1 and 1-form center symmetry Zy 1) at an
even integer N, firstly discovered in a remarkable work [Ref. [29]].

(17) Relate (higher)-SPTs to (higher)-topological invariants: In the con-
densed matter literature, based on the earlier discussion on the symmetry
twist, it has been recognized that the classical background-field partition
function under the symmetry twist, called Zgym twist in (d + 1)d can be re-
garded as the partition function of (d+ 1)d SPTs Zgpts. These descriptions
are applicable to both low-energy infrared (IR) field theory, but also to the
UV-regulated SPTs on a lattice, see [Ref. [39, 79, 82]] and References therein.
Schematically, we follow the framework of [79],

(1.15) Z@HDd _g@iDd _ z(d+Dd _ 7(d+ 1)

sym.twist — “SPTs — “topo.inv T “Cobordism.inv

<— dd-(higher) 't Hooft anomaly.

In general, the partition function Zgym twist = Zsprs[A1, B2, w;, . . .| is a func-
tional containing background gauge fields of 1-form A;, 2-form By or higher
forms; and can contain characteristic classes [52] such as the i-th Stiefel-
Whitney class (w;) and other geometric probes such as gravitational back-
ground fields, e.g. a gravitational Chern-Simons 3-form CS3(T") involving
the Levi-Civita connection or the spin connection I'. For our convention, we
use the capital letters (A, B,...) to denote non-dynamical background gauge
fields (which, however, later they may or may not be dynamically gauged),
while the little letters (a,b,...) to denote dynamical gauge fields.

More generally,

e For the ordinary O-form symmetry, we may couple the charged 0d point
operator to 1-form background gauge field (so the symmetry-twist occurs in
the Poincaré dual codimension-1 sub-spacetime [dd] of SPTs).

e For the 1-form symmetry, we may couple the charged 1d line operator to 2-
form background gauge field (so the symmetry-twist occurs in the Poincaré
dual codimension-2 sub-spacetime [(d — 1)d] of SPTs).

e For the ¢g-form symmetry, we may couple the charged qd extended operator
to (¢ + 1)-form background gauge field. The charged qd extended operator
can be measured by another charge operator of codimension-(q + 1) [i.e.
(d—q)d].

In summary, for the g-dimensional symmetry, we use the following terminol-
ogy:

(& 1): Charged object: The charged g¢-dimensional extended operator as
the g-dimensional-symmetry generator which is being measured by a
Symmetry generator.
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(& 2): Charge operator: The corresponding charge operator of codimension-
(¢ + 1) [i.e. (d — ¢)-dimension] which measures the g-dimensional-
symmetry charged object.

So the symmetry-twist can be interpreted as the occurrence of the codimen-
sion-(q+ 1) charge operator. In other words, the symmetry-twist happens at
a Poincaré dual codimension-(q + 1) sub-spacetime [(d — ¢)d] of SPTs. We
shall view the measurement of a charged qd extended object, happening at
any g-dimensional intersection between the (¢ + 1)d form background gauge
field and the codimension-(q + 1) symmetry-twist or charge operator of this
SPT vacua.

By higher-SPTs, we mean SPTs protected by higher symmetries (for
generic ¢, especially for any SPTs with at least a symmetry of ¢ > 0). So
our principle above is applicable to higher-SPTs [22, 66]. In the following of
this article, thanks to (1.15), we can interchange the usages and interpreta-
tions of “higher SPTs Zgpts,” “higher topological terms due to symmetry-

twist Zgig_gv)v?st,” “higher topological invariants Zégp;jr);i” or “bordism in-
variants ng Ogoi)(ﬁsm.inv” in (d 4 1)d. They are all physically equivalent, and

can uniquely determine a dd higher anomaly: if we study the anomaly of
any boundary theory of the (d + 1)d higher SPTs living on a manifold with
dd boundary. Thus, we regard all of them as physically tightly-related given
by (1.15). By turning on the classical background probed field (denoted as
“bgd.field” in (1.16)) coupled to dd QFT, under the symmetry transforma-
tion (i.e. symmetry twist), its partition function ZdQ%T can be shifted

(1.16) Z&kLy — 78, -z DY (bgd field),

bgd.field=0 bgd.field£0

to detect the underlying (d + 1)d topological terms/counter term/SPTs,
namely the (d+1)d partition function ng;fsl)d. To check whether the under-
lying (d+ 1)d SPTs really specifies a true dd 't Hooft anomaly unremovable
from dd counter term, it means that Z(Scf;}sl)d (bgd.field) cannot be absorbed

by a lower-dimensional SPTs ZZ4% ., (bgd.field), namely

1.17) Z4 28+ D (o d feld) £ 744 734, (bed.feld).
(1.17) QFT|, 1 giq Z5PTs (bgd.field) # QFT|\ 1 e Sprs(bgd.field)

Readers can find related materials in [64, 67].
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1.5. The convention of notations

We explain the convention for our notations and terminology below. Most
of our conventions follow [25] and [35].

We denote O the stable orthogonal group, SO the stable special or-
thogonal group, Spin the stable spin group, and Pin™ the two ways of
Zs extension (related to the time reversal symmetry) of Spin group.

e 7, is the finite cyclic group of order n, n is a positive integer.
e A map between topological spaces is always assumed to be continuous.

For a (pointed) topological space X, ¥ denotes a suspension X =
STAX = (S'x X)/(S' v X) where A and V are smash product and
wedge sum (one point union) of pointed topological spaces respectively.
For a graded algebra A, A = @, A;, ¥ A is the graded algebra defined
by YA = @Z(ZA% where (ZA)l = Ai—l-

For a (pointed) topological space X with the base point zp, QX is the
loop space of X:

(1.18) QX ={v:I — X continuous|y(0) = v(1)= z¢}.

Let R be a ring, M a topological space, H*(M, R) is the cohomology
ring of M with coefficients in R.

e We will abbreviate the cup product x Uy by xy.
o If M, (or simply M) is a d-dimensional manifold, then 7'My (or simply

T M) is the tangent bundle over My (or M).

Rank r real (complex) vector bundle V' is a bundle with fibers being
real (complex) vector spaces of real (complex) dimension r.

w; (V') is the i-th Stiefel-Whitney class of a real vector bundle V' (which
may be also complex rank r but considered as real rank 2r).

e p;(V) is the i-th Pontryagin class of a real vector bundle V.

e ¢;(V) is the i-th Chern class of a complex vector bundle V. Pontryagin

classes are closely related to Chern classes via complexification:
(1.19) pi(V) = (—1)i62i(v ®r C)

where V ®p C is the complexification of the real vector bundle V. The
relation between Pontryagin classes and Stiefel-Whitney classes is

(1.20) pi(V) = we(V)? mod 2.
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For a top degree cohomology class we often suppress explicit integra-
tion over the manifold (i.e. pairing with the fundamental class [M]). If
M is orientable, then [M] has coefficients in Z. If M is non-orientable,
then [M] has coefficients in Zs.

If = is an element of a graded vector space, |x| denotes the degree of
x.

For an odd prime p and a non-negatively and integrally graded vector
space V over Zjp, let V" and Vodd he even and odd graded parts
of V. The free algebra F7 [V] generated by the graded vector space
V' is the tensor product of the polynomial algebra on V¢" and the
exterior algebra on V°d4:

(1.21) Fz, [V] = Z,[V¥] @ Ag, (VOO

We sometimes replace the vector space with a set of bases of it.

A, denotes the mod p Steenrod algebra where p is a prime.

Sq™ is the n-th Steenrod square, it is an element of As.

As(1) denotes the subalgebra of Ay generated by Sqt and Sq?.

Binm) + H (=, Zm) — H**1(—,Z,) is the Bockstein homomorphism
associated to the extension Z, = Znm — Lo, when n = m = pis a
prime, it is an element of A;,. If p = 2, then [ 9) = Sq'.

B} H*(—,Zp) — H**+2(P=1)(— 7,) is the n-th Steenrod power, it is
an element of A, where p is an odd prime. For odd primes p, we only
consider p = 3, so we abbreviate P35 by P".

P, is the Pontryagin square operation H? (M, Zor) — H¥ (M, Zori1).
Explicitly, Pq is given by

(1.22) Py(z) =zUz+2xUdr mod 28+
and it satisfies
(1.23) Po(z) =x Uz mod 2k

Here U is the higher cup product.
Postnikov square B3 : H(—, Zgr) — H?(—, Zsr11) is given by

(1.24) ‘Bg(u) = /8(3k+1,3k)(u @) u)

where B(gr+131) is the Bockstein homomorphism associated to 0 —
ng+1 — Z32k+1 — ng — 0.
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e For a finitely generated abelian group G and a prime p,
Gz/)\ = lim,, G/p"G is the p-completion of G.

e For a topological space M, mg(M) is the d-th (ordinary) homotopy
group of M.

e For an abelian group G, the Eilenberg-MacLane space K(G,n) is a
space with homotopy groups satisfying

G, i=n.
(1.25) mK(G,n) = { 0, itn
e Let X, Y be topological spaces, [X, Y] is the set of homotopy classes
of maps from X to Y.
e Let GG be a group, the classifying space of GG, BG is a topological space
such that
(1.26)
[X, BG] = {isomorphism classes of principal G-bundles over X }

for any topological space X. In particular, if G is an abelian group,
then BG is a group.

e There is a vector bundle associated to a principal G-bundle Pg: Pg X
V = (Pg xV')/G which is the quotient of Pg x V' by the right G-action

(1.27) (p,v)g = (pg,9~'v)

where V is the vector space which G acts on. For characteristic classes
of a principal G-bundle, we mean the characteristic classes of the as-
sociated vector bundle.

1.6. Tables and summary of some co/bordism groups

Below we use the following notations, all cohomology class are pulled back
to the d-manifold M along the maps given in the definition of cobordism
groups:

e w; is the Stiefel-Whitney class of the tangent bundle of M,

e a is the generator of H'(BZs, Zs),

e d' is the generator of H'(BZ3,Z3), b = Bes3)a,

e 15 is the generator of H?(B?Zy, Zs), x3 = Sqlxa, x5 = Sq’x3,

e ) is the generator of H?(B2Z3,Z3), 4 = B(3,3)T5;

e w, = w;(PSU(2)) € H(BPSU(2),Zs) is the Stiefel-Whitney class of the
principal PSU(2) bundle,
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Table 1: 2d bordism groups-1

Qf(—) B?Z, B2Z, BPSU(2) | BPSU(3)
2 80 ZQZ Z/3 Z% Zg:
T2 i) ) 22
9 Spin 73: Lo X Lg: Zs: Lo X Z3:
P zg, Arf? Arf, ) wh, Arf Arf, 2o
20 Z%: Lo Z%: L
T, w2 w3 wh, w? w3
9 Pint Z%: Zg:~ Z%: ZQ:~
T, W17 w11 wh, W1 17] w17
9 Pin— Lo X 1g: Zsg: Zo X Zsg: Zsg:
29, ABK* | ABK wh, ABK | ABK

o ¢; = ¢;(PSU(3)) € H¥(BPSU(3),Z) is the Chern class of the principal
PSU(3) bundle,

o 2 = wy(PSU(3)) € H3(BPSU(3),Z3) is the generalized Stiefel-Whitney
class of the principal PSU(3) bundle, 23 = 3 3)22.

e P, is the Pontryagin square (see 1.5).

e B3 is the Postnikov square (see 1.5).

Conventions: All product between cohomology classes are cup product, prod-
uct between a cohomology class 2 and 77 (or Arf, ABK, etc) means the value
of n (or Arf, ABK, etc) on the submanifold of M which represents the
Poincaré dual of x.

3Arf is the Arf invariant of Spin 2-manifolds.

4ABK is the Arf-Brown-Kervaire invariant of Pin~ 2-manifolds.

57 is the “mod 2 index” of the 1d Dirac operator (#zero eigenvalues mod 2, no
contribution from spectral asymmetry).

6 Any 2-manifold X always admits a Pin™ structure. Pin~ structures are in one-
to-one correspondence with quadratic enhancement

(1.28) q:HY (2, Z9) = 7y

such that

(1.29) q(z+y) —qlx) —qly) = 2/ zUy mod 4.
b

In particular:

(1.30) q(x):/EJ:Ux mod 2.
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Table 2: 2d bordism groups-2

BPSU(2) x | BPSU(3) x
QF (=) | BZyxB2Z, | BZ3 xB2Z; B2Z, @) B2Z, )
92 S0 ZLy: Z/3: Z3: Z3:
x23 xh wé,xg xh, 2o ,
. Zs: Ty X Zs: Zs: Ly X /Z3:
2 Spin :1:2,L_Arf, Arf, 2} wh, T, Arf, x5,
ag“ Agf 22
ZQ: Zo: ZQ: ZLs:
20 a?, zy 2 wy, To 2
) ) w 2> ’ w
w% ! w% !
Zd.
2 Z3:
2 Pint | W1¢ = | 2= wh, x Lo
a®, o, w17 w2l > W]
%177 7 H
X X
' Zz' 4 y~ Z% X Zg: ~
2 Pin~ 8 8- wh, T s
X2, Q(a)76 AB A%KZ, AB
ABK

Tqs H2(M ,ZLo) — Zy is a Z4 valued quadratic refinement (dependent on the
choice of Pin™ structure s € Pin*(M)) of the intersection form

(,) : H3(M,Zy) x H*(M, Zy) — 7o

i.e. so that ¢s(x + y) — ¢s(z) — ¢s(y) = 2{x,y) € Z4 (in particular ¢s(x) = (z,x)
mod 2)

The space of Pin™ structures is acted upon freely and transitively by H? (M, Z5),
and the dependence of g, on the Pin™ structure should satisfy

gs+n(x) = gs(x) = 2w1 (TM)ha, for any h € H' (M, Zs)

(note that any two quadratic functions differ by a linear function)

If wy (TM) = 0, then ¢,(z) is independent on the Pin™ structure s € Pin™ (M),
it reduces to Pz(z) where Pa(z) is the Pontryagin square of x.

8Here 7 is the usual Atiyah-Patodi-Singer eta-invariant of the 4d Dirac operator
(=“#zero eigenvalues + spectral asymmetry”).

90ne can also define this Z, invariant as

(nso@3) —3n)/4 € Za (*)

where 1 € Z6 is the (properly normalized) eta-invariant of the ordinary Dirac
operator, and 1so(3) € Z16 is the eta invariant of the twisted Dirac operator acting
on the S® V3 where S is the spinor bundle and V3 is the bundle associated to 3-dim
representation of SO(3). Note that () is well defined because 150 (3) = 37 mod 4.
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Table 3: 3d bordism groups-1

Qf(f) B?Z, B2Z, BPSU(2) | BPSU(3)
3SO |0 0 0 0
3 Spin | 0 0 0 0
ZQI ZQI
W1T2 W1Wy
Z%: Zé:
; wixy = | Zo: wwh, = | Zs:
3 Pin* T3, wy Arf w4, ’ wy Arf
wi Arf wi Arf
2! 2
3 Pin™ | wixo 0 wlwé 0
=3 = wy

In Section 4.1, we compute the topological terms (involving the coho-
mology classes of B2Zy) of QF where G is a 2-group with G, = O, G}, = Zs
We find that the term xows (or z3ws) survives only for B = 0,w$ (the Post-
nikov class 8 € H¥(BO, Zz) = Z3 which is generated by w3, wjws, w3). This
term also appears in eq. 2.57 of [18].

Note that on non-orientable manifold, if wy(V3) = 0, then since w;(V3) = 0, we
also have ws3(V3) = 0, hence V3 is stably trivial, ngo(s) = 37.

Also note that on oriented manifold one can use Atiyah-Patodi-Singer index
theorem to show that (here the normalization of eta-invariants is such that 7 is an
integer mod 16 on a general non-oriented 4-manifold)

3"(2M) + 4p1 (SO(3)).

Nso@) = —
So
(nsos) = 3n)/4 =p1(SO(3)) mod 4 = Ps(w(SO(3)))-
qs(w2(S0O(3))) also reduces to P2(w2(SO(3))) in the oriented case.
00S,(TM) = CS{™) is the Chern-Simons 3-form of the tangent bundle.

HES3(SO(3)) = CS:(,)SO@)) is the Chern-Simons 3-form of the SO(3) gauge bun-
dle.

12083(PSU(3)) = CSgPSU@) is the Chern-Simons 3-form of the PSU(3) gauge
bundle.

13085(PSU(3)) = €SPV i the Chern-Simons 5-form of the PSU(3) gauge
bundle.
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Table 4: 3d bordism groups-2
BPSU(2) x | BPSU(3) x

Qf (=) B2Z2 xB27Z, BZZ3 xB*Zs | pag @) B27, )
Zs: Zs:

3 50 azsy, a’ a'b’, 'zl 0 0

. ZQ X Zg! Zg

3 Spin aza, aABK a't!,a'x) 0 0
Z5: 73:

30 | ™ 1o s “lo
w1x27af1}2, 'LU](L‘Q,'LU/B -
aw?, a® wiwh
Z:?: 73: /
a”,wiry = wiLw =

. ! ZQI 2 ZQZ

3 Pin™ | a3, wi Arf w3, W12 = wi Arf
GI‘Q,'LUlG/ﬁ, €3,
wi Arf wiArf
Z%: Z2.
ang%aa z / _

3Pin~ | 24— 0 qw”,lw2 1o
w17, ®
azo w1y = I3

For more information, see [37, 83, 85, 93].

2.1.1. Cup product.

2. Background information

2.1. Cohomology theory

a map o : A" — X where

(2.1) A" = {(to,t1,. ..

it is denoted by [vy, ..

., Up] where v; are vertices of A™.

) ER"Mtg 4ty 4+ t, = 1,8 > 0},
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Let X be a topological space, an n-simplex of X is

n-simplexes of X generates an abelian group C,(X), the elements of
Cy(X) are called n-chains. A™ ! embeds in A™ in the canonical way, define
0:Cp(X)— Cph_1(X) by

n

8(0-) = Z(_l)i0|[vo,...,ﬁ,;,.‘.,v,,,] .

=0

(2.2)

It is easy to verify that 9% = 0, so (Ce(X),d) is a chain complex.
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Table 5: 4d bordism groups-1

QF(-) | B, B?Z; | BPSU(2) | BPSU(3)
1o X Ly 7. x Z3: 72 72.
4 SO
o, Py (.1'2) g, 55'/22 o, pll 0, Co
7 X ZQI
. Jed 7 x Z3: ZQZ ZQZ
4 Spin | 15> o 2 P .
Pa(x2) 160 %2 16 2 16 C2
2
Z5: Z3: Z5: Z3:
40 wngéllv w4117 w/227w411’ w‘f,w%,
wizy, wy | wi wiwh, w2 | co(mod 2)
%4 . 8 Dt 24 . % Ly X Ze:
4 Pint 16 16 16 ca(mod 2),
qs(x2)77 n qs (wl2)79 ,'72( )
% b
= 2: 2: PR
4 Pin wizy 0 wiw) ca(mod 2)

Let G be an abelian group, let C"(X,G) := Hom(C,(X),G), the el-
ements of C"(X,G) are called n-cochains with coefficients G. Define ¢ :
C"(X,G) — C"YX,G) by 6(a)(c) = a(d(o)), then §2 = 0, so
(C*(X,G),0) is a cochain complex.

H"(X, Q) is defined to be If;?g:fffggggt(gg)) It is an abelian group,
called the n-th cohomology group of X with coefficients G, the elements of
the abelian group Z™(X,G) := Kerd : C*(X,G) — C"T1(X,G) are called
n-cocycles, the elements of B*(X,G) :=Imé : C" 1(X,G) — C*(X,G) are
called n-coboundaries.

By abusing the notation, we also use [vg, ..., v,] to denote an n-chain.
If G is additionally a ring R, then we can define a cup product such that
H*(X, R) is a graded ring. First we define the cup product of two cochains:

C"(X,R) x C"(X,R) — C"™(X,R)
(2.3) (,8) = auUp

(2.4) aUpB([vo,-- -, Untm]) == a([vo, .., vn]) - B([vn, - -+, Untm))

where - is the multiplication in R.
The cup product satisfies

(2.5) S(aUB) = (6a) UB + (—1)"a U (38)
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Table 6: 4d bordism groups-2

BPSU(2) x | BPSU(3) x
O (- BZ, x B2Z BZs x B2Z
d ( ) Z 2Z Z2 3 , 3 B2Z2 BZZQ;
X Lo X Ly | 7T X T4:
o 3 72 X Lo xLy: | 72 x 73:
o
4 SO ’ ) o, o,c
ars = 012.,1727 a/xé _ b/JfIQ, 7/p17 ;2 27/
Py(a2) 1,122 whyze, Pa(z2) | 25, 222
2 7.
Z x 73: 7 x 73: 77 x 7% s
o - o P Z° x 13:
4 Spin | 16° 16° 16° 2 o .
PR ez = e, |l = Vah, | wha,
Falza) & Pa(z2) Ty %2
2
Zg: Zg:
w‘f,w%, Z2' w%’w%’ Zg:
i .2 2" 2 2 4,2
40 a”,a"r2, 4 .2 Ta, Wy, Wy, Wy,

2 Wy, W3 27 ,0,.2 (mod 2)
ars, rs, Towi, wowi, | co2(mo
wia?, wizy whTo

2
L5} Ly X Zig ¥
VAT
: 2 .
Z4XZ16 XZQ. 7 T
ar3, w14tz = | q (w’) 2 X £:16:
4 Pin" | a%xy + axs, 7716 qs(x 2) ’ ca(mod 2),
S 2)
QS<552)7 / n
whx
wi1aABK, > W2
775
Z%: 73: 7
. | wixe,ax: 2:
4 Pin 1720 575 0 wiwh, ¢ (mod 2)
w1axTy = 2
a21x j—am wirg, why
2 3
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aU S is a cocycle if both o and 8 are cocycles. If both a and 3 are cocycles,
then o U § is a coboundary if one of a and § is a coboundary. So the
cup product is also an operation on cohomology groups U : H"(X, R) x

H™(X,R) — H""(X, R). The cup product of two cocycles satisfies

(2.6)

aUp=(-1)""gUa+ coboundary

For the convenience of defining higher cup product, we use the notation
i — j for the consecutive sequence from 7 to j

(2.7)

i =il —

1, 5.

We also denote an n-chain by (0 — n). We use (@, o) to denote the value of

a(o) for n-cochain v and n-chain o.
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Table 7: 5d bordism groups-1

QF(-) [ B%Z, B2Z; | BPSU(2) | BPSU(3)
Zj:
Z%:
5 S0 Ts5 = | Za: waws, Lo
223, Waws3 wha' Waws3
Wotg 2W3
5 Spin | 0 0 0 0
Z%: Z%:
T2, Ly: waws, Zo:
50 s, 2,/
2 Waws3 wiws, Wo W3
wizrs, wh!
2Ws3
w%wg
Zs: Lo
5 Pil’l+ .’L'22(E3, 0 fw%wé 0
wiT3 — whw!
_ 2W3
= 5
5 Pin— | 2% 0 0 0
XaX3

Let f,, be an m-cochain, h, be an n-cochain, we define higher cup prod-
uct fp, U hy, which yields an (m + n — k)-cochain:
k

(2.8)
<methn7(O)]-7 7m+n_k)>

= > ()P fms (0= g iy = dg,- )} X (hn, (g — 1,49 — 43, ++)),
0<ip< - <ir<n+m—~k

and f,, Uh, = 0 for Kk > morn or k < 0. Here ¢« — j is the sequence
k

i,i+1,---,7—1,7, and p is the number of transpositions (it is not unique
but its parity is unique) in the decomposition of the permutation to bring
the sequence

(2.9) 0—19,91 > t2,---300+1—>41 —104+1—43—1,---
to the sequence
(2.10) 0—>m+n—k.

For example

—

(o U b, (0,1, s = 1)) = 3 (=1) =D
=0
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Table 8: 5d bordism groups-2

cobordisms 1

BPSU(2) x | BPSU(3) x
Qf(— BZ, x B%Z BZs; x B%Z
d( ) 2 2 3 ; 3 szQ BZZQ;
Zg Ly x 23 X ZQZ
Cbe a5 Zg: wéwé7x5 = Zg X Zg:
29 9
WoW ToX Waws3
550 Ts = 1 3/7 2/ & / 7_
3 a'b'xs, WaTy = Z29T3 =
T2x3,0 T2, /.12 / _ /
ax Wo zZ3T
2 2 243, 2
WwawWs, AWy b/
PBs(v') WawW3
Zé X Zy: i~ -~
-~ ! 2- 3-
5 S . 2. a 1‘2, 12 /!
pmn 3 1002 W32 Z2T3
a’Ts a'zsy, /
’ = 'LU2.’L'3 = _Z3./L'2
B (b')
VA%
a®, a®xs, Z8:
3 3,,,2 !0 /
a~T2,a" Wy, Do WHrW3, T2Ws3, T
50 2 4 2: 2,0 2:
a$2,aw1, w1w3,w2$3,
2 2 Wwaws 9 wWaw3
arawy, aws, T2T3,WIT3,
2
T2X3, WIT3, T5, W2W3
T5, WalWs
75:
4
w;a, 75-
(15 _ w2a3 2-
- 1 ) 2,/
wiw
2. 1*3
WiT3= Ts5, )
= Wayws,
: T2T3, 2
5 Pint p 0 wirs =25, | 0
wiary = ,
2 2 T2X3, W32,
ar; +a“xz, ;o
W1WeT2 =
wi1ar3 = / /
2 Wo X3 +W3x2
a~rs,
a3$2
75:
2.3 3.
wia’, xaxs, Ly
2 /
. wiax o3, Wal
5P111 1 2 0 2 3/; 342, 0
w1axrs = W1WyT2 =
a’xs, whTs+whTo
CLBJ)Q

(2.11)

We can see that U = U. Unlike cup product

0
of two cocycles may not be a cocycle.

(fm, (0 = d,i4+n—>m+n—1))(hp, (i = i+n)).
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at k = 0, the higher cup product

Steenrod studied the higher cup product of cochains and found a formula
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Table 9: TP»-1

TP4(H x —) BZ, BZs PSU(2) PSU(3)
280 Zo: Z,3 Z% Zs3:
7 Ty 1 Y
. 2 2 X 4i3: 2t 2 X 43
2 Spin T, Arf Arf, z) wh, Arf | Arf, 2o
20 Z3: Lo Zs: ZLo:
T, w3 w? wh, w? w3
2 : 5
9 Pint Zs ZQ.N Z2 Zo
Lo, Win win Wy, W17 win
9 Pin— Lo X ZLsg: Zsg: Zio X Zsg: Zsg:

Table 10: TPy-2

PSU(2) x [ PSU(3) x
TPy(H x —) | Z BZ Z BZ
a(H x —) sz 2 ng ’ BZ BZs
2 S0 > e 7 2
mzd x2 w§7x2 Lo, 22 5
. Z3: Ty X L: Z%: Ly X /ZS:
2 Spin 2, Arf, Arf, 2, Wy, T2, Arf, x5,
ai Agf Z2
Ly Zy: L;: Zs:
20 a®, s, w2 Wy, T2, w?
w% ! U/% '
3.
ZQ' _ |7, Zg: Do
2 Pin+ wia B 2'~ ’UJé79327 2."
a, s, win Wi w1n
2 X B 72 x Zg _
2 Pin~ Zs: Zs: wh, Ls:
r2,q(a), | ABK \ner | ABK
ABK

[61, Theorem 5.1]:

(2.12) d(u U v)

= (=1)PTy U v+ (=P U u+ duU v + (—1)Pu U dv

i—1

where u is a p-cochain, v is a g-cochain.
Also Steenrod defined Steenrod square using higher cup product:

(2.13) Sq"_k(zn) =z, Uz,
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Table 11: TP3-1

TPy(H x —) BZs BZs PSU(2) PSU(3)
ZQ. ZQ.
: Z: v(TM o (TM
3 S0 1ogTM10 | ToegTM) %CS& ), %ng ),
3 3 3 3 CSéSO(S))H CSgPSU(3))12
7 7.
3 Spin chs(TM) ics(TM) ﬁCSgTM% ﬁCSgTM)’
18 V73 18 73 %ngso@)) CS;PSU(S))
ZQI Z2:
30 T3 = 0 ’LUé = 0
Wy Loy wiwh
Z3: , Z3: / .
S w1Try = 2! WiwWy = 2:
3 Pin T3, wq Arf wh, wy Arf
wi Arf wi Arf
2. 2
3 Pin— wiLy = 0 wiwh = 0
I3 wfli
Table 12: TP3-2
B PSU(2) x | PSU(3) x
TPd(H X ) ZQ X BZQ Zg X BZg BZ2 BZg
7, X Z%: 7, X Z%: 2 a0 2. )
T™ ™M 1 1
350 %CS§ )7 %ng )7 BC(SS?E)(s))’ 3C(Slf)su(:s)y)
axsy, ad a'b' o'z CZSq CS;
Y/ 72(]\4282 Z x 7% - : () 72 )
3 Spin Los{™), Los{™D | gCsy | oSy,
az2,aABK | oV, d'z) %Cséso(w) CSéPSU(?)))
Z%: Zé:
30 3 “lo 3 o
W1T2, T2, wle,wé =
aw?, a® wywh
Zg: Zg:
a®, wizy = wywh =
. ’ Zo: 2 Zo:
+ 2 / _ 2
3 Pin 3, . w1 Arf Wa W12 = | o) Arf
arg,wyan, T3,
wi Arf wi Arf
Z%: Zé:
a®, wia, wywh =
3 Pirf T3 = 0 wéa 0
w1x2, W12 =
axso 3

139
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Table 13: TP4-1

TP, (H x —) | BZ, BZ; | PSU(2) | PSU@3)
Z4Z Zg:
4 SO
Pa(aa) | s ’ !
4 Spin @ 3 0 0
2 Lo
75: Zs: 75: VAR
40 2, wi, wi, w2, wi, wi, w3,
wire, wi | w3 wiwl, w3 | ca(mod 2)
4 Pin* 16- 16- 16 c2(mod 2),
qs(2), n qs(w3), "
7 7 Z
R 2: 2: 2:
4 Pin wizo 0 wiw) c2(mod 2)

2.1.2. Universal coefficient theorem and Kiinneth formula. If X
is a topological space, R is a principal ideal domain (Z or a field), G is an
R-module, then the homology version of universal coefficient theorem is

(2.14)  H,(X,G) =H,(X,R) ®r G & Tor¥(H,_1(X, R),G).
The cohomology version of universal coefficient theorem is
(2.15) H"(X,G) = Homg(H,(X, R), G) ® Exth(H,_1(X, R),G).

We will abbreviate Tor? by Tor, Ext}, by Ext.

If X and X’ are topological spaces, R is a principle ideal domain and
G, G’ are R-modules such that Tor?(G, G') = 0. We also require either
(1) H,(X;Z) and H,(X';Z) are finitely generated, or
(2) G’ and H,(X';Z) are finitely generated.

The homology version of Kiinneth formula is
(2.16) Hy(X x X',G®orG")
~ | B (X, G) @ Hy (X', )|
® [ Bd=! Torf(HF (X, G), Hy_p1 (X, G’))} .
The cohomology version of Kiinneth formula is

(2.17) HYX x X',G @r G
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Table 14: TPy4-2

PSU(2) x [ PSU(3) x
TP4(H x =) | Zo x BZ Zs x BZ
al ) 2 2 3 3 BZ, BZ:
ZQ X Z42 Zé
4 SO ars = a/xé = ZQ X Z4I Z%
a’x,, bl wha, Po(x2) | o, 2h2o
PQ(ZL‘Q) 1‘/2
Z2- 222
2- 3- 2.
ar3z = axh = Zg’ 72
4 Spin a2 4 2 W2, LY
e | R | e
5 T
Zg: Z;:
wil7w§7 ZQ. wzllvw%7 Z%
4 O 0,4,0,2:172, %1 2 x%vaQQa w%aw%a
2 wy, Wy 27 .2 d 2
ars,xy, T2wy, Wywy, CQ(mO )
wia?, wiry whiTo
75 X Ly X
Zs X Zig:
0,983 16 ZZ X ZlG X
. wlzxg _ Zue: ZLy: Zio X Zig:
4 Pint 5 qs(wh), co(mod 2),
a“ry +axs, | 1
q (1‘2) q5(33/2)7 n
S )
w1aABK, 1, W2
nd
ZQZ: Z3: 7
4 Pin~ Wita, A3, | wiwh, z 42
w216l$2 = w2y, Wy co(mod 2)
a’xo + axs ’
~ | @ B (X, G) @ HH(X', )|

& [ @t Torli (1 (X, 6), HOH1 (X, @)
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Note that Z and R are principal ideal domains, while R/Z is not. Also,

Special cases: 1. R = G' = Z.
In this case, the condition Torf(G,G") = Tor?(G,Z) = 0 is always

(2.18)

HYX x X', Q)
~ | By BY(X, G) @ BTN (X, Z)|

& [ @t} Tor(H(X, G), O+ (X5 2))]

R and R/Z are not finitely generate R-modules if R = Z.

satisfied. G can be R/Z, Z, 7Z,, etc . So we have
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(2.19)

to reduce (2.18) to
(2.20)

where X' is renamed as X. This is also called the universal coefficient theo-
rem which can be used to calculate H*(X, G) from H*(X;Z) and the module
G. Here Tor = Tor?.

Homology version of (2.20) is just the universal coefficient theorem for

Zheyan Wan and Juven Wang

Table 15: TP5-1

TP4(H x —) BZ, BZs3 PSU(2) PSU(3)
73:
1:2 = La: Z5: z XPZS%: 3
5 SO 5T 2 wows, | CSYEVI8,
o3, wWwaws3 wha' w
2Ws3 2Ws3
waws
5 Spi 0 0 0 L (PSU(3))
in 3
P 1Cs;
Z5:
T2T3,
e — Z3:
> 2 wa2ws
50 (wa +wi)as | 7. wiwy= | Za
- 3.,/
(w3 + w?)xs, 102 5’13’27 s
wirg = 273
w?mg,
Wo W3
Zs:
T9T3, ZLy:
5 Pint 5 = 0 wiwh = 0
wiry = whws
5 Pin~ > 0 0 0
ToX3

H"(X,G)) = {

G,
0,

if n =20,
if n >0,

Take X to be the space of one point in (2.18), and use

HY(X,G) ~ HY(X;Z) ®; G ® Tor(H™(X;Z), G),

homology with R = Z.

(2.21)

H*(X x X',F) = H*(X,F) @ H* (X', F).

2. R=G =G =TFis a field, Tor?(G, G") = 0.
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Table 16: TP5-2
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PSU(2) x PSU(3) x
TPd(H X 7) Zo x BZo Zg X BZg ( ) ( )
BZs BZs
Zo X 72 x | 74
Z3; Zz' ’ wgw’ x ZX(I%SQU%??:
: o=
ax%>a57 wgw 2737 CS5 )’
2 ToX
5 S0 T = 20 203 WawW3,
3 a'b'zy, W3Ty = I
23,0 T2, ’o02 7 %2T3 =
2 aTy, Wy T3, _ /
WaW3, AWy b 2375
‘4323( ) WaW3 T
7.5 X Zg: X Zi3:
3 9: . 3
. 120 0 La: ICS(PSU(3))
. ZQ. a b xz, / § 5 )
5 Spin 3 ' o whxy = ,
a’zTo azy, ; 29X =
’ WaZ'3 /
Bs(b') —Z3%y
Z%Z:
a®, a?xs, Z8:
3 3,,,2 1o /
a .1'27a w17 Z . w2w3,.’[}2’w3, Z .
50 2 4 2. ’ / 2:
ax2,aw1, w1w3,1U2x3,
2 2 wWaws3 2 Waws3
azgwl,awz, x2z3,w1x3,
2
L2X3, WIT3, T5, W2W3
T5, WalWs
75:
wia, Z3:
a® = w?a?, wiwh =
2. 1o
wWiT3= Ts, Wy Ws,
2
. ToXk wiT3 =
5 Pint 22 3, 0 173 0
wiary = s,
!
ax% + a2x3, T9T3,W3T2,
wiars = wlwéfz =
a’xs, whrs +whre
a3$2
75:
2 3 3.
wia’, xaxs, ZLs:
2 /
. wsax ToT3, Walk
5P11’1 1 2 0 2 3/7 342, 0
w1axrs = W1WyT2 =
a’xs, whs +whTe
anQ

This is called the Kiinneth formula.

There is also a relative version of Kiinneth formula [37, Theorem 3.18]:

(2.22)

H' (X AX'F)=H (X,F)o H (X, F).

Here X A X' is the smash product, H is the reduced cohomology.
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2.2. Spectra

Definition 3. e A prespectrum 7, is a sequence {Tq}qezzo of pointed spaces
and maps s4 : XT3, — Tyqq.

e An ()-prespectrum is a prespectrum 7, such that the adjoints ¢, : T, —
QT 41 of the structure maps are weak homotopy equivalences.

e A spectrum is a prespectrum 7, such that the adjoints ¢, : T, — Q7,11
of the structure maps are homeomorphisms.

Example 4. o Let X be a pointed space, T; = ¥9X for ¢ > 0, then T, is a
prespectrum.

o T, = 59, T, is a prespectrum.

e Let G be an abelian group, T, = K(G,q) the Eilenberg-MacLane
space, T, is an -prespectrum.

Spectrification: Let T be a prespectrum, define (LT"), to be the colimit
of

Qt
— O,

T, 2% QT
Namely,
(LT), = colimy_, ooy 41,
then (LT)e is a spectrum.
Example 5. ¢ T, = S9, (LT, is a spectrum S.
e Let G be an abelian group, T, = K(G,q) the Eilenberg-MacLane
space, (LT). is a spectrum HG (the Eilenberg-MacLane spectrum).

Stable homotopy groups of spectra: Let M, be a spectrum, define w3 M,
to be the colimit of

Ta4nt adjunction

Td4nMn — 7Td+nQMn+1 Tdtn+1Mny1.

Namely,
TaMe = colimy, oo TgnMy.
Maps between spectra: If M,, Ny are two spectra, then for any integer
k, the abelian group of homotopy classes of maps from M, to N, of degree
—k: [M,, No|_ is defined as follows: a map in [M,, Ne]_j is a sequence of
maps M, — N, such that the following diagram commutes

(2.23) M, —= SN,

.

Mn+1 I Nn+k+1
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where the columns are the structure maps of the spectra M, and N,. If
in addition the spectrum N, is a ring spectrum, then the abelian groups
[Me, No|_ form a graded ring [Me, No| .

Example 6. 1M, =[S, Meq4.
Cohomology rings of spectra:

Definition 7. A ring spectrum is a spectrum FE along with a unit map
n:S — E and a multiplication map u: EAE — E.

Example 8. Let R be a ring, then the Eilenberg-MacLane spectrum HR
is a ring spectrum.

The cohomology ring of a spectrum M, with coefficients in R is defined
to be [M,e, HR]_,.

2.3. Spectral sequences

In this paper, we use three kinds of spectral sequence: Adams spectral se-
quence, Atiyah-Hirzebruch spectral sequence, and Serre spectral sequence.

2.3.1. Adams spectral sequence. The Adams spectral sequence is a
spectral sequence introduced by Adams in [1], it is of the form

(2.24) By = Exty (H*(Y,Zp), Zy) = 7s(Y),)
where Y is any spectrum. We consider Y = MTH A X and focus on p = 2
and p = 3.

We introduce the notions used in Adams spectral sequence:

p-completion: For any finitely generated abelian group G, G;\ =
lim,, G/p"G is the p-completion of G. If G is finite, then Gz/:»\ is the Sylow
p-subgroup of G. If G = Z, GS is the ring of p-adic integers.

Steenrod algebra: The mod p Steenrod algebra is A, := [HZ,, HZ,|
where HZ, is the mod p Eilenberg-MacLane spectrum. For any spectrum
Y, the cohomology ring H*(Y, Z,) = [Y, HZ,)| . is an A,-module.

For p = 2, the generators of As are Steenrod squares Sq”.

Definition 9 (Axioms). For each i > 0, there is a natural transformation
Sq' : H™(—, Zo) — H" (=, Zy)

such that
° Sqo =1d
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e If i > ||, then Sq'z =0
o If i = |z|, then Sq'z = =
e (Cartan formula) Sq"(zy) = >_,;, ., Sq*(x)Sq’ ()
e (Adem relation) If a < 2b, then

2

(5]

b—c—1
Sqasqb _ Z ( )Sqa+bcsqc
g a—2c

The subalgebra Ay (1) of As generated by Sq* and Sq? looks like Figure 1.

4°Sq'Sq*Sq" = Sq'Sq*Sq'Sq?
Sq%Sq'Sq?
Sq'Sq?Sqt
Sq'Sq? Sq*Sq!
Sq?

S =1
Figure 1: Ay(1).

Each dot stands for a Zs, all relations are from Adem relations (2.67).
For odd primes p, the generators of A, are the Bockstein homomorphism
B(pp) and Steenrod powers P’

Ext functor: Let R = A, or Ay(1). Ext;’,t is the internal degree ¢ part of
the s-th derived functor of Hom.

In general, we can find a projective R-resolution P, of L to compute
Ext% (L, Z,), Extl (L, Z,) = H (Hompg(P.,Zy)) (the i-th cohomology of the
chain complex Homp(P,, Zy)).

In Adams chart, the horizontal axis is degree t — s and the vertical axis
is degree s. The differential &5 : ES' — EST 1 g an arrow starting at
the bidegree (t — s, s) with direction (—1,r). Ef_ﬁl = mﬁ% for r > 2.
There exists N such that Exyr = En for £ > 0, denote E. = Ey.

We explain how to read the result from the Adams chart: In the E,,
page, one dot indicates a Zj,, an vertical line connecting n dots indicates a
Zyn, when n = oo, the line indicates a Z.

In the H = O cases, MO is the wedge sum of suspensions of the
Eilenberg-MacLane spectrum HZs, H* (MO, Zsy) is the direct sum of sus-
pensions of the Steenrod algebra As.
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H*(MO A X4,Zy) = H* (MO, Zs) ® H*(X,Z3) is also the direct sum of
suspensions of the Steenrod algebra As. We have used the Kiinneth formula
(2.22). Let L = H*(MO A X4,Zs), then Py = L, P; = 0 for s > 0 gives a
projective As-resolution of L.

Since

Exty (57 Ap, Zy)

(2 25) — Homt.Ap (ZTApv Zp) == Zp lf t = ’I'" S = O
. 0 else ’

all dots are concentrated in s = 0 in the Adams chart of Extiiz (H* (MO A
Xy,Z2),Z2), there are no differentials, Fy = F, Qg(X) is a Zo-vector
space.

In the H = SO cases, the localization of M SO at the prime 2 is

(2.26) MSO9) = HZo) V S *HZ9y) V S HZy V - - -
where HZ is the Eilenberg-MacLane spectrum and H*(HZ, Zs) = A2/ A2Sq".
(2.27) cee — 23./42 — 22./42 — YAy — Ay — AQ/A2Sq1

is an Aj-resolution (denoted by P,) where the differentials d; are induced
by Sq'.

When X is a point, the Adams chart of Ex‘cj’(‘/2 (H*(MSO,Zs),Zs) is
shown in Figure 2. For general X, P,@H" (X, Zs) is a projective As-resolution
of H*(HZ,Z2) ® H*(X,Z2) (since P, is actually a free As-resolution), the
differentials d; are induced by Sq'.

The localization of M SO at the prime 3 is the wedge sum of suspensions
of the Brown-Peterson spectrum BP (MSO3) = BP V X*BPV ---) and
H*(BP,Z3) = As3/(B(3,3)) where (8(33)) is the two-sided ideal generated by
B3.3)-

—>22A3@26A3@'” —>E.A36925A3@'” — Aj
(2.28) — -A3/(5(3,3))

is an As-resolution of Az /(83 3)) (denoted by P,) where the differentials dy
are induced by S(33).

When X is a point, the Adams chart of Extiii (H*(MSO,Z3),Zs) is
shown in Figure 3. For general X, P,@H* (X, Z3) is a projective As-resolution
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0 1 2 3 4 5 t—s

Figure 2: Adams chart of EXtiii (H*(MSO, Zs3), Zs).

S

0 1 2 3 4 5 t—s

Figure 3: Adams chart of Extiii (H*(MSO,Z3), Zs).
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of H"(BP,Z3) ® H*(X,Z3) (since P, is actually a free As-resolution), the
differentials dy are induced by 53 3).

There may be differentials d,, corresponding to the Bockstein homomor-
phism f;, ,») [51] for both p = 2 and p = 3. See 2.5 for the definition of Bock-

stein homomorphisms. Since MSO s, = MSpins), Q5°(X)5 = Q5P (X)3.
In the H = Spin/Pin® cases, since the mod 2 cohomology of the Thom
spectrum M Spin is

(2.29) H*(MSpin, ZQ) = Ay ®A2(1) {ZQ D M}

where M is a graded As(1)-module with the degree i homogeneous part
M; =0 for i < 8.

Theorem 10 (Change of rings/Frobenius reciprocity).

EXtiiZ (A2 ®~A2(1) La Z?) = Ethi(l) (L, ZQ)

When we compute Q5 (X)), we are reduced to compute Extiit2 (1)L Z2)

for t — s < 8, where L is some Aj(1)-module (our cases are some mod 2
cohomology H*(—, Z2)).
Example 1: L = As(1),

Ext’’ 1y (A2(1), Z2)

(2.30) _ [ Homy,q)(A2(1),Z2) =Zy ift=5=0
. 0 else

Example 2: L = Zs, the Ay(1)-resolution of L is

cee = 23./42(1) ® 27./42(1) — 22./42(1) &) 24./42(1)
(2.31) — B Ax(1) @ B2 As(1) — Ax(1) — Zo.

The Adams chart looks like Figure 4.

The only possible differentials are d.(hy) = hi™ where hg €
EXt}ii(l)(ZQZQ), h, € EXt,lif@)(Z?Z?)- If there were such a differential d,
for r > 2, then since hohy = 0, 0 = d,(hoh1) = h6+2 which is not true.
Hence Fy = E.

This is in fact real Bott periodicity (mirsko = mko, H*(ko,Zs) =
Ao ® A,(1) ZQ).
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—_
OL‘I:

O H N W ks o N 00 ©

01 23 456 789 10—s

Figure 4: Adams chart of Extiit2 (Zga,Z2). The dashed arrows indicate the

possible differentials.

(1)

Our computation is based on the following fact:

Lemma 11. Given a short exact sequence of Az(1)-modules
(2.32) 0—Li— Ly— L3 —0,
then for any t, there is a long exact sequence

(2.33) - — Extié(l)(Lg, Zy) — Extiii(l)(LQ, Zy) — Extiii(l)(Ll, Zs)

d 1, 1,
S Ext’y 1) (La, Z2) = Ext’ 1) (Lo, Za) = ---

After using this fact repeatedly, we obtain the F» page.
Example 3:

(2.34) Y ——

is a short exact sequence where the left dot is L1, the middle part is Lo, the
right dot is Ls.
The Adams chart looks like Figure 5.
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—_
o »

A

SO H N W ks Ot N 00 ©

A<D

0123 456 789 10—s

Figure 5: Adams chart of Extjt2 (1)(L2,Z2). The arrows indicate the differ-

ential di, the dashed line indicates the extension.

Example 4:

(2.35) o ——>o

is a short exact sequence where the left dot is L}, the middle part is L, the
right dot is Lj.
The Adams chart looks like Figure 6.

2.3.2. Serre spectral sequence. Given a fibration ' — E — B, the
Serre spectral sequence is the following:

(2.36) EYY =HP(B,HY(F,Z)) = HT(E,Z)

This can be used in computing the integral cohomology group of the total
space of a nontrivial fibration.
There is also a homology version:

(237) Ez,q = Hp(37 HQ(F7 Z)) = HZH—Q(E? Z)
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OXH<M///

(an)
—_
N}
w
>~

5 t—s

Figure 6: Adams chart of Extiz(l)(L’z,Zg). The arrows indicate the differ-
ential dq, the dashed line indicates the extension.

2.3.3. Atiyah-Hirzebruch spectral sequence. The Atiyah-Hirzebruch
spectral sequence can be viewed as a generalization of the Serre spectral
sequence. Given a fibration F — E — B, the Atiyah-Hirzebruch spectral
sequence is the following:

(2.38) Ey o = Hy(B, hy(F,2)) = hyiq(E, Z)

where h, is an extraordinary homology theory. For example, h, can be the
bordism theory Q. In particular, if the fiber F is a point, then the Atiyah-
Hirzebruch spectral sequence is of the form:

(2.39) H,(X, Q) = Qff

p+q(X)

2.4. Characteristic classes

2.4.1. Introduction to characteristic classes. Characteristic classes
are cohomology classes of the base space of a vector bundle. Stiefel-Whitney
classes are defined for real vector bundles, Chern classes are defined for com-
plex vector bundles, Pontryagin classes are defined for real vector bundles.
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All characteristic classes are natural with respect to bundle maps. Char-
acteristic classes of a principal bundle are defined to be the characteristic
classes of the associated vector bundle of the principal bundle.

Given a real vector bundle V' — M and a complex vector bundle £ — M,
the i-th Stiefel-Whitney class of V is w;(V) € H(M,Zs), the i-th Chern
class of E is ¢;(E) € H*(M,Z), the i-th Pontryagin class of V is p;(V) €
HY(M, 7).

Pontryagin classes are closely related to Chern classes via complexifica-
tion:

(2.40) pi(V) = (=1)%cy(V ®@g C) € H¥(M, Z)

where V@rC — M is the complexification of the real vector bundle V- — M.
The relation between Pontryagin classes and Stiefel-Whitney classes is

(241) pz(V) = ’in(V)Z mod 2.

For a manifold M, the integrals over M of characteristic classes of a
vector bundle over M (the pairing of the characteristic classes with the
fundamental class of M) are called characteristic numbers.

Let E,, be the universal n-bundle over BO(n), the colimit of E,, — n is
a virtual bundle E (of dimension 0) over BO, the pullback of E along the
map g : M — BO given by the O-structure on M is just TM — d where M
is a d-manifold and T'M is the tangent bundle of M. By the naturality of
characteristic classes, the pullback of the characteristic classes of E is the
characteristic classes of T M.

Chern-Simons form: By Chern-Weil theory, Chern classes (and Pontrya-
gin classes) can also be defined as a closed differential form (in de Rham
cohomology). By Poincaré Lemma, they are exact locally:

(2.42) cn = dCSan_1

where d is the exterior differential operator, CSs,_1 is called the Chern-
Simons 2n — 1-form.

Whitney sum formula: Let w(V) = 1+wi (V) +wa(V)+--- € H* (M, Zs)
be the total Stiefel-Whitney class, ¢(E) = 14+c1(E)+c2(E)+--- € H* (M, Z)
be the total Chern class, p(V') = 1+ p1(V) +p2(V) +--- € H* (M, Z) be the
total Pontryagin class, then

(2.43) w(V e V') =wV)wV"),
(2.44) c(E®E') =c(E)c(E"),
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(2.45) 2p(Va V') =2p(V)p(V).

That is, the total Stiefel-Whitney class and the total Chern class are multi-
plicative with respect to Whitney sum of vector bundles, the total Pontrya-
gin class is multiplicative modulo 2-torsion with respect to Whitney sum of
vector bundles.

2.4.2. Wu formulas. The total Stiefel-Whitney class w = 1+ wy + we +
- is related to the total Wu class u = 1 4+ u; + ug + - - - through the total
Steenrod square:

(2.46) w=Sq(u), Sq=14Sq'+Sq*>+---.
Therefore, w, = >, Sq*(un_i). The Steenrod squares satisfy:
(2.47) Sq'(z;) =0, i > j, Sq’(z;) = zjz;, Sq’ =1,
for any x; € H/(M¢%;Z3). Thus

(2.48) Up, = Wy, + Z Sq* (tn—s).

i=1,2i<n

This allows us to compute u,, iteratively, using Wu formula

(2.49) Sq'(wj) =0, i>34,  Sq'(w;) = wiwi,
. j—i—1+4+k ) .
Sq' (wj) = wwj + ; < i >wikwj+k, 1< 7,
and the Steenrod relation
/rL . .
(2.50) Sq™(zy) = > Sq*()Sq" " (y).
i=0
We find
ug =1, U] = wi, uQ:w%—i—wg,
(2.51) U3 = WiwWs, Uy = wil + w% + wiws + wy,

3 2 2
U5 = WiwWs + wWiw; + wjws + wiwy.
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On the tangent bundle of M¢, the corresponding Wu class and the Steen-
rod square satisfy

(2.52) Sq¥ (xj) = ug_jzj, for any x; € HI (M% Zy).
This is also called Wu formula.
2.5. Bockstein homomorphisms

In general, given a chain complex C, and a short exact sequence of abelian
groups:

(2.53) 04 —5A—-A" =0,
we have a short exact sequence of cochain complexes:
(2.54) 0 — Hom(C,, A") — Hom(C,, A) — Hom(C,, A”) — 0.

Hence we obtain a long exact sequence of cohomology groups:

S HY(C,, A) — HY(Cy, A) — HY(Cy, A”) S T (O, A
(2.55) = ---,

the connecting homomorphism 9 is called Bockstein homomorphism.

For example, B, m) : H* (=, Zm) — H**(—,Z,) is the Bockstein homo-
morphism associated to the extension Z,, B Lo — Lo

Let pim,m) : H (=, Znm) — H*(—, Zy,) be the mod m reduction map,
then B, m)P(nmm) = 0 by the long exact sequence. In particular,
B(2,2)p(a,2) = 0.

Relations between the Bockstein homomorphisms: If we have a chain
complex Cy and a commutative diagram of abelian groups with exact rows:

(2.56) 0 c’ C c” 0,

R

0 A A A" 0

then we have a commutative diagram of cochain complexes with exact rows:

0 —— Hom(C,, C") ——= Hom(C4,C) — - - -

l |

0—— HOHI(C., AI) —_— HOHI(C., A) - ...
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(257) -+ ——= Hom(Ca,C) — Hom(Cy, C") — 0.

l |

-+ —Hom(C,, A) —— Hom(C,, A”) ——=0

By the naturality of the connecting homomorphism [56, Theorem 6.13],
we have a commutative diagram of abelian groups with exact rows:

.. ——=H"(C4, C") —= H"(C,,C) —= H"(C4,C") —2= ...

| | |

T Hn(ch A/) - Hn(CnA) - Hn(Co, AH) L— <.

(2.58) .. — = H"(C,,C") _9. H"tY(C,,C!) — - -

| |

.‘HHn(C.’A//)&_Hn—i-l(C.,A/)H”.

There are commutative diagrams:

(2.59) Lo —" Ly 22427,

LT

-km mod k
Zn > Zk’nm ET,Zk’m

(2.60) Dy —" Do 247

mod nl mod nm

-m mod
Zn an Term

By (2.58), we have the following commutative diagrams:

(2.61) H (—, Zy) 20 Y (-, 2,)
|+
B(n‘knz)

H* (=, Zgm) ——= H**! (=, Zy)
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(2.62) H* (=, Zn) 22204 (— 7))

mod n

H*(—, Zp) 02 Y (2,

Hence we have

(263) /B(n,m) = B(n,km) -k,
and

By definition,
1
(265) ,8(27277/) = 2_715 mod 2

where ¢ is the coboundary map.
Moreover, Sq* = B(2,2)-
By (2.64), 5(2,4) = ,0(4,2)5(4,4)7 thus 5(2,2)5(2,4) = 5(2,2)0(4,2)5(4,4) =0.
Similarly, 82.8) = p(4,2)B(4,8): thus B2.2)82,8) = B2,2)P(4,2)5(a,8) = 0, ete.
Combining this with the Adem relation Sq'Sq! = 0, we obtain the im-
portant formula:

(266) Sqlﬁ(ggn) = O
2.6. Useful fomulas

Adem relations:

o/ g
2. aqb —
(2.67) Sq*Sq Z(a—Qj

) Sqa+b—jsqj
j=0

for 0 < a < 2b. In particular, we have Sq'Sq' = 0, Sq'Sq?Sq' = Sq%Sq?.

Recall that
(2.68) H*(BZy, Zs) = Zs[a
where a is the generator of H!(BZs, Zs).

(269) H*(BZZQ,ZQ) = ZQ[$2,1‘3,$5,$’9,.. ]
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where 29 is the generator of H2(B2Zs, Zs), x3 = Sq'za, x5 = Sq’x3, 29 =
Sqtxs, ete.

(2.70) H*(BPSU(2), Zg) = Zao[wh, wh]

where w} is the i-th Stiefel-Whitney class of the universal PSU(2) = SO(3)
bundle.

Combining (2.52) and (2.50), we have the following useful formulas in
the presentation of cobordsim invariants:

a’? = Sqla = wia in 2d

T3 = Sqlxg = wixo in 3d

wh = Sqlwl = wiw) in 3d

Sql(axs) = axo + axz = wiary in 4d
Sq?(axq) = ax2 + a’r3 = (we + w})axy in 5d
x5 = Sq’r3 = (w2 +w?)zs in 5d

whwy = Sq*(wh) = (w2 + w?)w} in 5d
Sql(wﬂz) = (wiwa + w3)x2 + wars = WiwWaLs
= w3Ty = woxg in 5d

Sql(w%azg) = w?z3 = wiry in 5d

Sq T9 = wiwexs = 0 in 5d

Sq* (w2w2) (wlwg + w3)wh + wowh = wiwawl
= w3w2 = wow} in 5d

Sqt (w1w2) = wiwf = wiw) in 5d

SqPwh = wlwgwé =01in 5d

Sqt (23) = w13 = 27975 = 0 in 5d

Sq* (w) = w1w2 = 2w2w3 =0 in 5d

Sql (whre) = whze + whrs = wiwhrs in 5d

(2.71)

where w; is the i-th Stiefel-Whitney class of the tangent bundle of M, all co-
homology classes are pulled back to M along the maps given in the definition
of cobordism groups.

3. Warm-up examples
3.1. Perturbative chiral anomalies in even dd and associated
Chern-Simons (d + 1)-form theories — SO- and spin-
cobordism groups of BU(1)

3.1.1. Perturbative bosonic/fermionic anomaly in an even dd and
U(1) SPTs in an odd (d + 1)d. We start from a warming-up example
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familiar to most physicists and quantum field theorists: the perturbative
anomalies that can be captured by a 1-loop calculation via Feynman-Dyson
diagrams involved with a U(1) group. Of course, our discussion on the U(1)
group can be generalized to any compact semi-simple Lie group such as
SU(N), although we focus mostly on U(1) in this section. We will consider
a Dirac fermion theory in any even dimensional spacetime, denoted as dd
with d as the even integer (say d = 2,4,6,8,10,...). The Dirac fermion ¥
(or a complex Dirac spinor) is in a 2[%2-dimensional spinor representation
of Spin(1,d—1) (or Spin(d) in the Euclidean signature, where Spin(d)/Z% =
SO(d), with the continuous spacetime rotational symmetry SO(d) and the
fermion parity ZJ symmetry acts on any fermion ¥ — —W). The Dirac
fermion ¥ can be coupled to non-dynamical U(1) or dynamical U(1) gauge
fields, as Model (1) and Model (2) below respectively.

Model (1): The U(1) is treated as a U(1) global internal symmetry for the ’t
Hooft anomaly. The so-called path integral or partition function
Z of this Dirac fermion theory is defined as a functional integral
(here in Minkowski signature):

Z04] = / [DF][DV] exp ( + i Sa1.Dirac)

(3.1) = /[D\Il][D\Il]exp(—Fif A%z (U(i4)P),

Md

where P, is the Dirac operator endorsed with the Feynman
slash notation, defined as:

(3.2) Dy = YWD, =~"(0, — igAy).
The g is the coupling constant for the non-dynamical 1-form
U(1) gauge field A := A,dz*. The +* with p = 0,1,...,d —

1 are so-called gamma matrices, satisfying the Clifford algebra
Cl1 q—1(R) under the anti-commutator constraint:

(3.3) {47} =AY+ A = 20" gt

The standard Dirac matrices correspond to d = 2ld/2] = 4. The
n*" is the Minkowski metric

n* = diag(+, —, —, ..., —),
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Model (2):
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with one + sign and (d — 1) — sign along the diagonal. The

hermitian chiral matrix y°Mral = ~FIVE can be defined for even
d dimensions

hiral _ _FIVE .__ :d/2—1,0.1 -1
(3.4) AChiral = (FIVE . _ jd/2=1,0,1 " ,d-1

The U(1) is treated as a U(1) gauge group for the dynamical
gauge anomaly. The so-called path integral or partition function
Z of this Dirac fermion coupled to a dynamical U(1) gauge field
theory is defined as a functional integral (here in Minkowski
signature):

(3.5)
Z:= /[D\Il] [D\I/] [DA] exp ( + iSM,DiI'aC—U(l) gauge theory)
= /[D\I/][D\I/] [DA] exp(+ i/Md A (T4 W — %FWF“”)).

Here the dynamical 1-form U(1) gauge field A is integrated
over in the path integral measure [[DA] as a dynamical gauge
variable. For the quantum electrodynamics (QED) as a Dirac-
U(1) gauge theory, it is commonly defined as )4 := v*D,, =
v*(0,, + ieA,) where e is the electric charge constant.

For the spacetime index u=0,1,...,d — 1,
the left-moving current J*1 is defined as:

(3.6)

1— ,yChiral

JHL = Pk
M

).

The right-moving current J*® is defined as:

(3.7)

14+ ,yChiral

JHR .= WAk ( 5

).

The vector current J* = J*V is defined as:

(3.8)

JHV = gl geR = N2\

The axial chiral current J+ = J&A = Jt = JwChiral i¢ qefined as:

(3.9)

Ju,A — JMvL _ J[L,R = \Ij,y,u,y(]hirallp'
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We also define the left and right-handed Weyl fermions, ¥y, and ¥R, pro-
jected from the Dirac fermion via:

1— Chiral
(3.10) U, o= ( 72 )W,

14+ Chiral
(3.11) L e ) 2

In the classical theory (without doing the path integral), the classical Dirac
theory has both the continuous vector symmetry U(1)y and the continu-
ous axial symmetry (or the so-called chiral symmetry) U(1)a, given by the
following symmetry transformation:

(3.12) Ul)v: ¥ —exp(iay)V¥
Uy, — exp(iav)¥y,
U — exp(iay)¥R.
(3.13) Ul)a: U — exp(ioayChirahyw
Uy, — exp(iap) ¥y,
U — exp(—iaa)¥r.

Under the Noether theorem, the corresponding continuous currents are J*V
and JHA respect to the U(1)y and U(1)a symmetry respectively. In a clas-
sical theory, both U(1)y and U(1)a symmetries are global symmetries.

However, in the quantum theory, we need do the path integral to get
the partition function Z[A] for a quantum theory in eqn. (3.1). Now under
the continuous axial (or chiral) symmetry transformation labeled by a U(1)
parameter as € [0,27), the partition function Z[A] shifts to

(3.14) Z[A] - / [DP)[DY] exp(+i /Md ddx<\I/(ilDA)\I/+

a (8 J#,Chiral + 2gd/2 ERVERNTEY F )
Al Opu (d/2)'(471’)d/2 M2 c s pd—1Md ;
(In terms of quantum electrodynamics notation, people set the g = —e.)

This means the axial (chiral) current is not conserved 9, JwChiral £ (: If
the classical gauge field A has a nontrivial background for F A ... F term in
Model (1) where F' = dA. The above calculation can be done based on the
Fujikawa’s path integral method [26].
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The non-conservation of the axial (chiral) current has the form:

d/2
29 / Hiftz..-Ha [ F

p,Chiral __
(315) auJ — 7(d/2)'(477)d/2 € papee s pg_1pa-

In the differential form in terms of the top form paired with the fundamental
class of the spacetime manifold, we can rewrite the above formula eqn. (3.15)
as:

(3.16) (dx JOMAly o _gd2(F Ao AF).

The above formula is for the 't Hooft anomaly associated with the probed
background Abelian gauge fields (here U(1)).

If we instead consider the background non-Abelian gauge fields (like
SU(n)), then the (FFA--- A F) with F = dA is replaced to a non-abelian
field strength F = dA + A A A; while (F A--- AF) is replaced by Tr (F%/2):

(3.17) dwg_ = Tr (Fd/Q) .

The wg—1 is the Chern-Simons (d — 1)-form [16] as the secondary character-
istic classes:

(3.18) w o Tr[A]
1
w3 Tr{F/\A—gA/\A/\A]

1
ws o Tr [F/\F/\A—gF/\A/\A/\A

+%A/\A/\A/\A/\A]

Other than Fujikawa’s path integral method [26], we can also capture
the perturbative anomaly via a 1-loop Feynman-Dyson diagram calculation.
The vertex term means g‘I’fy“AM\II = gU AV

How do we obtain an integer Z class for perturbative anomalies in an
even d-dimensional spacetime? Say from the formulas of eqn. (3.15) and
eqn. (3.16)7 The answer is that we can consider the modified axial symmetry
transformation U(1)a  labeled by a integer charge k € Z class, such that
the ¥y, and Wg transformed differently,
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1) C (@) /&
3) >@< (4) ﬁﬁ

Figure 7: Perturbative anomalies with an integer Z class in an even d-
dimensional spacetime. Here the anomalies are captured by a 1-loop Feyn-
man diagram with a number (% +1) amount of vertex terms g¥ A¥ and one
vertex term among the total (% +1) vertex terms can be associated with the
JEhral cyrrent. The chiral fermion runs on the solid-line loop (—). The wavy
line (~) represents the propagator (Green’s function) of 1-form vector boson
gauge field. (The gauge field is a probed background gauge field for the 't
Hooft anomaly.) In the subfigures, we show 1-loop Feynman diagrams for (1)
2d anomaly, (2) 4d anomaly, (3) 6d anomaly, (4) 8d anomaly, and (5) 10d
anomaly, etc., of chiral fermions coupled to U(1) background probed gauge
fields. A physical explanation of Z class is given in Sec. 3.1.2 for 2d bosonic
anomaly and Sec. 3.1.3 for 2d fermionic anomaly. Similarly, the analysis can
be generalized to any even dd by writing down a one-higher dimensional
Chern-Simons theory given by Chern-Simons (d + 1)d form.

(3.19) U(l)AJ€ : \I/L — eXp(iOzAJC)\I/L,

Yr — exp(—ikaAﬁ)\I/R.
keZ.
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The chiral symmetry transformation is labeled by a U(1) parameter ap ; €
[0, 27). Below we give a physical explanation of a Z class in Sec. 3.1.2 for 2d
bosonic anomaly, and also of a Z class Sec. 3.1.3 for 2d fermionic anomaly.
Below our derivation is in a similar spirit of 2d anomaly and 3d Chern-
Simons theory [50, 79], but ours is generalizable to arbitary dimensions
analogs to [79].

In general, we suggest that the for generic even dd U(1) bosonic or
fermionic anomalies (on non-spin or spin manifolds respectively) can be
captured by a partition function depending on the probed U(1) background
gauge field A:

(3.20) Z[A] = exp[i%/fl/\ (F)¥?), kel

where the precise normalization ¢ depends on the dimensions d, and non-spin
or spin manifolds, with the integer k € Z class.

3.1.2. 2d anomaly and 3d bosonic-U(1) SPTs: integer Z class €
TP3(SO x U(1)) = Z2. Below we explicitly derive the analogous eqn.
(3.20) for d = 2 bosonic anomaly (on non-spin manifolds). The physics idea
is that we write down the internal field theory with dynamical gauge fields
a coupled to background non-dynamical gauge fields A, and integrate out
those internal degrees of freedom to get a response theory depending on A.
The symmetric bilinear form K matrix Chern-Simons theory with a
U(1)? gauge group of internal dynamical a gauge field, and the charge ¢
vector coupling to the background U(1) gauge fields A are the following:

0 1
kko= (0 4)

and ¢7 = (1,1). In other words, the path integral, written by dynamical
gauge fields a and background fields A, is

Z[A] = /[Da] exp[i(ﬁ ((1] 21k>IJ/a]/\daJ

1
(3.21) +§Q?/AA daylgr— )]

Under GL(2,7Z) or SL(2, Z) redefinition of gauge fields, the K can be changed
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to K = <(1) é), and g7 = (1, k). In other words, the path integral is

Z[4] — /[Da] expli (417T (? (1)>U/a[/\daj
(3.22) +%q?/AA daylgr—(1,))]-

If we integrate out the dynamical internal gauge field a (“emergent”
from the gapped matter field) of SPTs, we obtain the partition function of
probed background field

(3.23) Z[A] = exp[ii—k /A NdA], keZ
™

This Chern-Simons field theory characterizes the low energy physics of a
quantum Hall state and its response function. So the effective bulk quantized
Hall conductance is labeled by 2k in 27Z, as

_qK_lq e? 2k €2 B e?
o = g ) T ap () T2

The boundary theory has a Z class of perturbative Adler-Bell-Jackiw type of
U(1)-axial-background gauge anomaly. (Due to the L and R chiral fermion
[1) (1)), and ¢ = (1,k).)

The above physics derivation coincides with the mathematical cobordism
group calculation, matching one of the integer Z class € TP3(SO x U(1)) =
Z?* shown later in our Theorem 17. The reason we require the (co)bordism
group of SO x U(1) is due to that the bosonic system has a continuous
spacetime SO(d) symmetry (in the dd Euclidean signature), while the boson
has an internal U(1) symmetry.

Similarly, the above analysis can be generalized to any even dd by writing
down a one-higher dimensional bosonic (on manifolds with SO(d + 1) or
non-spin structures) Chern-Simons theory given by a certain Chern-Simons
(d+1)d form.

carrying imbalanced U(1) charges, in K =

3.1.3. 2d anomaly and 3d fermionic-U(1) SPTs: integer Z class

€ TP3 (M) Z2. Similar to Sec. 3.1.2, for a fermionic theory, we
should have a SPT invariant of U(1) background gauge field,

(3.24) Z[A] = exp[i% /A NdA], keZ.
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This may be obtained from integrating out the fermionic SPTs
K = <(1) _01>, and ¢ = (1,—k + 1) or simply ¢© = (0,—k). In other
words, the path integral is

1 /1 0
Z[A] = /[Da] exp|i —( ) /aI/\ day
(47T 0 -1/,
1
(3.25) +%Q?/AA da[|qT:(17_k+1))].

This Chern-Simons field theory characterizes the low energy physics of an-
other fermionic quantum Hall state and its response function. So the effective
bulk quantized Hall conductance is labeled by k in Z, as

_qK_lq e? _k e? B e?
O = o () = () =)

The above physics derivation coincides with the mathematical cobordism

group calculation, matching one of the integer Z class € TP3(SM%2U(1)) =
TP3(Spin®) = Z? shown later in our Theorem 17.
The reason we require the (co)bordism group of (Sm%f(l)) = Spin®

is due to that this fermionic system has a continuous spacetime Spin(d)
symmetry (in the dd Euclidean signature) under, the extension of SO(d) via
1 — Z¥ — Spin(d) — SO(d) — 1, while the fermion has an internal U(1)
D Z& containing the fermion parity symmetry. A common normal subgroup
Zg is mod out due to the fact that rotating a fermion by 27 in the spacetime
(i.e., the spin statistics) gives rise to the same fermion parity minus sign for
the fermion field ¥ — —W.

Similarly, the above analysis can be generalized to any even dd by writing
down a one-higher dimensional fermionic (on manifolds with Spin(d + 1)
thus spin structures) Chern-Simons theory given by a certain Chern-Simons
(d+ 1)d form.

3.1.4. Q59(BU(1)). Since the computation involves no odd torsion, we
can use the Adams spectral sequence

Ey' = Ext (H*(MSO ABU(1)1,Z3),Zs)
(3.26) = m_s(MSO ABU(1),)5 = Q5°,(BU(1)).

The mod 2 cohomology of Thom spectrum M SO is

(3.27) H*(MSO,Zs) = Az/A:Sqt ® X A/ AsSq @ oAy @ - - - .
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(3.28) - — XAy — X224y — Ay — Ay — A/ AsSq!

is an As-resolution where the differentials d; are induced by Sql.
We also have

(3.29) H*(BU(l),Zg) = ZQ[Cl]

where ¢; is the first Chern class of the universal U(1) bundle.
The E9 page is shown in Figure 8.

S

Figure 8: Q3°(BU(1)).

Hence we have the following theorem

Theorem 12.

05O (BU(1)
7
0
Z
0
Z2
Zo
ZQ
La

N O UL W N O,

167
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The bordism invariant of Q5°(BU(1)) is ¢;.

The bordism invariants of Q5°(BU(1)) are o, c3.

Here o is the signature of a 4-manifold.

The bordism invariant of Q$°(BU(1)) is wows.

The bordism invariants of QF°(BU(1)) are ocy, cf.

Here oc; = 0(PD(c1)) where PD(¢;) is the submanifold of the 6-manifold
which represents the Poincaré dual of ¢;.

The bordism invariant of Q89 (BU(1)) is c;waws.

Theorem 13.

Table 17: Note that one of the Z classes in TP3(SO x U(1)) = Z? is given
by eqn. (3.22). Similarly, one of the Z classes in TP441(SO x U(1)) for an
even d is given by eqn. (3.20)

7 TP,(S0 x U(1)
0 0

1 Z

2 0

3 VA

4 0

5 ZQ X ZQ

6 0

The 1d topological term is the Chern-Simons 1-form CS&U(U) of the U(1)
bundle.
The 3d topological terms are %CS&TM) and CS%U(I))cl where CSéTM) is

the Chern-Simons 3-form of the tangent bundle.

(1) | (g(U)

The 5d topological terms are 01%081 c% and wows.

3.1.5. Q(Sipin(BU(l)). Since the computation involves no odd torsion, we
can use the Adams spectral sequence

Ey' = Ext (H*(MSpin ABU(1)4,Zs), Zs)
(3.30) = m_s(MSpin ABU(1)4)5 = QP™(BU(1)).

The mod 2 cohomology of Thom spectrum M Spin is
(3.31) H*(MSpiIl, Zg) = A, ®A2(1) {ZQ &} M}

where M is a graded As(1)-module with the degree i homogeneous part
M; = 0 for i < 8. Here A5(1) stands for the subalgebra of Ay generated by
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Sq! and Sq?. For t — s < 8, we can identify the FEy-page with
Ext’y o) (H* (BU(1), Z2), Zs).

The A3 (1)-module structure of H*(BU(1),Zs) is shown in Figure 9.

A
)
c2
\

—e

Figure 9: The Ay(1)-module structure of H*(BU(1), Zs).

The FEs page is shown in Figure 10.

S

Figure 10: Q5P (BU(1)).
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Hence we have the following theorem

Theorem 14.

O (BU(1))
Z
Lo
7, X ZQ
0
ZZ
0
ZZ
0

N O U W N O,

The bordism invariant of Q{P™(BU(1)) is 7.

Here 7} is the “mod 2 index” of the 1d Dirac operator (# zero eigenvalues
mod 2, no contribution from spectral asymmetry).

The bordism invariants of Q5P™(BU(1)) are ¢; and Arf (the Arf invari-
ant).

The bordism invariants of Qipin (BU(1)) are {5 and %

Here ¢? is divided by 2 since ¢? = Sq?e; = (wo(TM) + wy(TM)?)e; = 0
mod 2 on Spin 4-manifolds.

The bordism invariants of Q5P™(BU(1)) are ¢ and M.

Here M is defined to be %(a(PD(cl)) — F - F) where PD(c;) is
the submanifold of a Spin 6-manifold which represents the Poincaré dual of
c1, 0(PD(ep)) is the signature of PD(c;), and F' is a characteristic surface
of PD(¢1). By Rokhlin’s theorem, o(PD(¢1)) — F - F' is a multiple of 8 and
+(a(PD(cy)) — F - F) = Arf(PD(cy), F) mod 2. See [57)’s Lecture 10 for
more details.

Theorem 15.

TP;(Spin x U(1))
0
7, X ZQ
Zs
ZZ
0
Z2
0

DO W~ Of .

The 1d topological terms are CS&U(U) and 7.

The 2d topological term is Arf.
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The 3d topological terms are 4—ISCS§3TM) and %CSEU(I))CL

The 5d topological terms are CSEU(I))C% and p(PD(c1)).

Here p(PD(¢q)) is the Rokhlin invariant (see [57]’s Lecture 11) of PD(cq)
where PD(¢q) is the submanifold of a Spin 5-manifold which represents the
Poincaré dual of ¢;

( SpinXU(1) ) . e . . .
3.1.6. 2 = Qipm . Since the computation involves no odd tor-
sion, we can use the Adams spectral sequence

Ey' = Ext’ (H(MTSpin®, Zs), Zs)
(3.32) = ms(MTSpin®)) = QP

By [6], we have MTSpin® = MSpin A ¥ 2MU(1).
The mod 2 cohomology of Thom spectrum M Spin is

(3.33) H*(MSpin, ZQ) = A, ®A2(1) {Zg D M}

where M is a graded As(1)-module with the degree ¢ homogeneous part
M; = 0 for i < 8. Here A3(1) stands for the subalgebra of Ay generated by
Sq! and Sq?. For t — s < 8, we can identify the FEy-page with

Ext’y o (H 2 (MU(1), Z2), Zo).

(1)

By Thom’s isomorphism, H**2(MU(1),Zs) = Zs[ci]U where U is the
Thom class of the universal U(1) bundle and ¢; is the first Chern class of
the universal U(1) bundle.

The Ay (1)-module structure of H**2(MU(1), Zy) is shown in Figure 11.

3
1

U
cggn:
Cljg:

Figure 11: The As(1)-module structure of H**2(MU(1), Zs).

The E> page is shown in Figure 12.
Hence we have the following theorem
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Theorem 16.

. Spin°®
Qi

N O U W N O
ja)

The bordism invariants of Qgpm is &

5
Here ¢; is divided by 2 since ¢; mod 2 = we(T'M) while wa(TM) =0

on Spin® 2-manifolds.
o—F-F
5
Here F' is a characteristic surface of the Spin® 4-manifold M. By

Rokhlin’s theorem, o — F'- F is a multiple of 8 and (0 — F - F) = Arf(M, F)
mod 2. See [57]’s Lecture 10 for more details.

e 3
The bordism invariants of Qgpm are % and clf—ﬁ.

o . Spin®
The bordism invariants of Q""" are ¢? and
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Here c175 = {5(PD(c1)) where PD(c;) is the submanifold of the Spin®
6-manifold which represents the Poincaré dual of ¢;. Note that PD(c;) is

Spin.
Theorem 17.

Table 18: Note that one of the Z classes in TP3(Spin®) = Z? is given by
eqn. (3.24). Similarly, one of the Z classes in TP 441(Spin©) for an even d is
given by eqn. (3.20)

TP;(Spin®)

DU WD Ol
ocRofRowo

The 1d topological term is %CS%U(D).

The 3d topological terms are CS&U(I))Cl and .

Here p is the Rokhlin invariant (see [57]’s Lecture 11) of the Spin® 3-
manifold.

The 5d topological terms are %CS%U(U)C% and clfnggTM).

3.2. Non-perturbative global anomalies: Witten’s SU(2) anomaly
and a new SU(2) anomaly in 4d and 5d

We now provide another warm-up example, a (d+1)-th cobordism group cal-
culation associated with dd non-perturbative global anomalies for the SU(2)
anomaly of Witten [87] and the new SU(2) anomaly [76].

Here these SU(2) anomalies will be interpreted as the 't Hooft anomalies
of the internal SU(2) global symmetries in the QFT, whose fermion multi-
plets are only in half-integer isospin (say, 1/2, 3/2, 5/2, ... )-representation
of SU(2); while whose bosons are only in an integer isospin (say, 0, 1, 2,

... )-representation of SU(2).
SpinxU(1)
Lo

tions, we will study the (co)bordism group of (

Here the fermionic system has a continuous spacetime Spin(d) symmetry
(in the dd Euclidean signature) under, the extension of SO(d) via 1 —
7§ — Spin(d) — SO(d) — 1, while the fermion has an internal SU(2)

) of Sec. 3.1.3, in the following subsec-
SpinxSU(2) )
Zz :

Similar to the Spin® = (
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D 7L containing the fermion parity symmetry at SU(2)’s center. A common
normal subgroup Z£ is mod out due to the fact that rotating a fermion by
27 in the spacetime (i.e., the spin statistics) gives rise to the same fermion
parity minus sign for the fermion field ¥ — —W. Thus we need to study the

(Spi%flj(z))—structure.

We will see that TP5(SM%§U(2)) = (Z)%. These 5d bordism invariants
generates (Zz)?, they correspond to the old SU(2) [87] and the new SU(2)
anomalies [76] in 4d, shown in Table 20.

We will see that TPG(Spi%;U@)) = (Z3)?. These 6d bordism invari-
ants generates (Zsg)?, they correspond to the old SU(2) and the new SU(2)
anomalies in 5d [76], shown in Table 20.

SpinXSU(2) SpinX Spin(3)
23 23 Spinx Spin(3
3.2.1. Q, > =Q, * . Let H= pmz—ppm(), we have a homo-
2

topy pullback square

(3.34) BH — BSO(3)

l (TM) l

BSO 2 B2y,

There is a homotopy equivalence f : BSO x BSO(3) = BSO x BSO(3)
by (V,W) — (V. —W + 3, W). Note that f*(w3) = wa(V — W) = wa(V) +
w1 (V)wi (W) + wa(W) = we(T'M) + w). Then we have the following homo-
topy pullback

(3.35) BH —~ - BSpin x BSO(3)
\L f l wz+0 2
BSO x BSO(3) —/ = BSO x BSO(3) 2*% B2z,
(V,W)HV\L wa (T M)+w)
W)—=V+W -3
BSO

This implies that BH ~ BSpin x BSO(3).

MTH = Thom(BH;—V), where V is the induced virtual bundle (of
dimension 0) by the map BH — BO.

We can identify BH — BO with BSpin x BSO(3) ~—2% BSO — BO.

The spectrum MT H is homotopy equivalent to Thom(BSpin x BSO(3);
—(V = V3 + 3)), which is MSpin A S73MSO(3).
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For t — s <8,

Spin x Spin(3)
iy

Ext’y | (H TP (MSO(3),Zs), Zs) = Q,_,

(1)

By Thom'’s isomorphism, H*"3(MSO(3), Zs) = Za[wh, wh]U where w! is
the Stiefel-Whitney class of the universal SO(3) bundle and U is the Thom
class of the universal SO(3) bundle.

Since wi(TM) = w} = 0, and we(TM) = wj by the gauge bundle
constraint, we have ws(T'M) = wj. Below we use w; to denote both w; (T M)
and w; for i < 3.

The Az (1)-module structure of H*3(MSO(3),Zz) and the Ey page are
shown in Figure 13, 14.

Figure 13: The Ajy(1)-module structure of H**3(MSO(3), Zs).

4. Higher group cobordisms and non-trivial fibrations

In this section, we use the Serre spectral sequence method explored in ap-
pendix of [41] and the Adams spectral sequence method to derive the 5d
topological terms for the higher group cobordism Qg’ with non-trivial fibra-
tion where G is defined as follows.

If G, is a group, Gy is an abelian group, then it is well-known that BGY
is a group. Consider the group extension

(4.1) 1-+BG,—-G— G, —1,
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Spin x Spin(3)
— F

Figure 14: Q, ™

Table 19: Bordism group. Here o is the signature of 4-manifolds, PD(w3)
is the submanifold of a 6-manifold which represents the Poincaré dual of
wy. Note that PD(wsg) is Spin. The Ny is the number of the zero modes
of the Dirac operator in 4d. It is defined in [35]. On oriented 4-manifolds,
Ny = Nj = Ny — N_ where N/ is also defined in [35], and N4 are the
numbers of zero modes of the Dirac operator with given chirality. The Né5)
is the number of the zero modes of the Dirac operator in 5d. Its value mod
2 is a spin-topological invariant known as the mod 2 index defined in [76].

Bordism group
pin X SU(2)

da Q, 2 bordism invariants

0 Z

1 0

2 0

3 0

4 72 (o, No)

5 72 (wows, N§¥ mod 2)

6 72 (wowy U 7j, ZEDL2)) 6 2))
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Table 20: SPT states in d-dim spacetime. TP5(SM%§U(2)) = (Z9)?, whose

5d bordism invariants correspond to the old SU(2) [87] and the new SU(2)
anomalies [76] in 4d. A related cobordism group in one higher dimension,
TPﬁ(Spl%W) = (Z3)?, whose 6d bordism invariants correspond to the old

SU(2) and the new SU(2) anomalies in 5d [76]. Since QgmeZzSU@) =0, for
any Spin Xz, SU(2) 3-manifold M3, M?3 is the boundary of a Spin xz, SU(2)
4-manifold M*, then we define the 3d topological term X on M3 to be Ny of
M*. Note that Dirac operator can be defined for manifolds with boundary.
If the bulk manifold has Dirac operator which has a mass m being gapped,
then the boundary manifold can have Dirac operator no mass m = 0 being
gapless.

Cobordism group

d TPd(Spi%EU@)) topological terms

0 0

1 0

2 0

3 72 (Lesé™) x)

4 0

5 73 (waws, Né5) mod 2)

6 z3 (waws U7, ZEBL2D) o 2)

we have a fibration

(4.2) B2G, —— BG
BG,
which is classified by the Postnikov class 8 € H*(BG,, Gy).
4.1. (BG4, B2Gy) : (BO,B2Zy)

We consider the simplest case: G, = O and Gy = Zo. Note that there is also
a group action « : G, — AutGy in [41], since AutZ, is trivial, so « is trivial
in this special case.



178 Zheyan Wan and Juven Wang

For the fibration

(4.3) B?Zy; —— BG

BO,
there is a Serre spectral sequence
(4.4) HP(BO, HY(B?Z,, Z)) = HP™(BG, Z)
where HP(BO, H?(B2Zs,Z)) actually should be the a-equivariant cohomol-

ogy, but since « is trivial, H’(BO, HY(B2Zs, Z)) is the ordinary cohomology.
Note that H"(B?Zs, Z) is computed in Appendix C of [17].

(Z n=0
0 n=1
0 n=2
(4.5) H"(B%Zy,Z) = 7o n=3
0 n=4
Zy n=5>5
ZQ n==6

The E5 page of the Serre spectral sequence is H?(BO, HY(B?Zz,Z)). The
shape of the relevant piece is shown in Figure 15.

Note that p labels the columns and g labels the rows.

The bottom row is H?(BO, Z).

The universal coefficient theorem (2.15) tells us that H3(B2Zy,Z) =
H?(B?Zy,R/Z) = Hom(Hy(B?*Zy,7),R/Z) = Hom(m(B?Z,),R/Z) =
Hom(Z9,R/Z) = Zs, so the ¢ = 3 row is Hp(BO,Zg).

It is also known that H5(B2Zy,Z) = H*(B?Z,,R/Z) is the group of
quadratic functions ¢q : Zy — R/Z [23]. The isomorphism is discussed in
detail in [42].

The first possibly non-zero differential is on the E3 page:

©]

(4.6) H°(BO, H*(B%Z,, Z)) — H*(BO, Zy).

Following the appendix of [41], this map sends a quadratic form ¢ : Zy —
R/Z to (B,—)q, where the bracket denotes the bilinear pairing (x,y), =

q(z+y) —q(z) —q(y).
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6 Zs Zs 73 z3 73 A Z3' zy
5 Ly Zs 73 Z§  ZaxZy Lh Z3' 7y
4 0 0 0 0 0 0 0 0
3 Ze

0 Z
0 1 2 3 4 ) 6 7

Figure 15: Serre spectral sequence for (BO, B?Zy). Here the row ¢ = 0 is the
result of [10, Theorem 1.6]. The row ¢ = 3 is the result that H*(BO,Zs) =
Zao[wy,wa,...] where w; is the Stiefel-Whitney class of the virtual bundle
(of dimension 0) over BO. The rows ¢ = 0 and ¢ = 3 are related by the
universal coefficient theorem (2.20). The row ¢ = 5 is resulting from the row
g = 0 by the universal coefficient theorem (2.20).

The next possibly non-zero differentials are on the E, page:
(4.7) H/(BO, Zy) — H/*3(BO,R/Z) — H/*(BO, 7).

The first map is contraction with 5. The second map comes from the long
exact sequence

.. — H"(BO,R) — H"(BO,R/Z) — H""(BO, Z)
(4.8) — H""Y(BO,R) — - --
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If H*(BO,R) = H*™(BO,R) = 0, then H"(BO,R/Z) = H""!(BO, Z). Since
H"(BO,R) = H*(BO,Z)®R and H"(BO, Z) is finite if n is not divisible by 4,
H"(BO,R) = 0 if n is not divisible by 4, thus H*(BO,R/Z) = H"*(BO, Z)
forn =1,2 mod 4.

The last relevant possibly non-zero differential is on the Fg page:

(4.9) H°(BO, H*(B?Z,, Z)) — H%(BO, Z).

Following the appendix of [41], this differential is actually zero.

So the only possible differentials in Figure 15 below degree 5 are ds from
(0,5) to (3,3) and d4 from the third row to the zeroth row.

By the Universal Coefficient Theorem (2.20),

(4.10) H™(BG,Zs) = H"(BG, Z) ® Zy ® Tor(H" Y (BG, Z), Zs).

The Madsen-Tillmann spectrum MTG = Thom(BG; —V') where V is
the induced virtual bundle over BG (of dimension 0) from BG — BO.

By Thom isomorphism (1.12), H*(MTG,Z2) = H*(BG, Z2)U where U
is the Thom class of —V with Sq'U = @;U where w; is the Stiefel-Whitney
class of =V such that (1 +wy +wa +---)(1+wi + w2+ ---) =1 where w;
is the Stiefel-Whitney class of V', i.e., w1 = wy, Wy = wsy + fw%, etc. Here the
U on the right means the cup product with U.

We have the Adams spectral sequence

(4.11) Ext’ (H*(MTG,Zs), Zs) = m_s(MTG) = QF |

where Ay is the mod 2 Steenrod algebra. The last equality is Pontryagin-
Thom isomorphism.

The Az-module structure of H*(MTG,Zs) below degree 5 is shown in
Figure 16 where we intentionally omit terms that don’t involve the coho-
mology classes of B%Z,.

Note that the position (0,3) in Figure 15 contributes to both
H%(B%Zs, Zs) which is generated by zo and H3(B2Zs, Zs) which is gener-
ated by z3, Sq'azs = z3. The position (2,3) corresponds to rw?}, vws, the
position (3,3) corresponds to xw%, Twiwe, rwg for both z = 9 and = = x3.

Since (B3,8)q = —2¢(B), 49(8) = q(28) = 0, there are 2 among the
4 choices of ¢(f) such that ¢ — (8, —); maps to the dual linear function
of 8, if we identify Zs with Zso, then the nonzero element in the image of
q— (B, —)q is just . So Imd30’5) is spanned by x[3.
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z5U + x3(wa +w%)U
x%wlU + z3(wo + w%)U + zo(ws + w:f)U z5U + z3(wa + w%)U + z%wlU + zowiwa U
ng+z2(w2+w%)U+13w1U¢_ ngwlU
z3U + zow U

x3U
xzoU
2 3
z3woU + zowaU 23wy U + zowiU
. . .
I I zzwaU(z2wsl) z3wiU(z2wiU) zax3U
zawaU (L'Q’U)%U

Figure 16: The As-module structure of H*(M TG, Z2) below degree 5. Here
xy is the generator of H?(B2?Zs, Zs), 23 = Sq'zs, and x5 = Sq’x3.

The differential d>® : H2(BO,Zy) — H*(BO,R/Z) = H(BO,Z) is
defined by

A7) o, - v5) = (w0, 02)) (B2, - v5).

Let g = alw‘;’+a2w1w2+a3w3, if we identify Zg with Zs, then df’?’) (v) =~UgB
which is in H®*(BO, Zy), while H*(BO,R/Z) = H5(BO, Z). Let v = bjw? +
bows, then v U B = arbyw? + (a1by + agbi)wiws + agbowiw3 + agbjwiws +
angwag.

The differential ¥ : H3(BO,Z,) — H(BO,R/Z) = H'(BO,Z) is
defined by

AP (w0, -1 v6) = (oo, -, va))(Blos, - v6)).

Let 8 = alw:{’ + aswyws + aszws, if we identify 7 with Zs, then df"g) €)=
¢ U B which is in H5(BO, Z,), while HS(BO,R/Z) = H'(BO,Z). Let ¢ =
clwiﬂ + cowywg + czws, then (U B = alclw? + CLQCQ’U)%U)% + a303w§ + (a1c2 +
crag)wiws + (arcs + craz)wiws + (azes + caaz)wiwaws.

Note that by the Universal Coefficient Theorem (2.20),

(4.12) H"(BO,Zs) = H'(BO,Z) ® Zs & Tor(H" 1 (BO, Z), Zs).
By [10, Theorem 1.6]:

H*(BO, Z) ® Zs
= Zs[w},Sq" (wn),Sq" (w2), Sq' (wiws),
(4.13) Sq' (wa), Sq' (w1ws), Sq' (wawy), .. .]
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where we list the generators below degree 7. Among the linear combinations
of w, wiwsy, wiw3, wiws, wows, only wiws+wiws is in H>(BO, Z)®Zy While
among the linear combinations of w‘f,w%w%, w%,w%wg,w%wg,wlwgwg, only
w?w?, wiws, wh, and wiw3 + w? are in H*(BO, Z) @ Zs.

So we claim that Kerdff’g) is spanned by xy where v = blw% + bowy with

a1by = 0, a1bs + asby = agby, asbs =0, agby = 0. While Kerdf”‘g) is spanned
by x( where ( = clw?+02w1w2+03w3 with a1co+cras = 0, agcg+coaz = 0.

In the following cases, we only consider the topological terms involving
the cohomology classes of B2Zs.

Case 1: g = 0, there is no differential in Figure 15, the 5d topological
terms are x3wy (or maws), zzw? (or zow}) and xoxs (see Figure 16). Note
that xgws = zows, 1'3?1)% = xgwi)’ and x5 = 373(w% + wg) by Wu formula
(2.52). In this case BG = BO x B?Zy, MTG = MO A (B?Z3),, tiMTG =
09 (B2Zy). This case will be discussed later in another way.

Case 2: § = w‘rf, ap =1, ay = az = 0. Kerdfﬁ) is spanned by zvy
where v = blw% + bowsy with b1 = by = 0. Kerdf’S) is spanned by x( where
¢ = crw} + cowywy + c3ws with ez = 0. At the position (3,3), zow; is killed
in the F3 page, zows survives to the F page, so the 5d topological terms
are xows and rox3.

Case 3: 0 = wiwo, a1 =0, a0 =1, ag = 0. Kerdf’?’) is spanned by x7y
where v = blw% + bowg with by = by = 0. Kerdf’g) is spanned by x( where
¢ = crw} + cowywy + c3ws with ¢; = c3 = 0. At the position (3,3), xows and
row$ are killed in the E4 page, so the 5d topological term is zox3.

Case 4: § = w3, a1 = as = 0, ag = 1. Kerdf’g) is spanned by zvy
where v = blw% + bowy with by = by = 0. Kerdf’s) is spanned by xz( where
¢ = crw} + cowyws + c3wz with ca = 0. At the position (3,3), zows is killed
in the F3 page, row? survives to the E, page, so the 5d topological terms
are xgwi)’ and xox3.

Case 5: 0 = w:f 4+ wiws, a1 = as = 1, ag = 0. Kerd51273) is spanned by

xy where v = blw% + bowg with by = by = 0. Kerdf”g) is spanned by x(
where ( = clwz{’ + cowqws + cgws with ¢; + ¢ = 0, ¢3 = 0. At the position
(3,3), w2 (w3 4+ wiws) is killed in the F3 page, x2ws is killed in the E4 page,
but since xowiwg = ngl'g = 0 by Wu formula (2.52), so the 5d topological
term is xox3.

Case 6: § = wiwy + w3, a1 =0, a3 = ag = 1. Kerdf’g) is spanned by
r7y where v = bjw? + bowy with by = 0. Kerdf’g) is spanned by z( where
¢ = ciw} + cowiws + c3wz with ¢; = 0, ca + c3 = 0. At the position (3,3),
ro(wiwe + ws) is killed in the E3 page, zow? is killed in the Ey page, but
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since zowiws = Sz = 0 by Wu formula (2.52), so the 5d topological term
is xoxs3.

Case 7: 5 = w‘I’ +ws, a1 =1,a3 =0, ag = 1. Kerd42’3) is spanned by xvy
where v = blw% + bowsy with by = by = 0. Kerdff”g) is spanned by x( where
¢ = cqw} + cowiws + cgws with ca = 0. At the position (3,3), z2(w; + ws)
is killed in the E3 page, so the 5d topological terms are zow} = zows and
Xrox3.

Case 8: § = w:i)’ 4+ wiwse + w3, a1 = ag = az = 1. Kerdf’?’) is spanned
by xv where v = blw% + bywo with by = by = 0. Kerdf’g) is spanned by
x( where ( = clw‘;’ 4+ cowrwo + c3wz with ¢ +co = 0, co + ¢c3 = 0. At
the position (3,3), z2(w$ + wiws + w3) is killed in the E3 page, but since
TowiWg = Sq3a:2 = 0 by Wu formula (2.52), so the 5d topological term are
xgw:f = rows3 and xox3.

5. O/SO/Spin/Pini bordism groups of classifying spaces

In this section, we compute the O/SO/Spin/Pin® bordism groups of the
classifying space of the group G = G, x BGy: BG = BG, x B2G),. Here BG),
is a group since Gy is abelian.

We briefly comment the difference between a previous cobordism theory
[35] and this work: In all Adams charts of the computation in [35], there
are no nonzero differentials, while in this paper we encounter nonzero differ-
entials d,, due to the (p, p"™)-Bockstein homomorphisms in the computation
involving B%Z,» and BZ».

5.1. Introduction

For H = 0/SO/Spin/Pin® and the group H x G, define
(5.1) MT(H x G) := Thom(B(H x G); =V)
where V' is the induced virtual bundle over B(H x G) by the composition
B(H x G) - BH — BO where the first map is the projection, the second
map is the natural homomorphism.

By the Pontryagin-Thom isomorphism (1.10) and the property of Thom
space (1.7), Q1 (BG) = m4(MTH ABG) = mg(MT(H x G)). Hence we can
define

(5.2) QIC = ry(MT(H x G)) = QF (BG).
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(5.3) TP, (H x G) := [MT(H x G),x""17]

Here X is the disjoint union of X and a point. MTO = MO, MTSO =
MSO, MTSpin = MSpin, MTPin™ = MPin~, MTPin~ = MPin™. 74(B)
is the d-th stable homotopy group of the spectrum B.

[B,X"+117] stands for the homotopy classes of maps from spectrum B
to the (n + 1)-th suspension of spectrum IZ. The Anderson dual IZ is a
spectrum that is the fiber of IC — IC* where IC(IC*) is the Brown-
Comenetz dual spectrum defined by

(5.4) [X,IC] = Hom(mp X, C),

(5.5) [X, IC*] = Hom(mpX,C™).
By the work of Freed-Hopkins [25], there is a 1:1 correspondence

deformation classes of reflection positive
invertible n-dimensional extended topological
field theories with symmetry group H, x G

(5.6) > [MT(H x G), X" " [ Z)ors.

There is an exact sequence
(5.7) 0 — Ext!(m,B,Z) — [B, X" 1Z] — Hom(m,41B,7) — 0
for any spectrum B, especially for MT(H x G). The torsion part [MT(H x
G), X" I Z]ors is Ext! (my MT(H % G) )tors, Z) = Hom((m MT (H X G) )tors,
U(1)).
(58) H*(BZQ, ZQ) = Zg[a]

where |a| = 1.

Theorem 18 (Serre, Ref. [63]).

H*(B*Z2, Zs)
= Zo[Sqla|I admissible, ex(I) < 2]
(5.9) = Z[Sq* " ---8q%Sqtasli > 0]

where xy is the generator of H?(B%Zy, Zy).
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Denote qui_l --Sq%Sqlas = it
Here Sqf = Sq™Sq® - -+ and I = (iy,d9,...) is admissible if iy > 2iy,
for s > 1, ex(I) = >_ 5 (is — 2i541).

Theorem 19 (Ref. [63]).
(510) H* (BZg, Zg) = FZ3 [a’, bl] = AZ3 (CL,) & Zg [bl]

where |a'| =1 and V' = B3 3)a’.
Here B3 3) is the Bockstein homomorphism in As.

(5.11)  H*(BZs3,Z3) = Fy, [z}, B(3,3)5, Qith, B(3,3)Qiwh, i > 1]
= Z3[xh, B(3,3)Qi, 1 > 1] @ Az, (B(3,3)75, Qiwy, i > 1),

where |x5| = 2 and Q; is defined inductively by Qo = B3 3), Qi = P¥ Qi —
Qi1 P?" fori>1. Let a = B(3,3)Th, Thgirq = QiTy, Thai, o = B33)Qith
fori>1.

Here P" is the n-th Steenrod power in As.

(5.12) H*(BPSU(2), Z3) = Zo[wh, wh].
(5.13) H* (BPSU(?)), Zg) = ZQ [CQ, 03].

Here w] is the i-th Stiefel-Whitney class w;(PSU(2)) of the universal
principal PSU(2)-bundle over BPSU(2). Let p) be the i-th Pontryagin class
pi(PSU(2)) of the universal principal PSU(2)-bundle over BPSU(2), then
P} ( mod 2) = wi.

¢; is the i-th Chern class ¢;(PSU(3)) of the universal principal PSU(3)-
bundle over BPSU(3).

Since SUEUWL = 1(3), PSU(3) = PU(3).
Theorem 20 (Ref. [48]).
(5.14) H*(BPSU(?)),Z;),) = F23 [22, 23,27, 28, 2’12]/J
where |z;| = 1, J = (2223, 2227,2228 + 2327) is the ideal generated by

2923, 2027, 2278 + 2327 and z3 = P(33)za, 21 = Plzz, 23 = P(33)27. Note
that co( mod 3) = 23, c3( mod 3) = z5.
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In the following subsections, all bordism invariants are the pullback of
cohomology classes along classifying maps f: M — X and g: M — BH.

5.2. Point

5.2.1. Qg. Since the computation involves no odd torsion, we can use the
Adams spectral sequence

(5.15)  E3" = Ext’ (H (MO, Z2), Zs) = m—s(MO)y = Q.

Here m;_s(MO)% is the 2-completion of the group m;_s(MO).
The mod 2 cohomology of Thom spectrum MO is

(5.16) H*(MO,ZQ) =A,®Q"

where Q = Zs[y2, Y4, Y5, Y6, Us, - - - | is the unoriented bordism ring, Q* is the
Zo-linear dual of €.

On the other hand, H*(MO, Zs) = Zs[w1, w2, ws,...|U where U is the
Thom class of the virtual bundle (of dimension 0) over BO which is the
colimit of F,, —n and E, is the universal n-bundle over BO(n), w; is the
i-th Stiefel-Whitney class of the virtual bundle (of dimension 0) over BO.
Note that the pullback of the virtual bundle (of dimension 0) over BO along
the map g : M — BO is just TM — d where M is a d-dimensional manifold
and T'M is the tangent bundle of M, g is given by the O-structure on M.
We will not distinguish w; and w;(T'M).

Here y; are manifold generators, for example, yo = RP?, y; = RP?,
ys is Wu manifold SU(3)/SO(3). By Thom’s result [65], two manifolds are
unorientedly bordant if and only if they have identical sets of Stiefel-Whitney
characteristic numbers. The nonvanishing Stiefel-Whitney numbers of yo =
RP? are wo and w?, the nonvanishing Stiefel-Whitney numbers of y3 =
RP? x RP? are w3 and wy, the nonvanishing Stiefel-Whitney numbers of
ys = RP* are w} and wy, the only nonvanishing Stiefel-Whitney number of
Wu manifold SU(3)/SO(3) is waws.

So y3 = w? or wa, (y32)* = w3, yi = wi, yi = wows, etc, where y7 is the
Zo-linear dual of y; € €.

Below we choose y5 = w? by default, this is reasonable since Sq*(z4_2) =
(wa + w?)x4_2 on d-manifold by Wu formula (2.52).
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Hence we have the following theorem

Theorem 21.
i QP
0 Zs
1 0
2 Zs
3 0
4 72
5 Zso

The bordism invariant of Q9 is w?.

The bordism invariants of QY are wf, w3.
The bordism invariant of 950 is wows.

Theorem 22.

T W N~ O
N
no

The 2d topological term is wf. ,

The 4d topological terms are w}, w3.
The 5d topological term is wows.

5.2.2. QEO. Since the computation involves no odd torsion, we can use
the Adams spectral sequence

(5.17) E3' = Ext’} (H*(MSO,Z), Zs) = m—s(MS0)} = Q9.
The mod 2 cohomology of Thom spectrum MSO is

(5.18) H*(MSO,Zs) = Az/AsSq* ® £ A5/ AsSql @ X2 Ay @ - - - .

(5.19) cee — 23./42 — 22./42 — YAy — Ay — AQ/.AQSql

is an As-resolution where the differentials dy are induced by Sql.
The FE» page is shown in Figure 17.
Hence we have the following theorem
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Figure 17: Q3°.

Theorem 23.

i 050
0 z
10
2 0
30
1z
5 Zs

The bordism invariant of Q§° is o.
Here o is the signature of a 4-manifold.
The bordism invariant of ng is wows.

Theorem 24.

7 TP,(SO)
0 0

1 0

2 0

3 Z

4 0

5 Zo
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Since o = 1@, p1(TM) = dCS:())TM), the 3d topological term is

Lo,
The 5d topological term is wows.

5.2.3. szin. Since the computation involves no odd torsion, we can use
the Adams spectral sequence

Ey' = Ext’ (H*(MSpin, Zz), Zs)
(5.20) = m_s(MSpin)y = QP
The mod 2 cohomology of Thom spectrum M Spin is
(5.21) H*(MSpin, Zs) = A, ® A,(1) {Zy & M}
where M is a graded As(1)-module with the degree ¢ homogeneous part
M; = 0 for i < 8. Here As(1) stands for the subalgebra of Ay generated by
Sq! and Sq?. For t — s < 8, we can identify the Ey-page with

EXtZZ(I) (ZQ, ZQ) .

The E> page is shown in Figure 18.
Hence we have the following theorem

Theorem 25.

TUb W~ O
N
[\S]

The bordism invariant of prin is 7.
Here 7 is the “mod 2 index” of the 1d Dirac operator (# zero eigenvalues
mod 2, no contribution from spectral asymmetry).

The bordism invariant of Q5P is Arf (the Arf invariant).

Qipln . o

The bordism invariant of is 75
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Theorem 26.

CU W N~ O
N

The 1d topological term is 7.

The 2d topological term is Arf.

The 3d topological term is %CS&TM).

5.2.4. Qsin+. Since the computation involves no odd torsion, we can use
the Adams spectral sequence

Byt = Exti(H'(MPn,2s), %)
(5.22) = ms(MPin")j = O

MPin~ = MTPin" ~ MSpin A St A MTO(1).
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For t — s < 8, we can identify the Fs-page with

Ext%' (H* Y(MTO(1),Zs), Zs).

Az(1)
By Thom’s isomorphism,
(5.23) H* Y (MTO(1), Zy) = Zo[w|U

where U is the Thom class of the virtual bundle —FE; over BO(1), Ej is the
universal 1-bundle over BO(1) and w; is the 1st Stiefel-Whitney class of E;
over BO(1). The Az (1)-module structure of H*~}(MTO(1), Z3) and the Ey

page are shown in Figure 19, 20.

U

Figure 19: The Ay (1)-module structure of H*"*(MTO(1), Zs).

Hence we have the following theorem

Theorem 27.

T W N = O
N
[\S]

The bordism invariant of Q5" is w; U 7.

The bordism invariant of Qgirﬁ is wy U Arf.

The bordism invariant of Q5" is 7.

Here 7 is the usual Atiyah-Patodi-Singer eta-invariant of the 4d Dirac
operator (=“#zero eigenvalues + spectral asymmetry”).
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Theorem 28.

The 2d topological term is wy U 1.
The 3d topological term is wy U Arf.
The 4d topological term is 7.

5.2.5. Qgin_ . Since the computation involves no odd torsion, we can use
the Adams spectral sequence

Ey' = Exti (H*(MPin*,7Z),Z)
(5.24) = m-o(MPin*)y = Q.

MPint = MTPin~ ~ MSpin A S~ A MO(1).
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For t — s < 8, we can identify the Fs-page with
Extjz(l)(H*“(Mou),ZQ),Zg).
By Thom’s isomorphism,
(5.25) H*"Y(MO(1), Zs) = Zo[un|U

where U is the Thom class of the universal 1-bundle E; over BO(1) and
wy is the 1st Stiefel-Whitney class of E; over BO(1). The A2(1)-module
structure of H**1(MO(1),Zs) and the Ey page are shown in Figure 21, 22.

U

Figure 21: The Ay(1)-module structure of H**1(MO(1), Zs).

Hence we have the following theorem

Theorem 29.

CU W~ O
N
oo

The bordism invariant of Q" is 7.
The bordism invariant of Q5" is ABK (the Arf-Brown-Kervaire invari-
ant).
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Theorem 30.

T W N~ O
N
o)

The 1d topological term is 7.
The 2d topological term is ABK.

5.3. Atiyah-Hirzebruch spectral sequence

If H = 0/SO/Spin/Pin*, by the Atiyah-Hirzebruch spectral sequence, we
have

(5.26) H,(BG, Q) =l

(BG).
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If H = O/Pin*, since QF are finite, Qfl{XG = Qf(BG) are also finite, so
TPy(H x G) = Q1" for H = O/Pin®.
If H =S0/Spin,

(Z q=0
0 g¢q=
0 gq=
(5.27) WO=4¢0 g¢=
7Z q=4
Ly q=
(0 ¢=
Z q=0
ZQ q:1
ZQ q:2
(5.28) QPR =00 ¢g=3 .
7 q=4
0 g=5
0 g=6

If H,(BG,Z) are finite for p > 0, then Q(BG) is finite and TP5(H x
G) = QI (BG) for H = SO/Spin.

If G = PSU(2) = SO(3), since Hy(BSO(3),Z) and Hg(BSO(3),Z) are
finite, O (BG) is also finite and TP5(H x G) = Q& (BG) for H = SO/Spin.

If G = PSU(3), then Hg(BPSU(3), Z) contains a Z while Ho(BPSU(3), Z)
does not, so Q¥ (BG) contains a Z and TP5(H x G) = QI (BG) x Z for
H = SO/Spin.

5.4. B2Gb : B2Z2,B223

5.4.1. Q9(B2Z3). Since the computation involves no odd torsion, we can
use the Adams spectral sequence

Ey' = Ext (H*(MO A (B*Zy)4,Zs), Zo)
(5.29) = m_s(MO A (B%Z) 1 )5 = QP (B?Zy).

Theorem 31 (Thom). e .M O = Q = Za[y2, Y4, Y5, Y6, Y8, - - - |-
e H"(MO,Zs3) = Ay @ Q* where Q* is the Za-linear dual of .
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ys = RP?, y; = RP?, y5 is the Wu manifold W = SU(3)/SO(3), ...
ys = wa(TM) or wi(TM)?, y3 = wa(TM)?, yj = wi(TM)*, yi =
wo(TM)ws(TM), ...

Theorem 32 (Serre).
H*(B2ZQ, Zg) = ZQ [CL‘Q, T3,T5,TL9,y. .. ]

where x3 = Sq1$2, T5 = Sq2x3, Tg = Sq4x5, ...

By Kiinneth theorem,

H*(MO A (B*Zs) 4, Zs)
= H*(MO,Zs) ® H*(B*Z, Zs)
Ao @ Zalya, Ya, Ys, Y6, Us, - - - | @ La[xa, T3, T5, T9, . . .|
(5.30) = A @22 A e Y3A@4Xt A @4 A @ - -

Here X A5 is the n-th iterated shift of the graded algebra As.

Since
Ext’; (3" Ay, Zs)
B Hom!y (37 A2, Zo) =2y ift=r,s=0
(5-31) o { 0 else ’

we have the following theorem

Theorem 33.

Q? (B2Z2 )
Zo
0
3
Z
Z5
Z3

U W N = O,

The bordism invariants of QS (B2Zy) are x2, w?.

The bordism invariant of Qg(B2ZQ) is 3 = wyxs.

The bordism invariants of Q9 (B2Zy) are 23, wi, w?xq, w?.
The bordism invariants of Q5O(B2ZQ) are Tor3, T, WiTs, Wows3.
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Here w; is the i-th Stiefel-Whitney class of the tangent bundle of M,
xy is the generator of H?(B2Zs,Zs), x3 = Sqlwe, x5 = Sq*Sqlas, since
there is a map f : M — B2Z, in the definition of cobordism group, we
identify g with f*(z2) = f. By Wu formula, Sq*z4 o = (w2 + w?)zq_5 on
d-manifolds.

Theorem 34.

Ul W N~ Of .
N
N

The 2d topological terms are 2, w?.

The 3d topological term is x3 = wixs.

The 4d topological terms are x3, wi, wixy, w3.
The 5d topological terms are xox3, x5, w%xg, WoW3.

5.4.2. Q59(B2Z;). Since the computation involves no odd torsion, we
can use the Adams spectral sequence

Byt = Ext (H(MSO A (B*Zs)+,Zs), Zs)
(5.32) = m_s(MSO A (B%Zy) 1)y = 979, (B?Zy).

S

Since H*(B%Zy, Zs) = Zs[x2, x3, 75, T9, . . . ] where x5 is the generator of
H2(B2Zy, Zs), w3 = Sq'x, x5 = Sq%Sq'zs, 29 = Sq*Sq?Sql s, ete, Sqtay =
r3, Sqtzz = 0, Sq*(3) = 0, Sq* (z223) = Sq'(z5) = x3. We have used (2.50)
and the Adem relations (2.67).

We shift Figure 2 the same times as the dimension of H*(B%Zs,Zs) at
each degree as a Zy-vector space. We obtain the E; page for Q5°(B2Z,), the
differentials d; are induced by Sq', as shown in Figure 23.

There is a differential dy corresponding to the Bockstein homomorphism
Boay + H' (=, Z4) — H*t1(—,Zy) associated to 0 — Zg — Zg — Zy — 0
[51]. See 2.5 for the definition of Bockstein homomorphisms. Note that

1
BaayPa(r2) = Z5P2(x2) mod 2

1
= Z(S(xg Uzg + 22 U 5$2)
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e

LSS

(en)
—
N}
w
=~
t
D
~
I
w

Figure 23: F; page for Q5°(B2Z,).

1
= 1(51’2 Uxg + xo U dzg + 6(22 L1J 0x2))

A=

= —(2:62 Udxg + dxo U (5372)

1 1 1
= 29U (5(556‘2) + (5(5562) LiJ (561‘2)
= 29Sq'zs + Sqlzs USqles
= 295q'zs + Sq%Sq' zy
(5.33) = X9x3+ Iy

We have used B4 = %5 mod 2, the Steenrod’s formula (2.12), Sq' =
B2,2) = %5 mod 2, and the definition Sq*z, = z, U zy.
k

n—k

So there is a differential such that da(zax3 + 75) = ¥3h3.

Then take the differentials dy into account, we obtain the FEs page for
Q50 (B2Zy), as shown in Figure 24.
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Figure 24: Q39 (B%Zy).

Hence we have the following theorem

Theorem 35.

050 (B7Z)
Z
0
Ly
0
7 X Z4
73

QU W N~ O .

The bordism invariant of Q5 (B2Zy) is xs.

The bordism invariants of Q35°(B%Zy) are o and Py(x2).

The bordism invariants of QEO(B2ZQ) are s = xox3 and wows.

Here Ps(x2) is the Pontryagin square of zy. o is the signature of a 4-
manifold M. zox3 + x5 = %wmg(:@) [21] where w; is the twisted first
Stiefel-Whitney class of the tangent bundle, in particular, w; = 0 implies
w1 = 0, so xox3 = x5 on oriented 5-manifolds.
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Theorem 36.

T W N~ O
N
no

The 2d topological term is xs.

The 3d topological term is %CS:(STM).

The 4d topological term is Pa(z2).

The 5d topological terms are x5 = xzox3 and wows.

5.4.3. szin(B222). Since the computation involves no odd torsion, we
can use the Adams spectral sequence

Byt = Ext’ (H*(MSpin A (B*Zs), Zs), Zs)
(5.34) = m_s(MSpin A (BZs) 4 )5 = QPP(B%Z,).

For t — s < 8, we can identify the Es-page with

Ext’ () (H*(B*Z2, Zs), Zs).
H*(B2?Zy,7Z2) = Zso|wa, 23,75, T9,...] where xo is the generator of

H2(B?Zsy, Zs), x3 = Sq'x2, x5 = Sq?Sq'zs, 29 = Sq*Sq?Sqlzs, ete, Sqtzy =
z3, Sq’xy = r3, Sqlzs = 0, Sq’zs = s, Sq'(x3) = 0, Sql(zoxs) = 3,
Sqlws = Sq?23 = 23, Sq®x5 = 0. Sq?(xex3) = z3x3 + wows5. We have used
(2.50) and the Adem relations (2.67).

There is a differential dy corresponding to the Bockstein homomorphism
B,y + H (=, Z4) — H*t1(—,Zy) associated to 0 — Zy — Zg — Zg — 0
[51]. See 2.5 for the definition of Bockstein homomorphisms.

By (5.33), there is a differential such that da(woxs + x5) = x3h2.

The Az (1)-module structure of H*(B?Zs, Zs) is shown in Figure 25. The
dot at the bottom is a Zy which has been discussed before. Now we consider
the part above the bottom dot. We will use Lemma 11 several times. Two
steps are shown in Figure 26, 27.

We will proceed in the reversed order.
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T2

1

Figure 25: The As(1)-module structure of H*(B?Zy, Zs).

[ ]

L]
f@SP, T2X3
X2 T2

L —— M — N

Figure 26: First step to get the E» page of Q5P (B2Z,).

First, we apply Lemma 11 to the short exact sequence of Az (1)-modules:
0 — P — N — @ — 0 in the second step (as shown in Figure 27), the Adams
chart of Extj’é(l)(N, Zs2) is shown in Figure 28.

Next, we apply Lemma 11 to the short exact sequence of Az (1)-modules:
0— L — M — N — 0 in the first step (as shown in Figure 26), the Adams
chart of Exti’é(l)(]\/[, Zs) is shown in Figure 29.

Then take the differentials dy into account, we obtain the Es page for
Q™ (B2Zy), as shown in Figure 30.
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T2T3 T2T3

X9 €2

P — N — Q

Figure 27: Second step to get the Ey page of Q3P™(B2Zy).

f R
| X

0 1 2 3 4 ) 6 t—s

Figure 28: Adams chart of Extiii (1)(N ,Z3). The arrows indicate the differ-
ential dy.
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5
4 A
3 A
2 A
| 5
0 .
0 1 2 3 4 5 6 t-—s

Figure 29: Adams chart of Exti’é(l)(M ,Z2). The arrows indicate the differ-
ential dj.

Figure 30: prin(BQZg).
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Hence we have the following theorem

Theorem 37.

Q7P (BZ,)
Z
Zo
73
0
7, X ZQ
0

T W N~ O,

The bordism invariants of Q5P (B2Zy) are x5 and Arf.

The bordism invariants of Qipin(BZZg) are {5 and w

By Wu formula, 23 = Sq?(z2) = (wo(TM) + wi(TM)*)xzy = 0 on
Spin 4-manifolds, z5 = Sq*(x3) = (w2(TM) + w1 (TM)?)x3 = 0 on Spin
5-manifolds, Pa(72) = #3 =0 mod 2 on Spin 4-manifolds.

Here Arf is the Arf invariant. o is the signature of Spin 4-manifold, it is
a multiple of 16 by Rokhlin’s theorem.

Theorem 38.

’I‘Pz (Spln X BZQ)
0
Lo
z3
Z
Ly
0

Gk W N~ O

The 2d topological terms are x5 and Arf.

The 3d topological term is %CS&TM).

. . Py(ws)
The 4d topological term is =252

5.4.4. Qgirﬁ (B2Z2). Since the computation involves no odd torsion, we
can use the Adams spectral sequence

Byt = Exty (H*(MPin~ A (B*Z)+,Zs), Zs)
(5.35) = m_o(MPin~ A (B%Zy)4 )y = QP (B2Z,).

MPin~ = MTPin" ~ MSpin A St A MTO(1).
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For t — s < 8, we can identify the Fs-page with

Exty o) (HH(MTO(1), Z2) ® H* (B*Z2, Zs), Zs).

The Ay (1)-module structure of H*"*(MTO(1),Zs) @ H*(B?Zs, Z3) and
the Fy page are shown in Figure 31, 32.

& "

T2
[ ]

U 1

wizsUrazsU
a3
w1l‘2U
Z‘QU
U

Figure 31: The Ay(1)-module structure of H* }(MTO(1),Z;) ®
H*(B2Zs, Zs).

Hence we have the following theorem
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Figure 32: Q" (B2Z,).

Theorem 39.

QPin" (B%2,)
Zo
0
vz
z3
Z4 X Zlﬁ
z3

QU W N = O .

The bordism invariants of anﬁ (B2Zy) are x5 and w1 7).

The bordism invariants of QginJr (B%Zs) are wizo = w3 and wiArf.

The bordism invariants of Q5" (B2Zy) are g4(x2) and 1.

The bordism invariants of QL™ (B2Zy) are xax3 and wizs(= x3).

Here 7 is the “mod 2 index” of the 1d Dirac operator (#zero eigenvalues
mod 2, no contribution from spectral asymmetry).

T3 = Sqlxg = wjxo on 3-manifolds by Wu formula.

gs is explained in the footnotes of Table 5.

7 is the usual Atiyah-Patodi-Singer eta-invariant of the 4d Dirac operator
(=“#zero eigenvalues + spectral asymmetry”).

z5 = Sq?x3 = (wa +w?)xs = wirs on Pin* 5-manifolds by Wu formula.
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Theorem 40.

TP;(Pin™ x BZy)

T W N = O
N
N

The 2d topological terms are x2 and w17.

The 3d topological terms are wyxe = x3 and wiArf.
The 4d topological terms are gs(x2) and 7.

The 5d topological terms are wox3 and wizs(= xs).

5.4.5. QF""(B2Z,). Since the computation involves no odd torsion, we
can use the Adams spectral sequence

Ey' = Ext (H'(MPin" A (B*Zy)+,Zs), Zo)
(5.36) = m_s(MPin™ A (B?Z), )5 = QP (B%Z,).

MPin™ = MTPin~ ~ MSpin A S~1 A MO(1).
For t — s < 8, we can identify the Fs-page with

EXtZu)(H*H(MO(l)a Zo) @ H*(B*Zs, L), Zs).

The As(1)-module structure of H**1(MO(1),Zy) @ H*(B%?Zs, Z2) and
the Fy page are shown in Figure 33, 34.
Hence we have the following theorem

Theorem 41.

CU W~ O
N
[\v]
X
N
oo
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T2T3

€2

Figure 33: The Aj3(1)-module structure of H*™1(MO(1), Zo) @ H* (B?Zy, Zs).

The bordism invariants of Q5™ (B2Zy) are x5 and ABK.
The bordism invariant of Q™ (B?Zs) is wize = 3.

The bordism invariant of Q™™ (B2Zs) is wixzs.

The bordism invariant of anr (B%Zs3) is xox3.

Here ABK is the Arf-Brown-Kervaire invariant. x3 = Sqlzs = w22 on
3-manifolds by Wu formula.
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Figure 34: Q"™ (B2Zy).

Theorem 42.

TPI (Pinf X BZQ)

U W N~ O .
N
(V)
X
N
oo

The 2d topological terms are x5 and ABK.
The 3d topological term is wizs = 3.

The 4d topological term is w?zs.

The 5d topological term is xoxs.

5.4.6. Q9 (B2Zs).

(5.37)  Ext’ (H"(MO A (B*Z3), Zs), Z2) = Qf (B*Zs3)5.
(5.38)  Ext’y (H (MO A (B*Z3),Zs), Z3) = QF (B*Z3)3.

Since MO is the wedge sum of suspensions of the Eilenberg-MacLane spec-
trum HZs, H*(MO,Z3) = 0, thus QF (B%Z3)5 =
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Since H*(B?Zs, Zs) = Zs, we have Q (B%Z3)5 = QY.
Hence Q9 (B%Z3) = Q9.

Theorem 43.

TU W N = O
N
no

The bordism invariant of Q9 (B2Z3) is w?.
The bordism invariants of Q9 (B2Z3) are w}, w3.
The bordism invariant of Qf (B?Z3) is waws.

Theorem 44.

The 2d topological term is w}.
4 .2

The 4d topological terms are wy, wj.
The 5d topological term is wows.
5.4.7. Q5°(B2Z;3).
(5.39)  Ext’ (H*(MSO A (B*Z3)4, Z2), Zo) = Q7 (B*Zs)}.
Since H*(B?Z3, Z2) = Zs, we have QgO(BQZg)é\ = QCSIO.
(5.40)  Ext’ (H*(MSO A (B*Z3)4, Z3), Zs) = Q°,(B*Zs)5.
The dual of A3 = H*(HZs,Zs3) is

(541) Az, = H*(HZ3,Z3) = AZ3(7_077_17 .. ) &® Zg[{l,fg, .. ]
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where 7; = (P37 P3P S5 0)* and & = (P¥7' - PPP)*. Let C =
Z3[é1, &2, - . .] C Ass, then

(5.42) H.(MSO,Z3) = C ® Zs[21, 25, . . .]
where |2} | = 4k for k # 351,
(5.43) H*(MSO,Z3) = (Z3]2},2,,...]) @ C* =C* o X8C* @ - --

where C* = A3/(B(3,3)) and (B(33)) is the two-sided ideal of A3 generated
by B(3.3)-

~--—>22A3®26A3®-~-—>2A3@25A3@-~-—>A3
(5.44) —>A3/(5(3,3))

is an Ajs-resolution of A3/(8(33)) where the differentials d; are induced by
B(3,3)--

(5.45) H*(B%Z3,Z3) = Z3[2h, 2%, ...] @ Ag, (x5, 2%, ...)

B3,3)Th = o, B(33)75 = 2whh.
The FEs page is shown in Figure 35.

Hence we have the following

Theorem 45.

The bordism invariant of Q5 (B2Z3) is xb.
The bordism invariants of Q5°(B%Z3) are o and z%.
The bordism invariant of ng (B%Z3) is waws.



212 Zheyan Wan and Juven Wang

Figure 35: Q59 (B2Z3)3.

Theorem 46.

T W N~ O
N
w

The 2d topological term is a%.

The 3d topological term is %CS;TM).

The 4d topological term is x/3.

The 5d topological term is wows.
5.4.8. Q5P (B2Zs).
(5.46) Ext’ (H*(MSpin A (B*Z3), Zs), Zo) = Q4% (B*Zs)5 .

Since H*(B%Z3, Z3) = Z3, we have Q57" (B2Z3)5 = Q5P™.
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(5.47)  Ext’{ (H*(MSpin A (B*Zs3),Zs), Zs) = Q"7 (B*Z3)}.
Since there is a short exact sequence of groups

(5.48) 1 — Zy — Spin — SO — 1,

we have a fibration

(5.49) BZy —— BSpin

l

BSO

Take the localization at prime 3, we have a homotopy equivalence BSpin s ~
BSO(3) since the localization of BZs at 3 is trivial. Take the Thom spectra,
we have a homotopy equivalence MSpin sy ~ MSO 3. Hence

(5.50) H*(MSpin, Z3) = H*(MSO, Zs).

We have the following
Theorem 47.

;" (B*Zs)
Z
Ly
Zg X Zg
0
7, X Zg
0

QU W N~ O .

The bordism invariants of Q5P (B2Z3) are Arf and .
The bordism invariants of Q"™ (B2Z3) are & and 2%

Theorem 48.

TPi (Spln X BZ3)

CUR W N~ O
N
no
X
N
w
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The 2d topological terms are Arf and .

The 3d topological term is %CS&TM).

The 4d topological term is x5

5.4.9. QEInT(B2Z;).

(5.51) Ext’ (H*(MPin~ A (B*Z3) 4, Z2), Zo) = Qb (B*Z3)}.

(5.52) Ext’ (H*(MPin™ A (B*Zs) 4, Zs), Zs) = Q" (B*Zs)3.

Since MTPin™ = MPin~ ~ MSpin/\Slh/\ MTO(1) and H*(MTO(1),Z3) =
0, we have H*(MPin~,Z3) = 0, thus Q}™" (B2Z3)4 = 0.

Since H* (Bng, Zo) = Zy, we have Qbint (B2Z,)) = Qbint

Hence Q5" (B2Z3) = Qi
Theorem 49.

TR W N = O,
N
S}

The bordism invariant of QL™ (B2Zs3) is w17.
The bordism invariant of Qg?ﬁ (B2Z3) is wiArf.
The bordism invariant of Q)™ (B2Z3) is 7.

Theorem 50.

TP;(Pin™ x BZj3)

TR W N~ O
N
S}

The 2d topological term is wi7).
The 3d topological term is wj Arf.
The 4d topological term is 7.
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5.4.10. QFi""(B2Z;).

(5.53) Ext’y (H*(MPin* A (B*Z3)4, Z2), Zs) = Q" (B*Zs)5.

(5.54) Ext% (H*(MPin™ A (B*Z3) 4, Zs), Zs) = Q' (B*Zs)5.

Since MTPin~ = MPin" ~ MSpinA S~ AMO(1) and H* (MO(1), Zs) = 0,
we have H*(MPin™, Z3) = 0, thus Q4™ (B*Z3)} = 0. Since H*(B*Zs, Zs) =
Zs, we have Qginf (B2Z3)y = Qgin*‘

Hence deinf (B2Z3) = QdPin"
Theorem 51.

TR W N = O
N
3]

The bordism invariant of QY™™ (B2Z3) is ABK.
Theorem 52.

TPl (Pil’l7 X BZg)

Uk W N~ O .
N
@

The 2d topological term is ABK.
5.5. BG, : BPSU(2), BPSU(3)
5.5.1. QQ(BPSU(2)).

H*(MO, Zy) ® H*(BPSU(2), Zs)
(5.55) = A 02X A 0T34 043 A 0355 A @ - .
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(5.56) Ext’;! (H*(MO A (BPSU(2)) 4, Z2), Zs) = QO (BPSU(2))5

Theorem 53.

AP(BPSU()
Z
0
3
Zo
Z3
z3

T W N~ O,

The bordism invariants of QS (BPSU(2)) are w}, w?.

The bordism invariant of Q9 (BPSU(2)) is w} = wyw).

The bordism invariants of Q (BPSU(2)) are wi, wi, wwh, wi.
)

The bordism invariants of 2 (BPSU(2)) are waws, wiw}, whws.

Theorem 54.

TP,(0 x PSU(2))
Zo
0
3
Z
vz
z3

U W N~ Of .

The 2d topological terms are wh, w?.

The 3d topological term is wj = wyw}.

The 4d topological terms are wi?, w}, w?wh, w3.

The 5d topological terms are wows, wiw}, whws.

5.5.2. Q59(BPSU(2)).

Ext’ (H*(MSO A (BPSU(2))+, Zs), Z2)
(5.57) = 7%, (BPSU(2))5.

The F»> page is shown in Figure 36.
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Figure 36: Q5°(BPSU(2))5.

Theorem 55.

OSO(BPSU(2))
Z
0
Ly
0
Z2
7

QU W N = O .

The bordism invariant of Q5°(BPSU(2)) is w.
The bordism invariants of Q5°(BPSU(2)) are o, p}.
The bordism invariants of Q5C(BPSU(2)) are waws, whw}.

The manifold generators of Q5°(BPSU(2)) are (CP?,3) and (CP?, Le+1)
where n is the trivial real n-plane bundle and L is the tautological complex
line bundle over CP2. Note that the principal SO(3)-bundle P associated to
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Lc + 1 is the induce bundle P xgg(9) SO(3) from P’

(5.58) St=80(2) ——=S°

|

CP?
by the group homomorphism ¢ : SO(2) — SO(3) which is the inclusion map,
that means P = P’ xg0(2)SO(3) = (P'xS0(3))/SO(2) which is the quotient
of P! x SO(3) by the right SO(2) action

(5.59) (p.9)h = (ph, p(h™1)g).

p1(Le +1) =pi(Lc) = —c2(Le ®r C) = —c2(Le @ Le)

(5.60) = —c1(Le)er(Le) = e1(Le)?
So
(5.61) / p1(Lec+1)=1.
Cp?
Theorem 56.
i TP;(SO x PSU(2))
0 0
1 0
2 Zs
3 72
4 0
5 72

The 2d topological term is wj.

Since pf = dCSTO®)| the 3d topological terms are 1CSY™) and
CSéSO(S)).

The 5d topological terms are wows, whws.
5.5.3. Q5P (BPSU(2)).

Ext’; (H*(MSpin A (BPSU(2))+,Z2), Zo)
(5.62) = QPP(BPSU(2))5.
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Fort — s < 8,
, * Spin
(5.63)  Exty, (H*(BPSU(2),Zs), Zs) = ;) (BPSU(2))3.

The Az(1)-module structure of H*(BPSU(2),Z3) and the E3 page are
shown in Figure 37, 38.

—e

Figure 37: The As(1)-module structure of H*(BPSU(2), Zs).

Figure 38: Q5P (BPSU(2))3.
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Theorem 57.

QP (BPSU(2))
Z
Zs
73
0
ZZ
0

G W N~ O

The bordism invariants of QSpin(BPSU(2)) are wh and Arf.

By Wu formula (2. 52)7 w2 = Sq?(wh) = (wo(TM) + w1 (TM)?)wh = 0
on Spin 4-manifolds, p} = w =0 mod 2 on Spin 4-manifolds.

The bordism invariants of Qipm(BPSU( 2)) are {5 and le.

Theorem 58.

TP;(Spin x PSU(2))
0
Lo
z3
Z2
0
0

T W N~ O,

The 2d topological terms are w/, and Arf.
The 3d topological terms are 4SCS(TM) and CS(SO( D,

5.5.4. QF"T(BPSU(2)).

Ext’{ (H*(MTPin* A (BPSU(2))+, Zs), Z2)
(5.64) = QP (BPSU(2))5.

MTPint = MSpin A St A MTO(1).
Fort —s <8,

ExtS{ . (H'™ (MTO(1), Zs) © H' (BPSU(2), Z2), Z)
(5.65) = Q" (BPSU(2))5.

The As(1)-module structure of H* 1 (MTO(1), Z2) ® H*(BPSU(2), Zs)
and the FEy page are shown in Figure 39, 40.
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®

Figure 39: The Ay(1)-module structure of H* '(MTO(1),Zs) ®
H*(BPSU(2), Zs).

Theorem 59.

QPin™ (BPSU(2))

TR W N~ O
N
[\V] V)

The bordism invariants of Q5" (BPSU(2)) are w) and w1 7.
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Figure 40: Q™" (BPSU(2))5.

The bordism invariants of Q5" (BPSU(2)) are wywh = wj and wy Arf.

The bordism invariants of Q)™ (BPSU(2)) are gs(w}) (this invariant has
another form, see the footnotes of Table 5) and 7.

The bordism invariant of QY™ (BPSU(2)) is wiwh(= whw}).

Theorem 60.

TP;(Pin™ x PSU(2))

G W N~ O
N
[\S1 )

The 2d topological terms are w) and w17.
The 3d topological terms are wyw) = wh and wi Arf.
The 4d topological terms are gs(wj) and 7.

The 5d topological term is wiw}(= whw}).
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5.5.5. QEI"" (BPSU(2)).

Ext’{ (H*(MTPin~ A (BPSU(2))+, Zs2), Z2)

(5.66) = QP (BPSU(2))5.
MTPin~ = MSpin A S™1 A MO(1).
For t — s < 8§,
Ext’y ) (H 1 (MO(1), Z2) © H*(BPSU(2), Z2), Z2)
(5.67) = QP (BPSU(2))5.

223

The Ay (1)-module structure of H*1 (M O(1), Z2)@H* (BPSU(2), Z) and

the Fs page are shown in Figure 41, 42.
Theorem 61.

QP (BPSU(2))

CU W N~ O
N
no
X
N
oo

The bordism invariants of Q5™ (BPSU(2)) are w2 and ABK.
The bordism invariant of Q5™ (BPSU(2)) is w1w2 = wj.
The bordism invariant of QL (BPSU(2)) is wiwb.

Theorem 62.

TP,;(Pin~ x PSU(2))

T W N = O
N
S
X
N
oo

The 2d topological terms are wé and ABK.

The 3d topological term is wjw) = w}.

The 4d topological term is wiw}.
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®

wiwhU

Figure 41: The As(1)-module structure of H*T'(MO(1),Zy) ®
H*(BPSU(2), Z»).

5.5.6. QQ(BPSU(3)).

Ext’; (H*(MO, Z3) ® H*(BPSU(3), Z3), Zs)
(5.68) = QP (BPSU(3))5.
Since H*(M O, Z3) = 0, QP (BPSU(3))5 = 0.

Ext’ (H*(MO, Z2) ® H*(BPSU(3), Z3), Z2)
(5.69) = QP (BPSU(3))5.

H*(MO,Zs) @ H*(BPSU(3), Zs)
(5.70) = Ay 22./42 & 324./42 D 25./42 (SIS
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Figure 42: QP (BPSU(2))5.

Theorem 63.

QO(BPSU())
T
0
L
0
z3
Ty

G W N~ O .

The bordism invariant of Q9 (BPSU(3)) is w?.
The bordism invariants of QF (BPSU(3)) are w, w3, c2( mod 2).
The bordism invariant of Qf (BPSU(3)) is wows.

Theorem 64.
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The 2d topological term is wy.

Zheyan Wan and Juven Wang

2

The 4d topological terms are w}, w3, cz( mod 2).
The 5d topological term is wows.

5.5.7. Q5°(BPSU(3)).

(5.71)
(5.72)

Ext’ (H*(MSO, Z,) ® H*(BPSU(3), Zs), Z)
= OF° (BPSU(3))5.

H*(BPSU(B), Zg) == ZQ [CQ, 63].

The FEs page is shown in Figure 43.

(5.73)

(5.74)

S

Figure 43: Q39 (BPSU(3))5.

Ext’; (H*(MSO0, Zs) @ H*(BPSU(3), Z3), Z3)
= Q%° (BPSU(3))5.
H*(BPSU(3), Z3)

(Z322, 28, 212] @ Az, (23, 27)) [ (2223, 2227, 2228 + 2327)
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Bs,3)72 = 23, B3 375 = 22223 = 0, B3.5)25 = 0.
The E9 page is shown in Figure 44.

S

5
4
3
2
1
0 °
0 1 2 3 4 5 6 t—s
Figure 44: Q$°(BPSU(3))3.
Theorem 65.
i OSO(BPSU(3))
0 Z
1 0
2 Zs
3 0
4 72
5 Zo
6 Z

The bordism invariant of Q5°(BPSU(3)) is 22.
The bordism invariants of Q3°(BPSU(3)) are o, cs.
The bordism invariant of Q8°(BPSU(3)) is waws.
The bordism invariant of Q§°(BPSU(3)) is c3.
The manifold generators of Q9 (BPSU(3)) are (CP?, CP? x PSU(3)) and
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(84, H) where H is the induced bundle from the Hopf fibration H’

(5.75) S$3 =SU(2) ——= 87

|

54
by the group homomorphism p : SU(2) — PSU(3) which is the composition
of the inclusion map SU(2) — SU(3) and the quotient map SU(3) — PSU(3),

that means H = H' xgy) PSU(3) = (H' x PSU(3))/SU(2) which is the
quotient of H x PSU(3) by the right SU(2) action

(5.76) (p, 9)h = (ph, p(h™")g).

Theorem 66.

TP;(SO x PSU(3))
0
0
Z3
Z2
0
7 X ZQ

G W N = O .

The 2d topological term is 2s.
Since ¢y = dCSéPSU(B')), the 3d topological terms are %CS&TM) and
csPSU@)

3
(PSU(

Since ¢z = dCSy (PSU(3))

3)), the 5d topological term are CSg and wows.
5.5.8. Q5P™(BPSU(3)). Fort—s <8,

(5.77)  Ext%

S (H(BPSU(3),Z5), Zo) = QP (BPSU(3))3.

The Es page is shown in Figure 45.

Ext’;t (H' (MSpin, Z) © H*(BPSU(3), Z3), Z3)
(5.78) = Q7 (BPSU(3))5.
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Figure 45: Q5P (BPSU(3))5.

Since H*(M Spin, Z3) = H*(MSO, Zs3), the E5 page is shown in Figure
46.

Theorem 67.

QP (BPSU(3))
Z
Za
Zo X Zg
0
Z2
0
Z

DU W N~ Of .

The bordism invariants of Q5P™(BPSU(3)) are Arf and z.

The bordism invariants of Q3P (BPSU(3)) are % and cp.

By Wu formula (2.52), c3 = Sqcy = (wo(TM)+w?(TM))cz =0 mod 2
on Spin 6-manifolds.

The bordism invariant of Qgpin(BPSU(?))) is .
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5
4
3
2
1
0 .
0o 1 2 3 4 5 6 t—s
Figure 46: Q5P (BPSU(3))3.
Theorem 68.
i TP;(Spin x PSU(3))
0 0
1 Zs
2 Zg X Z3
3 7.2
4 0
5 Z

The 2d topological terms are Arf and zs.
The 3d topological terms are ﬁCSéTM) and CS:(,)PSU(S)).
The 5d topological term is %CS;PSU(S)).

5.5.9. QE"" (BPSU(3)).

Ext] (H*(MPin~, Z3) ® H*(BPSU(3), Zs), Zs)
(5.79) = Q™" (BPSU(3))5.
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Since H*(MPin~, Zs) = H*(MO, Zs) = 0, QF*" (BPSU(3))4 = 0.
Ext’. (H*(MPin~, Zs) ® H*(BPSU(3), Z3), Z2)
(5.80) = QPn"(BPSU(3));.
For t — s < 8§,

Ext’y ) (H' ™ (MTO(1), Zz) @ H'(BPSU(3), Zz), Z2)
(5.81) = Q™" (BPSU(3))5.

The Az(1)-module structure of H*"1(MTO(1), Zs) ® H*(BPSU(3), Zs)
and the Fy page are shown in Figure 47, 48.

Theorem 69.

QPin" (BPSU(3))

TR W N~ O
N
[\S]

The bordism invariant of Q5™ (BPSU(3)) is w7
The bordism invariant of QY™ (BPSU(3)) is w; Arf.
The bordism invariants of Q™" (BPSU(3)) are ¢z( mod 2) and 7.

Theorem 70.

TP;(Pin™ x PSU(3))

TR W N~ O .
N
[V

The 2d topological term is wq1).
The 3d topological term is wi Arf.
The 4d topological terms are ca( mod 2) and 7.
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S

c2( mod 2)

c2( mod 2)U

U

Figure 47: The As(1)-module structure of H* }(MTO(1),Zs) ®
H*(BPSU(3), Zs).

5.5.10. QE""(BPSU(3)).

Ext’{’ (H*(MPin*, Zy) © H*(BPSU(3), Zs), Zs)
(5.82) = QP (BPSU(3))5.

Since H*(MPin™, Z3) = H*(MO, Z3) = 0, QF"" (BPSU(3))5 = 0.

Ext%! (H*(MPin", Zy) ® H*(BPSU(3), Z2), Z2)
(5.83) = QP (BPSU(3))5.
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5

4

3

2

1

0 | e .
0 1 2 3 4 5 t-s
Figure 48: QL™ (BPSU(3))5.

Fort —s <8,
Ext’y o) (H(MO(1), Z2) © H*(BPSU(3), Z2), Z2)

(5.84) = QN (BPSU(3))5.

The Az (1)-module structure of H**(MO(1), Zo)@H*(BPSU(3), Z3) and
the Fy page are shown in Figure 49, 50.

Theorem 71.

QPin™ (BPSU(3))

DU W~ O .
N
(o)

The bordism invariant of Q5™ (BPSU(3)) is ABK.
The bordism invariant of Q™ (BPSU(3)) is c2( mod 2).
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e |

co( mod 2)

c2( mod 2)U

U

Figure 49: The As(1)-module structure of H*™(MO(1),Zy) ®
H*(BPSU(3), Zs).

TP;(Pin~ x PSU(3))

U W N~ O,
N
®

Theorem 72.

The 2d topological term is ABK.
The 4d topological term is co( mod 2).
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0 1 2 3 4 5 t—s

Figure 50: QP (BPSU(3))5.

5.6. (BGq, B2Gy) : (BZa, B2Zy), (BZs, B2Z3)

5.6.1. Q9 (BZ2 X B2Z3). Since the computation involves no odd torsion,
we can use the Adams spectral sequence
Ey' = Ext’ (H (MO A (BZy x B*Zs) 4, Zs), Z2)
(5.85) = m_s(MO A (BZy x B%Zy) )} = Q2 (BZy x B*Zy).
H*(MO, Zs) @ H*(BZy x B*Zy, Zs)
= A ® Zaly2, Y4, Y5, Y6, Ys, - - - | ® ZLa[a, T2, T3, T5, X9, . . . |
(5.86) = Ay ® XA ®3%2A ®4X3 Ay ®8NIA 1255 Ay @ - -

Theorem 73.

QZO (BZQ X BQZQ)
Lo

Lo

Z3

Z;

5

z1?

DU W N~ O .
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The bordism invariants of on(BZQ x B%Zy) are a?, o, w?.

The bordism invariants of QS(BZQ x B2Zy) are 13 = wyx2, ary, aw?, a’.

The bordism invariants of O (BZa x B2Zs) are wi, w3, a*, a’r, axs, 23,
wia?, wis.

The bordism invariants of QF (BZy x B%Zy) are
5 2 3 3,2 2 4 2 2 2
a’,a x3,a T2, Wy, axy, AWy, AT2WT, AWy, L2T3, W1T3, T5, W2W3.

Theorem 74.

TP,(O X ZQ X BZQ)
Lo
L
Z3
Zy
L
72

Tl W N = O

The 2d topological terms are a2, z9, w%.

The 3d topological terms are x3 = wixs, azrs, aw%, a’.

4

The 4d topological terms are w%, w%, at, a’xsy, axs, x%, wia?, w%xg.

The 5d topological terms are

5 2 3 3,2 2 4 2 2 2
a’,a”r3, a’xr2, a’Wi, ary, AW, AT2W7 , QW5 , T2X3, WIT3, Ts, WaW3.

5.6.2. Q59 (BZyxB2Z3). Since the computation involves no odd torsion,
we can use the Adams spectral sequence

Ey' = Ext’ (H*(MSO A (BZy x B*Zs) 1, Z5), Zs)
(5.87) = m_s(MSO A (BZy x B*Zs) )5 = QP°.(BZy x B*Zy).

S

There is a differential dy corresponding to the Bockstein homomorphism
B4y : H(—,Z4) — H**1(—,Zy) associated to 0 — Zy — Zg — Zg — 0
[51]. See 2.5 for the definition of Bockstein homomorphisms.

By (5.33), there is a differential such that da(woxs + x5) = x3h2.

The F»> page is shown in Figure 51.
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Figure 51: Q59 (BZy x B2Zy).

Theorem 75.

QZSO(BZQ X B2ZQ)
Z,
Lo
L
z3
T X Ly X Ly
Z3

QU i W N = O =

The bordism invariant of QgO(BZg x B%Z3) is xo.

The bordism invariants of QgO(BZQ x B%Zs) are axs, a’.

The bordism invariants of Q5°(BZy x B2Zy) are o, axz(= a?zs) and
PQ((L‘Q).

The bordism invariants of Q89 (BZy x B2Zy) are az?,a’, x5, a’x2, wows,
aws.
Theorem 76.

The 2d topological term is xs.

The 3d topological terms are %CS&TM) ,axs, a’.

The 4d topological terms are axs3(= a?x3) and Pa(z2).
The 5d topological terms are ax%, a®, x5, a3y, wows, aw%.



238 Zheyan Wan and Juven Wang

TPZ(SO X ZQ X BZQ)

T W N~ O
N
N

5.6.3. Q(Sipin(BZZ x B2Zsy). Since the computation involves no odd tor-
sion, we can use the Adams spectral sequence

E3' = Ext? (H*(MSpin A (BZs x B*Zs) 1, Zs), Zs)
(5.88) = m_s(MSpin A (BZy x B2Zy)1)) = Q;P™(BZy x B*Zy).

For t — s <8,
(5.89) Extjz(l)(H*(BZQ x B*Zy, ), Lg) = QP (BZy x B2Zs).

H*(BZy x B?Zy,7Zs) = Zsla,xs,23,25,29,...] where Sqlzy = 3,
Sq?xy = 73, Sqtzs =0, Sq?z3 = x5, Sqlas = SqQCC% = m%, Sq?xs = 0.

There is a differential ds corresponding to the Bockstein homomorphism
By » H(—,Z4) — H**1(—,Zy) associated to 0 — Zy — Zg — Zg — 0
[51]. See 2.5 for the definition of Bockstein homomorphisms.

By (5.33), there is a differential such that da(w2x3 + 75) = x3h3.

The A3(1)-module structure of H*(BZgy x B2Zy, 7o) and the Es page are
shown in Figure 52, 53.

Theorem 77.

QPP (BZy x B2Zy)
7
Z5
Z3
ZQ X Zg
Zx 173
L

Uk W N~ Of .

The bordism invariants of Q;pin(BZQ x B%Zy) are x3, Arf, af).
The bordism invariants of Qgpm(BZg x B%Zy) are axy, aABK.
The bordism invariants of Q}P™(BZy x B2Zj) are &, ar3(= a*xs) and

PQ ($2)
—9 -

The bordism invariant of Qgpin(BZg x B%Zy) is a®xs.
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e %ﬁ
)

a
[ ] [ ]
1 1

a3x2
axrs
axr9
T2

a
[ J
1

Figure 52: The As(1)-module structure of H*(BZy x B%Zs, Zs).
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Figure 53: Q3" (BZ; x B2Zy).

TPZ(Spln X ZQ X BZQ)

U W N~ O .
N
DN W

Theorem 78.

The 2d topological terms are xo, Arf, a7].

The 3d topological terms are 4—18CS§TM), azry, aABK.

2 Pa(zz)

The 4d topological terms are ax3(= a®ra) and —>.

The 5d topological term is a3zs.

5.6.4. Qgirﬁ (BZ2 x B%Zy). Since the computation involves no odd tor-
sion, we can use the Adams spectral sequence

Ey' = Ext’ (H*(MPin~ A (BZy x B*Z) 4, Zs), Zs)
(5.90) = m_s(MPin~ A (BZy x B2Z,),)} = QP (BZ, x B2Zy).

MPin~ = MTPin" ~ MSpin A St A MTO(1).
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For t — s <8,

EXti{i(l)(H*_l(MTO(l)aZﬂ ® H*(BZ2 x B*Zs, Zs), Z2)

(5.91) = QP (BZy x B*Zy).

The As(1)-module structure of H* "1 (MTO(1), Z) @H* (BZy x B*Zy, Z)
and the Fy page are shown in Figure 54, 55.
Theorem 79.

QPin™ (BZ, x B2Zy)
L
Ly
3
3
Z%XZ4XZgXZw
2

QU W N~ O,

The bordism invariants of Qgin+(BZQ x B%Zs) are wia = a?, x9, w17

The bordism invariants of Qgirﬁ (BZy x B?Zsy) are a3, wiry = x3,ax9,
wian, wi Arf.

The bordism invariants of Qgilﬁ (BZy x B2Z) are axs,
wyaxe(= a’ry + axs), ¢s(x2), w1a(ABK), 7.

The bordism invariants of QE™" (BZy x B?Zy) are

wia, a®(= wia®), wirs(= x5), roxz, wiary(= azi + ax3),

wiazs(= a’x3), alxs.

Theorem 80.

TPZ(P1D+ X ZQ X BZQ)
Lo
L
Z3
Z3
Z%XZ4XZ8XZ16
Z3

Tk W N~ O,

The 2d topological terms are wia = a?, x9, w17.

3

The 3d topological terms are a°,wizs = x3, axs, wiaf), wyArf.
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X s i,
axrs
axro
a

X
T2
.

U 1

wial a®U wizzUzex3U
aU wyzaU

wial zoU
alU
U

E w2axoU wraxslgd e, U

1
wiaxsU arsU

arsU

Figure 54: The As(1)-module structure of H*"}(MTO(1),Zs) ® H*(BZy x
B2Zs, 7).
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Figure 55: QP (BZ, x B2Z,).

The 4d topological terms are axs,wiars(= a’ry+ ars),qs(w2),
wia(ABK), n.
The 5d topological terms are
wia,a®(= wia®), wirs(= x5), rox3, wiaxy(= axi + ax3),

wrazs(= a’x3), a®zy.

5.6.5. QFIn"(BZy x B2Zy). Since the computation involves no odd tor-
sion, we can use the Adams spectral sequence

Ey' = Ext’ (H*(MPin® A (BZy x B*Z) 4, Zs), Zs)
(5.92) = m_o(MPin" A (BZg x B%Zy),)s = Q" (BZy x B%Zy).

MPin™ = MTPin~ ~ MSpin A S~1 A MO(1).
Fort — s <8,

Ext’y ) (H T (MO(1), Zo) @ H* (BZy x B*Zs, Zs), Z»)
(5.93) = QP (BZ, x B?Zy).
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The Ay (1)-module structure of H**1(MO(1), Zy) @ H*(BZo x B%Zy, Zs)
and the Fs page are shown in Figure 56, 57.

Theorem 81.

inn_ (BZQ X Bzzg)

XZg

T W N = O
N
N
X
N
i

The bordism invariants of QY™™ (BZy x B%Zs) are x2,q(a), ABK. (q(a)
is explained in the footnotes of Table 2.)

The bordism invariants of ngf (BZyxB?Zs) are a®, w?a, r3 = wiz2,azs.

The bordism invariants of QY™ (BZy x B2?Zy) are w?zo,
wiazs (= a’wy + axs), ars.

The bordism invariants of Qgin_ (BZs x B2Zy) are wia®, woxs, w?axs,

wiars(= a’z3),a’zs.

Theorem 82.

TP;(Pin~ x Zs x BZ,)

XZg

T W N~ O
N
)
X
N
i

The 2d topological terms are x2, ¢(a), ABK.

The 3d topological terms are a>, w%a, T3 = WiT2, AT2.

The 4d topological terms are wizs, wiars(= a®x + axsz), azs.
The 5d topological terms are w%a?’, Tox3, w%axg, wiazs(= a*r3), axs.

5.6.6. Q9 (BZ3 x B2Zs).

Ext’ (H*(MO A (BZ3 x B*Zs) 4, Zs), Zs)
(5.94) = 09 (BZs x B2Z3)5.
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® Tol3 : a3x2
ars

ars
€2
a
.
U 1
wiadU zax3U
= wixoU wiaxU
a*U wiaU x3U axoU
(L2U To U
alU
U
w%amgU wraxzlp3z,U
axsU

Figure 56: The Ajs(1)-module structure of H*™(MO(1),Zs) @ H*(BZ2 x
B2Zy, Zo).
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Figure 57: QY™ (BZy x B%Zy).

EXtiii (H*(MO A (BZ3 x B*Z3) 4, Z3), Z3)
(5.95) = OO (BZs x B2Z3)}.
Since H*(MO, Zs3) = 0, we have QS(BZ3 X BQZ3)§\ =0.

Since H*(BZ3 X B223,Zg) = Zg, we have QdO(BZ;), X BQZg)é\ = Qdo
Hence Q9 (BZs x B2Z3) = Q9.

Theorem 83.

QZO (BZg X BQZg)
Ly

0

Lo

0

Z;

Lo

T W N = O,

The bordism invariant of Q9 (BZ3 x B%Z3) is w?.
The bordism invariants of Q9 (BZ3 x B%Z3) are wf, w3.
The bordism invariant of QBO(BZ;; x B%Z3) is wows.
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Theorem 84.

TPZ(O X Zg X BZQ,)
Zo
0
Lo
0
Z;
Lo

T W N~ O,

The 2d topological term is w?. .

The 4d topological terms are wy, w;.
The 5d topological term is wows.

5.6.7. Q5°(BZs x B2Z3).
Ext’. (H*(MSO A (BZs x B*Zs) 4, Zs), Zs)
(5.96) = 099 (BZs x B2Z3)5.
Since H*(BZ3 x B2Zs, Zs) = Za, we have Q5°(BZ3 x B%Z3)) = Q5°.

Ext’;! (H*(MSO A (BZs x B*Zs) 4, Z3), Z3)
(5.97) = 059 (BZ3 x B?Z3)3.
H*(BZ3 x B*Z3, Z3)
(5.98) = Zs[b,xh, x5, ... @ Az, (d, xh, 2%, .. .)
Bagd =V, Bgrh = x5, Bgsrs = 2uhy.

The FE5 page is shown in Figure 58.
Hence we have the following

Theorem 85.

Q?O(BZ;g X BQZg)
Z
Zs3
Zs3
z3
Z x 73
ZQ X Z% X Zg

QU W N~ O .
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Figure 58: Q59 (BZ3 x B2Z3)}.

The bordism invariant of Q5°(BZ3 x B2Z3) is .

The bordism invariants of Q5°(BZ3 x B2Z3) are o't/ a'z).

The bordism invariants of Q§°(BZ3 x B2Z;3) are o, a’z}(= b'z}) and /2.
The bordism invariants of Q8 (BZ3 x B2Z3) are wows, a'b'xh,a'z2 L3 (V).
Here 3 is the Postnikov square.

Theorem 86.

) TPZ(SO X Zg X BZg)
0 0
1 Zs
2 Zs
3 Zx 72
4 72
5 Zo x 73 x Zg
The 2d topological term is 5.
The 3d topological terms are %CS%TM), a't/,d xb.

The 4d topological terms are a’x}(= b'x}) and 2.
The 5d topological terms are wows, a'b'zh, a'z, R (b').
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5.6.8. Q5P (BZs x B2Z3).
Ext’ (H*(MSpin A (BZ3 x B*Z3)+., Zs), Zs)

(5.99) = QPM(BZg x B*Zs),.

Since H*(BZ3 x B*Z3, Zy) = Z, we have Q5P (BZ3 x B*Z3)) = QP
Ext’; (H*(MSpin A (BZ3 x B*Zs3) 4, Zs), Z3)

(5.100) = QPN(BZ; x B¥Zs)).

Since
H*(MSpin, Z3) = H*(M SO, Zs),
we have the following

Theorem 87.

QP (BZ3 x B2Zs)

1

0 Z

1 ZQXZg
2 ZQXZg
3 72
4 7 x 72
5 72 x Zg

The bordism invariants of Qgpin(BZg, x B%Z3) are Arf and ).
The bordism invariants of Qgpm(BZg x B2Z3) are a'b', a'zl.
The bordism invariants of Q57" (BZs x B2Zs3) are 7, d'zh(= b'ah) and
12
$2 .
The bordism invariants of Qgpln(BZ;g x B2Z3) are a'b'zh, a'x?, Ps(V).

Theorem 88.

TPl(Spm X Z3 X BZg)
0
ZQ X Zg,
Z2 X Zg
Z x 72
z3
Zg X Zg

U W N~ O,
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The 2d topological terms are Arf and .

The 3d topological terms are 4—18CS:(,)TM), a'tl,ad'z,.

The 4d topological terms are a’x}(= b'x}) and x5.
The 5d topological terms are a’b'zh, a’xZ, Ps(V').

5.6.9. QF""(BZ3 x B2Z3).

Ext; (H*(MPin~ A (BZs x B*Z3) ., Zs), Z2)
(5.101) = QP (BZs x B*Z3)}.

Ext%! (H*(MPin™ A (BZ3 x B*Z3) ., Z3), Z3)
(5.102) = QP (BZs x B%Z3)3.
Since H*(MPin~,Z3) = 0, we have QL™ (BZ3 x B2Z3)}, =

Since H*(BZ3 x B2Z3, Zs) = Zs, we have Q5" (BZ3 x B*Z3))
Hence deilﬁ (BZ3 x B%Zs3) = dein+.

Theorem 89.

OPin" (BZg x B2Zs)

T W N = O
N
S

The bordism invariant of QL™ (BZsz x B%Z3) is w11.
The bordism invariant of Q™" (BZ3 x B2Z3) is w; Arf.
The bordism invariant of Q}™" (BZ3 x B2Z3) is 7.

Theorem 90.

TPZ(PIH+ X Zg X BZg)

U W~ Of .
N
[V}

_ oPint
— Pt
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The 2d topological term is wi1).
The 3d topological term is wi Arf.
The 4d topological term is 7.

5.6.10. Q5™ (BZ3 x B%Z3).

Ext’ (H*(MPin®™ A (BZ3 x B*Z3) 4., Zs), Zo)
(5.103) = QP (BZs x B2Z3)5.

Extfitg (H*(MPin" A (BZ3 x B*Z3)+,7Z3),Z3)
(5.104) = 01 (BZs x B*Zg);.

t—s

Since H*(MPin™,Z3) = 0, we have QY (BZ3 x B%Z3)5 = 0.
Since H*(BZs x B%Zs3, Z3) = Zs, we have QY™ (BZ3 x B%Z3))
Hence Q)" (BZ3 x B2Z3) = Q).

Theorem 91.

QiPin7 (BZ3 X B2Z3)

T W N~ O
N
3]

The bordism invariant of Q5™ (BZ3 x B%Z3) is ABK.
Theorem 92.

TPl(PlIl_ X Zg X BZg)

CU W~ O
N
oo

The 2d topological term is ABK.

251

_ OPin~
—QPin"
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5.7. (BG4, B2Gy) : (BPSU(2),B2%Z,), (BPSU(3), B%Z3)
5.7.1. QQ(BPSU(2) x B2Zy).

Extiii (H*(MO, Zy) @ H*(BPSU(2) x B2Zy, Zy), Zs)

(5.105) = QP (BPSU(2) x B%Z,).

(5.106) H*(BPSU(2), Zg) = Za|ws, ws),

(5.107) H*(B?Zy, Zy) = Zo|x2, x3, x5, g, . . . |,

(5.108) H*(MO,Z2) = A2 @ Zalya, Y, Ys, Y6, Ys, - - - |
H*(MO, Zy) @ H*(BPSU(2), Zy) @ H*(B*Zs, Z>)

(5.109) = 403U e223 4,070 08 @ - .

Theorem 93.

QP (BPSU(2) x B2Z,)

CU W~ O
N
W

The bordism invariants of QS (BPSU(2) x B2Zy) are wh, zo, w?.

The bordism invariants of Q(BPSU(2) x B%Zs) are z3 = wize, wh =
wywh.

The bordism invariants of Qf (BPSU(2) x B2Zy) are wi, w?, 22, w2, xow?,
whw?, whrs.

The bordism invariants of QY (BPSU(2) x B2Zjy) are whws, zow}, wiwh,
w’2x3, rox3, w%xg, I5, WawW3.

Theorem 94.

TP, (O x PSU(2) x BZy)

TR W N~ O
N
W
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The 2d topological terms are wh, z2, w?.
The 3d topological terms are x3 = wixg, wy = wiwh.
The 4d topological terms are w}, w3, 3, Wi, vow?, whwd, whrs.

The 5d topological terms are whw}, row}, wiw}, whzs, rows, wizs, s,

worws.

5.7.2. Q59(BPSU(2) x B?Z,).

Ext’} (H*(MSO, Zs) ® H*(BPSU(2) x B*Z, Zs), Z2)

(5.110) = Q9 (BPSU(2) x B%Zy).

There is a differential dy corresponding to the Bockstein homomorphism

By : H (=, Z4) — H**1(—,Zy) associated to 0 — Zy — Zg — Zy — 0
[51]. See 2.5 for the definition of Bockstein homomorphisms.

By (5.33), there is a differential such that da(w2x3 + 75) = ¥3h3.
The E5 page is shown in Figure 59.

S

Figure 59: Q59 (BPSU(2) x B%Zy).
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Theorem 95.

OSO(BPSU(2) x B?Zy)

Uk W N~ O
N
NN

The bordism invariants of Q5°(BPSU(2) x B2Zy) are wh, za.

The bordism invariants of Qj°(BPSU(2) x B2Zs) are o, p}, whrs and
PQ(IQ).

The bordism invariants of QS°(BPSU(2) x B2Zy) are whw,xs,
whxe (= whrs), waws.

Theorem 96.

U W~ O .
N
[ V] v}

The 2d topological terms are w}, za.
The 3d topological terms are %CS&TM), CSéSO(:g)).
The 4d topological terms are whzs and Pa(z2).

The 5d topological terms are whwh, x5, wire(= whrs), wows.

5.7.3. QSP™(BPSU(2) x B2Zy). Fort—s <8,

Ext’;. ;) (H*(BPSU(2) x B*Zs,Z5), Zs)
(5.111) = OPINBPSU(2) x B2Zy).

There is a differential dy corresponding to the Bockstein homomorphism
B : HY (=, Z4) — H*'(—,Zy) associated to 0 — Zy — Zg — Zy — 0
[51]. See 2.5 for the definition of Bockstein homomorphisms.

By (5.33), there is a differential such that da(w2x3 + 75) = ¥3h3.

The Az(1)-module structure of H*(BPSU(2) x B2Zy, Z2) and the Es page
is shown in Figure 60, 61.
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X "

wh T2

[ ] o

1 1

L2T3 whTo
whxo

wh L2

[ ]

1

Figure 60: The Ajy(1)-module structure of H*(BPSU(2) x B2Zy, Zs).

Theorem 97.

QP (BPSU(2) x B2Z,)
Z
L
3
0
72 x 7.2
La

U W N~ O,

255
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Figure 61: QP (BPSU(2) x B2Z,).

The bordism invariants of Qgpin(BPSU(Z) x B2Zsy) are wh, x, Arf.

The bordism invariants of Q3P™(BPSU(2) x B2Z,) are i %’1, whre and
772(152)
—2a

The bordism invariant of Q5P™(BPSU(2) x B2Zy) is whao(= whzs).

Theorem 98.

TP;(Spin x PSU(2) x BZs)
0
Zo
73
ZZ
z3
Lo

T W N~ O

The 2d topological terms are w, za, Arf.
The 3d topological terms are 4—18CS§TM), %CS;SO(?’)).
732(332)

The 4d topological terms are whzp and —22.

The 5d topological term is whxe(= whas).
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5.7.4. QT (BPSU(2) x B2Zy). Fort—s <8,

(5.112) Exti’l';(l)(H*_l(MTO(l),Zg) ® H*(BPSU(2) x B*Zy, Zs), Zs)
= Q" (BPSU(2) x B*Zy).
The As(1)-module structure of H*~1(MTO(1),Z2) ® H*(BPSU(2) x
B2Zs,75) and the FE page are shown in Figure 62, 63.

Theorem 99.

QPin" (BPSU(2) x B%Zy)

U W N R O
N
now

The bodism invariants of Q5™ (BPSU(2) x B%Zj) are w, zo, w17.

The bodism invariants of QY™ (BPSU(2) x B%Zy) are wjwh = wh,
w1ry = I3, wlArf.

The bodism invariants of Q)™ (BPSU(2) x B2Zsy) are ¢s(wb), gs(x2), 7,
wHTs.

The bodism invariants of QL™ (BPSU(2) x B?Zy) are

wiwh(= whwh), wizs(= w5), 2223, whs, wiwyrs(= Whrs + whws).

Theorem 100.

TP;(Pin™ x PSU(2) x BZy)

T W N = O
N
oW

The 2d topological terms are wbh, zo, w17).

The 3d topological terms are wyw) = wh, w1xe = x3, wi Arf.
The 4d topological terms are gs(w}), ¢s(z2),n, whzs.

The 5d topological terms are

w%wé(: whwy), w%xg(: T5), TaT3, WsT, WiWHT (= whHTs + whrs).
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0%y o whey
whis
/ T
Wy 2
[ ]
U 1
wiwiU wizsUrazsU
2 2
— way T2
wiwhU w2 U
whU xU
U
wywhaU
whxoU whzoU

Figure 62: The Ay(1)-module structure of H*"(MTO(1),Zs)
H*(BPSU(Q) X BQZQ,ZQ).
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Figure 63: QP (BPSU(2) x B?Z,).

5.7.5. QFi""(BPSU(2) x B2Z,). Fort—s <8,

(5.113)  Ext’y o (H(MO(1),Zs) ® H*(BPSU(2) x B*Z3, Zs), Z»)
= QP"(BPSU(2) x B?Zy).

t—s

The Az(1)-module structure of H*™(MO(1).Zy) @ H*(BPSU(2) x
B2Zs,75) and the Fy page are shown in Figure 64, 65.

Theorem 101.

QPin™ (BPSU(2) x B2Z,)

T W N~ O
N
N
X
N
oo

The bordism invariants of Q5" (BPSU(2) x B2Zy) are wh, z2, ABK.
The bordism invariants of Q™ (BPSU(2) x B?Zy) are wiwh = w},
w1x9 = I3.
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® F v (? o
wh T2

why

U 1

JZQJJgU
_ wiwhU wiroU
wiU

.133U
U

whU T

wwhz U
whxoU whxoU

Figure 64: The As(1)-module structure of H*1(MO(1), Zy) @H* (BPSU(2) x
B2Zs, Zs).



Higher anomalies, higher symmetries, and cobordisms I 261

Figure 65: QF'"™ (BPSU(2) x B%Zy).

The bordism invariants of Q" (BPSU(2) x B*Zy) are wiwh, wizs, whts.
The bordism invariants of QY"" (BPSU(2) x B2?Zj) are xaxs, wjhws,
wiwhze (= whrs + whrs).

Theorem 102.

TP;(Pin~ x PSU(2) x BZy)

U W N~ O
N
N
X
N
o3}

The 2d topological terms are wj, zo, ABK.

The 3d topological terms are wywh = wy, w1z = T3.

The 4d topological terms are w3w}, wixy, whrs.

The 5d topological terms are xoxs, whre, wiwhre(= whrs + whrs).

5.7.6. Q9(BPSU(3) x B2Z3).

Ext% (H*(MO A (BPSU(3) x B*Z3) ., Z3), Z3)
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(5.114) = QY (BPSU(3) x B2Z3)5.
Since H*(MO, Z3) = 0, QF (BPSU(3) x B?Z3); = 0.

Ext’; (H*(MO A (BPSU(3) x B*Z3) ., Zs), Zo)
(5.115) = QP (BPSU(3) x B*Z3)}.
Since H*(BPSU(3) x B%Z3,Zs) = H*(BPSU(3),Z2), Q9 (BPSU(3) x
B*Z3)} = Qg (BPSU(3))3.
Theorem 103.

OO(BPSU(3) x B?Z3)
Lo

0

Ty

0

z3

Lo

T W N~ O

The bordism invariant of QF (BPSU(3) x B2Z3) is w?.
The bordism invariants of Qf (BPSU(3) x B2Z3) are w{, w3, c2( mod 2).
The bordism invariant of Q (BPSU(3) x B%Z3) is waws.

Theorem 104.

Z
0
Lo
0
73
T

T W N~ O .

The 2d topological term is w?.

The 4d topological terms are w}, w2, cz( mod 2).
The 5d topological term is wows.

5.7.7. Q59(BPSU(3) x B2Z3).

Ext’; (H*(MSO A (BPSU(3) x B*Z3) 4, Zs2), Zs)
(5.116) = OF9.(BPSU(3) x B%Z3)}.
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Since H*(BPSU(3) x B%Z3,7Zs) = H*(BPSU(3),Zs), Q5°(BPSU(3) x
B*Z3)} = Q3°(BPSU(3))3.

Ext’}’ (H*(MSO A (BPSU(3) x B*Z3),,Z3), Zs)

3

(5.117) = Q0. (BPSU(3) x B*Z3)}.

Ba.3)%h = T, B(sz)22 = 23, B335 = 2252, B3 3)(Thza) = hzs +ah 20,
Bs3)(1523) = w323 = —f(3,3)(v522).
The FE» page is shown in Figure 66.

S

0 1 2 3 4 5 t—s

Figure 66: Q59 (BPSU(3) x B%Z3)}.

Theorem 105.

i QF9(BPSU(3) x B*Z3)
0 Z

1 0

2 73

3 0

4 7% x 72

5 Zo X Zg

The bordism invariants of Q5°(BPSU(3) x B2Z3) are ), 2.
The bordism invariants of Q3°(BPSU(3) x B2Z3) are 7, co, ¥ and 2 zs.
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The bordism invariants of QS°(BPSU(3) x B2Z3) are wows,
zoxh (= —z31hy).

Theorem 106.

0
0
Z3
ZZ
23
7 X Zg X Z3

U W Of .

The 2d topological terms are x%, 2.

The 3d topological terms are %CS%TM), CSZ(,,PSU(‘%)).

The 4d topological terms are ¥ and x)zo.

The 5d topological terms are CSéPSU(g)), wows, zoxh (= —z31h).

5.7.8. Q5P (BPSU(3) x B2Z3).

Ext’; (H*(MSpin A (BPSU(3) x B*Z3) 4., Zs2), Zs)
(5.118) = QPP(BPSU(3) x B%Z3)).
Since H*(BPSU(3) x B%Z3,Zy) = H*(BPSU(3),Zy), Q5P™(BPSU(3) x
B2Z3)5 = Q5P (BPSU(3))5.
Ext’; (H*(MSpin A (BPSU(3) x B*Z3)4., Z3), Z3)
(5.119) = QP(BPSU(3) x B*Z3)5.
Since H*(MSO,Z3) = H*(MSpin,Z3), Q5" (BPSU(3) x B*Z3), =
QSO(BPSU(3) x B2Z3)5.
Theorem 107.

QP (BPSU(3) x B2Z3)
Z
L
ZQ X Z%
0
72 x 73
Z3

T W N = O,
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The bordism invariants of Q5P™(BPSU(3) x B2Z3) are Arf, ), zo.
The bordism invariants of Q5P™(BPSU(3) x B2Zs3) are 7, ¢, ¥F and
xhzo.

The bordism invariant of Q5P™(BPSU(3) x B2Z3) is zoah(= —z32)).

Theorem 108.

TP, (Spin x PSU(3) x BZ3)
0
Ly
ZQ X Zg
Z2
7
7 X Zg

T W N = O

The 2d topological terms are Arf, 2, zo.

The 3d topological terms are 4—ISCS§)TM), CS;PSU(‘%)).

The 4d topological terms are o7 and xhzs.

(PSU(3)) '

The 5d topological terms are %CS5 , 290 (= —z31h).

5.7.9. QPI""(BPSU(3) x B2Z3).

Ext’; (H*(MPin~ A (BPSU(3) x B*Zs) ., Z3), Z3)
(5.120) = QP (BPSU(3) x B%Z3)}.

Since H*(MPin~,Z3) = 0, Q™" (BPSU(3) x B%Z3)} = 0.

Ext’ (H*(MPin~ A (BPSU(3) x B*Zs) 1, Zs), Zo)
(5.121) = QP (BPSU(3) x B2Zs)}.

Since H*(BPSU(3) x B%Z3,Z) = H*(BPSU(3), Z2), Q™" (BPSU(3) x
B?Zs)y = Q™" (BPSU(3))5.
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Theorem 109.

QP (BPSU(3) x B2Z3)

1

0 Zo

1 0

2 Lo

3 Zo

4 ZQ X ZlG
) 0

The bordism invariant of QL™ (BPSU(3) x B%Z3) is w1 1.
The bordism invariant of Q™" (BPSU(3) x B%Z3) is w; Arf.
The bordism invariants of Q)™ (BPSU(3) x B2Z3) are ¢z( mod 2) and 7.

Theorem 110.

TP;(Pin™ x PSU(3) x BZ3)

U W N = O =,
N
[¥)

The 2d topological term is wi7).

The 3d topological term is wi Arf.

The 4d topological terms are co( mod 2) and 7.
5.7.10. Q5" (BPSU(3) x B?Z3).

Ext’ (H*(MPin" A (BPSU(3) x B*Z3) 1, Z3), Zs)
(5.122) = Q' (BPSU(3) x B*Z3)5.

Since H*(MPin™,Z3) = 0, Q)™ (BPSU(3) x B?Z3)} = 0.

Ext’. (H*(MPin™ A (BPSU(3) x B*Zs), Zs), Zs)
(5.123) = QP (BPSU(3) x B%Z3)5.

Since H*(BPSU(3) x B?Z3,Z2) = H*(BPSU(3),Zy), Q" (BPSU(3) x
B*Z3)y = Qy™ (BPSU(3))5.
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Theorem 111.

QPin™ (BPSU(3) x B2Zs)

T W N~ O
N
3]

The bordism invariant of QY™ (BPSU(3) x B2Z3) is ABK.
The bordism invariant of QY™™ (BPSU(3) x B2Z3) is ca( mod 2).

Theorem 112.

TP, (Pin~ x PSU(3) x BZs3)

U W N — O .
N
oo

The 2d topological term is ABK.
The 4d topological term is co( mod 2).

6. More computation of O/SO bordism groups
6.1. Summary

Below we use the following notations, all cohomology class are pulled back
to the d-manifold M along the maps given in the definition of cobordism
groups:

e w; is the Stiefel-Whitney class of the tangent bundle of M,

e a is the generator of H'(BZs, Zs),

e d' is the generator of H!(BZj3,Z3), b = Bs,3)a,

e 15 is the generator of H?(B?Zy, Zs), 23 = Sq'xa, x5 = Sqx3,

e 7)) is the generator of H*(B%Z3, Z3), 4 = B(3,3)T3,

e ) is the generator of H*(B%Zy,Z4), 74 = Bo,a)Ty, T5 = Sq?aY,

e w, = w;(O(n)) € H(BO(n),Zy) is the Stiefel-Whitney class of the princi-
pal O(n) bundle,
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e p} = p1(0(n)) € HY(BO(n), Zy) is the first Pontryagin class of the princi-
pal O(n) bundle,

e 2 = wy(PSU(3)) € H3(BPSU(3),Z3) is the generalized Stiefel-Whitney
class of the principal PSU(3) bundle, z3 = (3 3)22.

e 2, = wy(PSU(4)) € H*(BPSU(4),7Z,4) is the generalized Stiefel-Whitney
class of the principal PSU(4) bundle, 25 = (3 4) 2.

e For n > 1, we also use the notation a for the generator of HY(BZgn, Zon),
a a mod 2, b is the generator of H?(BZgn,Zon), b = b mod 2 and
b= Bz2m)a.

e For n > 1, we also use the notation a’ for the generator of Hl(BZg,n, ZLsn),
a’ = a mod 3,V is the generator of H?(BZs3n,Zs3n), ¥ = ¥ mod 3 and
b = 5(3,3n)al-

e P, is the Pontryagin square (see 1.5).

e B3 is the Postnikov square (see 1.5).

Convention: All product between cohomology classes are cup product.

Table 21: 2d bordism groups-3

QI (=) | BO(3) BO( ) BO( ) | B(Zy x PSU( )) | B(Z2 x PSU(4))
wh wh wh 29 2
Zs: Zs: Zs: 72. Z3:
20 w?, w?, w?, w22. o2 w?, a?,
wiP i wh | wEwh | wiE wh b zh
Table 22: 2d bordism groups-4
Q(Ii—l(—) BQZ4 BZ4 X B2ZQ BZ(; X BZZg BZS X B2ZQ BZlg X BQZg
2 SO Z/% ZQ. Zg. ZQZ Z/g
Ty T2 Tl T2 o
Z3: Z3:
73: 73 73:
9 2 2 2
0 wi, 7Y wi,b, w?, a? wi,b, w?, a?
Xo Z2
Table 23: 3d bordism groups-3
Qff () BO(3) BO(4) BO(5)
Zj: Zj. Zj:
350 | w, w, wp,
wiwy = wh | wiwg = wh | wiw = w,
Zs: Zs: Zs:
30 wiwi, wP, | wiw?w?, | wijw?, w,
wiwy,wh | wiwh,wh | wiwh, wh
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Table 24: 3d bordism groups-4
QI (—) | B(Z2 x PSU(3)) | B(Z2 X PSU(4))
350 Ly: Zs:
a? ad,azh
7.
Z3: Z32. 2
30 3 9 a’, awy,
a’, awy PR
24, aZh
Table 25: 3d bordism groups-5
Qg(—) BQZ4 BZ4 X B2Z2 BZG X BQZ3 BZg X B2Z2 BZlg X B2Z3
Zg X Z3 X
. 72 X To: .
3 S0 0 Z4>~<ZQ. a/?z)/ al;/ Zg)fZQ. Z2:
ab, axo 3 % ab, ax; a't',a'xh,
a ag
Zs: Zﬁi 72 ?3: 72:
3 O J}H ab7 €3, a?? an ab7 X3, a?? CL’UJ2
3 axo, aw? L axo, aw? L
Table 26: 4d bordism groups-3
Qi (-) BO(3) BO(4) BO(5)
72 X Zo: 72 x 72: 72 x 73
450 | o,pt, o, pl, o, D1,
ww) wwh, w) witwh, w)
75: 75:
8. 2 2
IZD% w2 wzllaw%a wil7w%7
1, W3, 2,03 ) 2 2,73 ) 2
40 | wiw?, wiw, L1 L
Pl 02, Wi Ws3, WiWsy, Wi W3, Wi"Wy,
Wi Ws, Wi Wy, o2 42
o2 wy, Wy, wy, Wy,
wy™, Wy / /
Wy Wy
Table 27: 4d bordism groups-4
Qfl{(_) BQZ4 BZ4 X B2Z2 BZG X B2Z3
Z X Ly X Z x Z3:
7, X Zg: ZQZ o a’x’ —
4 4T3
SO g, PQ (x/QI) ga PQ (1'2)7 b/x/Qa
bzgg z¥
Zs:
Z%Z gll'g,bfﬁg, Z%
40 wéllfw%v b27$%, w‘f,wg,
bw?, zow?
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Table 28: 4d bordism groups-5

le(*) BZg X BZZQ BZlg X B2Z3
% X Za X Z x 73

4 80 Z o, b xh,
g, 7)2($2), .23/2 2
blég 2
75:
(EL£E3,b1‘2, Z%:

40 bzaxgv 'wzllvwm

y}zllvw%v a47a w%
bw?, xow?

Table 29: 5d bordism groups-3

H
Q7 (-) BO(3) BO(4) _ BO(5)
AS
Zg: Zg: 2 9
. 2.,/ 2.1 W2wW3, WywWy,
WaW3, WyW7, WaW3, WywW7, P12
5 SO !0 7012 ! /0,12 WoW3, W Wy,
Wy W3, WjWy WayWs, Wy Ws", w2 _
12,/ _ 12,1 _ 1 %3 -
wy w3 = | Wy ws = | wBw w'd
w/Sw w/5 w/3w wl5 1 27 1 7
1 2, W1 1 %2, %1 U)l’LU4 — U)r)
Zld.
Z%l 2%2 2 5
. /
2,/ w2w3>w2w17
wgwg,wzwl, WaW3z, WyWq, w ’U} w U}3
’LU w w w/3 w4w/ w2w/3 1 17 1%1 »
1 1’ 1%1 » 1%1 Y1 ™1 » 2 2
50 2 2 2, 0 2 WwW Wy, Wiws,
w ’lU U) w ’LU wWiwWyWey, W7W
11 %2, U1 %3y 11 %2, 1 %3 w/w/ U.)/’UJ,
'(U’LU’UJU)I2 wwww/Z 273, 12
293, 12 2%3, P12 12,/ 13,,,/
wwh wBw! wwh wBw! wy W3, Wi Wsy,
/15 3 1 %2 15 3» 1 2 w/157w/1wi7
w1 Wy, wiwy /
Wy

6.2. B27Z,
6.2.1. Q9 (B2Z,).

(6.1)  Ext% (H*(MO,Zs) ® H*(B*Z4,Zs), Z2) = Qf ,(B*Zy)

(62) H*(MO7ZQ) :A2®ZQ[y27y47y57y65y8)"'}*
where y5 = wi, (y3)* = w3, y; = wi, yi = wows, etc.
(6.3) H*(B%Zy, Zs) = Zo[iy, 2, 22, x5, ...

where 7 = 2§ mod 2, o € H*(B%*Z4,Z4), vl = By, T5 = Sq’x

!
3
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Table 30: 5d bordism groups-4

Q) B*Z4 BZ4 x B*Zs BZs x B?Z;
Zj X Zg:
aPa(xs), ab?, Z3 x 72 x Zg:
550 Z3: a(o a®, aw?,
" o AN,
WaW3, Ts mod 4), z5 = | waws,a'b'zy
!,.02 /
o3, a’xy, P (b')
dbxg WoW3
VAR
Elx%,bl'a,
abh2 5.
Z4. $2$3lab ) ZQ.
> 2,0 Ts5, abxs, a5,a3w%,
50 WowWs, WiTy, Jogipy PR
I wa2ws, AWy, awy, aw
o2 1> 29
ToX3, Ty Gl abw?
awy, abwy, waw3
.’Eg’w% =
w3y, Axsw?
122, AT2WY
Table 31: 5d bordism groups-5
le(_) BZsg x BQZZ BZyg x B223
Zy x L3 X 13 73 x L3 X Loz:
(a a®, aw3,
mod 4)Ps(x3),ab?, | wows,d (o
5 S0
a(oc mod 8),z5 = | mod 3),
ToT3, a't'zh, a' v,
~7 ’
abxg, W W3 §433(() )
T2,
Z5°:
a3, bxs,
xows3, ab?, /%
50 375,&().’1}27 a5,a3w%,
=2
WaWs3, AW3, awy, aw3,
awy, abw?, WaWs
Cﬂgw% =
3, ~ 2
wll'g,a"EQU}1
4. .1

" __
g = Sq x5, etc.

H* (MO, Zy) ® H*(B*Z4, Zo)

(64) = A2®22[y2ay4,?/57y67987~
= A @25 A Y34, ® 424./42 A A @ - - -

Hence we have the following theorem

* ~1 2 " 1
] ®ZQ[1‘2,.’E3,$5,$9,

271
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Theorem 113.

QP (B?Zy)
Lo
0
Z3
Zs
Z;
Ly

T W N~ O

The 2d bordism invariants are w%, .

The 3d bordism invariant is zf.
The 4d bordism invariants are wf, w3, wizy, ¥52.

The 5d bordism invariants are wows, wizh, Ty, z¥.

6.2.2. Q59 (B2Zy).

(6.5) Ext} (H*(MSO,Zs) ® H*(B*Zs, Zs), Zo) = Q;°,(B*Zy)
(6.6) H*(MSO, Zg) = ./4.2/./428(1 D 24./42/./428(]1 D 25./42 D

Note that Sq* zh :26(24 zh =0, 524( ): x37/8(24)( //2):
2ahal = 2:1:’2’xg =0, Sq'(#5?) = 2[3(24 (z ”2) 0, Sq1 v =0, Sq* (#4z4) = 0,
Sqll'g = Sq'Sq? Bz, 4)552 = Sq¢° Bz, 4)332 = (B 5)? = 25%. We have used
the properties of Bockstein homomorphisms, (2.50) and the Adem relations
(2.67).

Also note that

1
B Pa(ry) = 56732(1"2’) mod 2

1
= 86( Ux2+x2U5:c)
1
= g(éwgu xhy + xhy Udzy + 6(xh Lljéwg))
1
= 8(2:U2U5x + 0 U5l‘)
1
= zhU (Z(MIQ/) + 2(1(53:'2’) LlJ (Zéxg)
= x5BTy + 262,07y U Bo,0)72
= l’g/B 2 4).%'/2/ + 2Sq25(2,4)x2'

:E'Q':Bg + 2x%

(67) = il
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We have used f(3 g) (5 mod 2, the Steenrod’s formula (2.12), B24) = 56

mod 2, and the defimtlon Sq*z, = zp U Tn-

1
1

There is a differential d,, correspondmg to the Bockstein homomorphism
Bea,ony : H* (=, Zan) — H**1(—,Zy) associated to 0 — Zg — Zoni1 — Zon —
0 [51]. See 2.5 for the definition of Bockstein homomorphisms.
So there are differentials such that da(x5) = Z4h3, ds(Zhx4) = T42h3.
The F» page is shown in Figure 67.

S

0 1 2 3 4 5 t—s

Figure 67: Q59 (B2Z,).

Hence we have the following theorem

Theorem 114.

Q39 (B2Zy)

T W N = Of =,
N
N

The 2d bordism invariant is .
The 4d bordism invariants are o, Pa(z5).
The 5d bordism invariants are waws, =7 .
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6.3. BO(3)
6.3.1. Q9(BO(3)).
(6.8) Ext’ (H*(MO, Zy) ® H*(BO(3), Zs), Zs) = Qf ,(BO(3))
(6.9) H* (MO, Zs) = Ay @ Zay2, ya, Y5, Y6: Ys. - - - |*

where y3 = w?, (y3)* = w3, y} = wi, yi = wows, ete.
(6.10) H*(BO(3), Za) = Za|w}, wh, wh)]

H*(MO, Zy) ® H*(BO(3), Z3)
(611) = AQ®ZQ[Z/272/47?J5;9673/87--~]*®Z2[w/17w/27wé]
= A ®TA G352 A G453 A 88 A B 1157 Ay @ - -
Hence we have the following theorem

Theorem 115.

TU W N~ O~
N
W

The 2d bordism invariants are w?, w2, wh.

The 3d bordism invariant are w}w?, wi, wjwh, w}.

The 4d bordism invariants are w{, w2, w?w?, wwh, wiwh, wiwh, wit w.

The 5d bordism invariants are

2 4 /3 2 2 2 2,/ 13,/ /5
w2w3, ’LUQU)I, wlwl, wlwl 5 w1w1w2, wlwg, '[UZ’LU37 w1w2 3 wl ’LU3, wl ’LU2, wl

6.3.2. Q59(BO(3)).

(6.12) Ext’;. (H*(MSO, Zs) @ H*(BO(3), Z2), Z2) = Q7°,(BO(3))
(6.13) H*(MSO, Zs) = AQ/AQSq S5 E4A2/A28q1 PIAD---
(6.14) H*(BO(3), Z2) = Za[wy, w), ws]
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Figure 68: Q3°(BO(3)).

where Sq'wh = wjw) + wh, Sq'wh = wiw}.
The FEs page is shown in Figure 68.
Hence we have the following theorem

Theorem 116.

2°(BO(3))
Z
Lo
Lo
z3
Z2 X Z2
zs

QU W N~ O .

The 2d bordism invariant is wb.

The 3d bordism invariants are w3, wjw}h = w}.

The 4d bordism invariants are o, p}, w?wh.

The 5d bordism invariants are wows, wiw), whwh, wiw, wiwl =

13,1 015
WP Wy, wi.
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6.4. BO(4)
6.4.1. Q(BO(4)).

(6.15) Ext%! (H*(MO,Zy) ® H*(BO(4), Zs), Z2) = Qf (BO(4))

(6.16) H*(MO,Zz) = Az ® Za[y2, Y4, Y5, Yo Ys, - - -]
where y3 = w?, (y3)* = w3, y} = wi, yi = wows, etc.

(6.17) H*(BO(4),Zs) = Zao[w], wh, wh, w)]

H'(MO, Z,) ® H* (BO(4), Z)
(618) = A2®ZQ[?/27?J47?J57967?J8;-~-]*®Z2[’w/17w127’wéawﬁﬂ
= AHAOTA 03T A 04T A0 e 1254 @ -

Hence we have the following theorem

Theorem 117.

QP(BO(4))
Ty
L3
z3
Z3
Z3
732

Uk W N~ O .

The 2d bordism invariants are w?, w?, wh.

The 3d bordism invariant are w}w?, wi, wjwh, w}.

The 4d bordism invariants are wf, w3, wiwi?, wiwh, w)wh, wiwh, wit,

/2
w2 y U)4

The 5d bordism invariants are

2 4 13 2 2 2 2 13,/
w2w3, w2w1, wlwl, wlwl 9 w1w1w2, wle, w2w37 w1w2 5 wl w3, wl w2,

15
wy, w1w4
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6.4.2. Q5°(BO(4)).

(6.19)  Ext’ (H"(MSO,Zs) ® H*(BO(4), Z2), Z2) = Q7% (BO(4))
(6.20) H*(MSO,Zs) = As/ AsSq* @ ¥ Ay / A2Sq' @ Z5A @ - --
(6.21) H*(BO(4),Zy) = Za[w], wh, wh, w)]
where Sqlw) = wiw} + wh, Sq'wh = wiwh, Sqlw) = wiw).

The E5 page is shown in Figure 69.

S

Figure 69: Q59 (BO(4)).

Hence we have the following theorem

Theorem 118.

07°(BO(4))
Z,
Lo
L
z3
72 x 73
z3

T W N~ O,
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The 2d bordism invariant is wj.
3

The 3d bordism invariants are wj ,w1w2 = w3

The 4d bordism invariants are o, p/, w2wh, w).
12,02

The 5d bordism invariants are wgwg,w%wl,w’zw?,,wlwz,wl wy =

13 5
wy w27 wy”.

6.5. BO(5)
6.5.1. Q9(BO(5)).

(6.22) Ext’y (H*(MO,Z;) ® H*(BO(5), Zs), Z2) = Qf ((BO(5))

(6.23) H* (MO, Zs) = Az ® Zaly2, Ya, Y5, Y6, Yss - - -

* 0.2 2\ __ ,,,2 * .4 *
where Z/z—w1>(yz) = w3, Y, = Wi, Y5 = waws, etc.

(6.24) H*(BO(5), Za) = Zo[w}, wh, wh, wl, wg)

H*(MO,Z2) ® H*(BO(5), Z2)
(6.25) = Ay ® Zaly2, Ya, Y5, Y6, Ys, - - - | © Lo[w], wh, wh, wl, wg)
A @Ay ® 352 Ar A3 Ar ® 9N A, @ 135° A0 P - -
Hence we have the following theorem

Theorem 119.

The 2d bordism invariants are w?, w?, wh.

The 3d bordism invariant are w}w?, w3, wjwh, w}.

The 4d bordism invariants are wf, w3, wiwi?, wiwh, w)wh, wwh, wit,
12
Wy, wi.

The 5d bordism invariants are

2 4 3,2 2 2, 12 13
w2w3, w2w1, wlwl, wlwl 9 w1w1w2, wle, w2w37 w1w2 5 wl w3, wl w2,

15
wy 7w1w47w5
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6.5.2. Q5°(BO(5)).

(6.26) Ext’; (H*(MSO, Zs) ® H*(BO(5), Z2), Z2) = Q7°,(BO(5))
(6.27) H*(MSO,Zs) = As/ ASq* @ ¥4 Az / AsSq' @ T5A @ - --
(6.28) H*(BO(5), Za) = Za[w}, wh, wh, w), wk]

where Sqlwh, = wjw) + wh, Sqlwh = wiwh, Sqlw) = wiw) + wi.
The Fs page is shown in Figure 70.

S

Figure 70: Q59 (BO(5)).

Hence we have the following theorem

Theorem 120.

079 (BO(5))
Z
Ly
Ly
z3
72 x 73
Z

QU W N~ O .

The 2d bordism invariant is wb.
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The 3d bordism invariants are w3, wjw} = w}.

The 4d bordism invariants are o, p/, w2wh, w).
12,02 13,/

The 5d bordism invariants are wows, wiw}, whw}, wiwi, wiwl = wiw},

/5 Iogd — o

6.6. BZa, x B%Z,,
6.6.1. QF(BZ4 X B2Z5).
(6.29) H*(BZ4, Z4) = Z4la,b)/(a® = 2b)
where a € HY(BZy,Z4), b € H2(BZy4, Zy4).

(6.30) H* (BZ4, ZQ) = A22 (fb) & 2o [b}

where @ = a mod 2 € H(BZy4,Zy), b =b mod 2 € H*(BZy4, Zy).

(6.31) H*(BQZQ,ZQ) = Zo|xo, x3, x5, T9g, . . . |

Ext’ (H*(MO, Zs) ® H*(BZ4 x B*Z2, Zs), Zs)
(6.32) = QP (BZy x B?Zy)
(6.33) H*(MO,Zs) = Az @ Zaly2, Y4, Y5, Y6, Ygs - - -]

* 0.2 2\k __ ,,,2 * _ .4 *
where yz—w1,(y2) = w3, Y, = Wi, Y5 = waws, etc.

(6.34) H* (MO, Zy) ® H*(BZy x B*Zy, Zs)
AQ &® ZQ[y27 Y4,Y5,Y6, Y8, - - - ]* & AZQ(a) b2y Z2[b] @ Z2[5;27 r3,T5,X9, . . ]
Ar @& S A, & 3524y @ 45° A, B85 A @ 125° A @ - -
Hence we have the following theorem

Theorem 121. The bordism groups are

QE) (BZ4 X B2Z2>
Lo
Lo
Z;
Zy
Zj
z}?

U W N = O,
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The 2d bordism invariants are b, xo, w?.

The 3d bordism invariants are ab T3, ATy, aw%

The 4d bordism invariants are azs, be, b2 , T3, w‘ll, w3, bwl,xgw%.

The 5d bordism invariants are
fll’g, bas, Toxs, ab?, x5, abra, wows, &w%, Ezw‘f, dbw%, l’3w%: ’LU%ZL‘Q, dxgw%.
SO 2
6.6.2. Qd (BZ4 X B Zz)

EXtA (H*(MSO Zg) & H*(BZ4 x B? ZQ,ZQ) ZQ)
(6.35) = 059 (BZy x B?Zy)

(6.36) H*(MSO,Zs) = As/A2Sq @ X4 Az /AsSqt @ 25A @ - - -

Note that S 40 = b, Sq'ze = 3, Sql(axy) = axs, Sq1<5$2) = bxs,
Boay(ab) = 0%, Boay(Pa(z2)) = z2w3 + 25, Sq'(z223) = Sqlzs = a3,
Sq'(abxa) = abxs, Biaay(aPa(w2)) = bal + a(zaws + 5), Baa(ab?) = b?,
B (alc mod 4)) = bws.

There is a differential da corresponding to the Bockstein homomorphism
By + H (=, Z4) — H**1(—,Zy) associated to 0 — Zy — Zg — Zy — 0
[51]. See 2.5 for the definition of Bockstein homomorphisms.

So there are differentials such that da(b) = ah%, dg(b2) — abh?, do(Taz3+
x5) = 23h3, do(ba3 + a(zexs + x5)) = axsh3, do(b®) = ab’h3, do(bw?) =
aw3h3.

The F» page is shown in Figure 71.

Hence we have the following theorem

Theorem 122. The bordism groups are

QZSO (BZ4 X B2ZQ)

TU W~ O
N
[\S]

The 2d bordism invariant is xs.
The 3d bordism invariants are ab and azs. 3
The 4d bordism invariants are o, Pa(z2) and bxs.
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Figure 71: Q59 (BZy x B%Zs).
_ The 5d bordism invariants are aPa(z2), ab?, a(c mod 4), x5 = wox3,
abzry and wows.
6.6.3. Q9 (BZe x B2Zs).
(6.37) H*(BZg x B2Zs, Zs) = H*(BZa, Zs) = Zoa]
where a € HY(BZg, Zs).

Ext’{ (H*(MO, Zs) @ H* (BZs x B*Zs3, Zs), Zs)
(6.38) = QP (BZg¢ x B?Z3)}

Since H*(M O, Z3) = 0, we have Q9 (BZg x B%Z3)5 = 0.
ExtSy, (H*(MO, Zy) © H'(BZg x B*Zy, Zs), Zs)

(6.39) = 09 (BZ¢ x B2Z3)

(640) H*(MO,ZQ) :-A2®Z2[y27y47y57y67y87"'}*
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2 2Nk 2 .4 _
where y5 = wy, (y3)* = w3, y; = wi, Y& = waws, etc.

H*(MO,Zs) ® H*(BZe x B*Z3,Z>)
(6.41) = A2 ®Za[y2,Y4,Y5,Y6,Ys, - - -|" @ ZLa[a]
= A ®TAD25%24; 253 A5 DAY Ay XA D - -
Hence we have the following theorem

Theorem 123. The bordism groups are

Qg) (BZG X BQZJ)
Ly

T W N = O
N
N

The 2d bordism invariants are w?, a®.

The 3d bordism invariants are a3, aw?.

The 4d bordism invariants are a?, aQw%, w‘f, w% .

The 5d bordism invariants are a®, agw%, aw%, aw% , Wows3.

6.6.4. Q5°(BZ¢ x B2Z3).

Ext’y, (H' (MSO A (BZg x B*Zs)+. Z2). Z)
(6.42) = Q)% (BZs x B*Zs);.

Since H*(BZg x B%Zs3,Z2) = H*(BZa, Z2), we have Q5°(BZ¢ x B2Z3)) =
Q59 (BZy).
The FE» page is shown in Figure 72.

Ext’; (H*(MSO A (BZg x B*Zs) 4, Z3), Z3)
(6.43) = 99 (BZs x B2Z3)}.

Since H*(BZg x B%Zs3, Z3) = H*(BZ3 x B2Z3,Z3), we have Q5°(BZg x
B%Z3)% = Q59 (BZ3 x B%Z3)5.
Hence we have the following theorem



284 Zheyan Wan and Juven Wang

Figure 72: Q50 (BZs).

Theorem 124. The bordism groups are

QiSO (BZG X B2ZS)
Z
Zg X ZQ
Zs
Zg X Z2
Zx 73
73 x 72 x 7
2 3 9

T W N~ O,

The 2d bordism invariant is z5.

The 3d bordism invariants are a't/, a’x), a>.
The 4d bordism invariants are o, a’z(= V'z}) and 2.

The 5d bordism invariants are a®, aw3, wows, a’b'xh, a’zZ, P (V).
Here 33 is the Postnikov square.

6.7. BZ2n2 X B%Z,
6.7.1. Q9 (BZs x B2Zy).

(6.44) H*(BZs, Zg) = Zsg[a,b]/(a® = 4b)
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where a € Hl(BZ& Zg), be H2(B28,Zg).
(6.45) H*(BZs, Zs) = Az, (&) ® Za|b)
where @ = a mod 2 € H'(BZs,Zy), b=b mod 2 € H(BZs, Z).

(646) H*(BZZQ,ZQ) = Z2[$2,x3,x5,x9,.. ]

Ext%;! (H*(MO, Zy) ® H*(BZs x B*Z, Zs), Zs)
(6.47) = 0 (BZg x B%Z,)

(6.48) H* (MO, Zs) = A2 ® Zaly2, Y4, Y5, Y6, Yss - - -]
where y3 = w?, (y3)* = w3, y} = wi, yi = wows, etc.

(6.49)H* (MO, Zs) @ H*(BZy x B*Zy, Zs)

-’42 & ZQ[yQaylla Ys5,Y6, Y8, - - ]* ® AZg(d) ® ZQ[b] & ZQ[QEQ,LE?,,‘T{), Z9, . .

= A oYX A D 322./42 D 423./42 b 824./42 &) 1225./42 D---

Hence we have the following theorem

Theorem 125. The bordism groups are

QZO(BZS X BQZQ)
Ly

Ly

Z3

Z;

Z3

752

U W N~ O

The 2d bordism invariants are b, zs, w%.

The 3d bordism invariants are ab, r3, dxs, dw?.
7 4

The 4d bordism invariants are azs, bxa, b, x%, wi, w%, bw%, xgw%.

The 5d bordism invariants are

- 27 ~79 ~7 PO B S 2 3, =~ 2
axs, bxs, roxs, ab®, x5, abxry, waws, aws;, aw, Gbwi, T3w]= WiT2, ALW7.

285

]
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6.7.2. Q59 (BZs x B?Z,).

EXtiiz (H*(MSO’ Z2) ® H* (BZS X B2Z27 Z2)7 Z2)
(6.50) = 099 (BZg x B%Zy)

(6.51) H*(MSO, ZQ) = .,42/./428(11 D 24./42/./428(211 D 25./42 D

Note that B g)a = b, Sqlzs = x3, Sql(ars) = axs, Sql(i)xg) = bxs,

Basy(ab) = b2, Boay(Pa(x2)) = waws + x5, Sq'(z223) = Sq'as = a3,

Sq' (abxza) = abas, B4 ((a mod 4)Pa(w2)) = 2898y ()23 + a(waas + x5
2bx3 + a(wows + x5) = a(vaws + 35), Bas)(ab?) = b%, Bas)(alc mod 8)
b,

There is a differential d,, corresponding to the Bockstein homomorphism
Bia,ony : H* (=, Zan) — H*T1(—, Zy) associated to 0 — Zg — Zgn+1 — Zgn —
0 [51]. See 2.5 for the definition of Bockstein homomorphisms.

So there are differentials such that d3(b) = ah3, d3(b?) = abh3, da(rax3+
x5) = x3h3, do(a(zows 4 x5)) = axdhd, dz3(b°) = ab*h, d3(bw3) = aw3h?.

The Es page is shown in Figure 73.

) =
) =

S

5 i

4 N

3 i

2 i

1

0 . o o o llles

Figure 73: Q39 (BZg x B?Zy).

Hence we have the following theorem
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Theorem 126. The bordism groups are

Q?O (BZg X B2ZQ)

TR W N~ O .
N
[\V)

The 2d bordism invariant is xs.

The 3d bordism invariants are ab and axs.

The 4d bordism invariants are o, Pa(x2) and by,

The 5d bordism invariants are (¢ mod 4)Pa(z2), ab?, a(c mod 8), x5 =
Tox3, dl;xg and wows.

6.7.3. Qg(BZlg X B2Z3).
(6.52) H* (BZlg X B223, Zg) = H*(BZQ, Zg) = Zg [a]
where a € HY(BZz, Zs).

EXtiii (H*(MO, Z3) ® H* (BZlg X B2Z3, Zg), Zg)
(6.53) = QP (BZis x B*Z3)}

Since H*(MO, Z3) = 0, we have Q9 (BZ1s x B?Z3)% = 0.

Ext’y, (H* (MO, Zz) ® H* (BZis x B*Zs, Zs), Z»)
(6.54) = 09 (BZg x B*Z3)}

(6.55) H*(MO,Zy) = Ay ® Zoly2,Ya, Y5, Y6, Y8, - - - |
where y5 = w?, (y%)* = w%, ys = w‘f, yi = wows, etc.

H*(MO, Zs) @ H*(BZ1g x B*Zs3, Zs)
(6.56) = A2 ®Zay2, Y1, Y5, Y6, Yss - - -] @ ZLa[a]
= Ay ® XAy B 252 A5 B 2553 A5 @AY A B 50 AY B - - -
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Hence we have the following theorem

Theorem 127. The bordism groups are

QO(leg X B2Z3)

?

TR W N~ O~
N
DN

The 2d bordism invariants are w?, a®.

The 3d bordism invariants are a3, aw?.
The 4d bordism invariants are a*, a2w%, w‘f, w%.

The 5d bordism invariants are a®, a3w%, awil, aw%, Wows3.

6.7.4. Q59 (BZ1s x B?Z3).

Ext’ (H*(MSO A (BZ1s x B*Z3)+, Z2), Zs)
(6.57) = 0J9.(BZis x BZ3)}.

Since H*(leg X B2Z3, ZQ) = H*(BZQ,ZQ>, we have QEO(BZB X B2Z3)é\ =
059(BZy).

Ext%! (H*(MSO A (BZ1s x B*Zs) 4, Z3), Zs)
(6.58) = 099 (BZis x B*Z3)}.

Since H*(BZ1s x B*Zs3, Z3) = H*(BZg x B2Z3, Z3), we have Q5° (BZg x
B%Z3)% = Q5°(BZg x B%*Z3)}.

(6.59) H*(BZy, Zg) = Az, (a’) ® Zo[V],
where o’ € HY(BZg, Zo), b € H*(BZg, Zo).

(6.60) H*(BZo, Z3) = Az, (&) ® Zs[b'],
where @ =a mod 3,8 =¥ mod 3,V = Bz,0)(a’).

(6.61) H*(B%Z3,Z3) = Za[zh, xf,...] @ Ag, (a5, 25, ...)
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Note that 5(3,3)(@') = 3B3,9)(a) = ~3b' =0, B3 (ry) = 3, 5(3,3)@/22) =
?xlzxéa 5(3,9) (?,b') = b/2~a 5(3,9) (a,bﬁ) =3, 5(3,3)(5L,93'2) = &,vféa 5(3,3)(17,%) =
Valy, Big s (a'bah) = a't/ay, Bss (a'zf) = 2a zhal.

There is a differential dy corresponding to the (3,9)-Bockstein [51].

So there are differentials such that do(V) = @'h?, do(b?) = @'b'hi2,
dg(l;'?’) — d/l~)12h62‘

The FE9 page is shown in Figure 74.

S
5
4 N
3 N
2 N
1
0 . . . .

Figure 74: Q59 (BZg x B2Z3)5.

Hence we have the following theorem

Theorem 128. The bordism groups are

Q?O(leg X B223)
Z
Zg X ZQ
Zs3
Zg X Z3 X Z2
7 x 73
Z% X Z% X Z27

T W N = O .

The 2d bordism invariant is .
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The 3d bordism invariants are a't/, @'z}, a>.

The 4d bordism invariants are o, b'z}, v
=112

The 5d bordism invariants are a°, aw3, wows, @ (o mod 3),a't'xh, @'z,
/
P (b').

Here P33 is the Postnikov square.
6.8. B(Z2 x PSU(N))

For N > 2, the outer automorphism group of PSU(N) is Za, where Zs acts
on PSU(N) via complex conjugation.

6.8.1. Q2(B(Z2 x PSU(3))).

Ext’; (H*(MO, Z2) ® H*(B(Zy x PSU(3)), Zs), Zs)
(6.62) = QP (B(Zy x PSU(3)))

(663) H*(MO7Z2) :AQ®ZQ[y27y4ay5ay67y87"'}*

* 02 2\« __ .2 * __ o4 *
where y5 = wi, (y3)" = w3, y; = wi, yi = waws, etc.

We have a fibration

(6.64) BPSU(3) — B(Zy x PSU(3)) — BZs,
and

(6.65) H*(BZs, Zs) = Zs]a]

(6.66) H*(BPSU(?)), Zg) = ZQ [CQ, 63]

By Serre spectral sequence, we have
(6.67) HP(BZo, HY(BPSU(3), Zs)) = HPT9(B(Zs x PSU(3)), Z2).

The relevant piece is shown in Figure 75.
Hence H*(B(Z2 x PSU(3)), Z2) = H*(BZa, Z2) for x < 3.

(6.68) H*(MO, Zy) ® H*(BZs, Zs)

Ao @ L[y, y4, Y, Y6, s, - - -] © Zo[a]
Ay BT Ay @ 25% Ay ® 253 A5 @ - - -

Hence we have the following theorem
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3 0 0 0 0
2 0 0 0 0
1 0 0 0 0
0 Z Lo Lo Lo
0 1 2 3

Figure 75: Serre spectral sequence for (BZy, BPSU(3)) with coefficients Zs.

Theorem 129. The bordism groups are

W R o=
N
[ V)

The 1d bordism invariant is a.

The 2d bordism invariants are a2, w?.
The 3d bordism invariants are a3, aw?.
6.8.2. Q39 (B(Z, x PSU(3))).

Ext’; (H*(MSO, Z,) ® H*(B(Z2 x PSU(3)), Zs), Z2)
(6.69) = QP (B(Zy x PSU(3)))s

Ext’; (H*(MSO,Zs) @ H*(B(Z, x PSU(3)), Zs), Z3)
(6.70) = Q°(B(Zy x PSU(3)))5

H*(BPSU(3), Zs)
(6.71) = (Zslz, 28, 212] ® Az, (23,27))/ (2223, 2227, 2228 + 2327)
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By Serre spectral sequence, we have
(6.72) HP(BZs, HY(BPSU(3),Z3)) = HPT4(B(Zy x PSU(3)), Z3).

The relevant piece is shown in Figure 76.

3 Zs 0 0 0
2 Z3 0 0 0
1 0 0 0 0
0 Zs 0 0 0

0 1 2 3

Figure 76: Serre spectral sequence for (BZ9, BPSU(3)) with coefficients Zs.

Hence H*(B(Z2 x PSU(3)), Z3) = H*(BPSU(3), Z3) for * < 3.

Combining this with previous results, we have the following theorem

Theorem 130. The bordism groups are

OSO(B(Z, x PSU(3)))

W R O
N
(V)

The 1d bordism invariant is a.
The 2d bordism invariant is zs.
The 3d bordism invariant is a3.

Here 2, = wy(PSU(3)) € H?(BPSU(3),Z3) is the generalized Stiefel-

Whitney class of the principal PSU(3) bundle.
6.8.3. Q9(B(Z2 x PSU(4))).

Ext’; (H*(MO, Z2) ® H*(B(Zy x PSU(4)), Zs), Zs)
(6.73) = QP (B(Zy x PSU(4)))
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(674) H*(MOaZQ) :AQ®ZQ[y2ay47y5yy67y87"°]*

2 2\ 2 _ 4 _
where y5 = wi, (y3)" = w3, yi = wi, Y5 = waws, etc.
We have a fibration

(6.75) BPSU(4) — B(Zy x PSU(4)) — BZ,
and
(6.76) H*(BZ2, Zs) = Z2|a]

We also have a fibration

(6.77) BSU(4) — BPSU(4) — B%Z,

and

(6.78) H*(BSU(4), Zg) = ZQ [CQ, Cc3, 04]
(6.79) H*(B%Z4, Zs) = Zo[iy, a4, x2, 2y, ...

By Serre spectral sequence, we have
(6.80) HP(B2Z4, H1(BSU(4), Z2)) = HPT4(BPSU(4), Zs).

The relevant piece is shown in Figure 77.

3 0 0 0 0
2 0 0 0 0
1 0 0 0 0
0 Zs 0 Zo Lo
0 1 2 3

Figure 77: Serre spectral sequence for (B2Z4, BSU(4)).

293
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Hence H*(BPSU(4), Zs) = H*(B?Z4, Zs) for x < 3.
Again by Serre spectral sequence, we have

(6.81) HP(BZs, HY(BPSU(4), Zy)) = HPT4(B(Zy x PSU(4)), Zs).

The relevant piece is shown in Figure 78.

3 Zo Zo Zo Zo Zo
2 Zo Zo Zo Zo Zo
1 0 0 0 0 0
0 Ze Lo La Lo Za
0 1 2 3 4

Figure 78: Serre spectral sequence for (BZy, BPSU(4)).

There are no differentials,

Zz n=>0
n . Z2 n=1
(6.82) H'(B(Z2 x PSUM)).Zo) = § 75, _
Zg n=3
(6.83) H* (MO, Zs) ® H*(B(Z2 x PSU(4)), Z2)

= A, d XA, ®3E2A2 @423./42 D---

Hence we have the following theorem

Theorem 131. The bordism groups are

i OP(B(Z: x PSU(4)))
0 Zo
1 Zo
2 73
3 z
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The 1d bordism invariant is a.

The 2d bordism invariants are a?, 2, w?.

The 3d bordism invariants are a3, 25, az}, aw?.

Here z,, = wy(PSU(4)) € H?(BPSU(4),7Z4) is the generalized Stiefel-
Whitney class of the principal PSU(4) bundle, 25 = z5 mod 2, 23 = (2 4) 2.

6.8.4. Q5°(B(Z2 x PSU(4))).

Ext’; (H*(MSO, Z,) ® H*(B(Z2 x PSU(4)), Z3), Z2)
(6.84) = Q79 (B(Zy x PSU(4)))

There is a differential da corresponding to the Bockstein homomorphism
Bioay + H' (=, Z4) — H*t1(—,Zy) associated to 0 — Zg — Zg — Zy — 0
[51]. See 2.5 for the definition of Bockstein homomorphisms.

Since fB(2.4)(7y) = 24, there is a differential such that da(25) = Z5h§.

The FEs page is shown in Figure 79.

S

0 1 2 3 t—s

Figure 79: Q39 (B(Zy x PSU(4))).

Hence we have the following theorem

Theorem 132. The bordism groups are

i SO(B(Z x PSU(A)))
0 Z
1 Zo
2 Za
3 72
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The 1d bordism invariant is a.
The 2d bordism invariant is z5.

The 3d bordism invariants are a3

>/
,QZ5.

7. Final comments and remarks

7.1. Relations to non-Abelian gauge theories and sigma models

As we mentioned, this article is a companion Reference with further detailed
calculations supporting other shorter articles [67-69]. Now we make final
comments and remarks on how our cobordism group calculations in the
preceding Sec. 5 and Sec. 6 are applied in these works [67-69].

1.

Pure SU(2) Yang-Mills theory’s higher anomaly: Ref. [30] introduces the
generalized global symmetries include higher symmetries (See a brief re-
view in Sec. 1.4, Items (< 1) and (< 2)). The pure SU(N) Yang-Mills
(YM) gauge theory has a higher-1-dimensional (1-form) electric symme-
try, denoted as Zf\w” (previously known as the Zy-center symmetry).
The pure SU(N) YM theory in 4d has the corresponding 1-form elec-
tric Zf\%l} symmetry charged object: the 1-dimensional gauge-invariant
Wilson line W,:

(7.1) We = Trr(P exp(i j{a)),

and the 2-dimensional charge operator: the 2-dimensional charge surface
operator Uk.

(7.2) U, — exp(i% y{A).

The spacetime path integral formulation of SU(N) YM higher symmetry
becomes a relation:

W, U) = (Tm(Pexp(i § a)) explin § )
’Yl 22
i2
(7.3) = exp(—Lk(y',5?),
with R in fundamental representation. The remarkable Ref. [29] discovers

the mixed higher 't Hooft anomaly of pure SU(N) YM theory at an
even integer N with a second Chern class topological term (7 [ ¢y ~
M4
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S %Tr F, N F, at § = 7 with the YM field strength curvature F,)
M4

between time-reversal Z1 symmetry (with a schematic background field
T or wi(T'M)) and the 1-form electric Z$ 1] Symmetry (with a schematic

2-form background field B), via a schematic 5d topological term:

(7.4) ~ exp(im /M5 TBB).

Ref. [67, 69] shows that this precise 5d topological term written as a 5d
bordism invariant (at N = 2) of a mod 2 class term is:

exp(iw/ BSq'B +5q%Sq'B)

M>

(7.5) = exp(ig/ w1 (TM)UJUP(B)),
M5

based on the notation introduced earlier in Sec. 5.4.1 and Sec. 5.4.1, it
can be written as:

exp(iw/ 229q zy + Sq®Sqtzy) = exp(iﬂ/ XT3 + X5)
M> M5
. 1.
(7.6) — explin [ inPalm),
M5

where z3 = B is the generator of H(B?Zy, Z3). Other than Ref. [67, 69],
the derivation of the relation of the topological invariant zoxs + x5 =
2101 P2(22) has also been examined in an excellent note of Debray [21].
For eqn. (7.6), our relevant cobordism theory includes the unoriented
bordism group QS(B2ZQ) in Sec. 5.4.1 and the oriented bordism group
059 (B%Zs,) in Sec. 5.4.2.

. Pure SU(N) Yang-Mills theory’s higher anomaly: The above formulas
(7.5) and (7.6), are 5d topological invariants characterizing the 4d SU(2)
YM at 6 = 7’s higher anomaly. For a generic 4d SU(N) YM at 0 = =
of even integer N = 2" Ref. [67] proposes a precise 5d topological term
written as a 5d bordism invariant (at N = 2") which includes at least a
mod 2 class term:

N 1.
(7.7) BB N=2mB + §Sq25(2,N)B = Nwl(TM)P(B),

characterizing (part of) the 4d SU(2) YM at 6§ = #’s higher anomaly.
Pontryagin square is defined as P : H?(—,Zgn) — HY(—,Zgn+1). For
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example, at N = 2, we get eqn. (7.7) coincides the same formula as
eqn. (7.6). At N =4, we get the formula BS(sx—4yB = J01(TM)P(B).
Our corresponding cobordism group calculations are presented in
Sec. 6.2.1 and Sec. 6.2.2.

. More discrete symmetries (e.g. charge conjugation) and more higher

anomalies: SU(N) YM theory has charge conjugation symmetry Z$ when
N > 2. Therefore, Ref. [67] presents additional higher 't Hooft anoma-
lies associated to the charge conjugation Z$ background field Ac. The
relevant cobordism group calculation involving additional ZQC symmetry
requires adding a new BZs sector into the previous classifying space.
Relevant cobordism group calculations are presented in Ref. [67], and
also some trial toy-model examples in Sec. 5.6, Sec. 6.6, and Sec. 6.7
involving the classifying space BZ,, and higher-classifying space B?Z,.
The combined higher-classifying space includes the forms of BZ,,, x B®Z,,
or BZ,, x B2Z,, (in Ref. [67]).

Non-linear sigma models and their anomalies: Non-linear sigma models
such as the CPN~!-sigma models (with the target space CPN~1) have
a global symmetry of PSU(N). Therefore, the relevant cobordism group
calculations presented in Ref. [67] include the classifying space BPSU(N).
We include the pertinent cobordism group calculations also for BPSU(N)
in Sec. 5.5, BPSU(2)=BO(3) in Sec. 6.3, and B(Zyx PSU(N)) in Sec. 6.8.
The time reversal symmetry ZZ of bosonic or fermionic version of sigma
models corresponds to O or Pin® structure respectively. The charge con-
jugation symmetry Z§ corresponds to the BZy in B(Zy x PSU(N)) in
Sec. 6.8

. Higher-symmetry extension, and the fate of gapped and gapless-ness of

quantum phases: An SU(N) YM gauge theory coupled to SU(N) fun-
damental fermions break explicitly the 1-form ZeN7[1]-Symmetry (thus
does not have the 1-form Zf\ul]-symmetry). An SU(N) YM gauge the-
ory coupled to SU(N) adjoint fermions can still possess a 1-form Zf\wl]—
symmetry.

The SU(N) adjoint fermion YM gauge theory is known as the adjoint
QCD of SU(N) gauge group. The relevant global symmetries of this ad-
joint QCD thus includes Z; ) and a SU(m) flavor chiral symmetry (say,
if there is an m-flavor of Wely fermions in the adjoint representation of
SU(N)). Some trial toy-model examples of cobordism groups, involving
these classifying spaces BSU(m), BPSU(m) and B2Zy, are presented in
Sec. 5.7. For example, for the adjoint QCD with an SU(2) gauge group
and Ny = 2 adjoint Weyl fermions, the pertinent symmetry groups are
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Spin Xzr (M) X 7§ 4y or Pin™ Xgzr (M) X 7L ] (includ-

Z3 2,[1] Z3
ing a time-reversal symmetry), see their cobordism groups and higher-

anomalies in [67].

Along this development, the fate of relevant theories of the adjoint QCD
is explored recently using the modern language of higher-symmetries and
higher-anomalies in various other Ref. [3, 4, 9, 18, 53, 58], other than [67],
and References therein.

Ref. [67] employs a generalization of a symmetry-extension method of
[77] to a higher-symmetry-extension method, as a tool of constructing a
fully-symmetry-preserving gapped phase saturating the higher 't Hooft
anomalies. It turns out that:

e Certain higher 't Hooft anomalies cannot be saturated by a fully-
symmetry-preserving gapped phase (e.g. TQFT); which implies ei-
ther the symmetry-breaking or gapless-ness of the dynamical fate
of the theories. Examples include P(B) in H*(M,Z4) and AP(B)
in H(M, Z4) where M is the spacetime manifold [67]. This higher-
symmetry-extension approach [67] thus rules out some candidate
low-energy infrared phases (as a dual phase of a high-energy QFT)
proposed in [9].

e Certain higher 't Hooft anomalies can be saturated by a fully-
symmetry-preserving gapped phase (e.g. TQFT); which implies a
possible exotic dynamical fate as the confinement with no chiral
symmetry nor 1-form center symmetry breaking. Various examples
of pure SU(N) YM gauge theories with # = m-topological term in-
deed afford such an exotic confinement without any (ordinary or
higher) symmetry-breaking, see Ref. [67, 69].

7.2. Relations to bosonic/fermionic higher-symmetry-
protected topological states: beyond generalized
super-group cohomology theories

1. Bosonic higher-symmetry protected topological states (b-higher-SPTs):

(1) Bosonic symmetry-protected topological states (bSPTs) in d + 1d of
an internal (ordinary 0-form) global symmetry G g is proposed firstly
in Chen-Gu-Liu-Wen Ref. [14] to be classified by a cohomology group

(7.8) H™ (G ), U(1))
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or the topological cohomology of classifying space BGy as
(7.9) H(BG(g), U(1)).

(2) It is later proposed by Kapustin in Ref. [39], for bosonic SPTs of
G ) and for bosonic symmetric invertible topological order (denoted as
b-iTO) of G(g), they are classify by a cobordism group classification,
which is beyond the group cohomology framework. The torsion (finite
group || j Zn,) part of cobordism group classification contains:

(7.10) Hom (24,1 tors (BG(0)), U(1))

where H is an oriented H = SO or an unoriented H = O for the
(co)bordism group. To include the free part (the non-torsion part, in-
finite integer [ ;L classes), we need to include additional contribution:
In physics, this is related to the nontrivial thermal Hall response and
gravitational Chern-Simons terms.

(3) Ref. [83] of Wen proposes the SO(c0) version of bosonic cohomology

group to classify the bSPTs beyond Chen-Gu-Liu-Wen’s Ref. [14] via
HH1(S0(00) x G(g), U(1)),

(7.11) HTL(B(SO(00) x G(g)), U(1)).

(4) Ref. [25] of Freed-Hopkins introduces this classification of topologi-

cal phases (TP), including the torsion and the free parts, defined as a
suitable new cobordism group denoted:

(7.12) TPd_H(H X G(O))

(5) In our work, we generalize the result of Ref. [25] of bosonic SPT's to
bosonic higher-SPTs including the higher-symmetries (e.g. G (1)), such
as

TPd+1(H X (G(o) X BG(l))),
(7.13) TPas1(H x (G(o) x BG(y))),

and more general constructions in Sec. 4.

. Fermionic higher-symmetry protected topological states (f-higher-SPTs):

Fermionic symmetry-protected topological states (fSPTs) in d+ 1d of an
internal (ordinary O-form) global symmetry G ) is proposed in Ref. [33]
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by Gu-Wen to be classified by a super-cohomology group. A corrected
modification of Gu-Wen model is presented by Gaiotto-Kapustin in
Ref. [28]. The Gu-Wen model and Gaiotto-Kapustin model is more or
less complete for the 3d (24+1D) fSPTs with a global symmetry of finite
group G ). They also provide lattice Hamiltonian or wavefunction model
constructions. The relation between the full fermionic symmetry group
Gr and G(g) is based on a short exact sequence, extended by a normal
subgroup fermionic parity ZZ:

(7.14) 1—>Z5—>GF—>G(Q) — 1.

However, neither Gu-Wen nor Gaiotto-Kapustin models obtain a com-
plete classification for 4d (34+1D) fSPTs, even for a global symmetry
of finite group G (g). Improvements are made via several different ap-
proaches:

(1) Kitaev’s in Ref. [46] proposes a homotopy-theoretic approach to SPT
phases in action. This gives rise a correct Zig classification of 3+1D
topological superconductors, matching to the cobordism group classifi-
cation. Kitaev’s Ref. [46] can be regarded as the interaction version of
SPT classification, improved from his previous K-theory approach for
the topological phase classification of free-fermion systems [47]. Kitaev’s
approach is reviewed, for example, in Ref. [27, 90].

(2) Kapustin-Thorngren-Turzillo-Wang [45] approaches is based on the
H = Spin or Pin™ versions of cobordism group Hom(Qfﬂ’tors(BG(o)),
U(1)).

(3) Freed-Hopkins [25] introduces a cobordism group TPgy.1(H x G(q))
whose effective computation is based on the Adams spectral sequence,
with H = Spin or Pin™ for a fermionic theory.

(4) Kapustin-Thorngren in Ref. [44] introduces the higher-dimensional
bosonization to construct higher-dimensional fSPTs, mostly focusing on
a finite symmetry group Gp.

(5) Wang-Gu in Ref. [80, 81] introduces a generalized group super-
cohomology theory with multi-layers of group extension structures of
super-cohomology group, mostly focusing on a finite symmetry group
GF. The computation of fSPTs classification based on the generalized
super-cohomology group is similar to the Atiyah-Hirzebruch spectral
sequence method. See related discussions in Ref. [34, 60] on Atiyah-
Hirzebruch spectral sequence for classifying fSPTs.
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(6) Ref. [32, 38] use a mixture of Dai-Freed theorem [20] and Atiyah-
Hirzebruch-like spectral sequence to determine fSPTs and their discrete
anomalies on the boundaries.

(7) Ref. [34] computes various finite-group fSPTs via Adams spectral
sequence. Their methods and their derived fSPT terms can be regarded
as the complementary approach to those derived via Atiyah-Hirzebruch-
like spectral sequence [60, 80, 81].

(8) In our work, we generalize the result of Ref. [25] of fermionic SPTs to
fermionic higher-SPTs including the higher-symmetries (e.g. G (1)), such
as

TPd+1(H X (G(O) X BG(l)))7 TPd+1(H X (G(O) X BG(l))),

with H = Spin or Pin*. Or slightly more generally, consider the classi-
fication of fermionic higher-SPTs via:

TP 411 (H)
such that the H, G and H satisfy the following exact sequences:

1-G—H— Spin(d+1) = 1,
(7.15) 1 — 75 — Spin(d +1) — SO(d + 1) — 1,
B2G(1) — BG — BG(O) — BSG(l) — ...

or

1 -G —H-—Pint(d+1) -1,
(7.16) 1 — 78 - Pint(d+1) - O(d+1) = 1,
B2G(1) — BG — BG(O) — B3G(1) — ..

Even more general constructions are explored in Sec. 4.

. Braiding statistics and link invariants approach to characterize bosonic/

fermionic SPTs and higher-SPTs: Another useful approach to classify
SPTs is based on gauging the global symmetry group of SPTs, such that
we obtain a gauge theory or TQFT at the end. The braiding statistics
of the fractionalized excitations of gauged SPTs can characterize the
pre-gauged SPTs, the explicit method of 3d (24+1D) SPTs is outlined
by Levin-Gu [49]. Here we focus on the case of continuum field theory
formulation of braiding statistics and link invariants approach to char-
acterize these higher-dimensional SPTs.
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(1) 4d (3+1D) bSPTs: Ref. [54, 70]
(2) 4d (3+1D) fSPTs: Ref. [15, 34, 44, 54]
(3) 5d (4+1D) SPTs or higher dimensions: Ref. [69].
4. A Generalized Cobordism Theory of higher-symmetry groups — beyond
Higher-Group Super-Cohomology Theories:

It is known that the cobordism theory approach of Kapustin et al. [39, 45]
and Freed-Hopkins [25] obtain the classification of fSPTs and bSPTs
beyond Chen-Gu-Liu-Wen’s group cohomology [14] or Gu-Wen’s group
super-cohomology [33]. A more refined version of generalized group
super-cohomology [80, 81] can obtain some missing classes of [33] to
match the cobordism classification.

Therefore, we expect that the our approach, on a generalized cobor-
dism theory including the higher-symmetry groups, can classify higher-
SPTs (including fSPTs and bSPTs) that may or may not be captured
by higher-group super-cohomology theories.

For future work, it will be illuminating to understand the distinctions
between the generalized higher-group cobordism theory approach and
the generalized higher-group super-cohomology theories. We expect the
comparison between two approaches can be rephrased as a certain version
of Adams spectral sequence method in contrast to a certain version of
Atiyah-Hirzebruch spectral sequence method.

It will also be important to figure the possible lattice-regularization (e.g.
lattice Hamiltonian on simplicial complex) of those higher-SPTs classi-
fied by our generalized cobordism theory.
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