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Projection methods for rational Riccati equations
arising in stochastic optimal control
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We consider the numerical methods of large-scale rational Ric-
cati equations, arising in stochastic optimal control. We propose
a projection method or a Krylov subspace interpretation of the
generalized Smith method. More importantly, we prove that some
solvability conditions of the rational Riccati equation and their
linearizations are inherited by the projected equation.
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1. Introduction

In this paper, we generalize the projection method to rational Riccati equa-
tions, arising in stochastic optimal control. This is the fourth paper in the
series of papers on the inheritance properties of projection methods for al-
gebraic and rational Riccati equations after [44, 45, 17].

1.1. Continuous-time rational Riccati equations

Consider the control system with state « and control u, governed by the It6
differential equation [12, 14, 19, 20]:

N
(1) dx(t) = Ax(t) dt + Bu(t) dt + Z [A;z(t) + Biu(t)] dw;(t), x(0) = xg.
i=1

The stochastic disturbances {w;(t)}icr, are independent zero mean real
Wiener processes and the output y satisfies y(t) = Cz(t) + Du(t). Here
A A; € R B B; € R™™ C € R>*™ and D € RX™ for i = 1,---, N.
We denote the transpose by (-)T, the Moore-Penrose generalized inverse by
()F and the 2-norm by || - ||.
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For the control or stabilization of (1), we may choose u to minimize

J(xo,u)zg/ooo[HTT[ﬂdt, Tz[g ]L%] >0,

where H = CCT € R™", R € R™*™ ig positive definite, L € R™ ™ and
£ denotes the expectation operator. This gives rise to the continuous-time
rational Riccati equation (CRRE):

2) CX)=A"X+XA+H+1L(X) - L(X)RX)'L(X)" =0,

with L(X) = L+ XB + I112(X), R(X) = R + II2(X). The stochasticity of
(1) is embodied in

® 10O = | o ) |

where TI;(X) = SN ATXA;, Ty(X) = N, B/ XB; and ;»(X) =
Zfil A X B;. The linear operator II is said to be positive as I[(X) > 0
for X > 0 [36]. Note that the positivity of II implies that of II; and IIy. The
optimal control is given by

(4) u=—[R+T(X)] [L+ XB+(X)]" «,

with X being the unique maximal stabilizing solution to the CRRE (2). The
applications of projection methods on CRREs and discrete-time rational
Riccati equations (DRREs) will be discussed further in Sections 2 and 3.
We refer to CRREs and DRREs collectively as RREs.

1.2. What have been done

For algebraic Riccati equations (AREs) [30] without stochastic disturbances
(i.e., II(X) = 0), they can be solved by the efficient doubling algorithms in
[9, 10] (see also the references on other methods therein). Basic results in
optimal control can be found in [33]; see also the surveys and reviews for
Riccati equations in [1, 18, 30].

A good detailed account of RREs (in continuous-time) by Damm can be
found in [12] and useful results are found in [14, 19, 20, 24]. Newton’s method
was applied in [12, 14] and modified Newton’s methods in [21, 24|, with the
former considering the special case with R >0 and B; =0 (i =1,--- ,N),
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where the control u is deterministic. This special case, CRRE(, has a con-
stant rational term R~! and has been investigated by Wonham [41, 42]. In
[16], the numerical solution of (2) in large-scale (or its discrete-time cousin
(14)) by Newton’s method was considered, driven by an efficient algorithm
for the generalized Lyapunov (or Stein) equations (GLEs or GSEs).

An algorithm of O(n?) computational complexity per iteration has been
proposed for small size GLEs by Damm in [2; 3, 12, 13]. The modified
Newton methods (MNMs) in [24, 25] have an O(n?) complexity per iteration
but converge linearly. Large-scale RREs have not been considered previously
except in [16]. For deterministic large-scale problems, please consult [5, 6,
7, 23, 27, 28, 34, 35] for CAREs, [4] for DAREs and [26, 29, 35, 37] for
Lyapunov and Stein equations, all applying Galerkin or Krylov subspace
methods [37, 38, 39, 40]. See also the recent surveys in [8, 38]. Alternatively,
as in [16], generalized Smith methods have been utilized in [11, 31, 32].

The solvability of the CRRE( has been considered in [41]. Essentially,
the assumptions limit the influence of the stochastic disturbances in the
control system in (1). More general results on the solvability of the CRRE
(2) can be found in [12, Chapter 5] and [14], under generalized stabilizability
and detectability assumptions.

1.3. Main design

The initial stabilizing solution required in Newton’s method is difficult to
achieve [43]. The only feasible method for a general CRRE, not requiring any
initial stabilizing guess, is the homotopy method in [43], driven by n(n+1)/2
ordinary differential equations of the homotopy flow. However, when the size
of the problem n is large, this involves an overwhelming amount of computing
resources. A new approach is proposed below.

Firstly, from [16], the unique maximal stabilizing solution X of the
CRRE (2) (or DRRE (14)) is numerical low-rank, enabling a low-rank ap-
proximation of X. Happily, this is the basis of all projection method for
matrix equations. Secondly, the iterative solution process in [16] suggests
the Krylov subspace and Arnoldi processes in (5) and (7) (or, (15) and (16))
below for the projection method. Thirdly, after projection, the small pro-
jected CRRE (or DRRE) can then be solved efficiently by the homotopy
method in [43]. Finally, and importantly, the solvability of the projected
CRRE (or DRRE) will be inherited from that of the original CRRE (2) (or
DRRE (14)), as in [44, 45] for AREs, when the quantities §; = max; ||ri Y|
and f = max; ; HTZTYM‘;H in (10) (in terms of the Arnoldi residuals 7 in
(6) and (7) as well as the solution Y} to the projected RRE) are small.
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1.4. Projection methods for AREs

In [44, 45] for large-scale AREs, the structure-preserving doubling algorithms
[11, 31] lead to the appropriate Krylov subspaces and Arnoldi processes.
Stabilizability, detectability and other sufficient conditions of solvability of
the ARE under consideration have been proved to pass onto the projected
equations, when the Arnoldi residuals are relatively small. The results in this
paper generalize those in [44, 45], with more complicated Krylov subspaces
and inheritance properties, because of the more complex concept of stability
relative to IT [12, 14, 19, 20, 43] and the lack of any link between the CRRE
(2) or DRRE (14), and any eigenvalue problems.

1.5. Main contributions

(1) We propose an algorithm for large-scale RREs, which does not require
any difficult initial stabilization (as in Newton-like methods).

(2) From [16], we propose an appropriate Krylov subspace for the projec-
tion method for RREs.

(3) We prove the solvability of the original ARE is inherited by the pro-
jected equation, under certain conditions.

1.6. Organization

We consider the application of projection methods to RREs, and the asso-
ciated generalized Lyapunov and Stein equations, in Sections 2 and 3. We
present the inheritance properties for RREs in Section 4 and some conclu-
sions in Section 5.

2. Projection methods for CRRESs

Inspired by the solution of continuous-time rational Riccati and generalized
Lyapunov equations in [16], we apply the projection method with the gener-
alized Krylov subspace spanned by V}, described as the following composite
Arnoldi process. With Vi = [CT, LT] scaled to have orthonormal columns
and A,y = A —~I, we construct

(5) Z), = [A(_W;Vk,AlTVk, ANV

We then scale [V, Zi] to have orthonormal columns by the QR factorization
[22],i.e., [Vi, Zk] = Vi41Sk+1. In practice, we apply the following generalized
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Arnoldi processes. From the first column block A(*J

Arnoldi relationship for A(i;Vk and rearrangement leads to:

Vi in (5), we have an

(6) ATV = Vi, + oy

with [V, o) 41 having orthonormal columns and the Arnoldi residual o
hopefully small. Including (6) with the notation Ay = A, we have the Arnoldi
relationship: (for i =0,1,--- , N)

(7) AV = V@l 4ol T

and [V, vj_,] has orthonormal columns. Then the QR factorization
(W vh g5 U] = Vg1 Sk gives rise to Viyy = [Vi, Viga] having
orthonormal columns.

Remark 2.1. The Arnoldi process in (5) and (7) is necessarily complicated
because of the need to include the stochastic components in A;. Since we
rely on the Arnoldi relationships in (7), we may construct the Krylov sub-
space differently, using AT directly in place of A;; in (5) [39]. Subsequent
development uses (7), so any Krylov subspaces satisfying (7) is applicable.

Let the projection matrix P = [Py, P,] with P =V}, and PTP = I, the
Arnoldi relationships (7) then imply the useful equalities: (for all 7)

(8) PlTAzpl == 2, Pl—l—AZPQ == T}L.CU}L;:TF].P2'
The Arnoldi residuals r};} (¢ = 0,1,---,N) play important parts in our

analysis. Let Xy = V;Y;V,'. From (5) and (8) with B; = P'B;, we ob-
tain 11, (Yy) = P T (Xp) P = SN, TV ®L, Tha(YVe) = P a(Xy) =
S @B, P IL(X) Py = P S vl Vi@ and P T (X)) =
Py Zf\il vzHr,iTYkEi. The projected CRRE, P,' C(X}) Py = 0, has the form:

(9) Ci1(Yy) = O0 Vi + Y3 @) + Hyq + 111 (Yy) — L1 (Vi) Rax (Vi) T L1 (Vi) T = 0,

where Ll(Yk) =L1+Y,By+ le(Yk), RH(Yk) =R+ HQ(Yk), I = PlTL,
Hy = PIHP,, By = P/ B and TIh(Y) = N (P B)TY (P B;). The
projected CRRE (pCRRE) in (9) is small in size (where &9 € R™*" with
n® < n), producing Y efficiently. We need the pCRRE (9) to satisfy the
corresponding solvability condition, which will be proved in Section 4, when
the Arnoldi residuals r% (i =0,---, N) are relatively small.
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In terms of errors, apply P and P to the residual Ry, = C(X},), with

F=RX)'L(Xy)" = Ru(Yu)L(Xp)", F=Ru(Ye)Li(v)7,

we obtain
N . .
PYRy = P |or) YaPi+ > vt YiP (Ai — BiF)
=1
N ~ o~
Py Ry = P |or Yi+ > vir Ye(®) — B F)
=1
N . .
Py R.P, = P {Zu,g+1r;jyk
=1
_ N
rivih — BilR+ (Yo" Y B Yirlvll, | ¢ P2
j=1

Estimating || P Ry P||, with p; = |P) Ry P1|| and pa = ||P) Ry P2, we have

- N 1/2

. ~— ~]|2 .

= HYkT2|!2+ZH‘I’Z—BiTFH Ikl < (V41 gun,

1/2
T ~ ~ ~T 112

p2 < T’ Ykrk ?”i; YkBi[R—i-HQ(Yk)]TBj Yk?”fC

}jzl
< N¢2.9 + N1/29,,
01 = max{\lr TYill}, ba= H;E;X{IIT "Y1}

(10) 61 =max {1, @} ~ BiF|}. ¢» = max {| B[R + Ta(vi))' B | |

we deduce that

(11) IRk < p1+O(/pip2) < (N +1)2 4161 + O(6:162).

Note that 6; and 0, thus p; and po, can be small even when riz are large as
(Yi)ij = 0 as i, j — oo, a feature of projection methods [44, Section 3.1]. As
in the deterministic case [44, 45], the residual Ry in (11) is bounded from
above essentially by 61 = max; ||l Y| and 65 = max; ; ||ri" Yiri]|.
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2.1. Generalized Lyapunov equations
Consider the linearized version of the CRRE (2) or the GLE:
(12) Ln,(X)=ATX + XA+1L(X)+ H =0,

where Ly, is stable (i.e., Lo(-) = AT () + (-)A is stable with respect to II;
[12]) and H > 0.

The projection method, with the same Krylov subspace as in (5) and
(7) for CRRES, yields the projected GLE:

(13) L, (Yi) = P Lu, (PYR P )Py = @)Yy, + V@) + T4 (V) + Hyy = 0.
2.2. Truncation

Counter-intuitively, including more vectors in Vj, during the Arnoldi process
in (5) and (7) may actually harm the accuracy or even the viability of the
projection method. For the “quality” of Vi and the condition of Yy, it is
important to truncate nearly dependent basis vectors during the Arnoldi
process. For a detailed discussion consult [44, Section 3.1].

3. Projection methods for DRREs

For DRREs and GSEs, we shall share notations with CRREs and GLEs
without confusion.

From [15, 19, 25|, consider the following discrete-time stochastic control
system for the state x and output y:

N
z(t+1) = Ax(t)+Bu(t)+Z [A;z(t) + Biu(t)] wi(t), y(t) = Cx(t)+Du(t).
i=1

In stochastic optimal control, we minimize
[e's] T
_ x(t) x(t)
Jd(xo,u)_gtz%[u(t)] T|:u(t) .

For the optimal control u = —Fx (X)z, we require the maximal stabilizing
solution X of the discrete-time rational Riccati equation (DRRE):

(14) DX)=-X+H+I(X)+ATXA - L(X)RX) LX) =0,
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with L(X) = L+ ATXB + 3(X)), R(X) = R+ BT XB + I3(X), and
Fy(Z) = R(X)TL(X)T. The stochastic disturbances associated with A; and
B; manifest themselves in IT in (3).

The solution to (14) has been investigated theoretically and numerically
in [19, 25] and in more general forms in [15]. Inspired by the solution of
discrete-time algebraic Riccati and generalized Stein equations in [16], we
apply the projection method with the generalized Krylov subspace spanned
by Vi, described as the following composite Arnoldi process. From V =
[CT, LT] (scaled to have orthonormal columns), we construct

(15) Zy = [ATVi, A Vi, - L ALVA]

We may scale [V}, Zx] to have orthonormal columns by the QR factorization,
ie., [Vi, Zx] = Vi11Sky1. In practice, we apply the following generalized
Arnoldi processes. From the first column block A"V}, it is easy to see that

we have a similar Arnoldi relationships as (7): (for i =0,1,--- | N)
(16) AV = We +ol T,

with 4y = A, [V, v 1] having orthonormal columns. Then from the QR
factorization [fu,2+1, e ,v,ﬁl] = 1~/k+1§k+1, we built Vi1 = [V, 1~/k+1] with
orthonormal columns.

Let the projection matrix P = [Py, P,] with P, = V; and PTP = I, and
X = V3Y;V,[. The projected DRRE is P’ D(X})P; = 0, of the form:

Di(Yy) = =Yy + Hyy + 1L (Vy) + 0TV, @0 — Ly (V)R (V) Li(vi) T =0,

with L (Yk) =1L+ ‘I)gTYkEO + ﬁm(yk), éll(yk) =R+ EJY;CEO + ﬁl(Yk)
and Ry1(Yy) = R+ By Yy Bo + I12(Yy). For errors, with

F=RX)Li(Xp)" = Ru(W) LX), F=RuW) LY,

Ap = A and By = B, we obtain

N
Py Ry =Py Y vy ri YiP (A — B;F),
=0
N . . . ~ o~
Py RpPr = Py ) vhy ri Ya(®), — BiF),
=0
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Py RyP, = P, {Ug Ly Y

N
rpvets — BoRu (V)T B;Ykrivziﬂl
=1

N N
-
+ kaHrk Yi rkka BiR11(Yy) Z Ykrivéﬂ Py.

=1 7=1

With 6, and 6y as defined in (10), and ¢; = max;>g {||<I>}c — RFVH} and
¢2 = IMax; j>0 {HEZ[R + EJY]CEO + ﬁQ(Yk)]TEJTH}, we obtain

N 1/2
. ~ ~[|2 .
= P RP < |2 ||0h = BiF|| IYirkl?| < (N +1)"20u01,
1=0
N ~ ~ ~ 112
P2 = "P;Rkp2|’ < [Z HTI(C)TYkBORH(YkﬁB;rYkT}fH
i=1

1/2

N
. ~ ~ 112
Ykrk + > |ri YeBiRu(Ye) B Yir]
i,j=1
< (N + N2)1/2¢29% + (N +1)120,,

treating the second-ordered term in po as a perturbation, we deduce that

(17) IRkl < p1+O(Vpipa) < (N +1)"26161 + O(6:65).

Again from (17), 1 = max; |riTYy| and 6 = max; ; ||ri" YkrkH can be small
even when 7}, are large as (Y3);; — 0 as 4,5 — oo.

3.1. Generalized Stein equations
Consider the linearized version of the DRRE (14) or the GSE:
S, (X)=—-X+ATXA+IL(X)+H =0,
where Sy, is stable (i.e., So(*) = —(+) + AT (-)A is stable with respect to Il
[12]) and H > 0.

The projection method, with the same Krylov subspace as in (5) and
(7) for CRRES, leads to the projected GSE:

Si, (Vi) = P S, (P Py )Py = =Y, + O V@) + 111 (Y3,) + Hyy = 0.
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4. Inheritance properties for solvability

There are many sufficient conditions for the solvability of the CRREs. For
example, a unique stabilizing solution X exists for the RRE if the underlying
system is stabilizable relatively to II, Condition (A6) on T', as well as some
null space condition holds for the generalized inverse. Particularly useful to
our discussion, we required X > 0, which is guaranteed by [43, Lemma 3.11].
See also Corollaries 3.7 and 3.10, and Lemma 3.8 in [43] for more related
results. Solvability of RREs is nontrivial, associated with different sufficient
conditions. From [12, Lemma 1.8.4] and [43, Section 3.1.1], the following
assumptions are required, in various combinations, for solvability:

(A1) (Stabilizability) (A, B) is c-stabilizable relative to II; i.e., there exist
FeR™" X >0 and
7 TH 717
—-F —F |7

such that (A — BF)TX + X (A — BF) +I(X) < 0;
(A2) (Detectability) (H — LRTLT, A~ BRTLT) is c-detectable relative to
II;; i.e., there exist X > 0 such that

I

(A-BR'L")'X + X(A— BR'L") +11,(X) < H— LR'L";

(A3) There exists X where NulllR + I5(X)] € Null(B) and C(X) is
(semi-)positive definite.

(A4) Let R(X) = R+ 1Ix(X), L(X) = L+ XB + II12(X) for CRRESs, or
R(X) = R+ B"XB +1I4(X), L(X) = L+ ATXB + II;5(X) for
DRRESs, we require

(18) Null(R(X)) C Null(S(X));
(A5) Null(R) C Null(L), Null(R) C Null(B) or Null(R+1I5(X)) C Null(B);
(A6) H > LR'LT; and

R LT

(A?)T:[L o

] >0

We shall prove the inheritance properties for the sufficient conditions
(A1)-(A7) associated with the solvability of RREs. Previously in other pa-
pers on projection methods for AREs, as discussed in [44, 45], the solvability
of the projected AREs has been assumed. Only results for CRREs will be
shown and the analogous results for DRREs can be deduced similarly.
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4.1. Stabilizability and detectability

By [12, Lemma 1.7.2], the stabilizability of [A, (A;), B, (B;)] is equivalent to
the following:

if X € C™™™ is an eigenvector of L4 + II; corresponding to an eigenvalue
A€ C_, then B*X, B X #0.

Detectability and stabilizability are adjoint properties, with detectability of
[A, (A;), C] being equivalent to the stabilizability of [AT, (A4]), C'T,(0)].

4.1.1. Inheritance of stabilizability. Expanding using the Kronecker
product, stabilizability is thus equivalent to

(19) M(s)=[A—sI, B] fr.,

for s € C_, with “f.r.” abbreviating “full-rank” and

N
AEI@A—I—A@I—{-ZAZ‘@Ai, B=1®|B, By,---,Bxl
=1

More rigorously in terms of the minimum singular value, let

(20) r{A, (A); B, (B)] = min oinM(s).

The stabilizability of [A, (A4;); B, (B;)] is equivalent to 7[A4, (4;); B, (B;)] >
0.
First with Ag = I ® (PTAP) + (PTAP) ® I, consider 2! = y' ® 2! =

1T lT]T

[y{rv y%T]T ® [z, 25 , we have

T[Aa (AZ)7 B, (BZ)] = Iél(ljn Omin [A —sl, B]

— - 1T/ pT Tyig PP 0

Tl e || (Pr®P)[A=sl B [ 0 P®I

., : 1T T T4

= nélén ||m|1|n1 { Ag + Z P A;P)® (P AP)— sI] ,
sZC_ ||zt ||= i—1

(I@ PTB, PTB“~-,PTBND}H

= min min
sZC_ ||zt||=1

le ® 1TPTAP) + (lePTAP) ® ZIT

—
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N
+> (W'"PTAP)® (2" TPTAP) — 2T,
=1
y'T @ TP, PTB - PTBN Y
With y! = [yi", 0T]T, ' =[yi", 0"]", 2 =y} ® 2{ and (8), we have

(A;); B, (B;)] < min min

SEC_ |2} [=1
Zl T
H{{ G tlun)) + 6 o ol P o |
N
Z b TR Pa)) © (21T (@), rivkl i Pa)
=1
A7 177 o ~
(21)  —s vi ® L @ (2T By, By, Byl)
0 0 0
< min min, {y ® (21 BY) + (v BY) @ 2 +Z 1oL ® (21 @)

_Sy%—r ® Z%T7 y%—r ® (Z%T[E()a Bla T 7BN }H + 7%
(22) = 7[®), (®}); Bo, (Bi)] + 1,

1”_

where [ly' @ 2 ||_yr I 121, " = max; {|| DT yill, |2} =1 1},
{2

rt = max;sof[rf b, 7 2111} and for j = 1:

T T T T
v = [y{]@)[ TOOOT }JF[ TOOOTJ] ®[Z{]
0 Py vpyrp) 2 Py v e 1 0

N T T T T
+2 [ T‘O'Tj} ®[ T‘OT } +[%Ty{]
P Py vy m Py vy 1y, z]
® 0 ' + 0 j ' ® (I)ZT
Pvali+17";gTzl PzTUiHTZTZ/{

N
e R T e S (LA R

. . 1/2
T T i T T
(23) @i P I 12 + I 12T 1) |
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< V2N 1) (i) + N(r1),

with g and z{ optimize the first term in (4.1.1). For a general z = Zj oy @

2J with {y/ ® 2/} being orthonormal, 3/ = [y{T,ygT]T, 2= [z{T,ng]T
and [|z]|? = Y. a2 = 1, the proof follows similarly, with additional sum-

3
mations with respect to j and applications of the triangular inequality

in (4.1.1) and (23). Let ¢/ = max;{|®} y][. |8} =][1}, » = max;{¢’},

ri = max;so{||ri vl 17" 21|}, 7 = max;{r/} and from (23):

(24) Y= > ()2 < V2(Ne +1)i2 + Nit,
J

the result in (22) for the general case has the form

(25) T[A, (A); B, (B)] < 7[®}, (®},); Bo, (B)] + ¥

Thus (24) implies that ¢y, = [2(N¢+1)]"/27 + O(#*) which will be small if 7
is, or |[riTy]|| and ||ri"2{|| are. From (25), the inheritance of stabilizability,
in the terms of 7 in (20), holds when 7[A, (4;); B, (B;)] > 1%, bounding the

original system from unstabilizability by a distance of at least .

4.1.2. Difficulties with detectability. The inheritance of the adjoint

property of detectability cannot be deduced similarly. Note that detectabil-

ity is substituted by (A6) in some theorems on solvability of RREs.
Expanding using the Kronecker product, detectability is equivalent to

(26) N(s) = [ “}‘é of ] fr.,

fors € C_ ,with A=T®A+ARIT+ Efiw‘li ® A; as defined in (19),
without any C;.

In terms of the minimum singular value, ignoring the argument for de-
generate C; in 7, let

T[AT,(4]); 7] = min o (s).
sgC_
The detectability of [A, (A;), C] is equivalent to T[AT, (AiT); C’T] > 0.
First consider 2! =y' @ 2* = [y{ T, 3 "]T ® [21", 23], we have

A— sl
T Ty, ~ T — : .
T[A 7<A2 )7 C }—Sngnr_lo'mln[ I®C :|
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I PTepP’ 0 A— sl .
N i,}é?”?ﬁ& { 0 PT®I]{ I®C }(P@P)x
. A®+§jfﬂPTAJU®(PTAJU—sI}1
= min min - X
sgC_ ||zt||=1 { I® (CP)

Let ADEA,ézCP:[C’l,O] and for ¢ =0,1,--- , N:

o pigil P ~ o0 ~ ot 0
PTAZP = |: ik k k+1 2 :| y Al = |: ik i :| s AZ = |: k :| .
A21 A22 A21 A22 0 0

With x! optimizing the first term in (27), we then have
7[AT,(A]); CT] < min min
sZC— ||zt ||=1

(27) ‘HI®Amh%®I+ZyV%®ArﬂIk;

1
[%[Ch0] ¢

where 74 = vk+1P2y2, 3= kaszQ and

N
¢t o= sl 4 Ikl + D kgl 2
i=1
Assume that
T AT T 1

the first term in (27) is positive, indicating that the system associated with
AY, is stable. In particular, for some 2! = y! ® [0,23 7], we have

(29) min min > 0.

[ I®/To+go®f+2£\ilgi®gi*8—r :|x1
sgC_ ||zt ||=1

I® [01,0]

Minimum singular value. Expanding (29), we have

|:I®A/O+AVO®I+E;]\L1;L®AJZ_SI :|l‘1

1®][Ch,0]
Yyl ® 2
_ Als) Yo ® 2
- I ®[C1,0] Yl @ 25 ’

Yz ® 23
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(after appropriate reordering of rows) with Iy = Iy, Iy = I,,_q, I11 = Iz,
ha = Iyn—ay, I22 = I(—g)> and

AH(S) 0 0
Ao Aaga(s) 0

[ A(s) ] = Aszp Asa Ass(s) |,
In ® [Cl, 0] 11 ® Cl 0 0

0 I, ® C 0
An(s) =L+ L+ Y &) @0}, — sh,
i

An = Ay L+ Y A5 © &,
i

An(s) =L+ AHL @ 11 + Y | Aby ® B} — sliy,
7
Asy = [ I @ A9, +2 (I)2®A§1 ]
N > As @ Ay 7

Agp = o
2= L®AY + Y Ap© Ay |

Agy(s) = | 1@ AR T L@ T2+ 55 8 ® Aby — sho
33 B Agl ® IQ + ZZ A21 & A’L22

0
L®AY + AY @ I + 35, Ay ® Aby — sl }

From the zeroes in C and the fact that (26) implying the full-rank of

[A(s)T,CT]T, we have the nonsingularity of Asz(s), which also implies
the same for Ass(s). These imply the full rank of

Au(s) 0

Aoy Aaa(s) or ;ilg(g)l
L ®C 0
1 (28 1 Lo C, —(IQ X Cl)A22(8>71A21

Either full-rank matrix does not lead to the full-rank of [A11(s)T, T® C]T
we require, unless As; = 0 which is untrue in general.
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Generalized Lyapunov equations. From (29), under the assumption of
(28), the system [A°T, (A]); CT] is detectable with respect to

~ N
() 15 () ] S ATXA.
O (x) M(x) |

Expanding with X = (X;;) (Xa1 = X,), it is easy to see that

N
I (X) = Ty (X11) + D (@} X1p Ay + AL X5}, + Ab Xpp Ab),
=1

N
(X11) = Z@”Xl I (X) = (@4 X1oAhy + AJ] Xap Aby),
=1
I (x) = [ (x)) T, I (X ZA22X22A22
=1

From [43, Theorem 3.1], there exists G such that Ay — GC is stable with
respect to Ily, or there exists a positive definite solution X such that

AJX + XAg+IL(X)+Q =0, Q>0.

To prove that [q)gT, (@}j); C'] is detectable with respect to ﬁl, we need to
find G such that @2 — (1 is stable with respect to II, or there exists a
positive definite solution Xi; such that

VX + X1 P8 + ﬁl(Xll) +Q11 =0, Q11 >0.

Because I is quadratic in gi, inheritance of detectability can only be proved
to be inherited if Ay, =0 (¢ =0,1,--- ,N).

4.2. Null space and other conditions

4.2.1. (A4). The inheritance the null space requirement (A4) or (18) by
the projected quantities

R(Y:) = R(Xy), L(Yi) =P/ L(PY,P]).

is obvious, provided that (18) holds from the structure of R, B;, L and B,
independent of X. It is the result of the above definitions and the fact that,
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ignoring X or Xj, we have
Null(R(X)) = Null(R(X})) € Null(L(Xy)) € Null(L(X})).

4.2.2. (A3). For (A3), the null space conditions follows as that for (A4).
We need X = P1Y}P," then the (semi-)definiteness of C(X X) is inherited by
C11(Y%). Condition (A3) provides an upper bound for the monotonely in-
creasing sequence of approximate solution X, in the proof of solvability using
Newton’s iteration. This technical assumption is unavoidable but is rarely
checked. For the definiteness result, any numerically low-ranked solution
X = PY;, P + O(e) of C(X) > 0 enables the choice X = P;Y; P, provided
that the O(e) term is small enough to preserve the strict inequality after
projection. For the semi-definite result, X=0 implies C(X ) H >0 or the
semi-definite requirement. The inheritance holds because C (?) =H;; >0
for Y = 0.

Because of the difficulty in the definiteness case (requiring a numerically
low-ranked solution X = PY;P," 4+ O(¢) of C(X) > 0), some may prefer to
abandon the existence results, for instance, in [43, Corollary 3.7].

4.2.3. (A5)—(AT). For (A5), it is clear, for R = R(X) independent of X,
that

Null(R) = Null(R) C Null(L) C Null(P, L) = Null(L,),
Null(R) = Null(R) C Null(B) C Null(P, B) = Null(By),
Null(R 4 5(Yz)) = Null(R + II5(X})) € Null(B) C Null(By).

For (A6), we have
Amin(H — LRTLT) < Amin {PlT (H — LR LT)Pl} = Amin(H11 — LLRTL]).

For (A7), we have

7 7 R L] |Lj
|: P_l_ :|T|: P:| = Ly Hn 0 20,
Ly 0 [0

implying the definiteness of the analogous quantity after projection:

. [R’ LI}:[R L]

T = > 0.
Ly Hy Ly Hny ] -
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Remark 4.1. Inheritance properties for DRRFEs can be considered using
similar approaches and techniques for CRREs. The definitions of stability
for GLEs and GSEs are similar to the stabilizability of CRREs and DRRFEs,
respectively. The inheritance of stability for projection methods for GLEs
and GSEs is a special case of the inheritance of stabilizability.

4.3. Inheritance for GLEs and GSEs

For the GLE (12), we want to show that stability of Ly, passes onto Ly, of
the projected GLE (13). The stability of L1, means that any eigenvalue A
is stable (with negative real part) and the corresponding eigenvector X # 0
satisfies

ATX + XA+ (X) = AX.

Denote X;; = PiTXPj (i, = 1,2). Apply PT and P from the left and the
right, with the help of the Arnoldi relationships (7) or the results in (8), the
(1,1)-subblock is

L11(X11) + Ry, = AX11,

Do 1,0 0T 0,0T T
Rk = X12P2 V1T + ?”kvk+1P2X12

N
i T, 1 i 7,41 T Hxi 7,471 T, i
+)° (‘I’k X1oPy v 17 + 1V Pa X @ 4 1 0p 1 PaXoo Py w7y, ) ;
i=1

considered only when Xj; # 0. Note that there are many more eigenvalues
(counting multiplicity) of Ly, than those of Ly, and it is impossible for
all X117 = 0. The residual Ry, for the eigenvalue problem is hopefully small
of O(7) and the stability of Ly, will pass onto L, if the distance of the
spectrum of Ly, from the imaginary axis (stability radius) is greater than
O(7), excluding the original GLE being very ill-conditioned.

A more precise statement on the relationship between the spectra of A
and @) can be found in [44, Theorem 2.1] and a similar result for the spec-
tra Ly, and [,an may be obtained using perturbation techniques. However,
the above qualitative argument is adequate for our purpose. Inheritance of
solvability can also be investigated using the perturbation approach in [44,
Section 2.2.6].

5. Conclusions

For RREs of moderate sizes, only a few solution methods are available. Apart
from the homotopy method, Newton-type methods are difficult to initialize.
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Large-scale problems are difficult, if at all possible, to solve. The first paper
of its kind, we propose a projection method based on a generalized Krylov
subspace for large-scale RREs and the associated linear equations. The small
projected equations will be efficient to solve, possibly using the homotopy
method. We have also extended the inheritance properties of some solvability
conditions of projection methods, or the solvability of the original equation
is inherited by the projected one, when the Arnoldi residuals are relatively
small. We have only presented some theoretical results in this paper and
illustrative numerical examples for the projection method will follow in later
publications. A comprehensive comparison of different Krylov subspaces is
also left for the future.
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