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Matrix representations of discrete differential
operators and operations in electromagnetism

Tsung-Ming Huang, Wen-Wei Lin, and Weichung Wang

Metamaterials with periodic structures are building blocks of vari-
ous photonic and electronic materials. Numerical solutions of three
dimensional Maxwell’s equations, play an important role in explor-
ing and design these novel artificial materials. Yee’s finite difference
scheme has been widely used to discretize the Maxwell equations.
However, studies of Yee’s scheme from the viewpoints of matrix
computation remain sparse. To fill the gap, we derive the explicit
matrix representations of the differential operators ∇×, ∇·, ∇,
∇2, ∇(∇·), and prove that they satisfy some identities analogous
to their continuous counterparts. These matrix representations in-
spire us to develop efficient eigensolvers of Maxwell’s equations and
help to show the divergence free constraints hold in Yee’s scheme.
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1. Introduction

Propagations of electromagnetic waves in bianisotropic media can be, math-
ematically, modeled by the three dimensional (3D) Maxwell’s equations

∇× E(x) = ιωB(x),(1a)

∇×H(x) = −ιωD(x),(1b)

∇ ·B(x) = 0,(1c)

∇ ·D(x) = 0,(1d)

where ω is the frequency, E, H, D and B are electric, magnetic fields,
dielectric and magnetic flux densities, respectively, at the position x ∈ R3.
Furthermore, E, H, D and B satisfy the constitutive relations

B = μH + ζE and D = εE + ξH,(2)
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in which μ is the magnetic permeability, ε is the electric permittivity, and
ζ and ξ are magnetoelectric coupling parameters. Materials modelled by
Eq. (1) can be characterized by μ and ε as follows [15].

• μ > 0, ε > 0, and ζ = ξ = 0. Most dielectric materials belong to this
category. The governing equations in (1) can be reformulated as

∇× μ−1∇× E = ω2εE, ∇ · (εE) = 0,

where ε is a material-dependent piecewise constant function.
• μ > 0 and ε < 0. This category includes dispersive metallic materi-
als, ferroelectric materials, and doped semiconductors. In dispersive
metallic materials [3, 4, 5, 16, 17, 22], ε is not a piecewise constant but
dependents on the frequency ω, that is, ε = ε(x, ω). Such materials
can exhibit negative permittivity at certain frequencies, such as below
the plasma frequency.

• μ < 0 and ε < 0. This category represents the left-handed material or
negative-index materials. It is worth mentioning that there is no such
material in nature. To demonstrate the material properties including
the negative refractive index, artificial metamaterials with periodic
structures have been proposed in [18, 19] firstly. Such metamaterials
open up a completely new research area. For example, bi-isotropic and
bianisotropic media are two important classes of metamaterials [23].
The associated B and D satisfy (2) (see [20, p. 26], [23, p. 44], for
details).

• μ < 0 and ε > 0. This category consists of some ferrite materials with
negative permeability. However, the induced magnetic response fades
away quickly above microwave frequencies.

Furthermore, for periodic structures, the Bloch Theorem [14] requires
that the electric and magnetic fields E and H satisfy the quasi-periodic
conditions

(3) E(x+ a�) = eι2πk·a�E(x), H(x+ a�) = eι2πk·a�H(x), � = 1, 2, 3.

Here, 2πk is the Bloch wave vector in the first Brillouin zone and a�’s are
the lattice translation vectors that span the primitive cell which extends
periodically to form the magnetoelectric materials. Figure 1 shows two types
of lattice translation vectors that are of particular interest. The first type is
the simple cubic (SC) lattice, whose lattice translation vectors are

a1 = a[1, 0, 0]�, a2 = a [0, 1, 0]� , a3 = a [0, 0, 1]� ,(4)
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Figure 1: The translation vectors of (a) simple cubic and (b) face centered
cubic lattice.

where a is the lattice constant. The second type is the face centered cubic
(FCC) lattice, whose lattice translation vectors are
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Physics breakthroughs and engineering innovations of magnetoelectric
metamaterials heavily rely on numerical simulations of the Maxwell equa-
tions [6, 12, 13, 21]. Yee’s discretization scheme [24] is one of the essential
tools among various numerical methods. Solving the eigenvalue problems
arising the 3D photonic crystals, dispersive metallic materials and complex
media are challenging. Using Yee’s scheme and the techniques of matrix anal-
ysis, novel numerical methods are proposed in [2, 7, 8, 9, 10, 11] to tackle
these challenges and solve these eigenvalue problems efficiently. The key of
these proposed methods are the singular value decomposition and eigen-
decomposition of the discrete single curl and double curl operators, respec-
tively, and the FFT-based matrix-vector multiplications. Despite of the wide
use of Yee’s scheme, the discrete counterparts of the continuous differential
operators and the related properties have not been documented systemat-
ically to the best of our knowledge. This article fills the gap by deriving
the discrete differential operators in Maxwell’s equation and proving sev-
eral identities from using matrix representations. We also demonstrate how
these matrix representations inspire the development of numerical schemes
to simulate the magnetoelectric materials.

Throughout this paper, we denote the transpose and the conjugate trans-
pose of a matrix by the superscript � and ∗, respectively. ⊗ is the Kronecker
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Figure 2: The grid points are located on the (a) edges and (b) faces of prim-
itive cell in Yee’s scheme. The figure also shows the corresponding indices.

product. We denote the imaginary number
√−1 by ι and the identity ma-

trix of order n by In. The vec(·) is the operator that vectorizes a matrix by
stacking the columns of the matrix. Φ � 0 means that Φ is Hermitian and
positive definite.

This paper is outlined as follow. We first derive the explicit matrix rep-
resentations of the single curl operators in Section 2. Based on these matrix
representations, we discuss the eigenvalue problem in different material set-
tings. The discretizations of ∇ · (∇×) = 0 and ∇ × ∇ = 0 tell us that
the kernel of the eigenvalue problem is huge. We assert the divergence free
conditions hold for the null-space free eigenvalue problems in Section 3.
Discretizations of operators ∇(∇·) and ∇2 are derived and some of their
properties are verified in Section 4. An efficient preconditioner on the ba-
sis of this property is developed in solving the eigenvalue problems arising
metallic photonic crystals. Numerical results are presented to demonstrate
the efficiency of the proposed methods in Section 5. Finally, we conclude
this paper in Section 6.

2. Resulting eigenvalue problems

In Yee’s scheme [24], Eqs. (1a) and (1b) are discretized at the centers of cell
faces and edges, respectively, with the following notations.

Let δx, δy, and δz denote the grid length along the x, y, and z axial
directions, respectively. Let n1, n2, and n3 be the numbers of grid points in
x, y, and z axial directions, respectively, and n = n1n2n3. The approximate
function values due to the first order central finite differences are represented
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by the grid points indexed by i, j, and k and the “half grid points” indexed
by î = i + 1

2 , ĵ = j + 1
2 , and k̂ = k + 1

2 . For simplicity, we represent
an arbitrary point (rδx, sδy, tδz) in the computational domain by x(r, s, t),
where r, s, t ∈ R. That is,

x(r, s, t) = (rδx, sδy, tδz).(6)

We further introduce F (r, s, t) to denote the approximate value of function
F at the point x(r, s, t). Next, by using the vectorization function of a matrix
F� ∈ Cm1×m2×m3 , for � = 1, 2, 3,

vec (F�) =

⎡
⎢⎢⎢⎣

vec(F�(1 : m1, 1 : m2, 1))
vec(F�(1 : m1, 1 : m2, 2))

...
vec(F�(1 : m1, 1 : m2,m3))

⎤
⎥⎥⎥⎦ ,

we define

f =
[
f�1 f�2 f�3

]� ∈ C
3m1m2m3

with f� = vec(F�), for � = 1, 2, 3.
Using the Yee’s scheme, discretization of ∇×E = ιωB by taking central

finite differences at the central face points x(i, ĵ, k̂), x(̂i, j, k̂), and x(̂i, ĵ, k)
leads to the matrix representation

Ce = ιωb,(7)

where

C =

⎡
⎣ 0 −C3 C2

C3 0 −C1

−C2 C1 0

⎤
⎦(8)

and

C1 = In2n3
⊗ K1− In1

δx
, C2 = In3

⊗ K2− In2

δy
⊗ In1

, C3 =
K3− In3

δz
⊗ In2n1

,

(9)

with

Ki =

[
0 Ini−1

eι2πk·ai 0

]
, i = 1, 2, 3
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for SC lattice; while

C1 = In2n3
⊗ K1 − In1

δx
, C2 = In3

⊗ K2 − In1n2

δy
, C3 =

K3 − In
δz

,(10)

with

K1 =

[
0 In1−1

eι2πk·a1 0

]
,

K2 =

[
0 I(n2−1)n1

eι2πk·a2J2 0

]
, J2 =

[
0 e−ι2πk·a1In1/2

In1/2 0

]
,

K3 =

[
0 I(n3−1)n1n2

eι2πk·a3J3 0

]
, J3 =

[
0 e−ι2πk·a2In2/3 ⊗ In1

I2n2/3 ⊗ J2 0

]

for FCC lattice (see [2, 8] for details).

Similarly, discretization of ∇ × H = −ιωD at the central edge points
x(̂i, j, k), x(i, ĵ, k), and x(i, j, k̂) can be represented by

C∗h = −ιωd.(11)

Based on explicit matrix representations above, we can write down the
eigenvalue problem in different material settings.

2.1. Photonic crystals

For the photonic crystals (PCs) with μ = 1, we have ζ = ξ = 0. That is,

b = h, d = Bεe,(12)

where Bε is a diagonal matrix which is the discrete counterpart of ε, i.e.,

Bε = diag

⎛
⎝ vec(ε(̂i, j, k)|(i,j,k)∈S)

vec(ε(i, ĵ, k)|(i,j,k)∈S)
vec(ε(i, j, k̂)|(i,j,k)∈S)

⎞
⎠

with S = {(i, j, k) : i = 0, . . . , n1−1, j = 0, . . . , n2−1, k = 0, . . . , n3−1}. By
substituting (7) with (12) into (11), discretizations of (1a) and (1b) become
a generalized eigenvalue problem (GEP)

Ae = λBεe, λ = ω2,(13a)
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where

A = C∗C.(13b)

2.2. Complex media

For the complex media, (2) can be rewritten as[
b
d

]
=

[
Dζ Bμ

−Bε −Dξ

] [
e
h

]
≡ Cε,μ,ξ,ζ

[
e
h

]
,(14)

where Bμ,Dζ andDξ are the discrete counterparts of μ, ζ and ξ, respectively.
Combining the results in (7), (11) and (14), discretizations of (1a) and (1b)
becomes a GEP [

C 0
0 C∗

] [
e
h

]
= ιωCε,μ,ξ,ζ

[
e
h

]
.(15)

2.3. Huge kernel of eigenvalue problems

The following theorem claims that C1, C2 and C3 are normal and commute
with each other, which implies that they can be diagonalized by a common
unitary matrix.

Theorem 1 ([2, 8]). For C1, C2 and C3 defined in (10), it holds that

C∗
i Cj = CjC

∗
i and CiCj = CjCi, for i, j = 1, 2, 3.

Furthermore, there exists unitary matrix T such that

C1T = TΛ1, C2T = TΛ2, C3T = TΛ3(16)

with diagonal Λ1, Λ2 and Λ3.

In fact, for SC lattice [2], the unitary matrix T in (16) is

T =
1√
n
(Da3,n3

⊗Da2,n2
⊗Da1,n1

) (Un3
⊗ Un2

⊗ Un1
) ,(17)

where Da1,n1
, Da2,n2

, Da3,n3
are diagonal, and

Um ≡ [
um,1 · · · um,m

]
=

⎡
⎢⎢⎢⎣

1 1 · · · 1
eθm,1 eθm,2 · · · 1
...

...
...

e(m−1)θm,1 e(m−1)θm,2 · · · 1

⎤
⎥⎥⎥⎦ ∈ C

m×m
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with θm,k = ι2πk
m . For FCC lattice [8],

T =
1√
n

[
T1 T2 · · · Tn1

] ∈ C
n×n(18a)

where Ti =
[
Ti,1 Ti,2 · · · Ti,n2

] ∈ Cn×(n2n3) and

Ti,j = (Dâ3,i,jUn3
)⊗ (Dâ2,iun2,j)⊗ (Da1

un1,i)(18b)

for i = 1, · · · , n1, j = 1, · · · , n2 with diagonal matricesDa1
,Dâ2,i andDâ3,i,j .

Based on (17), 3D backward and forward fast Fourier transformations
(FFTs) can be applied to compute the matrix-vector products Tp and T ∗q,
respectively, without explicitly forming matrix T . Moreover, for the matrix
T in (18), efficient algorithms with 1D backward and forward FFTs have
been proposed in [8] to significantly reduce the cost for computing Tp and
T ∗q, respectively.

As the result in Theorem 1, the singular value decomposition (SVD) of
C can be derived along the way in [2], which is shown in Theorem 2.

Theorem 2 ([2]). There exists unitary matrices

Q ≡ [
Qr Q0

]
= (I3 ⊗ T )

[
Π1 Π2 Π0

]
,(19a)

P ≡ [
Pr P0

]
= (I3 ⊗ T )

[ −Π2 Π1 Π0

]
,(19b)

with Πj =
[
Π∗

j,1 Π∗
j,2 Π∗

j,3

]∗
and Πj,k being diagonal, j = 0, 1, 2, k = 1, 2, 3,

such that

C = P diag
(
Λ1/2
q ,Λ1/2

q , 0
)
Q∗ = PrΣrQ

∗
r ,(20a)

where

Λq = Λ∗
1Λ1 + Λ∗

2Λ2 + Λ∗
3Λ3, Σr = diag

(
Λ1/2
q ,Λ1/2

q

)
.(20b)

From (20a), we know that the nullity of C is equal to n. This result is
derived from the viewpoint of matrix analysis, and can also be derived from
the discrete version of ∇·(∇×) = 0 and ∇×∇ = 0. Let the discrete operator
∇h×∗ denote the discretization of curl operator in ∇×H at the centers of
cell edges and ∇h,e· denote the discretization of the divergence operator in
∇ · E at the vertices using Yee’s scheme. By a straightforward calculation,
we have the identity

∇h,e · (∇h×∗) = 0.(21)
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From (11), C∗h is the matrix representation of ∇h ×∗ h at the centers of
cell edges. On the other hand, the discretization ∇h,e · e can be represented
by −N∗

c e, where

Nc =
[
C�
1 C�

2 C�
3

]�
.(22)

Based on these two facts, Eq. (21) further suggests that

N∗
cC

∗ = 0.(23)

By taking the conjugate transpose of (23), we have

CNc = 0.(24)

Eqs. (23) and (24) imply that the kernels of the eigenvalue problems in (13)
and (15) are huge.

The result in (24) can be also derived from the discretization of ∇×∇ =
0. Denoting G = ∇F , we discretize ∂xF , ∂yF and ∂zF at x(̂i, j, k), x(i, ĵ, k)

and x(i, j, k̂), respectively, which leads to the matrix form

g = Ncf .(25a)

By a straightforward calculation, we also have the identity

∇h ×∇h ≡ 0.(25b)

Moreover, it is known that C is the matrix representation of ∇h×, therefore,
(25) also implies (24).

A short summary of above discretizations is listed in Table 1.

3. Eigenvalue problems incorporated with divergence free
conditions

In this section we will show that, under certain assumption, the divergence
free conditions corresponding to the photonic crystals and complex media
in Yee’s scheme are automatically satisfied.

3.1. ∇ · (εE) = 0 in photonic crystals

We consider the GEP (13) of photonic crystals in terms of the electric field E.
In this case, there is only one divergence free condition ∇ · (εE) = 0. From
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Table 1: Explicit matrix representations and discretization points of differ-
ential operators and operations within the Maxwell equations

Cont. operator ∇×H ∇× E ∇ · E ∇F
Disc. operator ∇h×∗ ∇h× ∇h,e· ∇h

Matrix form C∗h Ce −N∗
c e Ncf

Discretized pts x(̂i, j, k) x(i, ĵ, k̂) x(i, j, k) x(̂i, j, k)

x(i, ĵ, k) x(̂i, j, k̂) x(i, ĵ, k)

x(i, j, k̂) x(̂i, ĵ, k) x(i, j, k̂)

Photonic crystal Complex media

Cont. operator ∇×∇×E = ω2εE
∇× E = ιω(μH + ζE)
∇×H = −ιω(εE + ξH)

Eigenvalue prob. C∗Ce = λBεe (15)

Cont. operator ∇ · (∇×) = 0 ∇×∇ = 0
Discrete operator ∇h,e · (∇h×∗) = 0 ∇h × (∇h) = 0
Matrix form N∗

cC
∗ = 0 CNc = 0

Indication ∇h× has large kernel in Yee’s scheme

Section 2.3, we know that the discretization ∇h,e · e can be represented

by −N∗
c e, which suggests that the discrete version of the divergence free

constraint ∇ · (εE) = 0 can be written as

(26) N∗
c (Bεe) = 0.

That is, Bεe is orthogonal to the subspace Nc spanned by Nc. From (24),

Nc is a null-space of A = C∗C. Since A is Hermitian positive semidefinite,

the invariant subspace RA of A corresponding to all positive eigenvalues is

orthogonal to Nc. Therefore if we take Bεe ∈ RA, then the divergence free

constraint in (26) is automatically satisfied.

By Theorem 2, we have the eigendecomposition of A in (13b) as

A = Qdiag
(
0,Σ2

r

)
Q∗ = QrΣ

2
rQ

∗
r .(27)

Applying (27), the huge null-space of the GEP (13) can be completely de-

flated as shown below.

Theorem 3 ([8, 9]). Let Qr and Σr be defined in Theorem 2. Then we have

(28) span
{
B−1

ε QrΣr

}
= {e | Ae = λBεe, λ > 0}
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and the GEP (13) can be transformed to a null-space free standard eigenvalue

problem (NFSEP)

(29) Kry ≡ (
ΣrQ

∗
rB

−1
ε QrΣr

)
y = λy

with

e = B−1
ε QrΣry(30)

being eigenvector of (13). Both of the GEP and the corresponding NFSEP
have the same positive eigenvalues, while the zero eigenvalues of the GEP

are deflated.

Now, we show the divergence free constraint (26) is automatically satis-
fied if the null-space free method in Theorem 3 is applied to solve the GEP

(13).

Theorem 4. Let y be an eigenvector of (29) and e be defined in (30). Then
e automatically satisfies the divergence free constraint (26).

Proof. Using (30), it holds that

Bεe = QrΣry.

From (24) and (27), the columns of Nc and Qr, respectively, span the invari-

ant subspaces of the Hermitian matrix A corresponding to zero and nonzero
eigenvalues. This implies that

N∗
c (Bεe) = N∗

cQrΣry = 0.

This means that such eigenvector e automatically satisfies (26).

3.2. ∇ · B = 0 and ∇ · D = 0 in complex media

We consider the case of complex media in this section. From the discretiza-

tion of the divergence operator in ∇ · B, denoted by ∇h,b·, at the cubic

central points x(̂i, ĵ, k̂), we can see that the discrete counterpart of ∇ · B
can be represented as C1b1 + C2b2 + C3b3. In other words, the discrete

version of the divergence free constraint ∇ ·B = 0 is

C1b1 + C2b2 + C3b3 = 0.(31)
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Similarly, the discretization of ∇·D at the vertices suggests that the discrete
version of the divergence free constraint ∇ ·D = 0 is

C∗
1d1 + C∗

2d2 + C∗
3d3 = 0.(32)

Define

N∗
l =

[
C1 C2 C3 0 0 0
0 0 0 C∗

1 C∗
2 C∗

3

]
.

From (14), (31) and (32), the divergence free constraints ∇ · B = 0 and
∇ ·D = 0 result in the constraint

N∗
l

[
b
d

]
= 0 ⇒ N∗

l Cε,μ,ξ,ζ

[
e
h

]
= 0.(33)

On the other hand, by the definition of C in (8) and the commute property
in Theorem 1, it holds that

N∗
l

[
C 0
0 C∗

]
= 0.(34)

That is, span{Nl} is the left null-space of diag(C,C∗). Combining the results
in (33) and (34), we know that if [b�,d�]� belongs to the subspace Sl

generated by the left singular vectors corresponding to all positive singular
values of diag(C,C∗), then the discrete divergence free constraints in (33)
are automatically satisfied.

In [2], a null-space free method with applying SVD of C in (20a) has
been proposed to solve the GEP (15).

Theorem 5 ([2]). If Cε,μ,ξ,ζ in (15) is nonsingular, then

span
{
C−1
ε,μ,ξ,ζdiag

(
PrΣ

1

2
r , QrΣ

1

2
r

)}
is an invariant subspace of (15) corresponding to all nonzero eigenvalues.
Furthermore, the GEP in (15) can be reduced to a 4n × 4n null-space free
GEP (NFGEP)

(35) Âryr = ω

(
ι

[
0 Σ−1

r

−Σ−1
r 0

])
yr ≡ ωB̂ryr,

and [
e� h�]� = C−1

ε,μ,ξ,ζdiag (Pr, Qr)yr(36)
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is the corresponding eigenvector of (15), where
(37)

Âr ≡ diag(P ∗
r , Q

∗
r)

[
B−1

μ Dζ −I3n
I3n 0

] [
Φ−1 0
0 B−1

μ

] [
DξB

−1
μ I3n

−I3n 0

]
diag(Pr, Qr)

with Φ ≡ Bε −DξB
−1
μ Dζ .

Similarly, the divergence free constraints (33) is automatically satisfied
if the null-space free method is applied to solve (15), as shown in Theorem 6.

Theorem 6. Let yr be an eigenvector of (35) and [e�,h�]� be defined
in (36). Then [e�,h�]� automatically satisfies the divergence free condition
(33).

Proof. Using (36), we have

Cε,μ,ξ,ζ

[
e� h�]� = diag (Pr, Qr)yr.

From Theorem 2 and (34), span{Nl} = span{diag(P0, Q0)} and then

N∗
l diag (Pr, Qr) = 0,

which implies that

N∗
l Cε,μ,ξ,ζ

[
e� h�]� = N∗

l diag (Pr, Qr)yr = 0.

This means that such eigenvector [e�,h�]� automatically satisfies (33).

Furthermore, if we assume that

(38) Bμ � 0, Φ ≡ Bε −DξB
−1
μ Dζ � 0, and D∗

ξ = Dζ ,

i.e., Bμ and Φ are Hermitian and positive definite, then Ar is Hermitian and
positive definite, which means that all eigenvalues of (15) are real.

A short summary of above divergence free constraints is listed in Table 2.

3.3. Advantages of null-space free eigenvalue problems

To solve the GEPs (13) and (15) is not an easy task due to the following
numerical challenge. From (24), we see that the multiplicity of the zero eigen-
value of (13) and (15) is one third of the dimension of the coefficient matrix.
As we are interested in finding a few of the smallest positive eigenvalues, the
large dimension of the null-space will degrade the computational efficiency of
eigensolvers [7, 11]. However, the null-space free eigenvalue problems in (29)
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Table 2: Subjects in the derivation regarding the reasons that the divergence
free constraints are automatically satisfied in the null-space free eigenvalue
problems due to Yee’s scheme

Cont. operator ∇ · Ẽ ∇ ·B ∇ ·D
Disc. operator ∇h,e·
Matrix form −N∗

c ẽ [C1, C2, C3]b −N∗
c d

Discretized pts x(i, j, k) x(̂i, ĵ, k̂) x(i, j, k)

Div. free ∇ · Ẽ = 0 ∇ ·B = 0, ∇ ·D = 0
Matrix form N∗

c ẽ = 0 N∗
l [b∗ d∗]∗ = 0

Condition ẽ ≡ Bεe ∈ RA [b∗ d∗]∗ ≡ Cε,μ,ξ,ζ [e
∗ h∗]∗ ∈ Sl

Photonic crystal Complex media
Eigenvalue prob. (13) (15)
Div. free ∇ · (εE) = 0 ∇ ·B = 0, ∇ ·D = 0
Decomposition C∗C = QrΛrQ

∗
r C = PrΣrQ

∗
r

Subspace RA = span {Qr} Sl = span{diag (Pr, Qr)}
Condition e ∈ span

{
B−1

ε Qr

}
[e∗ h∗]∗ ∈ span{C−1

ε,μ,ξ,ζdiag (Pr, Qr)}
Null-space free (29) (35)

and (35) share the same nonzero eigenvalues for (13) and (15), respectively,
so that the zero eigenvalues disappear and do not slow down the convergence
in solving (29) and (35). Furthermore, in each iteration of solving (29) and
(35), we must solve the linear systems of forms

Q∗
rB

−1
ε Qry = b,(39a)

Ary = b,(39b)

respectively, for a given vector b. Because Q∗
rB

−1
ε Qr and Ar are Hermitian

and positive definite, the linear systems in (39) can be solved efficiently by
the conjugate gradient (CG) method without any preconditioner. The asso-
ciated matrix-vector multiplications of the forms (T ∗p, Tq) for computing
(P ∗

r p̂1, Q
∗
rp̂2) and (Prq̂1, Qrq̂2), which are the most costly parts of solving

(39), can be computed efficiently by the fast Fourier transformation (FFT)
[2, 8].

4. Efficient preconditioner with applying discretizations of
∇(∇·) and ∇2 for metallic photonic crystals

In Section 4.1, we will derive the matrix representations of the second order
differential operators ∇(∇·) and ∇2 with Yee’s scheme, which have some im-
portant applications in dispersive metallic photonic crystals. In Section 4.2,
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we will show that these matrix representations further inspire us to develop
efficient methods for solving the linear systems embedded in the shift-and-
invert type eigensolvers with various photonic crystal simulators.

4.1. Discretizations of ∇(∇·) and ∇2

Here, we let ∇h (∇h,e · E) and ∇2
hE denote the discrete version of ∇ (∇ · E)

and ∇2E, respectively, with Yee’s scheme.

Lemma 7. Let Nc be defined in (22). The matrix representations of
∇h (∇h,e · E) and ∇2

hE are −NcN
∗
c e and −I3⊗ (N∗

cNc) e, respectively. Fur-
thermore,

∇h ×∗ ∇h × E = ∇h (∇h,e · E)−∇2
hE,(40)

which is the discrete counterpart of

∇×∇× E = ∇ (∇ · E)−∇2E.(41)

Proof. From Sections 2.3 and 3.1, the discretization of G = ∇F and F =
∇ · E at the central edge points and the vertices, respectively, leads to

g = Ncf , f = −N∗
c e,(42)

which means that the discretization for G = ∇(∇ · E) is of the form g =
−NcN

∗
c e.

In the discretization of ∇2, we rewrite ∇2E1 as ∇ · (∇E1) and set F =
∇E1. For the discretizations of F1 = ∂xE1, F2 = ∂yE1 and F3 = ∂zE1

with the quasi-periodic conditions (3) at x(i, j, k), x(̂i, ĵ, k) and x(̂i, j, k̂),
respectively, we have the matrix forms

f1 = −C∗
1e1, f2 = C2e1, f3 = C3e1.(43)

On the other hand, we discrete ∇ · F at the central edge points x(̂i, j, k)
which results in the matrix representation

C1f1 − C∗
2 f2 − C∗

3 f3.(44)

Now, substituting (43) into (44), we obtain the matrix form of the discretiza-
tion for ∇2E1 as

− (C1C
∗
1 + C∗

2C2 + C∗
3C3) e1 = −N∗

cNce1.(45)
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Similarly, the matrix representations of the discretization of ∇2E2 and
∇2E3 are

−N∗
cNce2 and −N∗

cNce3,(46)

respectively. Finally, combining (45) and (46), we see that the matrix form
of the discretization of ∇2E is − (I3 ⊗N∗

cNc) e.
On the other hand, the commute property in Theorem 1 implies that

C∗C = I3 ⊗ (N∗
cNc)−NcN

∗
c .(47)

It is thus clear that Eq. (47) is the explicit matrix representation of the
discretization in (40).

4.2. Efficient preconditioner to the eigensolvers

For the dispersive metallic photonic crystals [3, 4, 5, 16, 17, 22], Yee’s dis-
cretization results a rational eigenvalue problem (REP)

C∗Ce = ω2Bε(ω)e,(48)

where Bε(ω) is diagonal with diagonal entries being rational functions in
variable ω. For the lossless Drude model

ε(ω) = 1− ω2
p

ω2

with plasma frequency ωp, the REP (48) can be reduced to a SEP [10]:(
C∗C + ω2

pBd

)
e = λe, λ = ω2,(49)

where Bd is a diagonal constant matrix. The most expensive computational
task in solving (49) with the Jacobi-Davidson method is a series of linear
systems in the form

(I − uu∗) (C∗C + ω2
pBd − θI) (I − uu∗) t = −r, t ⊥ u(50)

or (
C∗C + ω2

pBd − σI
)
t = b.(51)

Here, (θ,u) is the current approximate eigenpair of the SEP (49) and r =(
C∗C + ω2

pBd

)
u− θu is the corresponding residual vector.
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As suggested in [7, 10, 9],

M = C∗C − αI,(52)

where α is the average of all diagonal entries of (θI−ω2
pBd) or (σI−ω2

pBd),
is an efficient preconditioner and Lemma 7 actually suggests an efficient way
to solve the preconditioned linear system

(C∗C − αI)y = d.(53)

Theorem 8. Let Λ1, Λ2, Λ3 be defined in (16) and Λq be defined in (20b).
The preconditioned linear system (53) can be transformed as

(I3 ⊗ Λq − αI) ỹ =

⎛
⎝I − α−1

⎡
⎣Λ1

Λ2

Λ3

⎤
⎦ [

Λ∗
1 Λ∗

2 Λ∗
3

]⎞⎠ (I3 ⊗ T )∗ d(54a)

and

y = (I3 ⊗ T ) ỹ.(54b)

Proof. From (47), Eq. (53) can be reformulated into

(55) {I3 ⊗ (N∗
cNc)− αI}y = d+NcN

∗
c y.

Multiplying (53) by NcN
∗
c and considering that CNc = 0, we have

NcN
∗
c y = −α−1NcN

∗
c d

and Eq. (55) becomes

(56) {I3 ⊗ (N∗
cNc)− αI}y = d− α−1NcN

∗
c d.

Applying the eigen-decompositions of C�’s in (16), the solution y in (56) can
be computed by (54).

A short summary of above discretizations is listed in Table 3.

5. Numerical results

To study the convergence behavior of the linear solvers and the eigensolvers
in terms of iteration numbers, we consider the setup described in [1, 9].
The media consists of solid dielectric spheres with a connecting spheroid, as
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Table 3: Efficient preconditioner within dispersive metallic PC

Cont. operator ∇ · E ∇F ∇E1 ∇ · F
Disc. operator ∇h,e· ∇h

Matrix form −N∗
c e Ncf [−C1 C∗

2 C∗
3 ]

∗
e1 C1f1 − C∗

2 f2 − C∗
3 f3

Discretized pts x(i, j, k) x(̂i, j, k) x(i, j, k) x(̂i, j, k)

x(i, ĵ, k) x(̂i, ĵ, k)

x(i, j, k̂) x(̂i, ĵ, k)
Cont. operator ∇(∇ · E) ∇2E1 ∇2E
Matrix form −NcN

∗
c e −(N∗

cNc)e1 −[I3 ⊗ (N∗
cNc)]e

Continuous operator ∇×∇× E = ∇ (∇ · E)−∇2E
Discrete operator ∇h ×∗ ∇h × E = ∇h (∇h,e · E)−∇2

hE
Matrix form C∗C = I3 ⊗ (N∗

cNc)−NcN
∗
c

Application Efficient preconditioner within metallic PC
Preconditioning LS (C∗C − αI)y = d
New form {I3 ⊗ (N∗

cNc)− αI}y = d− α−1NcN
∗
c d

Figure 3: The schema of a face-centered cubic structure in a primitive cell.

shown in Figure 3. r denotes the radius of the spheres and the connecting
spheroid has a minor axis of length s. Inside the structure is the dielectric
material with permittivity contrast εi/εo = 13 for 3D photonic crystals and
complex media.

For the implementation, the MATLAB function eigs is used to solve
the NSFEP (29), NFGEP (35) and SEP (49). pcg (without preconditioning)
and bicgstabl with preconditioner M in (52) are used to solve the linear
systems (39) and (51), respectively. fft and ifft are applied to compute
the matrix-vector products T ∗p and Tq, respectively. All computations are
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Table 4: Dimensions of the matrices for n1 = 96 and n1 = 198, where
n1 = n2 = n3

matrix n1 n1 = 96 n1 = 198

dimension
Kr 2n3

1 1,769,472 15,524,784
Ar 4n3

1 3,538,944 31,049,568
C 3n3

1 2,654,208 23,287,176

Figure 4: The band structure (frequency curves) for the 3D photonic crystals,
the average of iteration number of pcg, and the iteration numbers of eigs
with various radius r of the sphere.

performed in MATLAB 2014b. The matrix sizes of Kr, Ar and C in (29),

(35) and (49) are listed in Table 4.

For the hardware configuration, we use a HP workstation equipped with

two Intel Quad-Core Xeon E5-2643 3.33GHz CPUs, 96 GB of main memory,

and RedHat Enterprise Linux 6 operating system.

• Photonic crystals. The minor axis length s of the connecting spher-

oid is set to be 0.11. Figure 4(a) shows the band structure with various

radius r of sphere and n1 = n2 = n3 = 96.

Figure 4(b) shows that the average iteration numbers for solving the

linear system (39a) within the invert Lanczos method and the iteration

numbers of the invert Lanczos method with n1 = 96 and n1 = 198.

• Complex media.We consider the pseudochiral media and assert that

the corresponding magnetoelectric coupling matricesDξ andDζ satisfy

the assumptions given in (38). We can therefore solve the NFGEP in
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Figure 5: The band structure (frequency curves) of 3D pseudochiral media,
the average of iteration number of pcg, and the iteration numbers of eigs
with various chirality parameter γ.

(35) using the Lanczos method. Specifically, Dξ and Dζ are

Dξ =

⎡
⎣ 0 0 ιγĨ1

0 0 0

ιγĨ2 0 0

⎤
⎦ and Dζ =

⎡
⎣ 0 0 −ιγĨ2

0 0 0

−ιγĨ1 0 0

⎤
⎦ .(57)

Here, γ is the chirality parameter, and Ĩ1, Ĩ2 ∈ Rn×n are diagonal

matrices whose entries are 0 (outside of the medium) or 1 (within the

medium) depending on the corresponding locations of grid points. The

permeability μ is usually taken as I3, so the matrix Bμ in (14) is the

identity matrix. Therefore, Φ in (38) is also diagonal and its diagonal

entries are positive if γ ∈ (0,
√
εi). The radius of the spheres r and the

minor axis length s of the connecting spheroid are set to be r = 0.12

and s = 0.11, respectively. Figure 5(a) shows the band structure with

various chirality parameter γ and n1 = n2 = n3 = 96.

Figure 5(b) shows that the average iteration numbers for solving the

linear system (39b) within the invert Lanczos method and the iteration

numbers of the invert Lanczos method with n1 = 96 and n1 = 198.

• Metallic photonic crystals.We take the plasma frequency ωp = 10π

and εo of the non-dispersive material to be equal to 1. The minor axis

length s of the connecting spheroid is set to be 0.11. Figure 6(a) shows

the band structure with various radius r of sphere and n1 = n2 = n3 =

96.
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Figure 6: The band structure (frequency curves) for the 3D dispersive metal-
lic photonic crystals, the average of iteration number of bicgstbl, and the
iteration numbers of eigs with various radius r of the sphere.

Figure 6(b) shows that the average iteration numbers for solving the
linear system (51) within the shift-and-invert Lanczos method and the
iteration numbers of the shift-and-invert Lanczos method with n1 = 96
and n1 = 198.

Based on Figures 4(b), 5(b), and 6(b), we highlight the performance of
the proposed method.

• The iteration numbers are very small. Figures 4(b), 5(b), and
6(b) show the iteration numbers of the Lanczos method for solving
NSFEP in (29), NFGEP in (35) and SEP in (49) with different pa-
rameter combinations. In all cases, the iteration numbers are rather
small in Table 4. Because huge null-spaces have been deflated in (29)
and (35), the iteration numbers in Figures 4(b) and 5(b), in average,
are only 65 and 125 even the matrix size is as large as 15.5 million and
31.0 million, respectively.

• The linear systems in the form of (39) are well-conditioned
for the tested r’s and γ’s. Here we take a close look at the behavior
of pcg used to solve the linear systems (39a) and (39b) with vari-
ous r’s and γ’s, respectively. As shown in Figures 4(b) and 5(b), the
(average) iteration numbers of pcg for solving (39a) and (39b) in the
tested eigenvalue problems increase from 33 to 36 and from 40 to 120,
respectively. The behavior in Figure 4(b) is due to well-conditioned
coefficient matrices in (39a). The associated condition number is in-
dependent on the matrix size and the radius r of spheres so that the
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CG method takes only around 34 iterations consistently for all of the
tested problems even the matrix size is as large as 15.5 million. The
behavior in Figure 5(b) is in line with the increase in the condition
number of the coefficient matrix Ar in (39b) as γ varies from 0.25 to
3.25 (Ar is singular as γ =

√
εi ≈ 3.61). For problems as large as

31.0 million, these small iteration numbers suggest that the coefficient
matrix Ar is quite well-conditioned.

• The preconditioner M in (52) is an efficient preconditioner
in solving linear system (51). Figure 6(b) shows that bicgstbl

with preconditioner M takes around 29 iterations for convergence. We
would like to emphasize that, for the linear system (51) with dimen-
sions as large as 23.3 million, these results suggest that the precondi-
tioning schemes proposed in Section 4.2 for (52) are indeed efficient.

6. Conclusion

Yee’s scheme is one of the essential tools to solve the Maxwell’s equations.
Our goal is to deepen the understanding of such scheme from the viewpoint
of matrix computation. First, in Section 2.3, we prove the discrete counter-
parts of the continuous divergence of curl ∇·∇× = 0 and the continuous curl
of gradient identify ∇×∇φ = 0 in Eq. (21) and Eq. (25b), respectively. The
result shows that there is a large kernel of the discrete curl operator ∇h×.
For the eigenvalue problems (13) and (15) formed by the curl operator, such
a large kernel can deteriorate the convergence of the eigenvalue solvers.

Second, in Sections 3.1 and 3.2, we assert the discrete counterpart of the
continuous divergence free conditions ∇·(εE) = 0 and ∇·B = 0,∇·D = 0 in
Eqs. (26) and (33), respectively. Eqs. (26) and (33) lead to the fact that if the
vector belongs to the invariant subspaces corresponding to nonzero eigenval-
ues, then the divergence free conditions automatically hold. Nullspace-free
methods developed in [2, 8] provide these invariant subspaces and reduce the
original eigenvalue problems (13) and (15) into smaller eigenvalue problems
(29) and (35), respectively, without any zero eigenvalues. The divergence free
conditions in (26) and (33) automatically hold and the issue is overcome of
slowing downg the convergence of eigensolvers for the large kernel.

Third, in Section 4.1, we prove the discrete counterpart of the continuous
curl of curl identify ∇ × ∇ × E = ∇ (∇ · E) − ∇2E in Eq. (47). Then, in
Section 4.2, we show how the results can be applied to develop efficient
methods for linear systems embedded in the eigensolvers.

Numerical results show that the linear systems (39) are well-conditioned
andM in (52) is an efficient preconditioner in solving linear system (51). This
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leads to the robust and efficient eigensolvers for various geometric structure
as shown in numerical examples.
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