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The classification of symplectic matrices and pairs

YUEH-CHENG KUO, SHIH-FENG SHIEH*, AND YI-SIANG YOU

In this paper we classify symplectic matrices and regular symplectic
pairs. By applying a complementary bases theorem (Lemma 2.2),
the classification is indexed by symplectic swap matrices. Both
symplectic matrices and regular symplectic pairs are classified into
2™ categories. We show that the classification is minimal and each
category forms an open set.
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1. Introduction

Symplectic matrices and pairs play an important role in classical mechanics
and Hamiltonian dynamical systems [1, 3]. Moreover, they appear in the
linear control theory for discrete-time systems [6, 12] and the computation
for Riccati type equations [4, 5, 7, 10, 11, 12, 13]. A standard symplectic
matrix J,, € C2"*27 ig a matrix in the partitioned form

0 I,
where [, is the n x n identity matrix. For convenience, we use J for 7, by
dropping the subscript “n” if the order of 7, is clear in the context. In the
following text, 2n x 2n matrices are always partitioned in four n xn submatri-

. . A . S| S
ces if not otherwise stated. That is, in the representation S = [TH'TH] ,
21 | O21

S11, 512, 521, and Soy are all in C"*"™. Before state our motivation for the
study of this paper, we first define symplectic matrices, symplectic pairs and
terminologies as following.

Definition 1.1. A matrix S € C2nx2n ig symplectic if SJS* = J, where
S* is the conjugate transpose of S. Denote by S,, the multiplicative group of
all 2n x 2n symplectic matrices. A matrix pair (A, B) with A, B € C?"*?" is
called a symplectic pair if AT A* = BJB*. The matrix pairs (A;, B1) and

*Corresponding author.
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(Ag, By) € C™*™ x C™*™ are said to be left equivalent, denoted by

(A1, B)) ¥ (Ag, By)

if A} = QAz, By = @By for some invertible matrix (). A matrix pair (4, B)
is said to be regular if det(A — AB) # 0 for some A € C. SP,, is denoted the
set of all 2n x 2n regular symplectic pairs.

The Structure-Preserving Doubling Algorithms (SDAs) [4, 7, 11] are
usually employed for solving the stabilizing solutions of Riccati type equa-
tions [5, 10, 12, 13|, in which two types of symplectic pairs are introduced
as follows: the first standard symplectic form (SSF-1)

wo=([5 3] [4 &)

and the second standard symplectic form (SSF-2)

wo-([5 ] [& )

where the matrices C, G, H € C"*" and G, H are Hermitian. Here we see
that a symplectic pair either of SSF-1 or of SSF-2 involves a generic Hermi-

tian matrix It is of our interest to ask whether or not a regular

G C
& i)
symplectic pair is left equivalent to a pair of SSF-1 or SSF-2. However, this
is not true. For example, the regular symplectic pair

(-’4> B) =

o O OO
O = O O
o O O O
_ o O O
o O O
o O OO
o O = O
o O OO

is of this case. To see this, if we multiply an arbitrary invertible matrix
@ on the left side of both A and B and denote the resulting matrices by
A and B, respectively. The third column of A, the second column of B
and the fourth column of B are zero vectors. Therefore, (A, B) is neither of
SSF-1 nor of SSF-2. This example motivates us to study the classification of
symplectic matrices and regular symplectic pairs. In this paper we are going
to classify them with “symplectic swap matrices”. Let v € {0, 1}", we define
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a symplectic swap matriz as an orthogonal symplectic matrix given by

o — diag(v) diag(v®)
Vo | —diag(v®) diag(v) |’

where v¢ is the vector with v¢(i) = 1 — v(i) and v(7) is the i-th compo-
nent of the vector v. We denote by &2" the set of all 2n x 2n symplectic
swap matrices. It is easily seen that symplectic swap matrices are symplectic
matrices, i.e., 8" C S,. We also denote by H?" the additive group of all
2n x 2n Hermitian matrices.

Definition 1.2. Let 11,114, and Il € &2". We define the categories

1
o I X X2 0
SH._{SESn sn_[o Xﬁ] [X22 I},
X1 X2 2
f e H" 3,
or some [ X1, Xﬂ] }

SPHA,HB = {(A, B) € SP,

Le. X2 0 I Xu
s ([ 3 7 o] g i fme).

X1 X on
fi cH ,
or some [ X1, Xo» } }

and SP.’HB = UH€62" S]P)H,HB'

Therefore, SSF-1 and SSF-2 can be rewritten as SP; ; and SP; 7, respec-
tively. Our main results in this paper show both symplectic matrices and
regular symplectic pairs are classified into 2" categories indexed by &2".
We show that the classification is “minimal” and each category forms an
open set. Here, the “minimal” classification means that if one of these 2"
categories is absent, then the other 2" — 1 categories can’t represent all
symplectic matrices. We state them as the two following theorems.

Theorem 1.1 (Classification of Symplectic Matrices).

(1) Sn = Upeg2 Su-
(ii) For each 11 € &2", there exists S € Sy such that S ¢ S for all
T 4 11
(iii) For each 1 € &?*, Sy is an open set relative to S,,.

Theorem 1.2 (Classification of Regular Symplectic Pairs).

(1) For each regular symplectic pair (A,B) € SP,, there exist symplectic
swap matrices 114,1lg € &** such that (A,B) € SPr, m,. Conse-
quently, SPy, = Uy, cg2n SP. 11,5
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(ii) For each g € &, there ewists (A,B) € SP, such that (A,B) ¢
SP. 11, for all I’ # 1lp.

(iii) For each 114,115 € G2", SPr, 11, s an open set relative to SP,. Con-
sequently, SP. 11, is open.

This paper is organized as follows. In section 2 we introduce notation,
preliminary properties, and the complementary bases theorem. In section 3,
based on the complementary bases theorem, we prove Theorem 1.1. In sec-
tion 4, we prove Theorem 1.2 and give some more detailed classification for
SP,,. Finally, conclusions and problems are presented in section 5.

2. Preliminaries

In this section, we denote some notation and give some preliminary results.
Throughout this paper, we use the bold face letter to denote the vector. We
denote by ej the k-th column of the identity matrix and by e the vector
whose elements are all ones. Denote [n] = {1,2,--- ,n}. For a matrix A €
Cm*m A* is the conjugate transpose A. For a C [n], A(:,«a) (or A(a,:))
denotes the matrix with columns (or rows) of A indexed by «. The notation
|a| denotes the cardinality of a set & and a¢ C [n] represents the subset of
all indices that do not belong to «. For a vector v € C", v(i) denotes the
ith component of the vector v. Two subspaces U and V of C?" are called
J-orthogonal if u*Jv = 0 for each u € U and v € V. A subspace U of C2n
is called isotropic if x*Jy = 0 for any x,y € U. An n-dimensional isotropic
subspace is called a Lagrangian subspace.

Proposition 2.1. If S is symplectic, then so are S* and S™'.

Proof. To show that S* and S~! are symplectic, we simply need to verify if
these two matrices satisfy the definition given in Definition 1.1. First note
that

J=8J8 = S 'gst=y7
— 8_1(—j)8*_1 _ —j
— S*ljfls*fl — jfl
— (S*jS)_l _ j—l
= S ITS=J.

The equivalence above shows that S* is symplectic. Similarly, we also have

S*TS=J = S(-0)S=-T
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— STls=g!
— (sTlgshHt=g!
— Sty Hr=J.

It follows that S is symplectic if and only if S* or S7! is symplectic. O

S1
So
easy to see that the row spaces of S7 and of Sy are Lagrangian subspaces,
ie., S;JSf = 0 and rank(S;) = n for ¢ = 1,2. The following lemma gives
a useful property for a matrix whose row space is isotropic which improves
Theorem 3.1 in [2].

Lemma 2.2 (Complementary Bases Theorem). Let X, Y € C“" and
rank([X,Y]) = {£. Suppose that o« C [n] with || = rank(Y') such that
rank(Y (:, o)) = rank(Y"). If the row space of [X,Y] is isotropic, then £ < n
and rank([Y (:, ), X (:, a%)]) = L.

Let § = € C?*?" be symplectic, where S, S, € C™ 27, Tt is

Proof. Suppose that rank(Y) = k < ¢. There exist a permutation matrix

P € R™™ and an invertible matrix Q € C** such that QY P = [ I(;“ g .
Then there is o C [n] with |a] = rank(Y) such that QY (:,a) = { %
Denote QXP = [ §; §;§ ], we have [Y(:,a), X (:,a%)] = [ Ig ﬁ;z

To complete the proof, it suffices to show that rank(Xgo) = £ — k. Since the
row space of [X, Y] is isotropic, we have

-] e[ £ 2]s[ 7 2[5 ]e

SR EHE I )

Xo1 X2 Z* 0 0 0 Xy X3
- X+ X19Z" = X7y —ZX7y —X5 — 22Xy
Xo1 + X9 Z* 0 ’

Hence, we obtain X9; = —X99Z*. This implies that

P o] [ Xu Xl Z
Q[X’Y][o P}_{—XQQZ* X |0 0|

Since rank([X,Y]) = ¢, we then have rank(X9) = ¢ — k and hance
rank([Y(:, ), X (:,a%)]) = L. O
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3. The classification of symplectic matrices

In this section we classify the symplectic matrices with symplectic swap
matrices. First we show that for each § € S,,, there exists a symplectic swap
matrix II € &2 such that SII = B~'A where B € C?"*2" is an upper
triangle matrix and A € C?"*?" is a lower triangle matrix. Based on this
we classify the symplectic matrices. That is, S, = (Jcg2» Su. According to
the definition of symplectic swap matrix, we have 2" classes of symplectic
matrices. We furthermore prove that this classification is minimal and that
each Sy is an open set in S, in the end.

S11 Si2

Lemma 3.1. Let § =
[521 S22

] € S,. Then Sos is nonsingular if and

only if there exists X = Xil X1z € H?" with X192 being nonsingular
Xy Xoo
such that
s_[1 Xu] ' [X2 0
0 X3, Xoo I |7

S Sz

Proof. Suppose that S = [ So1 Son

Then

} € S, with S9s being nonsingular.

[ I —S1255" } [ S Sz ] _ [ S11 — S12555 821 0 ]
0 Sy So1 S22 Syt So1 I}

To prove this lemma, it suffices to show that the matrix

[ — 81255 S11 — S12555 S21 ]
St Syt Sy
is Hermitian. Since S is symplectic, we have
(3.1)
0 I " —Slzsfl + SnSﬁ —S12S;1 + S115§2
[ -1 0 :| J J [ —SQQSfl +5215f2 —SggSSl +521S§2

Noticing the (2,2)-block of (3.1), it turns out that S2155, = S22.55,. Since
S99 is nonsingular, we have

(3.2) Soo So1 = 5315551 = (Sp' Sa1) "
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It follows from Proposition 2.1 that S* is symplectic. Hence, we have
(3.3)

1 0 — 85,811 + S5ySo1 —S5,S12 + SiySa |

From (2,2)-block of (3.3), we obtain
(3.4) S1285" = S35 1Sty = (S12555) "

Moreover, from the (1,2)-block of (3.3) we obtain that —S3; 512555 + Si; =
52_21 by multiplying 52_21 from the right hand side. Combining this with (3.4)
we obtain
(3.5)

(S35 )* = (Sf1 — 531512555 )" = S11 — (812555 )*Sa1 = S11 — S12555 So1.

From (3.2), (3.4), and (3.5), we conclude that

—S12555"  S11 — 512555 S21 ] _ [ X1 X2 }
S Syt So1 X% Xoo

is Hermitian and X9 = 52_21* is nonsingular.
The converse statement of this lemma is straightforward. This completes
the proof. O

From Lemma 3.1, we see that Sy in Definition 1.2 can be rewritten as
S = {S € Sy| &' = ST = [5j;], S5y is nonsingular }.

Lemma 3.2. If S € S,, then there exists Il € &?" such that SII =
/ /

S}l 5}2 and Sh, is nonsingular. That is, S € Syr.
Sp1 S

Proof. Partition S = [511 St

So1 S22
rank(Ss2), where a C [n]. By Lemma 2.2, the matrix [S22(:, ), S12(:, )] €
C™*™ is nonsingular. Now choose v € R" such that v(j) = 1 for j € «

diag(v) diag(v®)
—diag(v®) diag(v)

} € S,. Suppose rank(S(:,a)) =

and v(j) = 0 for j € o Let II = [ € 62", where

! !
v¢ = e — v. Denote SII = 1 8}2 . Since [Sa22(:, @), S12(:, )] € C™*"
Sy Sy

is invertible, we obtain that S, is nonsingular. 0

Now, we are ready to prove Theorem 1.1.



42 Yueh-Cheng Kuo et al.

Proof of Theorem 1.1. We first prove assertion (7). It suffices to show that

Sp € Uneg2» Sti- Let S = [ S Si2

€ S,. By Lemma 3.2, there exists
So1 S22

! !
a symplectic swap matrix II € &?" such that SII = [ S}l S}Q } and S%,
Sp1 S
. . . | X X o
is nonsingular. Then by Lemma 3.1, there exists X = N cH
Xip X

I X 7' [ X 0
0 X%, Xop I

For assertion (ii), let II € &2". Then there is a vector v € {0,1}" such
that

such that SII = [ } . Assertion (7) follows.

=1L — [ diag(v) diag(v®) ]
- —diag(v®) diag(v) |’
diag(v) — diag(v®) 0
0 diag(v) — diag(v®)
whose (2,2)-block diag(v) — diag(v®) is nonsingular, we see that II € S;. On
the other hand, let II' € G?" with I’ # II. Then there exists v/ € {0,1}"
such that v/ # v and II' = II.. Note that IIy = HII' = II,II,, € &2 is
also a symplectic swap matrix. Since v/ # v, we have the (2,2)-block of I
is singular. Hence, II ¢ Sy by Lemma 3.1.
Now, we prove assertion (7iz). For any given S € Sy, we have S), is
/ !
invertible, where SII = [ S}l 12
521~ S B
there exists § > 0 such that Sy € C"*" is invertible for each Soy satisfing
|| S22 — Shs|lF < 4. Then for each S € S,, with ||S — S||r < d, we obtain that
S Sz
So1 Sao

Then §22 is invertible and hence S € St1. Therefore Sy is open. O

where v¢ = e —v. Since 11 Il =

]. Using the fact that S5, is invertible,

1G22 — Shollr < ||SII — SI||p = ||S — S||r < &, where SII =

Remark 3.3. From Theorem 1.1 (ii), we have proved that for each class of
St, 11 is the very element which lies only in Sip and does not lie in any other
class. Hence this classification is a minimal classification of S,,. Since there
are 2" distinct vectors in {0, 1}", there are 2" corresponding symplectic swap
matrices. So Sy, is classified into 2™ categories.

4. The classification of symplectic pairs

Now we are going to classify regular symplectic pairs. For succinct state-
ments, we first give the following theorems.
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Theorem 4.1. Suppose that (A, B) is a reqular symplectic pair, i.e., (A, B) €
SP,,. If nullity(B) = ¢, then

(i) rank(A) = rank(B) =2n — ¢ and { < n

(ii) rank(BJB*) = 2n — 2¢.
Proof. Suppose that rank(B) = 2n — ¢. There exists an invertible matrix @
such that

5 | B1 -~ A
o mmas[] amea| 4]

where By € CZn=0x2n ig of full row rank A4; € CEn=0x2n and A, e CH*2n,

Now we first prove assertion (). Since (A, B) is a regular symplectic pair,
so is (A, B) Hence, rank(As) = £. Using the fact that Ay 7 A* = 07B* = 0,
we have A(J*A3) = 0, and then, nullity(A) > ¢. Thus,

rank(A) = rank(A) = 2n — nullity (A) < 2n — ¢ = rank(B).
Since the roles of A and B in the argument can be reserved, we conclude
that rank(B) < rank(.A). Hence, rank(A) = 2n — £. Since (A, B) is regular,
A, B € C?*2" and rank(A) = rank(B) = 2n — ¢, we have £ < n.
(i1). Since rank(B) = 2n — £ and J € R*"*2" is invertible, we have

2n — 2¢ = 2n — 2nullity(B) < rank(BJB*) < rank(B) = 2n — {.

Now, we show that rank(BJB*) = 2n — 2¢. Suppose that rank(BJB*) >
2n — 2¢. From (4.1), we have

(4.2) nullity (A7.A*) = nullity(BJB*) = 2n — rank(BJB*) < 2(.
From (i), we know that rank(A) = rank(A) = 2n — (. Suppose that the row
vectors of Z € C*?" form a basis of left null space of A ie., ZA =0 and

rank(Z) = £. From (4.1) and using the fact that (A4, B) is symplectlc, we
obtain that

Z . 0 T o 1
[sz}AM [AMA*]_[OJB*]_O

It follows from (4.2) that the row vectors of the matrix [

4 20x2n
e } ecC

are linearly dependent. Since rank(Z) = rank([0, Iy]) = ¢, there are nonzero
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vectors b, w € C’ such that [0, b*] = w*Z. Then [0, b*|B = 0 and [0, b*]A
w*ZA = 0. This is a contradiction because (A, B) is regular.

oo

Lemma 4.2. Suppose that (A, B) = <[ ;12 IO } 14, [ I(’]l §11 } HB> €
2 In 21

SP,, where 114,1lp € &*'. Then we have X11 = Xij, Xoo = X3y and
Proof. Since (A, B) is a symplectic pair and [I4JII% = HpJIl} = J, we
have

0 X1z _ | —Xu+ Xy X5
X5 Xoo — X3, —Xo1 0 ’
Hence, we obtain that X1 = X{;, X22 = X3, and X2 = X3;. O

Let 114 € &2" be a given symplectic swap matrix. For each (A,B) €
SP,,, the following theorem gives a necessary and sufficient condition for
(.A, B) S SPHAJ.

Theorem 4.3. Let (A,B) = ({ i;i ﬁ;z ] ) { g;l g;
1

]) € SP,,. Then

B1y
Bay
(.A, B) S SPHAJ.

Proof. We first prove the sufficiency. Suppose that (A,B) € SPp,  for
some II4 € &2". Then there is an invertible matrix @ such that QB =

[ In Xu } Hence, [ Bu } =Q ! [ In ] is of full column rank.

] is of full column rank if and only if there exists 14 € &2 such that

0 Xop Boy 0
Now, we prove the necessity. Suppose that gu } is of full column rank,
21
there is an invertible matrix @)1 such that @ [ gll ] = [ I(;L ] Denote
21
;1\11 ;1\12 In B\12
A = QlA = ~ s B = Ql = ~ .
Agp Ago 0 Ba

Then (A, B) e (A,
BJB*, we have
(4.3)
—ApAl + Andly —ApAy + AnAy
—Ap ATy + Ao Aly  —Ax A% + Ax A,

) and (A,B) € SP,. Using the fact that AJA* =

~B1y + §T2 Eikz
—Byo 0
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Now, we show that rank([As;, Ag]) = n. We prove this by a contradic-
tion | argument. Suppose that there exists a nonzero vector u € C™ such that
[Agl,Azg] = 0. It follows from (4.3) that

U*EQQ = u*(A\QgA\Tl - 121\21//1\?2) =0.
Then we have [0, u*]A = [0, u*]B = 0. This is a contradiction because (A, B)
is a regular pair.

~

From (4.3), we obtain [A\Ql,A\QQ]j [ %g; ] = 0. Applying Lemma 2.2

by setting X = /Tgl and Y = 121\22, there exists a symplectic swap matrix

II4 € 62" such that Ay is invertible where A = ,11‘[;11 _ | A A
A9 Az
Then
Le. 2 7 An Ap I, DBis
‘A7B ~ Aa = -~ . s ~
(4.8) =~ (4.5) < A1 A 0 By >

lLe. In Bl? - A12A22 B22
~ = IL4,
Ajy Ao I, 0 A B
_ )212 0 N I, ):(11
Xoo Iy 10 X

Using the fact that X1z 0 Ly, In Xun
2 I 0 Xo

follows from Lemma 4.2 that X11 = XH, X3y = X22 and X12 = X21 O]

]) is symplectic pair, it

Suppose that (A, B) is a regular symplectic pair. Theorem 4.1 (i) shows
that rank(B) > n. In the following lemma, we show that there is Iz € G2
such that the first n columns of BIlg are linearly independent.

Lemma 4.4. Let (A, B) € SP,. There exists Ilg € &% such that B, €
C2xn s of full rank, where B = Bllg = [B1, Ba).

Proof. Suppose that nullity(B) = £. Let Q € C?"*2" be an invertible matrix

such that QB = |: B;)l , where By € (C(2”_€)X2n is of full row rank. Now,

we show that there exists an invertible matrix U € C2n=0x2n—8) qych that
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the following equality holds:

0 I, O
(4.4) UB\JBU*=| —I,_, 0 0 | ec@r0x@n-0)
0 0 O

Note that B1J B} € C@n=0x(2n=0) ig skew-Hermitian. From Theorem 4.1,
we see that ¢ < n and rank(B1J Bf) = 2n—2{. There is an invertible matrix
U7 such that

where K € C2n—20x(2n=20) i ap invertibl(le skew-Hermitian matrix. Parti-

tion U1 B as the block forms U; B = g% , where B11 € C@n=20xn 4nq
2
B} € C”™. Then we have BlJB]" = K, B\JB}" = 0 and BJJB}" =
By
Let B = Bi € C?x2n_ Using the fact that J—! = J*, (4.5) and
BT

(BY7)J(BiJ)* = 0, we have

o K 0 K3
(4.6) BJB* = 0 0 Koz | € C22n,
—Ki3 —K3 0

where K3 = B%B%* and Koz = B%VB%* is nonsingular. Since Ko3 and BJ B*
are nonsingular, we obtain that B is invertible and there is an invertible
matrix Uy € C?"*?" such that Uy BJ, B*U; = [ IO( ;

l
gruence transformation of (4.6), it is easily seen that Hermitian matrices i K
and iJ,_¢ have the same inertia. From (4.5), we obtain (4.4).

Let By = [0,I,JUB; € C*?" Then rank(B;) = n. From (4.4), w
have B1J B* = 0. It follows from Lemma 2.2 that there exists a symplectlc
swap matrix [Ip € S2" such that B11 € (C"X" is invertible, where BJIB =
[Bll,Blg] Let B = Bllg = [Bl,BQ] Then 31 € C?*n ig of full column
rank. ]

} . From the con-

For a given regular symplectic pair (A, B), from Lemma 4.4 there exists a
symplectic swap matrix Ilp € &2" such that (A, B) = (Allp, Bllg) satisfies
the assumption of Theorem 4.3. Hence, we can prove the first assertion of
Theorem 1.2.
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Theorem 4.5. Let (A,B) € SP,. There exist 4,1l € &?* such that
(.A, B) S S]P)HA,HB-

We also have the following immediate consequence from Lemma 4.4.

Theorem 4.6. Let (A, B) € SP,, with B being invertible. There exists 114 €
&2" such that (A,B) € SPn,, ;.

Remark 4.7. Suppose that (A, B) € SP,, with B being invertible. Then there
is a symplectic matriz S = B~ A € S,, such that (A, B) ke (S, Ioy). That is,
the set {(A, B) € SP,, | B is invertible} can be regarded as the set of symplec-
tic matrices Sy,. Theorem 4.6 shows that {(A,B) € SP,, | B is invertible} C
Unice2n SPir. This coincides with Theorem 1.1 (i).

Now we are in a position to prove Theorem 1.2. In the following, we
shall show that SPP,, is covered by 2" categories, each of them is an open set,
and none of them can be completely covered by the rest categories, i.e., the
classification is minimal.

Proof of Theorem 1.2. Assertion (i) follows from Theorem 4.5 directly. Now

we prove assertion (ii). For each IIg € &2", let A = [ 8 IO } IIp and
n
B= [ I(;L 8 IIg. Then (A, B) € SP, is a regular symplectic pair. It follows

from Theorem 4.3 that (A, B) ¢ SP.yp,, for all Iy # IIp.
For assertion (i), let 114,115 € &2", we show that SPr, 11, is an open
set. For each (A,B) € SPm, m,, there exists an invertible matrix @ and

Hermitian X = [X;;] € H?" such that QA = [ §21 IO } II4 and QB =
22 n
[ I(;l §11 ]HB. Let 6 = 57— > 0. Suppose that (.%T, g) € SP,, £4 =
21

2Nl
[£4] = A— A and P = [£8] = B — B such that max{||€4|p, |7 r} < 0.

It suffices to show that (A,B) € SPm, . Denote EA = QEATT = [g’z’;‘]
and £B = QEPII;! = [55] Then
> HA7

- X5 0
QA= ([ n) ] +
)IIB

5 I, Xn
QB‘([ 0 X21]+

cA gA
& &y

A cA
&1 &3

SB ¢B
&n &

B ¢B
&y Ex
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where [|Ellr < [QIrIEXF < 5 and [EZIlF < |QUFIEP|F < § for
i,7 = 1,2. Since HE |F < %, the matrix I, + EB is invertible and (I, +
ER)T = TR (=€ ) Hence |[(I, + &) 7Yr < Xio(3)F = 2. Let
QRp = ( +5H) 0 . Then

—521( ‘1‘5 DI

QBQBVZ[I(? :]HB,

*
QBQ-A |: 5 HA.
x I+ &b — ER (I, + ER)'E,
Since Hgé‘é ER(L+ER) T EY | F < H522HF+H521HFH( L+ER) rlEiblF <
T+ 4 = 1, the matrix I, + Ef — EB(I, + EB)~1EA is invertible. Hence,
(A, B) S SIP)HA,HB- ]

Here we note that the collection {SPp, 11,|l14,1I5 € &2"} does not
form a minimal classification for SIP,. To see this, we consider a special
case of regular symplectic pair. Suppose that (A, B) € SP,, and there exists
IIz € &2 such that

(4.7) (A,B) ¢ SP. 11 for each IT € &*" and TI # I,

where SP. 11 is defined in Definition 1.2.

Lemma 4.8. Let (A, B) € SP,,. Suppose that (4.7) holds for some symplectic
swap matriz Ilg € &?*. Then BH [Bl, 0], where By € C2n yith

rank(By) = n.

Proof. From Theorem 4.5, we know that there exists a symplectic swap
matrix II € &2 such that (A, B) € SP_g. The condition (4.7) shows that

II = IIg. That is, I is unique symplectlc swap matrix such that (A, B)
SIP’H Al for some symplectic swap matrix 114 € &?". Let B = BH_
[B1, By). It follows from Theorem 4.3 that rank(B) = rank(B;) = n. Then
we have BJB* =0 by Theorem 4.1.

Now, we show that Bg = 0. Suppose that BQ = 0. Without loss of gener-
ality, assume the first column of BQ is nonnzero. Let II,, =

. . .
—dcllgjagg(z\i%) jiiigi% € &?", where v{ = e; and v; = e — v{. Denote

(4.8) BY = B, = [B{", B},
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We have g(l)j(g(l))* = BJB* = 0and rank(B%l)) =n—1. Sine B ( 1)
Eg( 1) # 0, there exists an integer 7 with 2 < 7 < n such that rank([égl)
At B L)) =n - L Let I, = | R R
&2, where v§ = e; and v = e — v§. Denote B® = W1, = [Ef), §§2)],
where B is defined in (4.8). Using the fact that 3(2)j(l§(2))* = BJB* =
0, from Lemma 2.2, we obtain that Egz) € R?™" s of full column rank.
Let ﬁB = (1_11_3111\,11_1\,2)_1 € &27. We have B® = Bﬁgl and ﬁB # Ilp
because Ily, Ily, # I3,. Since rank(ﬁf)) = n, if follows from Theorem 4.3
that (Aﬁlgl,Bﬁ]}l) € SP.;. Hence, (A, B) € SP 7 . This contradicts the
condition (4.7), because g # g O

m

Then we have the following results.

Theorem 4.9. Let (A, B) € SP,,. Suppose that (4.7) holds for some sym-
plectic swap matriz Ilg € &**. Then (A, B) € SPn,, 11, -

Proof. Denote A = AIl;' = [A}, Ay) and B = Bl = [B1, Ba). (A,B) is a
regular symplectic pair, so is (A, B). Lemma 4.8 shows that rank(B;) = n

and By = 0. From Theorem 4.3, there exists a symplectic swap matrix
II4 € &2" such that

~ = le. 0 O I, 0
(4.9) (A.B) ([Xm i ]HA,[ f 0])

- - Le. 0 0 I, 0O
Xoo =Yy V1. From (4.9), we have (A, B) ([ Xoo In ] ’ [ 0 0 })

Using the fact that (A, B) = (Allz, BIlg), we obtain

e. 0 0 I,
s[4, e[ 2]m)

Hence, (A, B) € SPr, 11,- O

Remark 4.10. Now we brief show that the collection {SPr, 11, |14, llp €
&2} does not form a minimal classification for SP,. On the contrary, sup-
pose it does. We pick a category SPr, i, with Il4 # Ilg such that there ex-
ists a reqular symplectic pair (A, B) € SPu, 11, satisfying (A, B) ¢ SP, 11,
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for (Ilx, 1) # (IU'y,1'5). Therefore, (A,B) € SP, satisfies (4.7). On the
other hand, Theorem 4.9 implies (A,B) € SPr, n1,. However, 114 # Ilp,
this is a contradiction.

However, the collection {SPy; 1 | IT € %"} does not form a classification
of SP,. In fact, Upcgzs SPmn ; SP,,. One can see the following example.

Example 4.1. Let A = [ 00 }, B = [ L X ] € R6%6_ where

Y1 Y, 0 0
(4.10)
0 0 0 1 01 0 0 1
Y1 = 0 0 0 s Y2 = 01 2 and X11 = 0 0 1
-1 -2 1 0 00 1 20

Then AT A" =0 = BJB*, hence (A, B) is a symplectic pair. Furthermore,
(A, B) is regular because

is invertible. Now, we show that there is no symplectic swap matrix II € G2»
such that (A,B) € SPrn. We prove this by contradiction. Suppose that
there is a symplectic swap matrix II € &2" such that (A,B) € SPp 1,
where

4 | diag(v) diag(v®)
=1 = —diag(v®) diag(v) |’

v € {0,1}3 and v¢ = e — v. It is easily seen that II # I because Y is
singular, i.e., v # e. Since (A, B) € SPr and 117! = II*, we obtain that
the (1,1)-block of BII™! = [Bm] and the (2,2)-block of A" = [21,]] are
invertible, that is,

§11 = diag(v) + X;1diag(v®) and 121\22 = —Yidiag(v®) + Yadiag(v)

are invertible. From (4.10) and using the fact that v # e and By, is invert-
ible, we have e*v = 1. Since 121\22 is invertible and Y7 is a rank-1 matrix,
we have e*v® = 1. This is a contradiction. Hence, (A, B) ¢ SP 1 for each
Il € &%,
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5. Concluding remarks

In this paper, we aims to study the classification of S,, and SP,. Both S,
and SP,, are classified by 2™ categories in which the classifications are min-
imal and each category is an open set. Those classifications can be applied
in the doubling algorithms with permuted bases [13] and constructing the
structure preserving flow [8, 9]. From Remark 4.10, we see that the classifi-
cation {SPr, 11,| 114,115 € &2} does not form a minimal classification of

SP,,

. It is of our current interest in the future that how can we drop some

categories in {SP, 11| Ia,1Ip € &2"} such that the resulting collection
forms a minimal classification of SP,,.
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