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Convergence of stochastic interacting particle
systems in probability under a Sobolev norm

JIAN-GUO Liu AND YUAN ZHANG

In this paper, we consider particle systems with interaction and
Brownian motion. We prove that when the initial data is from the
sampling of Chorin’s method, i.e., the initial vertices are on lattice
points hi € R? with mass po(hi)h?, where p is some initial density
function, then the regularized empirical measure of the interact-
ing particle system converges in probability to the corresponding
mean-field partial differential equation with initial density pg, un-
der the Sobolev norm of L>(L?)NL?(H*'). Our result is true for all
those systems when the interacting function is bounded, Lipschitz
continuous and satisfies certain regular condition. And if we further
regularize the interacting particle system, it also holds for some of
the most important systems of which the interacting functions are
not Lipschitz continuous. For systems with repulsive Coulomb in-
teraction, this convergence holds globally on any interval [0, ¢]. And
for systems with attractive Newton force as interacting function,
we have convergence within the largest existence time of the regu-
lar solution of the corresponding Keller-Segel equation.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 35Q70, 60K35; secondary
65M75.

KEYWORDS AND PHRASES: Interacting particle system, martingale method,
energy-dissipation inequality.

1. Introduction

In this paper we consider the N —particle system of many indistinguishable
individuals interacting with each other following the same physical laws.
To be specific, we consider {X;(t)}Y, € R? as the trajectories of the N
particles at time ¢. Suppose all particles have the same “weight”, with certain
initial data {X;(0)}2,, those trajectories following the stochastic differential
equations as follows:

(1) X,J(t) = %Z j(S))dS-f—UBZ'(t)
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where {B;(t)}Y, are independent standard d—dimensional Brownian mo-
tions. We show that, as N — oo and under proper assumption of the initial
data, the regularized empirical measure of the interacting particle system
converges in probability to the solution of the corresponding partial differen-
tial equation (PDE) as follows, which is also called the mean-field equation:

%(gj,t) = %Ap -V (pF(x,t))

(2)
Flat) = [ Fole = nlo.tidy.

The interest on such convergence was raised from the study of propagation of
chaos, which was originated by Kac [15]. It is of interest since that to prove
the propagation of chaos, one need to prove that the empirical measure
of the particle system converges in law to the solution of the mean-field
PDE with a proper initial condition. See the review by Sznitman [31] for
reference.

Following this method, the propagation of chaos has been proved for dif-
ferent types of systems since the 1970s. McKean [24] proved the propagation
of chaos when the interacting function Fp is smooth. He also conjectured that
when Fy(z) = §(x), the one dimensional mean-field equation is the Burgers
equation. This conjecture was proved [4, 13, 25, 32]. More cases when Fj is
no longer smooth has been studied. For d = 2 and the interacting force given
by Fo(z) = —V+®(z) where V4 = (8%2,6%1) and ®(z) = —1In|z|, then
the mean-field equation becomes the incompressible Navier-Stokes equation.
When o = 0, it is the incompressible Euler equation. The mean-field limits
of this type of system have been studied in [23] and [26], with or without
cut-off parameters. And when d = 3, the three dimensional Navier-Stokes
equation and path-wise convergence rate with the stochastic vortex method
have also been studied in a more recent work of [10]. And more recently, for
the system with Newton/Coulomb interaction, i.e., when Fy(x) = £V®(z),
vz € R? — {0}, where

1
—2—ln‘x’, d=
U
®(x) = C
4 4>3
|2|d—2 =

where Cy = m and ag = 1“(%2/3-1)’ the mean-field limit and propaga-
tion of chaos was proved by Liu and Yang, [18, 19, 20]. We refer readers to
[1, 2, 11, 27, 29] for more instances of the study of propagation of chaos. And
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we also refer to [7] for recent progress on a blob method for the aggregation
equation.

However, the mean-field limit results that the interacting particle sys-
tem converges to the solution of the corresponding PDE, in the study of
propagation of chaos, are usually obtained in a relatively weak sense, where
the distance between two density functions are defined as Wasserstein dis-
tance. In this paper, we are, to our knowledge, for the first time to prove the
convergence of the regularized empirical measure of such interacting parti-
cle system to the corresponding mean-field PDE under a stronger, Sobolev
distance. Our result is generally true for all Fy that is bounded, Lipschitz
continuous and satisfies a regularity condition that will be specified in (9).
And when Fj is the Newton/ Coulomb interaction, it is also true when the
interacting particle system is further regularized. For the Coulomb interac-
tion when there is a repulsive interaction, our result remains true on any
interval [0, ¢], while when Fj is the gradient of Newton potential, since the
system now has a attractive interacting force, we have convergence within
the largest existence time of the regular solution of the corresponding Keller-
Segel equation.

To specify the interacting particle system we study in this paper pre-
cisely, we first need to determine the initial data. Majorly speaking, there are
two ways to set up the initial data. On one hand, some previous researches
like [12, 18, 23, 26] took the initial positions as independent identically dis-
tributed random variables with common density pg. This approach is also
known as the Monte Carlo sampling. However, this method is often inef-
ficient in the computation. On the other hand, in [5], where Chorin first
introduced the vortex method in 1973, initial positions of the vertices are
assumed to be on the lattice points hi € R? with a weight function po(hi)h>
determined by the initial density. This way of sampling has been used in
[22] and more recently, in [14], and it will be the initial condition we use in
this paper.

To be specific, let po(z),r € R? be the initial density that satisfies the
followings:

e po(x) is compact supported with a compact set D C R%. And pg(x) > 0
for all x € D.

o [po(x)de =1.
e po is a Lipschitz continuous function with Lipschitz constant L, .
e po(z) € H*(R?) for some k > 3d + 2.

For each h > 0. Let set O, C Z% be defined as follows:

(3) 0, =1{0:0c7%hoc D}
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For each 0 € Oy, let

h h]?
0,h) = ho ——, = .
co.h =0+ |55
And it is east to see that {C'(0,h)}gco, is a family of non-overlapping boxes
and
Dc | C@n).
US(SIN

Let Nj = card(©y,), i.e., the number of elements in ©j. Then by definition
it is easy to check that

(4) LD:/ 1d:v§thh§/ ldz = Up
D D,
for all h < 1, where Dy = {z € R? : infyep |z — yloo < 1}. And as h — oo,

we have
lim h¢N}, = / ldz.
h—0 D

Remark. In this paper, we will use || - || for the L? norm of a function or
vector valued function. ILe., for any f(z), = € R?

1f@IF = [ 17@)Pda

and similar for the L? norm | - ||,. And we will use | - | for the L? norm of a
vector. Le., for any vector = (21, x2,- - ,x,) € R?,

j2? = af + 2 + - 4 2

and similar for the LP norm | - |,.

For each h > 0, since Oy, is finite, we can have all its elements ordered
under a natural ordering:

©n={0h1,0h2, - ,O0nnN,}

and have the initial point of the ith particle to be 0y, ;h, 1 = 1,2,--- , Nj.
With the initial data specified, we now formally introduce the stochastic
interacting particle system in our paper:
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When Fy is bounded and Lipschitz continuous, let Xj,(t) = { X}, ;(t )}Z 1
be the interacting particle system determined by the following system
of SDE:

(5)  Xni(t) =0n;h +/0 iFo (Xni(s) = Xn,j(5)) po(On,5h)p? | ds

+ Bit), i=1,2,--+, Np.

Noting that Fj is bounded and Lipschitz continuous, the SDE in (5) always
has a unique strong solution.

When Fj is not bounded and Lipschitz continuous, in order to have a
SDE with a unique strong solution, we need to define Xp5;, (t) =

{Xhis, (75)}ZN:*L1 to be the regularized interacting particle system as
follows:

(6)
t
X (t) = Onih + / ZFO 5 (Xnin (5) — Xiion () 0(6n )R | ds
0
+ B;(t)
fori=1,2,---, Ny, where

Fos, = Fo x5, s, () = 6, “4b(dp)

and
C(1 +cosnlz|)™2,  |z| <1
P(z) =
with C such that fRd xz)dr = 1. Here d; is some number goes to 0 as

h — 0. It will be specified later in (18).

With the (regularized) interacting particle system determined, we define
the regularized empirical measure as follows: consider a function p(z) €
C5°(RY) of which the support is {|| < 1/2} such that

e o(zx) > 0.
° flxlxﬁl o) =1.

And for ¢, = h% where ¢q is to be specified later in Theorem 1, let

p(2) = {lw(i)



256 Jian-Guo Liu and Yuan Zhang

Then for the interacting particle system when Fy is bounded and Lipschitz
continuous, the regularized empirical measure of X, (t) is defined as

N,
(7) pr(@,t) =D hpo(Onih)pe, (@ = Xni(t)).
=1

And the regularized empirical measure of Xy, 5, (t) is similarly defined as

Ny,

(8) pnsn(x:t) = Y hlpo(On,ih)pe, (& = X, (1)) -
i=1

The use of the such regularized empirical measure as above is important
in computation and the regularized kernel ¢ is known as a blob function
in the vortex method. Pioneered by Chorin in 1973 [5], the random vertex
blob method is one of the most successful computational methods for fluid
dynamics and other related fields. The success of the method is exempli-
fied by the accurate computation of flow past a cylinder at the Reynolds
numbers up to 9500 in the 1990s [17]. The convergence analysis for the ran-
dom vortex method for the Navier-Stokes equation is given by [12, 22, 23]
in the 1980s. We refer to the book [6] for theoretical and practical use of
vortex methods, refer to Goodman [12] and Long [22] for the convergence
analysis of the random vortex method to the Navier-Stokes equation. We
also hoped that the estimation in this paper can be adapted to do numerical
analysis.

With the regularized empirical measure defined, we need to add one
more regularity condition on Fy which assumes the existence of a constant
Ur < oo such that

9) 1 Follinm2at2 ey < Ur.

Then we can have our main result of this paper, which sates that the regu-
larized empirical measure of the interacting particle system converges to the
solution of the PDE. It is presented in the following theorem:

Theorem 1. Suppose Fy(x) is a bounded and Lipschitz continuous in RY,
where the Lipschitz constant of Fy(x) is given by Lp. And suppose that Fy
satisfies condition (9). Let X (t) be the interacting particle system defined
in (5) and py, be the constructed reqularized empirical measure (7) with reg-
ularized parameter e, = h'/%%. Let p be the solution of the corresponding
mean-field equation (2) with initial density po. Then, there is a positive
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function c(t) (will be specified in (110)) dependent only on t, ¢, Ly, Ur and
po, and a hg > 0, such that

(10) P( sup (|[(p = pn) (-5 9)|I” +/ IV (o = o) (-, )1 dg) < c(t)h1/12d>
s€[0,t] 0
>1—c(t) pl/12d
for all 0 < h < hy.
1.1. Outline of the proof

Most of the rest of the paper will be devoted to the proof of Theorem 1.
The key idea of the proof is to introduce an intermediate system of self-
consistent process X (t) = {thi(t)}f-vzhl defined by

t
(11) Xhﬂ'(t) = Qhﬂ'h—l-/ F(Xh,i(s),s)ds + Bi(t), i=1,---, Ny
0

where {Bi(t)}f\ihl are the same family of standard Brownian motions as in
(5), and F(z,t) is defined in (2). The first thing we note is that F(x,t) is a
bounded and Lipschitz function against  with Lipschitz constant less than
or equal to L. First for any x and ¢,

Pl < [ 1Fa(e - oty )y

Noting that p is a probability density function on R%, we have

|F(z,t)] < sup |Fp(z)] < oo.
z€R4

And similarly, for any ¢ > 0 and z1, 22 € R%, we have

Par.6) = Flaa,t) < [ 1R =) = Fofaa = oo )y

< sup |Fy(z1 —y) — Fo(xa —y)|
yER4

<|zg — z1|Lp.

Thus, X, (t) is a family of independent strong solutions the same SDE with
the same initial values as the interacting particle system. Then consider the
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similar regularized empirical measure:

Ny,
(12) o) = > hpo(Bnih) e, (2= Xni(0))
i=1

If we can estimate both the distances between pp(z,t) and py(x,t), and the
distance between pp,(z,t) and p(z,t), we will be able to prove Theorem 1.

I. Control the distance between pp(x,t) and pp(x,t)

To estimate the distance between the regularized empirical measure con-
structed from the interacting particle system and that constructed from
the self-consistent process, we use a recent proved result by Huang and
Liu [14] that estimates the ¥ norm of X5 (t) — Xp(t). For any vector & =
(21,22, -+ ,zqn,) and p > 1, its [¥ norm is defined as

dN,, ;
d
. (h leirp) -
=1

According to Theorem 6.1 in [14], there exist a p > 1 such that for all
0 < h < hg with hg sufficiently small, there exists two positive constants C
and C’ depending on t, p, d, Ur, pg and the diameter of D. The following
estimate holds true:

(13) |z

(14) P (max |Xh(s) - Xh(s)|lp < Ah|ln h\) > 1 — pCAlnA|

0<s<t

for all A > C’. Then under the high probability event

b= {or???t |Xn(s) = Xn(s)],p < C'M 1nh|},

we can use the I} norm of X (s) — Xp,(s) to estimate the distance between
the empirical measures p(x,t) and pp,(z, t). Details of this part can be found
in Section 2.

II. Control the distance between p(x,t) and pp(x,t)
In this second step we estimate the distance between the empirical measure

pn(z,t) constructed from the self-consistent process and the solution of the
PDE. To estimate this distance, we have a theorem as follows:
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Theorem 2. Let X, (t) be the self-consistent system and pp(z,t) be the
constructed reqularized empirical measure with reqularized parameter €, =
R84 Let p be the solution of the corresponding mead field equation (2) with
initial density pg. Then, there is a positive function ci(t),t > 0 (will be
specified in (109)) dependent only on t, v, and py, such that

s p( sup (I = )91

]
+ [ 190 = p)C @) da) < ea(®) n) 21— ea(t) b
0

where Co = 2dLp and L is the Lipschitz constant of Fy.

The proof of Theorem 2 is similar to the one reported recently in the
authors’ conference note [21], where some preliminary work of this paper is
reported with a much simplified system with only drift and diffusion but no
interactions. In that case, the mean-field PDE is the Fokker-Planck equation
and there are no mass function on each data points in the empirical measure.
Here we generalized the proof and make it adapted to the new definition of
empirical measure in this paper and to the self-consistent system. To prove
this theorem, we take the following steps:

(1) First we use Ito’s formula to decompose the L>°(L?) N L?(H') norm
of the difference between p(z,t) and pp(x,t). Here we will have a term
that is from the free energy estimation of PDE, a term of initial error,
a term of truncation error, and a term of martingale error. Details can
be found in Section 3.

(2) Second, we prove a proposition on the separation of the self-consistent
system which shows that for the self-consistent system Xh(t), there can-
not be too many particles stay too close with each other. To prove this
separation problem, we use Girsanov Theorem to reduce it to a separa-
tion problem of standard Brownian motions. The proof of the Brownian
motion case is technical, where cases for d = 2, d = 2 or d > 3 will be
proved differently. Details can be found in Section 4.

(3) Then we estimate the term of truncation error. We are able to use the
result we proved in the proposition of separation and the fact that ¢,
is supported on {z : |z|s < €,} to bounded the truncation error under
a high probability event. Details can be found in Section 5.

(4) Since the empirical measure is rescaled by h?, we can use standard
stochastic differential equation argument to estimate the martingale er-
rors in the estimation. Details can be found in Section 6.
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(5) Note that ¢ € C§° and that the initial density pg is Lipschitz continuous.
We can estimate the initial error using standard calculations. Details can
be found in Section 7.

(6) After we have estimated the initial, truncation and the martingale errors,
we can use Gronwall’s inequality to estimate the distance between the
empirical measure pp(x,t) and the solution of the PDE and finish the
proof. Details can be found in Section 8.

Combining Part I and Part 11, we finish the proof of Theorem 1.
1.2. Newton and Coulomb interactions

With Theorem 1 holds true, when the interacting function Fy is not bounded
and Lipschitz continuous, this convergence result may remain hold. The in-
tuition behind this generalization is that, though Fp itself is not bounded and
Lipschitz continuous, the function F' defined in (2) may still be bounded and
Lipschitz continuous (in a certain interval). Thus the SDE of self-consistent
system in (11) is still well defined and has a unique strong solution. Note
that the proof of Theorem 2 depends only on the fact that F' rather than
Fp is bounded and Lipschitz continuous against x. We are still able to esti-
mate the distance between the regularized empirical measure pp(z,t) of the
self-consistent system, and the solution of the PDE.

Thus, to show the convergence result in Theorem 1, it suffices to esti-
mate the distance between the regularized empirical measure p,(x,t) of the
self-consistent system and the regularized empirical measure py, g, (z,t) of
the regularized interacting particle system. Fortunately, the results recently
proved in [14] give us exactly the same estimation as in (14), between of the
[} distance between X} (s) and X}, 5, (s), when the function Fy is Coulomb
or Newton Interactions. Thus exactly the same argument as in Section 2 will
finish the proof for those systems.

Newton interaction. In this case, the aggregation function is given by
Fo(x) = V@(z), Vo € R? — {0}, where

1
~5 Injz|, d=2
T
.
And the mean-field PDE is the Keller-Segel equation. Noting that pg(z) €
H¥(R?) for some k > %d + 1, this implies the existence of the unique local
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solution to the Keller-Segel equation with the follow regularities

(16) o1l o< (0,7, 1% (ReY)y < Cllpoll 7% (mey)
and
(17) 19epll Lo (0,7, 75> ®ay) < C(llpoll 7+ (re))

where T' > 0 depends only on || po| g (ray- Denote Tiax to be the largest exis-
tence time such that (16) and (17) is valid. According to Sobolev imbedding
theorem, one has p(z,t) € C*~42=1 for any t € [0, 7). And for

Fa.t) = [ oo~ u)oly. iy
R
using the Sobolev imbedding theorem again gives us

|1F'l| Los 0,1,k - 472200 (Ra)y < O F || Loo 0,7, m04+1 ) < C(l[poll e (ray)

and
10eF || o< (0,7, ar2-2.0 (may) < C(||pol| e (me))-

Thus for any T < Tiax, F(x,s) is a bounded and Lipschitz continuous on
R? x [0, 7], with Lipschitz constants uniformly bounded. Thus, Theorem 2
in this paper holds for the regularized empirical measure pp(z,t) of the
self-consistent system, and the solution of the corresponding Keller-Segel
equation.

With the distance between the self-consistent system and the mean-field
PDE estimated, let

(18) op =h"

where k € (1/2,1). Then according to Theorem 1.1 in [14], we have for
p > d/(1—k), and h sufficiently small, there exists two positive constants C'
and C’" depending on Tyax, p, d and pg and the diameter of D. The following
estimate holds true:

P (max ’Xh(s) — Xh,éh(s)

0<s<t

< AR 1nh\> > 1 — pCAInAl

for all A > C’. Noting that the inequality above has the same form as (14),
then the argument in Section 2 gives the estimation between Xj,(s) and
X, (s) and gives us the following corollary on the convergence of system
with Newton interaction:
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Corollary 1. For any t < Tpax, suppose Fyo(x) is given by the Newton
Interaction. Let Xy s, (s) be the reqularized interacting particle system de-
fined in (6) with 6y, defined in (18), and py.s, be the constructed regqularized
empirical measure (8) with regularized parameter €, = hY/6d . Let p be the
solution of the corresponding Keller-Segel equation with initial density po.
Then, there is a positive function c(t) (will be specified in (110)) dependent
only on t, ¢, Ly and ||po||, and a hg > 0, such that

19 P(sup (I~ prs )

]
+ [ 1900 = pns) (- a)2da) < () =1 c(t) n/12
0

for all 0 < h < hyg.

Coulomb Interaction. In this case, the interaction function is given by
Fo(z) = —V@(x), Vo € R? — {0}, where

1
——1In|z|, d=2
2m

Cq

P(z) =

And the mean-field PDE is the drift-diffusion equation. Thus again let Tiax
be the same largest existence time of a regular solution. According to [20],
Tiax = 00 So again using Sobolev embedding theorem on

F(z,t) = /R Fo(z = y)p(y, t)dz

we have that for any t > 0, F'(z,s) is bounded and Lipschitz continuous on
R? x [0,¢], with Lipschitz constants uniformly bounded. Thus, Theorem 2
in this paper holds for the regularized empirical measure pp(z,t) of the
self-consistent system, and the solution of the corresponding drift-diffusion
equation.

Moreover, according to exactly the same argument, see Remark 1.1 in
[14], let &y, be the same as defined in (18), there is a p > d/(1 — k), and h
sufficiently small, there exists two positive constants C' and C’ depending
on Tmax, p, d and pg and the diameter of D. The following estimate holds
true:

P (max ‘Xh(S) — X5, (9)

0<s<t p < Ah|lnh|> > 1 — pCAlnA|
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for all A > C’. Thus we have the following corollary on the convergence of
system with Coulomb interaction:

Corollary 2. For any t > 0, suppose Fy(z,s) is given by the Coulomb In-
teraction. Let Xy, 5, (s) be the regularized interacting particle system defined
in (6) with 0y, defined in (18), and py, 5, be the constructed reqularized empir-
ical measure (8) with regularized parameter ¢, = h'/%?. Let p be the solution
of the corresponding drift-diffusion equation with initial density pg. Then,
there is a positive function c(t) (will be specified in (110)) dependent only
ont, ¢, Lr and ||po||, and a hg > 0, such that

0 P( sup (1= prs) I

S
4 190~ s )60l da) < !/ 20) = 1~ ety i/
0
for all 0 < h < hyg.

2. The L*>°(L?) N L?*(H"') distance between pp(x,t) and
ﬁh(ma t)

According to Theorem 6.1 in [14], it has been proved that let X} (¢) and
Xh(t) be the original interacting particle system and the self-consistent sys-
tem with initial values of {Hh,ih}fv:hl, which are specified in (5) and (11),
then there exist a p > 1 such that for all 0 < h < hg with hg sufficiently
small, there exists two positive constants C' and C’ depending on ¢, p, d and
po and the diameter of D. The following estimate holds true for all A > C’:

P Xn(s) — X
(na 1K) - X0

< AR lnh|> > 1 — pCAlIInAl

where the [ norm is defined in (13). Then under the high probability event

E, = {ongl?%{t ’Xh(s) — Xn(s)

p < C”h|lnh!} ,

h

we will use the estimation of the distance between Xj(s) and Xp(s) to
estimate the distance between the two empirical measures constructed from
them. We have the theorem as follows:

Theorem 3. Let Xy (t) be the interacting particle system defined in (5) and
X}, (t) be the self-consistent system defined in (11). pp(x,t) and pp(z,t) be
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the constructed reqularized empirical measure respectively, with reqularized
parameter €, = h'/5¢. Then, there is a positive function co(t),t > 0 (will be
specified in (31)) dependent only on t, v, Up, Lp, and py, such that

(21) P( sup, (1t = pr) (- 9)11?

]
+ [ 19 0on = o))l da) < co(t) B12) = 1= eot) n/121.
0

Proof. Recall that

Np,
pr(z,s) = Z h? po(Onih) e, <CL‘ - Xh,i(s))
=1

and
Ny,
(. 5) = 3 hpo(Onih)pe, (= Xnils))
i=1
Then for any s € [0,], the L? norm of the difference is given by
(22) th(l',s) _ﬁh(xvs)H

Ny,
< Z hpo(Op.:h) ’
=1

P (2= X0i()) = g (&= Rnal9)) |

; <$ — );h,i(s)> —y (iﬂ - ih,i(@) H .

Note that since ¢ € C§°, for any 4, according to mid-value theorem

Xhi(s) — Xh,i(s)
€h

Ny,
= Z hde}:dpo (Hh,ih)
=1

9e
oxy,

<cq

X
k=1, ,d ~

where ¢, is some constant that depends only on d, and that

. < - );h,xs)) . (:c - ih,xs)) l .
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for all @ ¢ U; = {y : |y — Xn,

<e€p/2}U{y: ’y - Xh,i‘ <¢,/2}. Thus

() ()

(23)

<e Xh,i(s) - Xh,i(s) max 8_('0 / dx
<c n k=1.d || 0z || o \| Ju,
< 2¢q Kni(8) = Xni(s) max 99 e?

Plugging (23) in (22) and noting that po is Lipschitz continuous and thus
bounded, we have
(24)

lon(e, ) = pn(a )| < 2eallpolloc max

1.
lh

Iy —d/2-1|
a—kaooeh ’Xh(s)—Xh(s)

Noting that according to Jensen’s inequality, for any # € RM and p > 1 we
always have

Np Ny,

N v N
(zi;a |xi|f°> X Jai
Combining this with (4), we have

(25) | Xn,i(s) — Xn(s)

5 < (NP | Rn(s) — Xa(s)
< Up|Xn(s) — Xn(s)

bh

-

Plugging this inequality to (24) and according to the definition of Ej, we
have under event Ej:
(26)

. 0 _d/a—
lonte.5) = (o9l < 2eslnllo e | 52 G 0pcnmn

a
=1, .d

e, P Upcn?/?

<2
< 2¢q|lpolloc  max o

k=1, d

’OO
when h is sufficiently small. Noting that e, = h'/6%, we have

6,_Ld/2_1h2/3 _ pT/12-1/6d _ p1/12d
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Combining this observation with the fact that (26) holds true for all s € [0, t],
we have

. 0
(27)  sup ||pn(z,s) — pn(x,s)|| < 2cde0Hook£naX 8—2" UpC'p/12d,
o0

se[0,t] =1,.d

Then similarly for any s € [0,t] consider

Ipn(x,s)  Opn(z,s)
8$k 8:Uk

IVon(z,s) —

Then for each ¢ we can similarly we have

Op (x—Xpi(s)\ Oy [z— Xp.i(s)
Oxy, €n Oxy, €h '
Again according to mid-value theorem, we have

0o [ — Xpi(s) Op [z — Xhﬂ-(s)
dxy, ( € ) dxy, < €h >’

Xni(s) — Xh,i(s) %
€n al'jal'k 0o

Do (z—Xni(s)\ O [x—Xni(s)
oxy, €n  dxy, €h

forall z ¢ U; = {y : ’y — Xh,i‘ <e€,/2}U{y: ‘y — Xhﬂ-’ < €p,/2}. Thus

Op x — Xpi(s) Op x—XM(s)
oxy, €n  Oxy, €h

XM(S) — X}W'(S) 82g0
€n 8$]6I‘k 00

Opn(x,s)  Opn(,s)
8$k 81‘k

_Zhd —d— 1 ehzh)

< cyq

max
j7k:17"' 7d
and

=0

d/2

< 2¢q €,

max
j!k:17 7d
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which implies that

Hf)ph(x,s) ~ 9pulz, s)

axk a$k

(28) 0% 4/2-2 /
3 2 _ — U C/h2 3
< 2ealloolleo i o | _n Up

when £ is sufficiently small. Again noting that e, = h'/%¢, we have

—d/2 2h2/3 h7/12 1/3d hl/l?d.

And note that (28) holds for all k =1,2,--- ,d. Thus for any s € [0,¢],
(29)

0%
< 2d UpC'ht/12d
IVon(z,8) = Von(@, s)|| < 2dedllpolloo | max o|| 32005 || TP
and
t
B0 [ I~ Vi) ds
s=0
0%
< 2dt UpC'ht/12,
cdllpolloo 2 | 0| U
Let
0%
31 = 2dt UpC’
(31) o(t) = 2tcalmlle s |50 U
+26deOHOOk£}?-}~{,d OOUDc’—i—l.
It is easy to see that
hAC/|lnh‘ < h1/12d < h1/12d60(t)
when h is sufficiently small. Thus the proof is complete. O

3. Decomposition of errors

Since we have estimated the distance between the empirical measures con-
structed from the interacting particle system and the self-consistent system.
The remainder of the paper will mostly devote to the proof of Theorem 2.



268 Jian-Guo Liu and Yuan Zhang

First, as described in the outline of the proof, we use Ito’s formula to sepa-
rate this distance into a term of the free energy estimation of PDE, a term
of initial error, a truncation error and a martingale error. To be precise, we
have a proposition as follows:

Proposition 1. For the difference between the PDE density p and the em-
pirical measure pp, constructed from the self-consistent system, we have for
any s € [0, 1]

1o = o) )12 = 1o — A / 190 — i) (- )l dg

(32) - / [V F@a(0 - i) q) dudg
0 R4
+Tr(s) + M;

where ||(p — pr)(+,0)||? is the initial error and the term of
- [ 156t [ [ VP (o= me0)? dodd

gives the free energy estimation. My = M+ M, is the martingale error from
Ito’s formula, where My is defined by Mg = ZlNz’Ll po (O ih)M: with

(33) M = 2h* /DS /R p(z,q)Ve, (x — Xh,i(‘])) dz - dB;(q),

and My = SN po(0p.:h) ME with M equals to

34 2h2d/ /Rd 906; ZPO eh,]h)vsoe; <$+Xh z( ) Xh,j(‘]))

7j=1

S el Ve (2 + %ns(@) = Zni()) | de- dBifa).
Jj=i+1

And Tr(s) is the term of truncation error which is defined as

Tr(s)

s Ni
= 2/0 /Rd [Z hepo(Oh,ih)pe, (av - thi(q)> (F(l‘,q) - F (thi(q%q))]
i=1
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Ny,

-V (p = pn) (@, q) dedg + h*s[|Veoe, 2D po(On,ih)°.
=1

Proof. To prove the proposition, first note that for any h,

1o = pw) (oI = (-, )12 - 2 / pl, 8)pn(x, s) dz + [|pn(-, )1
]Rd

First for the deterministic part of ||p(-, )|, we have

(35)

pz, s)% dx
R(i

— [ owopdes [ [ o) (Aple.) -2V (o)) dodg

R4 0 R4
= xr 2 X — 2 xr X . T X .
= [ pta0pde— [4voPdg 2 [ [ 0P Vot adsds

Then for the second part which equals to

Np,
.y /Rd p(z,s) Zpo(ﬁh,ih)apeh (x — X;m-(s)) dz,

=1

note that for each ¢, by Ito’s formula, we have

p(T, 8) e, (l“ - Xh,i(5)>

= p(z,0)pe, (w - Xh,i@)) + /Os 8[)5;? Do, (x - Xh,i(‘])) dg
(36) - /O o) Ve, (m _Xh,i(Q)> -F (Xh,i(Q>vQ> dg

- /05 p(r,q)Vee, (fE - Xh,i(‘])) -dB;i(q)
+ % /OS p(z, q)Ape, (CU - Xh,i(Q)) dq.

Note that for the second term in the right hand side of the sum above,
according to the definition of our PDE,

/OS %@sh (95 - Xh,i(‘])) dq
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- /OS (%Ap(w,q) -V (p(w,q)F(w,Q))) Pey, <HC - Xhz(‘])) dg.

Then integrate it over z € R?, we have

s 6p(qu) %
€ - X )
/0 /R 5 Pen (1: h, (Q)) dzdg

I T A COR ER GRS ) P

+ /03 /Rd p(z,q)F(x,q) - Ve, (a: — Xh,i(q)> dzdq.

Then integrating the third term in (36) over x € R? we have by divergence
theorem that

—/ /dp(w,q)Vsoeh (:v - Xh,i(‘])) F (Xh,i(Q)=Q> dzdg

(38) s
:/o /Rd Pe, (x = Xh,i(Q)) F(Xni(a),q) - Vp(x, q) dedg.

Combining (36), (37) and (38) we have
(39)

/Rd p(, 8) e, (l’ - Xh,i(s)) dzx
= /Rd p(x,0)pe, (:U — X;”(O)> dx
[ [ Vot Ve, (- Kii(w)) dad
s [ seaF@a) Ve (s %) drdg
08 R¢ A A v
[ e (o i) PRnia).0) - V(o a)dadg — *5- 0
where M! is a martingale given in (33), i.e.,
=2t [ [ pea)Ve, (o= Xilo) do-dBi(o)
Summing up and taking the weighted average over ¢ = 1,2, --- , Ny, we have

2 [ e (e, do
Rd
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R4 0 JRd

w2 [ eaF @) Ve dedg
- 2/ /Rd hd;Po (On,ih)pe, (l‘ _Xh,i(Q)> F (Xh,i(Q)a‘J)

-Vp(z,q) dx dg + M.

Lastly, we look at the part of ||pn(-, s)||> which equals to
(41)

p2d Z p0(9h7ih)p0(0h7jh) Ad e (x — Xhﬂ-(s)) ey, (x — X}w‘(s)) dx.

,j=1,2,-- ,Np,

For each i,5 € {1,2,--- Ny}, if ¢ = j, we have directly from change of
variables that

/Rd ber (2= Xni(9)) e (2= Xni(s)) do = oI

And if ¢ # 7, say without loss of generality ¢ < j again by change of variables

we have
/Rd Per, <x — Xh,i(s)) Pe, (m — th(s)) dx
= /Rd e, () e, (CE + Xh’j(s) — Xh,i(5)> dz.

Then we can again apply Ito’s formula on ¢, <x + Xp4(s) — Xhz(s)) and
have it equals to:

Pe, (x + X5,;(0) — X5, i(0)>
/ Age, <x+XhJ — Xnila
(

)
(42) —|—/ Ve, a:+XhJ Xhz )
)
)

[en]

(F (Xh,j(Q)a Q> (Xh% )

+ [ Ve, (24 Xusla) - Knila 4Bi(q)).

[e=]
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Integrating the first and second terms over x, we have
/Rd e, (T)Pe,, (x + XhJ(O) — X;”(O)> dz

= /Rd ey, (x — Xhz(0)> Pe,, (w — Xh’j(O)) dx

a

nd
| [ o @ 80, (o4 %5(0) - %04(0)) dodg
0 JR4

_ /0 /R Voo (a: _ Xh,,;(q)) Ve, (g; _ X,Lj(q)) deda.
Moreover, for the third term we have that
/Os /R per(@)Ve, (2 + Xnj(a) — %ni(0) - F (X05(0), a) dudg
. /0 /}R e, (= Xns@) F (Xns(a).) - Ve, (o~ Xna(a)) dadg
and that
/0 8 /R e (2) Ve, <a: + Xnya) - Xh,i@) P (X04(q), ) dida
_ /0 /R 2o (2= X0y(@)) F (Xnala).q) - Voo, (2~ X1i(0)) dadg
- /0 /R e (2= Xnil@)) F (X400, 0) - Vg (2= Ko@) dadg

by divergence theorem. We also note that

(43) /Rd Dey, (x - Xhl(s)) Ve <x - Xhz(s)> - F (Xh,i(s), s> dx = 0.

So after we sum up over all the i,7 and have the weighted average, for
combinations of the initial values for ¢ # j and the constant values for i = j
we have

(44)

2 3 (00,0 po(0,5h) / P <:z: - Xhﬁi(0)> e, (:c - Xh,j(())) dz

i<je{1,2, Ny} R
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Ny,
+ )12 o (0n,ih)? e, 1> = /Rd pn(x,0)%dz = ||pn(-, 0| .

i=1
Then summing up the integration over x of the second term in (42), we have

_9 Z b2 po(0h,.:h) po (O i) /05 /Rd Ve, (m - Xh,i(q)>

i1<je{1,2,- ,Np}

(45) Ve (¢ - Znylo)) dedg

/ IVn( 02 dg + 12| Vi,

ZPO Onih)?.

i=1

Then summing up the integration over x of the third term in (42) and note
that we can add the zero terms in (43) for each i in the weighted average,
we have

2 Y wmannn [ [ e

i<jef1,2,+ Ny}
Ve, (4 Zns(a) = Xnila))
(46) : <F (th(Q)aQ) —F (Xhi(Q)7Q>> dxdq
—2 [ [ Zhdpo O, (2~ Xnil@)) F (10).0)
- Vpn(z, q) drdg.
And lastly, if we sum up the last term in (42) for all the i, j’s, we just get

My = "N 5o(0p,ih) M with M! defined in (34). Thus combining (44)(46),
(47)

16nC 9)I12 = 16 / 1V6n ()2 dg
+2// h00(Onih)pe, (= — Xni(q)) F (Xni(q),q
[ St () P (50
- Vi (z, q) dedg

Ny
+ M+ 15| Veoe, 17> po(nih)*.
=1
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At this point, we can combine (35), (40) and (47) and have

1o =AY )2 = 1o — o) (- O)2 — /||Vp )G )2 dg + N,
Np,
+ 02| Vo, 1) po(On.ih)’
=1

+ 2/08 /Rd :Vzhl h00(Onih) e, <HJ - Xh,i(Q)) F (Xh,i(Q)a Q)

(48) - Vpn(z,q) drdg
+2/ / p(z,q)F(x,q) - Vp(x,q)dzdg
0 R4

—2/ / p(z,q)F(x,q) - Vpn(z,q)dx dg
0 Rd
s N
—2// hdpﬂihsoeh fU—X@'q FXiq,q
| 2 miont (v = %0:(@) F (Znia),)
-Vp(z,q) dx dq.

Then plus and minus the term

Nh

a2 [ [ Wm0t (= 5a)) F () V=)o)

we have
(50)

0= i) = o= ) O)IF = [ 190 = e )P da+ () + 0,
2 /0 / (o= M) 0)F (,0) - Vo~ pn) o, ) ddy.
By Green’s theorem,
2 [ [ (0= i) P (w.0)- T o= pn)aa) dad
/OS RdV F (z,q) (p — pn)*(z, q) dzdg.

We have verified (32) and the proof of Proposition 1 is complete. O
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4. Estimation on the separation

With Proposition 1 decomposing the distance between p and pj as the sum
of several different error terms with different physical and mathematical
meanings, we will estimate those error terms one by one. But first, we prove
an estimation of separations which shows that, with our initial data, the in-
dependent solutions of the self-consistent SDE with high probability cannot
be too close to each other. To be specific, we use

B0 BO-3 X[ POSu) = X0 < 20 s
i<Np:itj

to measure the separation of the self-consistent system. Intuitively, we can
see IJj(t) as the sum of the average length of time for each particle that is
within a distance of 2¢j, from particle j. And we have the following proposi-
tion showing that F;(t) is small, which implies that, with high probability,
the path of different particles in the self-consistent system cannot be too
close to each other. The reason we want to first prove the proposition can
be seen later in (90).

Proposition 2. There exist some constants C1(t) and Ca(t) depends only
ont, d and Fy such that

1
Nyep,

(52) Ej(t) < Ci(t)ey ™" + Calt)

forall j =1,2,---, Ny, when h is sufficiently small.

Proof. For any h and j < Ny, Fix i # j, i < Ny, and let {Q,}"f’j,P} be
our probability measure space where ,.7-"; 7 is the natural filtration generated
by B} ;(t) = [Bi(t), Bj(t)], which is a 2d-dimensional Brownian motion. Let
Gij(s) = —(F(Xh7i(s), s), F(Xp(s), s)) be the integrand and consider the
adapted measurable process

(53) r. = /0 Giy(a) - dB7(a).
Note that for any s > 0,

(54) |Gig(s)” < 2d || Fo%.
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Thus the Novikov condition (see page 198 of [16] for details) is satisfied, i.e.,

1 S
Blow (3 [ 0P ar)| < estsal i) < .

by Girsanov Theorem (see Theorem 3.5.1 of [16]) we can define a probability
measure () in our probability space with Radon-Nikodym derivative

dQi.;j

(55) dP

1 S
Jrs - gs = exp |:Fs - 5/ |Gi7j(Q)’2dQ:| .
0
Then we have

B vl wiN b e vt

is a standard 2d-dimensional Brownian motion under probability measure
Q;,;- Thus by Radon-Nikodym Theorem we have

66 [ EdP=P(Bi(s) - Bils) + sl < 20)
hi(8)—Xhn,;(s)|<2en
where 7; j = h(0},; — 01,;). Moreover,

P (\Xh,i(s) — X ()| < 2eh>

< P(& < /%) + P (1%ni(s) = Xny(s)] < 261 1 {2 /*})
and for the first part we have,
P& < 61/2)

b (o] [ oty ] > P ensalRIR) ).

To control the right hand side of the inequality above, we consider the L*¢

(o0 | [ (-Gista-ami(a >D4d]
_ (exp [ /0 (—4dGij(0)) 'dB;ij<q)D

E

(58)
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and note that again by Girsanov Theorem,

&= | [ (161, a2, 0)| e (-5 [ 1Gu ) da)

is again a Radon-Nikodym derivative. Thus we have

which combining with (54), implies

59 8 (x| [ (460 a8 (0] ) < expods IRI) <
0

Combining (57), (59) and Chebyshev’s Inequality gives us

(60) P& < &%) < @ exp ((4d® + 16d%)s || Fo|| %) -

Then for the second part, according to (56) we have

[ EudP < P (|Bi(s) — By(s) + 741 < 261).
1K1 (5) = X ()| <260 N {E. >/}

And thus

P (1%ni(5) = Kng ()] < 260 0 {E, = /%))

< eF—Ll/?P(\Bi(s) — Bj(s) + i | < 2en).

(61)

Combining the two inequalities above, we have
(62)
P (1%0,0(5) = Xnj()] < 261) < exp ((4d + 164%)s | Fy|%)

e, 2P (1Bils) = By(s) + il < 260)
for any s > 0. Integrating (62) on [0,t] and averaging over all i # j, i < Np,
we have

2d

€
B0 < iom TR O (44 + 1680 o))

1 t
+ 1/2 Z / P (|Bi(s) — Bj(s) + vij| < 2ep) ds.
Niey ™ itji<n, 70

(63)
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According to (63) to proof Proposition 2 it is sufficient to have the following
lemma for standard Brownian motions:

Lemma 4.1. For any t > 0, there is some constant Cy(t) and C5(t) that
depends only on t such that
(64)

1 t . o1
N 5| Puse - B ol < 2] < ciod + C g
h iitii<n, /0 h

Proof. We first note that for any s and 4, j, B;(s) — Bj(s) + 7;,; has a d-
dimensional normal distribution with mean ; ; and covariance matrix 25/,
where I; is the d—dimensional identity matrix. So we have

/0 P(1B(s) = By(s) +7ig] < 2n) ds

! 1 1vij — x|
— _exp (- 2T g
) [ o oo (P s

S g — =l
= —— exp [~ dsdz.
/|x|<2q/o (4ms)ir? e"‘”( 1s ) e

To deal with equation (65), we need to separate the case of d = 1, d = 2
and d > 3.

Case 1: d =1. In this case we simply use the bound
t
| PUBG) = By(5) 4 3] < 2e0) s

2€h t
/ / s 12 dsdy = 86h\/f.
26h 0

Averaging over m gives us the desired result.

Case 2: d = 2. In this case we have

/ (IBi(5) — B;(s) + 7151 < 261) ds

|’ng x’
: dsd
/|:1:<26h/ 47T3 ( 4s e
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If |v;,5] > 1, then for all €, < 1/4 and |z| < 2¢;, we have

t 1 i — 2
/ / — exp (—u) dsdzx
‘$|<26h 47TS S
(66) / / — exp < ) dsdx
|.Z"<2€h 0
<16 / —e _ b ds
“h 0 S *P\ " 165 '

When |v; ;| < 1 taking h = W, we have

/P<|Bz(> Bj(5) + ;] < 2en) ds

t 2
/ / L ( ’%’J i ) dsdx
‘x|<26h 0 47TS 4s

/ —exp( h) dhdzx.
|z|<2epn /|

~Yi,5—x|?/4t dmch

Note that h~!exp(—h) < h~! and h~!exp(—h) < exp(—h) when h > 1. We
have

00 1 00
/ h~Yexp(—h)dh < / h~tdn +/ e Mdh
(67)  Jiy—al2/at ys.a—a|2/4t 1
< 2|log(|vi,; — @) + |logt| + 1 + log 4.

Moreover, let §; = C’Nh_l/Q7 where C' = Lgd, 09 = 01+4ep and M = [(52_1]+1.
For all Kk =0,1,---, M consider the following sets

(68) Ak = {Z : k(SQ < \’ym'\ < (k} + 1)(52}.

By definition, it is easy to see that when N}, is large and ¢, is small

M
(69) U Ak 2 {i s byl < 1}

If we first look at Ag, according to that h > CN, 1/2 , the little balls

{N(7ij,01)}i<n,,i#j (where N(z,y) is the nelghborhood of x with radius
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y) have no intersections with each other. And for all ¢ € Ay,
N(7i,01) € N (0,61 + 02).

This immediately implies that

01 + 09 4ep, 1/2 326}21
Card(Ao) S < 51 > (2 + 7]\7 S 8 + C2 Nh,

since the sum of areas of disjoint disks with radius d; in Ag cannot be larger
than the area of Ay itself. Thus we have

t
N, Z / (I1Bi(s) = Bj(s) + i3] < 2ep) ds < -card(Ao)
(70) zeA h
8t 32eit
-~ + :
<Nt

Similarly, for each k > 1 and i € Ay,

N(7i4,61) C {y: (k= 1)d2 < |yl < (k +2)d2}

which implies that

2
2 2 4 N1/2
cora(ay) < (D (D8 (H%T"
1

Noting that for all i € Ay and |z| < 2¢
[log(|i; — [)| < max{log2, |log(|kda — 2en[)|} < log2 + [log(kds)|,

according to (67) and the inequality above

(71)
1 t
Nh’ E /0 P (|Bi(s) — Bj(s) + 7ij| < 2ep) ds
1€A;
1 /
<~ E logt| +log4 + 1+ 2|log(|y;; — =|)| dx
N i€A [ 2| <2en | | [ log(|ig DI
1 /
= Z logt| +log 16 + 1 + 2| log(kd2)| dx
Nh i€EAL [ |x‘<2€h | | | ( 2)’ ]
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9 de, N1/? 2
288¢2k (1 + 128 )

+ N,

1
< [iﬁ; 3" 16(| log t] + log 16 + 1)e? | log(ko2)|

1€EA

288¢2
+ = 02

1
_ [Fh S 16(] log ] + log 16 + 1)¢} ko] og o).

i€ Ay

Summing over k =0,1,--- , M we have

< 26h) ds

+16(|logt| +log 16 + 1)es

2 ]+l
02 [kda|log(kd2)]] .

Note that the last term in the inequality above is a Riemann sum of function
z|log x| and the fact that x|logz| < max{log2,e '} < 1 on [0,2].

[6; 1]+1 2
Z 52 [k'52| log(k52)|] < / dt = 2.
0

k=1

So we have

1 t
N X[ PUBs) = Bils) 4 il < 20 s
(73) il s |<1 70
8t 327t

< —
<yt

576¢€s
C2

+16(|log t| 4+ log 16 + 1)e2 +

Combining (73) and (66), and letting
(74)

. t1 32t 576
Ci(t) == 16/0 S exp (—1/16s) ds + 2 +16(|logt| +1og16 + 1) + Yt
C5(t) :== 8t
we finally get

1 t . L1
& X[ PUBG) = B+l <2a) ds < Gl + G305
h i<, 70 h
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when d = 2, and the proof for case 2 is complete.

Case 3: d > 3. The proof in this case is similar but simpler than the case
of d = 2. Again we have

| PUB(s) = B+ < 20) s

Pl 1vi,j — x|
- /lﬂCIS?eh /0 W xp <_T> dsdz.

If |; ;| > 1, then for all €, < 1/4 and |z| < 2¢j, we have

L i,y — x|?
S — S 2 ) dsd
/as|§26h/0 (47rs)d/2 exp< 4s > .
(75) </ /t ! e L dsdz
— _ex _
~ Jjz|<2e, Jo sd/2 P 16s
1 1
2d _d
S 2 €h/0 Mexp <_1—63> ds.

When |7; ;| < 1 taking h = %, we have

/0 P(IBi(s) - By(s) + 7] < 261) ds

o1 g — =l
- S o Bl W
(70 [ = exp (=) s

—d+2
< Cd/ 1Vij — x| dx.
|l"§2€h

where constant
Cy:= 2% / h=2F4/2 exp(—h)dh.
0

Then again we can define §; = CNh_l/d, where C' = L}j/d, 0o = 01 + 4ep, and
M =[5, +1. Forall k =0,1,--- , M consider the following sets

(77) Ap = {Z s kg < |’y¢7j| < (k‘ + 1)52}

which satisfy

M
U Ap D {i |yl <1}
k=0
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Then similarly, we have

51 + 05\ @ 4 d 93d—1d
card(Ag) < ( 1;1 2) = <2+ %Ni/d) <ol 2 _Chy,

and

d
d_ (k —1)954 e, N4
card(Ay) < 2 5c§k D10 < 3dpd-1 <1+ Sty N I
i

Thus
1 ¢ "
_Nh Z ; P (|Bi(s) — Bj(s) + il < 2ep) ds < icard(Ao)

(78) i€Ao
22d_1t N 23d_1t€z

<
A Ccd
and
(79)
1 t
N, Z /0 P (|Bi(s) — Bj(s) + il < 2e) ds
1€EAL
Ca —d+2
S N Yij — T dx
Nh ieZAk II|S2eh‘ ! |
Cd gy a1 46hN11/d ’ 2d_d d ~1/d d+2
< th k 1+ C (2 eh) X <2 [k(CNh +26h)] >

Summing over k=0,1,--- , M,

Nih Z /0 P (|Bi(s) — Bj(s) + il < 2ep) ds

(80) iy 51<1
92d—1;  93d—1y.d 94\ ¢ d[551]+1
< N, + 3 h 4y (5) el Z [(kb2)82).
k=1

Again for the last term we have

[6; 1]+1

2
S [(kd2)ds) < / bt = 2.

k=1 0
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Thus
— Z /P |Bi(s) — Bj(s) + 7vij| < 2ep) ds
(81) ity 51<1
92d—1y  93d—lycd 24
< h 49 d.
SN, T ol Cd(o) “h

Then combining (75) and (81), and letting

tq 1 93d—1y 24
*(t ::22d/ i 2
(82) i) 0 sd/2eXp< 165 ) dst —Fa— + Cd(c)

C3(t) == 221t
We complete the proof of case 3. U

With Lemma 4.1 proved, then according to (63), let

1
s O @ET AR
Olt) = C5(1).

exp ((4d” + 16d°)t || Fol[3.) + C1 (1)

Then the proof of Proposition 2 is complete. O
5. Estimation of the truncation error

Back on estimating the errors times, we will first estimate the term T'r(s)
of the truncation error and have the proposition as follows:

Proposition 3. For T'r(s) be the truncation error which is defined as

5) = 2/08 /Rd [g; h 0o (On.:h) pe, (95 - Xh,i(Q))
(P.0) = F (Xnita).a) )]

-V(p — pn)(z,q) drdg
Na

+ 02|V, 1) po(Onih)’
=1
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in Proposition 1. Then we have when h is sufficiently small,

 (max {sup {0(s) = 5 [ 196~ )P aa} 0} )

(84) < hfte, 2Vl o012 Up + 205 Ll e 1%l poll

t 1
——— + Ci1(V)en, + Co(t) ——
NheZ_Q 1(B)en 2( )Nhez 1]

where Cy and Co are the constants in Proposition 2.

Proof. First for the constant term, noting that pg is a bounded function and
that

2
X
IVeal? =22 [ |ve (—)\ dz = 42|V |,
Rd €h

and that e, = h'/%¢ we have for any s € [0,1]

Np
2 Z po(On:h)* < tthEd_2\|V90H2|’POHZoUD
i=1

(85) sh*||V,

when h is sufficiently small. Thus, we will concentrate on the non-constant
part in the truncation error. By Cauchy-Schwarz inequality,

/ /Rd [i:h po(On,ih)@e, (x— Xh,i(Q)) (F(% q) - F <Xh,i(Q)7Q)>]

Vip— Ph)($ q) dzdg

<2/ [

(Fea) - F (Xh,xq), )| drdg
w3 [ 196 ol

hpo(On,ih)pe, (ﬂi - Xh,i(‘]))
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Let

Res(s) = /OS /Rd :Zhlhdpo(ﬁmh)%h (:U — Xh,i(‘]))
(86) 2
: (F(a:,q) - F (Xh,i(Q)aQ>>

dxdg.

Then by definition in order to show Proposition 2 it is sufficient to prove
that
(87)

1
E (supRes<s>) < U3 L2l poll% [

+ C4 (t)eh + Cg(t)ﬁ

s<t Nheﬁlf2 Npey,

when h is sufficiently small. To show this, first It is easy to see that we can
rewrite the integrand of Res(s) as

Z h? po(On,ih) po(On jh) Ri j(x, q)
4,7=1,2,--- N},

where
Rij(z,q) = e, (fU - Xh,z‘(Q)) (F(%Q) - F (Xh,i(Q)7Q))
e (ﬂc - Xh,j(q)) (F(ﬂz q) —F (Xh,j(Q)a q))
Note that for any ¢,j < Ny, R; j(z,q) =0 when |X;(¢) — Xi(q)| > 2€;,. And

when | X;(q) — X;(q)| < 2ep, noting that F' is Lipschitz continuous with the
Lipschitz constant less than or equal to Lp,

R j(x,q)| < Lyer

Pen (JU — Xh,z‘(Q)) Pen, (37 - Xh,j(Q))‘ .

Thus for all 4, j < Np, we have the spatial integral

(88) /Rd |Rij(z,q)|dx < €2idL%H‘PHQ“ﬂ)&hyi(q)_)zw(q)gzgh-
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Thus we have for any s € [0, ],
(89)
Res(s) < R*(s) = h*e; Lol

Z PO(Hh,ih)PO(eh,jh)/o W|Xh,i(q)_)2h,j(q)|§2ﬁh,dq
4,j=1,2,--- N},

and note that R*(s) is monotonically increasing over s. Thus to prove Propo-
sition 2, it suffices to show that

t 1
E[R*(t)] < UALE|olllpoll% | ——== + Ci(t)en + Co(t) ———
[R*(t)] < UpLrllell”lleol Nyel 2 1(t)en 2()Nhe§ﬁ‘1

when h is sufficiently small. Noting that X hi(s)— X h,;(s) is continuous and
adaptable to F}¥ (which implies progressive), H"Xh (5)=Xns(5)|<26n X Wo<s<t
is measurable on [0,#] x Q and bounded and thus integrable. By Fubini’s
Theorem,

E[R*(t)] = h*e; L ||¢|?

- < Z po(On.ih)?t + Z p0(Onih)po(On i)

i=1:N, i£j=1,2, Ny

./OtP (|Xh7i(5) = Xnj(s)| < 26h) ds)

N}L
—d
< hUpe; L llelPllpoll% [+ Ejt)
j=1

where for any j =1,2,---, Ny, E;(t) is the separation term defined in (51)
in Section 4. With Proposition 2 proved, then combining (52), (87), (89),
and (90) we have the inequality in Proposition 3. O

6. Estimation of the martingale error

In this section, we estimate the martingale error M, = M, + M, s. Out first
result is about M:

Lemma 6.1. For all s € [0,t], we have the second moment control

4h2Up

(o1) B022) < LIVl [ o) do
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Proof. Here and in Lemma 6.2, we will use the natural filtration F¥», which
is generated by the Brownian motions Bj(s),- - By, (s). Note that My =
ElN:”'l po(0n,ih) M! where

i d 3 ' i,k
M =2h /0 /de(x,q)cheh <a; thz(s)) dx - dB;( ZMS ,

and

_ opd / / a% _Xh’i(q»daz dB®(q).
y

oxy,

The Bi( )(s) in the equation above is the kth coordinate of the Brownian
motion B;(s) and it is itself a one dimension Brownian motion and a square

integrable martingale under filtration F¥* noting that BZ-(k) (s) is indepen-

dent to B](-h)(s) for all h # k, or i # j. For each ¢ and k we have the
integrand

0pe, (2= Xnila))

d
a:(}k v

Yir(q) = /R p(z,q)

continuous and adapted to filtration ]-'év ». Moreover

e, <$ - Xh,i(‘]))

8.CCk

dz| < X lp(:, s)l| < oc.

Vsl = | [ olaa)

agpeh,
695 k

Thus by Theorem 5.2.3 in [8], for all ¢ € {1,2,--- N} and k € {1,2,--- ,d},
M;k is a square integrable martingale with
(92)
2 it
| totpas

E[(M¥*)?] = 4h*E ( / Yi,k(q)%zq) < 4h*?
0

8gp€h
8$k

And for all (i, k) # (j, h) we have that
(M*, M) = (Y- B (). Yig - B(s))

(93) = [ ¥l Vinta) B 0. B @)

/m n(q)d0 =0,
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since (Bl-(k)(s), B](-h’)(s» = 0 for two independent Brownian motions, where
(Xs,Ys) is the quadratic covariance between the two processes X and Y,
defined by

(XeYa) = S (X0 +Y) — (X0) — (V).

Noting that MP* and M?" are both square integrable martingales, (93)
implies that

(94) E (M;v’fMgﬁ) =0.

Combining (92) and (94) immediately gives us

d
Bl(MI)2) = 37 B[(M)?] < 452V, |? / loC, @)l dg
k=1

and
BE(M!MI) =0

which implies that

Z po(On,ih)> E[(M{)?]
(95)

hdUD $
< B2 Vel /0 (- )12 da. 0

Then we estimate the second part of the martingale error and have a
lemma as follows:

Lemma 6.2. For all s € [0,t], we have the second moment control

96 E((M,)? <4hd—U?? 2V ol pol| 4
(96) ((M)?) < 2072 el “IIVell“llpolloos

Proof. Again note that M, = vazhl po(On.:h) M! with

d
i ik
M = ZMS
k=1
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where
i1 = [z
0

and
(97)

i1 0ve, (= + Xnia) — Xnj(q)
Zik(g) = 2h% /R 2 (2) 3 polBrsh) ( o i

j=1

N, 0ve, (2 + Xni(a) — Xn;(q)
— 2h* /Rd Pe, () Z Po(On.jh) ( Oz )da:.

j=it+1

It is easy to see that the integrand Z; 1(¢) is continuous and adapted to ]:év h
and that

8806h
(98) Zia(@)] < 20U p - H oo ee.

oxp,

Then again accordion to Theorem 5.2.3 in [8] we have for alli € {1,2,--- , N}, }
and k € {1,2,--- ,d}, M is a square integrable martingale with that

2

(99) B[(M*)’] = E (/0 Zi,k(Q)2dQ> < AR*UR e, |1? - llooll3es

a(peh,
8.%'k

and that for all (i, k) # (j,h) we have that
(L, V) = (Zi- B (5), Zig - BY(s)
(100) ~ [ 2@ Ziatw) 1B 0. B @)
- [ 2@zt do =0,
which implies that
(101) E (Mgﬂ’“Mg’h> =0.
Thus we immediately have

E[(M;)?] < 40* Ul pe, I* - 1V pell - 10l %es
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and E(M! M) =0 for all i # j. Thus

Ny
E((M)%) = po(On:h)*E((M])?)
(102) i
4hU3
< egd—J’HwH?HWPHpoHios- O

7. Estimation of the initial error

To estimate the distance between the initial empirical density

Ny,
= 1po(On.ih)pe, (& — Onih)
i=1
and po(z), we have a lemma as follows:

Lemma 7.1. For Sufficiently small h,
2 1/2
| on(2,0) = po(2)||” < e/,

Proof. To prove this lemma, we introduce the following intermediate density
function

(103) pn(x,0) = po(x [Zh e, ( —eh,im].

To estimate the distance between pp(x,0) and pp(z,0), we have for any
x € Dy,

|on(,0) — pn(x,0))| Zhd|P0 (6n,ih) — po(@)lpe, (& — Onih)

= > Wpo(Onih) — po(x)lpe, (x — Onih).

‘I_eh,ihloogfh

Noting that pg is a Lipschitz continuous function with Lipschitz constant

L,,, and that
1 T
Soeh( ) dSD (6h>
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we have

|on(2,0) = pr(x,0)[ < > hpo(Ohih) — po()|pe, (x — Onih)

|x—0n,:h|<en

hd
h

[£—=0h, k|0 <en
Recalling by definition €, = h'/6¢ >> h, when h is sufficiently small, we have

(104) |on(2,0) = pn(,0)| < Ly, | #llc03%n-

And for any x € Df
pn(x,0) = pp(x,0) = 0.

And for the distance between pp(x,0) and po(x), we first note that for any
zeD

pn(x,0) = po(w) > b, (@ —Ohh)
Z’SNhylmfeh,thSeh

Then for any « € D and i such that |z — 0} ;h| < €,

Wipe, (x— Opih) — / e ()| < B Vg

C(z—01 :h,h)

Summing up over all such neighborhood of size h centered at x — 0y, ;h, we
have

pn(z,0) = po() [/ De, (T — y)dy
{lz—yloo<en}n{yeD}

- /| » heh“uwnoody]
T—Y|co S 4€ER

= po(z) / P, (x — y)dy — 4%he; |Vl
{|o—y|o <en}n{yeD}

)

and

(.0 < po(2) / e (@ — y)dy + / her |Vl oody
|2=ylo <2en |z—y| e <2€n
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= po(@) [1+ 4%he; " [ Vipllo |

Thus for any x such that d(x, D) > €p,, noting that {|z —y|e < en} C{y €
D}, we have

(105)  |pn(x,0) = po()] < 4%he;, [ Velloollpolloe = 472" Vo]l ool p0loo-
And for any x such that d(x, D) < €, we have

0 < po(.’lﬁ) < L,Ooehﬂ

and

0 < pn(2,0) < po(@) [1+ 406, [Viplo |
Thus
(106) [71(2,0) = po(@)| < Lygen [1+4%he; [ Viplc] -

Combining (105) and (106), we have that when h is sufficiently small, for
any ¢ € D

(107) |n(,0) = po(x)| < 2Lp,ep.
And for any x € D¢
pr(x,0) = po(x) = 0.
Thus combining (104) and (107), we have for any = € D,
(108) [on(2,0) = po()| < Lpy (2 + 37[[¢lloc ) en

and for any x € DY
pn(,0) = pol) = 0.
Thus

lon(e.0) = w(@)* = [ [pn(a.0) = pola) P
<UpL% (2+ 3 ¢llo) e < &

The Proof of Lemma 7.1 is complete. ]
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8. Proof of Theorem 2 and Theorem 1

In this section, we will put all the estimations we have on different error
terms together to finish the proof of Theorem 2 and then Theorem 1. First
since that in (84) we have

 (max {sup {v66) = 5 [ 190 - .0 aa} 0} )

< e 2 Vol PlpollecUn + 203 L% ol 100l %

t 1
———+ Ci(t)ep + Co(t) ———
NheZ_Q 1(ten 2( )Nhez_ll

2
< Ctruncate (t) €h

since that e, = h/54 where

Ciruncate(t) = \/||V90H2||P0||ooUDt + 205 L3Nl [l pollZ [t + Ca(t) + Ca(t)]-

Thus according to Chebyshev inequality, letting event

1 /% R
ar = {sup {709) = [ 190 = 9.0l da} < G032}

s<t
1/2
we have P(A7) > 1 — Chruncate(t)e,
Similarly, in Lemma 6.1 we have that M, is a L? integrable martingale
and for any s <,

4h%Up s
B(2) < g2 Ve PIml [ ot o)l da

Since F is Lipschitz continuous from R? — R9, it is also differentiable almost
everywhere by Rademacher’s theorem, see Theorem 3.1.6 of [9]. Thus for any
x such that F' is differentiable, we have ||V - F'||p~ < dLp, which, according
to (35), implies that ||p(-, 5)||> < e©*%||po||> where Cy = 2dLr > 2||V-F||p~.
So we have

4hiUpe®t

E(M}) < ——5—|VellPlpol <
( ) 6%—}—200

4UD€C°t
—a IVl pol 3
0
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since €, = h'/%?. By Doob and Chebyshev inequality, letting

16UDecot 13
oo = (21l )

and event

AM = { sup |M5| S CM(t)eh}

s€[0,t]

we have P(Apr) > 1 — Cas(t)ep. Similarly, according to Lemma 6.2, M; is a
L? integrable martingale and

- 4hU3
E((My)?) < EQTJIIsOIIQHWIIszoHiot < 4UB eIVl pollsoter
h

for ¢, = h1/6d_ Then let

1/3
C () = (1603|2219 )20l 4ot)
and event

AM:{sup M| < Cy ()2/3}.
s€[0,t]

We have again by Doob and Chebyshev inequality, P(A,;;) > 1—Cy;(t)e, 2/3,

Finally note that in Lemma 7.1, the initial error is bounded by

lpo = pn(-, 0)|| < €
when h is sufficiently small. Then under the event

A=ArNAyNAy
such that

P(A) > 1-— Ctruncate( ) / - CM( )Eh - C (t)ei/s
> 1- [Ctruncate( )"‘ CM( )+ Cy ( )] 1/27

we have for any s € [0, ],

1= i) )P + / IV = pn)( 0)|I% dg
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< ei/z — / V- F(z,q)p(z,q) — /’)h(x,q)]Qdacdq
0 JRra

+ [Chruncate(t) + Car(t) + Cpy (1] /2.

Noting that the inequality above holds for all s € [0, ¢] and that e}/ 2 = pV/ 12d
then let

(109) C1 (t) == 2€COt[1 + Ctruncate(t) + C’M (t) + CM (t)]

Gronwall’s inequality finishes the proof of Theorem 2.
With Theorem 2 proved, combining it with the result of Theorem 3 and
let

(110) c(t) = co(t) + c1(t).
The proof of Theorem 1 is complete.
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