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ON SINGULAR REAL ANALYTIC LEVI-FLAT FOLIATIONS*

ARTURO FERNANDEZ-PEREZ!, ROGERIO MOL!, AND RUDY ROSAS}

Abstract. A singular real analytic foliation F of real codimension one on an n-dimensional
complex manifold M is Levi-flat if each of its leaves is foliated by immersed complex manifolds of
dimension n — 1. These complex manifolds are leaves of a singular real analytic foliation £ which is
tangent to F. In this article, we classify germs of Levi-flat foliations at (C™,0) under the hypothesis
that £ is a germ of holomorphic foliation. Essentially, we prove that there are two possibilities for £,
from which the classification of F derives: either it has a meromorphic first integral or it is defined by
a closed rational 1—form. Our local results also allow us to classify real algebraic Levi-flat foliations
on the complex projective space P™ = P¢.
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1. Introduction. Let U C C" be an open subset and H C U be a real analytic
submanifold of real codimension one. For each p € H, there is a unique complex
vector space of dimension n —1 contained in the tangent space T;,/, which is given by
L, = T,H NiT,H, where i = /—1. When the real analytic distribution of complex
hyperplanes p € H — L, is integrable, in the sense of Frobenius, we say that H
is a Levi-flat hypersurface. Thus, H is foliated by immersed complex manifolds of
dimension n — 1, defining the so-called Levi foliation. The following local normal
form was proved by E. Cartan [7, Th. IV]: at each p € H, there are holomorphic
coordinates (z1,...,2,) in a neighborhood V' of p such that

HNV = {Im(z,) = 0}. (1)

In particular, this says that the Levi foliation on H NV is given by z, = ¢, for ¢ € R.

Consider now a (non-singular) real analytic foliation F of real codimension one
on the open subset U C C". We say that F is Levi-flat if its leaves are, locally,
Levi-flat hypersurfaces. Thus, there exists a real analytic foliation £ = £L(F) on U
whose leaves are immersed complex manifolds of dimension n — 1, entirely contained
in the leaves of F. Keeping the terminology of the hypersurface case, this underlying
foliation is also referred to as Levi foliation. The above definitions make sense both
in the local setting, as germs of Levi-flat hypersurfaces or foliations at (C™,0), or in
a global context, as objects lying in an n-dimensional complex manifold M, locally
defined in open coordinate sets.

A basic example is given by the Levi-flat foliation Fy defined by level sets of the
form Re(z,) = ¢, for ¢ € R, in coordinates (z1,...,2,) of C". Its associated Levi
foliation Lo = L(Fp) is given by z, = ¢, for ¢ € C. The germ of Fy at (C™,0)
actually furnishes a local normal form for Levi-flat foliations under the context of
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CR-conjugations [11, Th. 4.1]. This means that, given a germ of Levi-flat foliation F
at (C™,0) with Levi foliation £, there exists a germ of real analytic diffeomorphism
® : (C",0) — (C",0) that, in some neighborhood of 0 € C", conjugates F and
Fo together with their Levi foliations £ and Ly, having the additional property of
being a holomorphic map when restricted to each leaf of £ assuming values in the
corresponding leaf of L.

In the singular case, an irreducible real analytic hypervariety H C U C C™ is
said to be Levi-flat if its regular part — the set of points of H near which it is a real
analytic manifold of real codimension one — is a Levi-flat hypersurface. We point out
that, in this case, the Levi foliation of H is not always the restriction of a singular
holomorphic foliation defined in a neighborhood of H — examples for this situation
can be found in [3] and [12]. However, if the Levi foliation of a germ of real analytic
Levi-flat hypervariety at 0 € C™ extends to a holomorphic foliation in a neighborhood
of 0 € C", a theorem by Cerveau and Lins Neto [9] asserts that the ambient foliation
has a meromorphic first integral, that is, a non-constant meromorphic function that
is constant along its leaves.

Likewise, we say that a singular real analytic foliation F is Levi-flat if it is Levi-
flat outside its singular set Sing(F). Its Levi foliation £ = L(F) then turns out to
be a singular real analytic foliation whose leaves are immersed complex manifolds of
dimension n—1 (see Sect. 2). Note that £ can be non-holomorphic — an example can
be found in [11, Sect. 2]. In this article, our purpose is to classify Levi-flat foliations
whose underlying Levi foliation is holomorphic — we assume this fact throughout the
text. The same hypothesis has been considered in the article [1]. Its results, in the
local case, lead to the conclusion that £ has a Liouvillean integrating factor, which is
weaker then what our classification proposes. We should also mention the paper [14],
were Levi-flat foliations of class C! with holomorphic underlying foliation are studied.

As a first step, we examine Levi-flat foliations defined by the levels of germs of
real analytic meromorphic functions with real values. We obtain the following:

THEOREM 1. A germ of holomorphic foliation of codimension one at (C",0),
n > 2, that is tangent to the levels of a non-constant real meromorphic function with
real values admits a meromorphic first integral.

The proof of this Theorem 1 is carried out in Sect. 4. Let us describe it briefly.
First, by taking two-dimensional transversal sections, we can suppose that n = 2.
Denoting by G the holomorphic foliation in the theorem’s statement, if its real mero-
morphic first integral has a fiber of codimension one accumulating to 0 € C2, we have
a real analytic Levi-flat hypersurface tangent to G and the conclusion comes imme-
diately from the aforementioned Cerveau-Lins Neto’s theorem. On the other hand, if
such a fiber does not exist, we can conclude that G is a non-dicritical foliation whose
leaves accumulating to 0 € C? are separatrices. A dynamical study of the (virtual)
holonomy of G then allows us to construct a holomorphic first integral.

The main result of this article — for which Theorem 1 is part of the proof —
provides a complete characterization of local Levi-flat foliations with holomorphic
Levi foliations:

THEOREM 2. Let F be a germ of real analytic Levi-flat foliation at (C™,0), n > 2,
induced by a real analytic 1—form w. If the Levi foliation L is holomorphic, then at
least one of the following two possibilities occurs:

(a) There exists a closed meromorphic 1—form T such that w = h||*Re(r), where

¥ is a holomorphic equation for the polar set of T and h is a germ of real
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analytic function with real values such that h(0) # 0; in this case, L is induced
by 7.

(b) There are a meromorphic function p and a real meromorphic function k, with
k/F constant along the leaves of L, such that w = Re(kdp); in this case, p is
a meromorphic first integral for L.

We give an outline of the proof of Theorem 2, which will be detailed in Sect. 5.
Our main tools are the complexification of analytic objects in (C™,0) to (C™ x C™*,0),
where C™* is a copy of C" with the opposite complex structure defined by the complex
conjugation, and the associated mirroring or (x)-operator, which acts on analytic
objects in (C™xC™*,0) (see Sect. 2). Since the Levi foliation £ is holomorphic, it turns
out that we, the complexification of w, belongs to a pencil of integrable holomorphic
1—forms (see Sect. 3). This geometric fact lies in the core of our proof, as long as we
can apply a local version of Cerveau’s classification of pencil of integrable 1—forms
[8] (Proposition 3.1). An analysis exploring symmetries under the (x)-operator then
leads to the models proposed in the assertion of our theorem. Finally, in Sect. 6, our
local results are applied to the classification of algebraic Levi-flat foliations on the
complex projective space P" = P¢. This is stated in Theorem 3.

The authors are grateful to H. Reis for a comment that was essential in the
development of the arguments in the proof of Theorem 1.

2. Foliations, Mirroring and complexification.

2.1. Basic notation. Consider coordinates z = (z1,...,2,) in C", where z; =
xj + 1y;, and the complex conjugation z = (Z1,...,%,), where Z; = x; — iy; and
i = +/—1. We will employ the standard multi-index notation. For instance, if p =
(U1y-vspin) € Z%, then 2t = 2" - ztn and 2 = 2I" - zkn. Also, if T = {iy <

.. <ipy C{l,...,n}, then |I| = p, dz; = dz;, A+ Adz;, and dz; = dz;, A+ Ndz;, .
We fix the following notation for rings of germs at (C™,0):
e O, =C{z,...,2,} is the ring of holomorphic functions;
o A, =C{z1,...,2n,21,- -, Zn} = C{z1,y1, ..., Zpn, yn} is the ring of real ana-
lytic functions (with complex values);

o A.r C A, is the ring of real analytic functions with real values.
To these rings, in the above order, we associate the fields of fractions:

e M,, is the field of meromorphic functions;

e Q, is the field of real meromorphic functions (with complex values);

e Q.r C 9, is the field of real meromorphic functions with real values.
Note that ¢ € A, is in A, if and only if ¢(z) = ¢(z) for every sufficiently small z € C.
In terms of the Taylor series ¢(z) = >_, , @, 2"2”, this is equivalent to ay, = ayy
for all u,v. We make the following convention: dimensions or codimensions will be
real, when referring to real objects (foliations, varieties), but will be complex, when
the objects in question are complex.

2.2. Levi-flat foliations. A germ of singular real analytic foliation F of real
codimension one at (C",0) is the object induced by a 1—form w with real analytic
coefficients without non-trivial common factor in A, g, which satisfies the Frobenius
integrability condition w A dw = 0. Writing

w = ZAjdl‘j + Bjdyj, (2)

j=1
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where A;, B; € Apg for j =1,...,n, we have that the singular set of F,

n

Sing(F) := Sing(w) = (){4; = B; = 0}

Jj=1

is a real analytic set of real codimension at least two.
In complex coordinates z = (21, , 2,,) in C", where z; = Re(z;) = (z; + %;)/2
and y; = Im(z;) = (2; — z;)/2i, we have

"\ A; —iB, " Aj+iB; . n+7
J=1 Jj=1
The 1—form
n= (A; —iB;)dz (4)
j=1

defines the (intrinsic) distribution of complex hyperplanes (outside Sing(F)) associ-
ated to w. We also set

n

Wf =Im(y) = = =Y —Bjda; + A;dy;. ()

Jj=1

As explained in the introduction, the foliation F is Lewvi-flat if the distribution
of complex hyperplanes defined outside Sing(F) by the 1—form 7 in (4) is integrable,
inducing the Levi foliation £ whose leaves are immersed complex manifolds of codi-
mension one. As a real foliation of codimension two, £ is defined by the Pfaff system
w = wh = 0, which, by (3) and (5), is equivalent to the one defined by n = 7 = 0
and, still, to the one induced by the real analytic 2—form n A 7. In this paper we deal
with the case where L is a holomorphic foliation. This can be characterized in the
following way:

LEMMA 2.1. Suppose that L is a holomorphic foliation, defined by an integrable
holomorphic 1—form o at (C™,0), with coefficients without common factors in O,,.
Then there exists ¢ € A, such that n = ¢o.

Proof. Write n = >0, €;dzj, where ¢; € A, and 0 = 377, ajdz;, where
a;j € O,. In a small neighborhood of 0 € C”, for z outside Sing(n) U Sing(o),
the equations 7(z) = 0 and o(z) = 0 define same hyperplane, so that there exists
#(z) € C* such that n(z) = ¢(2)o(z). For each j such that «;(z) # 0, we have
that ¢(z) = ¢j(2)/a;(2), so that ¢ extends to a neighborhood of 0 € C" as a real
meromorphic function that is real analytic outside Sing(o), a complex analytic set
of codimension two. This is possible, if and only if, «; divides ¢; in A,,, whenever
o # 0. Consequently, ¢ is real analytic in a neighborhood of 0 € C*. O

2.3. Mirroring. Let C™* ~ C” be the space obtained by endowing C" with the
opposite complex structure, induced by the complex conjugation, where we consider
complex coordinates w = (w1, ..., wy) = Z, with w; = Z; = x; —iy;. The conjugation
map z = x +1iy — = — iy = w defines a biholomorphism between C"™ and C™* that we
call mirroring. We define the (x)-operator, taking sets, functions or differential forms
in C™ to their mirrors in C™*, in the following way:
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o If v C C" then v* = {z;z € v} C C™*.
e If p: v C C" — Cis a function then

p*: yrCcC”™ — C

w = ¢(w).

e For a differential p—form w =}, ; ¢7 j(2)dz; A dz;, with |I| + |J| = p, we
set

wt = Z ¢7 5 (w)dwr A\ diy.
1,J
Note that if ¢ € A, has Taylor series ¢(2) = 3_, , a,,2"2", then
o (w) = Z awtw” = Z awta”. (6)
v v

Therefore, mirroring preserves the class of analyticity, real or complex. As a con-
sequence, v C C" is a real or complex analytic subvariety if and only if the same
holds for v* € C™*. Of our particular interest is the mirroring of foliations. If G is a
holomorphic foliation of codimension p at (C™,0), defined by a holomorphic p—form
w — that is integrable and locally decomposable outside the singular set — then G*
is the foliation defined by w™. It is straightforward to check that the leaves of F* are
obtained by the mirroring of those of F.
The (x)-operator can be defined in a broader context, acting in objects in C™ x

C™* ~ C?". We have:

o If I' C C" x C™, then I'* = {(z,w); (w, z) € T'}.

e &:I'C C" x C™ — C is a function, then

d* I — C

(z,w) — P(w,z).

e For a differential p—form w = ZIJ,’J’J, O1.1.0,.0(z, w)dzr ANdzZp Adw g Adw g,
where |I| + |I'| + |J| + |J'| = p, we define

w" = Z ¢§71,7J7J/(z,w)dw1Adw1/ ANdzy NdZy.
1,10,
Note in particular that, if T' = v x {w}, with v C C" and w € C™, then I'* =
{w} x v*. For a germ of holomorphic function ® at (C™ x C™*,0) with Taylor series
®(z,w) =32, , auz"w”, we have

O (z,w) =3, , 'z = Z Ay 2" W (7)
%

2.4. Complexification. We work in C"* x C™* ~ C?" with coordinates (z,w).
We assume henceforth that C?” is endowed with this decomposition, in such a way
that any function in Oy, or Ma,, is intrinsically a function in the coordinates (z,w).
Let ¢ € A,, be a germ of real analytic function having Taylor series

$(2,2) =Y a2tz (8)
W,V
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The complexification of ¢ is the germ of holomorphic function ¢ € O,,, whose Taylor
series is

Pe(z,w) = a2t w”. 9)
v

The complexification of a germ of real analytic p-form w = ), ; ¢7 sdzr A dZ; at
(C™,0) is the germ of holomorphic p-form at (C?",0) with expression

We :Z(¢17J)Cdszde. (10)
1.7

This is evidently a two-way process: the decomplexification of a germ of holomorphic
function I’ € Oy, is the unique ¢ € A,, such that ¢. = F. The decomplezification of a
holomorphic p—form (C2",0) is done in an obvious way. The ideas of complexification
and decomplexification can be canonically extended to meromorphic functions and
differential forms.

If € A, is as in (8), we have

* — = —v
¢ (w,w) = g aywhw”,
v
which gives, by the correspondence w = z,

(¢")e(z,w) = Z(’zwz”w“. (11)
94
Comparing this with (7) and (9), we get the commutative property (¢*). = (éc)”,
allowing us to denote both expressions by ¢F. Similar remarks apply to successive
mirror and complexification of a real analytic 1—form w, making the notation w
unambiguous.

We say that a function F' in Os,, is (x)-symmetric or mirror symmetric if F* = F.
Observe that, for some ¢ € A,, the equality ¢ = ¢} holds if and only if ¢ € A,r.
Indeed, comparing (9) and (11), we find that the mirror invariance is equivalent to
Ay, = Gy, for all indices p,v, giving the conclusion. More generally, (*)-symmetric
functions in Oy, are precisely those that decomplexify as real analytic functions with
real values. The following fact is straightforward: if ¢ € O; is a function whose Taylor
series has real coefficients and F' € O, then (po F)* = po F*. In particular, po F is
(x)-symmetric if F' is. This fact can be applied, for instance, to the function exp(F')
and, when F is a unity such that Re(F(0)) > 0, to v/F (taking the principal branch
of the square root). The notion of (x)-symmetry can be extended in an obvious way
to meromorphic functions at (C*",0).

PROPOSITION 2.2. We have the following facts:

(a) A (x)-symmetric germ of meromorphic function in Ma, can be written as a
quotient of (x)-symmetric holomorphic functions in Oay,.

(b) A real meromorphic function f € Q, is in Qur if and only if f = f.

Proof. Let F be the meromorphic function as in item (a), written in the form
F = G/H, where G, H € Oy, are without common factors. Since F* = F, we have
G*/H* = G/H. Comparing zeroes and poles, we find a unity U € Oa, satisfying
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UU* = 1 such that G* = UG and H* = UH. We have |U(0)] = 1 and, in fact, we
can suppose that U(0) = 1. Actually, taking o € C* such that o = U(0), we have

(aG)* = %(aa) and  (aH)" = %(aH).

Thus, it suffices to replace G by aG and H by aH in the rational decomposition of
F. Now, by putting G = v/U G, we have

G =(VU)'G* =VU*UG=VUG =G.

In a similar~ way, the fur}ctipn H = VU H is such that H* = H. Therefore we can
write F' = G/H, where G, H € Oy, are (*)-symmetric.
Item (b) follows straight by applying (a) to the complexification F' = f.. O

We state the following result for future reference:

ProposiTION 2.3. Let ¢ € A,. Then ¢. and ¢’ have a common non-trivial
factor in Oy, if and only if ¢ has a non trivial factor that lies in A,g.

Proof. On the one hand, if f € A,r is a factor of ¢, then f. = f¥ is a factor of
both ¢ and ¢*. On the other hand, suppose that G € Oy, is a non-unity that divides
both ¢. and ¢*. Then the decomplexification g € A,, of G divides both ¢ and ¢ in
A,. That is, there are functions a, 3 € A, such that ¢ = ga and ¢ = gf3. If g has an
irreducible factor, say g1, not lying in A,g, then, writing g = g1 for some h € A,,
we have ¢ = giha and ¢ = g1hS. Thus

¢ = grha = gihp.
This shows that g; also divides ¢. Hence g1g1 = |g1]? is a factor of ¢ in A,r. O

3. Pencils of integrable 1—forms. Let 7; and 7y be germs of integrable holo-
morphic 1—forms at (C™,0), n > 3. Suppose that they are independent — meaning
that n1 A e # 0 — and that their singular sets do not have a common component
of codimension one. We say that 11 and 7y define a pencil of integrable 1—forms or,
shortly, an integrable pencil if, for every a,b € C, with at least one of them non-
zero, the 1—form 7, ) = an + bnz is integrable. Thus, 7, ;) defines a holomorphic
foliation of codimension one F;, where t = (a : b) € P!. It may turn out that
codimc Sing(7(4,4)) = 1, but, since Sing(#;) and Sing(7z) do not have a common com-
ponent of codimension one, this will happen for only finitely many values of ¢t = (a : b)
(see [17, Lem. 2]). For these values, an equation for F; is obtained by cancelling in
N(a,py the common factors of its coefficients. The integrability condition reads

0 = N(a,p) N dNa,py = (an1 +bna) A d(an + bn)
=ab(m Adnz +n2 Adny) .

Thus 77, and 7y define an integrable pencil if and only if
m Adng +na Adnp = 0. (12)

This equation will be referred to as pencil condition. Observe that, knowing that 7,
and 79 are integrable, the pencil condition is satisfied once we find a pair of values
a,b € C* for which 7, ;) is integrable. We denote the integrable pencil engendered
by m and ny by P = P(n1,12). Note that if h € O,, is a unity, then hn; and hns
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also define an integrable pencil, denoted by hP = P(hny, hns). Clearly, the foliations
associated to both pencils are the same.

Given an integrable pencil P = P(n,12), there exists a unique meromorphic
1—form 6 = 0p such that, for every w € P, it holds

dw =0 N w. (13)

The germ of meromorphic 2—form df is called pencil curvature. Note that, if we
multiply @ € P by a unity h € O,,, then

d(hw) = (9 + ‘Z‘) A (hw), (14)

so that 0,p = 6 + dh/h and the same curvature is associated to P and to hP. The
germ of holomorphic 2—form 7; A 72 is integrable and satisfies 71 Ay A w = 0 for
every w € P. This says that the codimension two holomorphic foliation G defined by
m1 Ang is tangent to all foliations associated to 1—forms in P. The 2—form n; Any —
or the associated codimension two foliation — is called axis of P.

The next result will be the main ingredient in the proof of Theorem 2. Its proof
is contained, without an explicit mention, in Cerveau’s paper [8] on the so-called
“Brunella’s conjecture” for foliations in P3. The arguments therein adapt to the local
framework. Below, we include a sketch of the proof, which is carried out in a more
thorough way in [13].

THEOREM 3.1. Let P be an integrable pencil at (C™,0), n > 3. Then, at least

one of the following conditions is satisfied:

(a) There exists a closed meromorphic 1—form 0 such that dw = 0 Aw for every
1—form w € P. In particular, if 8 is holomorphic, all foliations in P admit
holomorphic first integrals.

(b) The axis of P is tangent to the levels of a non-constant meromorphic function.

Proof. Let § = 0p as in (13). We have two cases to consider:
Case 1. df = 0 (zero curvature). This is the first of the alternatives. In the particular
situation where 6 is holomorphic, we can write § = dg for some g € O,,. Putting
h = exp(g), we have that dh/h = dg and thus hdw = dh A w for every w € P, giving

d (%) - %(hdw —dh Aw) = 0.
Thus, after multiplication by a same unity in O,,, all 1—forms in the pencil become
closed. Their integration provide the holomorphic first integrals of the statement.
Case 2. df # 0 (non-zero curvature). This shall give the second alternative. The
arguments here are adapted from [8, Prop. 2]. Taking differentials in dw = 6 A w,
where w € P, we get dd Aww = 0. This is true, in particular, for @ = n; and 72. Thus,
at any point in a neighborhood of 0 € C" outside Sing(n; A 1)2), the 2—forms df and
11 A1)z are collinear. Thus, outside Sing(n; Anz), we can find a non-zero holomorphic
function « such that

df = amy Ana. (15)

Comparing coefficients in both sides, we conclude that « extends to a meromorphic
function in a neighborhood of 0 € C". We have two subcases:
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Subcase 2.1. « is constant. Taking the exterior derivative of (15) and applying
the pencil condition we conclude that dny A n2 = dne Ay = 0. Thus, by (13),
0 An1 Any = 0. Hence, there are meromorphic functions p; and po such that

0 = pam + pane.

This applied to (13) gives

dngy = —pgm Anz and  dny = pm A . (16)

If u1 = 0, then dny = 0 and there exists a non-constant g € O,, such that dg = 7.
In particular, this ¢ is a holomorphic first integral for the axis of P. Let us suppose
w1 # 0. Write, from (16), dn; = — (u2/u1) dne, whose differentiation gives

prd (MQ> A Ang = 0.
M1

Then po/p; is a meromorphic first integral for the axis of P, provided it is non-
constant. However, if po/pu1 = ¢ is a constant, then @ = n; 4 ¢n9 is a closed 1—form
in P. Again, there exists a non-constant g € O, such that dg = w, giving, in
particular, a holomorphic first integral for the axis of P.

Subcase 2.2. « is non-constant. The exterior derivative of equation (15), along
with (13), gives (da + 2a0) Ay Ane = 0. This implies that there exist ki, ko € M,,,
such that

1da
—— + 0 =kin + kana.

2
The same arguments of [8, Prop. 2| show that k%/a, k3 /o and ki /k; are constant
along the leaves of the axis of P, with at least one non constant. O

4. Holomorphic foliations with real meromorphic first integrals. In this
section we study germs of holomorphic foliations of codimension one at (C™, 0) that are
tangent to the levels of real meromorphic functions with real values. In the language of
this paper, we are considering functions in Q,,x whose levels define Levi-flat foliations.
Our objective is to give a proof for Theorem 1.

We start with a consideration on the dynamics of subgroups of Diff(C,0), the
group of germs of biholomorphisms at (C,0). We refer to [2, 15] for a more extensive
treatment of the subject. Fixing an analytic coordinate z at (C,0), an element ¢ €
Diff(C, 0) has a Taylor series expansion in the form ¢(z) = Az+---, where A € C* and
the dots stand for the higher order terms. The number A is the multiplier of ¢ and
can be written as A\ = €™ for some a € C, which is uniquely determined modulo
the sum of integer numbers. An element ¢ € Diff(C, 0) can be:

e Hyperbolic, if |\| # 1, corresponding to a ¢ R. In this case, ¢ is analytically
linearizable.

e FElliptic, if [\ =1 and « € R\ Q. Such an element is formally linearizable.
When ¢ is analytically linearizable, we call it an irrational rotation.

e Parabolic, if |A| =1 and o € Q. We also say that ¢ is resonant and, in the
analytically linearizable case, that it is a rational rotation. In the particular
case A = 1 and ¢ # id, we say that ¢ is tangent to the identity.

Note that a germ of diffecomorphism ¢ € Diff(C,0) of finite order is necessarily
parabolic. If G C Diff(C,0) is an abelian subgroup containing an element ¢ which
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is either hyperbolic or elliptic, than G is linearizable in the same coordinate that
linearize ¢. In particular, if ¢ is analytically linearizable, then G is also analytically
linearizable. A standard argument shows that a finite subgroup G C Diff(C,0) is
analytically linearizable. In this case, it must be cyclic and generated by one of its
elements of highest order.

A germ of real analytic one-dimensional foliation F at (C,0) with an isolated
singularity at 0 € C is leafwise invariant by ¢ € Diff (C,0) if, for every sufficiently
small z € C\ {0}, z and ¢(z) lie on the same leaf of 7. We say that F is leafwise
invariant by a subgroup G C Diff(C,0) if F is leafwise invariant by every ¢ € G. In
this case, we say that G is a subgroup of center type if F is a foliation of center type,
meaning that all orbits outside 0 € C are closed.

We have the following characterization of center type subgroups of Diff(C, 0):

LEMMA 4.1. Let G C Diff(C,0) be a center type subgroup. Then G is an abelian
group, without hyperbolic elements, that
e cither contains an irrational rotation and, thus, is analytically linearizable;
e or is formed only by parabolic elements of finite order.
Besides, G is a finite cyclic group if there is a second germ of real analytic foliation
for which G is leafwise invariant.

Proof. Since G preserves closed curves around the origin, each orbit by G of z # 0
cannot accumulate to the origin. This gives at once the following facts:

(i) G contains no hyperbolic elements.

(ii) G contains no diffeomorphisms tangent to the identity, by the Flower Theorem

[4].

(iii) Thus, the commutators of G, having multiplier A = 1, cannot be tangent
to the identity. So they must be equal to the identity, implying that G is
abelian.

(iv) All elliptic elements are analytically linearizable. Indeed, by Dulac-Moussu’s
conjecture proved in [18], a non-linearizable elliptic germ of diffeomorphism
has an orbit that accumulates to the origin.

Consequently, if G contains an elliptic element it is analytically linearizable. Other-
wise, G is an abelian group containing only parabolic elements, all of them of finite
order, since there are no elements tangent to the identity.

Consider now the last part of the statement. If there existed an elliptic element
¢ € G, then, in a coordinate z of (C,0) that linearizes ¢, for each r > 0 small, the
orbits of G would be dense in the circles z = r, which are the leaves of the center type
foliation leafwise invariant by G — and this should be the only foliation invariant by
G. On the other hand, G cannot contain parabolic elements of arbitrarily high order,
since this would imply that intersecting leaves of the two foliations leafwise invariant
by G would have infinitely many points in common. This gives that G is finite cyclic,
as we wished. O

COROLLARY 4.2. Let G C Diff (C,0) be a finitely generated center type subgroup.
Then G is analytically linearizable.

Proof. By Lemma 4.1, it is enough to consider the case where GG is an abelian
group whose elements are parabolic of finite order. However, the fact that G is finitely
generated gives that it is finite and, thus, analytically linearizable. O

Let G be a germ of singular holomorphic foliation at (C2,0). We recall that
there exists a reduction of singularities for G [19]: a proper holomorphic map o :
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(M, D) — (C2,0), which is a composition of blow-ups, where D = ¢~ 1(0) is a divisor
consisting of a finite union projective lines with normal crossings. It transforms G
into a foliation G = ¢*G — its strict transform — whose singularities are over D
and are all simple or reduced. This means that, at each such point, G is induced
by a vector field whose linear part is non-nilpotent and, when its eigenvalues A1, Ao
are both non-zero, they satisfy A;/X\y € Q. Such a singularity is said to be non-
degenerate. A simple singularity is a saddle-node if one of the eigenvalues is zero.
The reduction of singularities is not unique, but we can fix a minimal non-trivial
reduction of singularities — two minimal reductions are isomorphic. The number
of blow-ups performed is the length of the reduction process. Note that, if G has a
simple singularity at 0 € C2, we have to blow-up it once in order to get a reduction
of singularities and the associated length is one. We recall the following definition of
[5]: G is a generalized curve foliation if there are no saddle-nodes in its reduction of
singularities.

A component of D can be non-dicritical, if it is invariant by G, or dicritical,
otherwise. The foliation G itself is said to be non-dicritical is all components of D
are non-dicritical. To each non-dicritical component D C D we associate a subgroup
of Diff(C,0) in the following way. Take a point ¢ € D\ Sing(G) and a germ (%, q) ~
(C,0) of holomorphic section transversal to D at q. The virtual holonomy group
is the subgroup Hol"" (G, D) c Diff(C,0) formed by all germs of diffeomorphisms
¢ € Diff(C,0) such that z and ¢(z) are in the same leaf of G for every z € ¥ sufficiently
small. In principle, Hol""(G, D) depends on the point ¢ € D \ Sing(G) and on the
section X at ¢, but we get rid of this dependence by considering it up to conjugation by
a germ of diffeomorphism in Diff (C, 0). The next two results regard the classification
of a foliation by means of its virtual holonomy. We first have:

PROPOSITION 4.3. Let G be a germ of non-dicritical holomorphic foliation at
(C2,0) of generalized curve type. Suppose that, for every component D of its reduction
divisor D, the virtual holonomy Hol """ (G, D) is an abelian group with only finite order
elements. Then G has a holomorphic first integral.

Proof. The proposition is obvious if G has a simple singularity at 0 € C?: we blow-
up once in order to get a reduction of singularities, use the fact the virtual holonomy
is finite and apply standard arguments in order to build a holomorphic first integral.
Let us suppose the result true for foliations with reduction of singularities of length
at most k. Let G be a foliation with the properties in the statement with reduction
of singularities of length k + 1. We make a first blow-up m: (M, D) — (C%,0). Let

P1,---,pe € D be the singularities of the strict transform foliation Gy = 7*G over D
and denote by Gy, ..., Gy the germs of Gy at p1,...,ps, respectively. The induction
hypothesis assures the existence of holomorphic first integrals for Gy, ..., G,. Let

(X, q) be a transversal section to D at ¢ € D\{p1,...,ps}. Clearly, we can calculate
on ¥ the virtual holonomy groups H; = Hol""(G;, D), j = 1...,¢, which are finite
groups. They are subgroups of Hol"""(Gy, D) = Hol"" (G, D), the same holding for
H = (H,,...,Hy). Now, H is a finitely generated abelian group having only elements
of finite order. Thus, it is a finite group. The result then follows from [16, Lem. 3]. O

We say that a germ of foliation G of codimension one at (C™,0), n > 2, is log-
arithmic if there are germs of irreducible functions fi,..., fir € O, and coeflicients
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A1, -+, A € C* such that G is defined by the meromorphic 1—form

k

df;
WZ;AJJ{;. (17)

If there exists u € C* such that u\; € R for every ¢ = 1,...,k, we say that G
is logarithmic with real residues. In particular, if g can be taken in such a way
that n;, = pu\; € Z for every ¢ = 1,...,k, then G admits the meromorphic first
integral f = fi"* --- fi'*, which is holomorphic if n; € Z, for every i = 1,..., k. The
following conditions on the virtual holonomy groups are sufficient to conclude that a
holomorphic foliation is logarithmic:

PROPOSITION 4.4. Let G be a germ of non-dicritical holomorphic foliation at
(C2,0) of generalized curve type. Suppose that:
(i) for every component D C D, the virtual holonomy Hol”"(QN, D) is analytically
linearizable; ‘
(ii) for some D C D, there exists an irrational rotation in Hol"" (G, D).
Then G is a logarithmic foliation. Besides, if there are no hyperbolic elements in some
Hol""" (G, D), then G is logarithmic with real residues.

Proof. This result has been proved in [6] assuming the existence of a hyperbolic
element in place of an irrational rotation. The proof of our version follows the very
same steps, which we describe next. Essentially, the following fact is used: if G C
Diff(C,0) is an abelian subgroup containing an irrational rotation ¢, then the whole
G is linear in the same coordinate that linearizes ¢. We delineate a sketch of the
proof in order to check how the argument works. First of all, each non-degenerate
simple singularity p € Sing(g) is linearizable since the holonomy of each separatrix
contained in D is linearizable [16]. We have the following steps:

e as in [6, Lem. 3], the existence of an irrational rotation in Hol " (G, D) for some
D C D implies the existence of an irrational rotation in Hol”ir(g,D) for every
D CD.

e Following [6, Prop. 1], for each D C D, there exists a logarithmic 1—form wp
defining G in a neighborhood of D satisfying:

Property (x): if (X, ¢) ~ (C,0) is a transversal section of D at ¢ € D\ Sing(G) and

2 is an analytic coordinate at (C,0) that linearizes Hol """ (G, D) at (%, ¢q), then

wpls =dz/z.

The construction of wp near the regular points of Sing(g) on D is based on the
fact that the existence of an irrational rotation in Hol ""(G, D) implies that, given
(31,q1) and (22, g2) transversal sections as above, with coordinates z; and zp which
linearize Hol""" (G, D), then the germ of diffeomorphism fy (E1,q1) = (B2, ¢2),
obtained by the lifting of a path v in D\ Sing(G) linking ¢ to o, is a linear map.
The construction of wp in a neighborhood of a point p € Sing(G) relies on the fact
that Q is linearizable at p.

e Asin [6, Lem. 4], given two components D1, Dy C D intersecting at a point p, then
there exists ¢ € C* such that wp, = cwp,. This essentially follows from Property
() and from the fact that G is linearizable at p. We take coordinates (z1,22) at p
in which G is induced by the 1—form w = dz1/21 — Mdza/z2, where A € C*\ Qy,
such that Dy = {z; = 0}, Dy = {25 = 0}. For small ay, as € C*, by taking sections
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Y1 = {z = ay}, transversal to Dy, and ¥y = {21 = a1}, transversal to Dy, then, if
Hol """ (G, D) is linear in the coordinate z;, an irrational rotation in Hol " (G, D)
is transferred to Hol”"(g, D5) as a linear map in the coordinate zo of ¥y, Thus,
Hol """ (G, D5) is linear in the coordinate z,. This implies the result.

e A final adjustment of the constants ¢ € C* along the components of the desingu-
larization divisor D gives a logarithmic 1—form @ that defines Gina neighborhood
of D. This corresponds to a logarithmic 1— form w, as in (17), that defines G in a
neighborhood of 0 € C2.

For the last part of the statement, we first remark that, invoking again [6, Lem. 3], the

groups Hol“"(g~ D) are devoid of hyperbolic elements for all components D C D. By

construction, the meromorphic 1—form @ = o*w, that induces Q = 0*@, has simple

poles over the normal crossings divisor (@) = DU Sy U --- U Sy, where S; = 0*S;

is the strict transform of S; = {f; = 0}. Evidently, the residue of @ along each

curve S; is );. For a simple singularity p € D of G, which is non-degenerate since

G is of generalized curve type, the ratio of eigenvalues is the negative of the ratio of

residues associated to the two components of (@), intersecting at p. This ratio must

be real, since otherwise the holonomy of the two separatrices of G at p would engender
hyperbolic elements in the virtual holonomy. This fact, considered along (@), leads

to the conclusion that w has real residues. O

We now have the elements to propose a proof for Theorem 1.

Proof of Theorem 1. Let G be a germ of holomorphic foliation as in the asser-
tion, tangent to the levels of f € Q,r. By taking a smooth two-dimensional section
p: (C%0) — (C",0) generically transversal to G and to the indeterminacy set of f
(that exists by [16]), we can suppose that n = 2 and that 0 € C? is an isolated singu-
larity of G (see, for instance, [9, Sec. 3.3]). Note that if a leaf of G accumulates to the
origin, the same holds for the level of f that contains it. If this level has real codi-
mension one, it defines a G-invariant real analytic Levi-flat hypersurface at (C2,0).
As a consequence of Cerveau-Lins Neto’s Theorem [9], G admits a meromorphic first
integral, proving the result. On the other hand, if this level has real codimension two,
it must be a complex analytic curve lying in the singular locus of f. This curve is
also a separatrix for G. Thus, we are reduced to the following situation: there are
finitely many leaves of G accumulating to the origin, all of them separatrices of G con-
tained in the singular locus of f. This means, in particular, that G is a non-dicritical
generalized curve foliation. Take a reduction of singularities o : (M, D) — (C2?,0)
for G and set G = 0*G. For every component D C D, the virtual holonomy groups
Hol W(é , D) are subgroups of center type. Thus, by Lemma 4.1, they are all abelian,
either analytically linearizable containing no hyperbolic elements or formed by finite
order resonant elements. In the latter case, Proposition 4.3 gives a holomorphic first
integral for G. In the former, by Proposition 4.4, we find that G is a logarithmic
foliation with real residues. Actually, in this case, all simple singularities of G must
have ratio of eigenvalues in Q4 (see example bellow). This implies that the residues
of w can be taken in Z,, giving a holomorphic first integral for G. O

EXAMPLE 4.5. Suppose that G has a simple non-degenerate linearizable singu-
larity at 0 € C2, being defined by the 1—form

w = zodz1 — Az1dzy, with A € C*\ Q4.

If G has a real meromorphic first integral f € Q,r then A € Q_. Indeed, by Cerveau-
Lins Neto’s Theorem, as in the above proof, we are reduced to the case where the only
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leaves of G accumulating to the origin are the separatrices z; = 0 and zo, = 0. This
discards the options A € C*\ R and A € Ry \ Q1 (nodal case). If A € R_\ Q_, the
foliation G has the multivalued first integral z;2; ”\, so that the real analytic 1—form

2 d|legA|2

| _>\|2 = 51‘22|2d21 + Zl|22|2d51 — A‘21|2,52d22 — A‘21|222d52
Z1%9

|212|
defines a Levi-flat foliation tangent to G, which is independent of the Levi-flat foliation
defined by the levels of f. Therefore, an application of Lemma 4.1 gives that the
holonomy group of each separatrix of G is finite, which is a contradiction. The only
remaining case is A € Q_.

ExXAMPLE 4.6. We illustrate Theorem 1 with an example of a foliation with
holomorphic first integral tangent to the levels of a non-analytic real meromorphic
function with real levels. Consider coordinates (21, z2) in C?, where zj = xj +1y; for
j=1,2, and the function f € Qog \ Aggr defined by

43
x4yt

f(ZhZZ) =

The only level of f accumulating to 0 € C? is the z;-axis. Evidently, the non-singular
vertical foliation G defined by w = dz; is tangent to the levels of f. In order to get a
truly singular holomorphic foliation with holomorphic first integral, it suffices to take
the strict transform of G by the quadratic map 7(z, z2) = (222, 22), where z = x + iy,
getting a foliation G defined by @ = zodz + zdz which is tangent to the levels of

5 _ (wzg —yya)® + (ya2 + 2y0)?
f(za 22) - 4 4
(z22 — yy2)* + (yz2 + 2Y2)

5. Holomorphic foliations tangent to Levi-flat foliations. Let F be a germ
of real analytic Levi-flat foliation at (C™,0), defined by a germ of real analytic 1—form
w. Keeping the notation of Section 2, we denote by £ = L(F) the Levi foliation, which
we suppose to be holomorphic. In this situation, Theorem 2 asserts that there are
two possible models for F, described in the following examples.

ExXAMPLE 5.1. Let 7 be a closed meromorphic 1—form at (C™,0). We include
here the case 7 = dp, where p is either in O,, or in M,,. Let ¢ € O,, be an equation
for the poles of 7. If h € A,r is a unity, then

-T+T

w = hpp—

= h|y[*Re(r)

is a real analytic 1—form that satisfies the integrability condition. It defines a Levi-flat
foliation whose Levi foliation £ is holomorphic defined by 7.

EXAMPLE 5.2. Let p be a non-constant meromorphic (or holomorphic) function
at (C",0) whose levels define a holomorphic foliation £. Let k € Q, be a real
meromorphic function, with /% constant along the leaves of £, such that the 1—form
1n = kdp is real analytic without non-trivial factors in A,g. Define the real analytic
1—form

1
w=g (kdp + Rdp) = Re(rdp).
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Observe that the integrability condition,

1
wAdw= Z(Rdn—mdﬁ)/\dp/\dﬁz(),
is equivalent to k/F being constant along the leaves of £. Thus, w defines a Levi-flat
foliation whose Levi foliation is £. Note that £ admits real meromorphic first integrals
in Q,r (for instance, Re(p) and Im(p), as well as Re(k/k) and Im(k/k), if these are
non-constant).

As seen in Subsect. 2.2, the Levi foliation £ is tangent to the distribution of
complex hyperplanes defined by the real analytic 1—form 7 of type (1,0) such that
w = Re(n) (equation (3)). By Lemma 2.1, the condition of £ being holomorphic
is equivalent to existence of ¢ € A, such that n = ¢o, where o is an integrable
holomorphic 1—form at (C™,0) that defines £. Writing o = 2?21 a;(z)dzj, where
aj € Oy, for j =1,...,n, are without common factors, we get, by taking mirrors,
the integrable holomorphic 1—form ¢* = Z;lzl aj(w)dw; that defines the foliation
L* in C™*. Their complexifications produce two product foliations at (C™ x C™*,0) ~
(C?,0):

o L x C™ defined by o, whose leaves are vertical cylinders over the leaves of
L;
o C" x L*, defined by o, whose leaves are horizontal cylinders over the leaves
of the mirror foliation L£*.
Now, the complexification of w is a germ of integrable holomorphic 1—form w. at
(C?",0) which defines the holomorphic foliation of codimension one F., the complex-
ification of F. We have

we = 20+ e = 51+ 00) = L beoe + o0 (18)
In particular, we is (*)-symmetric, that is w? = we. On the other hand, the complex-
ification L. of £ is the holomorphic foliation of codimension two at (C?",0) defined
by (n Afl)e = ne A — that is to say, L. is the product foliation £ x L£*. Since L is
tangent to F, we have that L. is tangent to F. — and also to £ x C™* and to C™ x L*.

Observe that both 7. and 7} may have codimension one components in their
singular sets, given by ¢. = 0 and ¢ = 0. However, ¢. and ¢} are relatively prime
in Osy,, since otherwise, by Proposition 2.3, the 1—form w would have a non-trivial
factor in A,g. Hence, equation (18) says that n. = ¢coc and 1} = ¢%o) define an
integrable pencil P = P(n.,n¥) that contains w., whose axis is the codimension two
foliation L, = £ x L£*. This geometric fact is the core of the proof of Theorem 2,
which we present next.

Proof of Theorem 2. We apply Theorem 3.1 to the integrable pencil P = P(ne, 7).
The alternatives therein are in direct correspondence with those in the theorem’s
statement. Let us examine them.

Alternative (a). There exists a closed meromorphic 1—form 6 such that dow = 6 A w
for every 1—form w in P. In particular, we have the equations

dwe = 0 N we and dne = 0 A e and dnt =6 Ank, (19)
which, by mirroring, turn into

dwe = 0" N we and dnr =0" An and dne = 6" Ane.
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Taking into account these sets of equations, the closed 1—form 9 = 6 — * satisfies
VYAwe=09An.=9An:=0.

Since we, ne and 7 are independent, this is possible if and only if ¥} = 0. Hence 6 is
(%)-symmetric: 0 = 0*.

If 4 is holomorphic then 8 = dG, for some G € Os,. Since § = 6*, we also have
that § = d(G + G*)/2. Thus, replacing G by (G + G*)/2, we can suppose that G
is (%)-symmetric. Then the (*)-symmetric function H = exp(G) is a unity in Oq,
such that d(w/H) = 0 for every w € P. In particular d (n./H) = 0, so we can find
F € Oy, such that n./H = dF. Since 1. is a 1—form of type (1,0), the same is true
for dF. This means that, in the variables (z,w) € C?", F is a function only in z. We
have

we 1 met+ni\ _ dE+dF”
H H 2 - 2

Decomplexifying this expression, we get
w _df+d f
ho 2

where h € A,g and f € O,, are such that h. = H and f. = F. This a particular case

of item (a) in the statement, with 7 = df and ¢ = 1 (or of item (b) with p = f and

= Re(df),

Kk =h).
Now, when the 1—form 6 is purely meromorphic, by [10] it can be written as
L dF G
0= Mj+d<,€k>7 (20)
]Z::l Fj Fl 1., ka
where F1, ..., F; € Og, are irreducible equations for the components of the polar set,

G € Oz, My..., e € Cand ky, ..., kg € Z>p. Using that 6 is (*)-symmetric, we can
refine this writing in the following way:

o~ dhy df; df; G
0=2 mig P2\ N A *d(h’flmhw (flf{‘)”lm(fsf;‘)"s)’ )
J J

j=1

where hy, ..., h.,G € Og, are (x)-symmetric, fi,..., fs € O, are not (x)-symmetric,
Wiy pir ERI A, ..., A € Cand my,...,mp,ny,...,ng € ZZO'
Using dne = 6 A e and 1. = ¢, we have

doc N oc + ¢cdoc = ¢cl N o,

which gives

C

doe
do. = (9 — ¢L> A O¢. (22)
)
This expression, when mirrored, becomes

do} = (9 - d(;?) Nol. (23)
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The following fact is well known: if @ is an integrable holomorphic 1—form, with
Sing(w) of codimension at least two, and ¥ is a closed meromorphic 1-form such that
dw = Y Aw, then the poles of ¥ are invariant by the foliation induced by w. Applying
this to (22) and to (23), we find that the poles of 6§ — d¢p./p. are invariant by the
vertical foliation £ x C™ induced by o, while the poles of 8 — d¢%/¢% are invariant
by the horizontal foliation C" x L£* induced by .

Now, regarding the expression (21) of 6, we can say the following:

e there are no poles of the form h; = 0, for h; € Og, (*)-symmetric. Indeed,
otherwise h; would be a factor of both ¢. and ¢, since h; = 0 is invariant
by neither £ x C™* nor C* x L£*. The decomplexification of h; would thus
engender a non-trivial factor of w in A,g.

e In other words, the poles of € are either horizontal or vertical. Thus, in

coordinates (z, w) € C?", we can suppose that, for each j = 1,...,s, there
exists a unity h; € O, such that f; = h;f;, where f; = f]( ) € Oy, is
a function only in the variables z. As a consequence, 7 =0 *, where

f* = f (w) € Og, is a function only in the variables w.
° All poles must then be cancelled by either d¢./¢. or by d¢f/¢%5. Thus, they

are all simple and n; =--- =ngs = 0.
e For this same reason, there exist a unity gg € Oz, and 7q,...,7rs € Z* such
that
de=go(f1)" - (f) = go¥* and G =gifi" - [P =95 ¥,
where W = fI' ... f"s € (O, is a function in the variables z only. Besides,

Nj=rj€Z forallj=1,...,s
e The exact part can be written in the form dG = dhg/hg, where hy = exp(G)
is a (%)-symmetric unity in Og,.
Taking into account all these comments, we can write

=31, d(hify) | AGF) | dho _ d(VYY) | dH
"\ hid; hi £}

- ho VAV H’

j=1
where H = ho(h1hi)™ -+« (hsh®)™ is a (%)-symmetric unity in Os,,. Thus, by consid-
ering the integrable pencil (1/H)P instead of P — which corresponds to performing
the above calculations to the Levi-flat 1—form (1/h)w, where h € A,k is a unity such
that he = H — we can suppose that

o g, — 1Y)

Inserting this in equations (19), we find

1 1 A

Let us define (¢ = 1¢/(go¥¥*) = 0./ and, symmetrically, (¥ = n}/(g50P*) =
o /¥*. Observe that, with respect to the decomposition C" x C™* ~ C?", the 1—form
(o is of type (1,0), expressed only in the variable z, whereas ¢, of type (0, 1), is written
only in the variable w. The second closed differential form in (24) then reads

0 = d(go¢c) = dgo N (e + go dCe.
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Decomposing d = 0, + 0,, into exterior derivatives with respect to the variables z and
w and assembling 2—forms of the same type, we find that

3w90 A (C =0.

This gives 9,90 = 0, implying that go = go(z) depends exclusively on the variables z.
Let us define 7. = go(c = 1:/(¥U*) = goor/¥. It is a meromorphic 1—form in
the variable z, closed by (24). Returning to formula (18), we get

o= T _ ggeTe T
2
Decomplexifying this expression, we find
-T+T
w = p—— = [Y"Re(7),

where ¢ € O,, is such that ¥ = ¥ and 7 is a germ of closed meromorphic 1—form at
(C™,0) whose complexification is 7.. Observe that 7, being a meromorphic multiple
of o, induces the Levi foliation £ and also that v is an equation for the poles of 7.
Finally, reincorporating the unity h € A,r, we get that w has the desired shape.

Alternative (b). The axis £ x L£* of the pencil P has a meromorphic first integral.

This means that there exists a non-constant germ of meromorphic function F' at
(C™ x C™*,0) such that

dF Ane Amfi=0.

We can suppose that F is (x)-symmetric. If this is not so, we apply the (x)-operator,
finding

dF* Ame Ank=0.
Thus
d(F+F*)An.An: =0.

If F + F* is non-constant, replacing F' by F' + F*, we have a ()-symmetric mero-
morphic first integral for £ x £*. On the other hand, F' + F* is constant if and only
if F+ F* = ¢ for some ¢ € R. Thus, putting F' — ¢/2 in place of F, we can suppose
that F' + F* = 0. Thus, the non-constant meromorphic function iF is such that
(iF)* = (—i)F* =iF.

Now, by Proposition 2.2, we can write F' = G/H, where G, H € Oy, are relatively
prime (x)-symmetric functions. Let g,h € A,r be real analytic functions such that
gc = G and he = H. Thus, f = g/h is a non-constant real meromorphic function in
Q.,.r such that

df A\nAf =0,

which means that £ is tangent to the levels of f. By Theorem 1, £ has a meromorphic
first integral p € M,,. Therefore, there exists a real meromorphic function k € Q,,
such that n = kdp. Consequently

1
w=g (kdp + Rdp) = Re(rdp).

As seen in Example 5.2, the integrability for w implies that /R is constant along the
leaves of £. This finishes the proof. O
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6. The global case: algebraic Levi-flat foliations. Throughout this section
we consider the projective space P* = P obtained by the usual identification of points
of C"*1\ {0} lying in the same line through the origin. We identify geometric objects
in P" with their cones in C"*1\ {0} and work in coordinates z = (2o, ..., z,) € C"*1.

In this way, a real algebraic foliation F of codimension one in P™ is defined in
C™*! by an integrable real 1—form w with relatively prime polynomial coefficients
satisfying the following conditions:

(i) ipw = ipw? = 0, where i, denotes the contraction by the real radial vetor

field;

(i) (Ax\)*w = |A*w for some d > 1 and for every A\ € C*, where A, is the

homothety of C™ given by Ay(z) = Az.

Employing the notation of Subsection 2.2, we write

n

= Z (Ajdx; + Bjdy;) and W' = Z(—Bjdacj + Ajdy;),
7=0 =0

where A;, B; € C[z, 2] are such that A; = A; and B; = B; for every j =0,...,n. We
also take the canonical decomposition w = (n + 7)/2, where

n

n:ZAj szj Zsjdzj

7=0

Condition (i) expresses that F contains all complex lines through the origin of C**1.
In coordinates, r = Z;‘l:o (x;0/0x; +y;0/0y;) and we have

n n

> (wjAj+y;B)=0 and Y (—a;B; +y;A;) =0.

=0 =0

This is the same of asking the vanishing of the contraction of n by the complex radial
vetor field R =37 2;0/0z;, that is, 37_ zje; = 0.

In turn, condition (ii) asserts that the distribution of real hyperplanes induced
by w descends, in a well defined way, to P". Suppose, initially, that the coefficients
of n, e; € C[z, ], are bihomogeneous of bidegree (d —1,d), for some d > 1. Then, for
A € C*, we have

(AN)"n =D AN (2, 2)dz; = [A*M. (25)
j=0

Similarly, (Ay)" 7 = |\|*?5, which gives

' w = @ (L) =

Reciprocally, if condition (ii) holds, it is straightforward that the coefficients ¢; of n
must be bihomogeneous of bidegree (d — 1, d).

Let us suppose that F is an algebraic foliation in P” that is Levi-flat, meaning that
it is a local Levi-flat foliation at each point of P™. Thus, the Levi foliation £ = L(F)
is a real analytic complex foliation in P" of complex codimension one. In consonance
with the local study of the previous sections, we suppose that £ is a holomorphic
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foliation. Thus, we associate to £ a degree dy > 0, which counts its tangencies, with
multiplicities, with a generic line in P". In coordinates z = (zo,...,2,) € C"! the
foliation £ is induced by an integrable polinomial 1-form o = Z?:o o (z)dzj, whose
coefficients «; € C[z] are relatively prime homogeneous polynomials of degree dy + 1,
which contracts to zero by the complex radial vector field, that is, Z?:o zjo; = 0.
Since n defines the same distribution of complex hyperplanes as o, there exists a
bihomogeneous polynomial ¢ € C|z, Z] of bidegree (d — dy — 2,d) such that

n = eao.

In particular, dy < d — 2.
Now we analyze the two alternatives of Theorem 2 for F, considered as a local
foliation at 0 € C"*1:

Alternative (a). w = h|y|*Re(r), where 7 is a closed meromorphic 1—form that
induces G, ¥ € Op41 is an equation for polar set of 7 and h € A,, 41 r is a unity. The
1—form 7 goes down to P", that is, for every A € C* the 1—forms 7 and (A,)" 7 define
the same distribution of complex hyperplanes and ig7T = 0, where R is the complex
radial vector field. Hence, 7 has a writing as in (20) (we borrow the notation, putting
7 instead of 6), where Fy, ..., Fy, G € C[z] are homogeneous polynomials satisfying:
e degG = kydeg Fy + -+ - + kg deg Fy;
e N\ydeg Fy + -+ \ydeg Fy = 0 (Residue Theorem).
The function v is an equation of the poles of 7, thus it is a homogeneous polynomial
in C[z]. Finally, the homogeneity of w, ¢ and 7 gives that A must be a constant,
supposed to be 1.

Alternative (b). w = Re(kdp), where p € M,, 11 is a complex meromorphic function,
Kk € Qpni1 is a real meromorphic function such that x/7 is constant along the leaves
of G. Again, since p is constant along the leaves of a foliation that goes down to
P, all leaves of L are algebraic and p must be a complex rational function in P",
given in homogeneous coordinates as the quotient of relatively prime homogeneous
polynomials in C[z] of the same degree. From (25), considering that n = rdp, we see
that x must be a real rational function of bidegree (d,d) defined as the quotient of
relatively prime homogeneous polynomials in C[z, z].
We summarize this discussion in the following global version of Theorem 2:

THEOREM 3. Let F be a real algebraic Levi-flat foliation on P™, n > 2, induced
in homogeneous coordinates z = (zg, -+ ,z,) € C"*1 by an integrable 1—form w with
polynomial coefficients satisfying conditions (i) and (ii) above. If the Levi foliation
L = L(F) is holomorphic, then at least one of the following two possibilities occurs:
(a) w = [|?Re(7), where T is closed complex rational 1—form that defines L and
Y € C[z] is a homogeneous equation for polar set of T.

(b) w=Re(kdp), where p is a complex rational function that is a first integral for
L, k is a real rational function of bidegree (d,d), for some d > 1, defined as
a quotient of relatively prime homogeneous polynomials in Clz, Z], such that
k/R is constant along the leaves of G.

We finish with an illustration on how to produce examples of the situation (b) in
the theorem:

EXAMPLE 6.1. Let p = F/G be a complex rational function, where F,G € C[z]
are relatively prime homogeneous polynomials of the same degree, whose levels define
a holomorphic foliation G on P*. Let v = R/S be a complex rational function in the
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variables u = (u1,u2) € C?, defined as a quotient of relatively prime homogeneous
polynomials R,S € Clu]. Then vop = R(F,G)/S(F,Q) is also a rational first
integral for G. Suppose also that u3 factors R, so that G* divides R(F,G), making

R(F,G)dp a polynomial 1—form. Let x = R(F,G) S(F,G). It is a homogeneous
polynomial in Clz, Z] of bidegree (d, d), where d = deg(R(F, G)) = deg(S(F,G)), such
that k/k = v o p/vopis constant along the leaves of G. Thus, up to cancelling
factors of the form |p|?, where ¢ € C[z] is a homogeneous factor of F or G, the
1—form w = Re(kdp) defines a Levi-flat foliation on P whose underlying foliation is

g.
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