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TWO CLOSED GEODESICS ON COMPACT BUMPY FINSLER
MANIFOLDS∗

WEI WANG†

Abstract. In this paper, we prove there are at least two closed geodesics on any compact bumpy
Finsler n-manifold with finite fundamental group and n ≥ 2. Thus generically there are at least two
closed geodesics on compact Finsler manifolds with finite fundamental group. Furthermore, there
are at least two closed geodesics on any compact Finsler 2-manifold, and this lower bound is achieved
by the Katok 2-sphere (S2, F ) and 2-real projective space (S2/Z2, F ), cf. [Kat].
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1. Introduction and main results. It is well-known that there are at least
two closed geodesics on all compact bumpy Riemannian manifolds M with dimM ≥
2 except for some special type of manifolds, cf. [Fet] or Theorem 4.1.8 of [Kli2]
and Remark 1.5 below. While its proof depends on the symmetric property for the
Riemannian metric, and consequently the proof carries over to the symmetric Finsler
case. But for non-symmetric Finsler case, the proof does not work, hence we must
develop new methods to handle the problem in this case. This paper is devoted to do
this.

Let us recall firstly the definition of the Finsler metrics.

Definition 1.1 (cf. [BCS] or [She]). Let M be a finite dimensional smooth
manifold. A function F : TM → [0,+∞) is a Finsler metric if it satisfies

(F1) F is C∞ on TM \ {0},
(F2) F (x, λy) = λF (x, y) for all x ∈M , y ∈ TxM and λ > 0,
(F3) For every y ∈ TxM \ {0}, the quadratic form

gx,y(u, v) ≡ 1

2

∂2

∂s∂t
F 2(x, y + su+ tv)|t=s=0, ∀u, v ∈ TxM,

is positive definite.
In this case, (M,F ) is called a Finsler manifold. F is symmetric if F (x,−y) =

F (x, y) holds for all x ∈M and y ∈ TxM . F is Riemannian if F (x, y)2 = 1
2G(x)y · y

for some symmetric positive definite matrix function G(x) ∈ GL(TxM) depending on
x ∈M smoothly.

A closed curve on a Finsler manifold is a closed geodesic if it is locally the shortest
path connecting any two nearby points on this curve (cf. [She]). As usual, on any
Finsler manifold (M,F ), a closed geodesic c : S1 = R/Z → M is prime if it is
not a multiple covering (i.e., iteration) of any other closed geodesics. Here the m-th
iteration cm of c is defined by cm(t) = c(mt), where m ∈ N. The inverse curve c−1

of c is defined by c−1(t) = c(1− t) for t ∈ R. Note that unlike Riemannian manifold,
the inverse curve c−1 of a closed geodesic c on a non-symmetric Finsler manifold need
not be a geodesic. Two prime closed geodesics c and d are distinct if there is no
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θ ∈ (0, 1) such that c(t) = d(t + θ) for all t ∈ R. We shall omit the word distinct
when we talk about more than one prime closed geodesic. On a symmetric Finsler (or
Riemannian) manifold, two closed geodesics c and d are called geometrically distinct
if c(S1) �= d(S1), i.e., their image sets in M are distinct.

For a closed geodesic c on (M, F ), denote by Pc the linearized Poincaré map of c.
Then Pc ∈ Sp(2n− 2) is symplectic. A closed geodesic c is called non-degenerate if 1
is not an eigenvalue of Pc. A Finsler manifold (M, F ) is called bumpy if all the closed
geodesics on it are non-degenerate. Note that bumpy Finsler metrics are generic in
the set of Finsler metrics, cf. [Rad4].

The following are the main results in this paper:

Theorem 1.2. There exist at least two prime closed geodesics on every compact
bumpy Finsler manifold (M,F ) with finite fundamental group and dimM ≥ 2.

Furthermore, if dimM = 2, the bumpy and finite fundamental group conditions
are not needed, and we have the following:

Theorem 1.3. There exist at least two prime closed geodesics on every compact
Finsler manifold (M,F ) with dimM = 2.

Remark 1.4. In 1973, Katok in [Kat] found some non-symmetric Finsler metrics
on CROSSs (compact rank one symmetric spaces) with only finitely many prime closed
geodesics and all closed geodesics are non-degenerate. The number of closed geodesics
on Sn that one obtains in these examples is 2[n+1

2 ], where [a] = max{k ∈ Z | k ≤ a}
for a ∈ R, cf. [Zil].

We are aware of a number of results concerning closed geodesics on Finsler man-
ifolds. According to the classical theorem of Lyusternik-Fet [LyF] from 1951, there
exists at least one closed geodesic on every compact Riemannian manifold. The proof
of this theorem is variational and carries over to the Finsler case. In [BaL], V. Bangert
and Y. Long proved that on any Finsler 2-sphere (S2, F ), there exist at least two
closed geodesics. In [Rad3], H.-B. Rademacher studied the existence and stability of
closed geodesics on positively curved Finsler manifolds. In [DuL1] of Duan and Long
and in [Rad4] of Rademacher, they proved there exist at least two closed geodesics
on any bumpy Finsler n-sphere independently. In [Rad5], Rademacher proved there
exist at least two closed geodesics on any bumpy Finsler CP2. In [DLW], Duan,
Long and Wang proved there exist at least two closed geodesics on any compact
simply-connected bumpy Finsler manifold. In [DLX], Duan, Long and Xiao proved
the existence of at least two non-contractible closed geodesics on any bumpy Finsler
RP3. In [Tai2], Taimanov proved the existence of at least two non-contractible closed
geodesics on any bumpy Finsler RP2. In [LiX], Liu and Xiao proved there exist at
least two non-contractible closed geodesics on any bumpy Finsler RPn.

Remark 1.5. For the case π1(M) is infinite, as pointed out in [Tai1] of I.
Taimanov, there are at least two prime closed geodesics on all compact Riemannian
manifolds except M is an Eilenberg-MacLane complex K(π, 1) such that π is different
from Z and contains an element g ∈ π such that any element of π is conjugate to one
power of g. cf. Theorem 4.1.8 of [Kli2] and [BaH] for a proof. Note that the same
proof yields there are at least two prime closed geodesics on all compact Finsler man-
ifolds with infinite fundamental group except M is an Eilenberg-MacLane complex
K(π, 1) as above.

Remark 1.6. In [LLX], Liu, Long and Xiao proved in every non-trivial homotopy
class α ∈ π1(S

n/Γ) with finite order of a bumpy Finsler Sn/Γ, where Γ is a finite group
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acts on Sn freely and isometrically, there exist at least two distinct closed geodesics.
While we don’t know whether the two closed geodesics obtained in Theorem 1.2
belongs to some identical homotopy class. Note also that the result of [LLX] does
not imply there are more than two prime closed geodesics on Sn/Γ. For example,
let (S2, F ) be the Katok 2-sphere, cf. [Kat] or [Zil], then (S2/Z2, F ) has exactly two
closed geodesics c+ and c− in 0 �= α ∈ π1(S

2/Z2), and exactly two closed geodesics
c2+ and c2− in 0 = α2 ∈ π1(S

2/Z2).
In this paper, let N, N0, Z, Q, R, and C denote the sets of natural integers,

non-negative integers, integers, rational numbers, real numbers, and complex num-
bers respectively. We use only singular homology modules with Q-coefficients. For
terminologies in algebraic topology we refer to [GrH]. For k ∈ N, we denote by Qk

the direct sum Q ⊕ · · · ⊕ Q of k copies of Q and Q0 = 0. For an S1-space X, we
denote by X the quotient space X/S1.

2. Critical point theory for closed geodesics. Let M = (M,F ) be a com-
pact Finsler manifold, the space Λ = ΛM of H1-maps γ : S1 → M has a natural
structure of Riemannian Hilbert manifolds on which the group S1 = R/Z acts con-
tinuously by isometries, c.f. [Kli1]-[Kli3]. This action is defined by (s ·γ)(t) = γ(t+s)
for all γ ∈ Λ and s, t ∈ S1. For any γ ∈ Λ, the energy functional is defined by

E(γ) =
1

2

∫
S1

F (γ(t), γ̇(t))2dt. (2.1)

It is C1,1 and invariant under the S1-action, cf. [Mer]. The critical points of E of
positive energies are precisely the closed geodesics γ : S1 → M . The index form of
the functional E is well defined along any closed geodesic c on M , which we denote by
E′′(c). As usual we define the index i(c) of c as the maximal dimension of subspaces of
TcΛ on which E′′(c) is negative definite, and the nullity ν(c) of c so that ν(c)+1 is the
dimension of the null space of E′′(c), cf. Definition 2.5.4 of [Kli3]. In the following,
we denote by

Λκ = {d ∈ Λ | E(d) ≤ κ}, Λκ− = {d ∈ Λ | E(d) < κ}, ∀κ ≥ 0. (2.2)

For a closed geodesic c we set Λ(c) = {γ ∈ Λ | E(γ) < E(c)}.
For m ∈ N we denote the m-fold iteration map φm : Λ→ Λ by φm(γ)(t) = γ(mt),

for all γ ∈ Λ, t ∈ S1, as well as γm = φm(γ). If γ ∈ Λ is not constant then the
multiplicity m(γ) of γ is the order of the isotropy group {s ∈ S1 | s · γ = γ}. For a
closed geodesic c, the mean index î(c) is defined as usual by î(c) = limm→∞ i(cm)/m.

We call a closed geodesic satisfying the isolation condition, if the following holds:

(Iso) For all m ∈ N the orbit S1 · cm is an isolated critical orbit of E.

Note that if the number of prime closed geodesics on a Finsler manifold is finite,
then all the closed geodesics satisfy (Iso).

Using singular homology with rational coefficients we consider the following crit-
ical Q-module of a closed geodesic c ∈ Λ:

C∗(E, c) = H∗
(
(Λ(c) ∪ S1 · c)/S1,Λ(c)/S1

)
. (2.3)

Proposition 2.1 (cf. Satz 6.11 of [Rad2] or Proposition 3.12 of [BaL]). Let c be
a prime closed geodesic on a Finsler manifold (M,F ) satisfying (Iso). Then we have

Cq(E, cm)≡ Hq

(
(Λ(cm) ∪ S1 · cm)/S1,Λ(cm)/S1

)
=

(
Hi(cm)(U

−
cm ∪ {cm}, U−cm)⊗Hq−i(cm)(N

−
cm ∪ {cm}, N−

cm)
)+Zm
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(i) When ν(cm) = 0, there holds

Cq(E, cm) =

{
Q, if i(cm)− i(c) ∈ 2Z, and q = i(cm),
0, otherwise.

(ii) When ν(cm) > 0, there holds

Cq(E, cm) = Hq−i(cm)(N
−
cm ∪ {cm}, N−

cm)(−1)i(c
m)−i(c)Zm ,

where Ncm is a local characteristic manifold at cm and N−
cm = Ncm ∩ Λ(cm), Ucm

is a local negative disk at cm and U−cm = Ucm ∩ Λ(cm), H∗(X,A)±Zm = {[ξ] ∈
H∗(X,A) |T∗[ξ] = ±[ξ]} where T is a generator of the Zm-action.

Definition 2.2. The Euler characteristic χ(cm) of cm is defined by

χ(cm) ≡ χ
(
(Λ(cm) ∪ S1 · cm)/S1,Λ(cm)/S1

)
,

≡
∞∑
q=0

(−1)q dimCq(E, cm). (2.4)

Here χ(A,B) denotes the usual Euler characteristic of the space pair (A,B).

The average Euler characteristic χ̂(c) of c is defined by

χ̂(c) = lim
N→∞

1

N

∑
1≤m≤N

χ(cm). (2.5)

By Remark 5.4 of [Wan], χ̂(c) is well-defined and is a rational number. In particular,
if cm are non-degenerate for ∀m ∈ N, then

χ̂(c) =

{
(−1)i(c), if i(c2)− i(c) ∈ 2Z,
(−1)i(c)

2 , otherwise.
(2.6)

Set Λ
0
= Λ

0
M = {constant point curves in M} ∼= M . Let (X,Y ) be a space

pair such that the Betti numbers bi = bi(X,Y ) = dimHi(X,Y ;Q) are finite for all
i ∈ Z. As usual the Poincaré series of (X,Y ) is defined by the formal power series
P (X,Y ) =

∑∞
i=0 bit

i. We need the following results on Betti numbers.

For a compact and simply-connected Finsler manifold M with H∗(M ;Q) ∼=
Td,h+1(x) with the generator x of degree d and height h+ 1, if d is odd, then x2 = 0
and h = 1 in Td,h+1(x), thus M is rationally homotopy equivalent to Sd (cf. [Rad1]
or [Hin]).

Proposition 2.3 (cf. Theorem 2.4, Remark 2.5 of [Rad1] and Lemma 2.5,
2.6 of [DuL2]). Let M be a compact simply-connected manifold with H∗(M ;Q) ∼=
Td,h+1(x). Then the Betti numbers of the free loop space of M defined by bq =
rankHq(ΛM/S1,Λ0M/S1;Q) for q ∈ Z are given by

(i) If h = 1 and d ∈ 2N+ 1, then we have

bq =

⎧⎨
⎩
2, if q ∈ K ≡ {k(d− 1) | 2 ≤ k ∈ N},
1, if q ∈ {d− 1 + 2k | k ∈ N0} \ K,
0 otherwise.

(2.7)
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(ii) If h = 1 and d ∈ 2N, then we have

bq =

⎧⎨
⎩
2, if q ∈ K ≡ {k(d− 1) | 3 ≤ k ∈ (2N+ 1)},
1, if q ∈ {d− 1 + 2k | k ∈ N0} \ K,
0 otherwise.

(2.8)

(iii) If h ≥ 2 and d ∈ 2N. Let D = d(h+ 1)− 2 and

Ω(d, h) = {k ∈ 2N− 1 | iD ≤ k − (d− 1) = iD + jd ≤ iD + (h− 1)d

for some i ∈ N and j ∈ [1, h− 1]}. (2.9)

Then we have

bq =

⎧⎪⎪⎨
⎪⎪⎩

0, if q ∈ 2Z or q ≤ d− 2,

[ q−(d−1)
d ] + 1, if q ∈ 2N− 1 and d− 1 ≤ q < d− 1 + (h− 1)d,
h+ 1, if q ∈ Ω(d, h),
h, otherwise.

(2.10)

By a similar proof of Theorem 5.5 of [Wan], we have the following mean index
identity:

Proposition 2.4 (cf. Theorem 3.1 of [Rad1] and Satz 7.9 of [Rad2]). Let (M,F )
be a compact simply-connected Finsler manifold with H∗(M,Q) = Td,h+1(x) and
possess finitely many prime closed geodesics. Denote the prime closed geodesics on
(M,F ) with positive mean indices by {cj}1≤j≤q for some q ∈ N. Then the following
identity holds

q∑
j=1

χ̂(cj)

î(cj)
= B(d, h) =

{
− h(h+1)d

2d(h+1)−4 , d is even,
d+1
2d−2 , d is odd (then h = 1),

(2.11)

where dimM = hd.

We have the following version of the Morse inequality.

Theorem 2.5 (Theorem 6.1 of [Rad2]). Suppose that there exist only finitely
many prime closed geodesics {cj}1≤j≤p on (M,F ), and 0 ≤ a < b ≤ ∞ are regular
values of the energy functional E. Define for each q ∈ Z,

Mq(Λ
b
,Λ

a
) =

∑
1≤j≤p, a<E(cmj )<b

rankCq(E, cmj ),

bq(Λ
b
,Λ

a
) = rankHq(Λ

b
,Λ

a
).

Then there holds

Mq(Λ
b
,Λ

a
) −Mq−1(Λ

b
,Λ

a
) + · · ·+ (−1)qM0(Λ

b
,Λ

a
)

≥ bq(Λ
b
,Λ

a
)− bq−1(Λ

b
,Λ

a
) + · · ·+ (−1)qb0(Λb

,Λ
a
), (2.12)

Mq(Λ
b
,Λ

a
) ≥ bq(Λ

b
,Λ

a
). (2.13)
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3. Proof of main theorems. In this section, we give the proofs of the main
theorems. We prove by contradiction, by [LyF] we suppose the following holds:

(C) There is only one prime closed geodesic c on (M,F ).

Proof of Theorem 1.2. Let p : M̃ → M be the universal covering of M and
F̃ = p∗(F ). Then (M̃, F̃ ) is a compact Finsler manifold and it is locally isometric to
(M,F ). In fact, M̃ is a compact manifold without boundary follows from the property
for covering spaces (cf. Theorem 6.7 and Corollary 6.8 of [GrH] or Section 2.6 of [Spa]):
Since M is a compact manifold without boundary, the universal covering space M̃ of
M exists by Theorem 6.7 and Corollary 6.8 of [GrH]. By the definition of covering
space (cf. p. 21 of [GrH]) and Theorem 5.8 of [GrH], ∀x ∈ M there exists a open
neighborhood Ux of x which is homeomorphic to the open disk {p ∈ Rn : ||p|| < 1} in
Rn and Ux being compact such that p−1(Ux) = ∪α∈π1(M)Vx,α with Vx,α∩Vx,β = ∅ for
α �= β and each Vx,α is homeomorphic to Ux for α ∈ π1(M). Since M is compact, we

can find finitely many {xi}1≤i≤k such that M = ∪1≤i≤kUxi
, thus M̃ = ∪α∈π1(M)Vxi,α.

Since π1(M) is finite, M̃ is a compact manifold without boundary.
If d̃ is a closed geodesic on (M̃, F̃ ), then d = p(d̃) is a closed geodesic on (M,F )

and Pd̃ = Pd. In fact, Pd̃ = Pd follows from the fact that the Jacobi field equations

along d and d̃ are the same, while Pγ for a closed geodesic γ can be defined by using
the Jacobi field along γ, cf. Section 3 of [Rad4]. Since (M,F ) is bumpy, d is non-
degenerate, i.e. 1 /∈ σ(Pd), therefore d̃ is non-degenerate also, hence (M̃, F̃ ) is bumpy.
Now we have the following two cases:

Case 1. H∗(M̃ ;Q) �= Td,h+1(x).

In this case, there must be infinitely many prime closed geodesics on (M̃, F̃ ) by
[ViS] of M. Vigué-Poirrier and D. Sullivan. In fact, the Betti numbers of the free loop
space ΛM̃ are unbounded and the theorem in [GrM] of Gromoll-Meyer can be applied
to the Finsler manifolds as well. Hence there must be infinitely many prime closed
geodesics on (M,F ) since π1(M) is finite. This proves Theorem 1.2 in this case.

Case 2. H∗(M̃ ;Q) = Td,h+1(x).
In this case, as in Case 1, it is sufficient to consider the case there are finitely

many prime closed geodesics on (M̃, F̃ ).
Denote by {d̃1, d̃2, . . . , d̃k} the prime closed geodesics on (M̃, F̃ ), then we have

k ≥ 2 by [DLW]. If π1(M) = 0, then Theorem 1.2 holds since M̃ = M in this
case, thus it remains to consider the case that π1(M) �= 0. For 1 ≤ i ≤ k, we have
p(d̃i) = cmi for some mi ∈ N by the assumption (C). By translating the parameters
if necessary, we may assume p(d̃j(0)) = cmj (0) = c(0) for 1 ≤ j ≤ k.

Note that for each i ∈ {2, . . . , k}, there exists a covering transformation fi :
(M̃, F̃ )→ (M̃, F̃ ) such that fi(d̃i(0)) = d̃1(0). By the definition of the Finsler metric
F̃ on M̃ , the map fi is an isometry on (M̃, F̃ ). Therefore fi(d̃i) is a closed geodesic
started at fi(d̃i(0)) = d̃1(0). By the property of covering transformation, we have

p(fi(d̃i(t))) = p(d̃i(t)) = cmi(t) = c(mit), ∀t ∈ R. (3.1)

On the other hand,

p(d̃1(t)) = cm1(t) = c(m1t), ∀t ∈ R. (3.2)

Hence we have fi(d̃i(t)) = d̃1(
mi

m1
t) for ∀t ∈ R. Since fi(d̃i) is a closed geodesic and d̃1

is a prime closed geodesic, we have m1|mi. Exchanging d̃1 and d̃i, we obtain mi|m1,
and then mi = m1. This yields fi(d̃i) = d̃1. Since fi is an isometry on (M̃, F̃ ), it
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preserves the energy functional, i.e., E(γ) = E(fi(γ)) for any γ ∈ Λ(M̃). This implies

i(d̃i
m
) = i(d̃1

m
) for any m ∈ N. By Proposition 2.1, we have

Mq(M̃) ≡Mq(ΛM̃,ΛM̃
0
) =

∑
1≤j≤k, m∈N

rankCq(E, d̃mj )

=
∑

1≤j≤k

#{m | i(d̃mj )− i(d̃j) ∈ 2Z and q = i(d̃mj )}

= k #{m | i(d̃m1 )− i(d̃1) ∈ 2Z and q = i(d̃m1 )}. (3.3)

By Bott formula, c.f. [Bot], i(d̃m1 ) ≥ i(d̃1) form ∈ N, then we haveMq(M̃) = 0 for q <

i(d̃1) by (3.3). By Proposition 2.1 and (3.3), we have Mi(d̃1)
(M̃) = k #{m | i(d̃m1 ) =

i(d̃1)} and Mi(d̃1)+1(M̃) = 0. We claim that i(d̃1) = d − 1. In fact, by Proposition

2.3 and Theorem 2.5, Md−1(M̃) ≥ bd−1(M̃) = 1, this implies i(d̃1) ≤ d− 1. By (3.3),
there exists m ∈ N such that d − 1 = i(d̃m1 ) and i(d̃m1 ) − i(d̃1) ∈ 2Z, this implies
i(d̃1)− (d− 1) ∈ 2Z. Thus if i(d̃1) < d− 1, we must have i(d̃1) < d− 2 holds. Hence
by Theorem 2.5 and Proposition 2.3,

−k #{m | i(d̃m1 ) = i(d̃1)}
=Mi(d̃1)+1(M̃)−Mi(d̃1)

(M̃) + · · ·+ (−1)i(d̃1)+1M0(M̃)

≥bi(d̃1)+1(M̃)− bi(d̃1)
(M̃) + · · ·+ (−1)i(d̃1)+1b0(M̃)

=0. (3.4)

This contradiction proves that i(d̃1) = d − 1. By Theorem 2.5 and Proposition 2.3
again,

−k #{m | i(d̃m1 ) = i(d̃1) = d− 1}
=Md(M̃)−Md−1(M̃) + · · ·+ (−1)dM0(M̃)

≥bd(M̃)− bd−1(M̃) + · · ·+ (−1)db0(M̃)

=−1. (3.5)

This contradicts to k ≥ 2 and proves Theorem 1.2.

Proof of Theorem 1.3. Let M̃ be the orientable double cover of M if M is not
orientable and M̃ = M otherwise. Let p : M̃ →M be the projection and F̃ = p∗(F ).
Then (M̃, F̃ ) is a compact orientable Finsler manifold without boundary of dimension
2 as proved in Theorem 1.2. Due to the classification of surfaces, cf. Chapter 9 of
[Hir], M̃ is either a sphere or a torus of genus g with g ∈ N. In fact, by Section 9.1
of [Hir], if M is a surface with genus g, then its Euler characteristic χ(M) = 2− 2g if
M is orientable, while χ(M) = 2− g if M is not orientable; therefore, by Section 5.2
of [Hir], χ(M̃) = 2− 2g if M is orientable, while χ(M̃) = 2χ(M) = 4− 2g if M is not
orientable.

We have the following two cases:
Case 1. M̃ is a torus of genus g with g ∈ N.
In this case, we have b1(M̃) = 2g ≥ 2. Choose two linearly independent generators

α, β of H1(M̃) and cm ∈ ΛM̃ such that [cm] = αβm and cm being a closed geodesic
for m ∈ N. In fact, since H1(M̃) = π1(M̃)/[π1(M̃), π1(M̃)], one can choose some
c′m ∈ ΛM̃ such that [c′m] = αβm. Since the energy functional E satisfies the Palais-
Smale condition (cf. Theorem 4.6 of [Mer]), the sequence {φs(c

′
m)}s≥0 has a limit
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point cm, where φs is the negative gradient flow of E. Thus cm is a closed geodesic
and cm is homotopic to φs(c

′
m) for some s large enough, and then [cm] = [φs(c

′
m)] =

[c′m] ∈ H1(M̃). Clearly cms are distinct prime closed geodesics. Therefore there are
infinitely many prime closed geodesics on M̃ . Since p : M̃ → M is k-fold cover
with k ≤ 2, there are infinitely many prime closed geodesics on M also. This proves
Theorem 1.3 in this case.

Case 2. M̃ = S2.

As above it is sufficient to consider the case that (S2, F̃ ) possess finitely many
prime closed geodesics. Denote by {d̃1, d̃2, . . . , d̃k} the prime closed geodesics on
(S2, F̃ ). Thus for 1 ≤ i ≤ k, we have p(d̃i) = cmi for some mi ∈ N by the assumption

(C). As in Theorem 1.2, we have mi = m1 and i(d̃i
m
) = i(d̃1

m
) and kl(d̃i

m
)±1 =

kl(d̃1
m
)±1 for any m ∈ N, l ∈ Z, where kl(d̃i

m
)±1 = rankHq−i(d̃i

m
)(N

−
d̃i

m ∪
{d̃im}, N−

d̃i
m)±1. In fact, each covering transformation fi is an isometry on (S2, F̃ ),

it preserves the energy functional, i.e., E(γ) = E(fi(γ)) for any γ ∈ Λ(S2), there-

fore fi induces a homeomorphism between characteristic manifolds at d̃1
m

and d̃i
m
.

Hence i(d̃i
m
) = i(d̃1

m
), ν(d̃i

m
) = ν(d̃1

m
) and kl(d̃i

m
)±1 = kl(d̃1

m
)±1 for any m ∈ N.

Therefore we obtain χ̂(d̃i) = χ̂(d̃1). By Lemma 4.3 and Theorem 4.4 of [LoW], we
have î(d̃1) > 0. By Proposition 2.4 or Theorem 4.4 of [LoW], we have

k
χ̂(d̃1)

î(d̃1)
=

k∑
j=1

χ̂(d̃j)

î(d̃j)
= B(2, 1) = 1. (3.6)

Since χ̂(d̃1) ∈ Q, this implies î(d̃1) ∈ Q also. Thus there is no irrationally elliptic
closed geodesics on (S2, F̃ ) since such a closed geodesic d must satisfy î(d) /∈ Q, cf.
Section 3 of [LoW]. This contradicts to [LoW] which claims there exist at least two
irrationally elliptic prime closed geodesics on every Finsler 2-sphere possessing only
finitely many prime closed geodesics. This proves Theorem 1.3.

Acknowledgements. I would like to sincerely thank Professor H.-B. Rade-
macher and I. Taimanov for pointing out a mistake in the first version of the paper,
especially to Professor I. Taimanov for explaining me the existence results for the
Theorem of Fet. I would like to sincerely thank my advisor, Professor Yiming Long,
for introducing me to the theory of closed geodesics and for his valuable help and
encouragement to me in all ways.

REFERENCES

[BCS] D. Bao, S. S. Chern and Z. Shen, An Introduction to Riemann-Finsler Geometry,
Springer. Berlin. 2000.

[BaH] V. Bangert and N. Hingston, Closed geodesics on manifolds with infinite abelian funda-
mental group, J. Differential Geom., 19:2 (1984), pp. 277–282.

[BaL] V. Bangert and Y. Long, The existence of two closed geodesics on every Finsler 2-sphere,
Math. Ann., 346:2 (2010), pp. 335–366.

[Bot] R. Bott, On the iteration of closed geodesics and the Sturm intersection theory, Comm.
Pure Appl. Math., 9 (1956), pp. 171–206.

[DuL1] H. Duan and Y. Long, Multiple closed geodesics on bumpy Finsler n-spheres, J. Diff.
Equa., 233:1 (2007), pp. 221–240.

[DuL2] H. Duan and Y. Long, The index growth and multiplicity of closed geodesics, J. Funct.
Anal., 259:7 (2010), pp. 1850–1913.

[DLW] H. Duan, Y. Long and W. Wang, Two closed geodesics on compact simply-connected
bumpy Finsler manifolds, J. Differential Geom., 104:2 (2016), pp. 275–289.



TWO CLOSED GEODESICS ON COMPACT BUMPY FINSLER MANIFOLDS 993

[DLX] H. Duan, Y. Long and Y. Xiao, Two closed geodesics on RPn with a bumpy Finsler
metric, Calc. Var. and PDEs, 54 (2015), pp. 2883–2894.

[Fet] A. Fet, A periodic problem in the calculus of variations, Dokl. Akad. Nauk. SSSR (N.S.),
160 (1965), pp. 287–289 [Russian]; Soviet Math., 6 (1965), pp. 85–88.

[GrH] M. Greenberg and J. Harper, Algebraic Topology, A First Course, Benjamin/Cummings
Publ. Com. London. 1981.

[GrM] D. Gromoll and W. Meyer, Periodic geodesics on compact Riemannian manifolds, J.
Diff. Geod., 3 (1969), pp. 493–510.

[Hin] N. Hingston, Equivariant Morse theory and closed geodesics, J. Differential Geom., 19:1
(1984), pp. 85–116.

[Hir] M. Hirsch, Differential Topology, Springer. New York, 1976.
[Kat] A. B. Katok, Ergodic properties of degenerate integrable Hamiltonian systems, Izv. Akad.

Nauk SSSR., 37 (1973) (Russian); Math. USSR-Izv., 7 (1973), pp. 535–571.
[Kli1] W. Klingenberg, Closed geodesics, Ann. of Math., 89 (1969), pp. 68–91.
[Kli2] W. Klingenberg, Lectures on Closed Geodesics, Springer. Berlin. 1978.
[Kli3] W. Klingenberg, Riemannian Geometry, Walter de Gruyter. Berlin. 1st ed. 1982, 2nd ed,

1995.
[LiX] H. Liu and Y. Xiao, Resonance identity and multiplicity of non-contractible closed

geodesics on Finsler RPn, Adv. Math., 318 (2017), pp. 158–190.
[LLX] H. Liu, Y. Long and Y. Xiao, The existence of two non-contractible closed geodesics on

every bumpy Finsler compact space form, Discrete Contin. Dyn. Syst., 38:8 (2018),
pp. 3803–3829.

[LoD] Y. Long and H. Duan, Multiple closed geodesics on 3-spheres, Adv. Math., 221:6 (2009),
pp. 1757–1803.

[LoW] Y. Long and W. Wang, Stability of closed geodesics on Finsler 2-spheres, J. Funct. Anal.,
255 (2008), pp. 620-641.

[LyF] L. A. Lyusternik and A. I. Fet, Variational problems on closed manifolds, Dokl. Akad.
Nauk SSSR (N.S.), 81 (1951), pp. 17–18 (in Russian).

[Mer] F. Mercuri, The critical point theory for the closed geodesic problem, Math. Z., 156 (1977),
pp. 231–245.

[Rad1] H.-B. Rademacher, On the average indices of closed geodesics, J. Diff. Geom., 29 (1989),
pp. 65–83.

[Rad2] H.-B. Rademacher, Morse Theorie und geschlossene Geodatische, Bonner Math. Schriften,
Nr. 229 (1992).

[Rad3] H.-B. Rademacher, Existence of closed geodesics on positively curved Finsler manifolds,
Ergodic Theory Dynam. Systems, 27:3 (2007), pp. 957–969.

[Rad4] H.-B. Rademacher, The second closed geodesic on Finsler spheres of dimension n > 2,
Trans. Amer. Math. Soc., 362:3 (2010), pp. 1413–1421.

[Rad5] H.-B. Rademacher, The second closed geodesic on the complex projective plane, Front.
Math. China., 3 (2008), pp. 253–258.

[She] Z. Shen, Lectures on Finsler Geometry, World Scientific, Singapore, 2001.
[Spa] E. H. Spanier, Algebraic Topology. McGraw-Hill Book Comp, New York, 1966.
[Tai1] I. A. Taimanov, Closed extremals on two-dimensional manifolds (Russian), Uspekhi Mat.

Nauk, 47 (1992), no. 2 (284), pp. 143–185, 223; translation in “Russian Math. Surveys”,
47:2 (1992), pp. 163–211.

[Tai2] I. A. Taimanov, The spaces of non-contractible closed curves in compact space forms, Mat.
Sb., 207 (10) (2016), pp. 105–118. arXiv1604.05237.
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