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STACKY GKM GRAPHS AND ORBIFOLD GROMOV-WITTEN
THEORY∗

CHIU-CHU MELISSA LIU† AND ARTAN SHESHMANI‡

Abstract. A smooth GKM stack is a smooth Deligne-Mumford stack equipped with an action
of an algebraic torus T , with only finitely many zero-dimensional and one-dimensional orbits.

(i) We define the stacky GKM graph of a smooth GKM stack, under the mild assumption
that any one-dimensional T -orbit closure contains at least one T fixed point. The stacky
GKM graph is a decorated graph which contains enough information to reconstruct the
T -equivariant formal neighborhood of the 1-skeleton (union of zero-dimensional and one-
dimensional T -orbits) as a formal smooth DM stack equipped with a T -action.

(ii) We axiomize the definition of a stacky GKM graph and introduce abstract stacky GKM
graphs which are more general than stacky GKM graphs of honest smooth GKM stacks.
From an abstract GKM graph we construct a formal smooth GKM stack.

(iii) We define equivariant orbifold Gromov-Witten invariants of smooth GKM stacks, as well
as formal equivariant orbifold Gromov-Witten invariants of formal smooth GKM stacks.
These invariants can be computed by virtual localization and depend only the stacky
GKM graph or the abstract stacky GKM graph. Formal equivariant orbifold Gromov-
Witten invariants of the stacky GKM graph of a smooth GKM stack X are refinements of
equivariant orbifold Gromov-Witten invariants of X .

Key words. Gromov-Witten invariants, Deligne-Mumford stacks, orbifolds, equivariant coho-
mology, localization.
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1. Introduction.

1.1. Background and motivation.

1.1.1. GKM manifolds and GKM graphs. An algebraic GKM manifold,
named after Goresky, Kottwitz, and MacPherson, is a non-singular (complex) alge-
braic variety equipped with an action of an algebraic torus T = (C∗)m such that there
are finitely many zero-dimensional and one-dimensional orbits. The action T on X
is equivariantly formal over a field K if the map from the T -equivariant cohomology
H∗

T (X;K) of X to the ordinary cohomology H∗(X;K) of X is surjective. In [28],
Goresky-Kottwitz-MacPherson showed that (when K = R) the T -equivariant coho-
mology and the ordinary cohomology of an equivariantly formal GKM manifold can
be expressed in terms of a decorated graph known as the GKM graph. As an abstract
graph, the vertices and edges of the GKM graph are in one-to-one correspondence
with the zero-dimensional and one-dimensional orbits of the T -action on the GKM
manifold. The additional decorations provide enough information to reconstruct the
T -equivariant formal neighborhood of the 1-skeleton (the union of zero-dimensional
and one-dimensional orbits of the torus action) of the GKM manifold. Toric manifolds
are examples of GKM manifolds.
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1.1.2. Equivariant Gromov-Witten theory of GKM manifolds. The
quantum cohomology of a projective manifold X is equal to the rational cohomol-
ogy as a vector space over Q, equipped with the quantum product which is a family
of products parametrized by Novikov variables such that the classical cup product is
recovered by setting all the Novikov variables to zero. The quantum product is deter-
mined by genus zero Gromov-Witten invariants which are virtual counts of rational
curves in X . More generally, genus g Gromov-Witten invariants are virtual counts of
genus g stable maps to X . When X is a GKM manifold which is equivariantly formal
over Q, Gromov-Witten invariants (which are rational numbers) can be lifted to equiv-
ariant Gromov-Witten invariants which take values in H∗(BT ;Q) ∼= Q[u1, . . . , um],
where BT is the classifying space of the torus T . Equivariant Gromov-Witten in-
variants can be computed by virtual localization on moduli of stable maps to X
[5, 26, 27] and depend only on the GKM graph [50]; the formula also makes sense for
non-compact GKM manifolds if one works over the fractional field Q(u1, . . . , um) of
H∗(BT ;Q) = Q[u1, . . . , um]. In particular, equivariant and non-equivariant quantum
cohomology of an equivariantly formal projective GKM manifold is an invariant of
the GKM graph (and the semi-group of effective curve classes which determine the
Novikov ring).

1.1.3. Generalization to orbifolds. The GKM theory and GKM graphs have
been generalized to orbifolds. To our knowledge, GKM graphs have been defined for
smooth orbifolds having presentation as a global quotient of a smooth manifold by
action of a torus [30]. In the present paper we consider the most general possible
definition that we can think of in the algebraic setting: we define a smooth GKM
stack to be a smooth Deligne-Mumford (DM) stack equipped with an action by an
algebraic torus, with finitely many zero-dimensional and one-dimensional orbits. In
[69], Givental’s quantization formula for all genus full descendant potential of equiv-
ariant Gromov-Witten (GW) theory of GKM manifolds is generalized to equivariant
orbifold GW theory of smooth GKM stacks; the definition of a smooth GKM stack
in this paper is the same as the definition of a GKM orbifold in [69]. One of the main
goals of this paper is to provide details of localization computations of orbifold GW
invariants in the generality needed in [69] which is beyond the toric stack case in [47].

1.1.4. Examples from geometric engineering and mirror symmetry. In
[48], Li-Liu-Liu-Zhou introduced formal toric Calabi-Yau graphs and formal toric
Calabi-Yau threefolds, which arise in geometric engineering in 5d and 6d (see e.g.
Figure 1, 20-22, 25, 26, 29-32 of [31]) and Bryan’s recent work on Donaldson-Thomas
invariants of the banana manifold (Figure 2 of [10]). Formal toric Calabi-Yau three-
folds are usually not equivariantly formal, but their Gromov-Witten invariants and
Donaldson-Thomas invariants can be defined and computed by the topological ver-
tex. In this paper, we introduce abstract stacky GKM graphs and formal smooth
GKM stacks, which include (as a very special case) the orbifold version of formal
toric Calabi-Yau graphs and formal toric Calabi-Yau threefolds, of which orbifold
Donaldson-Thomas invariants can be defined and computed by the orbifold topolog-
ical vertex [11].

Formal toric Calabi-Yau manifolds of arbitrary dimension arise in Strominger-
Yau-Zaslow (SYZ) mirror symmetry for varieties of general type [34]. More precisely,
such an example is obtained by taking a formal neighborhood of the 1-skeleton of a
non-toric non-compact Kähler manifold equipped with a compact torus action which
is not Hamiltonian. These examples naturally extend to orbifolds, which are special
cases of formal smooth GKM stacks defined in this paper.
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1.2. Summary of results. In this paper, algebraic varieties and algebraic
stacks are defined over the field C of complex numbers. A brief review of smooth
DM stacks is given in Section 2.

1.2.1. Smooth GKM stacks and stacky GKM graphs. In Section 3, we
define the stacky GKM graph of a smooth GKM stack, under the mild assump-
tion that any one-dimensional orbit contains at least one torus fixed point. As an
abstract graph, the vertices and edges are in one-to-one correspondence with the
zero-dimensional and one-dimensional orbits of the torus action, respectively.

(1) In the manifold case, a zero-dimensional orbit is a (scheme) point, and a one-
dimensional orbit closure is isomorphic to the complex projective line P1 or
a complex affine line C.

(2) In the case of global quotients by torus action (such as smooth toric DM
stacks), a zero-dimensional orbit is a stacky point BG = [point/G] where
G is a finite abelian group, and a one-dimensional orbit closure is a one-
dimensional smooth toric DM stack.

(3) The general case studied in the present paper is significantly more complicated
and subtle than the special case (2) studied in previous work: in the general
case, a zero-dimensional orbit is of the form BG = [point/G] where G is a
possibly non-abelian finite group, and a proper one-dimensional orbit closure
is a spherical DM curve in the sense of Behrend-Noohi [8].

Thanks to Behrend-Noohi’s presentation of a general spherical DM curve l as a quo-
tient stack of the form [(C2 − {0})/E], where E is a central extension of the fun-
damental group π1(l) of the DM curve l by C∗ [8], we may express the total space
of the normal bundle Nl/X of a proper one-dimensional orbit closure l in a general
smooth GKM stack X as a global quotient [((C2 − {0}) × Cr−1)/E], where r is the
dimension of X , though X itself is not necessary a global quotient. Such a presenta-
tion is crucial for the following two steps: (i) to identify the extra decorations that
we need to include in the definition of a stacky GKM graph, so that the equivariant
formal neighborhood of the 1-skeleton can be reconstructed; (ii) to describe the torus
fixed locus in the moduli stack of twisted stable maps to X , which is the first step of
localization computations of equivariant orbifold GW invariants of X .

Smooth toric DM stacks are examples of smooth GKM stacks; the stacky GKM
graph of a smooth toric DM stack is determined by the stacky fan defining the smooth
toric DM stack. See [9] for definitions of stacky fans and smooth toric DM stacks.

1.2.2. Abstract stacky GKM graphs and formal smooth GKM stacks.
In Section 4, we axiomize the definition of a stacky GKM graph and introduce abstract
stacky GKM graphs which are more general than stacky GKM graphs of honest
smooth GKM stacks. From an abstract stacky GKM graph we construct a formal
smooth GKM stack. Our definition of abstract stacky GKM graphs is inspired by the
definition of abstract 1-skeleton in [30] and also generalizes it in several aspects.

Given a formal smooth GKM stack X̂�Υ defined by an abstract GKM graph �Υ, we

define the set of effective classes Eff(X̂�Υ) and a vector space H�Υ over the fractional

field QT = Q(u1, . . . , um) of RT := H∗(BT ;Q) = Q[u1, . . . , um]. If X̂�Υ is the stacky
GKM graph of an honest smooth GKM stack X , then there is a surjective map
j∗ : Eff(X̂�Υ) → Eff(X ) and a QT linear map j∗ : H∗

T (X̂�Υ;QT ) → H�Υ. If the T -action
on X is equivariant formal then j∗ is a linear isomorphism.

1.2.3. Equivariant orbifold Gromov-Witten theory. In Section 5, we define
equivariant orbifold Gromov-Witten (GW) invariants of smooth GKM stacks and
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formal equivariant orbifold GW invariants of formal smooth GKM stacks. Let g, n,
a1, . . . , an be non-negative integers.

(i) Let X be a smooth GKM stack and let T be the complex algebraic torus
acting on X . Given an effective curve class β ∈ Eff(X ) and T -equivariant
cohomology classes γT

1 , . . . , γ
T
n ∈ H∗

T (X ;QT ), where QT = Q(u1, . . . , um) is
the fractional field of H∗(BT ) = Q[u1, . . . , um], we define genus g, degree β,
T -equivariant orbifold GW invariants

〈ε̄a1
(γT

1 ), . . . , ε̄an
(γT

n )〉XT

g,β ∈ QT

via localization. When the coarse moduli space of X is projective (so that
non-equivariant orbifold Gromov-Witten invariants of X are defined) and the
torus action on X is equivariantly formal over Q (in the sense that the map
from T -equivariant orbifold Chen-Ruan cohomology to the non-equivariant
orbifold Chen-Ruan cohomology is surjective), they are refinements of (non-
equivariant) orbifold GW invariants of X .

(ii) Given a formal smooth GKM stack X̂�Υ defined by an abstract GKM graph
�Υ, we define the set of effective classes Eff(X̂�Υ) and a vector space H�Υ over

QT . Given β̂ ∈ Eff(X̂�Υ) and γ̂1, . . . , γ̂n ∈ H�Υ, we define genus g, degree β̂,
formal T -equivariant orbifold GW invariants

〈ε̄a1
(γ̂1), . . . , ε̄an

(γ̂n)〉�Γg,β̂ . ∈ QT (1.1)

via localization.
(iii) If �Γ is the stacky GKM graph of X in (i) then there is a surjective map

j∗ : Eff(X̂�Υ) −→ Eff(X ) and a QT -linear map j∗ : H∗
T (X ;QT ) −→ H�Υ such

that

〈ε̄a1
(γT

1 ), . . . , ε̄an
(γT

n )〉XT

g,β =
∑

β̂∈Eff(X̂�Υ)

j∗β̂=β

ε̄a1
(j∗γT

1 ), . . . , ε̄n(j
∗γT

n )〉�Γg,β̂ .

Therefore, formal equivariant orbifold GW invariants of �Γ are refinements of
equivariant orbifold GW invariants of the smooth GKM stack X .

In Section 6, we derive explicit localization formula of equivariant orbifold GW
invariants (1.1). The localization formula is stated as Theorem 6.9. In particular,
we obtain localization formula of equivariant orbifold GW invariants of smooth GKM
stacks.
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2. Smooth Deligne-Mumford Stacks. Let X be a smooth Deligne-Mumford
(DM) stack, and let π : X → X be the natural projection to the coarse moduli space
X.

2.1. The inertia stack and its rigidification. The inertia stack IX associated
to X is a smooth DM stack such that the following diagram is Cartesian:

IX −−−−→ X⏐⏐� ⏐⏐�Δ

X Δ−−−−→ X ×X
where Δ : X → X × X is the diagonal map. An object in the category IX is a pair
(x, g), where x is an object in the category X and g ∈ AutX (x):

Ob(IX ) = {(x, g) | x ∈ Ob(X ), g ∈ AutX (x)}.

The morphisms between two objects in the category IX are:

HomIX ((x1, g1), (x2, g2)) = {h ∈ HomX (x1, x2) | h ◦ g1 = g2 ◦ h}.

In particular,

AutIX (x, g) = {h ∈ AutX (x) | h ◦ g = g ◦ h}.

The rigidified inertia stack IX satisfies

Ob(IX ) = Ob(IX ), AutIX (x, g) = AutIX (x, g)/〈g〉,

where 〈g〉 is the subgroup of AutIX (x, g) generated by g.
There is a natural projection q : IX → X which sends (x, g) to x. There is a

natural involution ι : IX → IX which sends (x, g) to (x, g−1). We assume that X is
connected. Let

IX =
⊔
i∈I

Xi

be disjoint union of connected components. There is a distinguished connected com-
ponent X0 whose objects are (x, idx), where x ∈ Ob(X ), and idx ∈ Aut(x) is the
identity element; note that X0

∼= X . The involution ι restricts to an isomorphism
ιi : Xi → Xι(i). In particular, ι0 : X0 → X0 is the identity functor.

Example 2.1 (classifying space). Let G be a finite group. The stack BG =
[point/G] is a category which consists of one object x, and Hom(x, x) = G. The
objects of its inertia stack IBG are

Ob(IBG) = {(x, g) | g ∈ G}.
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The morphisms between two objects are

Hom((x, g1), (x, g2)) = {g ∈ G | g2g = gg1} = {g ∈ G | g2 = gg1g
−1}.

Therefore

IBG ∼= [G/G]

where G acts on G by conjugation. We have

IBG =
⊔

c∈Conj(G)

(BG)c

where Conj(G) is the set of conjugacy classes in G, and (BG)c is the connected com-
ponent associated to the conjugacy class c ∈ Conj(G). We have

(BG)c = [c/G] ∼= [{h}/CG(h)] ∼= B (CG(h)) .

for any element h in the conjugacy class c, where CG(h) = {a ∈ G : ah = ha} is the
centralizer of h in the group G.

In particular, when G is abelian, we have Conj(G) = G, and

IBG =
⊔
h∈G

(BG)h

where (BG)h = [{h}/G] ∼= BG.

2.2. Age. Given a positive integer s, let μs denote the group of s-th roots of
unity. It is a cyclic subgroup of C∗ of order s, generated by

ζs := e2π
√−1/s.

Given any object (x, g) in IX , g : TxX → TxX is a linear isomorphism such that
gs = id, where s is the order of g. The eigenvalues of g : TxX → TxX are ζl1s , . . . , ζlrs ,
where li ∈ {0, 1, . . . , s− 1} and r = dimC X . Define

age(x, g) :=
l1 + · · ·+ lr

s
.

Then age : IX → Q is constant on each connected component Xi of IX . Define
age(Xi) = age(x, g) where (x, g) is any object in the groupoid Xi. Note that

age(Xi) + age(Xι(i)) = dimC X − dimC Xi.

2.3. The Chen-Ruan orbifold cohomology group. In [14], W. Chen and Y.
Ruan introduced the orbifold cohomology group of a complex orbifold. See [1, Section
4.4] for a more algebraic version.

As a graded Q vector space, the Chen-Ruan orbifold cohomology group of X is
defined to be

H∗
CR(X ;Q) :=

⊕
a∈Q≥0

Ha
CR(X ;Q)
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where

Ha
CR(X ;Q) =

⊕
i∈I

Ha−2age(Xi)(Xi;Q).

Suppose that X is proper. Then we have the following proper pushforward to a
point: ∫

X
: H∗(X ;Q) → H∗(point;Q) = Q.

The orbifold Poincaré pairing is defined by

(α, β) :=

{∫
Xi

α ∪ ι∗i β, j = ι(i),

0, j 	= ι(i),

where α ∈ H∗(Xi;Q), β ∈ H∗(Xj ;Q).

3. Smooth GKM stacks and stacky GKM graphs. In this section, we
describe the geometry of smooth GKM stacks, and define the stacky GKM graph of
a smooth GKM stack. In the algebraic setting, smooth GKM stacks are more general
than the GKM orbifolds in Guillemin-Zara [29, 30] in the following ways:

(1) Guillemin-Zara consider compact GKM manifolds or orbifolds, whereas we
consider smooth GKM stacks which are not necessarily compact.

(2) By orbifolds Guillemin-Zara mean orbifolds having a presentation of the form
X/K, K being a torus and X being a manifold on which K acts in a faithful,
locally free fashion [30, Section 1.2]. In particular, the inertia group of a point
is a finite abelian group, and the generic inertia group is trivial. Our smooth
GKM stacks do not have such a presentation in general; the inertia group of
a point is a possibly non-abelian finite group, and the generic inertial group
is not necessarily trivial.

(3) We do not assume the torus action on the smooth GKM stack is faithful.
On the other hand, Guillemin-Zara work in the C∞ category and consider C∞-action
by a compact torus U(1)m, while we restrict ourselves to smooth DM stacks and
algebraic action by an algebraic torus (C∗)m (which restricts to a U(1)m-action).

3.1. Smooth GKM stacks. The following definition of a smooth GKM stack
is the same as the definition of a GKM orbifold in [69].

Definition 3.1 (smooth GKM stacks). Let X be a smooth DM stack. We say X
is a smooth GKM stack if it is equipped with an action of an algebraic torus T = (C∗)m

with only finitely many zero-dimensional and one-dimensional orbits.

The notion of a group action on a stack is discussed in [57].
Let N = Hom(C∗, T ) ∼= Zm be the lattice of 1-parameter subgroups of T , and let

M = Hom(T,C∗) be the character lattice of T . Then M = Hom(N,Z) is the dual
lattice of N . We introduce

NR := N ⊗Z R, MR := M ⊗Z R, NQ := N ⊗Z Q, MQ := M ⊗Z Q.

Then MQ can be canonically identified with H2
T (point;Q) = H2(BT ;Q), where BT is

the classifying space of T .
We make the following assumption on X .
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Assumption 3.2.

(1) The set X T of T fixed points in X is non-empty.
(2) The coarse moduli space of a one-dimensional orbit closure is either a complex

projective line P1 or a complex affine line C.

Note that (1) and (2) hold when X is proper. Indeed, if X is proper then the
coarse moduli space of any one-dimensional orbit closure is P1.

Example 3.3. If X is a smooth toric DM stack defined by a finite fan [9, 22],
then X is a smooth GKM stack. In particular, any proper smooth toric DM stack is
a smooth GKM stack.

Example 3.4 (footballs). Given any positive integers m,n, define a subgroup
Gm,n of (C∗)2 by

Gm,n = {(t1, t2) ∈ (C∗)2 : tn1 = tm2 }.

The football F(m,n) is defined as the quotient stack

F(m,n) := [(C2 − {0})/Gm,n]

where (t1, t2) ∈ Gm,n acts on (z1, z2) ∈ C2 − {0} by (t1, t2) · (z1, z2) = (t1z1, t2z2).
Then F(m,n) is a proper smooth toric DM stack, so it is a smooth GKM stack. The
inertial groups of the two torus fixed points [1, 0] and [0, 1] are μm and μn, respectively;
the inertial group of any other point is trivial.

Example 3.5 (weighted projective lines). Given any positive integers m,n, the
weighted projective line P(m,n) is defined as the quotient stack

P(m,n) := [(C2 − {0})/C∗]

where t ∈ C∗ acts on (z1, z2) ∈ C2 − {0} by t · (z1, z2) = (tmz1, t
nz2). Then P(m,n)

is a proper smooth toric DM stack, so it is a smooth GKM stack. The inertial group
of the two torus fixed points [1, 0] and [0, 1] are μm and μn, respectively; the inertia
group of any other point is μd, where d = g.c.d.(m,n) is the greatest common divisor
of m,n. The rigidification of P(m,n) is P(md ,

m
d )

∼= F(md ,
n
d ).

Example 3.6. An algebraic GKM manifold (in the sense of [50]) is a smooth
GKM stack.

Definition 3.7. Let X be a smooth GKM stack. The 0-skeleton of X is defined
to be X 0 := X T which is the union of zero-dimensional orbits of the T -action on
X . The 1-skeleton X 1 of X is defined to be the union of zero-dimensional and one-
dimensional orbits of the T -action on X .

3.2. A zero dimensional orbit and its normal bundle. Let X be an r-
dimensional smooth GKM stack, so that T = (C∗)m acts algebraically on X . A zero-
dimensional T orbit in X is a fixed (possibly stacky) point p = BG under the T -action
on X , where G is a finite group. The normal bundle of p in X is the tangent space TpX
to X at p, which is a rank r vector bundle over BG, or equivalently, a representation
φ : G → GL(r,C). The T -action on X induces a T -action on TpX = [Cr/G], which can
be viewed as a T -equivariant vector bundle of rank r over BG. The GKM assumption
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implies that TpX is a direct sum of T -equivariant line bundles L1, . . . , Lr over BG, so
that

φ =

r⊕
i=1

φi

is the direct sum of r one-dimensional representations φi : G → GL(1,C) = C∗. We
may choose coordinates on Cr such that Li corresponds to the i-th coordinate axis.
The G-action on Cr is given by

g · (z1, . . . , zr) = (φ1(g)z1, . . . , φr(g)zr)

where g ∈ G and (z1, . . . , zr) ∈ Cr. Let

wi := cT1 (Li) ∈ H2
T (BG;Q) ∼= H2

T (point;Q) = MQ.

The GKM condition implies that wi and wj are linearly independent if i 	= j. The
tangent space TpX = [Cr/G], together with the T -action, is an affine smooth GKM
stack characterized by the finite group G, φ1, . . . , φr ∈ Hom(G,C∗), and the weights
w1, . . . ,wr ∈ MQ. The image of φi : G → C∗ is a finite cyclic group μri of order
ri > 0. Let Gi be the kernel of φi. For each i, we have a short exact sequence of finite
groups:

1 → Gi −→ G
φi−→ μri → 1.

We define the stacky GKM graph of [Cr/G] as follows. The underlying graph has
a single vertex σ and r rays ε1, . . . , εr emanating from σ. The vertex is decorated by
the group G; the edge εi is decorated by the group Gi; the flag (εi, σ) is decorated by
φi, wi, and the injective group homomorphism Gi ↪→ G.

The coarse moduli

Cr/G = Spec
(
C[z1, . . . , zr]

G
)

is an affine T scheme. Let xi := zrii . The i-th axis


i = [{(z1, . . . , zr) ∈ Cr : zj = 0 for j 	= i}/G] = Spec
(
C[zi]

G
)
= SpecC[xi]

is a 1-dimension affine T subscheme of Cr/G. The T -action on Cr restricts to a
T -action on 
i ∼= C with weight riwi, so

riwi ∈ M.

3.3. A proper one-dimensional orbit closure. The main reference of this
subsection is [8]. We thank Behrend and Noohi for explaining results in their paper
[8] to us.

Let l ⊂ X be a proper one-dimensional T orbit closure in X . Then l contains
exactly two zero-dimensional T orbits x and y with inertia groups Gx and Gy, re-
spectively. The representation of Gx (resp.Gy) on the tangent line Txl (resp. Tyl)
determines a group homomorphism φx : Gx → C∗ (resp. φy : Gy → C∗) with image
μrx (resp. μry ), where rx and ry are positive integers. Then l is a G-gerbe over its
rigidification lrig, where G ∼= Ker(φx) ∼= Ker(φy) and lrig is an orbifold DM curve
isomorphic to the football F(rx, ry) (cf. Example 3.4); here an orbifold DM curve is
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a 1-dimensional smooth DM stack with a trivial generic inertia group. Let x̄ and ȳ
be the images of x and y under the morphism l → lrig. The inertia groups of x̄ and ȳ
are μrx and μry , respectively. The coarse moduli space 
 of l and lrig is isomorphic to
the projective line P1.

The DM curve l is spherical in the sense of [8]. In the rest of this subsection, we
recall some relevant facts from [8].

(1) The open embeddings

ιx̄ : Ux̄ := lrig \ {ȳ} ∼= [C/μrx ] ↪→ lrig, ιȳ : Uȳ := lrig \ {x̄} ∼= [C/μry ] ↪→ lrig

induce surjective group homomorphisms

ιx̄∗ : π1(Ux̄) ∼= μrx → π1(l
rig) ∼= μa, ιȳ∗ : π1(Uȳ) ∼= μry → π1(l

rig) ∼= μa,

where a = g.c.d.(rx, ry).
(2) The open embeddings

ιx : Ux := l \ {y} ∼= [C/Gx] ↪→ l ιy : Uy := l \ {x} ∼= [C/Gy] ↪→ l

induce surjective group homomorphisms

ιx∗ : π1(Ux) ∼= Gx → π1(l), ιy∗ : π1(Uy) ∼= Gy → π1(l).

(3) ιx∗ and ιy∗ restrict to the same group homomorphismG → π1(l), whose kernel
is a cyclic group μd contained in the center Z(G) of G, and whose cokernel is
π1(l

rig) ∼= μa. In other words, we have the following exact sequence of finite
groups:

1 → μd → G → π1(l) → μa → 1.

(4) We have a commutative diagram

1 �� G ��

idG

��

Gx
��

ιx∗
��

μrx
��

ιx̄∗

��

1

G �� π1(l) �� μa
�� 1

1 �� G ��

idG

��

Gy
��

ιy∗

��

μry
��

ιȳ∗

��

1

where idG : G → G is the identity map and the rows are exact. The maps
μrx → Out(G) and μry → Out(G) factor through μa → Out(G).

(5) We have (rx, ry) = (ap, aq), where p, q ∈ Z>0 are coprime. The universal
cover of lrig is F(p, q) = P(p, q); the universal cover of l is the weighted
projective line P(dp, dq). (Recall that P(m,n) is simply connected for any
positive integers m,n.)

(6) There exist
• a central extension E of the finite group π1(l) by C∗, so that we have a
short exact sequence of groups

1 → C∗ i→ E → π1(l) → 1

where C∗ is contained in the center Z(E) of E and is the connected
component of the identity of E, and
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• a representation ρ : E → GL(2,C), such that ρ ◦ i(t) = (tdp, tdq) and

l ∼= [(C2 − {0})/E]. (3.1)

The inclusion i : C∗ ↪→ E induces a surjective morphism

π : l̃ := P(dp, dq) = [(C2 − {0})/C∗] −→ l = [(C2 − {0})/E]

which is the universal covering map. Taking the rigidification yields

πrig : l̃rig = P(p, q) = F(p, q) −→ lrig = F(rx, ry) = F(ap, aq)

which is also the universal covering map.
The GKM condition implies the image of ρ in (6) lies in (up to conjugation) the

subgroup GL(1,C)×GL(1,C) of diagonal matrices, i.e. ρ = ρx⊕ρy is the direct sum
of two 1-dimensional representations of E.

Under the isomorphism (3.1) we have the following identifications:

x = [1, 0], y = [0, 1], , Gx = Ker(ρx), Gy = Ker(ρy), G = Ker(ρ),

ρy(Gx) = μrx , ρx(Gy) = μry .

3.4. Normal bundle of a proper one-dimensional orbit closure. Let

l = [(C2 − {0})/E]

be as in Section 3.3. The Picard group of l is given by

Pic(l) = Hom(E,C∗). (3.2)

The normal bundle of l in X is a direct sum of (r − 1)-line bundles over l:

Nl/X = L1 ⊕ · · · ⊕ Lr−1.

For i = 1, . . . , r− 1, let ρi ∈ Hom(E,C∗) correspond to Li ∈ Pic(l) under the isomor-
phism (3.2). Then the total space of Li is the quotient stack

Li = [((C2 − {0})× C)/E]

where the action of E is given by

g · (X,Y, Z) = (ρx(g)X, ρy(g)Y, ρi(g)Z).

If t ∈ C∗ ⊂ E then

t · (X,Y, Z) = (tdpX, tdqY, tdiZ)

for some di ∈ Z. Recall that for any positive integers m,n,

Pic(P(m,n)) ∼= Z

is generated by

OP(m,n)(1) = [((C2 − {0})× C)/C∗]
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where t ∈ C∗ acts by t · (X,Y, Z) = (tmX, tnY, tZ). We have

〈OP(m,n)(1), [P(m,n)rig]〉 = 1

l.c.m.(m,n)

where l.c.m.(m,n) is the least common multiple of m,n.

π∗Li = OP(dp,dq)(di)

where π : P(dp, dq) → l is the universal cover. Define

ai := 〈c1(Li), [l
rig]〉 = di

adpq
.

There is a map π̃rig : P(dp, dq) → P(p, q) from the universal cover P(dp, dq) of
l to the universal cover P(p, q) of lrig; this map can be identified with the map to
rigidification, and is of degree 1/d. We have

(π̃rig)∗OP(p,q)(1) = OP(dp,dq)(d).

The map from l to lrig is of degree 1/|G|. The universal covering maps P(dp, dq) → l
and P(p, q) → lrig = F(ap, aq) are of degrees a|G|/d and a, respectively.

We have
• The Gx-actions on Txl and (Li)x are given by ρy|Gx

and ρi|Gx
, respectively;

• The Gy-actions on Tyl and (Li)y are given by ρx|Gy
and ρi|Gy

, respectively.
For i = 1, . . . , r − 1, let wx,i and wy,i be the weights of the T -actions on (Li)x

and (Li)y, respectively; let wx,r and wy,r be the weights of the T -action on Txl and
Tyl, respectively. Then

rxwx,r + rywy,r = 0.

For i = 1, . . . , r,

wy,i = wx,i − airxwx,r = wx,i + airywy,r.

In particular, ar = 1
rx

+ 1
ry
.

The total space of Nl/X is the quotient stack

[
(
(C2 − {0})× Cr−1

)
/E]

where E acts on (C2 − {0})× Cr−1 linearly by ρx ⊕ ρy ⊕ ρ1 ⊕ · · · ⊕ ρr−1.

Remark 3.8. If X is a smooth toric DM stack (in the sense of [9]) then Nl/X
is a smooth toric DM substack, and the above presentation as a quotient stack can be
constructed by the stacky fan, where E is abelian.

We define the GKM graph of Nl/X as follows.
• The underlying abstract graph is a tree with two r-valent vertices σx, σy

connected by a compact edge ε. There are r − 1 rays ε1, . . . , εr−1 emanating
from the vertex σx and r− 1 rays ε′1, . . . , ε

′
r−1 emanating from the vertex σy.

• The vertices σx and σy are decorated by finite groups Gx and Gy, respectively.
• The edge εi is decorated by the kernel Gi of φx,i := ρi|Gx

. The edge ε′i is
decorated by the kernel G′

i of φy,i := ρi|Gy . The edge ε is decorated by the
group G.
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• The flag (σx, εi) is decorated by wx,i ∈ MQ, φx,i ∈ Hom(Gx,C
∗), and the

injection Gi ↪→ Gx. The flag (σy, ε
′
i) is decorated by wy,i ∈ MQ, φy,i ∈

Hom(Gy,C
∗), and the injection G′

i ↪→ Gy. The flag (σx, ε) is decorated by
wx, ρy|Gx

, and the injection G ↪→ Gx. The flat (σy, ε) is decorated by wy,
ρx|Gy

, and the injection G ↪→ Gy.
• The unique compact edge ε is decorated by the central extension E of π1(l) by

C∗ and ρx, ρy, ρ1, . . . , ρr−1 ∈ Hom(E,C∗) with isomorphisms Gx
∼= Ker(ρx),

Gy
∼= Ker(ρy), G ∼= Ker(ρx) ∩Ker(ρy).

3.5. The stacky GKM graph of a smooth GKM stack. Let X be a smooth
GKM stack of dimension r, so that T = (C∗)m acts algebraically on X . Similar to
Guillemin-Zara [29, 30], we define the stacky GKM graph of X . This generalizes the
GKM graph of an algebraic GKM manifold in [50, Section 2.2] and the toric graph of
a smooth toric DM stack in [47, Section 8.6].

Let V (Υ) (resp. E(Υ)) denote the set of vertices (resp. edges) in Υ.
(1) (Vertices) We assign a vertex σ to each torus fixed point pσ in X . Let pσ be

the corresponding torus fixed point in the coarse moduli space X.
(2) (Edges) We assign an edge ε to each one-dimensional orbit oε inX, and choose

a point pε on oε. Let lε be the closure of oε, and let 
ε be the coarse moduli
space of lε. Let E(Υ)c := {ε ∈ E(Υ) : 
ε ∼= P1} be the set of compact edges
in Υ. (Note that E(Υ)c = E(Υ) if X is proper.)

(3) (Flags) The set of flags in the graph Υ is given by

F (Υ) = {(ε, σ) ∈ E(Υ)× V (Υ) : σ ∈ ε} = {(ε, σ) ∈ E(Υ)× V (Υ) : pσ ∈ 
ε}.
(4) (Inertia) For each σ ∈ V (Υ), we assign a finite group Gσ which is the inertia

group of pσ, so that pσ = BGσ. For each ε ∈ E(Υ), we assign a finite group
Gε which is the inertial group of pε in item (2) above.

(5) For every flag (ε, σ) ∈ F (Υ), we choose a path from pε to pσ, which determines
an injective group homomorphism j(ε,σ) : Gε → Gσ. Let φ(ε,σ) : Gσ → C∗

be the group homomorphism which corresponds to the 1-dimensional Gσ

representation Tpσ
lε. The image of φ(ε,σ) is a finite cyclic group; let r(ε,σ) be

the cardinality of this finite cyclic group. We have the following short exact
sequence of finite groups:

1 → Gε

j(ε,σ)−→ Gσ

φ(ε,σ)−→ μr(ε,σ)
→ 1.

So

r(ε,σ) =
|Gσ|
|Gε| .

(6) (fundamental groups) For each compact edge ε ∈ E(Υ)c, there is a group
homomorphism Gε → π1(lε) whose kernel is a cyclic subgroup of the center
Z(Gε) of Gε. Let dε be the cardinality of this cyclic subgroup. Then we have
an exact sequence of finite groups:

1 → μdε → Gε → π1(lε) → π1(l
rig
ε ) → 1.

(7) (central extension of fundamental groups) For each compact edge ε ∈ E(Υ)c,
let σx, σy ∈ V (Υ) be the two ends of ε, and let

x = pσx
, y = pσy

, rx = r(ε,σx), ry = r(ε,σy), aε = g.c.d.(rx, ry).
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Then lrigε is the football F(rx, ry), so that π1(l
rig
ε ) = μaε

. There is a triple
(iε, Eε, ρε), where iε : C∗ ↪→ Eε is a central injection and Eε/C

∗ ∼= π1(lε),
ρε = (ρx, ρy) : Eε → C∗ × C∗ is a group homomorphism and

ρε ◦ iε = (tdεrx/aε , tdεry/aε).

We have an isomorphism [(C2−{(0, 0)})/Eε] ∼= lε, and under this isomorphism

x = [1, 0], y = [0, 1], Gσx
= Ker(ρx), Gσy

= Ker(ρy), Gε = Ker(ρ).

(8) (connection) Let ε ∈ E(Υ)c, and let σx and σy be as above. Let Ex and Ey be
the set of edges emanating from σx and σy, respectively. The normal bundle
Nlε/X of lε in X is a direct sum of line bundles

Nlε/X = L1 ⊕ · · · ⊕ Lr−1.

For i = 1, . . . , r − 1 there exist εi ∈ Ex and ε′i ∈ Ey such that (Li)x = Txlεi
and (Li)y = Tylε′i . Then

Ex = {ε1, . . . , εr−1, ε}, Ey = {ε′1, . . . , ε′r−1, ε}.
Define a bijection θ(ε,σx) : Ex → Ey by sending εi to ε′i and sending ε to ε;
let θ(ε,σy) : Ey → Ex be the inverse map. We say {εi, ε′i} is a pair of edges
related by the parallel transport along the compact edge ε. There exists
ρi ∈ Hom(Eε,C

∗) such that Li = [((C2 − {(0, 0)})× C)/E] where E acts by
ρx ⊕ ρy ⊕ ρi. Then ρi ◦ iε : C∗ → C∗ is given by t �→ tdi for some di ∈ Z and

ai := 〈c1(Li), [l
rig
ε ]〉 = di

l.c.m.(rx, ry)dε
=

diaε
rxrydε

∈ Q.

(Note that, if lε is the projective line P1 then rx = ry = aε = dε = 1, so ai =
di ∈ Z.) Let Δε be the set of pairs of edges related by the parallel transport
along the compact edge ε. For each pair δ ∈ Δε, we get ρδ ∈ Hom(Eε,C

∗)
associated to a line bundle over lε which is a summand of Nl/X .

(9) (compatibility along compact edges)

ρi|Gσx
= φ(εi,σx), ρi|Gσy

= φ(ε′i,σx), ρy|Gσx
= φ(ε,σx), ρx|Gσy

= φ(ε,σy).

Assumption 3.2 can be rephrased in terms of the graph Υ as follows.

Assumption 3.9.

(1) V (Υ) is non-empty.
(2) Each edge in E(Υ) contains at least one vertex.

Given a vertex σ ∈ V (Υ), we denote by Eσ the set of edges containing σ, i.e.
Eσ := {e ∈ E : (ε, σ) ∈ F (Υ)}. Then |Eσ| = r for all σ ∈ V (Υ), so Υ is an r-valent
graph.

Given a flag (ε, σ) ∈ F (Υ), let w(ε,σ) ∈ MQ be the weight of T -action on Tpσ
lε,

the tangent line to lε at the fixed point pσ = BGσ, namely,

w(ε,σ) := cT1 (Tpσ
lε) ∈ H2

T (pσ;Q) ∼= MQ.

This gives rise to a map

w : F (Υ) −→ MQ, (ε, σ) �→ w(ε,σ)

satisfying the following properties.
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(1) (GKM hypothesis) Given any σ ∈ V (Υ), and any two distinct edges ε, ε′ ∈ Eσ,
w(ε,σ) and w(ε′,σ) are linearly independent in MQ.

(2) (integrality) For any flag (ε, σ) ∈ F (Υ), w(ε,σ) := r(ε,σ)w(ε,σ) ∈ M .
(3) Suppose that ε ∈ E(Υ)c is a compact edge and σx, σy ∈ V (Υ) are its two

ends.
(a) r(ε,σx)w(ε,σx) + r(ε,σy)w(ε,σy) = 0, i.e. w(ε,σx) +w(ε,σy) = 0.
(b) Let Eσx

= {ε1, . . . , εr}, where εr = ε, and let ε′i := θ(σx,ε)(εi) ∈ Eσy
.

Then

w(ε′i,σy) = w(εi,σx) − air(ε,σx)w(ε,σx) = w(εi,σx) + air(ε,σy)w(ε,σy).

The normal bundle of the 1-dimensional smooth DM stack lε in X is given by

Nlε/X ∼= L1 ⊕ · · · ⊕ Lr−1

where Li is a degree ai T -equivariant line bundle over lε such that the weights of the
T -action on the fibers (Li)z and (Li)y are w(εi,σx) and w(ε′i,σy), respectively. The
map w : F (Υ) → MQ is called the axial function.

We call �Υ, which is the abstract graph Υ together with the above decorations and
constraints, the stacky GKM graph of the smooth GKM stack X with the T -action.

If ρ : T ′ → T is a homomorphism between complex algebraic tori, then T ′ acts on
X by t′ ·x = ρ(t′) ·x, where t′ ∈ T ′, ρ(t′) ∈ T , x ∈ X. If the zero-dimensional and one-
dimensional orbits of this T ′-action coincide with those of the T -action, then the GKM
graph with this T ′-action is obtained by replacing w(ε,σ) ∈ MQ by ρ∗w(ε,σ) ∈ M ′

Q,
where

ρ∗ : MQ = H2(BT ;Q) → M ′
Q := H2(BT ′;Q).

3.6. Equivariant Chen-Ruan orbifold cohomology group. Let X be a
smooth GKM stack. The T -action on X induces a T -action on its inertia stack
IX =

⊔
i∈I Xi and on each Xi.

Let

RT := H∗
T (point;Q) = H∗(BT ;Q) = Q[u1, . . . , um]

where deg(ui) = 2; let QT = Q(u1, . . . , um) be its fractional field.
As a graded Q-vector space, T -equivariant Chen-Ruan orbifold cohomology group

of an smooth GKM stack is defined to be

H∗
CR,T (X ;Q) :=

⊕
a∈Q≥0

Ha
CR,T (X ;Q)

where

Ha
CR,T (X ;Q) =

⊕
i∈I

H
a−2age(Xi)
T (Xi;Q).

Suppose that X is proper. For each i ∈ I, we have the following proper pushfor-
ward to a point: ∫

X
: H∗

T (Xi;Q) −→ H∗
T (point;Q) = RT
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which is RT -linear. The T -equivariant orbifold Poincaré pairing is defined by

(α, β)T :=

{∫
Xi

α ∪ ι∗i β, j = ι(i),

0, j 	= ι(i),
(3.3)

where α ∈ H∗
T (Xi;Q), β ∈ H∗

T (Xj ;Q).
When X is not proper, we define a T -equivariant Poincaré pairing on

H∗
CR,T (X ;QT ) = H∗

CR,T (X ;Q)⊗RT
QT

as follows:

(α, β)T :=

⎧⎪⎨⎪⎩
∫
XT

i

(α ∪ ι∗i β)|Xi

eT (NXT
i /Xi

)
, j = ι(i),

0, j 	= ι(i),

(3.4)

where X T
i ⊂ Xi is the T fixed substack, and eT (NXT

i /Xi
) is the T -equivariant Euler

class of the normal bundle NXT
i /Xi

of X T
i in Xi. Each X T

i is a disjoint of union of

finitely many (stacky) points.

Example 3.10 (affine smooth GKM stack). Let X = [Cr/G] be an affine smooth
GKM stack. Let φi : G → C∗, wi ∈ MQ, and ri be defined as in Section 3.2. Given
h ∈ G, let ci(h) be the unique element in{

0,
1

ri
, . . . ,

ri − 1

ri

}
such that

e2π
√−1ci(h) = φi(h).

Then

IX =
⊔

c∈Conj(G)

Xc,

where

Xc
∼= [(Cr)h/CG(h)]

for any h ∈ c. We have

age(Xc) =

r∑
i=1

ci(h)

where h is any element in the conjugacy class c.
Let 1c denote the identity element of H∗

T (Xc;Q). Then

H∗(Xc;Q) = Q1c, H∗
T (Xc;C) = RT1c.

So

H∗
CR(X ;Q) =

⊕
c∈Conj(G)

Q1c
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as a Q vector space, and

H∗
CR,T (X ;Q) =

⊕
c∈Conj(G)

RT1c

as an RT -module.
Given c ∈ Conj(G), define

ec := eT (T[0/G](C
r)h) =

r∏
i=1

w
δci(h),0

i

where h is any element in c. Note that the right hand side of the above equation does
not depend on the choice of h ∈ c.

Given h ∈ G, let [h] = {aha−1 : a ∈ G} be the conjugacy class of h.
The T -equivariant Poincaré pairing on

H∗
CR,T (X ;QT ) =

⊕
c∈Conj(G)

QT1c

is given by

(1[h],1[h′])T =
1

|CG(h)|
δ[h−1],[h′]

e[h]
.

Definition 3.11 (equivariant formality). Let X be a smooth GKM stack, so that
T = (C∗)m acts algebraically on X . We say X is equivariantly formal if

H∗
CR,T (X ;Q) → H∗

CR(X ;Q)

is surjective.

Smooth toric DM stacks and affine smooth GKM stacks are equivariantly formal
smooth GKM stacks.

3.7. Cup product. In this section, we describe the cup product on

H∗
CR,T (X ;QT ),

first for an affine smooth GKM stack, and then for any equivariantly formal smooth
GKM stacks.

Given c, c′ ∈ Conj(G), define

ci(c, c
′) := ci(h) + ci(h

′)− ci(hh
′) ∈ {0, 1}.

where h ∈ c and h′ ∈ c′; note that the right hand side of the above equation does not
depend on choice of h ∈ c and h′ ∈ c′.

• Let X = [Cr/G] be an affine smooth GKM stack as in Example 3.10. The
cup product on H∗

CR,T (X ;Q) is given by

1c � 1c′ =

r∏
i=1

w
ci(c,c

′)
i

∑
h∈c,h′∈c′

|CG(hh
′)|

|G| 1[hh′].
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• Let X be an equivariantly formal smooth GKM stack, and let �Υ be the stacky
GKM graph of X . Then we have an isomorphism of QT -algebras

H∗
CR,T (X ;QT ) ∼=

⊕
σ∈V (Υ)

H∗
CR,T (Tpσ

X ;QT ) (3.5)

which preserves the T -equivariant Poincaré pairing; the isomorphism (3.5) is
an isomorphism of Frobenius algebras over the field QT .

4. Abstract stacky GKM graphs and formal smooth GKM stacks. Let
X be a smooth GKM stack equipped with a T -action. The formal completion X̂
of X along its 1-skeleton X 1, together with the T -action inherited from X , can be
reconstructed from the stacky GKM graph of X . In this section, we will define abstract
stacky GKM graphs which are generalization of stacky GKM graphs of smooth GKM
stacks. Given an abstract stacky GKM graph, we will construct a formal smooth GKM
stack, which is a formal smooth DM stack together with an action by an algebraic
torus T = (C∗)m. The construction of a formal smooth GKM stack from an abstract
stacky GKM graph can be viewed as generalization of the reconstruction of X̂ from
the stacky GKM graph of a smooth GKM stack X , and is inspired by the construction
of a formal toric Calabi-Yau (FTCY) threefold from an FTCY graph in [48, Section
3].

4.1. Abstract stacky GKM graphs. We fix T = (C∗)m and a positive integer
r. An abstract stacky GKM graph is a decorated graph consisting of the following data.

(1) (graph) The underlying graph Γ is a connected r-valent graph Γ with finitely
many vertices and edges. Let V (Υ) (resp. E(Υ)) denote the set of vertices
(resp. edges) in Γ. Each edge in E(Υ) is either a compact edge connecting
two vertices or a ray emanating from one vertex. Let E(Υ)c ⊂ E(Υ) be the
set of compact edges. Let

F (Υ) = {(ε, σ) ∈ E(Υ)× V (Υ) : σ ∈ ε}
be the set of flags in Γ. Given a vertex σ ∈ V (Υ), let

Eσ := {ε ∈ E(Υ) : (ε, σ) ∈ F (Υ)}
be the set of edges emanating from the vertex v. By the r-valent condition,
|Eσ| = r for all r ∈ V (Υ).

(2) (inertia and tangent representations) Each vertex σ ∈ V (Υ) (resp. edge ε ∈
E(Υ)) is decorated by a finite group Gσ (resp. Gε). Each flag (ε, σ) ∈ F (Υ)
is decorated by

• an injective group homomorphism j(ε,σ) : Gε ↪→ Gσ, and
• a one-dimensional representation φ(ε,σ) : Gσ → GL(1,C) = C∗,

such that Im(j(ε,σ)) = Ker(φ(ε,σ)).
Note that the image of φ(ε,σ) is a finite cyclic group; let r(ε,σ) be the cardinality
of this finite cyclic group. Then we have a short exact sequence of finite
groups:

1 → Gε

j(ε,σ)−→ Gσ

φ(ε,σ)−→ μr(ε,σ)
→ 1.

(3) (fundamental groups and central extensions) Let ε ∈ E(Υ)c be a com-
pact edge, and let σx, σy ∈ V (Υ) be the two ends of ε. Let aε =
g.c.d.(r(ε,σx), r(ε,σy)). In addition to Gε, ε is decorated by:
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• Another finite group πε together with a group homomorphism Gε → πε

such that we have the following exact sequence of finite groups:

1 → μdε
→ Gε → πε → μaε

→ 1

where μdε
is contained in the center of Gε.

• A central extension 1 → C∗ iε→ Eε → πε → 1 of πε by C∗, and a group
homomorphism ρε = (ρx, ρy) : Eε → C∗ × C∗.

(4) (connection) Let ε ∈ E(Υ)c be a compact edge, and let σx, σy ∈ V (Υ) be the
two ends of ε. There are bijections θ(ε,σx) : Eσx

→ Eσy
and θ(ε,σy) : Eσy

→
Eσx

which are inverses of each other and send ε to ε.
(5) (normal representations) Suppose that ε ∈ E(Υ)c is a compact edge, σx, σy ∈

V (Υ) are two ends of ε, and δ = {εx, εy} is a pair of edges such that εx ∈
Eσx − {ε} and εy = θ(ε,σx)(εx) ∈ Eσy − {ε}. Such a pair is decorated by a
one-dimensional representation ρδ : Eε → GL(1,C) = C∗.

(6) (compatibility along compact edges) In the notation of (3), (4), (5) above,
Ker(ρx) = Gσx

, Ker(ρy) = Gσy
, Ker(ρε) = Gε,

ρy|Gσx
= φ(ε,σx), ρx|Gσy

= φ(ε,σy), ρδ|Gσx
= φ(εx,σx), ρδ|Gσy

= φ(εy,σy).

(7) (axial function) There is a map

w : F (Υ) → MQ, (ε, σ) �→ w(ε,σ)

satisfying the following properties.
(a) (GKM hypothesis) Given any σ ∈ V (Υ) and any two distinct edges

ε, ε′ ∈ Eσ, w(ε,σ) and w(ε′,σ) are linearly independent vectors in MQ.
(b) (integrality) For any (ε, σ) ∈ F (Υ), w(ε,σ) := r(ε,σ)w(ε,σ) ∈ M .
(c) For any compact edge ε ∈ E(Υ)c, let σx, σy ∈ V (Υ) be its two ends.

Then the following properties hold.
(i) r(ε,σx)w(ε,σx) + r(ε,σy)w(ε,σy) = 0, i.e., w(ε,σx) +w(ε,σy) = 0.
(ii) Suppose that Eσ = {ε1, . . . , εr}, where εr = ε. Let ε′i := θ(ε,σ)(εi) ∈

Eσ′ , so that Eσ′ = {ε′1, . . . , ε′r}. Let

ai =
diaε

r(ε,σx)r(ε,σy)dε

where di ∈ Z is determined by by ρ{εi,ε′i} ◦ iε(t) = tdi for t ∈ C∗.
Then

w(ε′i,σy) = w(εi,σx) − air(ε,σx)w(ε,σx) = w(εi,σi) + air(ε,σy)w(ε,σy),

or equivalently,

w(ε′i,σy) = w(εi,σx) − aiw(ε,σx) = w(εi,σi) + aiw(ε,σy),

In particular, ε′r = εr = ε and ar = 1
r(ε,σx)

+ 1
r(ε,σy)

.

Let �Υ denote the underlying abstract graph Υ together with all the above
decorations.

Remark 4.1. We may also define abstract GKM graphs by the following special-
ization.
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• All the finite groups Gσ, Gε, πε are trivial, and we always have Eε = C∗ and
ρx, ρy : C∗ → C∗ are identity maps. So we do not need (2), (3), (6) above.

• In (7), the axial function w takes value in M instead of MQ, and

r(ε,σ) = r(ε,σ′) = 1, aε = dε = 1, ai = di ∈ Z.

• The normal characters in (5) are determined by the axial function.
Abstract GKM graphs are generalization of GKM graphs of algebraic GKM manifolds
[50, Section 2.2].

4.2. Formal smooth GKM stacks. Given an abstract stacky GKM graph �Υ
defined as in the previous subsection, we will construct a formal smooth DM stack
X̂�Υ of dimension r equipped with an action of T = (C∗)m.

4.2.1. The stacky affine line associated to a flag. For any flag (ε, σ) ∈ F (Υ),
define a “stacky” affine line

D(ε,σ) := [SpecC[z(ε,σ)]/Gσ] ∼= [A1/Gσ]

where Gσ acts on A1 via the group homomorphism φ(ε,σ) : Gσ → C∗. The coarse
moduli space of D(ε,σ) is

Spec(C[z(ε,σ)]
Gσ ) = Spec(C[z

r(ε,σ)

(ε,σ) ]) = Spec(C[x(ε,σ)]) ∼= A1

where x(ε,σ) = (z(ε,σ))
r(ε,σ) .

4.2.2. The formal smooth DM stack associated to a vertex. For any
vertex σ ∈ V (Υ), define an r-dimensional affine smooth GKM stack

Xσ = [SpecC[z(ε,σ) : ε ∈ Eσ]/Gσ] = [AEv/Gσ].

The T -action on z(ε,σ) is determined byw(ε,σ) ∈ MQ. Let X̂σ be the formal completion
of Xσ along its 1-skeleton.

4.2.3. The formal smooth DM stack associated to a compact edge. For
any compact edge ε ∈ E(Υ)c, define

lε := [(C2 − {0})/Eε]

where the action of Eε is given by the group homomorphism ρε : Eε → C∗ × C∗.
Let σx, σy ∈ V (Υ) be its two ends. Suppose that Eσx

= {ε1, . . . , εr−1, ε}, and let
ε′i = θ(ε,σx)(εi) ∈ Eσy − {ε}. Let ρi = ρ{εi,ε′i} ∈ Hom(Eε,C

∗). Let Li be the line
bundle over the smooth DM curve lε defined by

Li = [
(
(C2 − {0})× C

)
/Eε]

where the action on the last factor C is given by the group homomorphism ρi : Eε →
C∗. Let Xε be the total space of L1 ⊕ · · · ⊕ Lr−1, which is a smooth GKM stack.
Let X̂ε be the formal completion of Xε along its 1-skeleton X 1

ε . By compatibility
along compact edges, there are T -equivariant open embeddings of formal smooth DM
stacks:

i(ε,σx) : X̂σx
↪→ X̂ε, i(ε,σy) : X̂σy

↪→ X̂ε.
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4.2.4. Gluing. We will construct the r-dimensional formal smooth DM T -stack
X̂�Υ by induction on the number |E(Υ)c| of compact edges in the underlying graph Υ.
(Note that if r = 0 then |E(Υ)c| = 0; if r = 1 then |E(Υ)c| ≤ 1.)

If |E(Υ)c| = 0 then V (Υ) consists of a single vertex σ. In this case, we define
X̂�Υ := X̂σ.

If |E(Υ)c| = 1, let ε be the unique element in Ec(Υ). In this case, we define
X̂�Υ := X̂ε.

Let s ≥ 1 be a positive integer. Suppose that for any abstract stacky GKM
graph �Υ with |E(Υ)c| ≤ s, we have constructed an r-dimensional formal smooth DM
T -stack X̂�Υ with the following properties.

(i) For any vertex σ ∈ V (Υ), there is a T -equivariant open embedding i
�Υ
σ : X̂σ ↪→

X̂�Γ.
(ii) For any compact edge ε ∈ E(Υ)c, there is a T -equivariant open embedding

i
�Υ
ε : X̂ε ↪→ X̂�Γ.

(iii) If ε ∈ E(Υ)c is a compact edge and (ε, σ) ∈ F (Υ) is a flag, then i
�Υ
σ = i

�Υ
ε ◦i(ε,σ),

where i(ε,σ) : X̂σ ↪→ X̂ε is as in Section 4.2.3.

Let �Υ be an abstract stacky GKM graph such that E(Υ)c = s + 1. We cut the
�Υ along a compact edge ε0 ∈ E(Υ)c. More precisely, we replace ε0 by two rays ε1, ε2
emanating from the two ends σ1, σ2 ∈ V (Υ) of ε0. For i = 1, 2, we define (cf. item
(2) in Section 4.1)

Gεi = Gε0 , j(εi,σi) = j(ε0,σi), φ(εi,σi) = φ(ε0,σi).

Recall that the underlying graph of an abstract stack GKM graph is connected, so
there are two cases.

Case 1. We obtain a union of two abstract stacky GKM graphs �Υ1 and �Υ2, where
σi ∈ V (Υi) and εi ∈ E(Υi). Let si := |E(Υi)c|. Then s1 + s2 = s. In particular,
si ≤ s, so X̂�Υ1

and X̂�Υ2
have been constructed by the induction hypothesis. Let X̂0

be the disjoint union of X̂σ1 and X̂σ2
; let X̂�Υ1��Υ2

be the disjoint union of X̂�Υ1
and

X̂�Υ2
.

• There is a T -equivariant open embedding f : X̂0 −→ X̂�Υ1��Υ2 such that such
that

f |X̂σi
= i

�Υi
σi

: X̂σi ↪→ X̂�Υi
, i = 1, 2.

• Let g : X̂0 −→ X̂ε0 be the unique T -equivariant morphism such that

g|X̂σi
= i(ε0,σi) : X̂σi ↪→ X̂ε0 , i = 1, 2.

We define X̂�Γ to be the fiber coproduct of f and g:

X̂0
g ��

f

��

X̂ε0

��
X̂�Υ1��Υ2

�� X̂�Υ = X̂�Υ1��Υ2

∐
X̂0

X̂ε0

Case 2. We obtain an abstract stacky GKM graph �Υ′ with

V (Υ′) = V (Υ), E(Υ′) = (E(Υ) \ {ε0}) ∪ {ε1, ε2}, E(Υ′)c = E(Υ)c \ {ε0}.
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In particular |E(Υ′)c| = s, so X̂�Υ′ has been constructed by the induction hypothesis.

Let g : X̂0 −→ X̂ε0 be defined as in Case 1, and let f : X̂0 −→ X̂�Υ′ be the unique
T -equivariant morphism such that

f |X̂σi
= i

�Υ′
σi

: X̂σi
↪→ X̂�Υ′ , i = 1, 2.

We define X̂�Γ to be the fiber coproduct of f and g:

X̂0
g ��

f

��

X̂ε0

��
X̂�Υ′ �� X̂�Υ = X̂�Υ′

∐
X̂0

X̂ε0

In both cases, X̂�Υ is an r-dimensional formal smooth DM T -stack. Different choices
of ε0 ∈ E(Υ)c produce isomorphic formal smooth DM T -stacks. Properties (i), (ii),
and (iii) hold by construction and the induction hypothesis.

If �Υ is the stacky GKM graph of an smooth GKM stack X then X̂�Υ is the formal
completion of X along its 1-skeleton X 1.

4.3. Equivariant Chen-Ruan orbifold cohomology of an abstract stacky
GKM graph. Given a stacky GKM graph �Υ,we define

H�Υ :=
⊕

σ∈V (Υ)

H∗
CR,T (Xσ;QT )

as a Frobenius algebra over the field QT . By Section 3.7, if �Υ is the stacky GKM
graph of an equivariantly formal smooth GKM stack X then

H�Υ = H∗
CR,T (X ;QT ).

5. Orbifold Gromov-Witten theory. In [15], Chen-Ruan developed Gromov-
Witten theory for symplectic orbifolds. The algebraic counterpart, Gromov-Witten
theory for smooth DM stacks, was developed by Abramovich-Graber-Vistoli [1, 2].
In this section, we give a brief review of algebraic orbifold Gromov-Witten theory,
following [2].

5.1. Twisted curves and their moduli. An n-pointed, genus g twisted curve
is a connected proper one-dimensional DM stack C together with n disjoint closed
substacks x1, . . . , xn of C, such that

(1) C is étale locally a nodal curve;
(2) formally locally near a node, C is isomorphic to the quotient stack

[Spec(C[x, y]/(xy))/μr],

where the action of ζ ∈ μr is given by ζ · (x, y) = (ζx, ζ−1y);
(3) each xi ⊂ C is contained in the smooth locus of C;
(4) each stack xi is an étale gerbe over SpecC with a section (hence trivialization);
(5) C is a scheme outside the twisted points x1, . . . , xn and the singular locus;
(6) the coarse moduli space C is a nodal curve of arithmetic genus g.

Let π : C → C be the projection to the coarse moduli space, and let xi = π(xi). Then
x1, . . . , xn are distinct smooth points of C, and (C, x1, . . . , xn) is an n-pointed, genus
g prestable curve.

Let Mtw
g,n be the moduli of n-pointed, genus g twisted curves. Then Mtw

g,n is a
smooth algebraic stack, locally of finite type [55].
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5.2. Riemann-Roch theorem for twisted curves. Let (C, x1, . . . , xn) be an
n-pointed, genus g twisted curve, and let (C, x1, . . . , xn) be the coarse curve, which
is an n-pointed, genus g prestable curve. Let E → C be a vector bundle over C. Then
xi ∼= Bμri . There is a unique generator ζ of the cyclic group μri such that ζ acts on

the tangent line TxiC with eigenvalue e
2π

√−1
ri . Then ζ acts on E|xi with eigenvalues

e
2π

√−1
ri

l1 , . . . , e
2π

√−1
ri

lN , where N = rankE and li ∈ {0, 1, . . . , ri − 1}. In other words,

E|xi =
N⊕
i=1

(TxiC)⊗li

as vector bundles over xi = Bμri . Note that l1, . . . , lN are unique up to permutation,
so

agexi
(E) := l1 + · · ·+ lN

ri
∈ Q

is well-defined. The Riemann-Roch theorem for twisted curves says

χ(E) =
∫
C
c1(E) + rank(E)(1− g)−

n∑
i=1

agexi
(E). (5.1)

5.3. Moduli of twisted stable maps. Let X be a smooth DM stack with a
quasi-projective coarse moduli space X, and let β ∈ H2(X;Z) be an effective curve
class in X. An n-pointed, genus g, degree β twisted stable map to X is a representable
morphism f : C → X , where the domain C is an n-pointed, genus g twisted curve,
and the induced morphism C → X between the coarse moduli spaces is an n-pointed,
genus g, degree β stable map to X.

Let Mg,n(X , β) be the moduli stack of n-pointed, genus g, degree β twisted stable
maps to X . Then Mg,n(X , β) is a DM stack; it is proper if X is projective.

For j = 1, . . . , n, there are evaluation maps

evj : Mg,n(X , β) → IX =
⊔
i∈I

Xi

where {Xi : i ∈ I} are connected components of IX . Given �i = (i1, . . . , in), where
ij ∈ I, define

Mg,�i(X , β) :=

n⋂
j=1

ev−1
j (Xij ).

Then Mg,�i(X , β) is a union of connected components of Mg,n(X , β), and

Mg,n(X , β) =
⊔

�i∈In

Mg,�i(X , β).

Remark 5.1. In the definition of twisted curves in Section 5.1, if we replace (4)
by

(4)’ each stack xi is an étale gerbe over SpecC;
i.e. without a section, then the resulting moduli space is Kg,n(X , β) in [2], and the
evaluation maps take values in the rigidified inertial stack IX instead of the inertia
stack IX .
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5.4. Obstruction theory and virtual fundamental classes. The tangent
space T 1

ξ and the obstruction space T 2
ξ at a moduli point ξ = [f : (C, x1, . . . , xn) →

X ] ∈ Mg,n(X , β) fit in the tangent-obstruction exact sequence:

0 →Ext0OC (ΩC(x1 + · · ·+ xn),OC) → H0(C, f∗TX ) → T 1
ξ

→Ext1OC (ΩC(x1 + · · ·+ xn),OC) → H1(C, f∗TX ) → T 2
ξ → 0

(5.2)

where
• Ext0OC (ΩC(x1 + · · · + xn),OC) is the space of infinitesimal automorphisms of
the domain (C, x1, . . . , xn),

• Ext1OC (ΩC(x1 + · · ·+ xn),OC) is the space of infinitesimal deformations of the
domain (C, x1, . . . , xn),

• H0(C, f∗TX ) is the space of infinitesimal deformations of the morphism f for
a fixed domain, and

• H1(C, f∗TX ) is the space of obstructions to deforming the morphism f for a
fixed domain.

T 1
ξ and T 2

ξ are fibers of coherent sheaves T 1 and T 2 on the moduli space Mg,�i(X , β).

The moduli space Mg,�i(X , β) is equipped with a perfect obstruction theory of virtual

dimension dvir
g,�i,β

, where

dvir
g,�i,β

=

∫
β

c1(TX ) + (dimX − 3)(1− g) + n−
n∑

j=1

age(Xij ). (5.3)

Locally there is a two term complex [E → F ] of locally free sheaves such that

rankE − rankF = dvir
g,�i,β

and T 1 and T 2 are the kernel and cokernel of E → F , i.e.,

0 → T 1 → E → F → T 2 → 0 (5.4)

is an exact sequence of sheaves of OMg,�i(X ,β)-modules. This determines a virtual

fundamental class (constructed in the algebraic setting in [6, 45]):

[Mg,�i(X , β)]vir ∈ Advir
g,�i,β

(Mg,�i(X , β);Q).

Given a pair (x, g) ∈ Ob(IX ), where x ∈ Ob(X ) and g ∈ AutX (x), define r(x, g) =
|〈g〉|. Then (x, g) �→ |〈g〉| defines a map r : IX → Z>0 which is constant on each
connected component Xi of IX . Let ri = r(Xi). The weighted virtual fundamental
class is defined by

[Mg,�i(X , β)]w :=
( n∏
j=1

rij

)
[Mg,�i(X , β)]vir.

5.5. Moduli of twisted stable maps to a formal smooth GKM stack.
Let X̂�Υ be the formal smooth GKM stack defined by an abstract stacky GKM graph
�Υ, and let X̂�Υ be its coarse moduli space. Then

H2(X̂�Υ;Z) =
⊕

ε∈E(Υ)c

Z[
ε].
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Let

Eff(X̂�Υ) =
{ ∑

ε∈E(Υ)c

dε[
ε] : dε ∈ Z≥0

}
⊂ H2(X̂�Υ;Z)

be the set of effective classes. Given g, n ∈ Z≥0 and β̂ ∈ Eff(X̂�Υ), let Mg,n(X̂�Υ, β̂) be

the moduli of genus g, n-pointed, degree β̂ twisted stable maps to X̂�Υ, which is the

analogue of Mg,n(X, β) defined in Section 5.3. Let

IX̂�Υ =
⊔
i∈I�Υ

(X̂�Υ)i

be disjoint union of connected components. Let Mg,�i(X̂�Υ, β̂) be the analogue of

Mg,�i(X , β). Then we have a disjoint union

Mg,n(X̂�Υ, β̂) =
⊔

�i∈I�Υ
n

Mg,�i(X̂�Υ, β̂).

Each Mg,�i(X̂�Υ, β̂) is equipped with a T -action together with a T -equivariant perfect

obstruction theory of virtual dimension dvir
g,�i,β̂

, where

dvir
g,�i,β̂

=

∫
β̂

c1(TX̂�Υ
) + (dim X̂�Υ − 3)(1− g) + n−

n∑
j=1

age((X̂�Υ)ij ).

Let X be a smooth GKM stack, and let �Υ be its stacky GKM graph. There is a
T -equivariant morphism j : X̂�Υ → X , which induces a T -equivariant morphism

IX̂�Υ =
⊔
i∈I�Υ

(X̂�Υ)i. −→ IX =
⊔
i∈I

Xi.

and a surjective group homomorphism j∗ : H2(X̂�Υ;Z) → H2(X;Z). Define j : I�Υ → I

such that j((X̂�Υ)i) = Xj(i). We have T -equivariant morphisms

Mg,n(X̂�Υ, β̂) → Mg,n(X , j∗β̂), Mg,(i1,...,in)(X̂�Υ, β̂) → Mg,(j(i1),...,j(in))(X , j∗β̂).

5.6. Hurwitz-Hodge integrals. By Example 2.1, when X = BG we have

IBG =
⊔

c∈Conj(G)

(BG)c

where Conj(G) is the set of conjugacy classes of G. Give �c = (c1, . . . , cn) ∈ Conj(G)n,
let Mg,�c(BG) = Mg,�c(BG, β = 0). Then Mg,�c(BG) is a union of connected compo-
nents of Mg,n(BG) := Mg,n(BG, 0), and

Mg,n(BG) =
⊔

�c∈Conj(G)n

Mg,�c(BG).

We now fix a genus g and n conjugacy classes �c = (c1, . . . , cn) ∈ Conj(G)n. Let
π : U → Mg,�c(BG) be the universal curve, and let f : U → BG be the universal
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map. Let ρ : G → GL(V ) be an irreducible representation of G, where V is a
finite dimensional vector space over C. Then Eρ := [V/G] is a vector bundle over
BG = [point/G]. We have

π∗f∗Eρ =

{
OMg,�c(BG), if ρ : G → GL(1,C) is the trivial representation,

0, otherwise.

The ρ-twisted Hurwitz-Hodge bundle Eρ can be defined as the dual of the vector
bundle R1π∗f∗Eρ. If ρ = 1 is the trivial representation, then E1 = ε∗E, where ε :
Mg,�c(BG) → Mg,n, and E → Mg,n is the Hodge bundle of Mg,n. So rankE1 = g. If
ρ is a nontrivial irreducible representation, it follows from the Riemann-Roch theorem
for twisted curves (see Section 5.2) that

rankEρ = rank(Eρ)(g − 1) +

n∑
j=1

agecj (Eρ), (5.5)

where agecj (Eρ) is given as follows. Choose g ∈ cj . Let s > 0 be the order of g in
G, let N = rankEρ = dimV . If the eigenvalues of ρ(g) ∈ GL(V ) = GL(N,C) are

{e 2π
√−1
s li : 1 ≤ i ≤ N}, where li ∈ {0, 1, . . . , s− 1}, then

agecj (Eρ) =
l1 + · · ·+ lN

s
.

The definition is independent of choice of g ∈ cj . Note that

n∑
j=1

agecj (Eρ) ∈ Z.

(If G is abelian then any irreducible representation of G is 1-dimensional, so in this
case rank(Eρ) = 1 for any irreducible representation ρ of G.)

• Hodge classes. Given an irreducible representation ρ of G, define

λρ
i = ci(Eρ) ∈ H2i(Mg,�c(BG);Q), i = 1, . . . , rankEρ.

• Descendant classes. There is a forgetful map ε : Mg,�c(BG) → Mg,n. Define

ψ̄j = ε∗ψj ∈ H2(Mg,�c(BG)), j = 1, . . . , n.

Hurwitz-Hodge integrals are top intersection numbers of Hodge classes λρ
i and

descendant classes ψ̄j : ∫
Mg,�c(BG)

ψ̄a1
1 · · · ψ̄an

n (λρ1

1 )k1 · · · (λρg
g )kg . (5.6)

In [68], Jian Zhou describes an algorithm of computing Hurwitz-Hodge integrals, as
follows. By Tseng’s orbifold quantum Riemann-Roch theorem [64], Hurwitz-Hodge
integrals can be reconstructed from descendant integrals on Mg,�c(BG):∫

Mg,�c(BG)

ψ̄a1
1 · · · ψ̄an

n . (5.7)
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Jarvis-Kimura relate the descendant integrals on Mg,�c(BG) to those on Mg,n [32].
We now state their result. Given g ∈ Z≥0 and �c = (c1, . . . , cn) ∈ Conj(G)n, let

V G
g,�c :=

{
(a1, b1, . . . , ag, bg, e1, . . . , en) ∈ G2g+n |

a1b1a
−1
1 b−1

1 · · · agbga−1
g b−1

g =

n∏
j=1

ej , ej ∈ cj

}
which is a finite set. The moduli of flat G-bundles over a compact Riemann surface
of genus g with markings c1, . . . , cn is the quotient stack

[V G
g,�c/G]

where G acts on V G
g,�c by diagonal conjugation:

h · (a1, b1, . . . , ag, bg, e1, . . . , en)
= (ha1h

−1, hb1h
−1, . . . , hagh

−1, hbgh
−1, he1h

−1, . . . , henh
−1).

Example 5.2. If h ∈ G then

[V G
0,[h],[h−1]/G] ∼= [{(h, h−1)}/CG(h)] = BCG(h)

where CG(h) is the centralizer of h in G.

If G is abelian then each ci consists of a single element hi ∈ G, and

V G
g,�c =

{
G2g × {h1} × · · · {hn} if h1 · · ·hn = 1,

∅ (the empty set) if h1 · · ·hn 	= 1;

so [V g
g,�c/G] ∼= G2g×BG if h1 · · ·hn = 1, and is empty otherwise. In general, Mg,�c(BG)

is non-empty if and only if 2g − 2 + n > 0 and V G
g,�c is non-empty. In this case, the

forgetful map ε : Mg,�c(BG) → Mg,n is of degree |V G
g,�c|/|G|.

Theorem 5.3 (Jarvis-Kimura [32, Proposition 3.4]). Suppose that 2g−2+n > 0
and V G

g,�c is nonempty. Then∫
Mg,�c(BG)

ψ̄a1
1 · · · ψ̄an

n =
|V G

g,�c|
|G|

∫
Mg,n

ψa1
1 · · ·ψan

n .

5.7. Orbifold GW invariants. There is a morphism ε : Mg,�i(X , β) →
Mg,n(X,β). Define ψ̄i = ε∗ψi.

Suppose that the coarse moduli space X is projective. Then Mg,�i(X , β) is proper.
Let

γj ∈ Hdj (Xij ;Q) ⊂ H
dj+2age(Xij

)

CR (X ;Q),

Define orbifold Gromov-Witten invariants

〈ε̄a1γ1, . . . , ε̄anγn〉Xg,β :=

∫
[Mg,�i(X ,β)]w

n∏
j=1

(
ev∗jγj ∪ ψ̄

aj

j

)
(5.8)

which is zero unless
n∑

j=1

(dj + 2age(Xij ) + 2aj) = 2

(∫
β

c1(TX ) + (1− g)(dimX − 3) + n

)
.
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5.8. Equivariant orbifold GW invariants. Suppose that X is equipped with
a T -action, which induces a T -action on Mg,�i(X , β) and on the perfect obstruction
theory. Then there is a T -equivariant virtual fundamental class

[Mg,�i(X , β)]vir,T ∈ HT
2dvir

g,�i,β

(Mg,�i(X , β);Q).

The weighted T -equivariant virtual fundamental class is defined by

[Mg,�i(X , β)]w,T =
( n∏
j=1

rij

)
[Mg,�i(X , β)]vir,T .

Suppose that Mg,�i(X , β) is proper. (If the coarse moduli space X is pro-

jective then Mg,�i(X , β) is proper for any g,�i, β.) Given γT
j ∈ H

dj

T (Xij ;Q) ⊂
H

dj+2age(Xij
)

CR,T (X ;Q) and aj ∈ Z≥0, we define T -equivariant orbifold Gromov-Witten
invariants

〈ε̄a1(γ
T
1 ), · · · , ε̄an(γ

T
n )〉XT

g,β :=

∫
[Mg,�i(X ,β)]w,T

n∏
j=1

(
ev∗jγ

T
j ∪ (ψ̄T

1 )
aj
)

∈ Q[u1, . . . , um](

n∑
j=1

(dj + 2aj)− 2dvir�i
).

(5.9)

where Q[u1, . . . , um](2k) is the space of degree k homogeneous polynomials in
u1, . . . , ul with rational coefficients, and Q[u1, . . . , um](2k + 1) = 0. In particular,

〈ε̄a1(γ
T
1 ), · · · , ε̄an(γ

T
n )〉XT

g,β =

{
0,

∑n
j=1(dj + 2aj) < 2dvir

g,�i,β
,

〈ε̄a1(γ1), · · · , ε̄an(γn)〉Xg,β ∈ Q,
∑n

j=1(dj + 2aj) = 2dvir
g,�i,β

.

where γj ∈ Hdj (Xij ;Q) is the image of γT
j under the map H

dj

T (Xij ;Q) → Hdj (Xij ;Q).

5.9. Virtual localization. Let F = Mg,�i(X , β)T ⊂ Mg,�i(X , β) be the substack

of T fixed points. The restriction of the exact sequence (5.4) to F splits into two exact
sequences of OF -modules:

0 → T 1,f → Ef → F f → T 2,f → 0, (5.10)

0 → T 1,m → Em → Fm → T 2,m → 0, (5.11)

where (5.10) and (5.11) are the fixed and moving parts of (5.4), respectively. The
2-term complex [(F f )∨ → (Ef )∨] defines a perfect obstruction theory on F ; in other
words, F is equipped with a virtual tangent bundle

T vir
F = T 1,f − T 2,f = Ef − F f .

which might have different ranks on different connected components of F . This defines
a virtual fundamental class [6, 45]

[F ]vir ∈ A∗(F).

The virtual normal bundle of F in Mg,�i(X , β) is

Nvir = T 1,m − T 2,m = Em − Fm.
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which might also have different ranks on different connected components of F , but

rank(T vir
F ) + rank(Nvir) = dg,�i,β

is constant on F .
By virtual localization [5, 27],

∫
[Mg,�i(X ,β)]w,T

n∏
j=1

(
ev∗jγ

T
j ∪ (ψ̄T

j )
aj
)
=

∫
[F ]w

i∗T
(∏n

j=1

(
ev∗jγ

T
j ∪ (ψ̄T

1 )
aj
))

eT (Nvir)
(5.12)

where

[F ]w =
( n∏

j=1

rij

)
[F ]vir.

Suppose that Mg,�i(X , β) is not proper, but F = Mg,�i(X , β)T is proper. (If X is

a smooth GKM stack then Mg,�i(X , β)T is proper for any g,�i, β.) We define

〈ε̄a1
(γT

1 ), . . . , ε̄an
(γT

n )〉XT

g,β =

∫
[F ]w

i∗T
(∏n

j=1

(
ev∗jγ

T
j ∪ (ψ̄T

j )
aj
))

eT (Nvir)
. (5.13)

When Mg,�i(X , β) is not proper, the right hand side of (5.13) is a rational function

(instead of a polynomial) in u1, . . . , um. It can be nonzero when
∑n

j=1(dj + 2aj) <

2dvir�i
, and does not have a nonequivariant limit (ui → 0) in general.

5.10. Formal equivariant orbifold GW invariants. Let X̂�Υ be the formal

smooth GKM stack defined by an abstract stacky GKM graph �Υ. Then there is a
T -equivariant virtual fundamental class

[Mg,�i(X̂�Υ, β̂)]
vir,T ∈ HT

2dvir
g,�i,β

(Mg,�i(X̂�Υ, β̂);Q).

The weighted T -equivariant virtual fundamental class is defined by

[Mg,�i(X̂�Υ, β̂)]
w,T =

( n∏
j=1

rij

)
[Mg,�i(X̂�Υ, β̂)]

vir,T .

Define

[Mg,n(X̂�Υ, β̂)]
w,T =

∑
�i∈(I�Υ)n

[Mg,�i(X̂�Υ, β̂)]
w,T .

Let Mg,�i(X̂�Υ, β̂)
T ⊂ Mg,�i(X̂�Υ, β̂) be the substack of T fixed points. Then

Mg,�i(X̂�Υ, β̂)
T is a proper DM stack equipped with a perfect obstruction theory

which is the T fixed the part of the restriction of the perfect obstruction theory
on Mg,�i(X̂�Υ, β̂), so we have

[Mg,�i(X̂�Υ, β̂)
T ]vir ∈ H∗(Mg,�i(X̂�Υ, β̂)

T )
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and

[Mg,�i(X̂�Υ, β̂)
T ]w :=

( n∏
j=1

rij

)
[Mg,�i(X̂�Υ, β̂)

T ]vir ∈ H∗(Mg,�i(X̂�Υ, β̂)
T ).

Define

[Mg,n(X̂�Υ, β̂)
T ]w =

∑
�i∈(I�Υ)n

[Mg,�i(X̂�Υ, β̂)
T ]w.

Given γ̂T
1 , . . . , γ̂

T
n ∈ H�Υ, we define

〈ε̄a1
(γ̂T

1 ), . . . , ε̄an
(γ̂T

n )〉�Υg,β̂ =

∫
[Mg,n(X̂�Υ,β̂)T ]w

i∗T
(∏n

j=1

(
ev∗j γ̂

T
j ∪ (ψ̄T

j )
aj
))

eT (Nvir)
. (5.14)

In the remainder of this subsection, we relate the above formal equivariant orbifold
GW invariants to the equivariant orbifold GW invariants defined in the previous
subsection (Section 5.8). Let X be a smooth GKM stack and let �Υ be its stacky
GKM graph. We define a surjective map j∗ : Eff(X̂�Υ) −→ Eff(X ) and an injective
map j∗ : H∗

CR,T (X ;QT ) → HΥ as follows.
(1) Let I, I�Υ, j : I�Υ → I be defined as in Section 5.5. The surjective group

homomorphism

j∗ : H2(X̂�Υ;Z) =
⊕

ε∈E(Υ)c

Z[
ε] −→ H2(X ;Z)

restricts to a surjective map

j∗ : Eff(X̂�Υ) −→ Eff(X )

where Eff(X ) is the set of effective classes in X . Note that given β ∈ Eff(X ),

{β̂ ∈ Eff(X̂�Υ) : j∗β̂ = β} is a finite set.
(2) There is a QT -linear map

j∗ =
⊕

σ∈V (Υ)

j∗σ : H∗
CR,T (X ;QT ) → H�Υ =

⊕
σ∈V (Υ)

H∗
CR,T (Xσ;QT )

where j∗σ is induced by the inclusion jσ : Xσ ↪→ X .
The following identity follows from the localization computations in Section 6.

Proposition 5.4. Given nonnegative integers g, a1, . . . , an an effective class
β ∈ Eff(X ), and γT

1 , . . . , γ
T
n ∈ H∗

CR,T (X ;QT ), we have

〈ε̄a1(γ
T
1 ), . . . , ε̄an(γ

T
n )〉Xg,β =

∑
β̂∈Eff(X̂�Υ)

j∗β̂=β

〈ε̄a1(j
∗γT

1 ), . . . , ε̄an(j
∗γT

n )〉�Υg,β̂ .

Therefore, equivariant orbifold GW invariants of X can be expressed in terms of
the more refined formal equivariant orbifold GW invariants of its stacky GKM graph
�Υ.
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6. Torus fixed points and virtual localization.

6.1. The fundamental group of a one-dimensional orbit. The union of
1-dimensional T orbits in X is

X 1 \ X T =
⋃

ε∈E(Υ)

oε

where each 1-dimensional T orbit oε is a Gε-gerbe over its coarse moduli oε ∼= C∗. Let
pε ∼= BGε be a point in oε chosen as in Section 3.5, and let

Hε := π1(oε, pε)

be the fundamental group of oε. The projection oε → oε induces a surjective group
homomorphism

Hε = π1(oε, pε) −→ π1(oε, pε) ∼= Z

whose kernel is Gε. In other words, we have a short exact sequence of groups

1 → Gε
jε−→ Hε

φε−→ Z → 1. (6.1)

Let ε ∈ Ec(Υ) be a compact edge, so that 
ε ∼= P1. Let σx, σy ∈ V (Υ) be the
two ends of the edge ε, and let x = pσx and y = pσy be the two torus fixed point
corresponding to σx and σy, respectively. Then x = BGσx , y = BGσy , and

Ux := lε \ {y} ∼= [C/Gσx
], Uy := lε \ {x} ∼= [C/Gσy

], Ux ∩ Uy = oε.

The open embeddings oε ↪→ Ux and oε ↪→ Uy induce surjective group homomorphisms

Hε = π1(oε)
π(ε,σx)−→ π1(Ux) ∼= Gσx

, Hε = π1(oε)
π(ε,σy)−→ π1(Uy) ∼= Gσy

. (6.2)

Recall that we also have the following two short exact sequences of groups:

1 → Gε

j(ε,σx)−→ Gσx

φ(ε,σx)−→ μr(ε,σx)
→ 1, (6.3)

1 → Gε

j(ε,σy)−→ Gσy

φ(ε,σy)−→ μr(ε,σy)
→ 1. (6.4)

Equations (6.1)-(6.4) fit into the following commutative diagram:

1 �� Gε

j(ε,σx)�� Gσx

φ(ε,σx)�� μr(ε,σx)
�� 1

1 �� Gε
jε ��

idGε

��

idGε

��

Hε
φε ��

π(ε,σx)

��

π(ε,σy)

��

Z ��

��

��

1

1 �� Gε

j(ε,σy)�� Gσy

φ(ε,σy)�� μr(ε,σy)
�� 1

where Z −→ μr(ε,σx)
and Z −→ μr(ε,σy)

are given by d �→ e2π
√−1d/r(ε,σx) and d �→

e2π
√−1d/r(ε,σy) , respectively.
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6.2. Torus fixed points in the moduli spaces. Let f : (C, x1, . . . , xn) → X
be a twisted stable morphism which represents a T -fixed point in Mg,n(X , β). Then

there exists a surjective group homomorphism p : T̃ ∼= (C∗)m −→ T ∼= (C∗)m with

finite kernel and a group homomorphism φ : T̃ −→ Aut(C, x1, . . . , xn) such that
p(t) · f(z) = f(φ(t) · z) for all z ∈ C. The image of f lies in the 1-skeleton X 1,
the union of zero-dimensional and one-dimensional T orbits in X . In particular f
defines a twisted stable morphism with target X̂�Υ which represents a T -fixed point in

Mg,n(X̂�Υ, β̂) where β̂ ∈ Eff(X̂�Υ) satisfies j∗β̂ = β.
If Cv is a connected component of f−1(X T ) then the image of Cv is a T fixed point

pσ ∼= BGσ for some σ ∈ V (Υ). If Oe is a connected component of f−1(X 1 \X T ) then
Oe

∼= C∗, and the image of Oe is a 1-dimensional T orbit oε for some ε ∈ Ec(Υ). The
maps

Oe
f |Oe−→ oε → oε

induce

π1(Oe) = Z
(f |Oe )∗−→ π1(oε) = Hε

φε−→ π1(oε) = Z.

Let γe ∈ Hε be the image of the generator of π1(Oe) = Z under (f |Oe
)∗, and let

de = φε(γe) ∈ Z. Then de > 0 is the degree of the map Oe = C∗ −→ oε = C∗.
The map f |Oe : Oe → oε is of degree de|Gε|. We have

Aut(f |Oe)
∼= CHε(γe)/〈γe〉.

In particular, if Gε is trivial then Hε = Z and Aut(f |Oe) = Z/deZ; if Hε is abelian
then Aut(f |Oe

) = Hε/〈γe〉 and |Aut(f |Oe
)| = de|Gε|.

Let Ce be the closure of Oe in C. Then Ce is a football F(ru, rv) and fe := f |Ce
:

Ce → lε is determined by γe ∈ Hε. Suppose that σx, σy ∈ V (Υ) are the two ends of
the edge ε. We define

k(ε,σx) := π(ε,σx)(γε) ∈ Gσx , k(ε,σy) := π(ε,σy)(γε) ∈ Gσy .

The map fe : Ce = F(ru, rv) → lε is representable, so ru and rv are the orders of
k(ε,σx) ∈ Gσx and k(ε,σy) ∈ Gσy

, respectively. In particular, the domain Ce of fe is

also determined by γe. Let f̄e : Ce = P1 → 
ε = P1 be the map between coarse moduli
spaces. Then fe([x, y]) = [xde , yde ] in terms of homogeneous coordinates on P1.

6.3. Torus fixed points and decorated graphs. Given a smooth GKM stack
X , let

M(X ) :=
⊔

g,n∈Z≥0

β∈Eff(X )

Mg,n(X , β)

and let M(X )T be the T fixed substack.

Given an abstract stacky GKM graph �Γ, let

M(X̂�Υ) :=
⊔

g,n∈Z≥0

β̂∈Eff(X̂�Υ)

Mg,n(X̂�Υ, β̂)
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and let M(X̂�Υ)
T denote the T fixed substack. By the discussion in Section 6.2, if �Γ

is the stacky GKM graph of a smooth GKM stack X then the morphism M(X̂�Υ) →
M(X ) restricts to an isomorphism M(X̂�Υ)

T → M(X )T . In this subsection, we will

describe M(X̂�Υ)
T for a general abstract stacky GKM graph �Γ; in particular, this gives

a description of M(X )T for any smooth GKM stack X .

We fix an abstract stacky GKM graph �Γ, which defines a formal GKM stack
X̂�Υ. Let X̂ 1

�Υ
=
⋃

ε∈E(Υ) lε be the 1-skeleton of X̂�Υ. Given a twisted stable map

f : (C, x1, . . . , xn) → X̂�Υ which represents a point in M(X̂�Υ)
T , we define a decorated

graph �Γ = (Γ, �f ,�γ,�g, �s,�c) as follows.
(1) (graph) Γ is a compact, connected 1 dimensional CW complex. We denote the

set of vertices (resp. edges) in Γ by V (Γ) (resp. E(Γ)). For each connected
component Cv of f−1(X̂ T

�Υ
) = f−1({pσ : σ ∈ V (Υ)}), we associate a vertex

v ∈ V (Γ). For each connected component Oe
∼= C∗ of f−1(X̂ 1

�Υ
) \ f−1(X̂ T

�Υ
),

we associate an edge e ∈ E(Γ); the closure Ce of Oe in C is a football. The
set of flags of Γ is defined to be

F (Γ) = {(e, v) ∈ E(Γ)× V (Γ) | v ∈ e}
= {(e, v) ∈ E(Γ)× V (Γ) | Cv ∩ Ce is nonempty}.

(2) (label) For each vertex v ∈ V (Γ) let Cv denote the coarse moduli of Cv. Then
Cv is a curve (with at most nodal singularities) or a point, and f(Cv) = pσv

for some σv ∈ V (Υ). For each edge e ∈ E(Γ), f(Ce) = lεe for some εe ∈ E(Υ).

The label map �f : V (Γ) ∪ E(Γ) → V (Υ) ∪ E(Υ)c sends a vertex v ∈ V (Γ) to
the vertex σv ∈ V (Υ) and an edge e ∈ E(Γ) to the edge edge εe ∈ E(Υ)c.

Moreover, �f defines a map from the graph Γ to the graph Υ: if (e, v) ∈ F (Γ)
then (εe, σv) ∈ F (Υ).

(3) (degree) The degree map �γ sends an edge e ∈ E(Γ) to the conjugacy class
[γe] ∈ Conj(Hεe), where γe ∈ Hεe is defined as in Section 6.2. We call [γe]
the degree of the map fe = f |Ce

: Ce → lεe . The positive integer de := φε(γe)
is the degree of the map f̄e : Ce = P1 → 
εe = P1 between coarse moduli
spaces. (Note that φε(γe) depends only on the conjugacy class [γe] of γe.)

(4) (genus) The genus map �g : V (Γ) → Z≥0 sends a vertex v ∈ V (Γ) to a
nonnegative integer gv, where gv = 0 if Cv is a point, and gv = h1(Cv,OCv

)
if Cv is a curve.

(5) (marking) The marking map �s : {1, 2, . . . , n} → V (Γ) sends j to v if xj ∈ Cv.
(6) (monodromy) For any v ∈ V (Γ) we define Gv = Gσv . Suppose that j ∈

{1, . . . , n} and v ∈ �s(j) ∈ V (Γ). Let rj be the cardinality of the inertia
group Aut(xj) of the j-th marked point xj , and let ξj be the generator of

Aut(xj) ∼= μrj which acts on the tangent line TxjC by e2π
√−1/rj . Let kj ∈ Gv

be the image of ξj ∈ Aut(xj) under the group homomorphism Aut(xj) →
Aut(pσv

) = Gv. The representability of f implies Aut(xj) → Aut(pσv
) is

injective, so rj is equal to the order of kj ∈ Gv. The monodromy map �c sends
a marking j ∈ {1, . . . , n} to the conjugacy class cj := [kj ] ∈ Conj(Gv) where
v = �s(j),

The map e ∈ E(Γ) �→ [γe] ∈ Conj(Hεe) determines a map

(e, v) ∈ F (Γ) �→ c(e,v) := [π(εe,σv)(γe)] ∈ Conj(Gσv
).

Given a flag (e, v), let y(e,v) be the intersection point of Cv and Ce. (If Cv is a point
then Cv = {y(e,v)}; if Cv is a curve then y(e,v) is a node.) Let r(e,v) be the cardinality
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of the inertia group of y(e,v), and let ξ(e,v) be the generator of Aut(y(e,v)) ∼= μr(e,v)

which acts on the tangent line Ty(e,v)
Ce by e2π

√−1/r(e,v) . Then the image of ξ(e,v)
under the injective group homomorphism Aut(y(e,v)) → Aut(pσv ) = Gv is an element
k(e,v) in the conjugacy class c(e,v). The representability of f implies r(e,v) is equal to
the order of k(e,v).

Given v ∈ V (Γ), we define Ev ⊂ E(Γ) and Sv ⊂ {1, . . . , n} by

Ev = {e ∈ E(Γ) : (e, v) ∈ F (Γ)}
Sv = {j ∈ {1, · · · , n} : xj ∈ Cv}. (6.5)

Given a conjugacy class c ∈ Conj(Gv), let c̄ denote the conjugacy class c̄ = {k−1 :
k ∈ c}. Define �cv : Ev ∪ Sv → Conj(Gv) by �cv(e) = c(e,v) if e ∈ Ev, and �cv(j) = cj if

j ∈ Sv. Then V Gv

gv,�cv
is non-empty. Here we view �cv as an element in Conj(Gv)

Ev∪Sv =

Conj(Gv)
nv , where nv := |Ev|+ |Sv|.

The inertia stack of X̂ T
�Υ

is

I(X̂ T
�Υ
) =

⊔
σ∈V (Υ)

Ipσ ∼=
⊔

(σ,c)∈IT
�Υ

(BGσ)c

where

IT�Υ = {(σ, c) : σ ∈ V (Υ), c ∈ Conj(Gσ)}.

Connected components of I(X̂ T
�Υ
) are in one-to-one correspondence with pairs (σ, c) ∈

IT�Υ . The inclusion I(X̂ T
�Υ
) ↪→ I(X̂�Υ) induces a surjective map j0 : IT�Υ → I�Υ such that

the image of (BGσ)c under j0 is contained in (X̂�Υ)j0(σ,c). Let G(�Υ) be the set of

decorated graphs associated to some T fixed twisted stable maps to X̂�Υ. Then G(�Υ)

is a countable infinite set. We have a map M(X̂�Υ)
T → G(�Υ); let F�Γ ⊂ M(X̂�Υ)

T be

the preimage of �Γ ∈ G(�Υ). Then

M(X̂�Υ)
T =

⊔
�Γ∈G(�Υ)

F�Γ.

where each F�Γ is a union of connected components.

Definition 6.1. Let �Γ = (Γ, �f ,�γ,�g, �s,�c) ∈ G(�Υ). We define the genus of �Γ to be

g(�Γ) := b1(Γ) +
∑

v∈V (Γ)

gv = |E(Γ)| − |V (Γ)|+ 1 +
∑

v∈V (Γ)

gv (6.6)

and define the degree of �Γ to be

β̂(�Γ) :=
∑

e∈E(Γ)

de[
εe ] =
∑

ε∈E(Υ)c

( ∑
e∈�f−1(ε)

de

)
[
ε] ∈ Eff(X̂�Υ). (6.7)

If the domain of the marking map �s is {1, . . . , n}, we define n(�Γ) = n, and define

�i(�Γ) := (j0(σ1, c1), . . . , j0(σn, cn)) ∈ (I�Υ)
n(�Γ),
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where σj = �f ◦ �s(j) ∈ V (Υ) and cj ∈ Conj(Gσj
).

Given nonnegative integers g, n and an effective class β̂ ∈ Eff(X̂�Υ), define

Gg,n(�Υ, β̂) := {�Γ ∈ G(�Υ) : g(�Γ) = g, n(�Γ) = n, β̂(�Γ) = β̂}.

Then Gg,n(�Υ, β̂) is a finite set, and

Mg,n(X̂�Υ, β̂)
T =

⊔
�Γ∈Gg,n(�Υ,β̂)

F�Γ. (6.8)

Given �i = (i1, . . . , in) ∈ (I�Υ)
n, define

Gg,�i(
�Υ, β̂) := {�Γ ∈ G(�Υ) : g(�Γ) = g,�i(�Γ) =�i, β̂(�Γ) = β̂},

which is a subset of Gg,n(�Υ, β̂). Then

Mg,�i(X̂�Υ, β̂)
T =

⊔
�Γ∈Gg,�i(

�Υ,β̂)

F�Γ.

In the remainder of this section, we give an explicit description of F�Γ for each

decorated graph �Γ ∈ G(�Υ). We first introduce some notation. Let

V S(�Γ) = {v ∈ V (Γ) : 2gv − 2 + nv > 0} = {v ∈ V (Γ) : Cv is a curve},
V 0,1(�Γ) = {v ∈ V (Γ) : gv = 0, |Sv| = 0, |Ev| = 1},
V 1,1(�Γ) = {v ∈ V (Γ) : gv = 0, |Sv| = |Ev| = 1},
V 0,2(�Γ) = {v ∈ V (Γ) : gv = 0, |Sv| = 0, |Ev| = 2}.

Then V (Γ) is a disjoint union of V S(�Γ), V 0,1(�Γ), V 1,1(�Γ), and V 0,2(�Γ). We say a

vertex v is stable if v ∈ V S(�Γ); otherwise we call it unstable. Let

FS(�Γ) = {(e, v) ∈ F (Γ) : v ∈ V S(�Γ)}
be the set of stable flags. Note that V (Γ), E(Γ), F (Γ) depend only on the underlying

graph Γ, while V S(�Γ), V 0,1(�Γ), V 1,1(�Γ), V 0,2(�Γ), FS(�Γ) depend on the decorated

graph �Γ.
Given an edge e ∈ E(Γ), let v, v′ ∈ V (Γ) be its two ends. By the discussion in

Section 6.2, the map fe := f |Ce
: Ce → lε, where ε = �f(e), is determined by γe ∈ Hεe .

The automorphism group of fe is a finite group

Aut(fe) = Aut(f |Oe
) ∼= cHε

(γe)/〈γe〉.
The moduli space of fe is

Me = B(Aut(fe)).

Given a stable vertex v ∈ V S(�Γ), the map fv := f |Cv
: Cv → pσ = BGv, where

σ = �f(v), represents a point in Mgv,�cv (BGv), where �cv ∈ Conj(Gv)
Ev∪Sv . To obtain

a T fixed point [f : (C, x1, . . . , xn) → X̂�Υ], we glue the the maps

{fv : Cv → pσv | v ∈ V S(�Γ)}, {fe : Ce → lεe | e ∈ E(Γ)}
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along the nodes

{y(e,v) = Ce ∩ Cv : (e, v) ∈ FS(�Γ)} ∪ {yv = Cv | v ∈ V 0,2(�Γ)}.
We define M̃�Γ by the following 2-cartesian diagram

M̃�Γ

fE−−−−→
∏

e∈E(Γ)

Me

fV

⏐⏐� evE

⏐⏐�
M�Γ :=

∏
v∈V S(�Γ)

Mgv,�cv (BGv)
evV−−−−→

∏
(e,v)∈FS(�Γ)

IBGv ×
∏

v∈V 0,2(�Γ)

IBGv

where evV and evE are given by evaluation at nodes, and IBGv is the rigidified inertia
stack. More precisely:

• For every stable flag (e, v) ∈ FS(�Γ), let ev(e,v) be the evaluation map at the
node y(e,v),

• For every v ∈ V (Γ), let ι be the involution on IBGv induced by the involution
Gv → Gv given by h �→ h−1.

• Define

evV =
∏

(e,v)∈FS(�Γ)

ev(e,v)

evE =
∏

(e,v)∈FS(�Γ)

(
ι ◦ ev(e,v)

)× ∏
v ∈ V 0,2(�Γ)

Ev = {e1, e2}

ev(e1,v) ×
(
ι ◦ ev(e2,v)

)

• If v ∈ V 0,2(�Γ) and Ev = {e1, e2}, we define rv = r(e1,v) = r(e2,v), and define
cv = c(e1,v) = c(e2,v).

We have

F�Γ = M̃�Γ/Aut(�Γ)

which is a proper smooth DM stack of dimension

d�Γ =
∑

v∈V S(�Γ)

(3gv − 3 + nv).

It has a fundamental class

[F�Γ] = c�Γ[M�Γ] ∈= Ad�Γ
(F�Γ;Q) = Ad�Γ

(M�Γ;Q)

where

[M�Γ] =
∏

v∈V S(�Γ)

[Mgv,�cv (BGv)
]
, (6.9)

and

c�Γ =
1

|Aut(�Γ)|
∏

e∈E(Γ)

|Aut(fe)|
·

∏
(e,v)∈FS(�Γ)

|Gv|
r(e,v)|c(e,v)| ·

∏
v∈V 0,2(�Γ)

|Gv|
rv|cv|

=
1

|Aut(�Γ)|
∏

e∈E(Γ)

|Aut(fe)|
·

∏
(e,v)∈FS(�Γ)

|CGv
(k(e,v))|
r(e,v)

·
∏

v∈V 0,2(�Γ)

|CGv
(kv)|
rv

.

(6.10)
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In the second line in Equation (6.10) above, k(e,v) (resp. kv) is any element in the
conjugacy class c(e,v) (resp. cv), and CGv (k) denotes the centralizer of k in Gv.

6.4. Virtual tangent and normal bundles. Given �Γ ∈ G(�Υ) and a twisted

stable map f : (C, x1, . . . , xn) → X̂�Υ which represents a point ξ in F�Γ ⊂ Mg,n(X̂�Υ, β̂),

the tangent space T 1
ξ and obstruction space T 2

ξ of Mg,n(X̂�Υ, β̂) at ξ fits in an following
exact sequence of T -representations

0 → B1 → B2 → T 1
ξ → B4 → B5 → T 2

ξ → 0 (6.11)

where

B1 = Ext0(ΩC(x1 + · · ·+ xn),OC), B2 = H0(C, f∗TX )

B4 = Ext1(ΩC(x1 + · · ·+ xn),OC), B5 = H1(C, f∗TX )

Let Bm
i and Bf

i be the moving and fixed parts of Bi, respectively; let T
i,m
ξ and T i,f

ξ

be the moving and fixed parts of T i
ξ , respectively. The exact sequence (6.11) splits

into the following two exact sequences:

0 → Bf
1 → Bf

2 → T 1,f
ξ → Bf

4 → Bf
5 → T 2,f

ξ → 0, (6.12)

0 → Bm
1 → Bm

2 → T 1,m
ξ → Bm

4 → Bm
5 → T 2,m

ξ → 0. (6.13)

Varying ξ in the fixed locus F�Γ gives rise to the following two exact sequences of
sheaves of OF�Γ

-modules on F�Γ:

0 → Bf
1 → Bf

2 → T 1,f → Bf
4 → Bf

5 → T 2,f → 0, (6.14)

0 → Bm
1 → Bm

2 → T 1,m → Bm
4 → Bm

5 → T 2,m → 0. (6.15)

Here we abuse notation: Bf
i (resp. Bm

i ) are complex vector spaces in (6.12) (resp.
(6.13)) and are sheaves over F�Γ in (6.14) (resp. (6.15)). The restriction of the exact
sequence (5.4) to F�Γ also splits into two exact sequences of OF�Γ

-modules:

0 → T 1,f → Ef → F f → T 2,f → 0. (6.16)

0 → T 1,m → Em → Fm → T 2,m → 0. (6.17)

The dual complex of [Ef → F f ] is a perfect obstruction theory on the smooth
proper DM stack F�Γ; in other words, F�Γ is equipped with a virtual tangent bundle

T vir
�Γ

= T 1,f − T 2,f .

As we will see in Section 6.5-6.7 below, T 1,f = TF�Γ is the tangent bundle of the
smooth DM stack F�Γ, whereas T

2,f = 0, so the virtual tangent bundle is the tangent
bundle. By [6, Proposition 5.5],

Theorem 6.2.

[F�Γ]
vir = [F�Γ] = c�Γ

∏
v∈V S(�Γ)

[Mgv,�cv (BGv)].
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The virtual normal bundle of F�Γ in M(X̂�Υ) is

Nvir
�Γ

= T 1,m − T 2,m.

So

1

eT (Nvir
�Γ

)
=

eT (T
2,m)

eT (T 1,m)
=

eT (B
m
1 )

eT (Bm
4 )

eT (B
m
5 )

eT (Bm
2 )

. (6.18)

We will compute
eT (B

m
1 )

eT (Bm
4 )

and
eT (B

m
5 )

eT (Bm
2 )

in Section 6.5 and Section 6.6, respectively.

6.5. Deformation of the domain. Recall that the nodes of C are

{y(e,v) = Ce ∩ Cv : (e, v) ∈ FS(�Γ)} ∪ {yv = Cv : (e, v) ∈ V 0,2(�Γ)}.

6.5.1. Infinitesimal automorphisms of the domain.

Bf
1 =

⊕
e ∈ E(Γ)

(e, v), (e, v′) ∈ F (Γ)

Hom(ΩCe
(y(e,v) + y(e,v′)),OCe

)

=
⊕

e ∈ E(Γ)

(e, v), (e, v′) ∈ F (Γ)

H0(Ce, TCe(−y(e,v) − y(e,v′)),

Bm
1 =

⊕
v∈V 0,1(�Γ)
(e,v)∈F (Γ)

Ty(e,v)
Ce.

We define

w(e,v) := eT (Ty(e,v)
Ce) =

r(εe,σv)w(εe,σv)

r(e,v)de
∈ H2

T (y(e,v)) = MQ.

6.5.2. Inifinitesimal deformations of the domain. Given any v ∈ V S(Γ),
define a divisor xv of Cv by

xv =
∑
i∈Sv

xi +
∑
e∈Ev

y(e,v).

Then

Bf
4 =

⊕
v∈V S(�Γ)

Ext1(ΩCv
(xv),OC) =

⊕
v∈V S(�Γ)

T[(Cv,xv)]Mgv,�iv
(BGv)

Bm
4 =

⊕
v∈V 0,2(�Γ)
Ev={e,e′}

TyvCe ⊗ TyvCe′ ⊕
⊕

(e,v)∈FS(�Γ)

Ty(e,v)Cv ⊗ Ty(e,v)
Ce

where eT (Tyv
Ce ⊗ Tyv

Ce′) = w(e,v) + w(e′,v) if v ∈ V 0,2(�Γ) and Ev = {e, e′}, and

eT (Ty(e,v)
Cv ⊗ Ty(e,v)

Ce) = w(e,v) −
ψ̄(e,v)

r(e,v)
if (e, v) ∈ FS(�Γ).
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6.5.3. Unifying stable and unstable vertices. From the discussion in Section
6.5.1 and Section 6.5.2,

eT (Bm
1 )

eT (Bm
4 )

=
∏

v∈V 0,1(�Γ)
(e,v)∈F (Γ)

w(e,v)

∏
v∈V 0,2(�Γ)
Ev={e,e′}

1

w(e,v) + w(e′,v)

·
∏

v∈V S(�Γ)

1∏
e∈Ev

(
w(e,v) − ψ̄(e,v)

r(e,v)

) . (6.19)

To unify the stable and unstable vertices, we use the following convention for the
empty sets M0,({1})(BG) and M0,([h],[h−1])(BG), where 1 ∈ G is the identity element,
and [h] is the conjugacy class of h ∈ G. Let G be a finite group and let w1, w2 be
formal variables.

• M0,({1})(BG) is a −2 dimensional space, and∫
M0,({1})(BG)

1

w1 − ψ̄1
=

w1

|G| (6.20)

• M0,([h],[h−1])(BG) is a −1 dimensional space, and∫
M0,([h],[h−1])(BG)

1

(w1 − ψ̄1)(w2 − ψ̄2)
=

1

(w1 + w2) · |CG(h)| (6.21)

∫
M0,([h],[h−1])(BG)

1

w1 − ψ̄1
=

1

|CG(h)| (6.22)

From (6.20), (6.21), (6.22), we obtain the following identities for non-stable vertices:

(i) If v ∈ V 0,1(�Γ) and (e, v) ∈ F (Γ), then r(e,v) = 1, and

|Gv|
∫
M0,({1})(BGv)

1

w(e,v) − ψ̄(e,v)

= w(e,v).

(ii) If v ∈ V 0,2(�Γ), Ev = {e, e′}, and kv ∈ c(e,v), then c(e′,v) = c(e,v) = [k−1
v ] and

|CGv (kv)|
rv

· |CGv
(kv)|
rv

·
∫
M

0,([kv ],[k
−1
v ])

(BGv)

1(
w(e,v) − ψ̄(e,v)

rv

)(
w(e′,v) − ψ̄(e′,v)

rv

)
=

|CGv
(kv)|
rv

· 1

w(e,v) + w(e′,v)
.

(iii) If v ∈ V 1,1(�Γ) and (e, v) ∈ F (Γ), then

|CGv
(h)|

r(e,v)

∫
M0,([h],[h−1])(BGv)

1

w(e,v) − ψ̄1

r(e,v)

= 1.

We then redefine M�Γ and c�Γ as follows:

M�Γ =
∏

v∈V (Γ)

Mgv,�iv
(BGv), [F�Γ] = c�Γ[M�Γ], (6.23)
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c�Γ =
1

|Aut(�Γ)|∏e∈E(Γ) |Aut(fe)|
∏

(e,v)∈F (Γ)

|cGv (k(e,v)|
r(e,v)

, (6.24)

where k(e,v) is an element in the conjugacy class c(e,v).
With the above conventions (6.20)–(6.24), we may rewrite (6.19) in the following

form.

Proposition 6.3.

eT (Bm
1 )

eT (Bm
4 )

=
∏

v∈V (Γ)

1∏
e∈Ev

(
w(e,v) − ψ̄(e,v)

r(e,v)

) .
The following lemma shows that the conventions (6.20), (6.21), and (6.22) are

consistent with the stable case M0,(c1,...,cn)(BG), n ≥ 3.

Lemma 6.4. Let G be a finite group. Let �c = (c1, . . . , cn) ∈ Conj(G)n. Let
w1, . . . , wn be formal variables. Then

(a)

∫
M0,�c(BG)

1∏n
i=1(wi − ψ̄i)

=
|V G

0,�c|
|G| · w1 · · ·wn

( 1

w1
+ · · · 1

wn

)n−3

.

(b)

∫
M0,�c(BG)

1

w1 − ψ̄1
=

|V G
0,�c|
|G| w2−n

1 .

Proof. The unstable cases n = 1 and n = 2 follow from the definitions (6.20) and
(6.21), respectively. The stable case (n ≥ 3) follows from Theorem 5.3 and the well
known identity below. ∫

M0,n

ψa1
1 · · ·ψan

n =
(n− 3)!

a1! · · · an! .

6.6. Deformation of the map. We first introduce some notation. Given σ ∈
V (Υ) and c ∈ Conj(Gσ), let

(
TpσX

)c
denote the subspace of TpσX which is invariant

under the action of any k ∈ c (or equivalently, of some k ∈ c). Then
(
Tpσ

X )c =(
Tpσ

X )c̄, where c̄ = {k−1 : k ∈ c}.
Consider the normalization sequence

0 → OC →
⊕

v∈V S(�Γ)

OCv
⊕
⊕

e∈E(Γ)

OCe

→
⊕

v∈V 0,2(�Γ)

Oyv ⊕
⊕

(e,v)∈FS(�Γ)

Oy(e,v)
→ 0.

(6.25)

We twist the above short exact sequence of sheaves by f∗TX . The resulting short
exact sequence gives rise a long exact sequence of cohomology groups

0 → B2 →
⊕

v∈V S(�Γ)

H0(Cv)⊕
⊕

e∈E(Γ)

H0(Ce)

→
⊕

v ∈ V 0,2(�Γ)

Ev = {e, e′}

(Tf(yv)X )c(e,v) ⊕
⊕

(e,v)∈FS(�Γ)

(
Tf(y(e,v))X

)c(e,v)

→ B5 →
⊕

v∈V S(�Γ)

H1(Cv)⊕
⊕

e∈E(Γ)

H1(Ce) → 0.
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where Hi(Cv) = Hi(Cv, f∗
vTX ) and Hi(Ce) = Hi(Ce, f∗

e TX ) for i = 0, 1.

f(yv) = pσv
= f(y(e,v)). Given (e, v) ∈ F (Γ), define

h(e, v) = eT (
(
Tpσ

X )c(e,v)) =
∏

ε∈Eσv

φ(ε,σv)(c(e,v))=1

w(ε,σv). (6.26)

The map B1 → B2 sends H0(Ce, TCe(−y(e,v) − y(e′,v))) isomorphically to

H0(Ce, f∗
e T lεe)

f , the fixed part of H0(Ce, f∗
e T lεe).

It remains to compute

h(v) :=
eT (H1(Cv, f∗

vTX )m)

eT (H0(Cv, f∗
vTX )m)

, h(e) :=
eT (H1(Ce, f∗

e TX )m)

eT (H0(Ce, f∗
e TX )m)

.

The formulae of h(v) and h(e) will be given by Equation (6.27) and Equation (6.30)
below. Before deriving these formulae , we introduce some notation.

• If v ∈ V S(�Γ), then there is a cartesian diagram

C̃v
˜fv−−−−→ pt⏐⏐� ⏐⏐�

Cv fv−−−−→ BGv.

Let Ĝv denote the subgroup of Gv generated by the monodromies of the Gv-
cover C̃v → Cv. Then the number of connected components of C̃v is |Gv/Ĝv|,
and each connected component is a Ĝv-cover of Cv.

• Given a 1-dimensional representation φ : Gv → C∗, we φ of Gv, we define

Λ∨
φ(u) =

rankEφ∑
i=0

(−1)iλφ
i u

rankEφ−i,

where λφ
i ∈ Ai(Mgv,�cv (BGv)) are Hurwitz-Hodge classes associated to φ,

and rankEρ is the rank of the φ-twisted Hurwitz-Hodge bundle Eρ →
Mgv,�cv (BGv) (see Section 5.6).

• Given a Gv representation V , let V Gv denote the subspace on which Gv acts
trivially.

Lemma 6.5. Suppose that v ∈ V S(�Γ) and �f(v) = σ ∈ V (Υ). Then

h(v) =

∏
ε∈Eσ

Λ∨
φ(ε,σ)(w(ε,σ))∏

ε∈Eσ, ̂Gv⊂Gε

w(ε,σ)

. (6.27)

Proof. Let Cφ denote the 1-dimensional representation associated to φ : Gv → C∗.
Then

Hi(Cv, f∗
vTX ) =

(
Hi(C̃v,O˜Cv

)⊗ TσX
)Gv ∼=

⊕
ε∈Eσ

(
Hi(C̃v,O˜Cv

)⊗ Cφ(ε,σ)

)Gv

,
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whereH0(C̃v,O˜Cv
) is the regular representation ofGv/Ĝv. The surjective group homo-

morphism Gv → Gv/Ĝv induces an injective map Hom(Gv/Ĝv,C
∗) → Hom(Gv,C

∗),
whose image contains φ−1

(ε,σ) iff Ĝv ⊂ Gε. So

eT

((
H0(C̃v,O˜Cv

)⊗ Cφ(ε,σ)

)Gv
)
=

{
w(ε,σ), Ĝv ⊂ Gε,

1, Ĝv 	⊂ Gε.

Therefore,

eT (H
0(Cv, f∗

vTX )m) = eT (H
0(Cv, f∗

vTX )) =
∏

ε∈Eσ, ̂Gv⊂Gε

w(ε,σ) (6.28)

(
H1(C̃v,OCv

)⊗ Cφ(ε,σ)

)Gv
= E∨

φ(ε,σ),

so

eT (H
1(Cv, f∗

vTX )m) = eT (H
1(Cv, f∗

vTX )) =
∏
ε∈Eσ

Λ∨
φ(ε,σ)

(w(ε,σ)). (6.29)

Equation (6.27) follows from (6.28) and (6.29).

Given any real number x, let �x� denote the greatest integer which is less or equal
to x, and let 〈x〉 = x− �x� ∈ [0, 1).

Lemma 6.6. Suppose that e ∈ E(Γ). Let d = de ∈ Z>0, and let ε = �f(e) ∈ E(Υ)c.

Define σ, σ′, εi, ε′i, ai as in Section 3.5. Suppose that (e, v), (e, v′) ∈ F (Γ), �f(v) = σ,
�f(v′) = σ′. Then any element in the conjugacy class c(e,v) ∈ Conj(Gσ) acts on Tpσ lε

by multiplication by e2π
√−1〈d/r(ε,σ)〉, and acts on Tpσ lεi by e2π

√−1αi , where

〈 d

r(ε,σ)
〉, α1, . . . , αr−1 ∈

{
0,

1

r(e,v)
, . . . ,

r(e,v) − 1

r(e,v)

}
.

Define

u = r(ε,σ)w(ε,σ) = −r(ε,σ′)w(ε,σ′).

Then

h(e) =
(
d

u
)
� d
r(ε,σ)

�

� d
r(ε,σ)

�!
(− d

u
)
� d
r
(ε,σ′)

�

� d
r(ε,σ′)

�!
r−1∏
i=1

bi (6.30)

where

bi =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

�dai−αi�∏
j=0

(w(εi,σ) − (j + αi)
u

d
)−1, ai ≥ 0,

�αi−dai−1�∏
j=1

(w(εi,σ) + (j − αi)
u

d
), ai < 0.

(6.31)

Proof. Let

wi = w(εi,σ), i = 1, . . . , r − 1.

We have

Nlε/X = L1 ⊕ · · · ⊕ Lr−1.
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• The weights of T -actions on (Li)pσ
and (Li)pσ′ are wi and wi − aiu, respec-

tively.

• The weights of T -action on Tpσ
lε and Tpσ′ lε are

u

r(ε,σ)
and

−u

r(ε,σ′)
, respectively.

• Let pv = f−1
e (pσ), pv′ = f−1

e (pσ′) be the two torus fixed points in Ce. Then the

weights of T -action on TpvCe and Tpv′Ce are
u

dr(e,v)
and

−u

dr(e,v′)
, respectively.

By [47, Example 8.5],

chT (H
1(Ce, f∗

eLi)−H0(Ce, f∗
eLi)) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
−

�dai−αi�∑
j=0

ewi−(j+αi)
u
d , ai ≥ 0,

�αi−dai−1�∑
j=1

ewi+(j−αi)
u
d , ai < 0.

Note that wi − (j + αi)u and wi + (j − αi)u are nonzero for any j ∈ Z since wi and
u are linearly independent for i = 1, . . . , r − 1. So

eT
(
H1(Ce, f∗

eLi)
m
)

eT (H0(Ce, f∗
eLi)m)

=
eT
(
H1(Ce, f∗

eLi)
)

eT (H0(Ce, f∗
eLi))

= bi

where bi is defined by (6.31).
By [47, Example 8.5] again,

chT (H
1(Ce, f∗

e T lε)−H0(Ce, f∗
e T lε))

=
∑
j∈Z

−〈 d
r(ε,σ)

〉≤j≤ d
r(ε,σ)

+ d
r(ε,σ′)−〈 d

r(ε,σ)
〉

e
u

r(ε,σ)
−(j+〈 d

r(ε,σ)
〉)u

d

= = 1 +

� d
r(ε,σ)

�∑
j=1

ej
u
d +

� d
r
(ε,σ′)

�∑
j=1

e−j u
d .

So

eT (H1(Ce, f∗
e T lε)

m)

eT (H0(Ce, f∗
e T lε)

m)
=

� d
r(ε,σ)

�∏
j=1

1

j u
d

� d
r(ε,σ′) �∏
j=1

1

−j u
d

=

( d
u

)� d
r(ε,σ)

�

� d
r(ε,σ)

�!

(− d

u

)� d
r(ε,σ′) �

� d
r(ε,σ′)�!

.

Therefore,

eT (H1(Ce, f∗
e TX )m)

eT (H0(Ce, f∗
e TX )m)

=
eT (H1(Ce, f∗

e T lε)
m)

eT (H0(Ce, f∗
e T lε)

m)
·
r−1∏
i=1

eT (H1(Ce, f∗
eLi)

m)

eT (H0(Ce, f∗
eLi)m)

=

( d
u

)� d
r(ε,σ)

�

� d
r(ε,σ)

�!

(− d

u

)� d
r
(ε,σ′)

�

� d
r(ε,σ′)

�!
r−1∏
i=1

bi.

From the above derivation, we conclude that

eT (Bm
5 )

eT (Bm
2 )

=
∏

v∈V 0,2(�Γ)
Ev={e,e′}

h(e, v) ·
∏

(e,v)∈FS(�Γ)

h(e, v) ·
∏

v∈V S(�Γ)

h(v) ·
∏

e∈E(Γ)

h(e) (6.32)
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where h(e, v), h(v), and h(e) are defined by (6.26), (6.27), (6.30), respectively. To
unify the stable and unstable vertices, we define

h(v) :=

⎧⎪⎨⎪⎩
1

h(e, v)
, v ∈ V 0,1(�Γ) ∪ V 1,1(Γ), Ev = {e},

1

h(e, v)
=

1

h(e′, v)
, v ∈ V 0,2(�Γ), Ev = {e, e′}.

In the above notation, (6.32) can be written as follows.

Proposition 6.7.

eT (Bm
5 )

eT (Bm
2 )

=
∏

v∈V (Γ)

h(v) ·
∏

(e,v)∈F (Γ)

h(e, v) ·
∏

e∈E(Γ)

h(e).

6.7. Contribution from each graph.

6.7.1. Virtual tangent bundle. We have Bf
1 = Bf

2 , B
f
5 = 0. So

T 1,f = Bf
4 =

⊕
v∈V S(�Γ)

T[(Cv,xv)]Mgv,nv
, T 2,f = 0.

This completes the proof of Theorem 6.2.

6.7.2. Virtual normal bundle. Equation (6.18), Proposition 6.3, and Propo-
sition 6.7 imply

1

eT (Nvir
�Γ

)
=

∏
v∈V (Γ)

h(v)∏
e∈Ev

(
w(e,v) − ψ̄(e,v)

r(e,v)

) ∏
(e,v)∈F (Γ)

h(e, v) ·
∏

e∈E(Γ)

h(e). (6.33)

6.7.3. Integrand. Given σ ∈ V (Υ), let i∗σ : HΥ → H∗
CR,T (pσ;QT ) be the com-

position

HΥ =
⊕

σ∈V (Υ)

H∗
CR,T (Xσ;QT ) → H∗

CR,T (Xσ;QT )
i∗σ→ H∗

CR,T (pσ;QT )

where the first arrow is projection to a direct summand, and the second arrow is
induced by the inclusion iσ : pσ → Xσ. Given �Γ ∈ Gg,�i(Υ, β̂), let

i∗�Γ : A∗
T (Mg,�i(X , β)) → A∗

T (F�Γ)
∼= A∗

T (M�Γ)

be induced by the inclusion i�Γ : F�Γ → Mg,�i(X̂�Υ, β̂). Then

i∗�Γ

n∏
j=1

(
ev∗jγ

T
j ∪ (ψ̄T

j )
aj
)

=
∏

v ∈ V 1,1(�Γ)
Sv = {j}, Ev = {e}

i∗σv
γT
j (−w(e,v))

aj ·
∏

v∈V S(�Γ)

(∏
j∈Sv

i∗σv
γT
j

∏
e∈Ev

ψ̄
aj

(e,v)

)
.

(6.34)

To unify the stable vertices in V S(�Γ) and the unstable vertices in V 1,1(�Γ) , we use
the following convention: for a ∈ Z≥0 and h ∈ G, we define∫

M0,([h],[h−1])(BG)

ψ̄a
2

w1 − ψ̄1
=

(−w1)
a

|CG(h)| . (6.35)
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In particular, (6.22) is obtained by setting a = 0. With the convention (6.35), we may
rewrite (6.34) as

i∗�Γ

n∏
j=1

(
ev∗jγ

T
j ∪ (ψ̄T

j )
aj
)
=

∏
v∈V (Γ)

(∏
j∈Sv

i∗σv
γT
j

∏
e∈Ev

ψ̄
aj

(e,v)

)
. (6.36)

The following lemma shows that the convention (6.35) is consistent with the stable
case M0,(c1,...,cn)(BG), n ≥ 3.

Lemma 6.8. Let n, a be integers, n ≥ 2, a ≥ 0. Let �c = (c1, . . . , cn) ∈ Conj(G)n.
Then

∫
M0,�c(BG)

ψ̄a
2

w1 − ψ̄1
=

⎧⎪⎨⎪⎩
∏a−1

i=0 (n− 3− i)

a!
wa+2−n

1

|V G
0,�c|
|G| , n = 2 or 0 ≤ a ≤ n− 3.

0, otherwise.

Proof. The case n = 2 follows from (6.35). For n ≥ 3,∫
M0,�c(BG)

ψa
2

w1 − ψ̄1
=

1

w1

∫
M0,�c(BG)

ψ̄a
2

1− ψ̄1

w1

= wa+2−n
1

∫
M0,�c(BG)

ψ̄n−3−a
1 ψ̄a

2

= wa+2−n
1 |V G

0,�c| ·
1

|G| ·
(n− 3)!

(n− 3− a)!a!
=

∏a−1
i=0 (n− 3− i)

a!
wa+2−n

1

|V G
0,�c|
|G| .

6.7.4. The integral. Define

I�Γ :=

∫
[F�Γ]

vir

i∗�Γ
∏n

j=1(ev
∗
j γ̂

T
j ∪ (ψ̄T

j )
ai)

eT (Nvir
�Γ

)
. (6.37)

By Theorem 6.2, Equation (6.33), and Equation (6.34),

I�Γ = c�Γ

∏
e∈E(Γ)

h(e)
∏

(e,v)∈F (Γ)

h(e, v)

·
∏

v∈V (Γ)

∫
[Mgv,�cv (BGv)]

h(v) ·∏j∈Sv

(
i∗σv

γ̂T
j ∪ ψ̄

aj

j

)
∏

e∈Ev

(
w(e,v) − ψ̄(e,v)

r(e,v)

) .
(6.38)

(Recall that c�Γ ∈ Q is defined by Equation (6.24).)

6.8. Sum over graphs. Let

i∗T : H∗
T (Mg,�i(X̂�Υ, β̂)) → H∗

T (Mg,�i(X̂�Υ, β̂)
T )

be induced by the inclusion iT : Mg,�i(X̂�Υ, β̂)
T → Mg,�i(X̂�Υ, β̂). Then∫

[Mg,�i(X̂�Υ,β̂)T ]vir,T

i∗T
∏n

j=1(ev
∗
j γ̂

T
j ∪ (ψ̄T

j )
aj )

eT (Nvir)
=

∑
�Γ∈Gg,n(�Υ,β̂)

I�Γ,

where the contribution I�Γ from the decorated graph �Γ is given in Section 6.7.4 above.
We obtain:
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Theorem 6.9.

〈ε̄a1
(γ̂T

1 ) · · · ε̄an
(γ̂T

n )〉Υg,β̂ =
∑

�Γ∈Gg,�i(X ,β)

c�Γ

∏
e∈E(Γ)

h(e)
∏

(e,v)∈F (Γ)

h(e, v)

·
∏

v∈V (Γ)

∫
[Mg,�iv

(BGv)]w

h(v)
∏

j∈Sv

(
i∗σv

γ̂T
j ψ̄

aj

j

)
∏

e∈Ev

(
w(e,v) − ψ̄(e,v)

r(e,v)

) (6.39)

where h(e), h(e, v), h(v) are given by (6.30), (6.26), (6.27), respectively, and we have

the following convention for the v /∈ V S(�Γ):∫
M0,({1})(BGv)

1

w1 − ψ̄1
=

w1

|G| ,∫
M0,([h],[h−1])(BGv)

1

(w1 − ψ̄1)(w2 − ψ̄2)
=

1

|CGv (h)| · (w1 + w2)
,∫

M0,([h],[h−1](BGv)

ψ̄a
2

w1 − ψ̄1
=

(−w1)
a

|CGv
(h)| , a ∈ Z≥0

where h ∈ Gv, [h] ∈ Conj(Gv), and CGv (h) = {a ∈ Gv : aha−1 = h} is the centralizer
of h in Gv.
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