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STACKY GKM GRAPHS AND ORBIFOLD GROMOV-WITTEN
THEORY™

CHIU-CHU MELISSA LIUT AND ARTAN SHESHMANT#

Abstract. A smooth GKM stack is a smooth Deligne-Mumford stack equipped with an action
of an algebraic torus 7', with only finitely many zero-dimensional and one-dimensional orbits.

(i) We define the stacky GKM graph of a smooth GKM stack, under the mild assumption
that any one-dimensional T-orbit closure contains at least one T fixed point. The stacky
GKM graph is a decorated graph which contains enough information to reconstruct the
T-equivariant formal neighborhood of the 1-skeleton (union of zero-dimensional and one-
dimensional T-orbits) as a formal smooth DM stack equipped with a T-action.

(i) We axiomize the definition of a stacky GKM graph and introduce abstract stacky GKM
graphs which are more general than stacky GKM graphs of honest smooth GKM stacks.
From an abstract GKM graph we construct a formal smooth GKM stack.

(iii) We define equivariant orbifold Gromov-Witten invariants of smooth GKM stacks, as well
as formal equivariant orbifold Gromov-Witten invariants of formal smooth GKM stacks.
These invariants can be computed by virtual localization and depend only the stacky
GKM graph or the abstract stacky GKM graph. Formal equivariant orbifold Gromov-
Witten invariants of the stacky GKM graph of a smooth GKM stack X are refinements of
equivariant orbifold Gromov-Witten invariants of X.

Key words. Gromov-Witten invariants, Deligne-Mumford stacks, orbifolds, equivariant coho-
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1. Introduction.
1.1. Background and motivation.

1.1.1. GKM manifolds and GKM graphs. An algebraic GKM manifold,
named after Goresky, Kottwitz, and MacPherson, is a non-singular (complex) alge-
braic variety equipped with an action of an algebraic torus 7' = (C*)™ such that there
are finitely many zero-dimensional and one-dimensional orbits. The action 7" on X
is equivariantly formal over a field K if the map from the T-equivariant cohomology
H:(X;K) of X to the ordinary cohomology H*(X;K) of X is surjective. In [28],
Goresky-Kottwitz-MacPherson showed that (when K = R) the T-equivariant coho-
mology and the ordinary cohomology of an equivariantly formal GKM manifold can
be expressed in terms of a decorated graph known as the GKM graph. As an abstract
graph, the vertices and edges of the GKM graph are in one-to-one correspondence
with the zero-dimensional and one-dimensional orbits of the T-action on the GKM
manifold. The additional decorations provide enough information to reconstruct the
T-equivariant formal neighborhood of the 1-skeleton (the union of zero-dimensional
and one-dimensional orbits of the torus action) of the GKM manifold. Toric manifolds
are examples of GKM manifolds.
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1.1.2. Equivariant Gromov-Witten theory of GKM manifolds. The
quantum cohomology of a projective manifold X is equal to the rational cohomol-
ogy as a vector space over QQ, equipped with the quantum product which is a family
of products parametrized by Novikov variables such that the classical cup product is
recovered by setting all the Novikov variables to zero. The quantum product is deter-
mined by genus zero Gromov-Witten invariants which are virtual counts of rational
curves in X'. More generally, genus g Gromov-Witten invariants are virtual counts of
genus ¢ stable maps to X'. When & is a GKM manifold which is equivariantly formal
over Q, Gromov-Witten invariants (which are rational numbers) can be lifted to equiv-
ariant Gromov-Witten invariants which take values in H*(BT; Q) = Quy, ..., Un],
where BT is the classifying space of the torus T. Equivariant Gromov-Witten in-
variants can be computed by virtual localization on moduli of stable maps to X
[5, 26, 27] and depend only on the GKM graph [50]; the formula also makes sense for
non-compact GKM manifolds if one works over the fractional field Q(uq, ..., u.,) of
H*(BT;Q) = Q[uy, . .., uy]. In particular, equivariant and non-equivariant quantum
cohomology of an equivariantly formal projective GKM manifold is an invariant of
the GKM graph (and the semi-group of effective curve classes which determine the
Novikov ring).

1.1.3. Generalization to orbifolds. The GKM theory and GKM graphs have
been generalized to orbifolds. To our knowledge, GKM graphs have been defined for
smooth orbifolds having presentation as a global quotient of a smooth manifold by
action of a torus [30]. In the present paper we consider the most general possible
definition that we can think of in the algebraic setting: we define a smooth GKM
stack to be a smooth Deligne-Mumford (DM) stack equipped with an action by an
algebraic torus, with finitely many zero-dimensional and one-dimensional orbits. In
[69], Givental’s quantization formula for all genus full descendant potential of equiv-
ariant Gromov-Witten (GW) theory of GKM manifolds is generalized to equivariant
orbifold GW theory of smooth GKM stacks; the definition of a smooth GKM stack
in this paper is the same as the definition of a GKM orbifold in [69]. One of the main
goals of this paper is to provide details of localization computations of orbifold GW
invariants in the generality needed in [69] which is beyond the toric stack case in [47].

1.1.4. Examples from geometric engineering and mirror symmetry. In
[48], Li-Liu-Liu-Zhou introduced formal toric Calabi-Yau graphs and formal toric
Calabi-Yau threefolds, which arise in geometric engineering in 5d and 6d (see e.g.
Figure 1, 20-22, 25, 26, 29-32 of [31]) and Bryan’s recent work on Donaldson-Thomas
invariants of the banana manifold (Figure 2 of [10]). Formal toric Calabi-Yau three-
folds are usually not equivariantly formal, but their Gromov-Witten invariants and
Donaldson-Thomas invariants can be defined and computed by the topological ver-
tex. In this paper, we introduce abstract stacky GKM graphs and formal smooth
GKM stacks, which include (as a very special case) the orbifold version of formal
toric Calabi-Yau graphs and formal toric Calabi-Yau threefolds, of which orbifold
Donaldson-Thomas invariants can be defined and computed by the orbifold topolog-
ical vertex [11].

Formal toric Calabi-Yau manifolds of arbitrary dimension arise in Strominger-
Yau-Zaslow (SYZ) mirror symmetry for varieties of general type [34]. More precisely,
such an example is obtained by taking a formal neighborhood of the 1-skeleton of a
non-toric non-compact Kéhler manifold equipped with a compact torus action which
is not Hamiltonian. These examples naturally extend to orbifolds, which are special
cases of formal smooth GKM stacks defined in this paper.
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1.2. Summary of results. In this paper, algebraic varieties and algebraic
stacks are defined over the field C of complex numbers. A brief review of smooth
DM stacks is given in Section 2.

1.2.1. Smooth GKM stacks and stacky GKM graphs. In Section 3, we
define the stacky GKM graph of a smooth GKM stack, under the mild assump-
tion that any one-dimensional orbit contains at least one torus fixed point. As an
abstract graph, the vertices and edges are in one-to-one correspondence with the
zero-dimensional and one-dimensional orbits of the torus action, respectively.
(1) In the manifold case, a zero-dimensional orbit is a (scheme) point, and a one-
dimensional orbit closure is isomorphic to the complex projective line P* or
a complex affine line C.

(2) In the case of global quotients by torus action (such as smooth toric DM
stacks), a zero-dimensional orbit is a stacky point BG = [point/G] where
G is a finite abelian group, and a one-dimensional orbit closure is a one-
dimensional smooth toric DM stack.

(3) The general case studied in the present paper is significantly more complicated

and subtle than the special case (2) studied in previous work: in the general
case, a zero-dimensional orbit is of the form BG = [point/G| where G is a
possibly non-abelian finite group, and a proper one-dimensional orbit closure
is a spherical DM curve in the sense of Behrend-Noohi [8].
Thanks to Behrend-Noohi’s presentation of a general spherical DM curve [ as a quo-
tient stack of the form [(C? — {0})/E], where E is a central extension of the fun-
damental group m([) of the DM curve [ by C* [8], we may express the total space
of the normal bundle Ny » of a proper one-dimensional orbit closure [ in a general
smooth GKM stack X as a global quotient [((C? — {0}) x C"~1)/E], where r is the
dimension of X, though X itself is not necessary a global quotient. Such a presenta-
tion is crucial for the following two steps: (i) to identify the extra decorations that
we need to include in the definition of a stacky GKM graph, so that the equivariant
formal neighborhood of the 1-skeleton can be reconstructed; (ii) to describe the torus
fixed locus in the moduli stack of twisted stable maps to X', which is the first step of
localization computations of equivariant orbifold GW invariants of X.

Smooth toric DM stacks are examples of smooth GKM stacks; the stacky GKM
graph of a smooth toric DM stack is determined by the stacky fan defining the smooth
toric DM stack. See [9] for definitions of stacky fans and smooth toric DM stacks.

1.2.2. Abstract stacky GKM graphs and formal smooth GKM stacks.
In Section 4, we axiomize the definition of a stacky GKM graph and introduce abstract
stacky GKM graphs which are more general than stacky GKM graphs of honest
smooth GKM stacks. From an abstract stacky GKM graph we construct a formal
smooth GKM stack. Our definition of abstract stacky GKM graphs is inspired by the
definition of abstract 1-skeleton in [30] and also generalizes it in several aspects.

Given a formal smooth GKM stack /’?f defined by an abstract GKM graph T, we
define the set of effective classes Eff (/'Kf) and a vector space Hy over the fractional
field Qr = Q(ui,...,um) of Ry := H*(BT;Q) = Q[uy, ..., uy]. If Xy is the stacky
GKM graph of an honest smooth GKM stack X, then there is a surjective map
Jut Eff(?&f) — Eff(X) and a Qy linear map j* : H;()Ef; Qr) — Hg. If the T-action
on X is equivariant formal then j* is a linear isomorphism.

1.2.3. Equivariant orbifold Gromov-Witten theory. In Section 5, we define
equivariant orbifold Gromov-Witten (GW) invariants of smooth GKM stacks and
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formal equivariant orbifold GW invariants of formal smooth GKM stacks. Let g, n,
ai,-..,a, be non-negative integers.

(i) Let X be a smooth GKM stack and let T be the complex algebraic torus
acting on X. Given an effective curve class § € Eff(X) and T-equivariant
cohomology classes 71, ..., 7T € Hx(X; Qr), where Qr = Q(u1, ..., uy) is
the fractional field of H*(BT) = Q[uq, ..., uy], we define genus g, degree 3,
T-equivariant orbifold GW invariants

<€111 (7?)7 -5 €qy (75));@ € Qr

via localization. When the coarse moduli space of X is projective (so that
non-equivariant orbifold Gromov-Witten invariants of X’ are defined) and the
torus action on X is equivariantly formal over Q (in the sense that the map
from T-equivariant orbifold Chen-Ruan cohomology to the non-equivariant
orbifold Chen-Ruan cohomology is surjective), they are refinements of (non-
equivariant) orbifold GW invariants of X.

(ii) Given a formal smooth GKM stack )ET defined by an abstract GKM graph
T, we define the set of effective classes Eff (/'\A,’T) and a vector space Hy over
Qr. Given § € Eff(é’f'?) and 41,...,9, € Hg, we define genus g, degree B,
formal T-equivariant orbifold GW invariants

(€ar (310, ()L 5. € Or (1.1)

via localization.

(iii) If I is the stacky GKM graph of X' in (i) then there is a surjective map
Jx + Bff(X3) — Eff(X) and a Qp-linear map j* : H}.(X; Qr) — Hy such
that

_ _ X — s — <k T
(€O s g5 = D &™) @l 5
BEEM(X+)
j-B=8

Therefore, formal equivariant orbifold GW invariants of [ are refinements of
equivariant orbifold GW invariants of the smooth GKM stack X.

In Section 6, we derive explicit localization formula of equivariant orbifold GW
invariants (1.1). The localization formula is stated as Theorem 6.9. In particular,
we obtain localization formula of equivariant orbifold GW invariants of smooth GKM
stacks.

Acknowledgments. The first author wishes to thank Tom Graber for his sug-
gestion of generalizing the localization computations for smooth toric DM stacks in
[47] to smooth GKM stacks, and Johan de Jong and Daniel Litt for helpful conversa-
tions. The second author would like to sincerely thank Behrang Noohi for teaching
him his joint work with Kai Behrend [8] on DM curves. Without Noohi’s generous in-
structions, which assisted the authors to formulate the abstract stacky GKM graphs,
this work could not be completed. The first author would also like to sincerely thank
Kai Behrend for very helpful discussion on geometry of DM curves and results in [8].

The first author is partially supported by NSF DMS-1206667 and NSEF DMS-
1564497; she was also supported by NSF DMS-1440140 while she was in residence at
the Mathematical Sciences Research Institute (MSRI) in Berkeley, California, during
Spring 2018. The second author was partially supported by NSF DMS-1607871, NSF



STACKY GKM GRAPHS & ORBIFOLD GROMOV-WITTEN THEORY 859

DMS-1306313 and Laboratory of Mirror Symmetry NRU HSE, RF Government grant,
ag. No 14.641.31.0001. The second author would like to further sincerely thank the
center for Quantum Geometry of Moduli Spaces at Aarhus University, the Center for
Mathematical Sciences and Applications at Harvard University and the Laboratory
of Mirror Symmetry in Higher School of Economics, Russian federation, for the great
help and support.

2. Smooth Deligne-Mumford Stacks. Let X’ be a smooth Deligne-Mumford
(DM) stack, and let 7 : X — X be the natural projection to the coarse moduli space
X.

2.1. The inertia stack and its rigidification. The inertia stack ZX associated
to X is a smooth DM stack such that the following diagram is Cartesian:

X — X
| a
X —2 5 xxx

where A : X — X x X is the diagonal map. An object in the category ZX is a pair
(z,g), where z is an object in the category X and g € Auty(x):

Ob(ZX) = {(z,g9) | € Ob(X), g € Auty(z)}.
The morphisms between two objects in the category ZX are:
Homzx((z1,91), (v2,92)) = {h € Homuy (21,72) | ho g1 = g2 0 h}.
In particular,
Autzy(x,9) ={h € Autx(z) |hog=goh}.
The rigidified inertia stack ZX satisfies
Ob(ZX) = Ob(ZX), Autzy(z,9) = Autzx(z, 9)/{9),

where (g) is the subgroup of Autzy(z,g) generated by g.

There is a natural projection ¢ : ZX — X which sends (z,g) to 2. There is a
natural involution ¢ : ZX — ZX which sends (z,g) to (z,g7!). We assume that X is
connected. Let

X =| | X
iel
be disjoint union of connected components. There is a distinguished connected com-
ponent X, whose objects are (z,id,), where z € Ob(X), and id, € Aut(z) is the

identity element; note that Xy = X. The involution ¢ restricts to an isomorphism
i+ Xj — X,(5)- In particular, o : Xy — Ap is the identity functor.

EXAMPLE 2.1 (classifying space). Let G be a finite group. The stack BG =
[point/G] is a category which consists of one object x, and Hom(x,z) = G. The
objects of its inertia stack TBG are

Ob(ZBG) ={(x,9) | g € G}.
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The morphisms between two objects are

Hom((z, g1), (z,92)) = {9 € G| 29 = 991} ={g € G | g2 = ggng™'}.
Therefore
IBG = [G/qG)
where G acts on G by conjugation. We have

IBG= || (BG).

c€Conj(G)

where Conj(QG) is the set of conjugacy classes in G, and (BG). is the connected com-
ponent associated to the conjugacy class ¢ € Conj(G). We have

(BG)e = [¢/G] = [{h}/Ca(h)] = B (Ca(h)) -

for any element h in the conjugacy class ¢, where Cg(h) = {a € G : ah = ha} is the
centralizer of h in the group G.
In particular, when G is abelian, we have Conj(G) = G, and

IBG = | | (BG)

heG

where (BG), = [{h}/G] = BG.

2.2. Age. Given a positive integer s, let ug denote the group of s-th roots of
unity. It is a cyclic subgroup of C* of order s, generated by

Cs — e27r\/jl/s.

Given any object (z,¢9) in ZX, g : T, X — T, X is a linear isomorphism such that
g° = id, where s is the order of g. The eigenvalues of g : T,X — T, X are ¢\,..., ¢k,
where [; € {0,1,...,s — 1} and r = dim¢ X. Define

i+ +1

age(z,g) == .

Then age : ZX — Q is constant on each connected component &; of ZX. Define
age(X;) = age(z, g) where (z,¢g) is any object in the groupoid &;. Note that

age(&X;) + age(X,(;)) = dimc X — dimc¢ Aj;.

2.3. The Chen-Ruan orbifold cohomology group. In [14], W. Chen and Y.
Ruan introduced the orbifold cohomology group of a complex orbifold. See [1, Section
4.4] for a more algebraic version.

As a graded Q vector space, the Chen-Ruan orbifold cohomology group of X' is
defined to be

HEp(X5Q) = @ HEg(X;Q)

a€Q>o
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where

Hég(X;Q) = @ H* &%) (x;; Q).
el

Suppose that A" is proper. Then we have the following proper pushforward to a
point:

/ : H*(X;Q) — H™(point; Q) = Q.
X
The orbifold Poincaré pairing is defined by

S Jpaus, =),
mﬁ“_{ff j# (i),

where a € H*(X;;Q), f € H*(X;;Q).

3. Smooth GKM stacks and stacky GKM graphs. In this section, we
describe the geometry of smooth GKM stacks, and define the stacky GKM graph of
a smooth GKM stack. In the algebraic setting, smooth GKM stacks are more general
than the GKM orbifolds in Guillemin-Zara [29, 30] in the following ways:

(1) Guillemin-Zara consider compact GKM manifolds or orbifolds, whereas we

consider smooth GKM stacks which are not necessarily compact.

(2) By orbifolds Guillemin-Zara mean orbifolds having a presentation of the form
X/K, K being a torus and X being a manifold on which K acts in a faithful,
locally free fashion [30, Section 1.2]. In particular, the inertia group of a point
is a finite abelian group, and the generic inertia group is trivial. Our smooth
GKM stacks do not have such a presentation in general; the inertia group of
a point is a possibly non-abelian finite group, and the generic inertial group
is not necessarily trivial.

(3) We do not assume the torus action on the smooth GKM stack is faithful.

On the other hand, Guillemin-Zara work in the C* category and consider C'**-action
by a compact torus U(1)™, while we restrict ourselves to smooth DM stacks and
algebraic action by an algebraic torus (C*)™ (which restricts to a U(1)™-action).

3.1. Smooth GKM stacks. The following definition of a smooth GKM stack
is the same as the definition of a GKM orbifold in [69].

DEFINITION 3.1 (smooth GKM stacks). Let X be a smooth DM stack. We say X
is a smooth GKM stack if it is equipped with an action of an algebraic torus T = (C*)™
with only finitely many zero-dimensional and one-dimensional orbits.

The notion of a group action on a stack is discussed in [57].

Let N = Hom(C*,T) = Z™ be the lattice of 1-parameter subgroups of T, and let
M = Hom(T,C*) be the character lattice of T. Then M = Hom(N,Z) is the dual
lattice of N. We introduce

Ng :=N®zR, Mp:=M®zR, N@ =N ®zQ, M@ =M ®7 Q.

Then Mg can be canonically identified with H%(point; Q) = H?(BT; Q), where BT is
the classifying space of T
We make the following assumption on X
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ASSUMPTION 3.2.

(1) The set XT' of T' fized points in X is non-empty.

(2) The coarse moduli space of a one-dimensional orbit closure is either a complex
projective line P' or a complex affine line C.

Note that (1) and (2) hold when X is proper. Indeed, if X is proper then the
coarse moduli space of any one-dimensional orbit closure is P*.

EXAMPLE 3.3. If X is a smooth toric DM stack defined by a finite fan [9, 22],
then X is a smooth GKM stack. In particular, any proper smooth toric DM stack is
a smooth GKM stack.

EXAMPLE 3.4 (footballs). Given any positive integers m,n, define a subgroup
G of (C*)? by

Gm,n - {(tlatQ) € (C*)Q : ? = tgn}
The football F(m,n) is defined as the quotient stack
F(m,n) :=[(C* = {0})/Gn.n]

where (t1,ta) € Gu.n acts on (z1,29) € C* — {0} by (t1,t2) - (21,22) = (t121,t222).
Then F(m,n) is a proper smooth toric DM stack, so it is a smooth GKM stack. The
inertial groups of the two torus fized points [1,0] and [0,1] are pi, and pi,, respectively;
the inertial group of any other point is trivial.

EXAMPLE 3.5 (weighted projective lines). Given any positive integers m,n, the
weighted projective line P(m,n) is defined as the quotient stack

P(m,n) := [(C* - {0})/C"]

where t € C* acts on (21,22) € C? — {0} by t - (21,22) = (t™21,t"22). Then P(m,n)
s a proper smooth toric DM stack, so it is a smooth GKM stack. The inertial group
of the two torus fized points [1,0] and [0,1] are p,, and u,, respectively; the inertia
group of any other point is pq, where d = g.c.d.(m,n) is the greatest common divisor
of m,n. The rigidification of P(m,n) is P(%, %) = F(%, 5).

EXAMPLE 3.6. An algebraic GKM manifold (in the sense of [50]) is a smooth
GKM stack.

DEFINITION 3.7. Let X be a smooth GKM stack. The O-skeleton of X is defined
to be X0 := X7 which is the union of zero-dimensional orbits of the T-action on
X. The l-skeleton X! of X is defined to be the union of zero-dimensional and one-
dimensional orbits of the T-action on X.

3.2. A zero dimensional orbit and its normal bundle. Let X be an r-
dimensional smooth GKM stack, so that T'= (C*)™ acts algebraically on X. A zero-
dimensional T" orbit in X is a fixed (possibly stacky) point p = BG under the T-action
on X, where G is a finite group. The normal bundle of p in & is the tangent space T, X
to X at p, which is a rank r vector bundle over BG, or equivalently, a representation
¢ : G — GL(r,C). The T-action on X induces a T-action on T, X = [C" /G|, which can
be viewed as a T-equivariant vector bundle of rank r over BG. The GKM assumption
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implies that T, X' is a direct sum of T-equivariant line bundles L1, ..., L, over BG, so
that

¢ =P ¢
i=1

is the direct sum of r one-dimensional representations ¢; : G — GL(1,C) = C*. We
may choose coordinates on C” such that L; corresponds to the i-th coordinate axis.
The G-action on C" is given by

g (21,5 20) = (¢1(9)21,- -, 0 (9)2r)
where g € G and (21,...,2,) € C". Let
w; = cl (L;) € HA(BG;Q) = H2(point; Q) = Mg.

The GKM condition implies that w; and w; are linearly independent if ¢ # j. The
tangent space T, X = [C"/G], together with the T-action, is an affine smooth GKM
stack characterized by the finite group G, ¢1,..., ¢, € Hom(G,C*), and the weights
Wi,..., W, € Mg. The image of ¢; : G — C* is a finite cyclic group pu,, of order
r; > 0. Let G; be the kernel of ¢;. For each 7, we have a short exact sequence of finite
groups:

1—>Gi—>Gﬁ>um—>1.

We define the stacky GKM graph of [C"/G] as follows. The underlying graph has
a single vertex o and r rays €y, ..., €, emanating from o. The vertex is decorated by
the group G; the edge ¢; is decorated by the group G;; the flag (¢;,0) is decorated by
¢;, w;, and the injective group homomorphism G; — G.

The coarse moduli

C"/G = Spec (C[z1, ..., 2,]“)
is an affine T scheme. Let z; := zfl The i-th axis
6 =[{(21,...,2,) €C": 2; =0 for j # i}/G] = Spec (C[z]“) = SpecClx;]

is a l-dimension affine T subscheme of C"/G. The T-action on C” restricts to a
T-action on ¢; = C with weight r;w;, so

riw; € M.

3.3. A proper one-dimensional orbit closure. The main reference of this
subsection is [8]. We thank Behrend and Noohi for explaining results in their paper
[8] to us.

Let [ € X be a proper one-dimensional T orbit closure in X'. Then [ contains
exactly two zero-dimensional T' orbits  and y with inertia groups G, and G, re-
spectively. The representation of G, (resp.Gy) on the tangent line T,[ (resp. T,l)
determines a group homomorphism ¢, : G, — C* (resp. ¢, : Gy, — C*) with image
fr, (vesp. p, ), where r, and r, are positive integers. Then [ is a G-gerbe over its
rigidification [''8, where G = Ker(¢,) = Ker(¢,) and '€ is an orbifold DM curve
isomorphic to the football F(r,,r,) (cf. Example 3.4); here an orbifold DM curve is
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a l-dimensional smooth DM stack with a trivial generic inertia group. Let z and ¥
be the images of = and y under the morphism [ — [''8. The inertia groups of & and 7
are (i, and p, , respectively. The coarse moduli space £ of [ and I"g is isomorphic to
the projective line P!,

The DM curve [ is spherical in the sense of [8]. In the rest of this subsection, we
recall some relevant facts from [8].

(1) The open embeddings

1 Us = BN\ (g} 2 [C/up,] = T8, 1y 1 Uy =18\ {2} 2 [C/py, ] > I8
induce surjective group homomorphisms
Law t T (Uz) = i, — 1 (F8) 22 g, Ly T (Uy) = pr, — 71 (IM8) 22 gy,

where a = g.c.d.(rg,1y).
(2) The open embeddings

by Uy =\ {y} Z[C/Gy] = 1y U, :=1\{z}=Z[C/G,] =1
induce surjective group homomorphisms
bow t T1(Uy) = Gy = (1), tyw : m(Uy) = Gy — (1),

(3) ta« and vy, restrict to the same group homomorphism G' — 71 ([), whose kernel
is a cyclic group pg contained in the center Z(G) of G, and whose cokernel is
w1 (") & p,. In other words, we have the following exact sequence of finite
groups:

1= pg—G—m(l) = pg — 1.

(4) We have a commutative diagram

1 G Gy for, 1
G w1 () I 1
1 G Gy M, 1

where idg : G — G is the identity map and the rows are exact. The maps
pr, — Out(G) and p,, — Out(G) factor through g — Out(G).

(5) We have (rg,7y) = (ap,aq), where p,q € Z( are coprime. The universal
cover of & is F(p,q) = P(p,q); the universal cover of [ is the weighted
projective line P(dp, dq). (Recall that P(m,n) is simply connected for any
positive integers m,n.)

(6) There exist

e a central extension E of the finite group m (I) by C*, so that we have a
short exact sequence of groups

15C S5 E—-m()—1

where C* is contained in the center Z(F) of E and is the connected
component of the identity of E, and
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e a representation p: E — GL(2,C), such that poi(t) = (% 1) and
(= [(C? - {0})/E]. (3.1)
The inclusion i : C* — F induces a surjective morphism
w1 L= P(dp, dg) = [(C* — {0})/C*] — [ = [(C* - {0})/E]
which is the universal covering map. Taking the rigidification yields
ahig . g — P(p,q) = F(p,q) — (e — F(rg,ry) = Flap,aq)
which is also the universal covering map.
The GKM condition implies the image of p in (6) lies in (up to conjugation) the
subgroup GL(1,C) x GL(1,C) of diagonal matrices, i.e. p = py @ py is the direct sum

of two 1-dimensional representations of F.
Under the isomorphism (3.1) we have the following identifications:

z=[1,0], y=[0,1], ,G,=ZKer(ps), Gy=ZKer(p,), G=ZKer(p),

py(Gz) = pir,,  pa(Gy) = pir, .
3.4. Normal bundle of a proper one-dimensional orbit closure. Let
(= [(C2 — {0})/E]
be as in Section 3.3. The Picard group of [ is given by
Pic(l) = Hom(E, C*). (3.2)
The normal bundle of [ in X is a direct sum of (r — 1)-line bundles over [:
Nyx=L1®-- @ L,_1.

Fori=1,...,7r—1, let p; € Hom(E, C*) correspond to L; € Pic(l) under the isomor-
phism (3.2). Then the total space of L; is the quotient stack

Li =[((C* - {0}) x C)/E]
where the action of E is given by
9- (XY, Z) = (px(9) X, py(9)Y, pi(9)Z).

If t € C* C E then

t-(X,Y,Z) = (t®X, t4y,t% 7)
for some d; € Z. Recall that for any positive integers m,n,

Pic(P(m,n)) = Z

is generated by

O(m,n (1) = [((C* = {0}) x C)/C”]
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where t € C* acts by t- (X,Y,Z) = (t"X,t"Y,tZ). We have

1

(O (1), [Pl m)]) = s

where l.c.m.(m,n) is the least common multiple of m,n.

7 Li = Op(ap,dq) (ds)
where 7 : P(dp, dgq) — [ is the universal cover. Define

‘ d;
i = Li 5 [rlg = B
0= (L), 109 = S
There is a map 7"¢ : P(dp,dq) — P(p,q) from the universal cover P(dp, dq) of
[ to the universal cover P(p,q) of I''®; this map can be identified with the map to
rigidification, and is of degree 1/d. We have

(778)* Op(p.q) (1) = Ob(dp.dq) (d)-

The map from [ to "¢ is of degree 1/|G|. The universal covering maps P(dp, dq) — |
and P(p, q) — M8 = F(ap,aq) are of degrees a|G|/d and a, respectively.
We have
o The G,-actions on T, [ and (L;), are given by py|c, and p;|q, . respectively;
e The Gy-actions on Tyl and (L;), are given by p.|q, and p;|g,, respectively.
Fori=1,...,r—1, let w,; and w,; be the weights of the T-actions on (Li)a
and (L;),, respectively; let w, , and wy , be the weights of the T-action on T, and
Ty, respectively. Then

TeWepr + TyWy = 0.
Fori=1,...,r,
Wyi = Wg i = QiTeWer = Wy g + i TyWy e

In particular, a, = % + %
z Y
The total space of Ny, is the quotient stack

[((C* = {0}) xC"7) /E]
where F acts on (C? — {0}) x C"~! linearly by p, ® p, & p1 & -+ D pr_1.

REMARK 3.8. If X is a smooth toric DM stack (in the sense of [9]) then Ny x
is a smooth toric DM substack, and the above presentation as a quotient stack can be
constructed by the stacky fan, where E is abelian.

We define the GKM graph of Ny » as follows.

e The underlying abstract graph is a tree with two r-valent vertices o, 0y
connected by a compact edge €. There are r — 1 rays €1,...,€,._1 emanating
from the vertex o, and r — 1 rays €], ..., €,._; emanating from the vertex oy.

e The vertices 0, and o, are decorated by finite groups G, and G, respectively.

e The edge ¢; is decorated by the kernel G; of ¢, = pile,. The edge €] is
decorated by the kernel G of ¢, ; := pi|g,. The edge € is decorated by the
group G.
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The flag (04,€;) is decorated by w,; € Mg, ¢,; € Hom(G,,C*), and the
injection G; — G,. The flag (0y,¢€,) is decorated by w,; € Mg, ¢y, €
Hom(G,,C*), and the injection G; — G,. The flag (0,,¢€) is decorated by
Wa, pylc,, and the injection G — G,. The flat (o, €) is decorated by w,,
pzla,, and the injection G — G,,.

The unique compact edge € is decorated by the central extension E of 7 (I) by
C* and pg, py, p1,- .., pr—1 € Hom(E, C*) with isomorphisms G, = Ker(p,),
Gy = Ker(py), G = Ker(p,) N Ker(py).

3.5. The stacky GKM graph of a smooth GKM stack. Let & be a smooth
GKM stack of dimension r, so that 7' = (C*)™ acts algebraically on X. Similar to
Guillemin-Zara [29, 30], we define the stacky GKM graph of X'. This generalizes the
GKM graph of an algebraic GKM manifold in [50, Section 2.2] and the toric graph of
a smooth toric DM stack in [47, Section 8.6].

Let V(1) (resp. E(Y)) denote the set of vertices (resp. edges) in Y.

(1)
(2)

(Vertices) We assign a vertex o to each torus fixed point p, in X. Let p, be
the corresponding torus fixed point in the coarse moduli space X.

(Edges) We assign an edge € to each one-dimensional orbit o, in X, and choose
a point p. on o.. Let [, be the closure of o., and let £. be the coarse moduli
space of [.. Let E(T). := {e € E(Y) : £. = P'} be the set of compact edges
in T. (Note that E(Y). = E(T) if X is proper.)

(Flags) The set of flags in the graph Y is given by

F(Y)={(e,0) e E(Y)xV(Y):0€e}t={(c,0) € E(T) x V(Y) : py € L}

(Inertia) For each o € V(7T), we assign a finite group G, which is the inertia
group of p,, so that p, = BG,. For each € € E(T), we assign a finite group
G. which is the inertial group of p. in item (2) above.

For every flag (¢,0) € F(T), we choose a path from p. to p,, which determines
an injective group homomorphism j o) : Ge — Go. Let ¢ o) : G5 — C*
be the group homomorphism which corresponds to the 1-dimensional G,
representation T}, _[.. The image of ¢ o) is a finite cyclic group; let r(. ») be
the cardinality of this finite cyclic group. We have the following short exact
sequence of finite groups:

So

(fundamental groups) For each compact edge € € E(Y),, there is a group
homomorphism G — m1(l) whose kernel is a cyclic subgroup of the center
Z(G.) of G.. Let d, be the cardinality of this cyclic subgroup. Then we have
an exact sequence of finite groups:

1= pg — Ge = mi(l) — m (IF8) — 1.

(central extension of fundamental groups) For each compact edge € € E(T).,
let 0,0, € V(T) be the two ends of €, and let

T ="Po,s Y=DPoy, Ta="Teo,) Ty=T"(o,) Q= g.C.d.(Tx, Ty)~
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Then (I8 is the football F(r,,,), so that m ('8) = u,_. There is a triple
(icy Ee, pe), where i : C* — FE. is a central injection and E./C* 2 m(l.),
pe = (pz,py) : Be = C* x C* is a group homomorphism and

Pe © le = (tdeu/aevtdgw/ag).
We have an isomorphism [(C2—{(0,0)})/E.] = ., and under this isomorphism
r=[10], y=[0,1], G,, =Ker(p;), G, =Ker(p,), G.=Ker(p).

(8) (connection) Let e € E(T),, and let o, and o, be as above. Let E, and E, be
the set of edges emanating from o, and o, respectively. The normal bundle
Ny_jx of lc in X is a direct sum of line bundles

Nijx=Li1® - ®L_1.

For i =1,...,7 — 1 there exist ¢; € E, and €, € E, such that (L;), = T\,
and (L;)y = Tyle,. Then

E,={e1,....6_1,¢}, E,={e},...,€_1,¢€}.

Define a bijection 0,y : E; — E, by sending ¢; to €; and sending € to ¢;

let Oy, : By — E; be the inverse map. We say {¢;, ¢} is a pair of edges

related by the parallel transport along the compact edge e. There exists

pi € Hom(E,,C*) such that L; = [((C? — {(0,0)}) x C)/E] where E acts by

pz & py @ pi. Then p; oi. : C* — C* is given by t — t% for some d; € Z and
o= e (L), [58) = 0 = Ml g

~lLem(rg,my)de  Teryde

(Note that, if I. is the projective line P! then 7, = ry =0 =de=1,s0a; =
d; € Z.) Let A¢ be the set of pairs of edges related by the parallel transport
along the compact edge e. For each pair § € A, we get ps € Hom(E,, C*)
associated to a line bundle over [c which is a summand of Ny, x.

(9) (compatibility along compact edges)

Pi|G,,m = ¢(ei,oz)7 Pi|G,,y = ¢(e,’“aw)7 py‘Gow = ¢(e,az)> pr‘G = ¢(e,ay)'

Ty
Assumption 3.2 can be rephrased in terms of the graph T as follows.

ASSUMPTION 3.9.
(1) V(Y) is non-empty.
(2) Each edge in E(Y) contains at least one verter.

Given a vertex o € V(T), we denote by FE, the set of edges containing o, i.e.

={e€ E:(e0) € F(Y)}. Then |E,| =r for all 0 € V(YT), so T is an r-valent

graph.

Given a flag (¢,0) € F(Y), let w(. ) € Mg be the weight of T-action on T, I,

the tangent line to [, at the fixed point p, = BG,, namely,

Wie,o) = C?(TPU l) € H%(pa; Q) = M.
This gives rise to a map

W F(T) — ]\4@7 (6,0) — W(GJ)

satisfying the following properties.
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(1) (GKM hypothesis) Given any o € V(T), and any two distinct edges ¢, ¢’ € E,,
W(c,o) and w(u , are linearly independent in Mg.
(2) (integrality) For any flag (6,0) € F(T), Wie,o) = T(c,o)W(e,o) € M. '
(3) Suppose that € € E(Y), is a compact edge and o,,0, € V(Y) are its two
ends.
(@) T(c,00)Wieon) T T(eo)Wieo,) =0 1€ Wieo,) +Wieo,) =0
(b) Let E,, = {e1,...,€}, where ¢, = ¢, and let €] := 0, ) (€;) € Es, .
Then

W(eé,oy) - W(f'ivaw) - air(ﬁvo'm)w(ﬁvgm) - W(f'ivaw) + air(fvgy)w(€=‘7y)'
The normal bundle of the 1-dimensional smooth DM stack [ in X" is given by
Nigjx =L@ ® Ly

where L; is a degree a; T-equivariant line bundle over [, such that the weights of the
T-action on the fibers (L;). and (L;), are w(, o,) and W , ), respectively. The
map w : F'(T) — Mg is called the azial function.

We call ’f, which is the abstract graph Y together with the above decorations and
constraints, the stacky GKM graph of the smooth GKM stack & with the T-action.

If p: T/ — T is a homomorphism between complex algebraic tori, then T” acts on
Xbyt -x=p{t) x wheret' € T', p(t') € T, x € X. If the zero-dimensional and one-
dimensional orbits of this 7”"-action coincide with those of the T-action, then the GKM
graph with this 7"-action is obtained by replacing w(. ,) € Mg by p*w(. ) € My,
where

p*: Mg = H*(BT;Q) — M, := H*(BT"; Q).

3.6. Equivariant Chen-Ruan orbifold cohomology group. Let X be a
smooth GKM stack. The T-action on X induces a T-action on its inertia stack
IX =||,.; X and on each X;.

Let

icl

RT = H’;(ponlt,(@) - H*(BT7 Q) - Q[ula cee 7um]

where deg(u;) = 2; let Qr = Q(uq,...,un) be its fractional field.
As a graded Q-vector space, T-equivariant Chen-Ruan orbifold cohomology group
of an smooth GKM stack is defined to be

HE‘R,T(X;Q) = @ Hg}R,T(X§@)

a€Q>o

where

H(%R,T(X; Q) _ @ H;_Qage(Xi)(Xi; Q)

el

Suppose that &' is proper. For each i € I, we have the following proper pushfor-
ward to a point:

/ . Hj(X;Q) — Hy(point; Q) = Ry
X
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which is Rp-linear. The T-equivariant orbifold Poincaré pairing is defined by

Sy v, g =),
(@ B)r = {OX j# i),

where o € H7(X;;Q), 5 € Hy(X;;Q).
When X is not proper, we define a T-equivariant Poincaré pairing on

Hég +(X;Qr) = Hop 7(X5Q) @R, QT

as follows:

(O‘7B)T = /XT BT(NXiT/Xi)’ ]_L(Z)7

i

0, J # (i),

(3.4)

where X' C X; is the T fixed substack, and e (Nyr ;) is the T-equivariant Euler
class of the normal bundle Nyr . of XT in X;. Each X1 is a disjoint of union of

finitely many (stacky) points.

EXAMPLE 3.10 (affine smooth GKM stack). Let X = [C" /G| be an affine smooth
GKM stack. Let ¢; : G — C*, w; € Mg, and r; be defined as in Section 3.2. Given

h € G, let ¢;(h) be the unique element in

{0,1,...,”1}
T T

such that
V1AM = 6 (h).
Then
X = X,
c€Conj(G)
where

for any h € ¢. We have

where h is any element in the conjugacy class c.
Let 1. denote the identity element of H}.(X.; Q). Then

H*(Xd Q) = Q]lca H;‘(ch (C) = Rrl..
So

ceConj(G)
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as a Q vector space, and

Hig 7(X;Q) = @ Rrl.
ceConj(G)

as an Rr-module.
Given ¢ € Conj(Q), define

r

d de; s
ec := er(Tjoyc)(C)") = [ wi* "’

i=1

where h is any element in c. Note that the right hand side of the above equation does
not depend on the choice of h € c.

Given h € G, let [h] = {aha™! : a € G} be the conjugacy class of h.

The T-equivariant Poincaré pairing on

Hég +(X;Qr) = Qrl,
ceConj(G)
is given by
1 Opoyw)
(]]. h ,]l h )T = . .
2 |Ca(h)| e

DEFINITION 3.11 (equivariant formality). Let X be a smooth GKM stack, so that
T = (C*)™ acts algebraically on X. We say X is equivariantly formal if

HéR,T<X§Q) — Hig(X;Q)

1S surjective.

Smooth toric DM stacks and affine smooth GKM stacks are equivariantly formal
smooth GKM stacks.

3.7. Cup product. In this section, we describe the cup product on

HéR,T(X§ QT)a

first for an affine smooth GKM stack, and then for any equivariantly formal smooth
GKM stacks.
Given ¢, ¢ € Conj(G), define

ci(e, ) :i=ci(h) + ci(h') — ¢;(hh') € {0,1}.

where h € ¢ and b’ € ¢/; note that the right hand side of the above equation does not

depend on choice of h € c and h' € ¢.
e Let X = [C"/G] be an affine smooth GKM stack as in Example 3.10. The
cup product on H¢g r(X;Q) is given by

D el Ca(hh'
1c*ﬂcl = szl( ’ ) Z 7‘ G( )‘ﬂ[hh’]-

i=1 hec,h/ec’ |G|



872 C.-C. M. LIU AND A. SHESHMANI

e Let X be an equivariantly formal smooth GKM stack, and let T be the stacky
GKM graph of X'. Then we have an isomorphism of Qp-algebras

Hég r(X5Qr) = @ Hég (T, X5 Q) (3.5)
oceV(YT)

which preserves the T-equivariant Poincaré pairing; the isomorphism (3.5) is
an isomorphism of Frobenius algebras over the field Q.

4. Abstract stacky GKM graphs and formal smooth GKM stacks. Let
X be a smooth GKM stack equipped with a T-action. The formal completion X
of X along its 1-skeleton X!, together with the T-action inherited from X, can be
reconstructed from the stacky GKM graph of X'. In this section, we will define abstract
stacky GKM graphs which are generalization of stacky GKM graphs of smooth GKM
stacks. Given an abstract stacky GKM graph, we will construct a formal smooth GKM
stack, which is a formal smooth DM stack together with an action by an algebraic
torus T' = (C*)™. The construction of a formal smooth GKM stack from an abstract
stacky GKM graph can be viewed as generalization of the reconstruction of X from
the stacky GKM graph of a smooth GKM stack X', and is inspired by the construction
of a formal toric Calabi-Yau (FTCY) threefold from an FTCY graph in [48, Section
3].

4.1. Abstract stacky GKM graphs. We fix T' = (C*)™ and a positive integer
r. An abstract stacky GKM graph is a decorated graph consisting of the following data.
(1) (graph) The underlying graph T is a connected r-valent graph T" with finitely
many vertices and edges. Let V(T) (resp. E(Y)) denote the set of vertices
(resp. edges) in I'. Each edge in E(Y) is either a compact edge connecting
two vertices or a ray emanating from one vertex. Let E(Y). C E(T) be the

set of compact edges. Let

F(T)={(e,0) e E(T)x V(Y):0 €€}
be the set of flags in I'. Given a vertex o € V(T), let
E,:={c€ E(T):(e,0) € F(T)}

be the set of edges emanating from the vertex v. By the r-valent condition,
|E,| = for all r € V(7).

(2) (inertia and tangent representations) Each vertex o € V(T) (resp. edge € €
E(T)) is decorated by a finite group G, (resp. G). Each flag (¢,0) € F(Y)
is decorated by

e an injective group homomorphism j ) : Ge = G4, and
e a one-dimensional representation ¢ ) : Go — GL(1,C) = C*,
such that Im(j,»)) = Ker(¢(c,q))-
Note that the image of ¢(. ) is a finite cyclic group; let r(, » be the cardinality
of this finite cyclic group. Then we have a short exact sequence of finite
groups:
15 G G " o

(3) (fundamental groups and central extensions) Let e € FE(Y). be a com-
pact edge, and let o,,0, € V(Y) be the two ends of e. Let a. =
9-¢.d(T(e.0,)>T(e,0,))- In addition to G, € is decorated by:
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e Another finite group 7. together with a group homomorphism G, — 7,
such that we have the following exact sequence of finite groups:

1= pg, = Ge = Te = g, > 1

where (14, is contained in the center of G..

e A central extension 1 — C* %5 E, —» 7. — 1 of 7. by C*, and a group
homomorphism p. = (ps, py) : Ee = C* x C*.

(4) (connection) Let € € E(T). be a compact edge, and let 0,0, € V(T) be the
two ends of €. There are bijections 0(c,,) : Fy, = Eo, and 0(c o,y : Es, —
E,, which are inverses of each other and send € to e.

(5) (normal representations) Suppose that e € E(Y). is a compact edge, 0,0, €
V(T) are two ends of ¢, and 6 = {e,,€,} is a pair of edges such that €, €
E,, —{e} and ¢ = 0 ,,)(€2) € Ey, — {€}. Such a pair is decorated by a
one-dimensional representation ps : E. — GL(1,C) = C*.

(6) (compatibility along compact edges) In the notation of (3), (4), (5) above,
Ker(p,) = Go,, Ker(py) = G, Ker(pe) = G,

Pylc,, = Peon)s  Palc,, = Pleoy)s  PslGo, = Pleron)s  PslGs, = Pleyoy)-
(7) (axial function) There is a map
W F(T) — MQ, (6,0) — W(e,o)

satisfying the following properties.
(a) (GKM hypothesis) Given any o € V(T) and any two distinct edges
€,¢ € By, W o) and W(e » are linearly independent vectors in Mg.
(b) (integrality) For any (e,0) € F(T), W(¢,0) = "(c,0)W(c,0) € M.
(c) For any compact edge € € E(Y),, let 0,,0, € V(T) be its two ends.
Then the following properties hold.
() T(con) W) T Teo)Wieo,) =0, 1€, Wieo,) + Weq,) = 0.
(ii) Suppose that E, = {e1,...,¢.}, where ¢, = €. Let €] := 0. »)(e;) €
E,/, so that E,» = {€},...,€e.}. Let
diae

Qy = ——————————————————
T(e00) T (e,0) e

where d; € 7Z is determined by by pye, ey 0 ic(t) = t% for t € C*.
Then

W(e;,ay) = W(ei,aw) - air(e,oz)w(e,oz) = W(ei,ai) + air(e,ay)w(e,ay)a
or equivalently,

W(el,o,) = W(eion) ~ 4W(e,0,) = W(ej00) T @iW(eo,)

1 1
. Tleow)  T(eoy)
Let T denote the underlying abstract graph T together with all the above
decorations.

In particular, €, =€, = € and a, =

REMARK 4.1. We may also define abstract GKM graphs by the following special-
1zation.
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o All the finite groups Gy, G, we are trivial, and we always have E. = C* and
Pu, Py : C° — C* are identity maps. So we do not need (2), (3), (6) above.
o In (7), the axial function w takes value in M instead of Mg, and

T(e,0) = T(e,0’) = 1, ac=de=1, a;=d; €Z.

e The normal characters in (5) are determined by the axial function.
Abstract GKM graphs are generalization of GKM graphs of algebraic GKM manifolds
[50, Section 2.2].

4.2. Formal smooth GKM stacks. Given an abstract stacky GKM graph Y
defined as in the previous subsection, we will construct a formal smooth DM stack
Xy of dimension r equipped with an action of T = (C*)™.

4.2.1. The stacky affine line associated to a flag. For any flag (¢,0) € F(T),
define a “stacky” affine line

D(c,0y = [SpecC[z(¢,0)]/Go] = [A'/G,]

where G, acts on A! via the group homomorphism G(e,0) + Go — C*. The coarse
moduli space of D ) is

Spec(Clz(e,)]“”) = Spec(Clz( 37 ]) = Spec(Cla(c,0)]) = A'

where 2 (¢ o) = (2(c,0)) ().

4.2.2. The formal smooth DM stack associated to a vertex. For any
vertex o € V(7T), define an r-dimensional affine smooth GKM stack

X, = [SpecC[z(c,0) : € € E,]/G,] = [AP* /G,].

The T-action on z(, ) is determined by w(. ) € Mg. Let X, be the formal completion
of X, along its 1-skeleton.

4.2.3. The formal smooth DM stack associated to a compact edge. For
any compact edge € € E(Y),, define

[ :=[(C*—{0})/E]

where the action of F. is given by the group homomorphism p. : E. — C* x C*.
Let 05,0, € V(T) be its two ends. Suppose that E,, = {e1,...,€._1,€}, and let
€ = Oco,(€i) € By, — {e}. Let p; = py, oy € Hom(E,C*). Let L; be the line
bundle over the smooth DM curve [, defined by

L = [((C*— {0}) x C) /E.]

where the action on the last factor C is given by the group homomorphism p; : E. —
C*. Let X. be the total space of Ly & --- @ L,_1, which is a smooth GKM stack.
Let X, be the formal completion of X, along its l-skeleton X!. By compatibility
along compact edges, there are T-equivariant open embeddings of formal smooth DM
stacks:

i(fﬂ'z) : XO’ — XE? Z(e,ay) : -XAgy — .XA'S.

@
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~ 4.2.4. Gluing. We will construct the r-dimensional formal smooth DM T-stack
Xy by induction on the number [E(Y).| of compact edges in the underlying graph Y.
(Note that if r = 0 then |E(Y).| = 0; if » = 1 then |E(Y).| < 1.)

If |[E(T)c| = 0 then V(T) consists of a single vertex o. In this case, we define

Xy = A,.

T o

~ If|E(Y):| = 1, let € be the unique element in F.(Y). In this case, we define
Xy = X

T €

Let s > 1 be a positive integer. Suppose that for any abstract stacky GKM
graph T with [E(Y).| < s, we have constructed an r-dimensional formal smooth DM
T-stack Xy with the following properties. o
(i) For any vertex o € V(T), there is a T-equivariant open embedding il X, —
X,

(ii) Fgr any compact edge ¢ € E(Y)., there is a T-equivariant open embedding
i? :X;L%‘i?.

(iii) If e € E(T). is a compact edge and (¢,0) € F(T) is a flag, then zf = z’?oi(w),
where i 5 X, < X, is as in Section 4.2.3.

Let T be an abstract stacky GKM graph such that E(Y). = s + 1. We cut the
T along a compact edge ¢y € E(Y).. More precisely, we replace €y by two rays e, €2

emanating from the two ends 01,02 € V(T) of €. For i = 1,2, we define (cf. item
(2) in Section 4.1)

Gei = Gem j(ei,o'i) = j(eo,ai)> Qb(ei,ai) = ¢(eg,a7;)'

Recall that the underlying graph of an abstract stack GKM graph is connected, so
there are two cases.

Case 1. We obtain a union of two abstract stacky GKM graphs T, and 'fg, where
o; € V(Ti)Aand € € E(Y;). Let s; := |E(Y;)c]- Then s1 +s2 = s. In particular,
5; <8, 80 Xy and Xy, have been constructed by the induction hypothesis. Let X

be the disjoint union of X, and X,.,; let éf.f be the disjoint union of 22;(1 and

R 1L’:f2
Xy, . A A
e There is a T-equivariant open embedding f : Xy — Xi‘luﬁ such that such
that
flo, =ilii X, = Xy, i=12.

o Let g: Xy — /"E'EU be the unique T-equivariant morphism such that

Iz, =it i Xoy > Xegy i=12.
We define é?f to be the fiber coproduct of f and g:
Xy ! X,
! |
Xz, i, — Xp = X i, [, e

Case 2. We obtain an abstract stacky GKM graph T/ with
V(X)) =Vv(Y), E)=(E)\{eo})U{ea, e}, E().=E(T).\{e}
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In particular |E(Y’).| = s, so Xy, has been constructed by the induction hypothesis.
Let g : Xy —» )250 be defined as in Case 1, and let f : Xy —» /'\A,’T, be the unique

T-equivariant morphism such that

flo. =il : X, — Xy, i=1,2.

T4

We define Xf to be the fiber coproduct of f and g:

X —r—= X,

. |

X—f-/ — XY‘ = X,f, H/'eg Xeo

In both cases, )&f is an r-dimensional formal smooth DM T-stack. Different choices
of g € E(T). produce isomorphic formal smooth DM T-stacks. Properties (i), (ii),
and (iii) hold by construction and the induction hypothesis.

If T is the stacky GKM graph of an smooth GKM stack & then /?Y is the formal
completion of X along its 1-skeleton X'!.

4.3. Equivariant Chen-Ruan orbifolg cohomology of an abstract stacky
GKM graph. Given a stacky GKM graph Y,we define

M= P Hérr(Xo;Qr)
oceV(T)

as a Frobenius algebra over the field Q. By Section 3.7, if T is the stacky GKM
graph of an equivariantly formal smooth GKM stack X then

Hy = Hogr (X5 Qr)-
5. Orbifold Gromov-Witten theory. In [15], Chen-Ruan developed Gromov-
Witten theory for symplectic orbifolds. The algebraic counterpart, Gromov-Witten
theory for smooth DM stacks, was developed by Abramovich-Graber-Vistoli [1, 2].

In this section, we give a brief review of algebraic orbifold Gromov-Witten theory,
following [2].

5.1. Twisted curves and their moduli. An n-pointed, genus g twisted curve
is a connected proper one-dimensional DM stack C together with n disjoint closed
substacks 11, ...,x, of C, such that

(1) C is étale locally a nodal curve;

(2) formally locally near a node, C is isomorphic to the quotient stack

[Spec(Clz, yl/ (zy))/ 1),

where the action of ¢ € p, is given by ¢ - (x,y) = (Cx, (" ty);
(3) each r; C C is contained in the smooth locus of C;
(4) each stack r; is an étale gerbe over SpecC with a section (hence trivialization);
(5) C is a scheme outside the twisted points 11, ...,r, and the singular locus;
(6) the coarse moduli space C is a nodal curve of arithmetic genus g.
Let m : C — C be the projection to the coarse moduli space, and let x; = 7(r;). Then
Z1,...,&, are distinct smooth points of C, and (C,z1,...,x,) is an n-pointed, genus
g prestable curve.

Let ./\/lf]""n be the moduli of n-pointed, genus g twisted curves. Then Mflwn is a
smooth algebraic stack, locally of finite type [55].
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5.2. Riemann-Roch theorem for twisted curves. Let (C,r1,...,r,) be an
n-pointed, genus g twisted curve, and let (C,xy,...,2,) be the coarse curve, which
is an n-pointed, genus g prestable curve. Let £ — C be a vector bundle over C. Then
ri = Bpu,,. There is a unique generator ¢ of the cyclic group p,, such that ¢ acts on

2my/—T
the tangent line T,,C with eigenvalue e 7 . Then ¢ acts on &|;, with eigenvalues

2my/=T ) 2my/=T)
e T ..., e T , where N =rank& and [; € {0,1,...,r; — 1}. In other words,

N

l;
5|1Ci = @(T&C)@)

i=1
as vector bundles over r; = Bpu,,. Note that ly,...,Iy are unique up to permutation,
SO

L+ +lIn

age,. (£) = ——€Q

(2

is well-defined. The Riemann-Roch theorem for twisted curves says

x(€) = /(361(5) +rank(€)(1 —g) — Zagexi &). (5.1)

5.3. Moduli of twisted stable maps. Let X be a smooth DM stack with a
quasi-projective coarse moduli space X, and let 5 € Ho(X;Z) be an effective curve
class in X. An n-pointed, genus g, degree [ twisted stable map to X" is a representable
morphism f : C — X, where the domain C is an n-pointed, genus g twisted curve,
and the induced morphism C' — X between the coarse moduli spaces is an n-pointed,
genus g, degree [ stable map to X.

Let Mg,n(.)( , ) be the moduli stack of n-pointed, genus g, degree /3 twisted stable
maps to X. Then M, ,(X,3) is a DM stack; it is proper if X is projective.

For j =1,...,n, there are evaluation maps

ev; i Myn(X,8) = IX = |_| X;
iel

where {X; : i € I} are connected components of ZX. Given i = (iy,..., i), where
i; € I, define

M, (X, 8) = () ev; (&)
j=1

Then ﬂg,;()(, /) is a union of connected components of M, ,,(X, 3), and

mg,n(X7ﬂ) = |_| mgj(.)(,ﬂ)

ieln

REMARK 5.1. In the definition of twisted curves in Section 5.1, if we replace (4)
by

(4)’ each stack r; is an étale gerbe over SpecC;
i.e. without a section, then the resulting moduli space is Ky n(X,8) in [2], and the
evaluation maps take values in the rigidified inertial stack ZX instead of the inertia
stack X .
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5.4. Obstruction theory and virtual fundamental classes. The tangent
space Tg and the obstruction space Tg at a moduli point & = [f : (C,z1,...,tn) —

X] € M, (X, B) fit in the tangent-obstruction exact sequence:

0 —>Ext%c (Qc(xr+ - +1n),Oc) — HO(Ca fTx) — Tfl

1 1 * 2 (52)
—Exto, (Q(rr+ - +14),0c) = H(C, f*Tx) = T¢ =0

where
° Ext%c (Qc(r1 + -+ +1n),Oc) is the space of infinitesimal automorphisms of
the domain (C,x1,...,tn),
e Extp, (Qc(r1+ - +1n), Oc) is the space of infinitesimal deformations of the
domain (C,r1,...,In),
e HO(C, f*Ty) is the space of infinitesimal deformations of the morphism f for
a fixed domain, and
e HY(C, f*Ty) is the space of obstructions to deforming the morphism f for a
fixed domain.
Tg and T£2 are fibers of coherent sheaves 7' and T2 on the moduli space M g;(X ,B).
The moduli space ﬂg,;(é\,’ , B) is equipped with a perfect obstruction theory of virtual

dimension d‘g”g P where

d;i%[} = /ﬁq (Ty) + (dimX —3)(L —g) +n — Z age(X;; ). (5.3)

Locally there is a two term complex [E — F] of locally free sheaves such that

rankE — rankF = 4%
9:%,8

and T' and T? are the kernel and cokernel of E — F, i.e.,

0T - E—-F—>T?=0 (5.4)

is an exact sequence of sheaves of Oz _(x,gy-modules.  This determines a virtual
g,t ’

fundamental class (constructed in the algebraic setting in [6, 45]):
M, (X I € Agye | (M 72,5 Q).

Given a pair (z,g) € Ob(ZX), where x € Ob(X) and g € Autxy(z), define r(z,g) =
|{(g)|- Then (z,g) — |(g)| defines a map r : ZX — Z~( which is constant on each
connected component X; of ZX. Let r; = r(X;). The weighted virtual fundamental
class is defined by

(M (X, B)]" = (ﬁ rij) M, (X, B)™.

s

j=1

5.5. Moduli of twisted stable maps to a formal smooth GKM stack.
Let Xy be the formal smooth GKM stack defined by an abstract stacky GKM graph

'f, and let Xf be its coarse moduli space. Then

Hy(X4;2) = @zl
e€cE(T).
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Let

Bi(R) = { 3 delt]:de € oo} € Ha(Ryi2)
e€E(T).

be the set of effective classes. Given g,n € Zso and 3 € Bff(X. ), let /\/lg n Af,ﬂA) be
the moduli of genus g, n-pointed, degree /3 twisted stable maps to X #, which is the
analogue of M, (X, 3) defined in Section 5.3. Let

IX; = | | (Rg)
iEIf

be disjoint union of connected components. Let ﬂg # AT,B) be the analogue of
ﬂg #(X,B). Then we have a disjoint union

ﬂg,n( A'f‘aB) = |_| Mg 1( A’f‘ B)

iclgn

Each ﬂ A X & ,/3’) is equipped with a T-action together with a T-equivariant perfect

obstructlon theory of virtual dimension d‘”i P where

d;lig /BCI(TXT) (dlmX~ -3)(1 +n—zage

Let X be a smooth GKM stack, and let T be its stacky GKM graph. There is a
T-equivariant morphism j : Xy — &', which induces a T-equivariant morphism

IXy = |_| ( Af)i.—>IX:|_|Xi.
i€l i€l

and a surjective group homomorphism j, : HQ(X?; Z) = Ho(X;Z). Define j : Iy — 1
such that j ((./'\A,’T)z) = X;(;). We have T-equivariant morphisms

Myn(Xg, B) = Myn(X,5:8)y My iin. i) Xy B) = My iy, iinn) (X 32 B)-

5.6. Hurwitz-Hodge integrals. By Example 2.1, when & = BG we have

IBG = || (BG).

ceConj(G)

where Conj(G) is the set of conjugacy classes of G. Give ¢ = (c1,...,c,) € Conj(G)",
let M +(BG) = M, +(BG, = 0). Then M, #(BG) is a union of connected compo-
nents of M, ,,(BG) := M, ,(BG,0), and

Myn(BG)= ||  M,a(BG).
ceConj(G)™
We now fix a genus ¢g and n conjugacy classes ¢ = (¢1,...,¢,) € Conj(G)". Let

7 U — M, zBG) be the universal curve, and let f : & — BG be the universal
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map. Let p : G — GL(V) be an irreducible representation of G, where V is a
finite dimensional vector space over C. Then &, := [V/G] is a vector bundle over
BG = [point/G]. We have

T, = {OMg,a(BG)v if p: G — GL(1,C) is the trivial representation,

0, otherwise.

The p-twisted Hurwitz-Hodge bundle E, can be defined as the dual of the vector
bundle R'm, f*E,. If p = 1 is the trivial representation, then E; = €*E, where € :
M, (BG) = My, and E — My, is the Hodge bundle of M, ,,. So rankE; = g. If
p is a nontrivial irreducible representation, it follows from the Riemann-Roch theorem
for twisted curves (see Section 5.2) that

rankE, = rank(&,)(g — 1) + Z age,, (€p), (5.5)
j=1

where age, (&) is given as follows. Choose g € ¢;. Let s > 0 be the order of ¢ in
G, let N = rankf, = dim V. If the eigenvalues of p(g) € GL(V) = GL(N,C) are

(2.1 <i < N}, where [; € {0,1,...,5— 1}, then

b+t +ly

ageCj (gp) = s

The definition is independent of choice of g € ¢;. Note that
Z age,, (€p) € Z.
j=1

(If G is abelian then any irreducible representation of G is 1-dimensional, so in this
case rank(€,) = 1 for any irreducible representation p of G.)

e Hodge classes. Given an irreducible representation p of G, define
N =¢(E,) € H* (M, :BG);Q), i=1,...,rankE,.
e Descendant classes. There is a forgetful map € : M, z(BG) — M, ,. Define
By = ey € HA(Myo(BG)), j=1,...,n.

Hurwitz-Hodge integrals are top intersection numbers of Hodge classes A? and
descendant classes v;:

/ﬁ B (YR (A2 (5.6)
nga(BG)

In [68], Jian Zhou describes an algorithm of computing Hurwitz-Hodge integrals, as
follows. By Tseng’s orbifold quantum Riemann-Roch theorem [64], Hurwitz-Hodge
integrals can be reconstructed from descendant integrals on M, (BG):

/7 PRt - apn. (5.7)
Mg, e(BG)
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Jarvis-Kimura relate the descendant integrals on M, z(BG) to those on My, [32].
We now state their result. Given g € Z>¢ and ¢ = (c1,...,¢,) € Conj(G)", let

G . 29+
Vg,E'* {(al,bl,...,ag,bg,el,...,en) e G¥ n|

n

—1;—1 —17—1 _ ) ) ]
arbiai "b; ~~~agbgag bg _HBJ’ €; ch}

j=1
which is a finite set. The moduli of flat G-bundles over a compact Riemann surface
of genus g with markings cy, ..., ¢, is the quotient stack
G
[Vye/ G|

G . . . .
where G acts on Vg’ - by diagonal conjugation:

h - (al,bl,...,ag,bg,el,...,en)
= (haih™' hbih™*, ... hagh™t hbyh ™ heth ™, ... he,h ™).

EXAMPLE 5.2. If h € G then
Voin,in-1/Gl = [{(h, h™1)}/Ca(h)] = BCa(h)
where Cg(h) is the centralizer of h in G.
If G is abelian then each ¢; consists of a single element h; € G, and
o _ G s} x A} iR, =1,
9e 0 (the empty set) if hy - hy # 1;
so [V/2/G] = G* x BG if hy -~ hy, = 1, and is empty otherwise. In general, M, =(BG)
is non-empty if and only if 29 — 2 +n > 0 and V is non-empty. In this case, the
forgetful map € : M, z(BG) — M, , is of degree |V 2| /|Gl

THEOREM 5.3 (Jarvis-Kimura [32, Proposition 3.4]). Suppose that 2g—2+n > 0
and Vgc’;a is nonempty. Then

_ _ | /
al...¢an: G
/MQ,E(BG) ! " |G| ! "

5.7. Orbifold GW invariants. There is a morphism € : ﬂﬂ(x,ﬁ)

M (X, B). Define ¢; = €*¢);. B
Suppose that the coarse moduli space X is projective. Then /\/lg #(X, B) is proper.
Let

d +23 C(X )
v € H%(X;Q) C X 0),
Define orbifold Gromov-Witten invariants
(Eay Y15+ - s Ean'yn>;/5 = /[ ) H ev poras; 1/1(” (5.8)

which is zero unless

n

Z(dj + 2age(&X;;) + 2a;) = 2 (/ﬁ c(Ty) + (1 —g)(dim&X — 3) + n) )

j=1
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5.8. Equivariant orbifold GW invariants. Suppose that X is equipped with
a T-action, which induces a T-action on ./\/l #(X,B) and on the perfect obstruction
theory. Then there is a T-equivariant Vlrtual fundamental class

My (X BT € g (M, (X, 8); Q).

The weighted T-equivariant virtual fundamental class is defined by
M, (X, (H i, )M, (X, BT

Suppose that /\/lgj()(,ﬂ) is proper. (If the coarse moduli space X is pro-

jective then ﬂg #(X,B) is proper for any g.1,8.) Given 'yT € H (X;;;Q) C

d;+2age(X; . . .
HCET gl )(X ;Q) and a; € Z>g, we define T-equivariant orbifold Gromov-Witten

invariants

ev ’Y_] 1/’1 )aJ)

(Ear (7). € (VD)) T o= /
(M, (X8 T 52

J

n

" (5.9)
€ Qluy, ..., um]()_(d; + 2a;) — 2d}™).
j=1
where Q[uq,...,u,](2k) is the space of degree k homogeneous polynomials in
uy,...,u; with rational coefficients, and Q[uq, ..., u;](2k + 1) = 0. In particular,

0, i (dj +2a5) < 2d7%

<€a1 (7?)7 “,€ay (77{»;; = — — X n _ vir
<5a1 (71)7 c s €ay (’yn»g,,ﬁ € Q: Ej:l(dj + 2aj) - ngjﬁ'
where v; € H% (X;; Q) is the image of fij under the map H;" (X;,:Q) — HY (X ;Q).

5.9. Virtual localization. Let F = ﬂq (x,8)7T c Mq #(X, B) be the substack
of T fixed points. The restriction of the exact sequence (5.4) to F splits into two exact
sequences of Oz-modules:

0T - Ef - F/ 1% 0, (5.10)

0—TH™ — E™ — F™ — T%™ — 0, (5.11)

where (5.10) and (5.11) are the fixed and moving parts of (5.4), respectively. The
2-term complex [(Ff)Y — (E/)V] defines a perfect obstruction theory on F; in other
words, F is equipped with a virtual tangent bundle

T}/__ir —TLf _T2f — pf _

which might have different ranks on different connected components of F. This defines
a virtual fundamental class [6, 45]

[FIVr € AL (F).
The virtual normal bundle of F in mg’;(X, B) is

Nvir _ Tl,m o T2,m — Em _ ™.
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which might also have different ranks on different connected components of F, but

rank(T¥") + rank(NVT) = d,7 5
is constant on F.
By virtual localization [5, 27],

g i (I (evf U @)
/[ng( o [ (evivf u@))™) = /[ﬂw T (N (5.12)

7= (I 177

Suppose that Wg (X, B) is not proper, but F = ﬂg X, B)T is proper. (If X is
a smooth GKM stack then Mg A, B)T is proper for any g, i B.) We define

v G 4 01 e GO R A0
<6a1 (71 )7 sy €ay (Vn )>g7[3 - /[}_]w eT(NVir) . (513)

When Mq 7(X, B) is not proper, the right hand side of (5.13) is a rational function
(instead of a polynomial) in uy, ..., un. It can be nonzero when Z;’L:1(dj + 2a;) <
Qd%’ir, and does not have a nonequivariant limit (u; — 0) in general.

5.10. Formal equivariant orbifold GW invariants. Let ;%f be the formal

smooth GKM stack defined by an abstract stacky GKM graph Y. Then there is a
T-equivariant virtual fundamental class

(M, (X O] € Hypo (M, 51X, 5); Q).

The weighted T-equivariant virtual fundamental class is defined by

[ﬂg,f(-)e’f?B)]va — (H 7’1‘,-) [ﬂgi( AT’B)]vir,T.

j=1

Define

Let MQE(XAT,B)T - ﬂg};(z\?@@) be the substack of T fixed points. Then

MQJ(XT’B)T is a proper DM stack equipped with a perfect obstruction theory
which is the 7' fixed the part of the restriction of the perfect obstruction theory
on Mg Z(X’f‘a 5); so we have

[Mg;f( A'f‘:B)T]Vir S H*(ng(‘/?'f‘vﬁ)T)
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and
M, (%2, 81" = (T] s, ) M, (g BT € HL (M, o R, B)7)
j=1
Define
My (X, B)T]" = Z M, 5 Cz. 8)" "
()
Given 4{,...,4L € Hy, we define

(G0, BN = it (I (57 0 ))
€a1\V1 )55 €apn Y, 5 — i
a 1 a nslg.B [mg,n(?&f,ﬁ)T]“’ eT(N )

(5.14)

In the remainder of this subsection, we relate the above formal equivariant orbifold
GW invariants to the equivariant orbifold GW invariants defined in the previous
subsection (Section 5.8). Let X be a smooth GKM stack and let T be its stacky
GKM graph. We define a surjective map j, : Eff(/f’f) — Eff(X) and an injective
map j* : Hig 0(X; Qr) — Hy as follows.

(1) Let I, Iy, j : Iy — I be defined as in Section 5.5. The surjective group

homomorphism

o Ho(X3;2) = @ ZIt]) — Ha(X;7)
e€E(T).

restricts to a surjective map
je : Ef(Xg) — Eff(X)

where Eff(X') is the set of effective classes in X'. Note that given 5 € Eff(X),
{B € Eff(X3) : .3 = B} is a finite set.
(2) There is a Qp-linear map

= @ i Hipa(X5Qr) » Hy = D Hépr(Xo: Or)
oeV(T) g€eV(T)

where j» is induced by the inclusion j, : X, — X
The following identity follows from the localization computations in Section 6.

PROPOSITION 5.4. Given nonnegative integers g,aq,...,a, an effective class
B € EF(X), and~E,... 4L € Heg 7(X5 Qr), we have

(éal(yf),...,éan(’yg»;ﬁ = Z <Ea1(j*’y’ir)a"'7€an(j*’yg)>g‘rﬁ‘
BEEM(Xy
J«B=R

Therefore, equivariant orbifold GW invariants of X can be expressed in terms of
the more refined formal equivariant orbifold GW invariants of its stacky GKM graph
T.
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6. Torus fixed points and virtual localization.

6.1. The fundamental group of a one-dimensional orbit. The union of
1-dimensional T orbits in X is

XX = ] o

e€E(T)

where each 1-dimensional T" orbit o, is a G.-gerbe over its coarse moduli o, = C*. Let
pe = BG, be a point in o, chosen as in Section 3.5, and let

H. = Wl(oe»pe)

be the fundamental group of o.. The projection o, — o, induces a surjective group
homomorphism

He =T (Ueype) — ﬂ-l(oeaPG) =7
whose kernel is G.. In other words, we have a short exact sequence of groups
155G 25 H 25751 (6.1)

Let € € E.(T) be a compact edge, so that £ = P'. Let 0,,0, € V(Y) be the
two ends of the edge €, and let © = p,, and y = p,, be the two torus fixed point
corresponding to o, and oy, respectively. Then z = BG,,, y = BG,,, and

Uy =\ {y} =[C/G,,], U, =l \{z}=[C/G,,], U, NU, = o.
The open embeddings o, — U, and o, — U,, induce surjective group homomorphisms
He =m(0) "% m(Uy) = Go,, He=mi(00) =3 m(U,) =G, (6.2)

Recall that we also have the following two short exact sequences of groups:

1567w g, e r sy = 1 (6.3)
oo biero
Ge J(—g) Gay (‘f) Hre oy = L (6:4)

Equations (6.1)-(6.4) fit into the following commutative diagram:

J(e,om) P(e,o)
1 —sa 22, . 1
Tldce T’T(e ox) T
Je Pe
1 G H, Z 1
\legg T(e,0q) l
Je, g,,) Pe,oy)
1 Ge Go, Hrie,oy) 1

where Z — pp, . and Z — pr, ,,) are given by d + €2™V=14/7 o) and d —
e?™V 14/ o) respectively.



886 C.-C. M. LIU AND A. SHESHMANI

6.2. Torus fixed points in the moduli spaces. Let f : (C,r1,...,tn) = X
be a twisted stable morphism which represents a T-fixed point in M, (X, 8). Then
there exists a surjective group homomorphism p : T =~ (C)™ — T = (C*)™ with
finite kernel and a group homomorphism ¢ : T — Aut(C,x1,...,x,) such that
p(t) - f(2) = f(o(t) - 2) for all z € C. The image of f lies in the 1-skeleton X',
the union of zero-dimensional and one-dimensional T' orbits in X. In particular f
defines a twisted stable morphism with target A?T which represents a T-fixed point in
ﬂgvn(zﬁf,,@’) where 3 € Eff(é\?f) satisfies j, 3 = .

If C, is a connected component of f~1(X7) then the image of C, is a T fixed point
Po =BG, for some o € V(Y). If O, is a connected component of f~1(X!\ XT) then
O, = C*, and the image of O, is a 1-dimensional T" orbit o, for some € € E.(T). The
maps

08%06%05

induce

m(Oe) =72 (f&)* m(0e) = He N m1(o.) = Z.

Let v. € H. be the image of the generator of m1(O.) = Z under (f|o,)«, and let
de = ¢e(ve) € Z. Then d. > 0 is the degree of the map O, = C* — o, = C*.
The map flo, : O — o is of degree d.|G.|. We have

Aut(flo,) = Cu (ve)/(Ve)-

In particular, if G. is trivial then H. = Z and Aut(f|o.) = Z/d.Z; if H. is abelian
then Aut(flo.) = He/(7e) and [Aut(flo,)| = de|Ge|.

Let C. be the closure of O, in C. Then C. is a football F(r,,r,) and f. := fle, :
Ce — [ is determined by v. € H.. Suppose that o,,0, € V(T) are the two ends of
the edge e. We define

k(fvf’m) = ﬂ—(fyffm)(,%) € G,,, k(é,cry) = 7T(e,ay)(")/e) € Gay~

The map f, : Cc = F(ry,r,) — [ is representable, so r,, and r, are the orders of
ko, € Go, and k5, € Go,, respectively. In particular, the domain C. of f, is
also determined by 7.. Let f. : C. = P! — ¢, = P! be the map between coarse moduli

spaces. Then f.([z,y]) = [z%,y%] in terms of homogeneous coordinates on P!.

6.3. Torus fixed points and decorated graphs. Given a smooth GKM stack
X, let

g,n€EL>0
BEEF(X)

and let M(X)T be the T fixed substack.
Given an abstract stacky GKM graph f, let

MXg) = || Mgn(Xs,B)
g,MEL>q
BEEf(Xy)
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and let ﬂ(zﬂf)T denote the T fixed substack. By the discussion in Section 6.2, if T
is the stacky GKM graph of a smooth GKM stack X then the morphism M(?&f) —
M(X) restricts to an isomorphism M(Xz)” — M(X)T. In this subsection, we will
describe ﬂ(é&f)T for a general abstract stacky GKM graph f; in particular, this gives
a description of M(X)? for any smooth GKM stack X'

 We fix an abstract stacky GKM graph f, which defines a formal GKM stack
Xz, Let X% = UseE(T) le be the 1-skeleton of Xy. Given a twisted stable map
f:(Cox1,...,tn) — Xy which represents a point in M(Xz)”, we define a decorated
graph T = (T, ﬁ’_y’, g, 8, ) as follows.

(1) (graph) I'is a compact, connected 1 dimensional CW complex. We denote the
set of vertices (resp. edges) in I' by V/(T') (resp. E(I')). For each connected
component C, of f~H(&XL) = f~'({p, : 0 € V(T)}), we associate a vertex
v € V(T'). For each connected component O, = C* of f_l(/'?%) \ f_l(/f’fT),
we associate an edge e € E(I'); the closure C. of O, in C is a football. The
set of flags of I is defined to be

FT)={(e,v) e E(T)x V(') |vEe}
={(e,v) € E(T) x V(I') | C, NC, is nonempty}.

(2) (label) For each vertex v € V(I') let C,, denote the coarse moduli of C,,. Then
C, is a curve (with at most nodal singularities) or a point, and f(C,) = ps,
for some o, € V(7). For each edge e € E(T'), f(C.) = [, for some ¢, € E(T).
The label map f: V(L) U E(T) — V(Y) U E(Y), sends a vertex v € V(I') to
the vertex o, € V(Y) and an edge e € E(T') to the edge edge ¢, € E(Y),.
Moreover, f defines a map from the graph I to the graph T: if (e,v) € F(I)
then (e, 0,) € F(7T).

(3) (degree) The degree map 7 sends an edge e € E(T") to the conjugacy class
[ve] € Conj(H,), where v, € H,, is defined as in Section 6.2. We call [v.]
the degree of the map f. = flc, : Cc — l.,. The positive integer d. := ¢c(7e)
is the degree of the map f. : C. = P! — ¢, = P! between coarse moduli
spaces. (Note that ¢.(7.) depends only on the conjugacy class [v.] of v..)

(4) (genus) The genus map g : V(I') — Z>o sends a vertex v € V(I') to a
nonnegative integer g,, where g, = 0 if C,, is a point, and g, = h*(C,, Oc,)
if C, is a curve.

(5) (marking) The marking map §: {1,2,...,n} — V(T') sends j to v if z; € C,.

(6) (monodromy) For any v € V(I') we define G, = G,,. Suppose that j €
{1,...,n} and v € 5(j) € V(I'). Let r; be the cardinality of the inertia
group Aut(r;) of the j-th marked point r;, and let §; be the generator of
Aut(x;) = p,, which acts on the tangent line Ty,C by 2™V =1/ Let kj € G,
be the image of & € Aut(y;) under the group homomorphism Aut(x;) —
Aut(p,,) = G,. The representability of f implies Aut(r;) — Aut(p,,) is
injective, so r; is equal to the order of k; € G,,. The monodromy map ¢ sends
a marking j € {1,...,n} to the conjugacy class ¢; := [k;] € Conj(G,) where
v =30),

The map e € E(I') — [v.] € Conj(H,,) determines a map

(e,v) € F(I') = ¢e,) = [T(er,0,)(Ve)] € Conj(Go,).

Given a flag (e,v), let y(. .y be the intersection point of C, and C.. (If C, is a point
then C, = {9(c,.)}; if C, is a curve then ., is a node.) Let r(. ) be the cardinality



888 C.-C. M. LIU AND A. SHESHMANI

of the inertia group of vy ., and let .,y be the generator of Aut(y(. ) = -

which acts on the tangent line Ty  C. by e>™V=1/7c») Then the image of §(e,v)
under the injective group homomorphism Aut(n(e,)) — Aut(ps,) = Gy is an element
K(e,w) in the conjugacy class c(. ). The representability of f implies r( . is equal to
the order of k..

Given v € V(T'), we define E, C E(T') and S, C {1,...,n} by

E,={ec EM): (e,v) € F(I)}

Sy={j€{l,--- ,n}:z; € C,}. (6.5)
Given a conjugacy class ¢ € Conj(G,), let ¢ denote the conjugacy class ¢ = {k~! :
k € c}. Define ¢, : E, U S, — Conj(G,) by €y(e) = C(c if e € Ey, and C,(j) = ¢; if
j € Sy. Then V -, is non-empty. Here we view ¢, as an element in Conj(G, )PV =

Conj(G,)"™, where ny = |Ey| + [Sy].
The inertia stack of X T is

(A% = || Zee= || (BGo).

oceV(T) (a,c)EI?
where
T _ ) -
I3 ={(0,¢) : 0 € V(Y),c € Conj(G,)}.

Connected components of 7 ()2% ) are in one-to-one correspondence with pairs (o, ¢) €
I%. The inclusion I(X%) — I(XAT) induces a surjective map jo : I% — Iy such that
jo(oe). Let G(T) be the set of
decorated graphs associated to some T fixed twisted stable maps to 2\? = Then G(T _')
is a countable infinite set. We have a map M(Xyz)” — G(T Y); let Fr C M(X3)T be
the preimage of I' € G(Y). Then

the image of (BG,). under jj is contained in (z’?f)

where each % is a union of connected components.

DEFINITION 6.1. Let T’ = (T, f,’?', g,8,C) € G('f) We define the genus of T to be

g(T) = + > g=[EQ-VO[+1+ Y g (6.6)

veV () veV ()

and define the degree off to be

Zdeezz<2d> ] € Eff(Xg). (6.7)

ecE(T) e€E(T), ecf~1(e)
If the domain of the marking map § is {1,...,n}, we define n(T) = n, and define

() = (olor,¢1), - jolOns en)) € (Ig)™ D),
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where 0; = fo3(j) e V(T) and c¢j € Conj(Gy,).

Given nonnegative integers g,n and an effective class 8 € Eff(Xy), define

Gyn(T,B) :={T € G(Y) : g(T') = g,n(T) = n, B(T) = B}
Then Gg)n(f‘,ﬁ) is a finite set, and
Mgn(Xz.8)" = |_| Fi. (6.8)

fEGg7;(Y7B)

In the remainder of this section, we give an explicit description of F for each
decorated graph T’ e G('f) We first introduce some notation. Let

V) ={ve V() :2g9, —2+n, >0} = {ve V() :C, is a curve},
VOLT) = {o e V(T) : g0 = 0,180 = 0, || = 1},
VELE) = {v e V() 1 g0 = 0,18,] = || = 1},
VOAD) = {v € V(D) 1 gy = 0,18u] = 0, | B[ = 2}.

Then V(D) is a disjoint union of VS(T), VOY(T), VEY(T), and VO2(T). We say a
vertex v is stable if v € V(T ), otherwise we call it unstable. Let

FS(T) = {(e,v) € FT) : v € VS(I)}

be the set of stable ﬂagb Note that V(T'), E(T"), F(T) depend only on the underlying
graph T, while V5(T), VOL(T), VE(T), VO2(T), F5(T) depend on the decorated
graph r.

Given an edge e € E(T'), let v,v’" € V(I') be its two ends. By the discussion in
Section 6.2, the map f. := flc, : Cc — ., where € = f(e), is determined by v, € H,,.
The automorphism group of f. is a finite group

AUt(fe) = AUt(ﬂOe) =cH, (’76)/<’7€>-

The moduli space of f. is

M. = B(Aut(fe)).

Given a stable vertex v € VS(f), the map f, := fle, : Co — po = BG,, where
o = f(v), represents a point in M, z (BG,), where ¢, € Conj(G,)F*“5*. To obtain
a T fixed point [f : (C,r1,...,tn) — éﬁf], we glue the the maps

{fv :Cy — Po, | v e VS(f)}7 {fe :Ce — [ee | ec E(F)}
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along the nodes
{D(e) =CeNCy: (e,0) € FID)}U{y, =C, | v e VD))
We define MVI: by the following 2-cartesian diagram

Mﬁ i) H Me

ecE(T)

fvl eVEl
Mz= ] My, B6) = ][] I8G,x [[ ZBG.
)

veVs (L) (ev)eFS () vevo2 (i

where evy and evp are given by evaluation at nodes, and ZBG,, is the rigidified inertia
stack. More precisely:
e For every stable flag (e, v) € Fs(f)7 let ev(c ) be the evaluation map at the
node D(e,v)
e For every v € V(T'), let ¢ be the involution on ZBG,, induced by the involution
G, — G, given by h+— h™L.
e Define

evy = H eV(e}v)

(e,0)€FS(T)

evg = H (L o ev(e,v)) X H eV(e, ) X (L o eV(ew}))

ew)eFS (T v e v02(
(e,v) () AR

o Ifve VO*Q(f) and E, = {e1, ez}, we define 7, = (¢, 1) = 7(c,,0), and define

Cv = Cleq,w) = Clea,v)-

‘We have

.7'—1: = Mﬁ/AUiQ(f)
which is a proper smooth DM stack of dimension
dis = Z (3gy — 3+ ny).
veVS(T)
It has a fundamental class

[Fgl = cpMg] €= A (F;Q) = Aag.(Mg; Q)

where
Mel= ] [Mq,za(BG), (6.9)
veVs(T)
and
1 |G| |G|
Sy I o I
Aut(T)] [ [Aut(fo)] e (D) T(e,0)|C(ev) seves (D) Tovley]

ecE (T
Em (6.10)

1
Aut(@)] J] [Aut(fo)] (ewers@) @V vevor@ U
ecE(T)

1T ICq, (k(e,v))l I Ca, (k)|
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In the second line in Equation (6.10) above, k(. ,) (resp. k) is any element in the
conjugacy class ¢, (resp. ¢,), and Cg, (k) denotes the centralizer of k in G.,.

6.4. Virtual tangent and normal bundles. Given I' € G(T) and a twisted
stable map f: (C,r1,...,tn) — /’\?T which represents a point £ in Fr C ﬂgm(é\?f, B),
the tangent space T§1 and obstruction space Tg of ﬂgm(ff, B) at ¢ fits in an following
exact sequence of T-representations

0—B1— By T} = By — Bs = T¢ = 0 (6.11)
where

By = Ext®(Qc(t1 + - +10),0c), By=HC, f*TX)
B4:EXt1(QC(I1+"'+?n)aoc)a B5 :Hl(c7f*TX)

Let B/™ and Bl-f be the moving and fixed parts of B;, respectively; let Tg’m and Tg’f
be the moving and fixed parts of T}, respectively. The exact sequence (6.11) splits
into the following two exact sequences:

0— B - B] - 17 - Bl - Bl > 12 —0, (6.12)

0— B" —» B — Tgl’m — By' = Bf" — ng,m — 0. (6.13)

Varying ¢ in the fixed locus Fg gives rise to the following two exact sequences of
sheaves of Oz.-modules on Fp:

0— B =B} -1 - B] - Bl 1% >0, (6.14)
0— B" = By - T"™ — By — BI" — T%™ — 0. (6.15)

Here we abuse notation: Bif (resp. B!™) are complex vector spaces in (6.12) (resp.
(6.13)) and are sheaves over Fx in (6.14) (resp. (6.15)). The restriction of the exact
sequence (5.4) to Fi also splits into two exact sequences of Ox.-modules:

0T - Ef - FF 5727 0. (6.16)

0— T = E™ — F™ — T%™ (. (6.17)

The dual complex of [E/ — F/] is a perfect obstruction theory on the smooth
proper DM stack Fg; in other words, g is equipped with a virtual tangent bundle

T =14 — 1%

As we will see in Section 6.5-6.7 below, T = TFg is the tangent bundle of the
smooth DM stack Fg, whereas T’ 2.f =0, so the virtual tangent bundle is the tangent
bundle. By [6, Proposition 5.5],

THEOREM 6.2.

Fel" = Fel =cp [ Moy, (BG)).

veVS(T)
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The virtual normal bundle of Fz in M( Af) is
vir _ plm 2,
Nf =T>m T,

So

—_
)
=
N
»
2=
)
=
o)
=
)
=
=
=

= L = . (6.18)

e
We will compute r in Section 6.5 and Section 6.6, respectively.

6.5. Deformation of the domain. Recall that the nodes of C are
{U(e,v) =C.NCy: (6,7)) € Fs(f)} U {Uv =Cy: (6,1)) € VO’Q(f)}'

6.5.1. Infinitesimal automorphisms of the domain.

B{ = @ H0m<QCe (U(e,v) + U(e,v’))a OCE)
e € E(T')
(e, v), (e, v") € F(D)
= @ HO(Cev Tce(_lj(e,v) - U(e,v’))»
e € B(I)
(e,v), (e, v") € F(T)
BY" = @ Ty...,Ce-
veVO (T
(e,v)eF(T)
We define
r €e,0y w €e, 0y
Wiew) =€ (Ty,, ,Ce) = % € HE(Y(e)) = Mg.

6.5.2. Inifinitesimal deformations of the domain. Given any v € V*(I),
define a divisor x, of C, by

Xy = Z i+ Z U(eﬂ))-

1€S, eckE,

Then

Bf: = @ Extl(ch (x4),0¢) = @ T[(me,u)]ﬂgmzv (BG,)

vweVS (L) veVs(T)

By'= P N,CoT)Cod P Tyewlo®Ty,, Ce
veV 22T (e,v)eFS(T)
E,={e,e'}

where eT(TnUC@@)TnUCe/) = Wew) T Werwy if v € VO*Q(f) and F, = {e, ¢}, and
w(e,v) .

T(e,)

eT(T‘j(E,i))C'U ® 11‘](5:,1; Ce) = w(evv) -

)
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6.5.3. Unifying stable and unstable vertices. From the discussion in Section
6.5.1 and Section 6.5.2,

e’ (B1) 11 11 1
= W(e v
eT(BY") L e A e+ wew
veVO1(T) veV22(T)
(e;v)€F (D) E,={ee'} (6.19)

H 1
Pl \
vevs (@) ees, (w<e,v> - rfe,uf)
To unify the stable and unstable vertices, we use the following convention for the
empty sets Mo, (1})(BG) and Mo (), 1n-1))(BG), where 1 € G is the identity element,
and [h] is the conjugacy class of h € G. Let G be a finite group and let wy,wy be

formal variables.
e My 41})(BG) is a —2 dimensional space, and

1 wl

o (6.20)
/Mo (1) (BG) W1 — w —¢1 |G

° ﬂo,([h],[h_q)(BG) is a —1 dimensional space, and

! 1
/Mo (-1 (BG) ) (w1 — 1) (w2 —tha) (w1 +wy) - [Ca(h)] (6.21)

1 1
/Mo,m,[hlp(BG) wi =1 |Ca(h)]

6.22), we obtain the following identities for non-stable vertices:
) (e,v) € F(I'), then 7., = 1, and

(6.22)

From (6.20), (6.21), (
(i) If v e VOUT') and

1
|G

™ . W)
Mo, ({1})(BGv) W(e,v) ’(/}(e.,u)

(ii) If v € VO(T), E, = {e,e’}, and ky € ¢(c,p), then ¢(er ) = T,y = [k, '] and

Ca, (k)] [Ca, (k)] / |

A ) e,v 1L el v
"o v Mo (o, imy 1) (BE) (u’(e,v) - w(riv)) (w(ﬁ’»”) - %)

[Cak)
Ty W(e,v) + W(e! )
(iii) If v € VLY(T) and (e,v) € F(T), then
|Cq, (M)] / oy
T(e,v) 117 (BGw) Wie ) — r:ﬁ,lv)
We then redefine Mg and cg as follows:
H mgvj“ (BGv)v [‘Ff} = Cf[Mf]v (623)

veV (T)
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1 |CGU (k e,v |
g = = | I . (ev) , (6.24)
|Aut(U)[ [ Tee pery [AUt(fe)l (, )rr (e,0)
()

where k() is an element in the conjugacy class c(c .-
With the above conventions (6.20)—(6.24), we may rewrite (6.19) in the following
form.

PROPOSITION 6.3.

e’(B") 11 1
T(RmY biewy \
' (BY') ev(T) HeeEv (w(e,v) - :f:;)

The following lemma shows that the conventions (6.20), (6.21), and (6.22) are
consistent with the stable case Mg (c, ... c,.)(BG), n > 3.

LEMMA 6.4. Let G be a finite group. Let ¢ = (c1,...,¢,) € Conj(G)"™. Let
Wi, ..., w, be formal variables. Then
(a) / 1 |Voc,¥5 ( 1 1 )n—3
a. = DR p— .
Moo86) iy (wi —¥) |Gl wi - w
1 Voom _n
o [ — =l
Mo.=(BG) W1 — Y1 |G
Proof. The unstable cases n =1 and n = 2 follow from the definitions (6.20) and

(6.21), respectively. The stable case (n > 3) follows from Theorem 5.3 and the well
known identity below.

w1 Wn,

—3)!
pi e = =0

o arl - an!
|

6.6. Deformation of the map. We first introduce some notation. Given o €
V(Y) and ¢ € Conj(G,), let (T}, X)C denote the subspace of T, X which is invariant

under the action of any k € ¢ (or equivalently, of some k € ¢). Then (T}, X )C =
(Ty,X)", where e = {k™ : k € c}.
Consider the normalization sequence

0— O — @ OCUEB @Oc

veVSs (T ecE(T)

— @ Oy, @ @ Oy = 0.

veV0.2(T) (e,v)EFS(T)

(6.25)

We twist the above short exact sequence of sheaves by f*T'X. The resulting short
exact sequence gives rise a long exact sequence of cohomology groups

0B~ @ HC)e P HC)

veVS(T) ecE(T)
- @ (Ty ) X)) & @ (Tf(n(e,v))X) e
Z‘E—V({)’Q(?)} (e,0)eFS(I)

=B~ @ H'(@C)o P H'(C)—0.

veVs(T) eeE(T)
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where H'(C,) = H'(C,, f;TX) and H'(C.) = H'(C., fTX) for i = 0,1.
f(UU) =Ps, = f(t](e,v))' Given (6, 1}) € F(F)v define

h(e,v) = T ((T,, X)) = 11 Wie.o,)- (6.26)

el
¢(e,g,v) (C(e,'v))zl

The map B; — B sends HO(CQ,TCE(—U(E’U) — Y(er,v))) isomorphically to
HO(Ce, f¥T1..)7, the fixed part of H(C,, fTl.,).

It remains to compute

_ e (H (Co, f5TX)™)

. €T (HY(Co, f2TX)™)
W)= (e, oy

el (HO(Ce, feTX)™)

h(e) :=

The formulae of h(v) and h(e) will be given by Equation (6.27) and Equation (6.30)
below. Before deri\Ling these formulae , we introduce some notation.
e If v € V() then there is a cartesian diagram

5UL> pt

! !

C, —— BG,.

Let G denote the subgroup of G, generated by the monodromies of the G-
cover C, — C,. Then the number of connected components of C, is |G,/ G, [,
and each connected component is a Gv -cover of C,.

e Given a 1-dimensional representation ¢ : G, — C*, we ¢ of G, we define

rankEg

A(\;(u): Z (_1)z’)\?urankE¢—i,

=0

where X! € A'(M,, # (BG,)) are Hurwitz-Hodge classes associated to ¢,
and rankE, is the rank of the ¢-twisted Hurwitz-Hodge bundle E, —
My, 2, (BG,) (see Section 5.6).

e Given a G, representation V, let V& denote the subspace on which G, acts
trivially.

—

LEMMA 6.5. Suppose that v € VS(T) and f(v) = o € V(Y). Then

H A P(e,0) W(E 0))
h(v) = <%~ (6.27)

H W(e,o)

€€EE,,G,CG.

Proof. Let Cy4 denote the 1-dimensional representation associated to ¢ : G, — C*.
Then

H'(C,, f;TX) = (H'(C,, Og)) @ Ty X) . P ('€ 0) @ Cme,a))G“ :

ecE,
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where H° ((’Z:J7 Og ) is the regular representation of G, / @U. The surjective group homo-
morphism G, — G, /G, induces an injective map Hom(G,/G.,, C*) — Hom(G,,C*),
whose image contains (/5(210) ift G, C G.. So

~ €,0)s év G€7
eT((H%cv,ogU)®C¢w))a“)={W<" =

1, G, ¢ G..
Therefore,
er(H'(Cy, [yTX)™) = ex(HO(Co, ;TX) = [[ Wi (6.28)
e€B,,G,CG.
~ Gv
(Hl (Cln OCU) & (Cqb(e,a)) = Eg(e’g’)7
SO
er(H' (Cy, [3TX)™) = ex(H'(Co, £;TX) = ] MY (Wieo)- (6.29)

eccE,
Equation (6.27) follows from (6.28) and (6.29). O

Given any real number x, let |2| denote the greatest integer which is less or equal
to z, and let (z) =2 — |z] € [0,1).

LEMMA 6.6. Suppose thate € E(T). Letd = d. € Zsq, and let e = f(e) € E(Y)..
Define 0,0’ ,¢;,€;,a; as in Section 3.5. Suppose that (e,v), (e,v") € F(T'), f(v) = o,
f(') =o', Then any element in the conjugacy class ¢y € Conj(Ggy) acts on Ty, [
by multiplication by ezm/j(d/’"(fv")), and acts on Ty I, by ezﬂﬁai, where

d 1 Tlew) — 1
<7>,O¢1,...7OZT,1€{07 Sy (e,0) }
T(G’U) T(e,v) T(eav)
Define
u = T(EVU)W(€7J) = _T(E7a/)w(€70l).
Then
d
(é)hkedmj (_Q)Lr(w,)J r—1
h(e) = 1 u_ IIv: (6.30)
el RN ool Lt
where
lda;—a; ] u
H (W(Ei,o') - (.7 + ai)g)_la Qa; Z 07
by =S 0’ T (6.31)
. u
H (W(Ei’o') + (] - Oéi)g), a; < 0.
j=1
Proof. Let
Wi =W(,,0), t=1...,7—1
We have

Nijx=L1® - ®L_.
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e The weights of T-actions on (L;)p, and (L;),_, are w; and w; — a;u, respec-
tively.
e The weights of T-action on T}, _[c and T, _, [ are

and , respectively.
T(e,0) T(e,0")

e Letp, = fo1(ps), por = fo 1 (por) be the two torus fixed points in C.. Then the

weights of T-action on T}, C. and T}, ,C. are e and , respectively.
’ drewy — drew)

By [47, Example 8.5],

- E 6Wi7(J+ai)Ea a; Z 07
Jj=0

e (H (Cou f L) — HOCor f1L2)) = { 10 o0,
Z ewitli—add g, <0.
j=1
Note that w; — (j + a;)u and w; + (j — a;)u are nonzero for any j € Z since w; and

u are linearly independent for i =1,...,7 — 1. So
e (H'(Ce, feLi)™) e (H'(Ce, f2L4)) b

T (HO(Ce, f2La)™) — €7 (HO(Ce, f2 L)) —
where b; is defined by (6.31).
By [47, Example 8.5] again,

ChT(Hl(Cea f:T[e) - HO(Cm f:T[e))

— E eTem IS

JEZL
(d Ncjc_d L d__(_d
<"‘(e,<y) )<i< T(e,o)  T(e:07) <"‘(e,a) )

] L)

"(e,0) "(e,0)

‘u .

==1 + E ejd —+ E e J
Jj=1

e

j=1
So
let=] |t N L ]
T(HVC,, frTi)™) w1 T () (=)
T (0 * - Su _su d d
€ (H (Ce,feT[e)m) =1 Ja =1 Ja L”EJ)J LWJ!

Therefore,

e (HY(Ce, f£TX)™) _ e (H'(Ce, T

™) T T H(Ce, f2L)™)
o W et 7ezom

eT(HO(C,, frrX)™) T (HO(C., f2T

—| —

(ST (- Hlem) o
-’ u’” b.
|
LT(&,U)J' LT(E.U/)J =1

From the above derivation, we conclude that

TBm
ETEB?TL; [ Bbew- I neEwv)- I[ be- I] bl (632
2 veV o2 (F) (e,0)€FS (T vevs (M) c€E(T)
E,={ee'}
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where h(e,v), h(v), and h(e) are defined by (6.26), (6.27), (6.30), respectively. To
unify the stable and unstable vertices, we define
1

h(v) = Mev)

h(e,v) - h(e’,v)’

ve VOLTYUVEYND), B, ={e},

veVO2T), E,=e¢}.

In the above notation, (6.32) can be written as follows.

PROPOSITION 6.7.

=[] nr II hewv - ] he.

veV (D) (e,v)eF(T) ecE(T)

6.7. Contribution from each graph.
6.7.1. Virtual tangent bundle. We have Bf = Bg, B5f =0. So
Tl’f = BZ = @ T[(mev)]mgmnw T2’f = O.
veVs(T)
This completes the proof of Theorem 6.2.

6.7.2. Virtual normal bundle. Equation (6.18), Proposition 6.3, and Propo-
sition 6.7 imply

1 B h(v)
eT(NIXir) - H ( Pe, v)) . UH H h (633)

vev(n) Heem, (Wew) = 755 ) camrerm) c€B(T)

6.7.3. Integrand. Given o € V(Y), let i} : Hy — H¢g 1(Po; Q1) be the com-
position

Hy= P Hinr(Xo:Qr) = Hopr(Xo;Qr) -3 Hig (po: Qr)
oceV(T)

where the first arrow is projection to a direct summand, and the second arrow is
induced by the inclusion i, : p, — X,. Given I' € Gg AT, B), let

it Ap(M 7 (X, B)) = Ap(Fg) = AT (Mg)
be induced by the inclusion iy @ F — ﬂg};(z\?@ f3). Then

;‘H evjyy U (5)™)

Jj=1

— H i;ﬂ] (—wWie,w))® H (H ’oﬂa H ¢(e v))'

v e v veVS(I) JESy e€l,
Sy ={i}, By = {e}

(6.34)

To unify the stable vertices in V5(T') and the unstable vertices in V11(T) | we use
the following convention: for a € Z>o and h € G, we define

/ vg__ e (6.35)

Mo, (i, 117 (BG) wy — 1 |CG(h)|
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In particular, (6.22) is obtained by setting @ = 0. With the convention (6.35), we may
rewrite (6.34) as

%]:[ eviyy U@)%) = ] (H%gﬂ] 11 w(ev)) (6.36)

veV (') jESy ecE,

The following lemma shows that the convention (6.35) is consistent with the stable
case Mo (c,,....c,)(BG), n > 3.

LEMMA 6.8. Let n,a be integers, n > 2, a > 0. Let ¢ = (cq,
Then

.., ) € Conj(G)™.

a—1 . G

_ o _3_ V -
/ - 1/)%1/) rwil!”w%+2—n|oc7;|7 n=2or0<a<n-—3.
My z(BG) W1 1

0, otherwise.

Proof. The case n = 2 follows from (6.35). For n > 3

/ 1/)‘21 _ i/ l/jg . wa+2—n/ n —3— adj
| — = | 7 1 | 2
Mo,(8G) W1 = Y1 w1 Jxg, 56y 1 — 2 Mo, =(BG)
a— . G
= w? a+2— n|V ‘ (7’L—3)' _ Hi:()l(nfgil)wa+27n|‘/0,5|
! | | (n—3—a)la al ! G| -
0
6.7.4. The integral. Define
o [ e U oo
- [Fa]vir eT(Nglr) : :
By Theorem 6.2, Equation (6.33), and Equation (6.34),
= cf H h(e H h(e,v)
ecE(T") (e,v)EF(F)
[ h(v) Tljes, (2,57 U ;) (6.38)
vev(r) ! Mo BG] [leep, (U’(e,v) - 7:@;::; )

(Recall that cx € Q is defined by Equation (6.24).)
6.8. Sum over graphs. Let

i Hp (M (g, ) = Hi (M, (X7, 5)7)

be induced by the inclusion ir : ﬂ ( ,ﬂ) Ge U<, 3). Then
ir 115

/ (GV;’AY]T U (J’}j)aj) o Z I
O, (R )T el (NYI) a

FeGyn(T,8)

where the contribution Iz from the decorated graph Tis given in Section 6.7.4 above
We obtain:
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THEOREM 6.9.

€G- e,Gadr ;= > e I ne) J[ hiew)

Feq, ;(x,p) eeBI) (e;v)€F(I)
o« AT Ta; 6.39
/ h(o) [T,cs, (i,570%) (39

’ AN w 'J) e,v
veviey .0, 8601 TLep, (e — 222 )

where h(e), h(e,v), h(v) are given by (6.30), (6.26), (6.27), respectively, and we have
the following convention for the v ¢ V°(T):

/ 1 - w1
Mo, 1)) (BG,) W1 = Y1 Gl

1 1
/M ey (86 (W1 = ) (ws —0)  [Ca, ()] (wn + 1w2)’

0,([r]

Vg (—w1)®
— = , €
/M B,y w1 =¥ [Ca,(h)] =0

7o,<[h],[h—1

where h € Gy, [h] € Conj(G,), and Cq, (h) = {a € G, : aha™' = h} is the centralizer
of h in G,.
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