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COMPLEX STRUCTURES, MOMENT MAPS, AND THE RICCI
FORM∗

OSCAR GARCÍA-PRADA† , DIETMAR A. SALAMON‡ , AND SAMUEL TRAUTWEIN§

Abstract. The Ricci form is a moment map for the action of the group of exact volume
preserving diffeomorphisms on the space of almost complex structures. This observation yields a
new approach to the Weil–Petersson symplectic form on the Teichmüller space of isotopy classes of
complex structures with real first Chern class zero and nonempty Kähler cone.
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1. Introduction. This paper is based on a remark by Simon Donaldson. The
remark is that the space of linear complex structures on R

2n can be viewed as a co-
adjoint SL(2n,R)-orbit and hence is equipped with a canonical symplectic form and
a Hamiltonian SL(2n,R)-action. Thus, for any volume form ρ on a closed oriented
2n-manifold M , the space J (M) of almost complex structures carries a natural sym-
plectic structure. Following [13], one can then deduce that the action of the group
of exact volume preserving diffeomorphisms on J (M) is a Hamiltonian group ac-
tion with the Ricci form as a moment map. In the integrable case this yields a new
approach to the Weil–Petersson symplectic form on the Teichmüller space of isotopy
classes of complex structures with real first Chern class zero and nonempty Kähler
cone. Here are the details.

Fix a closed connected oriented 2n-manifold M and a positive volume form ρ
and denote by J (M) the space of almost complex structures compatible with the
orientation. This space is equipped with a symplectic form

Ωρ,J(Ĵ1, Ĵ2) :=
1
2

∫
M

trace
(
Ĵ1JĴ2

)
ρ for Ĵ1, Ĵ2 ∈ Ω0,1

J (M,TM). (1.1)

The Ricci form Ricρ,J ∈ Ω2(M) associated to ρ and J is defined by

Ricρ,J(u, v) :=
1
4 trace

(
(∇uJ)J(∇vJ)

)
+ 1

2 trace
(
JR∇(u, v)

)
+ 1

2dλ
∇
J (u, v)

for u, v ∈ Vect(M), where ∇ is a torsion-free ρ-connection and the 1-form λ∇
J on M

is defined by λ∇
J (u) := trace

(
(∇J)u

)
for u ∈ Vect(M). In the integrable case iRicρ,J

is the curvature of the Chern connection on the canonical bundle associated to the
Hermitian structure determined by ρ.

Theorem A (The Ricci Form). The Ricci form is independent of the choice of the
torsion-free ρ-connection ∇ used to define it. It is closed, represents the cohomology
class 2πc1(TM, J), satisfies φ∗Ricρ,J = Ricφ∗ρ,φ∗J for every diffeomorphism φ, and
Ricefρ,J = Ricρ,J + 1

2d(df ◦ J) for all f ∈ Ω0(M). Moreover, the map J �→ 2Ricρ,J is
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a moment map for the action of the group Diffex(M,ρ) of exact volume preserving dif-
feomorphisms on J (M), i.e. if t �→ Jt is a smooth path of almost complex structures
on M , then

d

dt

∫
M

2Ricρ,Jt ∧ α = 1
2

∫
M

trace
(
(∂tJt)Jt(LvαJt)

)
ρ (1.2)

for t ∈ R and α ∈ Ω2n−2(M), where vα ∈ Vect(M) is defined by ι(vα)ρ = dα.

Proof. See Theorem 2.6.

The proof of Theorem A is based on the aforementioned observation that the
space of linear complex structures is a co-adjoint SL(2n,R)-orbit. Theorem A can
then be derived from a general result of Donaldson [13] about the action of the
group Diffex(M,ρ) on a suitable space of sections of a fibration over M . In Sec-
tion 2 we give a direct proof which does not rely on [13]. That the Ricci form is
closed and represents 2π times the first Chern class is a consequence of the formula

Ricρ,J = 1
2 trace(JR

˜∇)+dλ∇
J , where ω ∈ Ω2(M) is a nondegenerate 2-form compatible

with J , ∇ is the Levi–Civita connection of the metric ω(·, J ·), and ∇̃ := ∇− 1
2J∇J .

Moreover, λ∇
J = 0 whenever ω is closed, so one obtains the standard Ricci form in the

symplectic case. We emphasize that the dual space of the space of exact divergence-
free vector fields is the space of exact 2-forms on M , so one obtains a genuine moment
map only for almost complex structures with real first Chern class zero.

Equation (1.2) extends to an identity that holds for all vector fields v. This
identity takes the form∫

M

Λρ(J, Ĵ) ∧ ι(v)ρ = 1
2

∫
M

trace
(
ĴJLvJ

)
ρ (1.3)

for all Ĵ ∈ Ω0,1
J (M,TM) and all v ∈ Vect(M), where Λρ(J, Ĵ) ∈ Ω1(M) is defined

by (Λρ(J, Ĵ))(u) := trace((∇Ĵ)u+ 1
2 ĴJ∇uJ) for u ∈ Vect(M). Thus Λρ is a 1-form

on J (M) with values in Ω1(M). The next theorem shows that the differential of this
1-form is a 2-form on J (M) with values in dΩ0(M).

Theorem B (The one-form Λρ). Let v ∈ Vect(M) and define fv ∈ Ω0(M)
by fvρ := dι(v)ρ. Then, for all J ∈ J (M),

Λρ(J,LvJ) = 2ι(v)Ricρ,J − dfv ◦ J + dfJv. (1.4)

Moreover, if R2 → J (M) : (s, t) �→ J(s, t) is a smooth map, then

∂sΛρ(J, ∂tJ)− ∂tΛρ(J, ∂sJ) +
1
2dtrace((∂sJ)J(∂tJ)) = 0. (1.5)

Proof. See Theorem 2.7.

Theorem C (The Integrable Case). Let ρ ∈ Ω2n(M) be a positive volume form
and let J ∈ J (M) be an integrable almost complex structure. Then 1

2πRicρ,J is
a (1, 1)-form and represents the first Bott–Chern class of J . Moreover, the first Bott–
Chern class of J vanishes if and only if there exists a diffeomorphism φ ∈ Diff0(M)
such that Ricρ,φ∗J = 0. If Ricρ,J = Ricρ,φ∗J = 0 for some orientation preserving dif-
feomorphism φ, then φ∗ρ = ρ.

Proof. See Theorem 3.1.
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Let Jint,0(M) ⊂ J (M) be the space of integrable almost complex struc-
tures with real first Chern class zero and nonempty Kähler cone. Then
Theorem C shows that the Teichmüller space T0(M) := Jint,0(M)/Diff0(M)
can be identified with the quotient space T0(M,ρ) := Jint,0(M,ρ)/Diff0(M,ρ),
where Jint,0(M,ρ) := {J ∈ Jint,0(M) |Ricρ,J = 0}. We emphasize that the quotient
group Diff0(M,ρ)/Diffex(M,ρ) acts trivially. The space J (M) carries a complex

structure Ĵ �→ −JĴ and the symplectic form Ωρ in (1.1) is of type (1, 1). How-

ever, it is not Kähler because the symmetric pairing 〈Ĵ1, Ĵ2〉 = 1
2

∫
M

trace(Ĵ1Ĵ2)ρ
is indefinite in general. Thus complex submanifolds of J (M) need not be sym-
plectic. The space Jint,0(M) is an example. Its tangent space at J is the kernel

of ∂̄J : Ω0,1
J (M,TM) → Ω0,2

J (M,TM). If Ricρ,J = 0 and ∂̄J Ĵ = 0, then Theorem B
implies that there exist unique smooth functions f = fρ, ̂J and g = fρ,J ̂J such that

Λρ(J, Ĵ) = −df ◦ J + dg,

∫
M

fρ =

∫
M

gρ = 0. (1.6)

This implies that the restriction of the 2-form Ωρ,J to ker ∂̄J vanishes on the sub-
space {LvJ | fv = fJv = 0}. It turns out that Ωρ descends to a symplectic form on
the Teichmüller space T0(M,ρ) ∼= T0(M) that is independent of ρ. For J ∈ Jint,0(M)
let ρJ be the volume form with RicρJ ,J = 0 and

∫
M

ρJ = V .

Theorem D (Teichmüller Space). The formula

ΩJ(Ĵ1, Ĵ2) :=

∫
M

(
1
2 trace

(
Ĵ1JĴ2

)
− f1g2 + f2g1

)
ρJ , (1.7)

for J ∈ Jint,0(M) and Ĵi ∈ Ω0,1
J (M,TM) with ∂̄J Ĵi = 0 and fi, gi as in (1.6), defines

a symplectic form on the Teichmüller space T0(M). It satisfies the naturality condi-

tion Ωφ∗J(φ
∗Ĵ1, φ∗Ĵ2) = φ∗ΩJ(Ĵ1, Ĵ2) for every φ ∈ Diff+(M) and thus the mapping

class group acts on T0(M) by symplectomorphisms.

Proof. See Theorem 4.4.

Theorem D gives an alternative construction of the Weil–Petersson symplectic
form on Calabi–Yau Teichmüller spaces (see [21, 26, 31, 32, 33, 34] for the polarized
case and [15, Ch 16] for the symplectic form on T0(M) for the K3 surface). The proof
relies on Yau’s theorem and the observations, for Ricci-flat Kähler manifolds (M,ω, J),
that a vector field v is holomorphic if and only if ι(v)ω is harmonic (Lemma 3.9),

and that the space of ∂̄J -harmonic 1-forms Ĵ ∈ Ω0,1
J (M,TM) is invariant under the

map Ĵ �→ Ĵ∗ (Lemma 3.10).
Associated to the symplectic form (1.7) on T0(M) and the complex struc-

ture Ĵ �→ −JĴ is the symmetric bilinear form

〈Ĵ1, Ĵ2〉 =
∫
M

(
1
2 trace

(
Ĵ1Ĵ2

)
− f1f2 − g1g2

)
ρJ . (1.8)

This is indefinite in general, so T0(M) need not be Kähler. If ω is a Kähler
form with ωn/n! = ρJ , then the subspace of self-adjoint harmonic endomor-

phisms Ĵ = Ĵ∗ ∈ Ω0,1
J (M,TM) is positive for (1.8) (and tangent to the Teichmüller

space of ω-compatible complex structures). Its symplectic complement is the negative
subspace of skew-adjoint harmonic endomorphisms. The 2-form (1.7) defines a sym-
plectic connection on the space E0(M) of isotopy classes of Ricci-flat Kähler structures,
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fibered over the space B0(M) of isotopy classes of Kählerable symplectic forms with
real first Chern class zero, whose fiber over [ω] is the space T0(M,ω) of ω-compatible
(integrable) complex structures J with Ricω,J = 0 modulo Symp(M,ω) ∩Diff0(M).

Theorem E (A Connection). The projection E0(M) → B0(M) is a submer-
sion and the 2-form (1.7) defines a symplectic connection on E0(M). The connec-
tion 1-form A assigns to each Ricci-flat Kähler structure (ω, J) and each closed 2-

form ω̂ the unique element Ĵ = Aω,J(ω̂) ∈ Ω0,1
J (M,TM) that satisfies ∂̄J Ĵ = 0

and Λρ(J, Ĵ) = −d〈ω̂, ω〉 ◦ J and ω̂ − J∗ω̂ = 〈(Ĵ − Ĵ∗)·, ·〉 and ΩJ(Ĵ , Ĵ
′) = 0 for

all Ĵ ′ ∈ Ω0,1
J (M,TM) with ∂̄J Ĵ

′ = 0 and Ĵ ′ = (Ĵ ′)∗. The connection is Diff+(M)-
equivariant and is given by

Aω,J(ω̂) = LvJ + Ĵ0, 〈Ĵ0·, ·〉 = 1
2

(
(ω̂ − dλ̂)− J∗(ω̂ − dλ̂)

)
, (1.9)

where λ̂ ∈ Ω1(M) and v ∈ Vect(M) satisfy d∗(ω̂ − dλ̂) = 0, d∗λ̂ = 0, and ι(v)ω = λ̂.

Proof. See Lemma 4.5 and Theorem 4.6.

The Weil–Petersson metric on the fiber T0(M,ω) in Theorem E is Kähler and
has been studied by many authors (see e.g. [6, 17, 18, 26, 29], [31]-[38], [41, 43]
and the references therein). An important special case arises when H2,0

J (M) = 0 for
all J ∈ Jint,0(M). In this case T0(M) is Kähler, each polarized fiber T0(M,ω) is an
open subset of T0(M), the symplectic forms on the fibers agree on the overlaps (as
noted by Todorov [37, p 328]), and the connection is trivial.

Acknowledgement. Thanks to Simon Donaldson for suggesting this problem.
Thanks to Paul Biran, Ron Donagi, Andrew Kresch, Rahul Pandharipande, Yanir
Rubinstein, and Claire Voisin for helpful discussions.

2. The Ricci form.

Linear complex structures. The standard orientation of R2n with the coordi-
nates x1, . . . , xn, y1, . . . , yn is determined by the volume form dx1∧dy1∧· · ·∧dxn∧dyn.
The space of linear complex structures on R

2n compatible with the orientation is given
by

Jn =
{
gJ0g

−1
∣∣∣ g ∈ SL(2n,R)

}
, J0 :=

(
0 −1l
1l 0

)
. (2.1)

This is a co-adjoint orbit equipped with a Hamiltonian SL(2n,R)-action. Abbrevi-
ate G := SL(2n,R) and g := Lie(G) = sl(2n,R) and note that Jn ⊂ g.

Lemma 2.1. The set Jn ⊂ R
2n×2n is a connected 2n2-dimensional submanifold

and its tangent space at J ∈ Jn is given by

TJJn =
{
Ĵ ∈ R

2n×2n
∣∣ ĴJ + JĴ = 0

}
=

{
[ξ, J ]

∣∣ ξ ∈ g
}
. (2.2)

The formula Ĵ �→ −JĴ defines a complex structure on Jn and the formula

τJ
(
Ĵ1, Ĵ2

)
:= 1

2 trace
(
Ĵ1JĴ2

)
= −trace

(
[ξ1, ξ2]J

)
(2.3)

for ξi ∈ g and Ĵi := [ξi, J ] defines a symplectic form τ ∈ Ω2(Jn). The G-action
G× Jn → Jn : (g, J) �→ gJg−1 is Hamiltonian and is generated by the G-equivariant
moment map μ : Jn → g given by μ(J) = −J for J ∈ Jn.
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Proof. The set H := {h ∈ SL(2n,R) |hJ0 = J0h} is a Lie subgroup of G and is
isomorphic to the group of complex n× n-matrices with determinant in the unit cir-
cle. So dimH = 2n2 − 1 and dimG = 4n2 − 1 and thus the homogeneous space G/H
is a manifold of dimension 2n2. Since G is connected, so is G/H. Next we
claim that the map G → R

2n×2n : g �→ gJ0g
−1 descends to a proper injective immer-

sion ι : G/H → R
2n×2n. It is injective by definition. To see that ι is an immersion,

observe that T[g]G/H ∼= gg/gh and dι([g])[gξ] = g[ξ, J0]g
−1 for g ∈ G and ξ ∈ g. To

prove that ι is proper, choose gk ∈ G such that the sequence Jk := gkJ0g
−1
k converges

to J0, and define hk := g−1
k [e1 · · · en Jke1 · · · Jken], where the vectors e1, . . . , en ∈

R
2n form the standard basis of R

n × {0}. Then hk ∈ H for k sufficiently large
and limk→∞ gkhk = 1l. This shows that the map ι : G/H → R

2n×2n is a proper in-
jective immersion. Hence its image Jn = ι(G/H) is a connected 2n2-dimensional
submanifold of R2n×2n.

Now let J ∈ Jn. Then gJg−1 ∈ Jn for all g ∈ G and so [ξ, J ] ∈ TJJn for

all ξ ∈ g. Thus {[ξ, J ] | ξ ∈ g} ⊂ TJJn ⊂ {Ĵ ∈ R
2n×2n | ĴJ + JĴ = 0}. Since all three

spaces have dimension 2n2, equality holds and this proves (2.2). The formula (2.3)
follows by direct calculation. To show that the 2-form τ in (2.3) is nondegenerate,

let Ĵ = [ξ, J ] ∈ TJJn \ {0} and define η := [ξ, J ]T and Ĵ ′ := [η, J ]. Then τJ(Ĵ , Ĵ
′) =

trace(η[ξ, J ]) = trace([ξ, J ]T [ξ, J ]) > 0. The 2-form τ is closed and the complex

structure Ĵ �→ −JĴ is integrable by Lemma A.1, as both structures are preserved by
the torsion-free connection

∇tĴ := d
dt Ĵ + 1

2 ĴJJ̇ + 1
2 J̇JĴ .

The map Jn → g : J �→ μ(J) := −J is a moment map for the G-action because

τJ([ξ, J ], Ĵ) = −trace(ξĴ) = trace((dμ(J)Ĵ)ξ) for J ∈ Jn, Ĵ ∈ TJJn, and ξ ∈ g.
This proves Lemma 2.1.

Remark 2.2. The symplectic form τ in (2.3) is a (1, 1)-form with respect to the

complex structure Ĵ �→ −JĴ . For n > 1 it is not a Kähler form, because the bilinear
form 〈Ĵ1, Ĵ2〉 = 1

2 trace(Ĵ1Ĵ2) is indefinite on each tangent space.

Remark 2.3. Let ω0 :=
∑n

i=1 dxi ∧ dyi denote the standard symplectic form
on R

2n and consider the space of ω0-compatible linear complex structures

Jn,0 :=

{
J ∈ Jn

∣∣∣∣ J∗ω0 = ω0 and ω0(ζ, Jζ) > 0
for all ζ ∈ R

2n \ {0}

}
. (2.4)

This is a complex submanifold of Jn of real dimension n2 + n and the symplectic
form (2.3) restricts to a Kähler form on Jn,0. The symplectic linear group Sp(2n)
acts on Jn,0 by Kähler isometries and a moment map μ : Jn,0 → sp(2n) for this
action is again given by μ(J) = −J .

Remark 2.4. The group Sp(2n) acts on Siegel upper half space Sn ⊂ C
n×n of

symmetric matrices with positive definite imaginary part via

g∗Z := (AZ +B)(CZ +D)−1, g =:

(
A B
C D

)
for g ∈ Sp(2n) and Z ∈ Sn. There is a unique Sp(2n)-equivariant diffeomorphism
from Sn to Jn,0 that sends i1l ∈ Sn to J0 ∈ Jn,0. It is given by

J(Z) =

(
XY −1 −Y −XY −1X
Y −1 −Y −1X

)
∈ Jn,0, Z = X + iY ∈ Sn.
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This diffeomorphism is a Kähler isometry with respect to the Kähler metric on Sn

given by |Ẑ|2 = trace((Y −1X̂)2 + (Y −1Ŷ )2) for Ẑ = X̂ + iŶ ∈ TZSn.

Definition of the Ricci form. By Lemma 2.1 the space Jn fits as a fiber into
the general framework developed by Donaldson [13]. Starting from this observation
we will show that the action of the group of exact volume preserving diffeomorphisms
on the space of almost complex structures is a Hamiltonian group action with twice
the Ricci form as a moment map. Let M be a closed connected oriented 2n-manifold.
Assume M admits an almost complex structure compatible with the orientation and
denote the space of such almost complex structures by

J (M) :=

⎧⎨
⎩J ∈ Ω0(M,End(TM))

∣∣∣∣∣
J2 = −1l and
J is compatible with
the orientation of M

⎫⎬
⎭ . (2.5)

Thus J (M) is the space of sections of a bundle each of whose fibers is equipped
with a natural symplectic form by Lemma 2.1. It can be viewed formally as an
infinite-dimensional manifold whose tangent space at J is the space TJJ (M) = {Ĵ ∈
Ω0(M,End(TM)) | ĴJ+JĴ = 0} = Ω0,1

J (M,TM) of complex anti-linear 1-forms onM
with values in TM . Every positive volume form ρ ∈ Ω2n(M) determines a symplectic
form Ωρ on J (M) defined by

Ωρ,J(Ĵ1, Ĵ2) :=
1
2

∫
M

trace
(
Ĵ1JĴ2

)
ρ (2.6)

for J ∈ J (M) and Ĵ1, Ĵ2 ∈ TJJ (M). The group G = Diff(M,ρ) of volume pre-
serving diffeomorphisms acts on J (M) contravariantly by J �→ φ∗J for φ ∈ G
and J ∈ J (M). This action preserves the symplectic form Ωρ.

Definition 2.5 (Ricci Form). Fix a positive volume form ρ ∈ Ω2n(M), an almost
complex structure J ∈ J (M), and a torsion-free ρ-connection ∇ on TM . The Ricci
form of the pair (ρ, J) is the 2-form

Ricρ,J := 1
2

(
τ∇J + dλ∇

J

)
, (2.7)

where τ∇J ∈ Ω2(M) and λ∇
J ∈ Ω1(M) are defined by

τ∇J (u, v) := 1
2 trace

(
(∇uJ)J(∇vJ)

)
+ trace

(
JR∇(u, v)

)
,

λ∇
J (u) := trace

(
(∇J)u

) (2.8)

for u, v ∈ Vect(M). For Ĵ ∈ Ω0,1
J (M,TM) define Λρ(J, Ĵ) ∈ Ω1(M) by(

Λρ(J, Ĵ)
)
(u) := trace

(
(∇Ĵ)u+ 1

2 ĴJ∇uJ
)

for u ∈ Vect(M). (2.9)

The Ricci form as a moment map. The next theorem is the main result of
this section. It asserts that the action of the subgroup

G ex :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
φ ∈ Diff(M)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

there exists a smooth isotopy
[0, 1]×Diff(M) : t �→ φt

and a smooth family of vector fields
[0, 1] → Vect(M) : t �→ vt
such that ι(vt)ρ is exact for all t
and ∂tφt = vt ◦ φt for all t
and φ0 = id and φ1 = φ

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(2.10)
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of exact volume preserving diffeomorphisms on J (M) is a Hamiltonian group action
and is generated by the G -equivariant moment map which assigns to each J ∈ J (M)
twice the Ricci form Ricρ,J . The moment map must take values in the dual space of
the Lie algebra

Lie(G ex) = Vectex(M,ρ) = {v ∈ Vect(M) | ι(v)ρ is exact} .

Every (2n − 2)-form α ∈ Ω2n−2(M) determines an exact divergence-free vector
field vα ∈ Vectex(M,ρ) via

ι(vα)ρ = dα.

Thus Vectex(M,ρ) can be identified with the quotient of the space Ω2n−2(M) by the
space of closed (2n − 2)-forms on M . Its dual space can be viewed formally as the
space of exact 2-forms on M , in that every exact 2-form τ on M determines a linear
functional

Vectex(M,ρ) → R : vα �→
∫
M

τ ∧ α.

With this understood, equation (2.15) in the following theorem is the assertion that
the map J �→ 2Ricρ,J is a moment map for the action of G ex on J (M). In general,
however, the Ricci form is only closed and not exact; only its differential in the
direction of an infinitesimal almost complex structure is always exact. Thus the
map J �→ 2Ricρ,J is only a moment in the strict sense of the word when restricted to
the space of almost complex structures with real first Chern class zero. One could
attempt to rectify this situation by subtracting a closed 2-form in the appropriate
cohomology class from the Ricci form, however such a modification would destroy
the G ex-equivariance of the moment map unless M has real dimension two.

Theorem 2.6. Let ρ ∈ Ω2n(M) be a positive volume form, let J ∈ J (M), and

let Ĵ ∈ Ω0,1
J (M,TM). Then the following holds.

(i) The Ricci form Ricρ,J and the 1-form Λρ(J, Ĵ) are independent of the choice of
the torsion-free ρ-connection ∇ used to define them. Moreover,

Ricefρ,J = Ricρ,J + 1
2d(df ◦ J), Λefρ(J, Ĵ) = Λρ(J, Ĵ) + df ◦ Ĵ . (2.11)

for all f ∈ Ω0(M), and the Ricci form and Λρ satisfy the naturality condition

φ∗Ricρ,J = Ricφ∗ρ,φ∗J , φ∗Λρ(J, Ĵ) = Λφ∗ρ(φ
∗J, φ∗Ĵ) (2.12)

for all φ ∈ Diff(M).

(ii) Every vector field v ∈ Vect(M) satisfies∫
M

Λρ(J, Ĵ) ∧ ι(v)ρ = 1
2

∫
M

trace
(
ĴJLvJ

)
ρ. (2.13)

Moreover, every smooth path R → J (M) : t �→ Jt of almost complex structures

with J0 = J and d
dt

∣∣
t=0

Jt = Ĵ satisfies the equations

R̂icρ(J, Ĵ) :=
d

dt

∣∣∣∣
t=0

Ricρ,Jt
= 1

2d
(
Λρ(J, Ĵ)

)
(2.14)



828 O. GARCÍA-PRADA, D. A. SALAMON AND S. TRAUTWEIN

and ∫
M

2R̂icρ(J, Ĵ) ∧ α = 1
2

∫
M

trace
(
ĴJLvαJ

)
ρ. (2.15)

for α ∈ Ω2n−2(M), where vα ∈ Vect(M) is defined by ι(vα)ρ = dα.

(iii) Let ω ∈ Ω2(M) be a nondegenerate 2-form compatible with J such that ωn/n! = ρ,
let ∇ be the Levi-Civita connection of the Riemannian metric 〈·, ·〉 = ω(·, J ·), and
define

∇̃ := ∇− 1
2J∇J. (2.16)

Then ∇̃ is a Hermitian connection and

Ricρ,J = 1
2

(
trace(JR

˜∇) + dλ∇
J

)
. (2.17)

Thus Ricρ,J is closed and represents the class 2πc1(TM, J). Moreover,

dω = 0 =⇒ λ∇
J = 0, Ricρ,J = 1

2 trace(JR
˜∇). (2.18)

Proof. We prove part (i). Choose a smooth function

[0, 1]×M → R : (t, p) �→ ft(p)

with f0 = 0 and f1 = f , define ρt := eftρ for 0 ≤ t ≤ 1, and choose a smooth path of
torsion-free connections ∇t on TM such that ∇tρt = 0 for all t. For 0 ≤ t ≤ 1 define
the 1-forms At ∈ Ω1(M,End(TM)) and αt ∈ Ω1(M) by

At :=
d
dt∇t, αt(u) := trace

(
JAt(u)

)
(2.19)

for u ∈ Vect(M). Then, for all t and all u, v ∈ Vect(M), we have

At(u)v = At(v)u, trace(At(u)) = d(∂tft)(u), (2.20)

d
dt∇t,uJ = [At(u), J ],

d
dtR

∇t = d∇tAt. (2.21)

It follows from (2.8), (2.19), (2.20), and (2.21) that

d
dtτ

∇t

J (u, v) = trace
(
(∇t,uJ)At(v)− (∇t,vJ)At(u)

)
+ trace

(
Jd∇tAt(u, v)

)
= trace

(
d∇t(JAt)(u, v)

)
= dαt(u, v)

and

d
dt

∣∣
t=0

λ∇t

J (u) = trace
(
[At, J ]u

)
= trace

(
At(Ju)

)
− trace(JAt(u))

= d(∂tft)(Ju)− αt(u)

for all t and all u, v ∈ Vect(M). Hence

d
dt

∣∣
t=0

(τ∇t

J + dλ∇t

J ) = d
(
d(∂tft) ◦ J

)
.
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Integrate this formula to obtain the first equation in (2.11) and consider the case
where ρt = ρ is independent of t to deduce that the 2-form Ricρ,J is independent of
the choice of the torsion-free ρ-connection ∇ used to define it. Moreover, it follows
from (2.19), (2.20), and (2.21) that

d
dt trace

(
(∇tĴ)u+ 1

2 ĴJ∇t,uJ
)
= trace

(
[At, Ĵ ]u+ 1

2 ĴJ [At(u), J ]
)

= trace
(
At(Ĵu)

)
= d(∂tft)(Ĵu).

for all t and all u ∈ Vect(M). Integrate this formula to obtain the second equation
in (2.11) and consider the case where ρt = ρ is independent of t to deduce that the

1-form Λρ(J, Ĵ) is independent of the choice of the torsion-free ρ-connection ∇ used
to define it. The naturality condition (2.12) follows directly ftom the definitions and
this proves (i).

To prove part (ii) we use the formulas

trace(∇u)ρ = dι(u)ρ, (2.22)

(LvJ)u = J∇uv −∇Juv + (∇vJ)u (2.23)

for u, v ∈ Vect(M). By (2.23), we have

trace
(
ĴJLvJ

)
= trace

(
−Ĵ∇v − ĴJ∇J·v + ĴJ∇vJ

)
= trace

(
−2Ĵ∇v + ĴJ∇vJ

)
for all u, v ∈ Vect(M). Here the second equality holds because two endomorphisms Φ
and −JΦJ are conjugate and so have the same trace. Thus

Λρ(J, Ĵ)(v) = trace
(
(∇Ĵ)v + 1

2 ĴJ∇vJ
)

= trace
(
∇(Ĵv)− Ĵ∇v + 1

2 ĴJ∇vJ
)

= trace
(
∇(Ĵv)

)
+ 1

2 trace
(
ĴJLvJ

)
for all v ∈ Vect(M). Hence it follows from (2.22) with u = Ĵv that∫

M

Λρ(J, Ĵ) ∧ ι(v)ρ =

∫
M

Λρ(J, Ĵ)(v)ρ = 1
2

∫
M

trace
(
ĴJLvJ

)
ρ

for all v ∈ Vect(M). This proves (2.13).
Now fix a torsion-free ρ-connection ∇ and abbreviate

λ̂(u) := trace((∇Ĵ)u) = d
dt

∣∣
t=0

λ∇
Jt
(u), β̂(u) := 1

2 trace
(
ĴJ∇uJ

)
for u ∈ Vect(M). Then Λρ(J, Ĵ) = λ̂+ β̂ and

dβ̂(u, v)

= 1
2Lutrace

(
ĴJ∇vJ

)
− 1

2Lvtrace
(
ĴJ∇uJ

)
+ 1

2 trace
(
ĴJ∇[u,v]J

)
= 1

2 trace
(
(∇u(ĴJ))∇vJ

)
− 1

2 trace
(
(∇v(ĴJ))∇uJ

)
+ 1

2 trace
(
ĴJ

(
∇u∇vJ −∇v∇uJ +∇[u,v]J

))
= 1

2 trace
(
(∇uĴ)J(∇vJ)

)
− 1

2 trace
(
(∇vĴ)J(∇uJ)

)
+ 1

2 trace
(
ĴJ [R∇(u, v), J ]

)
= 1

2 trace
(
(∇uĴ)J(∇vJ)

)
+ 1

2 trace
(
(∇uJ)J(∇vĴ)

)
+ trace

(
ĴR∇(u, v)

)
= d

dt

∣∣
t=0

τ∇Jt
(u, v)



830 O. GARCÍA-PRADA, D. A. SALAMON AND S. TRAUTWEIN

for all u, v ∈ Vect(M). Since Ricρ,Jt
= 1

2 (τ
∇
Jt

+ dλ∇
Jt
) this proves (2.14). Equa-

tion (2.15) follows directly from (2.13), (2.14), and Stokes’ theorem and this proves
part (ii).

We prove part (iii). The connection ∇̃ in (2.16) will in general no longer be torsion-
free. However, since the endomorphism J∇uJ is skew-adjoint for all u ∈ Vect(M), it
preserves the Riemannian metric onM and the volume form ρ. In addition it preserves
the almost complex structure J because

∇̃uJ = ∇uJ − 1
2 [J∇uJ, J ] = ∇uJ − 1

2J(∇uJ)J + 1
2JJ∇uJ = 0

for all u ∈ Vect(M). Next we compute the curvature tensor of ∇̃. Fix three vector

fields u, v, w ∈ Vect(M). Then ∇̃vw = ∇vw − 1
2J(∇vJ)w and so

∇̃u∇̃vw = ∇̃u

(
∇vw − 1

2J(∇vJ)w
)
= ∇̃u∇vw − 1

2J∇̃u

(
(∇vJ)w

)
= ∇u∇vw − 1

2J(∇uJ)∇vw − 1
2J∇u

(
(∇vJ)w

)
− 1

4 (∇uJ)(∇vJ)w

= ∇u∇vw − 1
2J

(
∇u∇vJ

)
w − 1

4 (∇uJ)(∇vJ)w

− 1
2J(∇uJ)∇vw − 1

2J(∇vJ)∇uw.

Hence

R
˜∇(u, v)w = ∇̃u∇̃vw − ∇̃u∇̃vw + ∇̃[u,v]w

= ∇u∇vw − 1
2J

(
∇u∇vJ

)
w − 1

4 (∇uJ)(∇vJ)w

−∇v∇uw + 1
2J

(
∇v∇uJ

)
w + 1

4 (∇vJ)(∇uJ)w

+∇[u,v]w − 1
2J(∇[u,v]J)w

= R∇(u, v)w − 1
2J [R

∇(u, v), J ]w − 1
4 [∇uJ,∇vJ ]w

= 1
2R

∇(u, v)w − 1
2JR

∇(u, v)Jw − 1
4 [∇uJ,∇vJ ]w.

This implies

JR
˜∇(u, v) = 1

2JR
∇(u, v) + 1

2R
∇(u, v)J − 1

4J [∇uJ,∇vJ ] (2.24)

and hence

trace
(
JR

˜∇(u, v)
)
= trace

(
JR∇(u, v)

)
+ 1

2 trace
(
(∇uJ)J(∇vJ)

)
. (2.25)

Thus trace(JR
˜∇) = τ∇J and this proves (2.17). Since ∇̃ is a Hermitian connection,

the 2-form trace( 1
4πJR

˜∇) = tracec( 1
2πJR

˜∇) ∈ Ω2(M) is closed and represents the first
Chern class of (TM, J).

If ω is closed, then ∇JvJ = −J(∇vJ) for every vector field v ∈ Vect(M) by [30,
Lemma 4.1.14], so the endomorphism v �→ (∇vJ)u anti-commutes with J and therefore
has trace zero. Hence λ∇

J = 0. This proves part (iii) and Theorem 2.6.

For u ∈ Vect(M) define fu := fρ,u := divρ(u) ∈ Ω0(M), so that

fuρ = dι(u)ρ. (2.26)

Theorem 2.7. Let ρ ∈ Ω2n(M) be a positive volume form, let J ∈ J (M), and
let u ∈ Vect(M). Then

Λρ(J,LuJ) = 2ι(u)Ricρ,J − dfu ◦ J + dfJu. (2.27)
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Moreover, every smooth map R
2 → J (M) : (s, t) �→ J(s, t) satisfies

∂sΛρ(J, ∂tJ)− ∂tΛρ(J, ∂sJ) +
1
2dtrace

(
(∂sJ)J(∂tJ)

)
= 0. (2.28)

Proof. The proof has six steps.

Step 1. We prove (2.28).

Let v ∈ Vect(M). Then it follows from equation (2.13) that∫
M

(
∂sΛρ(J, ∂tJ)− ∂tΛρ(J, ∂sJ)

)
∧ ι(v)ρ

= 1
2∂s

∫
M

trace
(
(∂tJ)J(LvJ)

)
ρ− 1

2∂t

∫
M

trace
(
(∂sJ)J(LvJ)

)
ρ

= 1
2

∫
M

trace
(
(Lv∂tJ)J(∂sJ) + (∂tJ)(LvJ)(∂sJ) + (∂tJ)J(Lv∂sJ)

)
ρ

= 1
2

∫
M

(
Lvtrace

(
(∂tJ)J(∂sJ)

))
ρ = 1

2

∫
M

dtrace
(
(∂tJ)J(∂sJ)

)
∧ ι(v)ρ.

This proves Step 1.

Step 2. dΛρ(J,LuJ) = 2dι(u)Ricρ,J − d(dfu ◦ J).
Let φt be the flow of u. Then φ∗

tRicρ,J = Ricφ∗
t ρ,φ

∗
t J

by part (i) of Theo-
rem 2.6. Differentiate this equation and use parts (i) and (ii) of Theorem 2.6 to

get dι(u)Ricρ,J = R̂icρ(J,LuJ) +
1
2d(dfu ◦ J) = 1

2

(
dΛρ(J,LuJ) + d(dfu ◦ J)

)
.

Step 3. Suppose ι(u)ρ is exact. Then u satisfies (2.27).

Choose α ∈ Ω2n−2(M) such that ι(u)ρ = dα. Then, for all v ∈ Vect(M),∫
M

2ι(u)Ricρ,J ∧ ι(v)ρ =

∫
M

2Ricρ,J ∧ ι(v)dα = −
∫
M

2dι(v)Ricρ,J ∧ α

= −
∫
M

d
(
Λρ(J,LvJ) + dfv ◦ J

)
∧ α = −

∫
M

(
Λρ(J,LvJ) + dfv ◦ J

)
∧ ι(u)ρ

=

∫
M

(
Λρ(J,LuJ)− dfJu

)
∧ ι(v)ρ.

Here the third equality follows from Step 2. This proves Step 3.

Step 4. Let λ ∈ Ω0(M) and Ĵ ∈ Ω0,1
J (M,TM). Then

fλu = λfu + dλ(u), (2.29)

Λρ(J, λĴ) = λΛρ(J, Ĵ) + dλ ◦ Ĵ , (2.30)

LλuJ = λLuJ + Ĵu, Ĵu := Ju⊗ dλ− u⊗ dλ ◦ J. (2.31)

(2.29) and (2.30) follow from the definitions and (2.31) follows from (2.23).

Step 5. If u satisfies (2.27) and λ ∈ Ω0(M), then λu satisfies (2.27).
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Let Ĵu ∈ Ω0,1
J (M,TM) be as in (2.31). We prove the identity

Λρ(J, Ĵu) + dλ ◦ LuJ = fJudλ− fudλ ◦ J + dLJuλ− dLuλ ◦ J. (2.32)

To see this, let v, w ∈ Vect(M). Then

(∇wĴu)v = ∇w

(
dλ(v)Ju− dλ(Jv)u

)
− dλ(∇wv)Ju+ dλ(J∇wv)u

= dλ(v)∇w(Ju) + (LwLvλ)Ju− (L∇wvλ)Ju

− dλ(Jv)∇wu− (LwLJvλ)u+ (LJ∇wvλ)u.

Hence it follows from (2.22) and (2.23) that

trace
(
(∇Ĵu)v

)
= dλ(v)trace

(
∇(Ju)

)
+ LJuLvλ− L∇Juvλ

− dλ(Jv)trace
(
∇u

)
− LuLJvλ+ LJ∇uvλ

= dλ(v)fJu − dλ(Jv)fu + LvLJuλ− LJvLuλ

− dλ((∇vJ)u+ (LuJ)v).

Since (Λρ(J, Ĵu))(v) = trace((∇Ĵu)v) + dλ((∇vJ)u), this proves (2.32). Now sup-
pose u satisfies (2.27) and let v ∈ Vect(M). Then, by Step 4, we have(

Λρ(J,LλuJ)
)
(v) =

(
Λρ(J, λLuJ + Ĵu)

)
(v)

= λ
(
Λρ(J,LuJ)

)
(v) +

(
Λρ(J, Ĵu)

)
(v) + dλ((LuJ)v)

= λ
(
2Ricρ,J(u, v)− dfu(Jv) + dfJu(v)

)
+ dλ(v)fJu − dλ(Jv)fu + LvLJuλ− LJvLuλ

= 2Ricρ,J(λu, v)− dfλu(Jv) + dfλJu(v).

Here the third equality uses (2.32). This proves Step 5.

Step 6. We prove (2.27).

There exist finitely many exact divergence-free vector fields ui and smooth func-
tions λi such that u =

∑
i λiui. For each i the vector field λiui satisfies (2.27) by

Steps 3 and 5. Hence so does u and this proves Theorem 2.7.

Equation (2.27) is equivalent to the formula

Ωρ,J(LuJ,LvJ) =

∫
M

(
2Ricρ,J(u, v) + fufJv − fJufv

)
ρ (2.33)

for u, v ∈ Vect(M). For exact divergence-free vector fields u, v this is the analogue
of the identity ω(Lxξ, Lxη) = 〈μ(x), [ξ, η]〉 for Hamiltonian group actions on finite-
dimensional symplectic manifolds. The analogue in the scalar curvature setting is
discussed in Remark 2.10 below.

Scalar curvature. Let (M,ω) be a 2n-dimensional closed connected symplectic
manifold and denote by

J (M,ω) :=

⎧⎨
⎩J ∈ Ω0(M,End(TM))

∣∣∣∣∣
J2 = −1l and J∗ω = ω
and ω(x̂, Jx̂) > 0
for all x̂ ∈ TxM \ {0}

⎫⎬
⎭
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the space of all almost complex structures that are compatible with ω.
This is an infinite-dimensional Kähler submanifold of J (M) with the tan-

gent spaces TJJ (M,ω) = {Ĵ ∈ Ω0,1
J (M,TM) |ω(Ĵ ·, ·) + ω(·, Ĵ ·) = 0}, the symplectic

form Ωρ in (2.6), and the complex structure Ĵ �→ −JĴ .

Definition 2.8 (Scalar Curvature). Let ω be a symplectic form on M , let J be
an ω-compatible almost complex structure on M , let ∇ be the Levi-Civita connection of
the metric 〈·, ·〉 = ω(·, J ·), and let ∇̃ := ∇− 1

2J(∇J). Define the Ricci form of (ω, J)

by Ricω,J := Ricωn/n!,J = 1
2 trace(JR

˜∇) and define the scalar curvature by

Sω,J := 2〈Ricω,J , ω〉 :=
2Ricω,J ∧ ωn−1/(n− 1)!

ωn/n!
∈ Ω0(M). (2.34)

By Theorem 2.6 the scalar curvature Sω,J in (2.34) satisfies

∫
M

Sω,J
ωn

n!
= 4π

〈
c1(TM, J) �

[ω]n−1

(n− 1)!
, [M ]

〉
(2.35)

and φ∗Sω,J = Sφ∗ω,φ∗J for every diffeomorphism φ : M → M . The following result
was proved by Donaldson [12], and independently by Fujiki [17] (in the integrable
case) and Quillen (for Riemann surfaces).

Corollary 2.9 (Fujiki–Quillen–Donaldson). The map J �→ Sω,J is an equiv-
ariant moment map for the action of Ham(M,ω) on J (M,ω), i.e. if H ∈ Ω0(M)
and vH ∈ Vect(M) is the Hamiltonian vector field defined by ι(vH)ω = dH, then ev-
ery smooth path R → J (M,ω) : t �→ Jt satisfies

d

dt

∫
M

Sω,Jt
H

ωn

n!
= 1

2

∫
M

trace
(
(∂tJt)Jt(LvHJt)

)ωn

n!
. (2.36)

Proof. Define J := J0, Ĵ := d
dt

∣∣
t=0

Jt, and ρ := ωn/n!. Then

d

dt

∣∣∣∣
t=0

∫
M

Sω,Jt
H

ωn

n!
=

∫
M

2HR̂icρ(J, Ĵ) ∧
ωn−1

(n− 1)!

=

∫
M

HdΛρ(J, Ĵ) ∧
ωn−1

(n− 1)!

=

∫
M

Λρ(J, Ĵ) ∧ ι(vH)ρ.

Hence the assertion follows from Theorem 2.6.

Remark 2.10. For a closed connected symplectic 2n-manifold (M,ω) with vol-
ume form ρ := ωn/n!, an almost complex structure J ∈ J (M,ω), and two Hamilto-
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nian functions F,G : M → R equation (2.33) takes the form

Ωρ,J(LvF J,LvGJ) =

∫
M

2Ricω,J(vF , vG)ρ

=

∫
M

2Ricω,J ∧ ι(vG)ι(vF )ρ

=

∫
M

2Ricω,J ∧ ι(vG)

(
dF ∧ ωn−1

(n− 1)!

)

=

∫
M

2Ricω,J ∧ {F,G} ωn−1

(n− 1)!

=

∫
M

Sω,J{F,G}ρ.

(2.37)

Here {F,G} := ω(vF , vG) denotes the Poisson bracket. If the scalar curvature is
constant, equation (2.37) implies that LvF J and JLvGJ are L2 orthogonal and

hence ‖LvF J + JLvGJ‖2 = ‖LvF ‖2 + ‖LvGJ‖2 for all F,G ∈ Ω0(M). If J is inte-
grable, the scalar curvature is constant, and H1(M,R) = 0, this in turn implies that
the Lie algebra of holomorphic vector fields is the complexification of the Lie algebra
of Killing vector fields and is therefore reductive (Matsushimas Theorem).

Symplectic complements. The next theorem examines symplectic comple-
ments in TJJ (M). It shows that the regular part of the Marsden–Weinstein quotient

W0(M,ρ) := {J ∈ J (M) |Ricρ,J = 0}/Diffex(M,ρ) (2.38)

is an infinite-dimensional symplectic manifold.

Theorem 2.11 (Complements). Let ρ ∈ Ω2n(M) be a positive volume form

and J ∈ J (M), Ĵ ∈ Ω0,1
J (M,TM), λ̂ ∈ Ω1(M). Then the following holds.

(i) There exists a Ĵ ′ ∈ Ω0,1
J (M,TM) such that Λρ(J, Ĵ

′) = λ̂ if and only

if
∫
M

λ̂ ∧ ι(v)ρ = 0 for all v ∈ Vect(M) with LvJ = 0.

(ii) There exists a v ∈ Vect(M) with LvJ = Ĵ if and only if Ωρ,J(Ĵ , Ĵ
′) = 0 for

all Ĵ ′ ∈ Ω0,1
J (M,TM) with Λρ(J, Ĵ

′) = 0.

(iii) There exists a Ĵ ′ ∈ Ω0,1
J (M,TM) such that R̂icρ(J, Ĵ

′) = dλ̂ if and only

if
∫
M

dλ̂ ∧ α = 0 for all α ∈ Ω2n−2(M) with LvαJ = 0.

(iv) There exists a v ∈ Vect(M) such that LvJ = Ĵ and ι(v)ρ is exact if and only

if Ωρ,J(Ĵ , Ĵ
′) = 0 for all Ĵ ′ ∈ Ω0,1

J (M,TM) such that R̂icρ(J, Ĵ
′) = 0.

Proof. See page 835.

To prove Theorem 2.11 it is convenient to choose a nondegenerate 2-
form ω ∈ Ω2(M) that is compatible with J and satisfies ωn/n! = ρ. Let ∇ be the
Levi-Civita connection of the Riemannian metric 〈·, ·〉 = ω(·, J ·) and define the linear
operator ∂̄J : Ω0(M,TM) → Ω0,1

J (M,TM) by

(∂̄Jv)u := − 1
2J(LvJ)u = 1

2

(
∇uv + J∇Juv − J(∇vJ)u

)
(2.39)

for u, v ∈ Vect(M). Let ∂̄∗
J be the formal adjoint operator of ∂̄J with respect to the

standard L2-inner products. Then both ∂̄J and ∂̄∗
J are bounded linear operators with

closed images between appropriate Sobolev completions.
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Lemma 2.12. Let Ĵ ∈ Ω0,1
J (M,TM). Then Λρ(J, Ĵ) = ι(J∂̄∗

J Ĵ
∗)ω.

Proof. Let v ∈ Vect(M). Then part (ii) of Theorem 2.6 yields∫
M

Λρ(J, Ĵ) ∧ ι(v)ρ = 1
2

∫
M

trace
(
ĴJLvJ

)
ρ = −〈Ĵ∗, ∂̄Jv〉L2

= −〈∂̄∗
J Ĵ

∗, v〉L2 =

∫
M

ω(J∂̄∗
J Ĵ

∗, v)ρ =

∫
M

ι(J∂̄∗
J Ĵ

∗)ω ∧ ι(v)ρ.

(2.40)

This proves Lemma 2.12.

Proof of Theorem 2.11. Choose ω as in Lemma 2.12. We prove part (i).

The condition is necessary by (2.13). Conversely, assume
∫
M

λ̂ ∧ ι(v)ρ = 0

for all v ∈ Vect(M) with LvJ = 0. Define the vector field u by ι(Ju)ω := λ̂.

Then 〈u, v〉L2 =
∫
M

ω(u, Jv)ρ = −
∫
M

λ̂ ∧ ι(v)ρ = 0 for all v ∈ ker ∂̄J . Hence there

exists a Ĵ ′ ∈ Ω0,1
J (M,TM) such that ∂̄∗

J(Ĵ
′)∗ = u and so by Lemma 2.12 we

have λ̂ = ι(Ju)ω = ι(J∂̄∗
J(Ĵ

′)∗)ω = Λρ(J, Ĵ
′). This proves (i).

We prove part (ii). The condition is necessary by (2.13). Conversely,

assume Ωρ,J(Ĵ , Ĵ
′) = 0 for all Ĵ ′ ∈ Ω0,1

J (M,TM) that satisfy Λρ(J, Ĵ
′) = 0.

Let v ∈ Vect(M) with ∂̄∗
J

(
∂̄Jv +

1
2JĴ

)
= 0 and define Ĵ ′ := (∂̄Jv +

1
2JĴ)

∗.
Then ∂̄∗

J(Ĵ
′)∗ = 0, hence Λρ(J, Ĵ

′) = 0 by (2.40), and hence Ωρ,J(Ĵ , Ĵ
′) = 0. This

implies
∫
M
|Ĵ ′|2ρ =

∫
M

trace
(
Ĵ ′(∂̄Jv+ 1

2JĴ)
)
ρ = 〈(Ĵ ′)∗, ∂̄Jv〉L2 = 0. Thus Ĵ ′ = 0 and

so Ĵ = 2J∂̄Jv = LvJ by (2.39). This proves (ii).
We prove part (iii). The condition is necessary by (2.15). Conversely,

assume
∫
M

dλ̂ ∧ α = 0 for all α ∈ Ω2n−2(M) with LvαJ = 0. Choose a ba-
sis u1, . . . , u� of V := {u ∈ Vect(M) | LuJ = 0} such that uk+1, . . . , u� form a
basis of {u ∈ V | ι(u)ρ ∈ imd}. Then ι(u1)ρ, . . . , ι(uk)ρ are linearly indepen-
dent in the quotient Ω2n−1(M)/imd. Hence, by Poincaré duality, there ex-
ist closed 1-forms λ1, . . . , λk ∈ Ω1(M) such that

∫
M

λi ∧ ι(uj)ρ = δij for i, j ≤ k.

Define λ̂′ := λ̂−∑k
i=1(

∫
M

λ̂ ∧ ι(ui)ρ)λi. Then we have
∫
M

λ̂′ ∧ ι(uj)ρ = 0

for j = 1, . . . , �. Hence by (i) there exists a 1-form Ĵ ′ ∈ Ω0,1
J (M,TM) such

that Λρ(J, Ĵ
′) = 2λ̂′. Thus R̂icρ(J, Ĵ ′) = dλ̂′ = dλ̂ and this proves (iii).

We prove part (iv). The condition is necessary by (2.15). Conversely, as-

sume Ωρ,J(Ĵ , Ĵ
′) = 0 for all Ĵ ′ ∈ Ω0,1

J (M,TM) such that R̂icρ(J, Ĵ
′) = 0. Then by (ii)

there is a v ∈ Vect(M) with LvJ = Ĵ . Choose ui, λi as in the proof of part (iii) and de-

fine v0 := v −∑k
i=1 xiui, xi :=

∫
M

λi ∧ ι(v)ρ. Then Lv0J = Ĵ . We prove that ι(v0)ρ is

exact. To see this, let λ̂ ∈ Ω1(M) be any closed 1-form and define λ̂′ := λ̂−∑k
i=1 yiλi,

yi :=
∫
M

λ̂ ∧ ι(ui)ρ. Then
∫
M

λ̂′ ∧ ι(uj)ρ = 0 for j = 1, . . . , �. Hence by (i) there ex-

ists a 1-form Ĵ ′ ∈ Ω0,1
J (M,TM) such that Λρ(J, Ĵ

′) = λ̂′. Thus R̂icρ(J, Ĵ
′) = 0,

hence Ωρ,J(Ĵ , Ĵ
′) = 0, and therefore

∫
M

λ̂ ∧ ι(v0)ρ =

∫
M

λ̂ ∧ ι(v)ρ−
k∑

i=1

xiyi =

∫
M

λ̂′ ∧ ι(v)ρ = Ωρ,J

(
Ĵ ′, Ĵ

)
= 0.

This shows that ι(v0)ρ is exact and completes the proof of Theorem 2.11.

3. The integrable case. Let M be a closed connected oriented 2n-manifold. In
this section we restrict attention to (integrable) complex structures that are compat-
ible with the orientation. Denote the space of such complex structures by Jint(M).
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The Ricci form in the integrable case. Let J ∈ Jint(M). Then
(TM, J) is a holomorphic vector bundle with the Cauchy–Riemann operator
∂̄J : Ω0,q

J (M,TM) → Ω0,q+1
J (M,TM). It satisfies

2J∂̄J,uv = J∇uv −∇Juv = (LvJ)u (3.1)

and

2J∂̄J Ĵ(u, v) = J(∇uĴ)v − J(∇vĴ)u− J(∇JuĴ)Jv + J(∇JvĴ)Ju

= − d
dt

∣∣
t=0

NJt(u, v)
(3.2)

for all u, v ∈ Vect(M), all Ĵ ∈ Ω0,1
J (M,TM), and every smooth path of almost com-

plex structures R → J (M) : t �→ Jt with J0 = J and d
dt |t=0Jt = Ĵ . Here ∇ is a

torsion-free connection on TM with ∇J = 0, equation (3.1) follows from (2.23),
and (3.2) follows by differentiating (A.2).

Next observe that

d(df ◦ J)(u, v)− d(df ◦ J)(Ju, Jv) = df(JNJ(u, v)), (3.3)

for all f ∈ Ω0(M) and all u, v ∈ Vect(M). Hence an almost complex struc-
ture J is integrable if and only if the 2-form d(df ◦ J) is of type (1, 1)
for all f ∈ Ω0(M). Theorem 3.1 below uses the Bott–Chern cohomology
group H1,1

BC(M,J) := (ker d ∩ Ω1,1
J (M))/{d(df ◦ J) | f ∈ Ω0(M)} [1, 2, 3, 5]. It shows

that Ricρ,J is the standard Ricci form in the integrable case.

Theorem 3.1. Let ρ ∈ Ω2n(M) be a positive volume form, let J ∈ Jint(M), and
let ∇ be a torsion-free ρ-connection with ∇J = 0. The following holds.

(i) Ricρ,J = 1
2 trace(JR

∇) is a closed (1, 1)-form and 1
2πRicρ,J represents the first

Bott–Chern class of the holomorphic tangent bundle (TM, J).

(ii) There exists a diffeomorphism φ ∈ Diff0(M) such that Ricρ,φ∗J = 0 if and only if
the first Bott–Chern class of (TM, J) vanishes.

(iii) Let φ : M → M be an orientation preserving diffeomorphism and suppose
that Ricρ,J = Ricρ,φ∗J = 0. Then φ∗ρ = ρ. If in addition φ is isotopic to the identity,
then φ ∈ Diff0(M,ρ).

Proof. The formula Ricρ,J = 1
2 trace(JR

∇) follows from Definition 2.5. More-
over, Ricρ,J is independent of the choice of ∇ by part (i) of Theorem 2.6, is closed
and represents the cohomology class 2πc1(TM, J) ∈ H2(M ;R) by part (iii) of Theo-
rem 2.6, and is a (1, 1)-form by Lemma A.2.

Now choose a nondegenerate 2-form ω ∈ Ω2(M), compatible with J , such that ρ
is the volume form of the metric 〈·, ·〉 = ω(·, J ·). Let ∇ be the Levi–Civita connection
of this metric and define

∇̃ := ∇− 1
2J∇J,

̂̂∇ := ∇̃ − 1
4 (A−A∗), (3.4)

where A ∈ Ω1(M,End(TM)) is the endomorphism valued 1-form defined by

A(u)v := J(∇vJ)u+ (∇JvJ)u (3.5)

for u, v ∈ Vect(M). Then, for all u ∈ Vect(M),

A(u)J = JA(u) = −A(Ju), A(u)∗J = JA(u)∗ = A(Ju)∗. (3.6)
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This shows that
̂̂∇ is a Hermitian connection on TM and induces the same Cauchy–

Riemann operator on TM as the connection ∇̃ − 1
4A. The latter preserves J by (3.6)

and is torsion-free by (A.2) (but it need not preserve ρ). Hence, for all u, v ∈ Vect(M),
we have

∂̄
̂

̂∇
J,uv = ∂̄

˜∇− 1
4A

J,u v = ∂̄J,uv = 1
2

(
∇uv + J∇Juv − J(∇vJ)u

)
.

Here the last equality holds because ∇ is torsion-free and J is integrable. Thus
̂̂∇ is

the unique Hermitian connection on TM with ∂̄
̂

̂∇
J = ∂̄J .

The curvature tensor of
̂̂∇ is given by

R
̂

̂∇ = R
˜∇ + 1

4d
˜∇(A∗ −A) + 1

32 [(A
∗ −A) ∧ (A∗ −A)].

Since J commutes with A∗ −A by (3.6), we obtain

trace(JR
̂

̂∇) = trace(JR
˜∇) + 1

4 trace
(
Jd

˜∇(A∗ −A)
)

= trace(JR
˜∇) + 1

4 trace
(
d
˜∇(JA∗ − JA)

)
= trace(JR

˜∇) + 1
2d

(
trace(A) ◦ J

)
= trace(JR

˜∇) + dλ∇
J = 2Ricρ,J .

Here the third equality follows from (3.6) and the fact that the endomorphisms A(Ju)
and A(Ju)∗ have the same trace, the fourth equality uses the fact that the two sum-
mands in v �→ A(Ju)v = (∇vJ)u+ (∇JvJ)Ju have the same trace, both equal to λ∇

J (u)
(see equation (2.8)), and the last equality follows from part (iii) of Theorem 2.6. This
proves (i).

We prove part (ii). Let φ ∈ Diff0(M) such that Ricρ,φ∗J = 0. Then we have
Ricφ∗ρ,J = φ∗Ricρ,φ∗J = 0 by part (i) of Theorem 2.6. Define the function f ∈ Ω0(M)
by e−fρ := φ∗ρ. Then

Ricρ,J = Ricρ,J − Ricφ∗ρ,J = Ricρ,J − Rice−fρ,J = 1
2d(df ◦ J).

Here the last equality uses (2.11). Since Ricρ,J represents 2π times the first Bott–
Chern class of (TM, J) by (i), this shows that c1,BC(TM, J) = 0.

Conversely, assume c1,BC(TM, J) = 0. Then, by part (i), there exists a
smooth function f : M → R such that Ricρ,J = 1

2d(df ◦ J). Choose c ∈ R such
that ec

∫
M

ρ =
∫
M

e−fρ and replace f by f + c to obtain
∫
M

e−fρ =
∫
M

ρ. Then
by Moser isotopy there exists a smooth isotopy {φt}0≤t≤1 of M such that φ0 = id
and φ∗

t

(
(1− t)ρ+ te−fρ

)
= ρ for 0 ≤ t ≤ 1. Thus the diffeomorphism φ := φ1 is iso-

topic to the identity and satisfies φ∗(e−fρ) = ρ. Hence

Ricρ,φ∗J = Ricφ∗(e−fρ),φ∗J = φ∗Rice−fρ,J = φ∗
(
Ricρ,J − 1

2d(df ◦ J)
)
= 0.

This proves (ii).
We prove part (iii). Let φ ∈ Diff(M) be orientation preserving, assume that

Ricρ,φ∗J = Ricρ,J = 0, and define f ∈ Ω0(M) by e−fρ := φ∗ρ. Then

1
2d(df ◦ J) = Ricρ,J − Rice−fρ,J = −Ricφ∗ρ,J = −φ∗Ricρ,φ∗J = 0.
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Thus f is constant. Since
∫
M

e−fρ =
∫
M

φ∗ρ =
∫
M

ρ, it follows that f = 0 and
so φ∗ρ = ρ. Moreover, Diff0(M,ρ) = Diff(M,ρ) ∩Diff0(M) by Moser isotopy. This
proves part (iii) and Theorem 3.1.

Example 3.2. Assume n = 1, suppose M has genus g ≥ 1, define V :=
∫
M

ρ
and c := 2π(2− 2g)V −1 ≤ 0, and let Kρ,J := Ricρ,J/ρ be the Gaußian curvature.
Then the moment map

J (M) → Ω2(M) : J �→ 2(Ricρ,J − cρ) = 2(Kρ,J − c)ρ

is G -equivariant and takes values in the space of exact 2-forms. The uni-
formization theorem for Riemann surfaces asserts that for every J ∈ J (M)
there exists a diffeomorphism φ ∈ Diff0(M) such that Kφ∗ρ,J = c and there-
fore Ricρ,φ∗J = cρ. Moreover, if Ricρ,J = Ricρ,φ∗J = cρ for some orientation
preserving diffeomorphism φ and φ∗ρ =: efρ, then 1

2d(df ◦ J) = c(ef − 1)ρ.
Hence d∗df = 2c(ef − 1) and this implies

∫
M
|df |2ρ = 2c

∫
M

f(ef − 1)ρ ≤ 0. Thus f is

constant and
∫
M

efρ =
∫
M

φ∗ρ =
∫
M

ρ, so f ≡ 0 and φ∗ρ = ρ.

Let (M,ω, J) be a closed connected Kähler manifold. For a Kähler poten-
tial h : M → R (with mean value zero) let ωh := ω + i∂̄∂h = ω + 1

2d(dh ◦ J) be the
associated symplectic form and let ρh := ωn

h/n!. The Calabi conjecture asserts that
the map h �→ Ricρh,J is a bijection onto the space of closed (1, 1)-forms represent-
ing the cohomology class 2πc1(TM, J). Injectivity was proved by Calabi [8, 9] and
surjectivity by Yau [44, 45].

Corollary 3.3 (Calabi–Yau). Let (M,ω, J) be a closed connected Kähler man-
ifold and let ρ ∈ Ω2n(M) be a positive volume form with

∫
M

ρ =
∫
M

ωn/n!. Then the
following holds.

(i) There exists a unique Kähler potential h : M → R such that ρh = ρ.

(ii) Assume ωn/n! = ρ and c1(TM, J) = 0 ∈ H2(M ;R). Then there exists a diffeo-
morphism φ ∈ Diff0(M) such that

Ricρ,φ∗J = 0 and φ∗J is compatible with ω. (3.7)

(iii) Assume ωn/n! = ρ and Ricρ,J = 0. Suppose φ ∈ Diff(M) satisfies (3.7) and the
2-form φ∗ω − ω is exact. Then φ∗ω = ω.

Proof. We prove part (i). By part (i) of Theorem 3.1, Ricρ,J is a closed (1, 1)-
form representing the cohomology class 2πc1(TM, J). Hence, by Yau’s existence
theorem [44, 45] and Calabi’s uniqueness theorem [8, 9], there exists a unique Kähler
potential h such that Ricρh,J = Ricρ,J . Since

∫
M

ρh =
∫
M

ρ by assumption, this im-
plies ρh = ρ by equation (2.11) in part (i) of Theorem 2.6.

We prove part (ii). By assumption and part (i) of Theorem 3.1 Ricρ,J is an
exact (1, 1)-form. Since J admits a compatible Kähler form, this implies that there
exists a function f ∈ Ω0(M) such that

Ricρ,J = 1
2d(df ◦ J),

∫
M

e−fρ =

∫
M

ρ.

Hence Rice−fρ,J = 0 by part (i) of Theorem 2.6. Now it follows from (i) that there ex-
ists a Kähler potential h such that ρh = e−fρ. Since ωh and ω are compatible with J ,
Moser isotopy yields a diffeomorphism φ ∈ Diff0(M) with φ∗ωh = ω. Thus φ∗J is
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compatible with ω and φ∗ρh = ρ. This implies Ricρ,φ∗J = φ∗Ricρh,J = 0 by part (i)
of Theorem 2.6.

To prove (iii), note that (φ−1)∗ω is compatible with J and represents the cohomol-
ogy class of ω. Thus there is a Kähler potential h with ωh = (φ−1)∗ω. Hence φ∗ρh = ρ
and φ∗Ricρh,J = Ricρ,φ∗J = 0 by part (i) of Theorem 2.6. Thus h = 0 by Calabi
uniqueness, so φ∗ω = ω. This proves Corollary 3.3.

Ricci-flat Kähler manifolds. Let ρ ∈ Ω2n(M) be a positive volume form. Then

the symplectic form Ωρ on J (M) is a (1, 1)-form for the complex structure Ĵ �→ −JĴ .

However, the resulting symmetric bilinear form 〈Ĵ1, Ĵ2〉ρ,J = 1
2

∫
M

trace(Ĵ1Ĵ2)ρ is in-
definite, so J (M) is not Kähler and complex submanifolds need not be symplectic.
An example is the space of (integrable) complex structures with real first Chern class
zero and nonempty Kähler cone. It is denoted by

Jint,0(M) :=

{
J ∈ Jint(M)

∣∣∣∣ c1(TM, J) = 0 ∈ H2(M ;R)
and J admits a Kähler form

}
.

Its tangent space at J is the kernel of ∂̄J : Ω0,1
J (M,TM) → Ω0,2

J (M,TM).

Theorem 3.4. Let J ∈ Jint,0(M) with Ricρ,J = 0 and let Ĵ ∈ Ω0,1
J (M,TM) such

that ∂̄J Ĵ = 0. Then the following holds.

(i) Ωρ,J(Ĵ , Ĵ
′) = 0 for all Ĵ ′ with ∂̄J Ĵ

′ = 0 if and only if there exists a vector field v

such that fv = fJv = 0 and LvJ = Ĵ .

(ii) Assume R̂icρ(J, Ĵ) = 0. Then Ωρ,J(Ĵ , Ĵ
′) = 0 for all Ĵ ′ with ∂̄J Ĵ

′ = 0

and R̂icρ(J, Ĵ
′) = 0 if and only if there exists a vector field v such that fv = 0

and LvJ = Ĵ or, equivalently, there exists an α ∈ Ω2n−2(M) with LvαJ = Ĵ .

Proof. See page 842.

Define Jint,0(M,ρ) := {J ∈ Jint,0(M) |Ricρ,J = 0}. Part (ii) of Theorem 3.4
(compare with part (iv) of Theorem 2.11) implies that the Teichmüller space
T0(M,ρ) := Jint,0(M,ρ)/Diff0(M,ρ) is a symplectic submanifold of the infinite-
dimensional symplectic quotient W0(M,ρ) in (2.38). The Teichmüller space will be
discussed further in Section 4.

The proof of Theorem 3.4 relies on three lemmas about Ricci-flat Kähler mani-
folds, which examine Λρ (Lemma 3.8), show that holomorphic vector fields correspond
to harmonic 1-forms (Lemma 3.9), and show that the space of harmonic infinitesimal

complex structures is invariant under Ĵ �→ Ĵ∗ (Lemma 3.10). These in turn require
three preparatory lemmas about Hamiltonian and gradient vector fields (Lemma 3.5),
about infinitesimal compatibility (Lemma 3.6), and about vector fields v such that LvJ
is self-adjoint (Lemma 3.7). While some of this material is well-known, we include
full proofs for completeness of the exposition. For a symplectic manifold (M,ω)
and J ∈ J (M,ω) the Hamiltonian and gradient vector fields of H ∈ Ω0(M) are given
by ι(vH)ω = dH and ∇H = JvH .

Lemma 3.5 (Hamiltonian and Gradient Vector Fields). Let (M,ω) be a
symplectic 2n-manifold, let J ∈ J (M,ω), let H ∈ Ω0(M), and define ρ := ωn/n!.
Then fvH = 0 and f∇H = −d∗dH. Moreover, if Ricρ,J = 0, then Λρ(J,L∇HJ) =
dd∗dH ◦ J and Λρ(J,LvHJ) = −dd∗dH.

Proof. Since ∗λ = −(λ ◦ J) ∧ ωn−1/(n− 1)! for all λ ∈ Ω1(M), we have

∗ι(v)ω = −(ι(v)ω ◦ J) ∧ ωn−1

(n−1)! = ι(Jv)ω ∧ ωn−1

(n−1)! = ι(Jv)ρ (3.8)
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for all v ∈ Vect(M). Hence f∇H = ∗dι(JvH)ρ = ∗d∗dH = −d∗dH and the remaining
assertions follow from (2.27). This proves Lemma 3.5.

Lemma 3.6 (Infinitesimal Compatibility). Let M be an oriented 2n-manifold and
let J ∈ J (M). If τ ∈ Ω1,1

J (M) and v ∈ Vect(M), then the Lie derivatives τ̂ := Lvτ

and Ĵ := LvJ satisfy the equation

τ̂(u, u′)− τ̂(Ju, Ju′) = τ(Ju, Ĵu′) + τ(Ĵu, Ju′) (3.9)

for all u, u′ ∈ Vect(M). If J is integrable and Ĵ ∈ Ω0,1
J (M,TM) satisfies the equa-

tion ∂̄J Ĵ = 0, then τ := Ricρ,J and τ̂ := R̂icρ(J, Ĵ) satisfy equation (3.9) for every
positive volume form ρ ∈ Ω2n(M).

Proof. Let τ ∈ Ω1,1
J (M), let φt be the flow of v ∈ Vect(M), and let Jt := φ∗

tJ .

If τ̂ := Lvτ and Ĵ := LvJ , differentiate the identity τt(u, u
′) = τt(Jtu, Jtu

′)
with τt := φ∗

t τ to obtain (3.9). Now assume J is integrable and τ = Ricρ,J .

If τ̂ := R̂icρ(J,LvJ), then Lvτ − τ̂ = 1
2d(dfv ◦ J) ∈ Ω1,1

J (M) by Theorem 2.7, so (3.9)

holds with Ĵ = LvJ . Now use the holomorphic Poincaré Lemma.

Lemma 3.7 (Self-Adjoint Lie Derivative LvJ). Let (M,ω) be a closed connected
symplectic 2n-manifold, let J ∈ J (M,ω), and let v ∈ Vect(M). Then the following
holds (with ρ = ωn/n! in part (iii)).

(i) LvJ is self-adjoint if and only if dι(v)ω ∈ Ω1,1
J (M).

(ii) If J is integrable, then LvJ is self-adjoint if and only if there exists a func-
tion F ∈ Ω0(M) such that dι(v +∇F )ω = 0.

(iii) ι(v)ω is harmonic if and only if fv = fJv = 0 and LvJ = (LvJ)
∗.

Proof. Part (i) follows from Lemma 3.6 with τ = ω.
Now suppose J is integrable. Then LvJ and LJvJ = JLvJ are self-adjoint

for every symplectic vector field v by (i). Conversely, assume LvJ = (LvJ)
∗.

Then dι(v)ω ∈ Ω1,1
J (M) by (i), and so there exists a function F ∈ Ω0(M) such

that dι(v)ω = d(dF ◦ J) = −dι(∇F )ω. This proves (ii).
To prove (iii) define ρ := ωn/n!. Then (3.8) shows that d∗ι(v)ω = 0 if and

only if fJv = 0. If dι(v)ω = 0, then fv = 0 and LvJ is self-adjoint by (i).
Conversely, assume fv = 0 and LvJ = (LvJ)

∗. Then dι(v)ω ∈ Ω1,1
J (M) by (i)

and 〈dι(v)ω, ω〉 = fv = 0. Thus

∗dι(v)ω = −dι(v)ω ∧ ωn−2

(n−2)! ,

so d∗dι(v)ω = 0, and hence dι(v)ω = 0. This proves Lemma 3.7.

Lemma 3.8 (Λρ in the Ricci-flat Case). Let (M,J, ω) be a closed con-
nected 2n-dimensional Ricci-flat Kähler manifold with volume form ρ = ωn/n! and

let Ĵ ∈ Ω0,1
J (M,TM) such that ∂̄J Ĵ = 0. Then R̂icρ(J, Ĵ) ∈ Ω1,1

J (M) and there exists
a unique pair of functions f = f

̂J , g = fJ ̂J ∈ Ω0(M) such that

Λρ(J, Ĵ) = −df ◦ J + dg,

∫
M

fρ =

∫
M

gρ = 0. (3.10)

Moreover, if ∂̄∗
J Ĵ = 0 then Λρ(J, Ĵ) = 0.
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Proof. It follows directly from Lemma 3.6 that R̂icρ(J, Ĵ) ∈ Ω1,1
J (M). Now

assume ∂̄∗
J Ĵ = 0 and let v := ∂̄∗

J Ĵ
∗ ∈ Vect(M). Then ι(v)ω = −Λρ(J, JĴ) by

Lemma 2.12, hence dι(v)ω = −2R̂icρ(J, JĴ) is an exact (1, 1)-form, thus LvJ

is self-adjoint by Lemma 3.7, and so is JLvJ = −2∂̄Jv = 2∂̄J ∂̄
∗
J(Ĵ − Ĵ∗).

Thus ∂̄J ∂̄
∗
J(Ĵ

∗ − Ĵ) is L2 orthogonal to Ĵ∗ − Ĵ and so ∂̄∗
J Ĵ

∗ = ∂̄∗
J(Ĵ

∗ − Ĵ) = 0.

Hence Λρ(J, Ĵ) = 0 by Lemma 2.12. To prove (3.10), choose v ∈ Vect(M) such

that ∂̄∗
J(Ĵ − LvJ) = 0. Then Λρ(J, Ĵ) = Λρ(J,LvJ) and hence f := fv and g := fJv

satisfy (3.10) by Theorem 2.7. This proves Lemma 3.8.

Lemma 3.9 (Holomorphic Vector Fields). Let M be a closed connected oriented
2n-manifold, fix a positive volume form ρ ∈ Ω2n(M) and an almost complex struc-
ture J ∈ J (M) such that Ricρ,J = 0, and let v ∈ Vect(M). Then the following holds.

(i) Λρ(J,LvJ) = 0 if and only if dι(v)ρ = dι(Jv)ρ = 0.

(ii) Assume J is compatible with a symplectic form ω such that ωn/n! = ρ and
that LvJ = 0. Then ι(v)ω is a harmonic 1-form.

(iii) Assume J is integrable and compatible with a symplectic form ω such
that ωn/n! = ρ. Then LvJ = 0 if and only if ι(v)ω is harmonic. If dι(v)ρ = 0, then
there exists a v0 ∈ Vect(M) such that ι(v0)ρ is exact and Lv0J = LvJ .

Proof. To prove (i), observe that Λρ(J,LvJ) = −dfv ◦ J + dfJv by (2.27). As-
sume Λρ(J,LvJ) = 0 and choose a nondegenerate 2-form ω ∈ Ω2(M) that is compat-
ible with J and satisfies ωn/n! = ρ. Then equation (3.8) yields

0 = ∗
((

d(dfv ◦ J)
)
∧ ωn−1

(n−1)!

)
= d∗dfv − ∗

(
(dfv ◦ J) ∧ dω ∧ ωn−2

(n−2)!

)
.

By the Hopf maximum principle, this implies that fv is locally constant. Thus fJv
is also locally constant. Since fv and fJv have mean value zero on each connected
component of M , it follows that fv = fJv = 0. This proves (i).

Part (ii) follows directly from (i) and Lemma 3.7. To prove (iii), assume J is
integrable and ω is closed. If ι(v)ω is harmonic, then (LvJ)

∗ = LvJ and fv = fJv = 0
by Lemma 3.7, thus it follows from (i) and Lemma 2.12 that

0 = Λρ(J,LvJ) = ι(J∂̄∗
J(LvJ)

∗)ω = ι(J∂̄∗
JLvJ)ω = −2ι(∂̄∗

J ∂̄Jv)ω,

and so LvJ = 2J∂̄Jv = 0. Now assume dι(v)ρ = 0, choose α0 ∈ Ω2n−2(M) such
that d∗dα0 = dι(Jv)ω, and define v0 ∈ Vect(M) by ι(v0)ρ := dα0.
Then ι(Jv0)ω = ∗dα0 by (3.8). Hence dι(Jv0)ω = d∗dα0 = dι(Jv)ω. We also
have d∗ι(J(v − v0))ω = −dι(v − v0)ρ = 0. Thus ι(J(v − v0))ω is harmonic and
so Lv−v0

J = −JLJ(v−v0)J = 0. This proves Lemma 3.9.

Lemma 3.10 (Harmonic Complex Anti-Linear Endomorphisms Ĵ). Let (M,J, ω)
be a closed connected 2n-dimensional Ricci-flat Kähler manifold with volume
form ρ := ωn/n! and let Ĵ ∈ Ω0,1

J (M,TM) such that ∂̄J Ĵ = 0 and ∂̄∗
J Ĵ = 0.

Then ∂̄J Ĵ
∗ = 0 and ∂̄∗

J Ĵ
∗ = 0.

Proof. Let ∇ be the Levi-Civita connection of a Kähler metric ω(·, J ·). Then the

Bochner–Kodaira–Nakano identity for Ĵ ∈ Ω0,1
J (M,TM) takes the form

∂̄∗
J ∂̄J Ĵ + ∂̄J ∂̄

∗
J Ĵ = 1

2∇
∗∇Ĵ + 1

2 [JQ, Ĵ ] + T (Ĵ), (3.11)



842 O. GARCÍA-PRADA, D. A. SALAMON AND S. TRAUTWEIN

where

∇∗∇Ĵ = −
∑
i

(∇ei∇ei Ĵ + div(ei)∇ei Ĵ), T (Ĵ)u =
∑
i

R∇(ei, u)Ĵei

for a local orthonormal frame e1, . . . , e2n, and the skew-adjoint endomorphism Q is
defined by 〈Q·, ·〉 = Ricρ,J . (See [11].) Since T (Ĵ)∗ = T (Ĵ∗), it follows that the

operator ∂̄∗
J ∂̄J + ∂̄J ∂̄

∗
J commutes with the operator Ĵ �→ Ĵ∗ in the Kähler–Einstein

case Q = κJ . This proves Lemma 3.10.

Proof of Theorem 3.4. Let Ĵ ∈ Ω0,1
J (M,TM) with ∂̄J Ĵ = 0. Then part (iii) of

Lemma 3.9 shows that the last two assertions in (ii) are equivalent. Next observe the
following.

Claim 1. R̂icρ(J, Ĵ) = 0 if and only if f
̂J = 0.

Claim 2. Ωρ,J(Ĵ ,LvJ) =
∫
M

(
f
̂JfJv − fJ ̂Jfv

)
ρ for all v ∈ Vect(M).

By (2.14) and Lemma 3.8 we have R̂icρ(J, Ĵ) =
1
2dΛρ(J, Ĵ) = − 1

2d(df ̂J ◦ J) and this
proves Claim 1. Claim 2 follows from (2.13) and Lemma 3.8.

Sufficiency in (i) and (ii) follows directly from Claim 1 and Claim 2. To prove
necessity, choose a symplectic form ω such that J is compatible with ω and ωn/n! = ρ.
Then (M,J, ω) is a Ricci-flat Kähler manifold.

We prove part (i). Assume Ωρ,J(Ĵ , Ĵ
′) = 0 for all Ĵ ′ with ∂̄J Ĵ

′ = 0 and

choose v ∈ Vect(M) such that ∂̄∗
J(Ĵ − LvJ) = 0. Then Λρ(J, Ĵ − LvJ) = 0 by

Lemma 3.8 and ∂̄J(Ĵ − LvJ)
∗ = 0 by Lemma 3.10. Thus it follows from the as-

sumption and equations (2.13) and (2.33) that

0 = Ωρ,J(Ĵ − LvJ,LJvJ) = −Ωρ,J(LvJ,LJvJ) =

∫
M

(
f2
v + f2

Jv

)
ρ.

Hence fv = fJv = 0. Now fix an element Ĵ ′ ∈ Ω0,1
J (M,TM) with ∂̄J Ĵ

′ = 0.

Then Ωρ,J(Ĵ − LvJ, JĴ
′) = 0 by assumption and Claim 2. Thus

〈(Ĵ − LvJ)
∗, Ĵ ′〉L2 =

∫
M

trace((Ĵ − LvJ)Ĵ
′)ρ = −2Ωρ,J(Ĵ − LvJ, JĴ

′) = 0.

This implies that there exists a τ ∈ Ω0,2
J (M,TM) with ∂̄∗

Jτ = (Ĵ − LvJ)
∗.

Hence ∂̄J ∂̄
∗
Jτ = ∂̄J(Ĵ − LvJ)

∗ = 0 and so Ĵ = LvJ . This proves (i).

We prove part (ii). Assume R̂icρ(J, Ĵ) = 0 and Ωρ,J(Ĵ , Ĵ
′) = 0 for all Ĵ ′

that satisfy ∂̄J Ĵ
′ = 0 and R̂icρ(J, Ĵ

′) = 0. Then f
̂J = 0 by Claim 1 and we

choose H ∈ Ω0(M) such that d∗dH = −fJ ̂J . Then Λρ(J, Ĵ − LvHJ) = 0 by

Lemma 3.5 and Lemma 3.8. Now let Ĵ ′ ∈ Ω0,1
J (M,TM) with ∂̄J Ĵ

′ = 0 and

choose F ∈ Ω0(M) such that d∗dF = −f
̂J ′ . Then R̂icρ(J, Ĵ

′ − L∇FJ) = 0 by (2.14),
Lemma 3.5, and Lemma 3.8. Hence

Ωρ,J(Ĵ − LvHJ, Ĵ ′) = Ωρ,J(Ĵ − LvH
J, Ĵ ′ − L∇FJ) = Ωρ,J(Ĵ , Ĵ

′ − L∇FJ) = 0

by assumption and Theorem 2.6. So part (i) asserts that there exists a vector field u

with fu = fJu = 0 and LuJ = Ĵ − LvHJ . Thus v := u+ vH is a divergence-free vector

field with LvJ = Ĵ . This proves Theorem 3.4.
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We close this section with a well known lemma (see [22]) that is used in Theo-
rem 4.6. We include a proof for completeness of the exposition.

Lemma 3.11 (Harmonic (0, 2)-Forms). Let (M,J, ω) be a closed connected 2n-
dimensional Ricci-flat Kähler manifold, let ∇ be the Levi-Civita connection of the
Kähler metric, let Ĵ ∈ Ω0,1

J (M,TM) with Ĵ + Ĵ∗ = 0, and let ω̂ = 〈Ĵ ·, ·〉 ∈ Ω2(M).

Then ω̂1,1
J = 0 and the following are equivalent.

(i) ∂̄J Ĵ = 0 and ∂̄∗
J Ĵ = 0.

(ii) ∇Ĵ = 0.

(iii) ∇ω̂ = 0.

(iv) ω̂ is a harmonic 2-form.

(v) dω̂ = 0.

Proof. It follows directly from the definition that ω̂1,1
J = 0. To prove that (i) is

equivalent to (ii), let T be the operator in the proof of Lemma 3.10 and assume that Ĵ
is skew-adjoint. Then, by the first Bianchi identity, we have

T (Ĵ)u =
∑
i

R∇(ei, u)Ĵei =
∑
i,j

〈ej , Ĵei〉R∇(ei, u)ej

=
∑
i,j

〈Ĵej , ei〉
(
R∇(ej , ei)u+R∇(u, ej)ei

)
=

∑
j

R∇(ej , Ĵej)u− T (Ĵ)u.

Hence, for a local orthonormal frame with en+i = Jei, we obtain

T (Ĵ) = 1
2

∑
i

R∇(ei, Ĵei) = 1
4

∑
i

(
R∇(ei, Ĵei) +R∇(Jei, ĴJei)

)
= 0.

Thus ‖∂̄J Ĵ‖2 + ‖∂̄∗
J Ĵ‖2 = ‖∇Ĵ‖2 by (3.11) with Q = 0 and so (i) is equivalent to (ii).

The equivalence of (ii) and (iii) follows directly from the definition of ω̂. That (iii)
implies (v) follows from Lemma A.1, and (iv) is equivalent to (v) because ω̂1,1

J = 0 and
so ∗ω̂ = ω̂ ∧ ωn−2/(n− 2)!. That (iv) implies (iii) is a consequence of the Weitzenböck
formula(

d∗dω̂ − dd∗ω̂ −∇∗∇ω̂
)
(u, v)

=
∑
i

(
ω̂
(
ei, R

∇(u, v)ei
)
− ω̂

(
u,R∇(v, ei)ei

)
+ ω̂

(
v,R∇(u, ei)ei

)) (3.12)

for ω̂ ∈ Ω2(M), u, v ∈ Vect(M), and a local orthonormal frame e1, . . . , e2n. In the
Ricci-flat Kähler case with ω̂1,1

J = 0 the right hand side in (3.12) vanishes and
hence ‖dω̂‖2 + ‖d∗ω̂‖2 = ‖∇ω̂‖2. This proves Lemma 3.11.

4. Teichmüller space.

The Calabi–Yau Teichmüller space. Fix a closed connected oriented 2n-
manifold M . The Calabi–Yau Teichmüller space is the space of isotopy classes of
complex structures J with real first Chern class zero and nonempty Kähler cone KJ .
It is denoted by

T0(M) := Jint,0(M)/Diff0(M),

Jint,0(M) :=

{
J ∈ Jint(M)

∣∣∣∣ c1(TM, J) = 0 ∈ H2(M ;R)
and J admits a Kähler form

}
.

(4.1)
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For every J ∈ Jint,0(M) the space of holomorphic vector fields is isomorphic
to H1(M ;R) by part (iii) of Lemma 3.9 and the Calabi–Yau Theorem. More-
over, the Bogomolov–Tian–Todorov theorem asserts that the obstruction class van-
ishes [4, 36, 37]. Hence the cohomology of the complex

Ω0(M,TM)
∂̄J−→ Ω0,1

J (M,TM)
∂̄J−→ Ω0,2

J (M,TM) (4.2)

has constant dimension. It follows that the Teichmüller space T0(M) is a smooth
manifold [10, 23, 24, 25, 27, 28] whose tangent space at J ∈ Jint,0(M) is the coho-
mology of the complex (4.2), i.e.

T[J]T0(M) =
ker(∂̄J : Ω0,1

J (M,TM) → Ω0,2
J (M,TM))

im(∂̄J : Ω0(M,TM) → Ω0,1
J (M,TM))

. (4.3)

Remark 4.1. The Teichmüller space is in general not Hausdorff, even for the K3
surface [19, 39]. Let (M,J) be a K3-surface that admits an embedded holomorphic
sphere C ⊂ M with self-intersection number C · C = −2, and let τ : M → M be a
Dehn twist about C. Then there exists a smooth family of complex structures {Jt ∈
Jint,0(M)}t∈C and a smooth family of diffeomorphisms {φt ∈ Diff0(M)}t∈C\{0} such
that J0 = J and φ∗

tJt = τ∗J−t for all t ∈ C \ {0}. Thus Jt and τ∗J−t rep-
resent the same class in Teichmüller space, however, their limits limt→0 Jt = J0
and limt→0 τ

∗J−t = τ∗J0 do not represent the same class in Teichmüller space be-
cause their effective cones differ. Namely, the class [C] ∈ H2(M ;Z) belongs to the
effective cone of J0 while the class −[C] ∈ H2(M ;Z) belongs to the effective cone
of τ∗J0.

For general hyperKähler manifolds the Teichmüller space becomes Hausdorff after
identifying inseparable complex structures (see Verbitsky [39, 40]), which are biholo-
morphic by a theorem of Huybrechts [20].

Teichmüller space as a symplectic quotient. Fix a positive volume form ρ
on M and define

T0(M,ρ) := Jint,0(M,ρ)/Diff0(M,ρ),

Jint,0(M,ρ) :=
{
J ∈ Jint,0(M) |Ricρ,J = 0

}
.

(4.4)

The tangent space of T0(M,ρ) at J ∈ Jint,0(M,ρ) is the quotient

T[J]T0(M,ρ) =

{
Ĵ ∈ Ω0,1

J (M,TM) | ∂̄J Ĵ = 0, R̂icρ(J, Ĵ) = 0
}{

LvJ | v ∈ Vect(M), dι(v)ρ = 0
} . (4.5)

Lemma 4.2. The inclusion ιρ : T0(M,ρ) → T0(M) is a diffeomorphism.

Proof. The map ιρ is bijective by Theorem 3.1. The derivative of ιρ at an
element J ∈ Jint,0(M,ρ) is the inclusion of the quotient (4.5) into (4.3). It is in-

jective because R̂icρ(J,LvJ) = − 1
2d(dfv ◦ J), and so R̂icρ(J,LvJ) = 0 implies fv = 0

and thus dι(v)ρ = 0. It is surjective because, if Ĵ ∈ Ω0,1
J (M,TM) satisfies ∂̄J Ĵ = 0

and F ∈ Ω0(M) is the unique solution of d∗dF = f
̂J with mean value zero, then

Λρ(J,L∇FJ) = dd∗dF ◦ J = df
̂J ◦ J by Lemma 3.5 and so R̂icρ(J, Ĵ + L∇FJ) = 0 by

Lemma 3.8. This proves Lemma 4.2.
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By Lemma 3.9 the quotient group Diff0(M,ρ)/Diffex(M,ρ) acts trivially
on Jint,0(M,ρ)/Diffex(M,ρ). Hence T0(M,ρ) is a submanifold of the infinite-
dimensional symplectic quotient W0(M,ρ) = J0(M,ρ)/Diffex(M,ρ) in (2.38), which
is regular near T0(M,ρ) by Lemma 3.9 and Theorem 2.11. Moreover, Ωρ descends to a
symplectic form on T0(M,ρ) by Theorem 3.4. Here is a formula for the pushforward of
this symplectic form under the diffeomorphism ιρ in Lemma 4.2. Let V > 0. By Theo-
rem 3.1 every J ∈ Jint,0(M) admits a unique positive volume form ρ = ρJ ∈ Ω2n(M)
such that

Ricρ,J = 0,

∫
M

ρ = V. (4.6)

Definition 4.3 (Weil–Petersson Symplectic Form). For J ∈ Jint,0(M), for the

volume form ρJ in (4.6), and for Ĵ1, Ĵ2 ∈ Ω0,1
J (M,TM) with ∂̄J Ĵi = 0 and fi, gi as

in Lemma 3.8, define

ΩJ(Ĵ1, Ĵ2) :=

∫
M

(
1
2 trace

(
Ĵ1JĴ2

)
− f1g2 + f2g1

)
ρJ , (4.7)

〈Ĵ1, Ĵ2〉J := ΩJ(Ĵ1,−JĴ2) =

∫
M

(
1
2 trace

(
Ĵ1Ĵ2

)
− f1f2 − g1g2

)
ρJ . (4.8)

Theorem 4.4. (i) The 2-form ΩJ in (4.7) descends to a nondegenerate 2-form
on the quotient space (4.3) and defines a symplectic form on T0(M). Its pullback
to T0(M,ρ) under the diffeomorphism ιρ of Lemma 4.2 is the symplectic form induced
by Ωρ.

(ii) If φ : M → M is an orientation preserving diffeomorphism then

Ωφ∗J(φ
∗Ĵ1, φ∗Ĵ2) = ΩJ(Ĵ1, Ĵ2) (4.9)

for all Ĵ1, Ĵ2 ∈ Ω0,1
J (M,TM) such that ∂̄J Ĵi = 0. Thus the mapping class

group Γ := Diff+(M)/Diff0(M) acts on T0(M) by symplectomorphisms.

(iii) For a symplectic form ω ∈ Ω2(M) with real first Chern class zero define

T (M,ω) := Jint(M,ω)/∼, Jint(M,ω) := Jint(M) ∩ J (M,ω), (4.10)

where J0 ∼ J1 iff there is a diffeomorphism φ ∈ Diff0(M) such that φ∗J0 = J1. This
space is a complex submanifold of T0(M) and the symplectic form (4.7) restricts to
the standard Kähler form on T (M,ω). The symmetric bilinear form (4.8) is positive
on T[J]T (M,ω) and is negative on its symplectic complement.

Proof. The proof has three steps.

Step 1. Let J ∈ Jint,0(M), let Ĵ ∈ Ω0,1
J (M,TM) such that ∂̄J Ĵ = 0, and

let v ∈ Vect(M). Then ΩJ(Ĵ ,LvJ) = 0.

Let ρ := ρJ and let f = f
̂J and g = fJ ̂J be as in Lemma 3.8. Then

ΩJ(Ĵ ,LvJ) =
1
2

∫
M

trace
(
ĴJLvJ

)
−

∫
M

(
ffJv − gfv)ρ

=

∫
M

Λρ(J, Ĵ) ∧ ι(v)ρ−
∫
M

fdι(Jv)ρ+

∫
M

gdι(v)ρ = 0
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because Λρ(J, Ĵ) = −df ◦ J + dg. This proves Step 1.

Step 2. Let J ∈ Jint,0(M) and let Ĵ ∈ Ω0,1
J (M,TM) such that ∂̄J Ĵ = 0

and ΩJ(Ĵ , Ĵ
′) = 0 for all Ĵ ′ ∈ Ω0,1

J (M,TM) with ∂̄J Ĵ
′ = 0. Then Ĵ ∈ im∂̄J .

Choose a symplectic form ω such that J ∈ Jint(M,ω) and ωn/n! = ρJ ,
and choose functions F,G ∈ Ω0(M) such that d∗dF = −fJ ̂J and d∗dG = −f

̂J .

Then Λρ(J,LvF+∇GJ) = Λρ(J, Ĵ) by Lemma 3.5 and hence, by Step 1,

Ωρ,J(Ĵ − LvF+∇GJ, Ĵ
′) = ΩJ(Ĵ − LvF+∇GJ, Ĵ

′) = ΩJ(Ĵ , Ĵ
′) = 0

for all Ĵ ′ ∈ Ω0,1
J (M,TM) with ∂̄J Ĵ

′ = 0. Hence, by part (i) of Theorem 3.4, there

exists a vector field v with LvJ = Ĵ − LvF+∇GJ . This proves Step 2.

Step 3. We prove Theorem 4.4.

By Step 1 the 2-form (4.7) on Jint,0(M) descents to T0(M) and by Step 2
the induced 2-form on T0(M) is nondegenerate. Its pullback under the diffeomor-
phism ιρ in Lemma 4.2 is the restricton of the symplectic form Ωρ on J (M) to the
subquotient T0(M,ρ). Hence it is closed and this proves part (i). Part (ii) follows di-
rectly from the definitions and part (iii) holds because the tangent space T[J]T (M,ω)

is the quotient of the space of self-adjoint endomorphisms Ĵ = Ĵ∗ ∈ Ω0,1
J (M,TM)

with ∂̄J Ĵ = 0 by those generated by Hamiltonian and gradient vector fields. This
proves Theorem 4.4.

A symplectic connection. Consider the fibration T0(M,ω) ↪→ E0(M) →
B0(M), where B0(M) denotes the space of isotopy classes of symplectic forms with
real first Chern class zero which admit compatible complex structures and E0(M)
denotes the space of isotopy classes of Ricci-flat Kähler structures (ω, J) on M . Thus

T0(M,ω) := Jint,0(M,ω)/Symp(M,ω) ∩Diff0(M),

Jint,0(M,ω) := {J ∈ Jint(M,ω) |Ricω,J = 0} ,
B0(M) := S0(M)/Diff0(M),

S0(M) :=

{
ω ∈ Ω2(M)

∣∣∣∣ dω = 0, ωn > 0, cR1 (ω) = 0,
Jint(M,ω) �= ∅

}
,

E0(M) := K0(M)/Diff0(M),

K0(M) := {(ω, J) |ω ∈ S0(M), J ∈ Jint(M,ω), Ricω,J = 0} .

(4.11)

These quotient spaces are finite-dimensional manifolds. Here is a list of the real
dimensions for the cases whereM is the 2n-torus, the K3 surface, the Enriques surface,
the quintic in CP4, the banana manifold B in [7], and a rigid Calabi–Yau 3-fold JB
introduced recently by Jim Bryan (as yet unpublished).

M
T0(M) KJ E0(M) B0(M) T0(M,ω)
2hn−1,1 h1,1 h1,1 + 2hn−1,1 h1,1 + 2h2,0 2hn−1,1 − 2h2,0

T
2n 2n2 n2 3n2 2n2 − n n2 + n

K3 40 20 60 22 38
Enriques 20 10 30 10 20
Quintic 202 1 203 1 202

B 16 20 36 20 16
JB 0 4 4 4 0



COMPLEX STRUCTURES, MOMENT MAPS & THE RICCI FORM 847

The symplectic form (4.7) in Theorem 4.4 gives rise to a closed 2-form on E0(M)
which restricts to the canonical Kähler form on each fiber and whose kernel at (ω, J) is
the space H1,1

J (M)×{0}. It gives rise to a symplectic connection on E0(M) as in [30,
Chapter 6]. To describe this connection, it will be convenient to use the notation

(J∗ω̂)(u, u′) := ω̂(Ju, Ju′),
(ι(J)ω̂)(u, u′) := ω̂(Ju, u′) + ω̂(u, Ju′).

(4.12)

for ω̂ ∈ Ω2(M) and u, u′ ∈ Vect(M). The 2-forms J∗ω̂ and ι(J)ω̂ are closed when-
ever ω̂ is harmonic, because ω̂2,0

J = 1
4 (ω̂ − J∗ω̂)− i

4 ι(J)ω̂.
The tangent space of K0(M) at (ω, J) with ρ := ωn/n! is the space of all

pairs (ω̂, Ĵ) ∈ Ω2(M)× Ω0,1
J (M,TM) that satisfy the conditions

ω̂(u, u′)− ω̂(Ju, Ju′) = ω(Ĵu, Ju′) + ω(Ju, Ĵu′) (4.13)

for all u, u′ ∈ Vect(M) and

dω̂ = 0, ∂̄J Ĵ = 0, R̂icρ(J, Ĵ) +
1
2d(d〈ω̂, ω〉 ◦ J) = 0. (4.14)

We will strengthen the last condition in (4.14) and require

Λρ(J, Ĵ) = −d〈ω̂, ω〉 ◦ J. (4.15)

The definition of the connection is based on the next lemma.

Lemma 4.5. Let (ω, J) ∈ K0(M) be a Ricci-flat Kähler structure, denote
by 〈·, ·〉 := ω(·, J ·) the Kähler metric, define ρ := ωn/n!, and let ω̂ ∈ Ω2(M) be a closed

2-form. Then, for Ĵ ∈ Ω0,1
J (M,TM), the following are equivalent.

(a) Ĵ satisfies (4.13), (4.14), (4.15), and, for all Ĵ ′ ∈ Ω0,1
J (M,TM),

Ĵ ′ = (Ĵ ′)∗, ∂̄J Ĵ
′ = 0 =⇒ ΩJ(Ĵ , Ĵ

′) = 0. (4.16)

(b) If v ∈ Vect(M) satisfies

d∗(ω̂ − dι(v)ω) = 0, d∗ι(v)ω = 0, (4.17)

and ω̂0 ∈ Ω2(M) and Ĵ0 ∈ Ω0,1
J (M,TM) are defined by

ω̂0 := ω̂ − dι(v)ω, 〈Ĵ0·, ·〉 = 1
2

(
ω̂0 − J∗ω̂0

)
, (4.18)

then Ĵ = LvJ + Ĵ0.

Moreover, for every closed 2-form ω̂ there exists a unique Ĵ ∈ Ω0,1
J (M,TM) that sat-

isfies the equivalent conditions (a) and (b).

Proof. We prove in three steps that (a) is equivalent to (b).

Step 1. Suppose Ĵ1 and Ĵ2 satisfy (a). Then Ĵ1 = Ĵ2.

The difference Ĵ := Ĵ1 − Ĵ2 satisfies (a) with ω̂ = 0. Hence Ĵ = Ĵ∗ by (4.13),

and ∂̄J Ĵ = 0 by (4.14), and Λρ(J, Ĵ) = 0 by (4.15). Let Ĵ ′ ∈ Ω0,1
J (M,TM)

with ∂̄J Ĵ
′ = 0, choose a vector field v′ such that ∂̄∗

J(Ĵ
′ − Lv′J) = 0, and

define (Ĵ ′ − Lv′J
)+

:= 1
2 (Ĵ

′ − Lv′J + (Ĵ ′ − Lv′J)∗). Then ∂̄J(Ĵ
′ − Lv′J)+ = 0
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by Lemma 3.10, hence ΩJ(Ĵ , (Ĵ
′ − Lv′J)+) = 0 by (4.16), and this implies

that ΩJ(Ĵ , Ĵ
′) = ΩJ(Ĵ , Ĵ

′ − Lv′J) = ΩJ(Ĵ , (Ĵ
′ − Lv′J)+) = 0. Thus by Theorem 4.4

there exists a vector field v with LvJ = Ĵ . Since Ĵ = Ĵ∗, Lemma 3.7 asserts that
there exist functions F,H ∈ Ω0(M) and a vector field v0 such that v := v0 + vH +∇F
and ι(v0)ω is a harmonic 1-form. Thus Lv0J = 0 by Lemma 3.9 and dd∗dF ◦
J − dd∗dH = Λρ(J,LvJ) = 0 by Lemma 3.5. Hence F and H are constant,

so Ĵ = Lv0J = 0 and Ĵ1 = Ĵ2. This proves Step 1.

Step 2. Suppose v ∈ Vect(M) satisfies (4.17), define ω̂0 and Ĵ0 by (4.18), and

define Ĵ := LvJ + Ĵ0. Then Ĵ satisfies (a).

By (4.18) and (3.8), we have

fvρ = dι(v)ρ = dι(v)ω ∧ ωn−1

(n−1)! = 〈ω̂ − ω̂0, ω〉ρ,
fJvρ = dι(Jv)ρ = d∗ι(v)ω = 0.

(4.19)

Moreover, ω̂0 is a harmonic 2-form and so is ω̂0 − J∗ω̂0. Thus ∂̄J Ĵ0 = 0 and ∂̄∗
J Ĵ0 = 0

by Lemma 3.11, hence Λρ(J, Ĵ0) = 0 by Lemma 3.8, and therefore Λρ(J, Ĵ) =

Λρ(J,LvJ) = −dfv ◦ J = −d〈ω̂, ω〉 ◦ J by (4.19). Since Ĵ0 is skew-adjoint by (4.18),

we have ΩJ(Ĵ , Ĵ
′) = ΩJ(LvJ, Ĵ

′) = 0 for all Ĵ ′ with Ĵ ′ = (Ĵ ′)∗ and ∂̄J Ĵ
′ = 0 and, by

Lemma 3.6,

〈(Ĵ − Ĵ∗)·, ·〉 = 〈(LvJ − (LvJ)
∗)·, ·〉+ 2〈Ĵ0·, ·〉 = ω̂ − J∗ω̂.

Hence Ĵ satisfies (a) and this proves Step 2.

Step 3. (a) is equivalent to (b).

By Step 2, (b) implies (a). Now assume Ĵ satisfies (a) and v satisfies (4.17).

Define ω̂0 and Ĵ0 by (4.18). Then LvJ+Ĵ0 satisfies (a) by Step 2 and so Ĵ = LvJ + Ĵ0
by Step 1. Thus Ĵ satisfies (b) and this proves Step 3.

Thus we have established the equivalence of (a) and (b). By Step 2 and Hodge

theory there exists an element Ĵ ∈ Ω0,1
J (M,TM) that satisfies (a). Uniqueness was

established in Step 1 and this proves Lemma 4.5.

Theorem 4.6 (Symplectic Connection). (i) Let (ω, J) ∈ K0(M) and
let ρ := ωn/n!. Then there exists a unique linear map

Aω,J : Ω2(M) ⊃ ker d → Ω0,1
J (M,TM)

which assigns to every closed real valued 2-form ω̂ ∈ Ω2(M) the unique infinitesi-

mal complex structure Ĵ = Aω,J(ω̂) ∈ Ω0,1
J (M,TM) that satisfies the equivalent con-

ditions (a) and (b) in Lemma 4.5.

(ii) The 1-form A is Diff(M)-equivariant, i.e.

Aφ∗ω,φ∗J(φ
∗ω̂) = φ∗Aω,J(ω̂) (4.20)

for every (ω, J) ∈ K0(M), every closed 2-form ω̂, and every orientation preserving
diffeomorphism φ : M → M . Moreover,

Aω,J(dι(v)ω) = LvJ (4.21)
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for all (ω, J) ∈ K0(M) and all v ∈ Vect(M) with dι(Jv)ωn = 0.

(iii) The curvature of the connection A is a Diff0(M)-equivariant 2-form on S0(M)
with values in the space of smooth functions on the fiber T0(M,ω). It assigns to
every ω ∈ S0(M) and every pair ω̂1, ω̂2 of closed 2-forms on M the Hamiltonian
function Hω;ω̂1,ω̂2

: T0(M,ω) → R given by

Hω;ω̂1,ω̂2
(J) := −ΩJ

(
Aω,J(ω̂1),Aω,J(ω̂2)

)
= 1

2

∫
M

(
ι(J)(ω̂1 − dλ̂1)

)
∧ ω̂2 ∧ ωn−2

(n−2)!

(4.22)

for J ∈ Jint(M,ω) with Ricω,J = 0, where the 1-form λ̂1 ∈ Ω1(M) is chosen such

that d∗(ω̂1 − dλ̂1) = 0 with respect to the Kähler metric 〈·, ·〉 := ω(·, J ·). The Hamil-
tonian vector field on T0(M,ω) generated by this function is the vertical part of the
Lie bracket of the horizontal lifts of two vector fields on B0(M) that take the values ω̂i

at ω (see [30, Lemma 6.4.8]).

Proof. Part (i) and (4.21) follow directly from Lemma 4.5, while (4.20) follows by
combining uniqueness in part (i) with the naturality conditions in Theorem 2.6 and
Theorem 4.4. This proves (i) and (ii).

For part (iii) we must verify the second equality in (4.22). Fix a sym-
plectic form ω ∈ Ω2(M) with real first Chern class zero, define ρ := ωn/n!,
and let ω̂1, ω̂2 ∈ Ω2(M) be closed. Let J ∈ Jint(M,ω) such that Ricρ,J = 0,

choose λ̂i ∈ Ω1(M) such that d∗(ω̂i − dλ̂i) = 0 and d∗λ̂i = 0 with respect to the Kähler

metric 〈·, ·〉 = ω(·, J ·), and define vi ∈ Vect(M) by ι(vi)ω := λ̂i.
By (i) and Lemma 4.5, we have

Aω,J(ω̂i) = Ĵi + LviJ, 〈Ĵi·, ·〉 = 1
2

(
(ω̂i − dλ̂i)− J∗(ω̂i − dλ̂i)

)
. (4.23)

Since Λρ(J, Ĵi) = 0 and fJvi
= 0 by (4.19), equation (4.23) yields

Hω;ω̂1,ω̂2
(J) = −ΩJ

(
Ĵ1 + Lv1

J, Ĵ2 + Lv2
J
)
= − 1

2

∫
M

trace
(
Ĵ1JĴ2

)
ρ.

Now choose a local orthonormal frame e1, . . . , e2n. Then

− 1
2 trace

(
Ĵ1JĴ2

)
= − 1

2

∑
i

〈JĴ1ei, Ĵ2ei〉 = − 1
2

∑
i

〈JĴ1ei, ej〉〈ej , Ĵ2ei〉

=
∑
i<j

〈Ĵ1ei, Jej〉〈ej , Ĵ2ei〉 = 1
2 〈ι(J)τ1, τ2〉,

where τi := 〈Ĵi·, ·〉 = 1
2 (ω̂i − dλ̂i − J∗(ω̂i − dλ̂i)). This 2-form satisfies (τi)

1,1
J = 0 and

hence ∗τi = τi ∧ ωn−2/(n− 2)!. Moreover, ι(J)τi = ι(J)(ω̂i − dλ̂i). Thus

Hω;ω̂1,ω̂2
(J) = − 1

2

∫
M

trace
(
Ĵ1JĴ2

)
ρ = 1

2

∫
M

(
ι(J)τ1

)
∧ ∗τ2

= 1
4

∫
M

(
ι(J)(ω̂1 − dλ̂1)

)
∧
(
ω̂2 − dλ̂2 − J∗(ω̂2 − dλ̂2)

)
∧ ωn−2

(n−2)!

= 1
2

∫
M

(
ι(J)(ω̂1 − dλ̂1)

)
∧
(
ω̂2 − dλ̂2

)
∧ ωn−2

(n−2)!

= 1
2

∫
M

(
ι(J)(ω̂1 − dλ̂1)

)
∧ ω̂2 ∧ ωn−2

(n−2)! .



850 O. GARCÍA-PRADA, D. A. SALAMON AND S. TRAUTWEIN

This proves (4.22). The right hand side of (4.22) depends only on the cohomology
classes of ω̂1 and ω̂2. Hence it is invariant under the action of Diff0(M) ∩ Symp(M,ω)
on J , because φ∗ω̂i − ω̂i is exact for φ ∈ Diff0(M). Thus it descends to a function
on T0(M,ω). This proves Theorem 4.6.

The quotient of the Calabi–Yau Teichmüller space by the mapping class group is
the Calabi–Yau moduli space M0(M) := Jint,0(M)/Diff+(M). For each Kählerable
symplectic form ω with real first Chern class zero there is a polarized Calabi–Yau
moduli space M0(M,ω) := Jint,0(M,ω)/Symp(M,ω), the quotient of the polarized
Teichmüller space T0(M,ω) by the symplectic mapping class group. The study of
the geometry of these moduli spaces is a vast and extremely active area of research in
both mathematics and physics. An overview of the subject and many references can
be found in the article [46] by Shing-Tung Yau.

Appendix A. Torsion-free connections. Let M be an oriented 2n-manifold.
We prove that a nondegenerate 2-form on M is preserved by a torsion-free connection
if and only if it is closed, and that an almost complex structure on M is preserved by
a torsion-free connection if and only if it is integrable. We use the sign conventions

[Lu,Lv] + L[u,v] = 0

for the Lie bracket and

NJ(u, v) = [u, v] + J [Ju, v] + J [u, Jv]− [Ju, Jv] (A.1)

for the Nijenhuis tensor. If ∇ is a torsion-free connection on TM then

NJ(u, v) = (∇uJ)Jv + (∇JuJ)v − (∇vJ)Ju− (∇JvJ)u. (A.2)

Lemma A.1. Let M be a 2n-manifold.

(i) An almost complex structure J is integrable if and only if there exists a torsion-
free connection ∇ on TM such that ∇J = 0. If J is integrable and ρ ∈ Ω2n(M) is
a volume form inducing the same orientation as J , then there exists a torsion-free
connection ∇ on TM such that ∇ρ = 0 and ∇J = 0.

(ii) A nondegenerate 2-form ω ∈ Ω2(M) is closed if and only if there exists a torsion-
free connection ∇ on TM such that ∇ω = 0.

Proof. We prove part (i). If ∇ is a torsion-free connection with ∇J = 0 it fol-
lows directly from (A.2) that NJ = 0. Conversely suppose J is integrable and let ρ
be a volume form on M inducing the same orientation as J . Fix a background
metric g on M . Then gJ := g + J∗g is a metric with respect to which J is skew-
adjoint and, if dvolJ ∈ Ω2n(M) is the volume form of this metric, then the met-
ric gρ,J := (ρ/dvolJ)

1/ngJ has the volume form ρ. Let∇ be the Levi-Civita connection
of the metric gρ,J . Then ∇ is torsion-free and ∇ρ = 0. Let α(u) := 1

2 trace(J(∇J)u)
and define

∇̂uv := ∇uv − 1
2J(∇uJ)v − 1

4J(∇vJ)u− 1
4 (∇JvJ)u

+
α(u)v + α(v)u− α(Ju)Jv − α(Jv)Ju

2n+ 2
.

(A.3)

Then ∇̂ρ = 0, ∇̂J = 0, and a calculation shows that Tor
̂∇ = − 1

4NJ , so ∇̂ is torsion-
free if and only if J is integrable. This proves (i).
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We prove part (ii). If ∇ is torsion-free and ∇ω = 0 then

dω(u, v, w) = Lu(ω(v, w)) + Lv(ω(w, u)) + Lw(ω(u, v))

+ ω([v, w], u) + ω([w, u], v) + ω([u, v], w)

= ω([v, w]−∇wv +∇vw, u) + ω([w, u]−∇uw +∇wu, v)

+ ω([u, v]−∇vu+∇uv, w) = 0.

Conversely, suppose ω is a symplectic form and choose an almost complex structure J
on M that is compatible with ω, so 〈·, ·〉 := ω(·, J ·) is a Riemannian metric. Let ∇
be its Levi-Civita connection. Then

〈(∇uJ)v, w〉+ 〈(∇vJ)w, u〉+ 〈(∇wJ)u, v〉 = dω(u, v, w) = 0 (A.4)

for all u, v, w ∈ Vect(M) by [30, Lemma 4.1.14]. Define

˜̃∇uv := ∇uv +A(u)v, A(u)v := − 1
3J

(
(∇uJ)v + (∇vJ)u

)
. (A.5)

This connection is torsion-free and satisfies JA(u) +A(u)∗J = ∇uJ for every vector
field u ∈ Vect(M) by a straight forward calculation. Hence

ω(
˜̃∇uv, w) + ω(v,

˜̃∇uw) = 〈J∇uv + JA(u)v, w〉+ 〈Jv,∇uw +A(u)w〉
= 〈(JA(u) +A(u)∗J)v, w〉+ 〈J∇uv, w〉+ 〈Jv,∇uw〉
= 〈(∇uJ)v, w〉+ 〈J∇uv, w〉+ 〈Jv,∇uw〉
= Lu〈Jv, w〉 = Lu

(
ω(v, w)

)
for all u, v, w ∈ Vect(M). This proves Lemma A.1.

Lemma A.2. Let M be an oriented 2n-manifold, let ρ ∈ Ω2n(M) be a positive
volume form, let J ∈ Jint(M) be a complex structure compatible with the orientation,
and let ∇ be a torsion-free ρ-connection such that ∇J = 0. Then trace(JR∇) is
a (1, 1)-form.

Proof. Since ∇ is torsion-free, R∇ satisfies the first Bianchi identity. Thus

R(u, v)w + JR(Ju, v)w + JR(u, Jv)w −R(Ju, Jv)w

= R(u, v)w + JR(Ju, v)w + JR(u, Jv)w +R(Jv, w)Ju+R(w, Ju)Jv

= R(u, v)w + JR(Ju, v)w + JR(w, Ju)v + JR(u, Jv)w + JR(Jv, w)u

= R(u, v)w − JR(v, w)Ju− JR(w, u)Jv

= R(u, v)w +R(v, w)u+R(w, u)v = 0

and so JR(u, v)−R(Ju, v)−R(u, Jv)− JR(Ju, Jv) = 0. Take the trace to ob-
tain trace(JR(u, v)) = trace(JR(Ju, Jv)). This proves Lemma A.2.
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854 O. GARCÍA-PRADA, D. A. SALAMON AND S. TRAUTWEIN



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


