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COMPLEX STRUCTURES, MOMENT MAPS, AND THE RICCI
FORM*

OSCAR GARCIA-PRADAT, DIETMAR A. SALAMON?}, AND SAMUEL TRAUTWEINS

Abstract. The Ricci form is a moment map for the action of the group of exact volume
preserving diffeomorphisms on the space of almost complex structures. This observation yields a
new approach to the Weil-Petersson symplectic form on the Teichmiiller space of isotopy classes of
complex structures with real first Chern class zero and nonempty Kéhler cone.
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1. Introduction. This paper is based on a remark by Simon Donaldson. The
remark is that the space of linear complex structures on R?" can be viewed as a co-
adjoint SL(2n, R)-orbit and hence is equipped with a canonical symplectic form and
a Hamiltonian SL(2n,R)-action. Thus, for any volume form p on a closed oriented
2n-manifold M, the space _# (M) of almost complex structures carries a natural sym-
plectic structure. Following [13], one can then deduce that the action of the group
of exact volume preserving diffeomorphisms on _# (M) is a Hamiltonian group ac-
tion with the Ricci form as a moment map. In the integrable case this yields a new
approach to the Weil-Petersson symplectic form on the Teichmiiller space of isotopy
classes of complex structures with real first Chern class zero and nonempty Ké&hler
cone. Here are the details.

Fix a closed connected oriented 2n-manifold M and a positive volume form p
and denote by _# (M) the space of almost complex structures compatible with the
orientation. This space is equipped with a symplectic form

QpJ(jl,jg) = %/ trace(jljjg)p for jl,jg c Qg’l(M7 TM). (1.1)
M

The Ricci form Ric, ; € Q%(M) associated to p and J is defined by
Ric, s (u,v) := ttrace((V,J)J(V,J)) + Strace(JRY (u,v)) + 2dAY (u,v)

for u,v € Vect(M), where V is a torsion-free p-connection and the 1-form AY on M
is defined by A (u) := trace((VJ)u) for u € Vect(M). In the integrable case iRic,, s
is the curvature of the Chern connection on the canonical bundle associated to the
Hermitian structure determined by p.

THEOREM A (The Ricci Form). The Ricci form is independent of the choice of the
torsion-free p-connection V used to define it. It is closed, represents the cohomology
class 2me1 (T'M, J), satisfies ¢*Ric,, j = Ricg=p,¢+5 for every diffeomorphism ¢, and
Rices,, s = Ric, 7 + Ld(df o J) for all f € Q°(M). Moreover, the map J + 2Ric, ; is
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a moment map for the action of the group Diff™ (M, p) of exact volume preserving dif-
feomorphisms on # (M), i.e. if t — J; is a smooth path of almost complex structures
on M, then

%/ 2Ric,, j, N = %/ trauce(((?,th)Jt(ﬁvcx Jt)>p (1.2)
M M

fort € R and o € Q*~2(M), where v, € Vect(M) is defined by t(vy)p = dov.
Proof. See Theorem 2.6. O

The proof of Theorem A is based on the aforementioned observation that the
space of linear complex structures is a co-adjoint SL(2n,R)-orbit. Theorem A can
then be derived from a general result of Donaldson [13] about the action of the
group Diff®*(M, p) on a suitable space of sections of a fibration over M. In Sec-
tion 2 we give a direct proof which does not rely on [13]. That the Ricci form is
closed and represents 27 times the first Chern class is a consequence of the formula
Ric,, ; = strace(JRY)+d\Y, where w € Q*(M) is a nondegenerate 2-form compatible
with J, V is the Levi-Civita connection of the metric w(-, J-), and V:i=V-— %JVJ.
Moreover, )\y = 0 whenever w is closed, so one obtains the standard Ricci form in the
symplectic case. We emphasize that the dual space of the space of exact divergence-
free vector fields is the space of exact 2-forms on M, so one obtains a genuine moment
map only for almost complex structures with real first Chern class zero.

Equation (1.2) extends to an identity that holds for all vector fields v. This
identity takes the form

/MAP(J, J) A u(v)p = %/Mtrace<jJ£UJ>p (1.3)

for all J e Q' (M, TM) and all v € Vect(M), where A,(J,J) € Q' (M) is defined
by (A, (J, D)) (u) = trace((V.J)u + %jJVuJ) for w € Vect(M). Thus A, is a 1-form
on # (M) with values in Q' (M). The next theorem shows that the differential of this
1-form is a 2-form on _# (M) with values in dQ°(M).

THEOREM B (The one-form A,). Let v € Vect(M) and define f, € Q°(M)
by fop :=du(v)p. Then, for all J € 7 (M),
A (T, LyJ) = 2e(v)Ric,, s — dfy o J + df 1. (1.4)
Moreover, if R* — 7 (M) : (s,t) — J(s,t) is a smooth map, then
OsMp(J,0¢T) — OuM,(J,057) + Fdtrace((95J)J (8¢ J)) = 0. (1.5)

Proof. See Theorem 2.7. O

THEOREM C (The Integrable Case). Let p € Q*"(M) be a positive volume form
and let J e (M) be an integrable almost complex structure. Then %Ricp”] 15
a (1,1)-form and represents the first Bott—Chern class of J. Moreover, the first Bott—
Chern class of J vanishes if and only if there exists a diffeomorphism ¢ € Diffo(M)
such that Ric, 4~y = 0. If Ric, j = Ricy ¢+7 = 0 for some orientation preserving dif-
feomorphism ¢, then ¢*p = p.

Proof. See Theorem 3.1. O
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Let _Zing,o(M) C _# (M) be the space of integrable almost complex struc-
tures with real first Chern class zero and nonempty Kéhler cone. Then
Theorem C shows that the Teichmiiller space J5(M) := Fint,o(M)/Diffo(M)
can be identified with the quotient space Fp(M,p) = Fint,0(M, p)/Diffo(M, p),
where Zingo(M, p) :={J € Fing.0(M)|Ric, ; = 0}. We emphasize that the quotient
group lefo(M ) /lefcx(M p) acts trivially. The space # (M) carries a complex
structure .J — —JJ and the symplectic form Q, in (1. 1) is of type (1,1). How-
ever, it is not Kéhler because the symmetric pairing <J1,J2 5 fM trace(Jng)
is indefinite in general. Thus complex submanifolds of _# (M) need not be sym-
plectic. The space Zint (M) is an example. Its tangent space at J is the kernel
of 8y : Q%N (M, TM) — Q%*(M, TM). If Ric, ; = 0 and d;.J = 0, then Theorem B
implies that there exist unique smooth functions f = fp7 jand g = fp, ;7 such that

Ap(J,J) = —df o J + dg, /M fp=/Mgp=0- (1.6)

This implies that the restriction of the 2-form €2, ; to ker 0y vanishes on the sub-
space {L,J | fo = f7o = 0}. It turns out that Q, descends to a symplectic form on
the Teichmiiller space 7, (M, p) = (M) that is independent of p. For J € Zing o(M)
let p; be the volume form with Ric,, ; =0 and [,, p; = V.

THEOREM D (Teichmiiller Space). The formula
Qy(J1, J2) 12/ (%trace(lefg) = f192 + f291)pJ7 (1.7)
M

for J € Zing,o(M) and J c QO 1(M TM) with GJJ =0 and f;, g; as in (1.6), defines
a symplectic form on the Tezchmuller space To(M). It satisfies the naturality condi-
tion Qu-y(¢*J1, ¢* J2) = ¢* Q5 (J1, J2) for every ¢ € Diff T (M) and thus the mapping
class group acts on Jo(M) by symplectomorphisms.

Proof. See Theorem 4.4.

Theorem D gives an alternative construction of the Weil-Petersson symplectic
form on Calabi-Yau Teichmiiller spaces (see [21, 26, 31, 32, 33, 34] for the polarized
case and [15, Ch 16] for the symplectic form on J5(M) for the K3 surface). The proof
relies on Yau'’s theorem and the observations, for Ricci-flat Kdhler manifolds (M, w, J),
that a vector field v is holomorphic if and only if ¢(v)w is harmonic (Lemma 3.9),
and that the space of ;-harmonic 1-forms J € Qg’l(M ,TM) is invariant under the
map J — J* (Lemma 3.10).

Associated to the symplectic form (1.7) on 7 (M) and the complex struc-
ture J — —J.J is the symmetric bilinear form

(J1, Jo) = / (%trace(jlj;) - fife— 9192)PJ- (1.8)
M

This is indefinite in general, so (M) need not be Kéhler. If w is a Kéhler
form with w"/n!=p;, then the subspace of self-adjoint harmonic endomor-
phisms J = J* € Q?,’l(M, TM) is positive for (1.8) (and tangent to the Teichmiiller
space of w-compatible complex structures). Its symplectic complement is the negative
subspace of skew-adjoint harmonic endomorphisms. The 2-form (1.7) defines a sym-
plectic connection on the space &y(M) of isotopy classes of Ricci-flat Kéhler structures,
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fibered over the space %y(M) of isotopy classes of Ké&hlerable symplectic forms with
real first Chern class zero, whose fiber over |w] is the space (M, w) of w-compatible
(integrable) complex structures J with Ric,, ; = 0 modulo Symp(M,w) N Diffo(M).

THEOREM E (A Connection). The projection &(M) — Bo(M) is a submer-
sion and the 2-form (1.7) defines a symplectic connection on &y(M). The connec-
tion 1-form f assigns to each Ricci-flat Kdhler structure (w,J) and each closed 2-
form @ the unique element j:dw,J(@) € QYN (M, TM) that satisfies 9;T=0
and A,(J,J) = —d(@,w)oJ and & — JG = ((J—J*)-) and Q;(J,T)=0 for
all J' € Q?,’l(M, TM) with 8,0 =0 and J = (j’)* The connection is Diff ™ (M)-
equivariant and is given by

A g(@) = Lod +To,  (Jor,) = (@ —dX) = J*(@ — dN)), (1.9)

where X € QM) and v € Vect(M) satisfy d* (& — dX) =0, d*A =0, and t(v)w = X
Proof. See Lemma 4.5 and Theorem 4.6. O

The Weil-Petersson metric on the fiber Z5(M,w) in Theorem E is Kédhler and
has been studied by many authors (see e.g. [6, 17, 18, 26, 29], [31L—£38}, [41, 43]
and the references therein). An important special case arises when H7" (M) = 0 for
all J € Zing,0(M). In this case (M) is Kéhler, each polarized fiber 75(M,w) is an
open subset of Z5(M), the symplectic forms on the fibers agree on the overlaps (as
noted by Todorov [37, p 328]), and the connection is trivial.

Acknowledgement. Thanks to Simon Donaldson for suggesting this problem.
Thanks to Paul Biran, Ron Donagi, Andrew Kresch, Rahul Pandharipande, Yanir
Rubinstein, and Claire Voisin for helpful discussions.

2. The Ricci form.

Linear complex structures. The standard orientation of R?" with the coordi-
nates xi,...,Tn,Y1,---,Yn is determined by the volume form dx; Ady; A- - - Adxn Adyy.
The space of linear complex structures on R?" compatible with the orientation is given
by

o= {gJog’l ‘g e SL(zn,R)}, Jo = ( g _g ) : (2.1)

This is a co-adjoint orbit equipped with a Hamiltonian SL(2n,R)-action. Abbrevi-
ate G := SL(2n,R) and g := Lie(G) = sl(2n,R) and note that ¢, C g.

LEMMA 2.1. The set ¢, C R®*¥2" js a connected 2n*-dimensional submanifold
and its tangent space at J € _#, is given by

Ty fo={TeR™™ | JJ+J]=0}={[¢,J]|¢ g} (2.2)

The formula T —JJ defines a complex structure on _#, and the formula
Ty (jl, jg) = %traee(lejg) = —trace([.fl,{g]J) (2.3)
for & € g and J; = &, J] defines a symplectic form T € Q*(_#,). The G-action

G X fo— Fn:(g,J)— gJg=t is Hamiltonian and is generated by the G-equivariant
moment map p: _Fn — g given by p(J) = —J for J € _#,.
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Proof. The set H:= {h € SL(2n,R)|hJy = Joh} is a Lie subgroup of G and is
isomorphic to the group of complex n x n-matrices with determinant in the unit cir-
cle. So dimH = 2n? — 1 and dim G = 4n? — 1 and thus the homogeneous space G/H
is a manifold of dimension 2n?. Since G is connected, so is G/H. Next we
claim that the map G — R?"*2" : g - g.Jog~ ! descends to a proper injective immer-
sion ¢ : G/H — R2"*2n Tt is injective by definition. To see that ¢ is an immersion,
observe that Ti;1G/H 22 gg/gbh and du([g])[g€¢] = g[¢, Jolg™* for g € G and £ € g. To
prove that ¢ is proper, choose g € G such that the sequence Jj, := ngoggl converges
to Jy, and define hy := g,;l[el~-~en Jrep -+ Jyen], where the vectors eq,...,e, €
R?" form the standard basis of R" x {0}. Then h; € H for k sufficiently large
and limg_, . gxhx = 1. This shows that the map ¢ : G/H — R?"*?" is a proper in-
jective immersion. Hence its image #Z, = «(G/H) is a connected 2n?-dimensional
submanifold of R2"*2n,

Now let J € #,. Then gJg~' € ¢, for all g € G and so [§,J] € Ty _Z, for
all € € g. Thus {[¢,J]|€ € g} C Ty _#n C {J € R22| J.J + JJ = 0}. Since all three
spaces have dimension 2n?, equality holds and this proves (2.2). The formula (2.3)
follows by direct calculation. To show that the 2-form 7 in (2.3) is nondegenerate,
let J = [¢,J] € Ty_#n\ {0} and define  := [¢, J]T and J' := [, J]. Then 7;(.J,.J") =
trace(n[¢, J]) = trace([¢, J]T[€,J]) > 0. The 2-form 7 is closed and the complex
structure J — —JJ is integrable by Lemma A.1, as both structures are preserved by
the torsion-free connection

Vi =2+ 3770+ 177.
The map #, = g:J+— u(J):=—J is a moment map for the G-action because
77(& J],J) = —trace(&J) = trace((du(J)J)§) for J € #,, J€T; 7, and £ € g.
This proves Lemma 2.1. O
REMARK 2.2. The symplectic form 7 in (2.3) is a (1, 1)-form with respect to the

complex structure J s —J J. For n > 1 it is not a Kihler form, because the bilinear
form <J1, J2> ftrace(Jl Jg) is indefinite on each tangent space.

REMARK 2.3. Let wg:= ) ;_, dz; A dy; denote the standard symplectic form
on R?" and consider the space of wp-compatible linear complex structures

Jn0 = {Je 7| 770 = wo and wo((, J¢) > 0 }

for all ¢ € R?"\ {0}
This is a complex submanifold of ¢, of real dimension n? + n and the symplectic
form (2.3) restricts to a Kéhler form on _#,o. The symplectic linear group Sp(2n)
acts on _#, o by Kéhler isometries and a moment map p: _#, 0 — sp(2n) for this
action is again given by u(J) = —J.

(2.4)

REMARK 2.4. The group Sp(2n) acts on Siegel upper half space ., C C"*" of
symmetric matrices with positive definite imaginary part via

A B

o -1 _.

9:Z = (AZ+ B)(CZ+ D)™ ", g-.(c D)

for g € Sp(2n) and Z € .,. There is a unique Sp(2n)-equivariant diffeomorphism
from ., to _Z, 0 that sends ill € 7 to Jo € Fho. It is given by

( Xyt v -Xy-lXx

J(Z) = Y71 7Y71X

)e/n,o, Z=X+iY € .7,
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This diffeomorphism is a Kéhler isometry with respect to the Kahler metric on .7,
given by |Z|? = trace((Y 1 X)2 + (Y~1Y)?) for Z = X +1iY € Tz.%,.

Definition of the Ricci form. By Lemma 2.1 the space _#, fits as a fiber into
the general framework developed by Donaldson [13]. Starting from this observation
we will show that the action of the group of exact volume preserving diffeomorphisms
on the space of almost complex structures is a Hamiltonian group action with twice
the Ricci form as a moment map. Let M be a closed connected oriented 2n-manifold.
Assume M admits an almost complex structure compatible with the orientation and
denote the space of such almost complex structures by

J? = —1 and
J is compatible with » . (2.5)
the orientation of M

I (M) =< J e Q°M,End(TM))

Thus # (M) is the space of sections of a bundle each of whose fibers is equipped
with a natural symplectic form by Lemma 2.1. Tt can be viewed formally as an
infinite-dimensional manifold whose tangent space at .J is the space T;_# (M) = {J €
QO(M,End(TM)) | JJ+JJ =0} = Q% (M, TM) of complex anti-linear 1-forms on M
with values in TM. Every positive volume form p € Q2"(M) determines a symplectic
form ©, on # (M) defined by

Qp,‘](jl,jé) = %/ trace (lejz) p (2.6)
M

for J € #(M) and jl,jg €Ty 7 (M). The group ¢ = Diff(M, p) of volume pre-
serving diffeomorphisms acts on _# (M) contravariantly by J— ¢*J for ¢ € 4
and J € #(M). This action preserves the symplectic form €.

DEFINITION 2.5 (Ricci Form). Fiz a positive volume form p € Q*"(M), an almost
complex structure J € _# (M), and a torsion-free p-connection V on TM. The Ricci
form of the pair (p,J) is the 2-form

Ric, s := 5 (1) +d\Y), (2.7)
where Ty € Q*(M) and \Y € QY (M) are defined by
7Y (u,v) = Strace((V,J)J (Vi J)) + trace(JRY (u,v)),

AY (u) := trace((V.J)u) 28)
for u,v € Vect(M). For J € QYN (M, TM) define A,(J,J) € Q' (M) by
(A, (J, j))(u) = trace((Vf)u + %jJVuJ) for u € Vect(M). (2.9)

The Ricci form as a moment map. The next theorem is the main result of
this section. It asserts that the action of the subgroup

there exists a smooth isotopy

[0,1] x Diff (M) : ¢t — ¢

and a smooth family of vector fields
G =< p e DIff (M) | [0,1] = Vect(M) : ¢t — vy (2.10)
such that ¢(v;)p is exact for all ¢
and 9;¢; = v; o ¢ for all ¢

and ¢g = id and ¢ = ¢
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of exact volume preserving diffeomorphisms on _# (M) is a Hamiltonian group action
and is generated by the ¢-equivariant moment map which assigns to each J € ¢ (M)
twice the Ricci form Ric, ;. The moment map must take values in the dual space of
the Lie algebra

Lie(9°*) = Vect™ (M, p) = {v € Vect(M) | t(v)p is exact}.

Every (2n — 2)-form « € Q*'~2(M) determines an exact divergence-free vector
field v, € Vect®™ (M, p) via

L(va)p = da.

Thus Vect®™ (M, p) can be identified with the quotient of the space Q?"~2(M) by the
space of closed (2n — 2)-forms on M. Its dual space can be viewed formally as the
space of exact 2-forms on M, in that every exact 2-form 7 on M determines a linear
functional

Vect™ (M, p) > R v = [ TAa.
M

With this understood, equation (2.15) in the following theorem is the assertion that
the map J — 2Ric,, s is a moment map for the action of 4** on #(M). In general,
however, the Ricci form is only closed and not exact; only its differential in the
direction of an infinitesimal almost complex structure is always exact. Thus the
map J — 2Ric, ; is only a moment in the strict sense of the word when restricted to
the space of almost complex structures with real first Chern class zero. One could
attempt to rectify this situation by subtracting a closed 2-form in the appropriate
cohomology class from the Ricci form, however such a modification would destroy
the ¥“*-equivariance of the moment map unless M has real dimension two.

THEOREM 2.6. Let p € Q*"(M) be a positive volume form, let J € # (M), and
let J € QYN (M, TM). Then the following holds.

(i) The Ricct form Ric, j and the 1-form A,(J,J) are independent of the choice of
the torsion-free p-connection V used to define them. Moreover,

Rices, s = Ricy s + Ld(df o J),  Ags,(J,T) = Ay(J, J) +df o J. (2.11)

for all f € Q°(M), and the Ricci form and A, satisfy the naturality condition

~

¢*Ric, s = Ricyepprs, O N, (J, ) = Age o (67, %) (2.12)
for all ¢ € Dift(M).
(ii) Ewvery vector field v € Vect(M) satisfies

/ Ap(J,j)/\L(v)p:%/ trace(JJL,J)p. (2.13)
M M

Moreover, every smooth path R — #Z (M) :t— J; of almost complex structures
with Jy = J and %‘t:o Jiy = J satisfies the equations
d

Ric,(J, J) :== -

Ric,, s, = 3d(A,(J, 7)) (2.14)
t=0
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and

/ 2Ric,(J, J) Ao =% / trace(JJ Ly, J)p- (2.15)
M M

for a € Q*=2(M), where v, € Vect(M) is defined by 1(vy)p = da.

(iii) Let w € Q2(M) be a nondegenerate 2-form compatible with J such that w"/n! = p,

let V be the Levi-Civita connection of the Riemannian metric (-,-) = w(-,J-), and
define

V:=vV-1jvI (2.16)
Then V is a Hermitian connection and
Ric, j = %(trace(JRe) +d\Y). (2.17)
Thus Ric, ; is closed and represents the class 2mey(T'M, J). Moreover,

do=0 = AV =0, Ric,, = Ltrace(JRY). (2.18)

Proof. We prove part (i). Choose a smooth function
0,1] x M = R: (,p) = fe(p)

with fo =0 and f; = f, define p; := eftp for 0 < t < 1, and choose a smooth path of
torsion-free connections V; on T'M such that Vip; = 0 for all t. For 0 < ¢ < 1 define
the 1-forms A; € QY (M, End(TM)) and oy € QF (M) by

Ay = 4V, oy (u) = trace(J Ay (u)) (2.19)
for w € Vect(M). Then, for all ¢ and all u,v € Vect(M), we have

Ai(u)v = Ay (v)u, trace(A¢(u)) = d(O¢fr)(u), (2.20)

4, oJ = [Ar(u), J], LRV = dViA,. (2.21)
It follows from (2.8), (2.19), (2.20), and (2.21) that
%Tyt (u,v) = trace((Vt7uJ)At(v) — (Vt)vJ)At(u)) + trace(JdV’At(u, v))
= trace(d"" (JA;)(u,v))

= day(u,v)
and

%’t:o )\yt (u) = trace([At, J]u)
= trace(A;(Ju)) — trace(J A (u))
= d(0:fi)(Ju) — az(u)

for all ¢ and all u,v € Vect(M). Hence

%L‘,:o (TJVt + dAyt) = d(d(atft) o J)~
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Integrate this formula to obtain the first equation in (2.11) and consider the case
where p, = p is independent of ¢ to deduce that the 2-form Ric, ; is independent of
the choice of the torsion-free p-connection V used to define it. Moreover, it follows
from (2.19), (2.20), and (2.21) that

trace((ViJ)u + LTIV, . J) = trace([Ay, Jju + LTJ[A(u), J])
= trace(A;(Ju))
= d(atft)(fu).

for all ¢ and all u € Vect(M). Integrate this formula to obtain the second equation
in (2.11) and consider the case where p; = p is independent of ¢ to deduce that the
1-form A,(J, J ) is independent of the choice of the torsion-free p-connection V used
to define it. The naturality condition (2.12) follows directly ftom the definitions and
this proves (i).

To prove part (ii) we use the formulas

trace(Vu)p = du(u)p, (2.22)

(Lo J)u = JVyv — Vv + (Vi )u (2.23)
for u,v € Vect(M). By (2.23), we have
trace(jJL'vJ) = trace(—va — jJVJ.U + jJVUJ)
= trace(—QjVU + jJVUJ)

for all u,v € Vect(M). Here the second equality holds because two endomorphisms @
and —J®J are conjugate and so have the same trace. Thus

Ay(J, J)(v) = trace((Vj)v + %jJVUJ)
= trace(V(fv) — JVu + %jJVUJ)
= trace(V(jv)) + %trace(jJ,CvJ)

for all v € Vect(M). Hence it follows from (2.22) with u = Jv that

/ A (T, T) A e(v)p = / A, (J, T (v)p = g/ trace(JJ L, J)p
M M M
for all v € Vect(M). This proves (2.13).
Now fix a torsion-free p-connection V and abbreviate
X(u) .= trace((VJ)u) = dt|t 0 AY, (u), E(u) = %traee(jJVuJ)
for u € Vect(M). Then A,(J, J)=A+f and
dB(u,v)
= %Eutrace(jJVvJ) — %Evtrace(jJVuJ) + trace(JJVu v]J)
= 1trace((V.(J (JJ))Vs J) — 1trace((V, W(JJ))V J)
+ trace(JJ(V Vpd — Vi,V J+V[uUJ)
= %trace((VuJ)J(VvJ)) — Strace((V, )J
= %trace((vuj)J(VvJ)) + Ltrace((V,J)J

= % |t:0 TJVt(u’ v)

)
(Vud)) + %trace(jJ[Rv(umL J))
(W A)) + trace(ij (u,v))
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for all u,v € Vect(M). Since Ric, s, = () +d\Y) this proves (2.14). Equa-
tion (2.15) follows directly from (2.13), (2. 14)7 and Stokes’ theorem and this proves
part (ii).

We prove part (iii). The connection V in (2.16) will in general no longer be torsion-
free. However, since the endomorphism JV,,J is skew-adjoint for all u € Vect(M), it
preserves the Riemannian metric on M and the volume form p. In addition it preserves
the almost complex structure J because

Vud = Vi d = 3[IV, T, J) = Vi — 3T(N )T + 3TIV, T =0

for all u € Vect(M). Next we compute the curvature tensor of V. Fix three vector
fields u, v, w € Vect(M). Then V,w = V,w — £ J(V,J)w and so

Vo Vow = V, (Vow — fJ(VvJ)w) = VuVow — 3TV, (V] )w)
= VuVow — 5 (V) Vw — 5V (VoD )w) = 3 (V) (Vo] Jw
=VuVow — 2J (VY J)w — (V) (V) w
- LI(VI)Vew — 3T (Ve J)Vw.

Hence
Re(u, v)w = 6U§Uw — 6u60w + ﬁum]w
=V.Vyw — 2 J (VY J)w — (Vi J) (VY J)w
—VVw + LT (VY )w + 2 (V) (VT )w
+ V)@ = 3 (VS
= RY (u,v)w — 3 J[RY (u,v), JJw — L[V, J, V,J]w
= 1RV (u,v)w — LJRY (u,v)Jw — 1V, J, V, J]w
This implies
JRY (u,v) = LIRY (u,v) + 1R (u,v)J — LIV, J, V,.J] (2.24)
and hence

trace(JRﬁ(u, v)) = trace(JRY (u,v)) + Ltrace((V,J)J(V,J)). (2.25)

Thus trace(.J RV) =7y ; and this pI‘OVQb 2.1 ) Since V is a Hermitian connection,

(2.1
the 2-form trace(;-.J RY) = trace® (5= JRY) € Q*(M) is closed and represents the first
Chern class of (TM J).
If w is closed, then Vj,J = —J(V,J) for every vector field v € Vect(M) by [30,
Lemma 4.1.14], so the endomorphism v — (V,J)u anti-commutes with J and therefore
has trace zero. Hence Ay = 0. This proves part (iii) and Theorem 2.6. O

For u € Vect(M) define f, := f,. = div,(u) € Q°(M), so that
fup = di(u)p. (2.26)

THEOREM 2.7. Let p € Q2"(M) be a positive volume form, let J € # (M), and
let u € Vect(M). Then

Ap(J, Lo J) = 2u(w)Ric, s — dfy o J + df . (2.27)
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Moreover, every smooth map R? — 7 (M) : (s,t) — J(s,t) satisfies

sy (J,00T) — 04\, (J, 05 ) + Sdtrace((95)J (0, ])) = 0. (2.28)

Proof. The proof has six steps.
Step 1. We prove (2.28).
Let v € Vect(M). Then it follows from equation (2.13) that

/M (8sA (04 T) — 0 M (J,85T)) A (v)p

=10, /M trace((9;J)J (L)) p — 0, /M trace((9s.J)J (LyJ))p

4 [ r0ce((£,000)(0.9) + QL) L,)Du) + B1T)I(£,0.)p
=3 A ) (Lotrace((0,])J(0s])))p = & /M dtrace((8;J)J(95J)) A t(v)p.

This proves Step 1.
Step 2. dA,(J,L,J) = 2du(u)Ric, ; — d(df, 0 J).

Let ¢; be the flow of u. Then ¢;Ric, ; = Ricgs, 4:7 by part (i) of Theo-
rem 2.6. Differentiate this equation and use parts (i) and (ii) of Theorem 2.6 to

get du(u)Ric,, ; = Ric,(J, Lo J) + $d(df, 0 J) = L(dA,(J, L, J) + d(df, o J)).
Step 3. Suppose t(u)p is exact. Then u satisfies (2.27).
Choose o € 2%"=2(M) such that «(u)p = da. Then, for all v € Vect(M),

/ 2u(u)Ric,, 7 A e(v)p = / 2Ric, ;s A t(v)da = —/ 2du(v)Ric, g A
M

M
/ d(Ap(J, Ly J) + dfy o J) A —/ (Ap(J, Ly ) +dfy 0 J) A(u)p
M M
/(APJEJ — df.yu) A u(v)p.

Here the third equality follows from Step 2. This proves Step 3.
Step 4. Let A € Q0(M) and J € Q%' (M, TM). Then

Fruw = M+ dA(w), (2.29)
Ap(JAT) = AN, (J, ) +do J, (2.30)
Lowd = ACuJ + Juy  Jui=Ju®dA—u®doJ. (2.31)

(2.29) and (2.30) follow from the definitions and (2.31) follows from (2.23).
Step 5. If u satisfies (2.27) and X\ € QY(M), then \u satisfies (2.27).
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Let J, € Q%" (M, TM) be as in (2.31). We prove the identity
A,(J, fu) +d o LyJ = frud\— fudho J +dLj A —dLyNo J. (2.32)

To see this, let v, w € Vect(M). Then

(Vo Ju)v = Vi (dN(0) Ju — dA(Jv)u) — dA(Viv) Ju + dA(J Vv)u
= dA(v)V,(J ) (Lo LoN) Tt — (L, oN)Ju
— dA(J0)Vipu — (L LN u + (L v, o)) u.

Hence it follows from (2.22) and (2.23) that

trace((Vj;) ) = d\(v)trace(V(Ju)) + LyuLoA — Ly, o)
—dA(Jv) trace(Vu) LoyLjuA+ Ly, oA
AN) fyu — dNJV) fu + Lo LguA — Ly Ly

— (VT )u + (Lud)).

Since (A,(J, Ju)(v) = trace((V.J,)v) + dA((V,J)u), this proves (2.32). Now sup-
pose u satisfies (2.27) and let v € Vect(M). Then, by Step 4, we have

(Ap(J, Lrud)) () = (Ap(J, ALy + T)) (v)
= MAp (. LuD) (0) + (A (. 1)) (0) + dA((LuT )
= A(2Ric,, s (u,v) — df,(Jv) + df 7. (v))
+ dAW) fru — AA(JV) fu + LoL )l — Lo Loy
= 2Ric,, s (Au, v) — dfau(Jv) + dfagu(v).

Here the third equality uses (2.32). This proves Step 5.
Step 6. We prove (2.27).

There exist finitely many exact divergence-free vector fields u; and smooth func-
tions A; such that u =), Aju;. For each i the vector field A\;u; satisfies (2.27) by
Steps 3 and 5. Hence so does u and this proves Theorem 2.7. O

Equation (2.27) is equivalent to the formula

Qp,J(EuJa £v']) = /M(2Ricp,J(u7U) + fuva - fJufv)p (233)

for u,v € Vect(M). For exact divergence-free vector fields w, v this is the analogue
of the identity w(L,&, L.n) = (u(x),[¢,n]) for Hamiltonian group actions on finite-
dimensional symplectic manifolds. The analogue in the scalar curvature setting is
discussed in Remark 2.10 below.

Scalar curvature. Let (M,w) be a 2n-dimensional closed connected symplectic
manifold and denote by

J?=-land J*'w =w
I (M,w) =< JeQ"(M,End(TM))| and w(7,JZ) >0
for all z € T, M \ {0}
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the space of all almost complex structures that are compatible with w.
This is an infinite-dimensional Kéhler submanifold of _# (M) with the tan-

gent spaces Ty ¢ (M,w) = {Je Q% (M, TM) |w(J-,-) +w(-, J-) = 0}, the symplectic

o~ ~

form €, in (2.6), and the complex structure J — —JJ.

DEFINITION 2.8 (Scalar Curvature). Let w be a symplectic form on M, let J be
an w-compatible almost complex structure on M, let V be the Levi-Civita connection of
the metric (-,-) = w(:, J-), and let V := V — £ J(V.J). Define the Ricci form of (w, J)

by Ricy, s := Ricyn/n g = %trace(JRﬁ) and define the scalar curvature by
~ 2Ricy, s Aw"H/(n—1)!

Se.7 = 2(Ric, j,w) := ol € Q°(M). (2.34)

By Theorem 2.6 the scalar curvature S, ; in (2.34) satisfies

/M SM,J%“ — 4r <c1(TM, J) — ([:’]__11)' : [M}> (2.35)

and ¢*S,, ; = S¢+w.¢+g for every diffeomorphism ¢ : M — M. The following result
was proved by Donaldson [12], and independently by Fujiki [17] (in the integrable
case) and Quillen (for Riemann surfaces).

COROLLARY 2.9 (Fujiki-Quillen-Donaldson). The map J — S, is an equiv-
ariant moment map for the action of Ham(M,w) on #(M,w), i.e. if H € Q°(M)
and vy € Vect(M) is the Hamiltonian vector field defined by (v )w = dH, then ev-
ery smooth path R — ¢ (M,w) : t — J; satisfies

d wn n

1
pn MS%JtHW =3 /M trace((@tJt)Jt(EvHJt))

% (2.36)

~

Proof. Define J := Jy, J := %’t:O Ji, and p := w"/n!. Then

d w" o . wn—l

= So H— = [ 2HRic,(J,J) A

dt =0 /M e n! /M lcp( ) (n — ].)'
wn—l

- /M HA (D) A

:/ Ay(J, j)/\L(’UH)p.
M
Hence the assertion follows from Theorem 2.6. O

REMARK 2.10. For a closed connected symplectic 2n-manifold (M, w) with vol-
ume form p := w"/n!, an almost complex structure J € ¢ (M,w), and two Hamilto-
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nian functions F,G : M — R equation (2.33) takes the form

QP’J(EUFJ,EQ,GJ):/ 2Ric,,, s (vE, va)p
M

:/ 2Ric,, 7 A t(vg)i(vr)p
M

= /M 2Ricy s A 1(ve) (dF A (:J:l)!) (2.37)

. w
= /M 2R1Cw“] N {F, G}m

_ / Su{F.Clp.
M

Here {F,G} := w(vp,ve) denotes the Poisson bracket. If the scalar curvature is
constant, equation (2.37) implies that £,,J and JL,.J are L? orthogonal and
hence ||Lo,J + JLou J||> = || Lop I + || Log J|)* for all F,G € QO(M). 1If J is inte-
grable, the scalar curvature is constant, and H'(M,R) = 0, this in turn implies that
the Lie algebra of holomorphic vector fields is the complexification of the Lie algebra
of Killing vector fields and is therefore reductive (Matsushimas Theorem).

Symplectic complements. The next theorem examines symplectic comple-
ments in Ty ¢ (M). It shows that the regular part of the Marsden—Weinstein quotient

Wo(M,p) :={J € #(M)|Ric, ;= 0}/Diff (M, p) (2.38)
is an infinite-dimensional symplectic manifold.

THEOREM 2.11 (Complements). Let p € Q?"(M) be a positive volume form

o~

and J € 7 (M), J € QY (M, TM), X € Q'(M). Then the following holds.
(i) 12167‘6 exists a J' € Qg’l(M7 TM) such that A,(J, J) = X if and only
if [y AN e(v)p =0 for all v € Vect(M) with L,J = 0.
(ii) There exists a v € Vect(M) with L,J = J if and only if Q,,J(j,j’) =0 for
all 7' € Q% (M, TM) with A,(J,J') = 0.
(iii) There exists a J' € Q%N (M, TM) such that f{Ep(J, JY=d\ if and only
if [y dAN =0 for all a € Q*"2(M) with L,,,J = 0.
(iv) There exists a v € Vect(M) such that L,J = J and t(v)p is exact if and only
if Qp (T, J) =0 for all J' € Q%' (M, TM) such that Ric,(J,J') = 0.

Proof. See page 835. 0

To prove Theorem 2.11 it is convenient to choose a nondegenerate 2-
form w € Q%(M) that is compatible with J and satisfies w"/n! = p. Let V be the

Levi-Civita connection of the Riemannian metric (-,-) = w(-, /) and define the linear
operator ; : QU(M, TM) — Q' (M, TM) by

(Oyv)u == —2J(LyJ)u = 5 (Vv + JVj0 — J(V,J)u) (2.39)

for u,v € Vect(M). Let 95 be the formal adjoint operator of 0; with respect to the
standard L?-inner products. Then both d; and 9% are bounded linear operators with
closed images between appropriate Sobolev completions.
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LEMMA 2.12. Let J € QYN (M, TM). Then A,(J,.J) = (J&5J*)w.
Proof. Let v € Vect(M). Then part (ii) of Theorem 2.6 yields

/AP(J,j)/\L(v)p:%/ trace(jJﬂvJ)p:—(j*,a;v}Lz
M M

= (DT, v) 12 :/ w(Jgjj*,v)p:/ W(JO5T)w A u(v)p.
M M

This proves Lemma 2.12. O

(2.40)

Proof of Theorem 2.11. Choose w as in Lemma 2.12. We prove part (i).
The condition is necessary by (2.13).  Conversely, assume [, XA t(v)p=0
for all v EVect( ) with £,J =0. Define the vector field u by uo(Ju)w := A.
Then (u,v)r2 = [,, w(u, Jv)p = *IMB\\/\L(’U)/): 0 for all v € kerd;. Hence there
exists a J' € le(M, TM) such that 5}(:]\’)* =wu and so by Lemma 2.12 we
have A = o(Ju)w = L(Jéj(j’)*)w =A,(J, J'). This proves (i).

We prove part (ii). The condition is necessary by (2.13). Conversely,
assume Qp)](j, J)=0 for all J €QY 0N (M, TM) that satisfy A o(J, j’)

Let v € Vect(M) with 0% (&;v—&— 1Jﬂ =0 and define J := (6Jv—|— JJ)
Then 5*(:7\’) =0, hence A,(J, J') =0 by (2.40), and hence Q. 4(J,J') =0. This
implies fM|J I2p = fMtrace(J’(aJer JI))p={(J)*,d0) 2 = 0. Thus J' = 0 and
so J =2J0;v = L,J by (2.39). This proves (ii).

We prove part (iii). The condition is necessary by (2.15). Conversely,
assume [, AAAa=0 for all ae O2=2(M) with £, J=0. Choose a ba-
sis up,...,up of V:={ué& Vect(M)|L,J =0} such that wugyi,...,us form a
basis of {u €V |u(u)p €imd}.  Then w(ur)p,...,t(ur)p are linearly indepen-
dent in the quotient Q?'~!(M)/imd. Hence, by Poincaré duality, there ex-
ist closed 1-forms Ai,...,Ax € Q'(M) such that [, A\ Aw(us)p = dy; for 4,5 < k.
Define N := A — Zle(fM NA (ug)p) i Then we have [, N A t(uj)p =0
for j=1,...,0. Hence by (i) there exists a l-form J € Q%N (M, TM) such
that A,(J, J) = 2). Thus EEP(J, J) = dX\' = d) and this proves (iii).

We prove part (iv). The condition is necessary by (2.15). Conversely, as-
sume , ;(J,J) = 0 for all J' € Q5 (M, TM) such that Ric,(.J, J') = 0. Then by (ii)
there is a v € Vect(M) with £,J = J. Choose u;, A; as in the proof of part (iii) and de-
fine vg == v — Zle T, Tj = fM Xi Ae(v)p. Then L, J = J. We prove that ¢(vg)p is
exact. To see this, let A € Q(M) be any closed 1-form and define A’ := X—Zle YiNis
Y = fM:\\ A t(ug)p. Then [, N Aw(u;)p=0for j=1,...,0. Hence by (i) there ex-
ists a 1-form .J' € Q%Y (M, TM) such that Ap(J,f’) = XN. Thus ﬁEp(J, J) =0,
hence Qp),](:f, J') =0, and therefore

//):/\L(’Uo)p:/ )\/\L leyl—/ X’/\L(U)p:Qp’J(ﬁ,ﬂ:O.
M M M

This shows that ¢(vg)p is exact and completes the proof of Theorem 2.11. O

3. The integrable case. Let M be a closed connected oriented 2n-manifold. In
this section we restrict attention to (integrable) complex structures that are compat-
ible with the orientation. Denote the space of such complex structures by _#in(M).
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The Ricci form in the integrable case. Let J € fin(M). Then
(I'M,J) is a holomorphic vector bundle with the Cauchy Riemann operator
Ay QYYM, TM) — QY9 (M, TM). Tt satisfies

2J05,v = JVv — Vv = (LyJ)u (3.1)

and

~

2J0;J (u,v) = J(Vy o — J(VyD)u — J(Vyu ) Jv + J(Viod ) Ju

N, (0 (3.2)

d
- E|t:0

for all u,v € Vect(M), all Je Qg’l(M, TM), and every smooth path of almost com-
plex structures R — # (M) :t+— J with Jy=J and %h:th —J. Here V is a
torsion-free connection on TM with VJ =0, equation (3.1) follows from (2.23),
and (3.2) follows by differentiating (A.2).

Next observe that

d(df o J)(u,v) — d(df o J)(Ju, Jv) = df (JN (u,v)), (3.3)

for all fe€Q%M) and all u,v € Vect(M). Hence an almost complex struc-
ture J is integrable if and only if the 2-form d(dfoJ) is of type (1,1)
for all fe QO(M). Theorem 3.1 below uses the Bott-Chern cohomology
group HEL(M, J) := (kerd N QY (M) /{d(df o J) | f € Q°(M)} [1, 2, 3, 5]. Tt shows
that Ric, s is the standard Ricci form in the integrable case.

THEOREM 3.1. Let p € Q*"(M) be a positive volume form, let J € Fine(M), and
let V be a torsion-free p-connection with VJ = 0. The following holds.

(i) Ric,,s = strace(JRY) is a closed (1,1)-form and 5=Ric, ; represents the first
Bott—Chern class of the holomorphic tangent bundle (T M, J).

(ii) There exists a diffeomorphism ¢ € Diffo(M) such that Ric, ¢-7 = 0 if and only if
the first Bott—Chern class of (T M, J) vanishes.

(iii) Let ¢: M — M be an orientation preserving diffeomorphism and suppose
that Ric, j = Ric, ¢+y = 0. Then ¢*p = p. If in addition ¢ is isotopic to the identity,
then ¢ € Diffoy(M, p).

Proof. The formula Ric,, ; = Strace(JRY) follows from Definition 2.5. More-
over, Ric, ; is independent of the choice of V by part (i) of Theorem 2.6, is closed
and represents the cohomology class 2me1 (T M, J) € H?(M;R) by part (iii) of Theo-
rem 2.6, and is a (1, 1)-form by Lemma A.2.

Now choose a nondegenerate 2-form w € Q2?(M), compatible with .J, such that p
is the volume form of the metric (-,-) = w(-, J-). Let V be the Levi-Civita connection
of this metric and define

V=V_1JVJ, V=V-l4-a", (3.4)
where A € QY (M, End(TM)) is the endomorphism valued 1-form defined by
A(u)v = J(VyJ)u+ (Vi )u (3.5)
for u,v € Vect(M). Then, for all u € Vect(M),

AW)J = JA®u) = —A(Ju),  A@w)*J = JA@W)* = A(Ju)*. (3.6)
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This shows that V is a Hermitian connection on T'M and induces the same Cauchy—
Riemann operator on T'M as the connection V — %A. The latter preserves J by (3.6)
and is torsion-free by (A.2) (but it need not preserve p). Hence, for all u,v € Vect(M),
we have
_= _o_ 1 _
55,0 = 85 0 = 5,0 = %(Vuv + IV — J(VUJ)u).

U

Here the last equality holds because V is torsion-free and J is integrable. Thus vV is
the unique Hermitian connection on T'M with aY =0y.

The curvature tensor of V is given by

RY = RY + 1dV (A" — A) + L[(A* — A) A (A" — A)].

trace(JRY) = trace(JRY) + itrace(Jdﬁ(A* — A))
= trace(JRY) + itrace(d§(JA* — JA))
= trace(JRY) + 1d(trace(A) o J)
= trace(JRe) +d\Y = 2Ric, ;.

Here the third equality follows from (3.6) and the fact that the endomorphisms A(Ju)
and A(Ju)* have the same trace, the fourth equality uses the fact that the two sum-
mands in v — A(Ju)v = (V,J)u + (V,J)Ju have the same trace, both equal to AY (u)
(see equation (2.8)), and the last equality follows from part (iii) of Theorem 2.6. This
proves (i).

We prove part (ii). Let ¢ € Diffo(M) such that Ric,g«; =0. Then we have
Ricy. p,7 = ¢«Ric, ¢+; = 0 by part (i) of Theorem 2.6. Define the function f € Q°(M)
by e p := ¢.p. Then

Ric,,; = Ric,,; — Ricg, .7 = Ric, s — Ric.—s, ; = 2d(df o J).

Here the last equality uses (2.11). Since Ric, ; represents 27 times the first Bott—
Chern class of (T'M, J) by (i), this shows that ¢; pc(T'M, J) = 0.

Conversely, assume ¢ pc(TM,J)=0. Then, by part (i), there exists a
smooth function f:M — R such that Ric, ;= %d(df oJ). Choose ¢ € R such
that e® [,, p= [,, € /p and replace f by f+c to obtain [,, e /p= [, p. Then
by Moser isotopy there exists a smooth isotopy {¢:}o<i<1 of M such that ¢¢ = id
and gbf((l —t)p+ te’fp) = p for 0 < ¢t < 1. Thus the diffeomorphism ¢ := ¢ is iso-
topic to the identity and satisfies ¢*(e~7p) = p. Hence

Ricp, s = RiCy(o—sp) 407 = §"Rice—s, 5 = & (Ricp,J — Ld(df o J)) —0.
This proves (ii).
We prove part (iii). Let ¢ € Diff(M) be orientation preserving, assume that
Ric, 4+ 7 = Ric, s = 0, and define f € Q°(M) by e~/ p := ¢.p. Then

$d(df o J) = Ric,,; — Rice-s, 5 = —Ricg, s = —¢:Ricy g-5 = 0.



838 O. GARCIA-PRADA, D. A. SALAMON AND S. TRAUTWEIN

Thus f is constant. Since fM e fp= fM Dup = fM p, it follows that f =0 and
s0 ¢.p = p. Moreover, Diff(M, p) = Diff (M, p) N Diffo(M) by Moser isotopy. This
proves part (iii) and Theorem 3.1. O

EXAMPLE 3.2. Assume n =1, suppose M has genus g > 1, define V := fMp
and c:=2m(2—29)V ! <0, and let K, ;:=Ric, /p be the GauBian curvature.
Then the moment map

S (M) = (M) : J = 2Ricy.s — cp) = 2(K,.s — O)p

is ¥-equivariant and takes values in the space of exact 2-forms. The uni-
formization theorem for Riemann surfaces asserts that for every Je #(M)
there exists a diffeomorphism ¢ € Diffo(M) such that Ky , ;= c and there-
fore Ricy,¢+7 = cp. Moreover, if Ric, ;= Ric, 47 =cp for some orientation
preserving diffeomorphism ¢ and ¢,p =: efp, then %d(df oJ)=cle —1)p.
Hence d*df = 2c(e/ — 1) and this implies [,,|df|*p = 2c [,, f(e/ —1)p < 0. Thus f is
constant and [, efp= [}, d.p= [;,p,s0 f =0 and ¢*p = p.

Let (M,w,J) be a closed connected Kéhler manifold. For a Kéahler poten-
tial b : M — R (with mean value zero) let wy, := w + i00h = w + d(dh o J) be the
associated symplectic form and let pj, := w} /nl. The Calabi conjecture asserts that
the map h — Ric,, s is a bijection onto the space of closed (1,1)-forms represent-
ing the cohomology class 2wy (T'M, J). Injectivity was proved by Calabi [8, 9] and
surjectivity by Yau [44, 45].

COROLLARY 3.3 (Calabi-Yau). Let (M,w,J) be a closed connected Kdhler man-
ifold and let p € Q*"(M) be a positive volume form with [, p= [, w"/nl. Then the
following holds.

(i) There exists a unique Kdhler potential h : M — R such that pj, = p.
(ii) Assume w"/n! = p and c¢1(TM,J) =0 € H*(M;R). Then there ezists a diffeo-
morphism ¢ € Diffg(M) such that

Ricy,¢+7 =0 and ¢ J is compatible with w. (3.7

(ili) Assume w"/n! = p and Ric, ; = 0. Suppose ¢ € Diff (M) satisfies (3.7) and the
2-form ¢*w — w is exact. Then ¢*w = w.

Proof. We prove part (i). By part (i) of Theorem 3.1, Ric, s is a closed (1,1)-
form representing the cohomology class 2mwci(TM,J). Hence, by Yau's existence
theorem [44, 45] and Calabi’s uniqueness theorem [8, 9], there exists a unique Kéhler
potential & such that Ric,, ; = Ric, ;. Since [,, pn = [, p by assumption, this im-
plies pj, = p by equation (2.11) in part (i) of Theorem 2.6.

We prove part (ii). By assumption and part (i) of Theorem 3.1 Ric, ; is an
exact (1,1)-form. Since J admits a compatible Kéhler form, this implies that there
exists a function f € Q°(M) such that

Ric,, ; = d(df o J), /M e fp= /M p.

Hence Ric,-y, ; = 0 by part (i) of Theorem 2.6. Now it follows from (i) that there ex-
ists a Kéhler potential h such that p;, = e~/ p. Since wy, and w are compatible with .J,
Moser isotopy yields a diffeomorphism ¢ € Diffo(M) with ¢*wp = w. Thus ¢*J is
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compatible with w and ¢*p, = p. This implies Ric, ¢« = ¢*Ric,,,; = 0 by part (i)
of Theorem 2.6.

To prove (iii), note that (¢~!)*w is compatible with J and represents the cohomol-
ogy class of w. Thus there is a Kihler potential h with wj, = (¢~1)*w. Hence ¢*pj, = p
and ¢*Ric,, s = Ric, ¢-7 =0 by part (i) of Theorem 2.6. Thus h =0 by Calabi
uniqueness, so ¢*w = w. This proves Corollary 3.3. O

Ricci-flat Kihler manifolds. Let p € Q?"(M) be a positive volume form. Then
the symplectic form €2, on _# (M) is a (1, 1)-form for the complex structure J s —JJ.
However, the resulting symmetric bilinear form (Jy, J) ot =5 [y trace(jljg)p is in-
definite, so _# (M) is not Kéahler and complex submanifolds need not be symplectic.
An example is the space of (integrable) complex structures with real first Chern class
zero and nonempty Kéhler cone. It is denoted by

/int,O(M) = {Jefint(M) Cl(TM’J):OEHQ(M;R) }

and J admits a Kéhler form

Its tangent space at J is the kernel of 0y : QOJ’I(M, TM) — 93’2 (M, TM).

THEOREM 3.4. Let J € Zingo(M) with Ric, ; =0 and let Je Qg’l(M, TM) such
that 0yJ = 0. Then the following holds.
(i) prj(j, j’) =0 for all J' with 8;J" = 0 if and only if there exists a vector field v
such that f, = va =0and L,J = J.
(ii) Assume Rle(J J)=0. Then Q, J(J,T)=0 for all J with 8;J =0
and Rlcp(J J)—O if and only if there exists a wvector field v such that f, =0
and L,J = J or, equivalently, there exists an o € Q0™ (M) with L,,J = J.

Proof. See page 842. O

Define Zine,0(M,p) :={J € Fint,0(M)|Ric, s = 0}. Part (ii) of Theorem 3.4
(compare with part (iv) of Theorem 2.11) implies that the Teichmiiller space
(M, p) == _Fins,0(M, p)/Diffo(M, p) is a symplectic submanifold of the infinite-
dimensional symplectic quotient #4(M, p) in (2.38). The Teichmiiller space will be
discussed further in Section 4.

The proof of Theorem 3.4 relies on three lemmas about Ricci-flat Kéhler mani-
folds, which examine A, (Lemma 3.8), show that holomorphic vector fields correspond
to harmonic 1-forms (Lemma 3.9), and show that the space of harmonic infinitesimal
complex structures is invariant under J s J* (Lemma 3.10). These in turn require
three preparatory lemmas about Hamiltonian and gradient vector fields (Lemma 3.5),
about infinitesimal compatibility (Lemma 3.6), and about vector fields v such that £, J
is self-adjoint (Lemma 3.7). While some of this material is well-known, we include
full proofs for completeness of the exposition. For a symplectic manifold (M, w)
and J € _# (M,w) the Hamiltonian and gradient vector fields of H € QY(M) are given
by t(vg)w = dH and VH = Juy.

LEMMA 3.5 (Hamiltonian and Gradient Vector Fields). Let (M,w) be a
symplectic 2n-manifold, let J € 7 (M,w), let H € Q°(M), and define p:=w"/nl.
Then fu, =0 and fyg = —d*dH. Moreover, if Ric, ; =0, then A,(J, LynJ) =
dd*dH o J and A,(J, Ly, J) = —dd*dH.

Proof. Since ¥\ = —(Ao J) Aw"1/(n—1)! for all A € QI(M), we have

*(v)w = —(L(v)wo J) A {:_7_11)' = 1(Jv)w A t(Jv)p (3.8)

(n 1)' -
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for all v € Vect(M). Hence fyg = *di(Jup)p = xdxdH = —d*dH and the remaining
assertions follow from (2.27). This proves Lemma 3.5. 0

LEMMA 3.6 (Infinitesimal Compatibility). Let M be an oriented 2n-manifold and
let Je F(M). If T e Qljl(M) and v € Vect(M), then the Lie derivatives T := L,T

and J = L,J satisfy the equation
Plu,u) = 7(Ju, Ju') = 7(Ju, Ju') + 7(Ju, Ju') (3.9)

for all u,w' € Vect(M). If J is integrable and J € Q%' (M, TM) satisfies the equa-
tion ;.0 = 0, then 7:=Ric, ; and T := Ric,(J, j) satisfy equation (3.9) for every
positive volume form p € Q*"(M).

Proof. Let 7 € Q5 (M), let ¢; be the flow of v € Vect(M), and let J; := ¢} J.
If 7:=L,r and J:=L,J, differentiate the identity 7(u,v) = 7 (Jou, Jou')
with 7, := ¢;7 to obtain (3.9). Now assume J is integrable and 7 = Ric, ;.
If 7 := Ric,(J, £, J), then £,7 — 7 = Ld(df, o J) € Q4! (M) by Theorem 2.7, so (3.9)

~

holds with J = £, J. Now use the holomorphic Poincaré Lemma. O

LEMMA 3.7 (Self-Adjoint Lie Derivative £, J). Let (M,w) be a closed connected
symplectic 2n-manifold, let J € #(M,w), and let v € Vect(M). Then the following
holds (with p = w"/n! in part (iii)).

(i) LyJ is self-adjoint if and only if di(v)w € QlJl(M)

(ii) If J is integrable, then L,J is self-adjoint if and only if there exists a func-
tion F € Q°(M) such that du(v + VF)w = 0.

(iil) ¢(v)w is harmonic if and only if f, = f1o =0 and L,J = (L, J)*.

Proof. Part (i) follows from Lemma 3.6 with 7 = w.

Now suppose J is integrable. Then L,J and L;,J = JL,J are self-adjoint
for every symplectic vector field v by (i). Conversely, assume L,J = (L,J)*.
Then di(v)w € QlJl(M) by (i), and so there exists a function F € Q°(M) such
that de(v)w = d(dF o J) = —di(VF)w. This proves (ii).

To prove (iii) define p:=w"/n!. Then (3.8) shows that d*i/(v)w =0 if and
only if fr,=0. 1If die(v)w=0, then f, =0 and L,J is self-adjoint by (i).
Conversely, assume f, =0 and L,J = (L£,J)*. Then dL(v)wEQLl,’l(M) by (i)
and (dv(v)w,w) = f, = 0. Thus

n—2

kdi(v)w = —diu(v)w A =k

so dxdi(v)w = 0, and hence di(v)w = 0. This proves Lemma 3.7. O

LEMMA 3.8 (A, in the Ricci-flat Case). Let (M,J,w) be a closed con-
nected 2n-dimensional Ricci-flat Kdihler manifold with volume form p = w"/n! and

let J € Q?,’l(M, TM) such that d;J =0. Then f{Ep(J, j) € Qljl(M) and there exists
a unique pair of functions f = f3,9 = f,7 € Q°(M) such that

AT =~doT+dg. [ go= [ ap=0 (3.10)

Moreover, if 5}7: 0 then A,(J, J) =0.
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Proof. 1t follows directly from Lemma 3.6 that f{Ep(J, j) € Q},l(M) Now
assume 5}720 and let v:= 5’}3\* € Vect(M). Then t(v)w = —A,(J, JJ) by
Lemma 2.12; hence da(v)w:—Qﬁfzp(J, JJ) is an exact (1,1)-form, thus L,J
is self-adjoint by Lemma 3.7, and so is JL,J = —2(9111 = 2318J(J J*)
Thus 5153(f*—j) is L? orthogonal to J* —J and so BJJ* Q,(J* J)=0.
Hence A (J j) =0 by Lemma 2.12. To prove (3.10), choose v € Vect(M) such
that 3*(.] Ly,J) =0. Then A,(J, J) = A,(J,L,J) and hence f:= f, and g := fj,
satisfy (3.10) by Theorem 2.7. ThlS proves Lemma 3.8. O

LEMMA 3.9 (Holomorphic Vector Fields). Let M be a closed connected oriented
2n-manifold, fix a positive volume form p € Q>"(M) and an almost complex struc-
ture J € # (M) such that Ric, j =0, and let v € Vect(M). Then the following holds.

(1) Ap(J, Ly J) =0 if and only if du(v)p = de(Jv)p = 0.

(ii) Assume J is compatible with a symplectic form w such that w"/n!=p and
that L£,J = 0. Then t(v)w is a harmonic 1-form.

(iii) Assume J is integrable and compatible with a symplectic form w such
that w"/nl = p. Then L,J =0 if and only if v(v)w is harmonic. If du(v)p =0, then
there exists a vg € Vect(M) such that 1(vo)p is exact and Ly, J = Ly J.

Proof. To prove (i), observe that A,(J, L,J) = —df, o J +dfs, by (2.27). As-
sume A,(J,£,J) = 0 and choose a nondegenerate 2-form w € Q*(M) that is compat-
ible with J and satisfies w"/n! = p. Then equation (3.8) yields

0=+ ((d(dfo D) A g ) = ddfy =+ (dfu0 J) Adw A 25

By the Hopf maximum principle, this implies that f, is locally constant. Thus f,
is also locally constant. Since f, and f;, have mean value zero on each connected
component of M, it follows that f, = f;, = 0. This proves (i).

Part (ii) follows directly from (i) and Lemma 3.7. To prove (iii), assume J is
integrable and w is closed. If ¢(v)w is harmonic, then (£,J)* = £L,J and f, = f;, =0
by Lemma 3.7, thus it follows from (i) and Lemma 2.12 that

=N, (J, Ly J) = (JOY(LyT) )w = o(JOFL, T )w = —20(050,5v)w,

and so L£,J =2J0;v=0. Now assume di(v)p =0, choose ag € Q2"~2(M) such
that dxdoy = du(Jv)w, and define vy € Vect(M) by u(vg)p = dag.
Then o(Jvg)w = *xdoy by (3.8). Hence di(Jvg)w = dxdoy = de(Jv)w. We also
have dxi(J(v —wp))w = —du(v —vg)p=0. Thus ¢(J(v—1v))w is harmonic and
50 Ly—vyd = =JL j(y—2,)J = 0. This proves Lemma 3.9. O

LEMMA 3.10 (Harmonic Complex Anti-Linear Endomorphisms J ). Let (M, J,w)
be a closed connected 2n-dimensional Ricci-flat Kdhler manifold with volume
form p:=w"/nl and let JEQOI(M TM) such that 8;J =0 and o5 J =

Then a]J* =0 and 8*J* =0.

Proof. Let V be the Levi-Civita connection of a Kédhler metric w(-, J-). Then the
Bochner-Kodaira—Nakano identity for J € Qg’l(M ,TM) takes the form

8500 + 0,057 = AT + L1JQ, T+ T(J), (3.11)



842 0. GARCIA-PRADA, D. A. SALAMON AND S. TRAUTWEIN

where

VT == (VN T +div(e) Ve, ), T(Hu=Y_ RY(e;u)le;
for a local orthonormal frame e, ..., e2,, and the skew-adjoint endomorphism @ is
defined by (Q-,-) = Ric, s. (See [11].) Since T(J ) T(J*), it follows that the

operator 9%0; + 0;0% commutes with the operator J+ J* in the Kihler Einstein
case (Q = kJ. This proves Lemma 3.10. O

Proof of Theorem 8.4. Let Je Q(}’l(M, TM) with d;J = 0. Then part (iii) of
Lemma 3.9 shows that the last two assertions in (ii) are equivalent. Next observe the
following.

Cram 1. EEP(J, j) =0 if and only if f7=0.
CrLAaM 2. QpJ(f, LyJ) = [ (f5f30 = f5/0)p for all v € Vect(M).

By (2.14) and Lemma 3.8 we have ﬁi\cp(J, J) = 1dA,(J, J) = —3d(df 70 J) and this
proves Claim 1. Claim 2 follows from (2.13) and Lemma 3.8.

Sufficiency in (i) and (ii) follows directly from Claim 1 and Claim 2. To prove
necessity, choose a symplectic form w such that .J is compatible with w and w"/n! = p.
Then (M, J,w) is a Ricci-flat Kéhler manifold.

We prove part (i). Assume Q, J(J,J)=0 for all J' with d,J' =0 and
choose v € Vect(M) such that 8J(J L,J)=0. Then A,(J, J— L,J)=0 by

Lemma 3.8 and 9,(J — £,J)* =0 by Lemma 3.10. Thus it follows from the as-
sumption and equations (2.13) and (2.33) that

0= Qp,J(j_ E’L)J7£J’UJ) = _Qp,J(‘CvaCJ'uJ) :/ (fg + f;v)p
M

Hence f, = f7, =0. Now fix an element .J' € Qg’l(M, TM) with a]j’ =0.
Then Q, ;(J — L,J,JJ") = 0 by assumption and Claim 2. Thus

~ —~, ~

J—EUJ *,J/ 2 = trace J—;CUJ j\/ P = —2Q J j—;CUJ, Jj\/ - 0
L P
M

This implies that there exists a 7€ 93’2(M, TM) with 0% = (J = Ly,J)".
Hence 0,057 = dy(J — L,J)* =0 and so J = L,.J. This proves ()

We prove part (i1).  Assume Rlcp(J J)=0 and QPJ(J J)=0 for all J'
that satisfy 9,7 =0 and RICP(JJ)—O Then f;=0 by Claim 1 and we
choose H € Q°(M) such that d*dH =—f,7  Then Ap(J,j—EvHJ) =0 by
Lemma 3.5 and Lemma 3.8. Now let j’ng’l(M,TM) with 9,0’ =0 and
choose F' € Q°(M) such that d*dF = —f,. Then ﬁEp(J, J' — LyrJ) =0 by (2.14),
Lemma 3.5, and Lemma 3.8. Hence

Qp (T = Loy, J) = Q3 (T = Loy J, T — Lypd) =Q, ;(J,J — LypJ) =0

by assumption and Theorem 2.6. So part (i) asserts that there exists a vector field u
with f, = fju =0and L, J = J — L,,J. Thus v := u + vy is a divergence-free vector
field with £,J = J. This proves Theorem 3.4. O
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We close this section with a well known lemma (see [22]) that is used in Theo-
rem 4.6. We include a proof for completeness of the exposition.

LEMMA 3.11 (Harmonic (0,2)-Forms). Let (M, J,w) be a closed connected 2n-
dimensional Ricci-flat Kdahler manifold, let V' be the Levi-Civita connection of the

Kihler metric, let J € Q%N (M, TM) with J+J*=0, and let &= (J-,-) € Q2(M).

Then w}] = 0 and the following are equivalent.

(i) 9,0 =0 and &73J =
(i) V.J = 0.
(iii) Vo = 0.
(iv) @ is a harmonic 2-form.
(v) dw = 0.
Proof. It follows directly from the definition that @}I ''=0. To prove that (i) is

equivalent to (ii), let 7 be the operator in the proof of Lemma 3.10 and assume that J
is skew-adjoint. Then, by the first Bianchi identity, we have

T(J)u = Z RY(e;,u)Je; = Z(ej, Je:)RY (e, u)e;
i i
= Z(jej, ei>(RV(ej, ei)u + RY(u, ej)e) = ZRV(ej, jej)u - T(f)u
— .

Hence, for a local orthonormal frame with e, ; = Je;, we obtain

j) = %ZRv(ei,Jel 1 Z( e“JeZ +R (Je“jjel)) =0

Thus [|8;7]|2 + [|8%5J]|2 = | V]| by (3.11) with @ = 0 and so (i) is equivalent to (ii).
The equivalence of (ii) and (iii) follows directly from the definition of @. That (iii)
implies (v) follows from Lemma A.1, and (iv) is equivalent to (v) because @1] '=0and
S0 *0 = W Aw"?/(n — 2)I. That (iv) implies (iii) is a consequence of the Weitzenbéck
formula

(d*da —dd' — v*va) (u,v)

N Z( ¢, 1t )ei) - @(u, RY(v, €i)€i) + @(U,Rv(u, ei)ei)) (3.12)

for @ € Q*(M), u,v € Vect(M), and a local orthonormal frame ey, ..., es,. In the
Ricci-flat Kahler case with &%' =0 the right hand side in (3.12) vanishes and
hence [|d&|? + ||d*@||? = ||VwH2 This proves Lemma 3.11. O

4. Teichmiiller space.

The Calabi—Yau Teichmiiller space. Fix a closed connected oriented 2n-
manifold M. The Calabi—Yau Teichmiiller space is the space of isotopy classes of
complex structures J with real first Chern class zero and nonempty Kéhler cone ;.
It is denoted by

To(M) := _Fint,0(M)/Diffo (M),

‘ B _ ci(TM,J) =0 € H*(M;R) (4.1)
Hint.o(M) = {J € Jine(M) and J admits a Kahler form [’
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For every J € fint,o(M) the space of holomorphic vector fields is isomorphic
to H'(M;R) by part (iii) of Lemma 3.9 and the Calabi-Yau Theorem. More-
over, the Bogomolov-Tian-Todorov theorem asserts that the obstruction class van-
ishes [4, 36, 37]. Hence the cohomology of the complex

QO(M, TM) 22 Q%Y (M, TM) 2% Q% (M, TM) (4.2)

has constant dimension. It follows that the Teichmiiller space J5(M) is a smooth
manifold [10, 23, 24, 25, 27, 28] whose tangent space at J € Zin o(M) is the coho-
mology of the complex (4.2), i.e

ker(9y : QY (M, TM) — Q%*(M, TM))
im(dy : QO(M, TM) — Q?,l(M, T™))

T (M) = (4.3)

REMARK 4.1. The Teichmiiller space is in general not Hausdorff, even for the K3
surface [19, 39]. Let (M, J) be a K3-surface that admits an embedded holomorphic
sphere C' C M with self-intersection number C'-C' = —2, and let 7: M — M be a
Dehn twist about C. Then there exists a smooth family of complex structures {J; €
Hint,0(M)}iec and a smooth family of diffeomorphisms {¢; € Diffo(M)}icc\ 0y such
that Jo = J and ¢fJ, =7*J_; for all te€ C\{0}. Thus J, and 7*J_; rep-
resent the same class in Teichmiiller space, however, their limits lim; .o J; = Jy
and lim; .o 7*J_; = 7*Jy do not represent the same class in Teichmiiller space be-
cause their effective cones differ. Namely, the class [C] € Ho(M;Z) belongs to the
effective cone of Jy while the class —[C] € Ha(M;Z) belongs to the effective cone
of 7* Jo.

For general hyperKéahler manifolds the Teichmiiller space becomes Hausdorff after
identifying inseparable complex structures (see Verbitsky [39, 40]), which are biholo-
morphic by a theorem of Huybrechts [20].

Teichmiiller space as a symplectic quotient. Fix a positive volume form p
on M and define

To(M, p) = /int,O(M> p)/Diffo(M, P,

) (4.4)
Fineo(M, p) i={J € Fingo(M)|Ric, ;s =0}.
The tangent space of J5(M, p) at J € Fine,0(M, p) is the quotient
J e Q%M (M, TM) | f—o ﬁi\c J,J)=0
1, 70(1, ) = L1 €% ALTM) 19, ol b s

{L£,J|v € Vect(M )p =0}

LEMMA 4.2. The inclusion v, : To(M, p) — To(M) is a diffeomorphism.

Proof. The map ¢, is bijective by Theorem 3.1. The derivative of ¢, at an
element .J € fine0(M, p) is the inclusion of the quotient (4.5) into (4.3). It is in-

jective because Rlcp(J L,J) = —%d(df, o J), and so Rlcp(J L,J) =0 implies fv =0

and thus du(v)p = 0. It is surjective because, if Je Q?,l(M, TM) satisfies 9;T=0
and F € Q°(M) is the unique solution of d*dF = [7 with mean value zero, then

Ay(J, LypJ) = dd*dF o J = df ;0 J by Lemma 3.5 and so Ric,(J, J + LyrJ) = 0 by
Lemma 3.8. This proves Lemma 4.2. O
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By Lemma 3.9 the quotient group Diffo(M,p)/Diff™ (M, p) acts trivially
on _Zino(M,p)/Diff™ (M, p). Hence FH(M,p) is a submanifold of the infinite-
dimensional symplectic quotient #4(M, p) = Zo(M, p)/Diff* (M, p) in (2.38), which
is regular near 7(M, p) by Lemma 3.9 and Theorem 2.11. Moreover, €2, descends to a
symplectic form on 75 (M, p) by Theorem 3.4. Here is a formula for the pushforward of
this symplectic form under the diffeomorphism ¢, in Lemma 4.2. Let V' > 0. By Theo-
rem 3.1 every J € Zing,0(M) admits a unique positive volume form p = p; € Q*"(M)
such that

Ric,,; =0, / p=V. (4.6)
M

DEFINITION 4.3 (Weil-Petersson Symplectic Form). For J € Ziy 0(M), for the
volume form py in (4.6), and for Jy,Jy € Qg’l(]\/[, TM) with 0;J; =0 and f;,g; as
in Lemma 3.8, define

0y (T, Ja) = /

(%trace(lej\g) — fi92 + f291)pJ7 (4.7)
M

(T, Ja)g = Q (T, =T Jo) = /

M(%trace(jljz) - fifa— 9192>PJ~ (4~8)

THEOREM 4.4. (i) The 2-form Qj in (4.7) descends to a nondegenerate 2-form
on the quotient space (4.3) and defines a symplectic form on Fo(M). Its pullback
to Jo(M, p) under the diffeomorphism v, of Lemma 4.2 is the symplectic form induced
by Q.

(ii) If ¢ : M — M s an orientation preserving diffeomorphism then
Q¢*J(¢*j\l7¢*j\2) = QJ(‘/]\].7:]\2) (49)
for all jl, Iy € Q?,’I(M, TM) such that d,J; = 0. Thus the mapping class
group T := Diff " (M) /Diffo (M) acts on Fo(M) by symplectomorphisms.
(iii) For a symplectic form w € Q*(M) with real first Chern class zero define
T (M,w) = Fine(M,w)/~, Fin(M,w) = Fine(M)N _F(M,w), (4.10)

where Jo ~ Jy iff there is a diffeomorphism ¢ € Diffq(M) such that ¢*Jy = J1. This
space is a complex submanifold of To(M) and the symplectic form (4.7) restricts to
the standard Kdhler form on 7 (M,w). The symmetric bilinear form (4.8) is positive
on Ti; 7 (M,w) and is negative on its symplectic complement.

Proof. The proof has three steps.

Step 1. Let J € Zino(M), let Je Qg’l(M,TM) such that a]j:O, and
let v € Vect(M). Then Q;(J, L,J) = 0.

Let p:=py and let f = f; and g = f, 7 be as in Lemma 3.8. Then
(7 £00) =} [ trace(TIL,T) = [ (£f2 = abilo
M M

_ /M A, D) A (o) — /M Fdu(Jv)p + /M gdi(v)p =0
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because A,(J, j) = —df o J + dg. This proves Step 1.

Step 2. Let J€ Fino(M) and let Je Qg’l(M,TM) such that 5Jj\:0
and Q;(J,J") = 0 for all J' € QY (M, TM) with 8;J = 0. Then J € imd,.

Choose a symplectic form w such that Je€ fi(M,w) and w"/n!=p;,
and choose functions F,G € Q°(M) such that d*dF = —f,5 and d*dG = —f;.

~

Then A,(J, Lypyvad) = A,(J, J) by Lemma 3.5 and hence, by Step 1,
Qs (J = Lopivads ') =Qi(J = Lopivad, J') =Qu(J,T) =0

for all J' € Qg’l(M, TM) with d;J" = 0. Hence, by part (i) of Theorem 3.4, there
exists a vector field v with £,J = J — L,,.+vaJ. This proves Step 2.

Step 3. We prove Theorem 4.4.

By Step 1 the 2-form (4.7) on _Zinto(M) descents to F(M) and by Step 2
the induced 2-form on (M) is nondegenerate. Its pullback under the diffeomor-
phism ¢, in Lemma 4.2 is the restricton of the symplectic form , on _# (M) to the
subquotient (M, p). Hence it is closed and this proves part (i). Part (ii) follows di-
rectly from the definitions and part (iii) holds because the tangent space 1.7 (M, w)

is the quotient of the space of self-adjoint endomorphisms J=J € Qg’l(M ,TM)

with 5Jj =0 by those generated by Hamiltonian and gradient vector fields. This
proves Theorem 4.4. 0

A symplectic connection. Consider the fibration 7(M,w) — & (M) —
PBo(M), where HBy(M) denotes the space of isotopy classes of symplectic forms with
real first Chern class zero which admit compatible complex structures and &y(M)
denotes the space of isotopy classes of Ricci-flat Kéhler structures (w, J) on M. Thus

To(M,w) == _Fing0o(M,w)/Symp(M,w) N Diffy (M),
Iinto(M,w) :={J € Fine(M,w) |Ricy, ; =0},
Bo(M) := S (M)/Diffo(M),
ar) = {w e 2an | 4 =0 >0l =01, (411)
G(M) = Ho(M)[Difo (M),
Ho(M) :={(w,])|we A(M), J € Fin(M,w), Ricy,, ;s =0}.

These quotient spaces are finite-dimensional manifolds. Here is a list of the real
dimensions for the cases where M is the 2n-torus, the K3 surface, the Enriques surface,
the quintic in CP*, the banana manifold B in [7], and a rigid Calabi-Yau 3-fold JB
introduced recently by Jim Bryan (as yet unpublished).

v 1 BOD K| &0D) Fo(M) (M. w)
thfl,l hl,l h171 _’_2hn71,1 hl,l +2h2’0 2hn71,1 _2h2,0

T2n 2n? n? 3n?2 2n% —n nZ+n

K3 40 20 60 22 38
Enriques 20 10 30 10 20
Quintic 202 1 203 1 202

B 16 20 36 20 16

JB 0 4 4 4 0
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The symplectic form (4.7) in Theorem 4.4 gives rise to a closed 2-form on &y (M)
which restricts to the canonical Kéhler form on each fiber and whose kernel at (w, J) is
the space H ' (M) x {0}. Tt gives rise to a symplectic connection on & (M) as in [30,
Chapter 6]. To describe this connection, it will be convenient to use the notation

(J*@) (u,u') == &(Ju, Ju'), (4.12)
(@) (u, ) = &(Ju,u") + @ (u, Ju'). '
for & € Q*(M) and u,u’ € Vect(M). The 2-forms J*@& and «(J)@ are closed when-
ever @ is harmonic, because @i’o = 30— Jw) - pu(J)@.

The tangent space of J(M) at (w,J) with p:=w"/n! is the space of all
pairs (@,.J) € Q2(M) x Q%' (M, TM) that satisfy the conditions
S, ') — B (Ju, Ju') = w(Ju, Ju') + w(Ju, Ju') (4.13)
for all u,u’ € Vect(M) and
Ao =0, 8;J7=0,  Ric,(J,J)+ $d(d(@,w) o J) = 0. (4.14)
We will strengthen the last condition in (4.14) and require

~

A (J,T) = —d(@,w) o J. (4.15)

The definition of the connection is based on the next lemma.

LEMMA 4.5.  Let (w,J) € (M) be a Ricci-flat Kdhler structure, denote
by (-,-) := w(, J-) the Kihler metric, define p := w"/n!, and let & € Q*(M) be a closed
2-form. Then, for J € Qf),’l(M, TM), the following are equivalent.

(a) J satisfies (4.13), (4.14), (4.15), and, for all J' € Q%N (M, TM),
J =(J), 8,7 =0 — Q,(J,J)=0. (4.16)
(b) If v € Vect(M) satisfies
d* (& — du(v)w) =0, d*1(v)w =0, (4.17)
and G € Q*(M) and Jo € Q?,’l(M, TM) are defined by
Wo = w — du(v)w, (Jor, ) = (@ — J*Dy), (4.18)

then J = LyJ + jo.

Moreover, for every closed 2-form @ there exists a unique Je Qg’l(M, TM) that sat-
isfies the equivalent conditions (a) and (b).

Proof. We prove in three steps that (a) is equivalent to (b).
Step 1. Suppose Ji and J satisfy (a). Then I = J.

The difference J :=.J; — J, satisfies (a) with @ =0. Hence J=J* by (4.13),
and ;7 =0 by (4.14), and A,(J,J)=0 by (4.15). Let J € Q%' (M,TM)
with 9;J' =0, choose a vector field v/ such that 5§(j’ —LyJ)=0, and
define (J' = L) := (T = Ly + (T = Ly J)*).  Then 8;(J' — Ly J)T =0
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by Lemma 3.10, hence €y(J,(J' —LyJ)*)=0 by (4.16), and this implies
that Q;(J,J") = Q;(J,.J' = Ly J) = Qy(J,(J' = LyrJ)*) = 0. Thus by Theorem 4.4
there exists a vector field v with £,J = J. Since J = J* Lemma 3.7 asserts that
there exist functions F, H € Q°(M) and a vector field vy such that v :=vg +vyg + VF
and ((vg)w is a harmonic 1-form. Thus £,,J =0 by Lemma 3.9 and dd*dF o
J —dd*dH = A,(J, LT,J) = 0 by Lemma 3.5. Hence F' and H are constant,
s0 J = Ly, J =0 and J1 Jg This proves Step 1.

v’
~

Step 2. Suppose v € Vect(M) satisfies (4.17), define o and Jo by (4.18), and
define J := LoJ + Jo. Then J satisfies (a).

By (4.18) and (3.8), we have

1

fop=di(v)p = di(v)w A (‘r‘]’f;), = (W — Wo,w)p,

(4.19)
frop = di(Jv)p = dxi(v)w = 0.

Moreover, &p is a harmonic 2-form and so is @o — J*@y. Thus d;.Jo = 0 and 5}70 =0
by Lemma 3.11, hence A,(J, Jo) =0 by Lemma 3.8, and therefore A o(J, JJ) =
AN, (J, LyJ) = —df,oJ = —d(w w) o J by (4. 19) Since Jo is skew-adjoint by (4.18),
we have Q;(J,J") = Qy(L,J,J") =0 for all J' with J' = (J')* and d,J" = 0 and, by
Lemma 3.6,

(T = T ) = (Lo = (L) )y) + 200, ) =@ = T*B.
Hence J satisfies (a) and this proves Step 2.
Step 3. (a) is equivalent to (b).

By Step 2, (b) implies (a). Now assume J satisfies (a) and v satisfies (4.17).
Define g and :TE) by (4.18). Then £UJ—|—:TE) satisfies (a) by Step 2 and so J= Ly J + fo
by Step 1. Thus J satisfies (b) and this proves Step 3.

Thus we have established the equivalence of (a) and (b). By Step 2 and Hodge

theory there exists an element .J € Q?fl(M ,TM) that satisfies (a). Uniqueness was
established in Step 1 and this proves Lemma 4.5. 0

THEOREM 4.6 (Symplectic Connection). (i) Let (w,J)e (M) and
let p:=w"/nl. Then there exists a unique linear map

Ay g QM) Dkerd — QYN (M, TM)

which assigns to every closed real valued 2-form & € Q*(M) the unique infinitesi-

mal complex structure J = A, (W) € Qg’l(M, TM) that satisfies the equivalent con-
ditions (a) and (b) in Lemma 4.5.

(ii) The 1-form o is Diff(M)-equivariant, i.e.
Do, 01 (P7W) = ¢, 1 (W) (4.20)

for every (w,J) € H5(M), every closed 2-form &, and every orientation preserving
diffeomorphism ¢ : M — M. Moreover,

o, g(di(v)w) = L,J (4.21)
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for all (w, J) € (M) and all v € Vect(M) with du(Jv)w" = 0.
(iii) The curvature of the connection < is a Diffo(M)-equivariant 2-form on (M)
with values in the space of smooth functions on the fiber o(M,w). It assigns to

every w € (M) and every pair 1,ws of closed 2-forms on M the Hamiltonian
function €, 5, o, : To(M,w) = R given by

Ao s (J) 1= = (Ao, g (@1), Hiy, 5 (D2))

~ e 4.22

:%/ (L(J)(@l—d)\l))/\ag/\(‘:f;)l ( )
M

for J € Fine(M,w) with Ric,, ; =0, where the 1-form Xl € QY (M) is chosen such
that d*(0; — Xm) = 0 with respect to the Kahler metric (-,-) := w(-,J-). The Hamil-
tonian vector field on Fo(M,w) generated by this function is the vertical part of the
Lie bracket of the horizontal lifts of two vector fields on Bo(M) that take the values @;
at w (see [30, Lemma 6.4.8]).

Proof. Part (i) and (4.21) follow directly from Lemma 4.5, while (4.20) follows by
combining uniqueness in part (i) with the naturality conditions in Theorem 2.6 and
Theorem 4.4. This proves (i) and (ii).

For part (iii) we must verify the second equality in (4.22). Fix a sym-
plectic form w € Q*(M) with real first Chern class zero, define p:=w"/n!,
and let ©1,02 € Q*(M) be closed. Let J € fFin(M,w) such that Ric, =0,
choose \; € Q! (M) such that d* (@w; — d:\\z) = 0 and d*)\; = 0 with respect to the Kiihler
metric (-,) = w(-,J-), and define v; € Vect(M) by 1(v;)w := ;.

By (i) and Lemma 4.5, we have

A g (@3) = T+ Loyd,  (Jiey ) = 2@ — dhg) — J* (@ — dy)). (4.23)

~

Since A,(J,J;) =0 and fr,, = 0 by (4.19), equation (4.23) yields
Hi,.5,(J) = *Qj(zj\l + Loy, J, Jo + EUQJ) = f% /M trace(ﬁJ@)p.

Now choose a local orthonormal frame eq,...,es,. Then

—%trace(:f\leg) = (JJle“Jgel =—3 Z JJ161,€]><6],J2€Z>

= Z(«flei,kjﬂeg‘v Jaei) = %<L(J)ﬁﬁz>,

1<J

where 7; 1= <j;, ) =1@; - dX; — J* (@; — d\; i)). This 2-form satisfies (Ti)}]’l =0 and
hence x7; = 7; Aw"~2/(n — 2)!. Moreover, +(J)7; = 1(J)(@; — d\;). Thus

Hori,.5,(J) = —% /M trace(fleg)p = %/M (L(J)T1) A *To

W' 2

(L)) @1 — M) A (B — ddg = T (@ — dha)) A

W 2

(e() (@1 — dA1)) A (@2 — dAg) A Lo

N[ N
N

- %/ (L) @1 — dAr)) A2 A 255
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This proves (4.22). The right hand side of (4.22) depends only on the cohomology
classes of @y and Wy. Hence it is invariant under the action of Diff (M) N Symp(M, w)
on J, because ¢*w; — @; is exact for ¢ € Diffo(M). Thus it descends to a function
on (M, w). This proves Theorem 4.6. O

The quotient of the Calabi—Yau Teichmiiller space by the mapping class group is
the Calabi-Yau moduli space .#o(M) := Fin,o(M)/Diff " (M). For each Kihlerable
symplectic form w with real first Chern class zero there is a polarized Calabi—Yau
moduli space A#y(M,w) 1= _Zint,0(M,w)/Symp(M,w), the quotient of the polarized
Teichmiiller space J5(M,w) by the symplectic mapping class group. The study of
the geometry of these moduli spaces is a vast and extremely active area of research in
both mathematics and physics. An overview of the subject and many references can
be found in the article [46] by Shing-Tung Yau.

Appendix A. Torsion-free connections. Let M be an oriented 2n-manifold.
We prove that a nondegenerate 2-form on M is preserved by a torsion-free connection
if and only if it is closed, and that an almost complex structure on M is preserved by
a torsion-free connection if and only if it is integrable. We use the sign conventions

[Lu, Lo] + Ly =0
for the Lie bracket and
Nj(u,v) = [u,v] + J[Ju,v] + Ju, Jv] — [Ju, Jv] (A.1)
for the Nijenhuis tensor. If V is a torsion-free connection on 7'M then

Ny(u,v) = (VuJ)Jv+ (Vi J)v — (V) Ju — (Vi J )u. (A.2)

LEMMA A.1. Let M be a 2n-manifold.

(i) An almost complex structure J is integrable if and only if there exists a torsion-
free connection ¥V on TM such that V.J = 0. If J is integrable and p € Q*"(M) is
a volume form inducing the same orientation as J, then there exists a torsion-free
connection V on T'M such that Vp =0 and VJ = 0.

(ii) A nondegenerate 2-form w € Q2(M) is closed if and only if there exists a torsion-
free connection V on T M such that Vw = 0.

Proof. We prove part (i). If V is a torsion-free connection with V.J =0 it fol-
lows directly from (A.2) that N; = 0. Conversely suppose J is integrable and let p
be a volume form on M inducing the same orientation as J. Fix a background
metric g on M. Then g5 := g+ J*g is a metric with respect to which J is skew-
adjoint and, if dvol; € Q*"(M) is the volume form of this metric, then the met-
ric gy, j = (p/dvol;)'/"g; has the volume form p. Let V be the Levi-Civita connection
of the metric g, s. Then V is torsion-free and Vp = 0. Let a(u) := trace(J(VJ)u)
and define

Vv = Vo — LI(V D)o — LI(V, J)u — (V. T)u
N alu)v + a(v)u — alJu)Jv — a(Jv)Ju (A3)
2n + 2 '

Then @p =0, VJ = 0, and a calculation shows that Tor6 = —iNJ7 so V is torsion-
free if and only if J is integrable. This proves (i).
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We prove part (ii). If V is torsion-free and Vw = 0 then

dw(u,v,w) = Ly (w(v,w)) + Ly(w(w,w)) + Ly (w(u,v))
+ w([v,w],u) + w([w,u],v) + w([u, v], w)
= w([v,w] = Vv + Vyw, u) + w([w, u] — V,w + Vyu,v)
+ w([u,v] — Vyu + Vv, w) = 0.
Conversely, suppose w is a symplectic form and choose an almost complex structure J

on M that is compatible with w, so (-,-) := w(+,J-) is a Riemannian metric. Let V
be its Levi-Civita connection. Then

(Vv w) + (Ve Dw, u) + (Vi) u, v) = dw(u,v,w) =0 (A.4)

for all u,v, w € Vect(M) by [30, Lemma 4.1.14]. Define

Vov = Vo + Ay, Alwv = —LI((Vud)o + (V). (A.5)

This connection is torsion-free and satisfies JA(u) + A(u)*J = V,J for every vector
field u € Vect(M) by a straight forward calculation. Hence

W(Va0, w) + w(v, Vuw) = (JV0 + JA(w)v, w) + (Jv, Vaw + A(w)w)
= ((JA(u) + A(uw)*J)v,w) + (JV,v,w) + (Jv, V,w)
= ((VuJ)v,w) + (JVyv,w) + (Ju, V,w)
= Lo(Jv,w) = Lu(w(v,w))
for all u, v, w € Vect(M). This proves Lemma A.1. O

LEMMA A.2. Let M be an oriented 2n-manifold, let p € Q>"(M) be a positive
volume form, let J € Fini(M) be a complex structure compatible with the orientation,
and let ¥ be a torsion-free p-connection such that VJ =0. Then trace(JRY) is
a (1,1)-form.

Proof. Since V is torsion-free, RV satisfies the first Bianchi identity. Thus

R(u,v)w + JR(Ju,v)w + JR(u, Jv)w — R(Ju, Jv)w

= R(u,v)w + JR(Ju,v)w + JR(u, Jv)w + R(Jv,w)Ju + R(w, Ju)Jv
R(u, v)w + JR(Ju,v)w + JR(w, Ju)v + JR(u, Jv)w + JR(Jv, w)u
R(u,v)w — JR(v,w)Ju — JR(w, u)Jv

R(u,v)w 4+ R(v,w)u + R(w,u)v =0

and so JR(u,v) — R(Ju,v) — R(u, Jv) — JR(Ju,Jv) = 0. Take the trace to ob-
tain trace(JR(u,v)) = trace(JR(Ju, Jv)). This proves Lemma A.2. 0
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