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JOHN-NIRENBERG RADIUS AND COLLAPSING IN CONFORMAL
GEOMETRY"

YUXIANG LIT, GUODONG WEIf, AND ZHIPENG ZHOU?

Abstract. Given a positive function v € W1 we define its John-Nirenberg radius at point x
to be the supreme of the radius such that th<I> |[Vilogu|™ < e when n > 2, and th(I) [Vul? < €2
when n = 2. We will show that for a collapsing sequence of metrics in a fixed conformal class under
some curvature conditions, the radius is bounded below by a positive constant. As applications, we
will study the convergence of a conformal metric sequence on a 4-manifold with bounded || K||y1,2,
and prove a generalized Hélein’s Convergence Theorem.
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1. Introduction. We say that a Riemannian manifold sequence collapses, if
it converges to a low dimensional space in the Gromov-Hausdorff distance. When
(My, gr) collapses, a reasonable attempt is to blow up the sequence, i.e., to find
¢k — 400, such that (My, crgx) converges to a manifold of the same dimension. This
usually needs some monotone properties, such as volume comparison. Then some
sectional or Ricci curvature conditions are usually assumed for a collapsing sequence.

Recently, in [11] the first author and the third author of this paper considered
collapsing sequences in a fixed conformal class with bounded LP-norm of scalar cur-
vature, where p > 3. Let Bj be the unit ball of R" centered at the origin and g be

4

n—2

a smooth metric over B;, where n > 3. Consider a sequence of metric g, = u; g
which satisfies

/ R(g)IPdV,, < A,
B1

where R(gy) is the scalar curvature of gi. Our conclusion is the following: “when
vol(gx) — 0, there exists a sequence {cy } which tends to +oo, such that cpux converges
to a positive function in W?2P weakly”. The proof of the conclusion is rather analytic
and the John-Nirenberg inequality plays an essential role in the procedure.

Recall that the John-Nirenberg inequality says that, given u € W149(B;), where
q € [1,n] and By is the unit ball of R™, if

/ |[Vul? < r" 9 V B,(z) C By,
B, (x)

then there exists o and 3, such that

/ eau/ e ou <6~
By By
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Inspired by the John-Nirenberg inequality we define the John-Nirenberg radius
of uy at x in [11] as follows:

p(x,ug, Q, €0) = sup {r : t2_"/B o Viogu|? <el, Vi< r} , (1.1)
t(z)N

where ux € WH2(Q). The key ingredient of the arguments in [11] is that, when
vol(gx) converges to 0, there must exist an a > 0 which is independent of uy, such
that infp, pr(x) > a. This means that

2

t2_"/B( )|V10guk|2 <e

log crug on

1
CrUk

for any t < a and x € B%, hence the John-Nirenberg inequality holds for

B, (x), where fBl log cgur, = 0. Then it follows the estimates of L< -norms of
2

and cpup.

The arguments and calculations of the first half of [11] were so complicated that it
is not easy for one to pay attention to the John-Nirenberg radius, which was introduced
and discussed in the last section of [11]. While we think this new technique is very
interesting and believe that it might be applied to some other nonlinear equations,
we write this paper to highlight on the John-Nirenberg radius and give a simple
explanation of how the John-Nirenberg inequality works.

In general, we can replace 2" JB.(2) |Vu|? < €3 in (1.1) by " I8, () VUl < €,
that is to say, define

pl(z, ur, Q, €) = sup r:t’k"/ [Vioguil|? <€, Vi<ry,
By (xz)NQ

where ¢ € [1,n]. It is easy to check that the arguments in [11] still work. We discover
that it is much more convenient to use ¢ = n to define the John-Nirenberg radius. For
this situation, the John-Nirenberg inequality can be deduced from Moser-Trudinger
inequality, which also gives the optimal constant in the John-Nirenberg inequality in
the case of ¢ = n. So we start our discussion from Moser-Trudinger inequality in
Section 2, and define the John-Nirenberg radius to be the supreme of the radius such
that

/ |Vlogu|"dr < €.
By (x)

Then we prove Theorem 2.7 which tells us when the John-Nirenberg radius is positive.
Some applications of the John-Nirenberg radius will be given. In Section 3, we
will use the John-Nirenberg radius to prove a well-known result (for example, c.f.
[13]): a positive harmonic function defined in a domain of a manifold with a point
removed is either a Green function or smooth across the removed point.
In Section 4 and 5, we will apply John-Nirenberg radius to study a collaps}ng

sequence of metrics in conformal geometry, i.e., we will show that, if g, = u; *g

collapses, then there exists ¢, such that cpui converges to a positive function. Fur-
thermore, we show that the e-regularity in [11] can be also deduced by employing
John-Nirenberg radius. In Section 5, we will use the John-Nirenberg radius to prove
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that a sequence of metrics on a 4-dimensional manifold in a fixed conformal class
with || K|lw12 < C and fixed volume is compact in C1'*. The idea is, if the sequence
blows up, then the neck domains can be considered as collapsing sequences. Then,
by multiplying a suitable constant, one of the neck sequences converges to a com-
plete flat manifolds with at least two ends collared topologically by S® x R. Yet,
this is impossible. Employing the same argument one can also give a new proof of
the C%*-compactness of a metric sequence, which is in a fixed conformal class and
satisfies

vol(gr) + [ K (gr)[|» < C,

where p > 5. It is well-known that such a problem has been deeply studied by

Chang-Yang [2, 3], and solved by Gursky [5].

Fic. 1. After an appropriate rescaling, one of the neck sequences converges to a complete flat
manifold, which has at least 2 ends collared topologically by S® x R.

In Section 6, we try to extend the definition of John-Nirenberg radius to the case
of two dimensional manifolds. We will apply the John-Nirenberg radius to give a
generalized Hélein’s Convergence Theorem. However, it is worthy to point out that
Lemma 4.1 does not hold true for the case of two dimensional manifolds.

Acknowledgements. The authors would like to thank Jingyun Du for drawing
Figure 1 for us. The authors would also like to thank anonymous referees for their
valuble suggestions on the revision. The first author is partially supported by NSFC
11771232. The second author is partially supported by NSFC 11731001.

2. John-Nirenberg radius. First, we need to recall the following Moser’s in-
equality on the ball B™ for functions with mean value zero, which was established in
[8].

THEOREM 2.1 ([8]). Let By be the unit ball of R™, and o, = n(%)ﬁ, where
Wn_1 1S the measure of unit sphere in R™. Then

o
sup / el T gy < o0,
weWL:n(By), fB udz=0, ||Vullpnp,)<1J/ B

From the Theorem above and the following inequality

n

|l n—1 ( |l ) |
ul = ———[|V,u n S — | T + — Vu

n
Lns

we derive the following:
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COROLLARY 2.2. Let By be the unit ball of R", and uw € W™ (By) and [, udx =
0. Then

T
/ ol gy < G2 I, 190" da
B

where B, = 5 a,.

We say u is essentially positive, if there exists € > 0, such that u > ¢ almost
everywhere. Given an essentially positive function u € W™ (Q), we define the John-
Nirenberg radius as follows:

pla,u,Q e0) =supqr: / [Viogul"dr < €f o .
B, (xz)NQ

Later, p(z,u, €2, €) will be used to study convergence of a sequence of positive func-
tions. Obviously, if Q; CC Q and p(x, ug, 2, e9) > a > 0 for any = € Q, then

/ |Viogu|"dr < C(a,,9Q, €).
Q

LEMMA 2.3. Let Q be a domain of R, u, € WH(Q) be essentially positive. Let
domain Qy CC Q1 CC Q, and —logcy be the integral mean value of loguy over Q.
Suppose p(x,ug, 2, €0) > a >0 for any x € Q1. Then, cruy and ﬁ are bounded in

Bn
L (21). Moreover, log cyuy converges weakly in W1 ().

Proof. Choose a1 < 1 min{d(Q1,99),a}, and define Q) = {z : d(z,) < a1}.
By the assumptions, we have

/ |V log ug|"dz < Cleg, Q).
o

The Poincaré inequality tells us log ciuy is bounded in W1m(Q)). Hence, we may
assume that log cpuy converges in L1(Q}) for any q.

Take z1, -+, @y € Q such that {Bg, (z;) : i = 1,--- ,m} is an open cover of
Q1. Without loss of generality, we may assume loguy, + log ¢}, converges weakly in
W™ (B, (z;)) and strongly in L' (B, (z;)). Here —log ¢} is the mean value of log uy,
over B, (z;). Since

(log uy, +logci) — (loguy + log ci.)

converges in L' (B, (z;)), we may assume log ci — log ¢, converges.
By Corollary 2.2, we have

Bn i
/ eeo logurtloger] C(eg,m),
Bay (z1)

and hence

Bn
/ e o [logurtlogen| C(eo,n).
By (x4)

It turns out that both |lcxu|| 5.  and || =2=| s. are bounded. O
L0 (Qy) CRUE N0 (1)
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REMARK 2.4. —logcg in the above lemma can be chosen to be any constant which
makes the Poincaré inequality hold. For example, we can set —logcy to be the mean
value of loguy a compact (n — 1)-dimensional submanifold (perhaps with boundary)
embedded in ;.

We consider the operator
L(u) = a“u;; + blu; + cu,
where a¥ = a’% and
laln.e 416 llcon +lellco < A, 0 < Ay < a¥EE < Ay for all J¢]=1. (2.1)

Later, we need to use the following:

COROLLARY 2.5. Let (1 + %2) < § + & Let up € W?P(By) be a sequence of
positive functions, each of which solves the equation Luy = frux where || frl|1r(By) <

A If

luell o +lIl—l 8. <Az,
L <o (B2) Uk L <o (Ba2)

then, after passing to a subsequence, uy converges weakly in W24(By) and loguy
converges weakly in W29 (By) for any

1 D , 1

2n Bn Bn nq

L
43P

P9 o Bn ;
> ¢, we have g < o Noting

Proof. Since

p—gq

/ |fkukqdms(/ |fk|pdx) (/ |uk|f%da:) |
Bs B B,

by the standard elliptic theory we get the estimate of [|uy||y2.4(5,). Then, it follows
2

||Vuk|| ng < C.
Ln=a(B3)
2
It is easy to check that
2 /!
2¢ < na and # < &
n—q ng—2q'(n—q) €
By Holder inequality, we have
2¢'(n—q) na—2q'(n—q)

nq

1 2nqql ngq
nqg—2q"(n—q)
By \Uk
2

/ |V10guk\2q,dm< / |Vuk|nqudx
B B3
2

3
2
< Ch.
Define an operator L' = L — ¢. Obviously, log u;. satisfies the following equation

L'(logug) = —a¥ (log ug);(logug); + fx —c.
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By LP estimate, we know ||logugl|y2.0 < Co. O
REMARK 2.6. In Corollary 2.5, in order to guarantee that

p 1

>
€ +2 €
+ (:Lp n ?L

b

we only need to choose p such that % + Qﬁﬂ < % + % Hence, it follows that

n

1 P 1
n €g € %@ and ]-7 € o #@
(2?2—/32 1+ﬂ3p> 25+ %)

The following theorem is the key point of this paper:

27
of positive functions which satisfy

THEOREM 2.7. Letp > %, and % + 26% < 2. Let {ux} € W>P(Bs) be a sequence

Luy = frug.

If for any w1, — 29 € By and 1 < 2p(wk, ur, Bs, o) with v, — 0, a subsequence of
72 fi(rex + x1) is bounded in LP(B1), and converges to 0 in the sense of distribution
on B%, then there exists a > 0, such that

p(x,ug, Bs,e0) > a, Va € By.

Proof. We argue by contradiction. Assume the conclusion is not true. Then we
can find xy € By, s.t. p(xp,ux, B3, €) — 0. For simplicity, we denote p(x, uy, Bs, €g)

by pi ().
Since ux € Wh(Bs), there exists ar > 0, which depends on k, such that
fB @) |[Vug|™ < e for any @ € By. Thus pi(z) > ay for any = € By. Next, we
ak

show that pj is lower semi-continuous on = € Bs. Let 2,,, — 2. Obviously,

/ [Vug|™ < €5,
By, (2) ()

which yields that

J

Then pg(xm) > pr(x) — |xm — x|, hence

Vu|™ < Vug|™ < .
—= = %0
B () (@)

o1 (@) — |2 —| (Tm)

pr(z) < lim  pp(zm).

m——+oo

By pi(x) > aj, for any = € Bo,

lim Pr(z) = +00

Since pg(z) is lower semi-continuous, we can find y, € Ba, such that

pr(ye) . ¢ pr(z) )
= = Ag.
2 — |yk| z€By 2 — |.’1?|
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Noting that

A

pi(@) < pr(zr) = 0,

A
k_2_|xk| =

we have pi(yr) — 0, and hence for any fixed R

pk(yk)
m — 0, BRPk(yk)(yk?) C B%Iml(?]k) C B,

when £ is sufficiently large. Then, for any y € Bg,, (y,)(yx) we have

pre) o 2=yl o 2= lyel — |y — yil

pe(yr) — 2=y — 2 — |yl
> Rpx(yk)
2 — |yl
=1— R\;..

Hence, as k is large enough, there holds

Pr(y)
Pr(Yk)

>

N =

Assume yr — yo. Let vg(x) = ug(yr + rex), where rp = pr(yr). Then, there
holds

p(x,vg, Br,x) > 1/2  on Br

and

/ |V 1og vg|" = €(.
B

Moreover, vy, satisfies the following equation:
a' (yx + m6x) (vg)ij = frkbi(yk +rpx)(vg); — crivk + ’I"]ka(yk + TRT) V.

By Lemma 2.3, we can find ¢, such that

llekvrll sa +ll—=I sa < C(R).
L< (Br) CrVk Lc<o (Br)
2 2

Noting that {r? fx(yx + rexf + rrx)} is bounded in LP(By) for any zj € Bue,
by a covering argument we can see that the sequence {r fx(yx + rrx)} is bounded

in LP(Bp/s) for any R. By the same arguments, we also know that in the sense of
distribution on R”

72 fe(yr + mpz) — 0.
By the assumptions, we have

€ n —
€ n—q

A Bn  nq n
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when ¢ = . Noting that % < %—l— %, by Corollary 2.5, we can find ¢ and ¢’ > %,

e
such that a subsequence of ¢,y converges to a function v weakly in W29(Bg), and
log vy converges weakly to logv in W24 (Bg). Then log cjvx converges in CO(R),
which implies that v > 0. Thus, by a standard diagonal argument, we obtain a positive
function v which is defined on R* and satisfies the equation a”(yg)v;; = 0. Then v
is a positive constant. However, by the Sobolev embedding theorem, |V logcpvy|
converges in L™. Then, it follows

[ 1¥oger =,
By

which is impossible since log v is a constant. Thus we complete the proof. O

COROLLARY 2.8. Let p, €y be as in Theorem 2.7. Let u € W*P(Bj3) be a positive
function which solves the equation

Lu = fu.

Then there exist positive numbers € and a which only depend on Ay, As, A3, p and
€0 such that, if

sup 7’2”*"/ IfIP <, (2.2)
) By.(z)

z€Bs,r<2p(z,u,Bs3,e0

then

p(I,U,Bg,E()) > a, Ve € B;.

Proof. We argue by contradiction. Assume the above conclusion is not true. Then
there exists a sequence of uy, satisfying

Luk = fka
such that
inf p(x, ug, Bs,eq) — 0
B,

and

sup 7“21’_”/ | fx|P — 0.
r€Ba,r<2p(x,uk,B3,€0) By(x)

It is easy to check from the above that 77 fi (x4 ) converges to 0 in LP(B
we get the desired conclusion from Theorem 2.7. O

). Thus

1
1

3. Positive harmonic function with isolated singularity. In this section,
we will use the so-called John-Nirenberg radius or the John-Nirenberg inequality to
study the positive harmonic functions with singularity on a manifold. We will give a
proof of the following result, which is a special case of Theorem 1 of [13]:

LEMMA 3.1. Let g = dr? + g(r,0)dS" ™! be a smooth metric over By C R™, where
g(r,0) = r?(1 4 o(1)). Assume u is a positive harmonic function on By \ {0}. Then
u € Wha for any q € (1, -2=) and satisfies the weak equation

' n—1

—Agu=cdy, ¢>0.
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Proof. Let

First, we prove that

u(rx) c Vu c 0
2 = 2o and g (rz) — —

W1 OT

uniformly on S"~1.
Assume this is not true. Then we can find z;, € S*~! € R™ and r;, — 0, such
that

Vu c 0

u(rpay) c (re) +

> €
e (n—2)wy—1

> € or

—n

'r]lC Wn—1 87”

Let vy, = u(rrx) and choose ¢, such that
/ log c,vpdS™ 1 = 0.
9B,

By the results in the above section, for any r > 0 we can find a(r) > 0 such that, for
any r € B1 \ B,,

p(w, vk, B2 \ Bz, €0) > a(r),

and hence both cv;, and —— are bounded in L%(Bl \ B).

CrVk

Since ¢ vy, is harmonic, after passing to a subsequence, cxvy, converges in CP. (R™)

to a function v which is positive and harmonic on R™ \ {0}. It is well-known that
_ 2—n
v =ar + b,

where a and b are nonnegative real numbers with a?+b? > 0 (c.f. [1, Corollary 3.14]).
Now, we need to discuss the following two cases.
Case 1: ¢ # 0. In this case, from

9, 0
o / s, = / 9V 48" = a(2 — n)wn_1, (3.1)
r. " Jom,, Or o, Or
it follows that
— N,
N Gk i (3.2)
L c
Then we have
ug(rex) _ cpug () (a+b)c
rft*” ckrz*” aln —2)wn_1’

and

c 0

PP IWau(rpz) — — —_—.
k (rz) Wp_1 0T
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To get a contradiction, we need to prove b = 0. Let G be the Green function which
satisfies —A,G = 6y and G|spp; = 0. We have

n—1
o T G
=My e S0

Then

0G  Ou 0G  Ou
Ck /83,, (UE - EG)CZSQ = ck/ . (u—=— — =—@G)dS,

(Aegog(z)(2 — n)r,lc_"(l +o(1)) =X

[
S
&

g
|z
Ead
=T
Z

xr (14 o(1))dS
— (v(1)(2=n)A =" (1)N) dS (3.3)
0By
= —b(n — 2)wp_1 .

Obviously (3.2) implies ¢, — 0, hence from the above equality (3.3) we derive that
b=0.

Case 2: ¢=0. If ckrifn — +00, it is easy to check that

i 2u(rpa) = Ckv’;gl) -0 and i Wu(rgz) — 0.
CrTy

On the other hand, if ¢, ™ < C, it follows that c; — 0. From (3.1) we have a = 0.
From (3.3) we can see that b = 0. Thus, we get a contradiction.

Therefore, we conclude that u € Wh4(B) for any ¢ € (1,-"5). Given a smooth
function ¢ whose support set is contained in By, we have

VeVudVy = lim VeVudV,
Bl r—0 Bl\Br
= — lim AupdV, +1im/ @ dV,
50 Bi\B, L =0 Jop, 61/<'0 9
= cp(0).
Thus, we get
—Agu = cdo.

Thus we complete the proof of this lemma. O

COROLLARY 3.2. Let (M, g) be a closed manifold with constant scalar curvature
R(g). Suppose p1, -+, pm € M, and ¢' is a metric on M \ {p1, - ,pm}, which is
conformal to g. If R(g') =0, then (M, g’) is complete near p; or g’ is smooth across
Pi-

Proof. We can find a metric go which is conformal to g, such that R(gg) = 0 in
a neighborhood of p;. Let ¢’ = e go- Then u is harmonic in a neighborhood of p;.
Thus, either v can be extended smoothly to p;, or u ~ ¢;72~" for a positive ¢;, which
implies that ¢’ is complete near p;. O
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4. A collapsing sequence with bounded ||R||.». In the previous paper [11],
the authors use the e-regularity to study the bubble tree convergence of a metric
sequence in a fixed conformal class with bounded volume and LP(M)-norm of scalar
curvature. Then, it has been shown that the John-Nirenberg radius is bounded below
by a positive constant when the volume converges to 0. In this section, we will
show that the e-regularity is also a corollary of John-Nirenberg inequality, which was
deduced directly from LP estimate in [11].

First, we show the positivity of the John-Nirenberg radius for a collapsing se-
quence.

LEMMA 4.1. Let n > 3 and {gx} be a sequence of metrics over By C R™ which
4

n—

converges to g. Let g = u; * i, where uy is smooth and positive. Suppose that
vol(Ba, gr) — 0 and f32 |R(gr)|Pdpg, < A, where p > 5. Then for any sufficiently
small €g, there exists ag > 0, such that

p(x,ug, Ba,eg) > ag, V x € By.

Proof. We have the equation:
— 3w + 6T () wkm + () R(Gr)ue = fr,

where

4

fr = c(n)R(gr)u; .
Given zp — xg, rr — 0, such that
re < 2p(xk, ug, B2, €).
Note that sz, 7 (gk), R(gr) converges to g%, ['7(g), R(g) respectively. We let

n—2
vip(x) =1, 2 up(zg + rpx). Obviously, p(0, vy, B2, €9) > 1/2 implies

/ |V log vy |"dx < €.
B

1
3

Then,
1
p(Y, vk, B2(0), €0) > 6 Vye B%(O)~
By Lemma 2.3,
1
levrll on  +ll—l 8. ~ <C.
L (B1) CkVk Lo (B1)
3 3
Since [ |vk|"2%2 — 0, we get ¢ — 400, then |lvg] sa < C. Fixap' € (§,p), we
L (B1)
can choose ¢y to be sufficiently small such that ’
R = / i n
[ R(gx) (zk + rm) V)] HLP’(B%) <C@,p,A), and i ZTOP/ > 9
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Applying Corollary 2.5 to cpvg, we get cpvr converges to a positive function ¢ in
W?24(B1) for some q > 5. Since vol(Ba,gx) — 0, cx — o0, and v, — 0 in Bi
uniformfy, we get

_4p_
/ ri |R(3r) [Pug(zx + rix) 2 da = / [R(gk) [Py " d
B% (0) B% (0)

4p—2n
n

2n_
< |ogl] o /B ) |R(gx)[Pv) 2 dz — 0
1

Applying Theorem 2.7, we obtain the required result and complete the proof. O
Next, we prove the e-regularity.

LEMMA 4.2. Let By(z9) C M. We assume fBr(zo) |R(¢")|Pdpgy < A, where

p > %. Then, there exists e, which depends only on M, r and A, such that if
vol(By(z0),9") < €, then

n—2

Hu||W2vp(B%)(mO) < Cvol(By(w9),9") 2 .

4

Proof. Assume the result is not true. Then we can find z, — z{, gr = u; g,
such that vol(B,(zx),gx) — 0, [|R(gx)|lr (B, (2y)) < A and

n—2

|urllw2e (B (z0)) > kVol(By(z0), gr) 2 .

r
2

9 = 9|B,(z,) can be regarded as a metric over B, C R"™ which converges smoothly.
It follows that

_4
—Agrug = (—c(n)R(gy,) + R(gr)uy " Juk.
By the above lemma, p(z,ug, B, e9) > a > 0 for any x € B%. Choose ¢ to be
sufficiently small. By Corollary 2.5, cxuy, converges in W249(B 3 ,-) to a positive function

2n

for some ¢ > 5. Then, ||Ckuk||Loo(B%r) is bounded above. Since fBr(wo) up =0, we

get ¢x — +00. Then uy — 0 in By (zo) uniformly and

4 n-2
||Ckuk||w2m(3%(x0)) > kvol(B%,,(xo),c,:‘ng) I — 400.

On the other hand, since
p(n+2)—2n p_w

_4 2n_
/ (IR(ge) [ 2 ) < / R(@Pul 2 [(enun) 525 e my yel 2 0,
B B

3,
E E 4
we derive

_4
—2

levurllwzr sy < C([R(gr)uy, CkUkHLP(B%T) + ”CkukHLP(B%T))

< C([IR(gr)llr(Brg0) + 1)
< C.

We get a contradiction and finish the proof. O
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5. 4-manifold in a conformal class with ||K|y12 < A. In this section, we
let dim M = 4, uy, € W3%(M, g) and gy = uig. Assume that for every k there holds

Wmmﬁlam.ﬂMﬁWW+W%Wm<A (5.1)

where K (gy) denotes the sectional curvature of g,. We intend to study the convergence
behavior of uy.

First of all, we try to show that the John-Nirenberg inequality will imply the
LP-estimate of curvature. We want to prove the result under the assumption that

”R(gk)”WL?(M,gk) <A

LEMMA 5.1. Let g = g;jdx* @ dz? be a smooth metric on By C R"™ with
lgisllc2.a(By) < 1. Suppose that g’ = u*g satisfies vol(Bs,g') < v2 and

| (90 RG@E + R(g)PIavy < A (5:2)
3

Then, for any p < 4, there exists €y = éy(p) such that, if eg < éy and p(z,u, B3, €p) >
a > 0, there holds true

IR < oz, ),
B,
Proof. For any ¢q € (%, 2), we have

/B |V, (Ru?)|?dV, < C(q) (/B (|VgR|u)ququg+/ (|Ru2)q|Vgloguqug>

1
q

< C(g; M) (/31 u;qqug) 2
+C(q) (/Bl(|R|u2)4“—“q)42q (/B v, logu4dVg>

Choose €y, such that f—: > 22—:1(1. Let p = 44—fq and —logc be the mean value
of logu over B;. By Corollary 2.2, we can find C = C(eg,q,71,a), such that both

[lew|| 24 and | are bounded above by C. Then
L2-a(By)

aq
4

1
& HLZQqu(Bl)

|B1]? g/ (cu)4dx/ (cu)™tdr < C’(eo,qml,a)c‘l/ ut,
31 Bl Bl

which yields that ¢ is bounded below by a positive constant C' = C(eg, q, 71, V2, a).
Then

q

/B |V(Ru2)‘qdvg S C(qa €0, 71,72, Ava) + C(q7717 G)Eg (A (|R|u2)ﬁ;dvg)

1
Let e = C(qﬁl,a)%eo. We get

||V(Ru2)||L‘1(Bl,g) < C(qu 60)717’727A7a) + 6||‘RU/2||L44?‘1 .
a(B1,9)
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By Sobolev inequality,

IR, < g ) (VR o + 1R oo )

Put eC(q,71) < %, we get

||RUQ||L44%‘1(B ) S C(Q7607717’727A7a)'
1

0

Next, we show that small ||R|| .2 implies the boundness of John-Nirenberg radius.
LEMMA 5.2. Let g, u and g’ be as in the above lemma. Then, there exist T > 0
and a > 0 such that, if [ R*(¢')dVy <, then

inf p(x,u,Bs,e0) >a, VY x€ By.
reB1

Proof. We prove it by contradiction. Assume there exists g, = u%g such that

inf B: — 0.
Q:lenB] p(x7uk7 3;60)

Given yy — yo € Ba, 11 < 2p(yr, ug, Bs, €0), we set vy, (z) = rpug(yr + rpz) and
Gk = v gij(Yr + ra)da’ @ da?

Then, it is easy to see that p(O,v;wB%,eo) > % and p(m,vk,B%7eo) > i,Vm € B%.
Obviously,

I1R(Gr)lw2(Bs,g0) = 1R(g) W2 (Bss, (50)00) -
By Lemma 5.1, for some p € (2, 4) there holds

J,
4

R(gr)vi|” < C.

Since
| 1R+ e+ wlds < © [ RGP,
B% B%
and
/ [re R(r) (e + yr)ui (i + )| = / |R(gi)vi|? = / |R(gr)|*uf, — 0.
B B By, (vk)

From Lemma 2.7, it follows that p(x,ux, Bs,e0) > a,Vx € Bj. Then, we get a
contradiction. O

For convenience, given a subset A C S"~!, we set

A, = |J 4 cAr) = J tA

te(0,7] te[5.7]
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We need to establish the following lemma:

LEMMA 5.3. Let g be a smooth metric over By C R* and ¢’ = u?g, where
u € W32(By) is a positive function. Assume g = dr? + g(r,0)dS?® with g(r,0) =
r2(1+o(1)). If

vol(By. ') + / (IK(g)2 + [V K(g)2)dVy < +oc,

then, when r is small enough, there holds

vol(C(A,7/2),4") < 2%vol((ﬁ'(A, r),9g").

Proof. We claim that: there exists rq, such that if » < rq, then

vol(C(A, r/4),g') < Qigvol(C(A,r/m, J) < 2i6v01(c<A,r), ) (53)
vol(C(A,7),d") < 2—13V01(C(A,r/2),g’) < 2—16v01(C(A7r/4)7g’). (5.4)

Assume there exists 7, — 0, such that none of the above holds. Put ug(z) =
rru(rx) and g, = uig(rix). For any fixed R, we have

/ (1K (g)* + Vg, K (1)) dVy, =/ (1K (g + Vg K(g)?)dVy — 0.
BR BRrk
Then by Lemma 5.1-5.2, Lemma 2.5 and Lemma 2.3, we can find ¢, such that ¢pug
converges to a positive function ¢. Let gy = Eigk and § = p%gpa.
Since vol(gk, Brr,, \ {0}) — 0, we have ¢, — co. Then it is easy to check that

[ (9aK@)? + 1K@ P, —o.
Bi\B

By Lemma 5.2 again, éyuy converges weakly in W2 (R*\ {0}) and K () = 0, thus ¢
is a positive harmonic function.

Theorem 9.8 in [1] tells us that ¢ can be written as ¢ = ar~2+b. Since K () = 0,
we get a =0 or b =0. When a =0 and b # 0, we have

vol(C(A,1),§)  vol(C(A,1/2),9)

. _ o4
vol(C(A,1/2),5)  vol(C(A,1/4),3) >
Since
VOl(C(A,Tk),g,) _ VOI(C(A,I),!?)
V01<C(A7 Tk/Z)a g/) VOI(C(A’ 1/2)a g)
and

vol(C(A,r/2),q") . vol(C(A,1/2),9)
vol(C(A,r1,/4),9") ~ vol(C(A,1/4),3)

we get (5.3) for r = r. A contradiction appears.
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When b = 0 and a # 0, we have

vol(C(A,1),5)  vol(C(A,1/2),5) 1
vol(C(A,1/2), g

) vol(C(A,1/4),5) 24

We can get another contradiction by the same argument.
To prove the lemma, now we only need to show (5.4) does not hold. When (5.4)
holds, we can pick r¢ such that

vol(C(A,27%rg), ¢') > 22vol(C(A, 27 1rg), o),

which contradicts vol(By,¢g') < +o0. O
Using the same method, or applying Klein transformation, we have the following:

LEMMA 5.4. Let u € W22 (R*\ Bg) and ¢’ = uggs. If

ol Brog) + [ KO+ VK ()Y < 4oe,
R

then, when r is large enough, there holds true

vol(C(A,r)) < %UOZ(C(A, r/2)).

Now, we are in the position to prove the main theorem of this section:

THEOREM 5.5. Let (M, g) be a closed 4-dimensional Riemannian manifold with
constant scalar curvature. Let up € W>2(M, g) be a positive function and gi, = uig,
Assume

wlMg) =a0 and [ (VK@ + K@)V, <A,
M

where ag > 0 and A > 0. Then,

1) as (M, g) is not conformal to S*, uy, converges in W32(M, g) to a positive
function weakly.

2) as M = S*, there exist Mobius transformation oy, such that o} (gx) converges
to W32-metric weakly in W32,

Proof. After passing to a subsequence, we find a finite set S such that

r—0 k—oo

lim liminf/ Rui>I zes
B, (x) 2
and

lim limsup/ Riuy < z, x¢S.
B.(2) 2

=0 koo

For more details we refer to Section 5 in [11].
By Lemma 5.1-5.2, and Corollary 2.5, we can find ¢ > 0 such that cxuy converges
to a positive function ¢ weakly in V[/l?;f (M\S). When S = 0, c,uy, converges weakly in

W32(M, g), then it follows from vol(M, g) = ag that a subsequence of {cj} converges
to a positive constant. Hence S = () implies that uj converges weakly in W32(M, g).
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Now, we assume S # (). First, we consider the case M is not conformal to S*.
For this case, we claim that

/ $*dV, < oo.
M\S

Assume this is not true. Since

lim (crug)*dV, = / ¢*dv,,
k—oo Jan\s M\S

it follows from [,, uj = ag that ¢; — oo.

Let gx = cigr = ciuig. We have

[ 1K @Pav;, = [ K@V, <A,
M M
and
R 1
[ 1VaK@)Pds, = 5 [ 1V, K @R, o
M Cr JMm

Then, K(gy) converges to a constant weakly in Wllof (M \ 8). Noting that

/|K@W&m@§m
M

we get K(¢) = 0, which implies that R(¢) = 0.

By Corollary 3.2, we know that (M, ¢?g) is complete. On the other hand, each end
of M\ S is collared topologically by S? x R. Therefore, we conclude that (M \ S, $?g)
is just R* (c.f. [4, Theorem 1]). This contradicts the assumption that M is not
conformal to S*. Thus, we get the claim.

Choose a normal chart of a point p € §. By the definition of S, we can get a
sequence (xg, k), such that xx — 0 and rp — 0 and

T

[ IR, =,
B’V‘k (mk)

.
| IR@Pdv, <5, e Bs(O), r<n.
Bxr(y)

Let vg(z) = ryug(zg + rp2z) and
9 = riui(mk +rpx)g(z, + rex).
It is easy to check that

”K(g;c)”Wl’z(BR»g;C) < C(R)a VRa

/|M%Wma=1,md/'\m%wmasi vy,
By 2 Bi(y) 2



776 Y. LI, G. WEI AND Z. ZHOU

By Lemma 5.1-5.2, Lemma 2.5 and Lemma 2.3, there exists a sequence of positive
numbers {c; } such that ¢jv; converges weakly to a positive function ¢ in W2(R*)
weakly. Noting [, v} < ag, we have infy, ¢}, > 0.

R

We claim that
e = vol(R*, 2 gga) < 400.
R4

Assume this is not true. By a similar argument with the proof of [, ¢t < 400, we
can get ¢, — +oo and K () = 0. Noting that

2 2 7yi2 T
[ Py = [ IR gRav, =

we get

-
./ [R()[?dVy2 gy = 2’
B1
which is impossible. Therefore, the claim is true.
Let A’ be an open ball in S*~! such that, after passing to a subsequence,
T

[ IR@Pw, < ]

Let A C A’ be a closed ball in S*~!, and 6 be sufficiently small. Take ¢, € [, 4],
such that

vol(C(A, tk) + k, gk) = %ka ]V01(C(A, t) + Tk, gk )
tel=,r
By Lemma 5.3, for any fixed sufficiently small r, we have
vol(C(A,7) + zk, gk) . vol(C(A, 1), $*g)

3
vol(C'(A,r/2) + 2k, gk) vol(C'(A,r/2),¢%g) > 2

Then, t; — 0. By the same argument, we deduced from Lemma 5.4 that f?’; — 400.
Set
Uk = teu(Tk + ),  gr = Ukg(Tk + k).

Using the same method as we get ¢, we can find a finite set S and a number ¢, such
that ¢,0; converges to a positive function v weakly in Wl‘i’f(R‘l \ ({0} US)). By the
definition of A, we have

SNn{tA:t>0} =10,
hence it follows

vol(C(A,1),v%grn) = 7%r>1£ vol(C(A,t), v ggn). (5.5)

Then, by the same arguments as we derive fM ¢* < +00, we also obtain that &, — 400
and K(v) = 0. Then v is a positive harmonic function defined on R* \ (S U {0}).
Furthermore, by Theorem 9.8 in [1], for any zy € S U {0} we have

v(x) ~ e(xo)|z — w0 7%,
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where ¢(x) is a nonnegative constant.
Let

S ={r e Su{0}:c(z) > 0}.

If S’ is nonempty, then, (R*\ &', v%gps) is a complete flat manifold, whose ends are
collared topologically by S2 x R. It is impossible. This means that S’ = (), hence
v € C°°(R*) which contradicts (5.5). Therefore, we finish the proof of 1).

Next, we consider the case (M, g) is conformal to S*. Let P be the stereographic
projection from S* to R*, which sends g € S to 0 € R*. Under the coordinate
system defined by P, as before, we can find z — 0, rp, — 0, and ¢}, such that
¢ rrug(Ty + TEx) converges to a positive function v, which satisfies

Prde < +o0.
R4

Let o (y) = P71 (riP(y) + z). It is well-known that o) defines a Mobius transfor-
mation of S*. It is easy to check that for the new sequence g}, = o} (gr) = (u},)?gss,
there exist ¢, and a finite set &', such that cyuy converges weakly in W32(M \ &)
to a positive function ¢, which satisfies [ ¢* < +oc. Then, following the arguments
taken in 1), we complete the proof easily. O

6. Hélein’s convergence Theorem. The arguments in the previous sections
seem useless to the Gauss equation in 2 dimensional case under Gauss curvature
condition. However, we can apply them to study the convergence of a W?2:?-conformal
immersion with bounded ||A||z2 to give a generalized Hélein’s Convergence Theorem.

In [7], we defined the W?22-conformal immersion as follows:

DEFINITION 6.1. Let (,g) be a Riemann surface. A map f € W2%(Z, g, R") is
called a conformal immersion, if the induced metric gy = df @ df is given by

gy =€*"g  where u € L™(%).

For a Riemann surface X the set of all W*2-conformal immersions is denoted

by Wf’z (3,9,R™).  When f € W2’2(2,g,R") and u € LYS.(X), we say f €

on f loc

W22 oe(E, g, R™).

con f,loc

Hélein’s Convergence Theorem was first proved by Hélein [6]. An optimal version
of the theorem was stated in [7] as follows:

THEOREM 6.2. Let fr € W22(D,R") be a sequence of conformal immersions
with induced metrics (gfk)ij = e*k§;; and satisfy

~/D |Afk|2 d/‘Lfk <Y<Y = (6.1)

8T forn =3,
dw  forn > 4.
If pp (D) < C and fi(0) = 0, where py, is the measure defined by fi, then fi is
bounded in Wi’f(D,R”), and there is a subsequence such that one of the following
two alternatives holds:
(a) ug is bounded and fi converges weakly in Wi’f(D,R") to a conformal im-
mersion f € I/Vi’f(D,R").

(b) uxp = —o0 and fr — 0 locally uniformly on D.
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Note that in case of (a), ||ug|w12 < C follows from the boundness of |Jug|
and || f|lwze.

Hélein’s convergence Theorem is a very powerful tool to study variational problem
concerning Willmore functional [7, 12]. However, Theorem 6.2 can not get rid of a
collapsing sequence. For this case, generally it is not true that f, converges to a
non-trivial map after rescaling. For example, if f, = are®*, which is a sequence of
conformal maps from D to C, where aj, is chosen such that puy (D) = 1, then f
converges to a point, and for any cg, ¢ fi does not converge. However, in [9] (also
see [10]) Y. Li showed that, if fx(D) can be extended to a closed surface immersed
in R™ with ||Agl|z2 < C, then we can find ¢, such that ¢ fr converges weakly in
W22(D,) for any r to a conformal immersion. The proof provided in [9] is based on
the conformal invariant of Willmore functional and Simon’s monotonicity formula.

In this section, we will use the John-Nirenberg inequality to give a new sufficient
condition to guarantee the above assertion is still valid.

We define

plup,x) =supqt: / |Vugp? < e v .
D, (z)ND

We first prove the following:
LEMMA 6.3. Let f € W2 (D,R") and df @ df = e>*(dz? + dy?). Suppose that

conf
there exists a positive number 5 such that, for any y € R™ and r > 0,

W <3 (6.2)

Then there exists € > 0 and a > 0 such that, if fD |A|? < e, then

inf .
o plu,z) > a
4

Proof. 1f this is not true, then, we can find a sequence of fj, such that fD |Ag]? =0
and infp, p(ug,z) = 0. Take z;, € Di’ such that p(ug,zr) — 0 and z, — xg.

4
Put z, € D% such that

Lk 2k) = inf Pl T) = Mg
1/2—‘Zk| IGD% 1/2—|£L’|
As the proof of Corollary 2.7, we have py := p(ug, 2zi) = 0, Dr,, (2x) C D% and

p(uk, z) -

1
— W D
p(ukak) 9’ z € URp, (Zk)v

when k is sufficiently large.
Assume 2z, — 2o and put f;(z) = cp(fru(zr + prz) — f(2x)), where ¢ is chosen

such that
/ uy, = 0.
D

It is easy to see that f; also satisfies (6.2). Then, as the proof of Corollary 2.7, we
have fDR e2k < C(R) for any R. Since Jp uj, does not converge to —oco, by Theorem



JOHN-NIRENBERG RADIUS IN CONFORMAL GEOMETRY 779

6.2, we know that f}, converges weakly in W22(C,R") to an f' € W2?(C,R") with

loc loc
Ay =0. Since f’ is conformal, it is a holomorphic immersion from C to a plain L in

R™
Moreover, from
’

—Auy, = Ky, e2uk

we deduce that v/ is a harmonic function on R? and hence Vu' is harmonic, since
Ky, e converges to 0 in L' and wj, converges to ' weakly in W,>*(C). Obviously,
we also have that for any x € R?

/ |V |2de < €2,
D

1()
2

which follows from that for any =

/ |Vl |2de < 2.
Dy (w)

By mean value theorem, Vu' is bounded. Therefore, Vu' is a constant vector. Choos-
ing an appropriate coordinates of L, we may write f’ as f’ = az or e®**? where

a # 0.
When f/ = az, v’ is a constant. Note that i) of Theorem 6.2 implies that for any

lukllw2(p,) < C(r).

Without loss of generality, we assume wj, converges to u’ weakly in Wllof((C) Given
an positive cut-off function 1 which is 1 on Dy, we have

& < [ iVl = [ Vi)V - v
= /nu;CKeQ“;c f/(uz —u)VnVuj, fu//VnVu;C
C C C
— 0.

This is a contradiction.

When f/(z) = e®**?_ there exists Py € L, such that f'~'({P,}) contains infinity
many points. Let m > 8+ 1. Take z;, ---, 2, € f/~ ({Po}) and choose r > 0 and
r’ > 0 such that B, (Py) N L C f(Dr(2;)) and f is injective on D,.(z;). Then we get

up (17 (Bu (o))

r'?

:m’

and hence

s (17 (B (o))

12

>m—1>0,
wr

when k is sufficiently large. This contradicts (6.2). O
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THEOREM 6.4. Let f, € W22 (D, R™) and satisfy (6.2). Then, there exists an

conf

€ > 0 such that, if fD |As |? <€, then there exist ci, such that cy fi, converges weakly
in W22(D,) to an f € VVCQ’2 (D,R™) for any r < 1.

loc on f,loc
Proof. We only need to prove that, there exists ¢, such that

/ e2lurtlogex| C(r)
D,

for any r. The proof goes almost the same as in the proof of Lemma 2.3, we omit it. O

When fi can be extended to a closed immersed surface with ||Ag|Lz < C, by
(1.3) in [14], we know that (6.2) must hold true.

COROLLARY 6.5. Let f € W22 (D,R™), which satisfies (6.2). If fi satisfies

conf

/WAMP<vn—m
D

then there exist ¢y such that {ckfr} converges weakly in Wi’f(Dr) to an f €
w2 . (D,R") for anyr < 1.

conf,loc

Proof. Let € be the same as in the Theorem 6.4. Take m such that %7; -b <e
For convenience, we set r € (%, 1)andl = 1% After passing to a subsequence, there
exists 2 < ¢ < m — 2 such that

/ Ap P <e V.
Dy (i12)1\Dry(i—2y

By Theorem 6.2, Theorem 6.4 and a covering argument, we know there exists ¢}, such
that ¢}, fr converges weakly in I/Vlif to a function

2,2
fo € Wegnrioe(Drirnyi \ Drgi—1)1, R™),
and
[|ur + log C;C||Lm(Dr+(i+1)l\D7‘+(i*1)l) <C.
In particular, there holds true
|ur 4 log ¢ || LoD, ) < C-

Since

/WAnP<vn—ﬂ
D

by Corollary 2.4 in [7], we know there exists a function v; : C — R solving the
equation

—Avp = K, e2(urtlog c)
in D and satisfying the following estimates:

vkl Lo (py < C-
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The maximal principle yields
[ug +log cj, — villLe(D,,.) < C,
hence it follows
[[uk +log ¢l (p, ) < C.
By the fact fj satisfies the equation
Adj i = e Hose

for every k, we obtain

/ 2 2||ug+logch || Lo (D, . ) 2
/D |Ac, fel|"dz < e . (Proa |Hc;fk| d:uc;fk <C.
rtil

Dyl

This implies

||C;cfk||W2>2(Dr+u) <C.

Thus, there exists a subsequence of {c} fi} converges weakly to a W22 conformal
immersion in D,..
Applying Theorem 6.2 again, we get

|V (ur +log &) L2(p,) + lluk +1og ¢l L= (p,) < C(r).

Let

log ¢, = U

b
D3l Jp,
By Poincaré inequality, we have
ue +log ekl L2(p,) < C.
Hence, it follows that
|log ¢, — logc,| < C.

Thus, after passing to a subsequence, ¢y fi. converges weakly in W?22(D,.) to a confor-
mal map. 0
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