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CLUSTER POINTS OF JUMPING COEFFICIENTS AND
EQUISINGULARTIES OF PLURISUBHARMONIC FUNCTIONS*

QI'AN GUAN' AND ZHENQIAN LI#

Abstract. In this article, we will construct a plurisubharmonic function whose jumping coef-
ficients have a cluster point. We also give a class of plurisubharmonic functions which cannot be
“strongly equisingular” to any plurisubharmonic function with generalized analytic singularities and
present global equisingular approximations of quasi-plurisubharmonic functions with stable analytic
pluripolar sets on compact complex manifolds.
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1. Introduction.

1.1. Cluster points of jumping coefficients. Let X be a complex manifold
of dimension n and ¢ a quasi-plurisubharmonic (abbr. quasi-psh) function on X.
The multiplier ideal sheaf .7 (p) is defined to be the sheaf of germs of holomorphic
functions f such that |f|?e 2% is locally integrable, which is a coherent sheaf of ideals
(see [3]).

Let x € X be a point. By the solution to Demailly’s strong openness conjecture
[10], i.e.,

I(p) = I4(p) =] 2 (1 +2)p),

e>0

which was posed by Demailly in [2], there is an increasing sequence

0="Co(pim) < &ilprm) <alpir) <.
of real numbers & = &k (p; ) such that F(cp)y = I (i) for ¢ € [k, Eky1) and

I(Ep10)e G I (Erp)e  for every k.
If the Lelong number v(p, z) = 0, we put £ = +00.

DEFINITION 1.1 ([8], [5]). The real numbers & (p; x) is called the jumping coef-
ficients or jumping numbers of p at x. We say that £ is a jumping coefficient of ¢ on
an analytic set A C X if it is a jumping coefficient of ¢ at some point z € A. The
collection of all jumping coefficients of ¢ at x is denoted by Jump(yp; x).

By the strong openness property of multiplier ideal sheaves, we know that
Jump(p; x) satisfies the descending chain condition (DCC): any decreasing sequence
of jumping coefficients stabilizes. Moreover, it is easy to see that Jump(y; x) does not
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satisfy ACC. By a discussion on Hironaka’s log resolution [5], the sequence (&) will
go to infinity when ¢ has analytic singularities, i.e., ¢ can be written locally as

o= 3log (Y I£iP) +0(1),
k=1

where ¢ € RT and f; are holomorphic functions. However, the sequence (&) will not
be a discrete subset of RT for general plurisubharmonic functions as we will present,
which is very different from the algebraic case. One can refer to [8] and [5] for more
properties of jumping coefficients.

In the present subsection, we will construct a plurisubharmonic function ¢ such
that Jump(y; ) has a cluster point, i.e., there exists a jumping coefficient &, such
that for every small enough € > 0 we have a jumping coefficient &, € (§k, — €, &ky )-
Indeed, we will prove the following;:

THEOREM 1.1. There exists a plurisubharmonic function ¢ on C" (n > 2) such
that 1 is a cluster point of Jump(p; o).

By Theorem 1.1, one can obtain that the plurisubharmonic function ¢ will not
be strongly equisingular to any plurisubharmonic function with analytic singularities
(here, “strongly equisingular” for ¢; and @y means that e~ 291 — e=292 is locally
integrable). We will consider general case in the next subsection.

1.2. Equisingular problem on plurisubharmonic functions.

1.2.1. Strongly equisingular approximations with generalized analytic
singularities. In [7], the following “equisingular” regularization process was estab-
lished.

THEOREM 1.2 ([7], see also [3, 4]). Let T = a +i00¢ be a closed (1,1)-current
on a compact Hermitian manifold (X,w), where o is a smooth closed (1,1)-form and
¢ a quasi-psh function. Let v be a continuous real (1,1)-form such that T > ~y. Then
one can write ¢ = liMy, 51 o0 Pm, where

(a) @m is smooth in the complement X\Z,, of an analytic set Z,, C X;

(0) (pm) is a decreasing sequence, and Z,, C Zy41 for all m;

(¢) [y (72?7 — e 2¢m)dV,, is finite for every m and converges to 0 as m — +00;

(d) (“equisingularity”) 7 (om) = Z(p) for all m;

(€) Ty, = o+ 100y, satisfies Ty, > v — euw, where £, — 0 as m — +00.

As what Remark 2.4 pointed out in [7] (see also Remark 15.4 in [3]), it is inter-
esting to know whether the ¢,, can be taken to have analytic singularities along Z,,.
In [9], the first author showed that the above result does not hold if ¢,,, are supposed
to have analytic singularities.

We notice that, in the proof of Theorem 1.2, the equisingular part (d) directly
follows from the truth of part (¢). Hence, it is interesting to know whether the part
(¢) holds by supposing ¢, to have analytic singularities in Theorem 1.2.

A plurisubharmonic function ¢ will be said to have generalized analytic singular-
ities if for any point xy € X there exists a ball B, (z¢) such that for every complex
line L C B,(xg), |1, has analytic singularities. The set of plurisubharmonic functions
on X with generalized analytic singularities is denoted by £(X). In particular, £(X)
contains any ¢ € Psh(X), which can be written locally as

N m;

o =log (Y ] 14s1) +01),

j=1k=1
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where \;;, € RT and fj; are holomorphic functions.
Now, it is natural to put forward such a question:

QUESTION. For any given ¢ € Psh(X), can one choose v € E(X) such that v 4
is strongly equisingular to p, i.e., e=2¥ — e=2%4 s locally integrable?

In this subsection, we establish the following result on the above question.
THEOREM 1.3. Let x be a convex increasing function on R with . lim x/(t) =
——00

Co > 0. Let ¢ be a plurisubharmonic function near o € C™ with Cy - v(p,0) > n
and pa € E(C") has generalized analytic singularities. If e=2X°% — =294 js locally
integrable near o, then , lim |x(t) — Cot| < 0.

——00

REMARK 1.1. (1) By Theorem 1.3, for any plurisubharmonic function ¢ near
o € C™ with v(¢,0) > 0, there exists a convex increasing function x on R such that
e~ 2x°% _ ¢=2¥4 is not locally integrable near o.

(2) By a similar discussion in [9], we have that, for any complex manifold X
(compact or noncompact) with dimX > 2 and 2y € X, there exists a quasi-psh
function ¢ on X such that for any plurisubharmonic function ¢4 with generalized
analytic singularities near zy, e 2¥ — e =24 is not locally integrable near z.

Note that in Theorem 1.3, the Lelong number v(x o ¢,0) > n is necessary. For
Lelong number near 1 case, following from the plurisubharmonic function ¢ as in
Theorem 1.1 (M large enough), we obtain

THEOREM 1.4. Let ¢ € Psh(C") be the plurisubharmonic function as in Theorem
1.1 and v 4 a plurisubharmonic function with generalized analytic singularities near
the origin 0. Then, e™2%¥ — e~2%¥4 is not locally integrable near o.

1.2.2. Global equisingular approximations with stable analytic pluripo-
lar sets. In [1] (see also [3, 4]), Demailly proved the basic result on the approxima-
tion of psh functions by psh functions with analytic singularities via Bergman kernels,
which provides less equisingularity than Theorem 1.2 in the sense that the multiplier
ideal sheaves are preserved.

In this note, by combining the strong openness property of multiplier ideal
sheaves, we will present the following equisingular approximations quasi-psh func-
tions with stable analytic pluripolar set A := N(.#(yp)), the zero set of multiplier
ideal sheaf .7 () associated to ¢.

THEOREM 1.5. Let ¢ be a quasi-psh function on a compact Hermitian manifold
(X,w) of dimension n such that @359@ >~ for some continuous real (1,1)-form .
Then, there exists a sequence (zﬁk) of quasi-psh functions with analytic singularities
on X and a decreasing sequence g > 0 converging to 0 such that

(1) (W) converges to ¢ almost everywhere;

(2) (“equisingularity’) 7 (i) = I (@) for every k;
(3) (“stability”) the polar sets of vy, coincide with A for all k;
(4) v(p,z) — (1+ £)% < vy, z) < (14 $)v(p,x) for every z € A;

(5) YZ2000x(€.€) = min{y(€.6).pr(y — X w)(€, &)} — exw(€.€) for any & € T,
where A > 0 is some constant, pr < pr+1 — +00 as k tends to infinity.

REMARK 1.2. In [9], the first author proved that one cannot add the requirement
to make v, converge to ¢ decreasingly.
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Whereas the pluripolar set Z,,, of ¢, is larger and larger as m tends to infinity in
Theorem 1.2. We infer from the strong openness property of multiplier ideal sheaves
and Theorem 1.2 that

THEOREM 1.6. Let ¢ be a quasi-psh function on a compact Hermitian manifold
(X,w) of dimension n such that Qé‘éap >~ for some continuous real (1,1)-form .
Then, there exists a sequence (1&;@) of quasi-psh functions on X such that

(1) (¢x) is decreasing and convergent to ;

(2) iy is smooth on X\ A for all k;

(3) e72% — e~ 2% s locally integrable for every k, which implies .7 () = F(@);

(4) Y2000, (¢,€) > min{(y — exw) (&, &), pr(y — A - w)(&,€)} for any & € Tx,
where X > 0 is some constant, pi < pr+1 — +00 and €, — 0 as k tends to infinity.

2. Some known results. To prove the main results, the following special case
of Ohsawa-Takegoshi L? extension theorem and Siu’s decomposition theorem are nec-
essary.

THEOREM 2.1 ([6], Theorem 2.1). Let Q@ C C™ be a bounded pseudoconvexr do-
main, and let H be an affine linear subspace of C™ of codimension p > 1 given by an
orthogonal system s of affine linear equations s; = --- = s, = 0. For every 8 < p,
there exists a constant Cg,, o depending only on ,n and the diameter of Q, satis-
fying the following property. For every plurisubharmonic function ¢ € Psh(Q) and
feO@QnH) with [, |fIPe”?d g < 400, there exists an extension F € O(S) of
f such that

/|F|2\s\_256_99d)\n gcﬂ,n,g/ F2ePdA,
Q QNH
where d\, and d\g are the Lebesgue volume elements in C" and H respectively.

THEOREM 2.2 (see [3], Theorem 2.18). Let T be a closed positive current of
bidimension (p,p). Then T can be written as a convergent series of closed positive
currents

+oo
T = Z)\k[Ak} + R,
k=1

where [Ag] is a current of integration over an irreducible analytic set of dimen-
sion p, and R is a residual current with the property that dim E.(R) < p for ev-
ery ¢ > 0. This decomposition is locally and globally unique: the sets Ay are
precisely the p-dimensional components occurring in the upperlevel sets E.(T), and
A = mingea, v(T, x) is the generic Lelong number of T along Ay,.

The proof of Lemma 4.7 in [11] implies

LEMMA 2.3. Letp: A% — A, z = (21,22) — 21 and ¢ € Psh(A?). For almost all
z1 € A (in the sense of the Lebesque measure on A), the level set of Lelong numbers

of plp-1(z,) satisfies
{2[v(plp-1(1): 2) = 0} = ({z|v(p, 2) = 0} Np~'(21)).

For the proof of Theorem 1.3, we also need the following two Lemmas.
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LEMMA 2.4. Let 1, o be two subharmonic functions near o € C. If e~ 291 —e=2¢2
is locally integrable near o and the Lelong number v(¢1,0) > 1, then v(p1,0) =

V((p% 0)'

Proof. As e=2$1 — ¢72¢2 is locally integrable near o, it follows from v(p1,0) > 1
that v(p2,0) > 1.

Suppose that v(1,0) = v(p2,0) does not hold. Without loss of generality, we

put v(p1,0) > v(pa,0). Let a € (v(p2,0), min{r(p1,0),v(p2,0) + 1}). Then, p; —
(a — 1) log|z| are subharmonic near o and

v(pr — (a—1)loglz],0) > 1, v(ps — (a —1)log|z|,0) < 1.

That is to say e 2(¢1—(a=Dloglzl) _ o—2(¢1—(a—1)log[2]) g not locally integrable near o.
However, the local integrability of e 2#* — e =292 near o implies that

|Z|2(a71)(672v1 _ 672502) — o~ 2pri—(a=D)log|z|) _ ,—2(p1—(a—1)log|z])

is locally integrable near o, which is a contradiction. O

LEMMA 2.5. Let o4 = Cilog|z| + O(1) near o € C and ¢ a subharmonic
function near o € C with v(p,0) = Cy, where C1,Cy are positive constants. Let x
be a conver increasing function on R such that , lim x/(¢t) = Cy > 0 with CoCy > k

——00

for some k € Nt. [If [z]2:=D(e=2x% — ¢=204) s locally integrable near o, then
t—l>ir—noo [x(t) = Cot| < 0.

Proof. As ¥ > 0 and t_l>iI_nDo X' (t) = Cy > 0, we have \/(t) > Cp for any ¢t € R.
Then, x(t) — Cot is a convex increasing function on R. Suppose that t~1>i£noo [x(t) —
Cot| < oo does not hold. Then tii{rloo(x(t) — Cpt) = —o0.

Since v(x o ¢,0) = CyCy > k, then v(x op — (k — 1)log|z|,0) > 1. It follows
from the integrability of |2|2(*=1) (e=2X°% — ¢=2¢4) near o that |z|2(F=De=2¢4 is not
locally integrable near o, which implies that ¢4 — (k — 1) log |z| is subharmonic near
o€ Cand v(ps — (k—1)log|z],0) > 1. By Lemma 2.4, we have

v(xo e —(k—1)log|z|,0) = v(pa — (k —1)log|z|, 0),
which implies v(y o ¢,0) = v(pa,0) = Cy > k.
By the assumption, we have liH(l)(X op — Copp) = —oo. Then, we infer from
z—r
v < Cylog|z| + O(1) that lir%(x o — CyCslog |z|) = —oo. Hence,
z—r

lin%)(672(xo¢7C1 log|z]) _ o=2(pa—C1 log\Z\)) = +o0.
z—r

It follows from v(x o p,0) = v(pa,0) = C1 > k that |2[?F~1)(e=2X% — ¢=2¢4) is not
locally integrable near o, which is a contradiction. O

3. Proof of the main results. We are now in a position to prove our main
results.

Proof of Theorem 1.1. Let

> z
o) =log || 3 awlog(laa] + |72,
k=1
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where o, = M %, 8, = M?* and M > 2. Then ¢ € Psh(C"), #(¢), = (21) - Op
and v(p, (0,22)) =1, Vzo # 0.

Given ¢ € (0,1]. As (z1,22) - O, Crad#((1 — €)p),, there exists an integer
N > 0 such that 28 € Z((1 —¢)p),. Note that Z((1 —¢)p), C Z((1 — &)pr)o for
every k, where @), = log|z1| + oy log(|z1] + [22|%*). To prove the desired result, it is
sufficient to show that for any integer m > 0, there exists kg and €y > 0 such that
25" & I (1= €)prg)o; Ve € (0,€0].

Considering the integration of |Z2\me_(1_5)‘f”c over unit bidisk A x A, we have

A A(lzz|me—(1—a)cpk)2d)\2
X

:/ ! 2 V-1

) 3

m /__
dz1N\dzZ, ( |22| )2 ng/\dZQ
|22/ K|k 2
A (1+ 2| n )(1*5)041«

1 \/7 kzl/ﬂk m+1 | wm F
= T o)(1tan )? dz1Ndzy (| | 1 ‘Ell)é )?
A |Zl|( )Y(14ak) (1+ |w|l3k)( ok

1 QW

(1+ak) B+1 )

dwA\dw

>C-

le/\dzl

A*

al”

where C' > 0 is some constant and A is the domain of integration in the new variable.
Then, for any m, it follows from aj = M % and B, = M?* that there exists ky and
g0 > 0 such that (1—eg)(1+ag,)— ’g“ > 1, which implies 23" ¢ Z((1—¢)pk, )o, Ve €
(0, Eo]. 0

Proof of Theorem 1.3. Let
E:C" = C" zw (21,2122, .., 21%2n)

be a holomorphic mapping. Then £ is an isomorphism outside {z; = 0}. Hence, for
sufficiently small polydisc A}', we have

/ |Zl|2(n—1)(e—2x(<ﬂo£) _ e—Q(WAOE))d)\n — / (e—2Xo¢ _ e_QLFA)d)\n < 0.
§(AM)\{z1=0}

That is to say, for almost every (zz, ..., z,) € A1 we have

/ |21\2(”_1)(e_2><(‘/’°5) _ 6—2(90/405))(1)\1 < 0.

r

It follows from Lemma 2.5 that . lim |x(t) — Cot] < co0. O
——00

Proof of Theorem 1.4. It is enough to prove the dimension two case. In fact, if
e~2% — e~2%4 is locally integrable near the origin o = (0’,0”) for general n (n > 3)
case, then for almost all (as, ..., a,) € C"~? near o”, (6_2“’ - 6_2“)
is locally integrable near o', which is a contradiction.

Assume that e=2¥ — e~2¢4 is integrable on a relatively compact neighborhood Uy
of 0. Then, e=2¢¥ —e~2¢¢4 s integrable on Uy for any 0 < ¢ < 1. As .Z(¢) = (21)-Oc2
on Uy, it follows that e=2%4 is not locally integrable near {z; = 0}|y,. By Theorem
2.2, on Uy, we have p4 = Alog|z1| + ¢, where A > 1 and 1 is a plurisubharmonic
function near o such that ({z1 = 0},0) ¢ ({v(¢¥,2) > c},0), Ve € Q*. Tt follows from
Lemma 2.3 that ¢|,,—o Z —oc.

|{23:a37~~12n:an}
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If A > 1, then for every 2z # 0, there exists g9 > 0 such that ¢4 < (14¢9)log |z ]
near (0, z2). Hence, ¢ 2174 > e~2loglx1l i5 not locally integrable near (0, z), which
is a contradiction to the local integrability of e 2T near (0,22). Hence, we have
va =log|z1| + 1 on Up.

Since |,,—¢ #Z —o0, then the Lelong number v()|.,—0,0’) < oco. Hence, we have
an integer number N > 0 such that

zév € I (V]=0)o C F(c¥|21=0)0, Ve € (0,1).

By Theorem 2.1, there exists a holomorphic function F,. on a Stein neighborhood
VoC Uy of o such that

Fe(2)lvoniz=0y = zév|vom{21:0} and F.(z), € F(ct) + clog|z1])o = F(cpa)o-

Let F.(2) = 2J¥ + 21 - G.(2) for some holomorphic function G.(z) near o. By the
assumption, we have

(21) - 02 = F(p)o = F(pa)o C I (cpa)o.

It follows that 2l = F.(2) — 21 - G.(2) € Z(cpa), for any ¢ € (0,1). However, by the
proof of Theorem 1.1, we know that there exists €y > 0 such that

N g (1 —e)p)o, Ve € (0,e0),

which is a contradiction to the assumption, i.e., e72%¥ —e =294 is not locally integrable
near o. O

Proof of Theorem 1.5. Step 1. By Theorem 13.12 in [3], there exists a finite open
covering (Uyg) of X by coordinate balls and a sequence of quasi-psh functions ¢,, on

X such that ‘/7_7185@1 > v — A-w for some constant A > 0 and on every Uy, we have
Omlu, = —1ogz |cr \2 +0(1),

(k)

where (0 7,) is an orthonormal basis of Hy, (my), the Hilbert space of holomorphic

functions f on Uy, satisfying [, |f[?e=*"?d), < cc.

Step 2 (see Proposition 2.1 in [11]). There exists a quasi-psh function ¢ on X
such that

(i) e72% — e=2% is locally integrable, which implies .#(¢) = .# () on X;

(i) ¢ € L2 (X\A) and v(p,x) = v(p, x) for every x € A.

loc

Let zg € X be any point. Without loss of generality, we assume xy € Ug. By
Proposition 5.7 in [3], there exists jo > 0 and a neighborhood Vi CC Uy of xg such

that ng’ﬁl),. o) generate .# () on Vp, and

9 Jol
log > [} 2 = 1og2\o 2+ 0(1).
J

on Uy. It follows from the strong openness property of multiplier ideal sheaves that
there exists a real number pg > 0 satisfying

Vo O
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for any 1 < j < jp and any p > pg. Then, we obtain that on Vj,

/ (e—2ga _ e—2max{ap,p¢1})d)\n S/ 62-%¢72(1+%)4pd)\n
Vo {e<pe1}nVo

</ 62¢1—2(1+%)<ﬂd>\n </ 62901—2(1-0-%)%060\”
{p<pp1}nNVy Vo

Jo
<o [ St petirbran, < oo
V() j:l

for some constant C' > 0.
Thus, we infer from the compactness of X that for sufficiently large pg, by taking
@ := max{p,pp1} with p > po, we obtain that e=2¥ — e=2% is locally integrable,

5 € Lis,(X\A) and YZL005(&,€) > min{y(&,€),p(y — A+ w)(€,€)} for any € € Tx.
In addition, since v(p, x) is bounded above on A, we have v(@, z) = v (¢, x) for every
x € A

Step 3. As the discussion of Remark 3 in [4], by taking ¢, = (1 + L)@, we
have . (¢,,) = Z (@) for large enough m, where @, is the Bergman approximation
sequence of ¢. Moreover, @, is smooth outside the polar set Z,, of ¢,,.

Since ¢rn|x\ 4 is smooth, we have Z,, C A. Then, it follows from

j(@m)m = f(‘)b)w 7é OX,x

for any = € A that Z,,, = A for large enough m.
Step 4. Equisingular approximation of ¢.

Without loss of generality, we assume that both ¢ and ¢; are negative on X.
Let ¢y := max{y, prp1}, where pg < pr < pr41 — 00 (k — 00). Then ¢, converges
to ¢ and I (¢Yr) = F(p) for every k. By Remark 3 in [4], for every k, there exists
a sequence of quasi-psh functions 1;, with analytic singularities such that v is
convergent to ¥y, I (V) = & (¢y,) for each j,

N

™

OOV, (€,6) > (1 + %)(min{v(&@,pk(v =X W)€} —grw(é, ), ejr — 0 (j — 00),

for any £ € T'x and
1+ ) w(r, ) = 2) < v, x) < 1+ vy, ) ()

for every x € X. It follows from %;, — ¢, (j — oo) that for every k, there
exists Ny > 0 such that m(E{|[¢;x — Y| > 55 }) < 35, for any j > Np.
Take a subsequence v, 1, of 1, with N, < jp < jr41 and

VT

™

agwjkk(gu g) > mln{’Y(é-v g)vpk(’y - A w)(é-v g)} - Ekw(fv g)
for any & € Tx and some ¢, > 0 with g5 | 0 (kK — o0). It follows from

Vi — @l < Wik — V| + [ — o

that for every € > 0 and all k£ with 2% < &, we have

1 1
B{lsun — ¢l > €} € B{lsur — el > or} U B{ln — ol 2 € — o),
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which implies

1 e
m(E{j — ¢l 2 e}) < gp + 5 <e

for large enough £, i.e., 1;,r is convergent to ¢ in Lebesgue measure. Let z/}k be a
subsequence of 1;, 1, which converges to ¢ almost everywhere. Then, it follows from
Step 3 that vy, satisfies (1), (2), (3) and (5) as desired.

Since v (v, x) = v(p, ) for every x € A by Step 2, it follows from (x) that

1 n ] !

which implies v(p,z) — (1 + )% < v, ) < (1+ $)v(p,z) for every x € A, ie.,
part (4) holds. O

Proof of Theorem 1.6. Let (¢r) be the equisingular approximation sequence
of ¢ as in Theorem 1.2 and ¢1,pg as in Step 2 of Theorem 1.5. In addition, we
can assume all ¢, and ¢, are negative. Then, we obtain that e 2¥* — e~2% and
e~2¢ —e—2max{epei} gre locally integrable for any p > po, which implies that e=2¥% —
e~ 2max{e.pe1} ig Jocally integrable. Since

e~ 2¥k _ o—2max{¢y,max{p,pp1}} _ max{0, e~ 2k _ o2 maX{w,Wl}} c Llloc(X)

)

then e=2¥r — e=2max{vr.pe1} g Jocally integrable.
Let

Mn(tl,tQ) ::/ max{t1 +.’E1,t2+$2} H n;lﬂ(x]/nj)dxldm
k2 1<5<2

be the regularized max function, where n = (n1,72) with n; > 0, and 6 is a non-
negative smooth function on R with support in [—1,1] such that [, 6(z)dz = 1
and [, x0(x)dz = 0. By setting n = (1,1), we have M, (max{¢x,pop1},pp1) =
max{vy, pow1} near A for any p > pg. Then, it follows that

e 2max{yr.popr} _ o —2My(max{r,popi}.pe1)

is locally integrable.
Note that

0 Se_27/’k — ¢ 2My(¥1,pe1)
<e Wk _ o~ 2M;; (max{ey,poe1},per)
:(6—2% _ e—2maX{wk,pow}) + (6—2max{¢kvposa1} _ €_2Mn(max{¢k7p0@1}’p@1))
for any p > po. Thus, e 2¥% — e=2Mn(¥x:P¢1) js Jocally integrable for any p > po and
all k.

Let}/;k i= My (Yr, prep1), where n = (1,1) and po < pr < pr1 — 00 (k — 00).
Then, v, decreasingly converges to ¢ and smooth on X\ A. It follows from

e 2% _ 6_212’“ — (e—QW _ e—2¢k) + (e—ka _ 6—2Mn(wk7pw1))

that e~2% — e=2% is locally integrable.
Moreover,

VL 0004(6,6) 2 minf(y ) (€8 el ~ A-@)(E )}, €1 = 0 (6 o),

for any £ € T'x, by Theorem 1.2 and Step 2 in Theorem 1.5. O
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