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Abstract. A conformally invariant generalization of the Willmore energy for compact immersed
submanifolds of even dimension in a Riemannian manifold is derived and studied. The energy arises
as the coefficient of the log term in the renormalized area expansion of a minimal submanifold in a
Poincaré-Einstein space with prescribed boundary at infinity. Its first variation is identified as the
obstruction to smoothness of the minimal submanifold. The energy is explicitly identified for the
case of submanifolds of dimension four. Variational properties of this four-dimensional energy are
studied in detail when the background is a Euclidean space or a sphere, including identifications of
critical embeddings, questions of boundedness above and below for various topologies, and second
variation.
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1. Introduction. The Willmore energy [;, |H|* dax of a compact immersed sur-
face ¥ C R™ measures the total bending of the surface. A basic property is its con-
formal invariance. In this paper we derive a conformally invariant generalization of
the Willmore energy for compact immersed submanifolds ¥ of even dimension k > 2
in a Riemannian manifold (M, g) of dimension n > k. Our energy & is defined via an
inductive algorithm which for & > 4 is prohibitively difficult to carry out to obtain
explicit formulae. However, we do derive the formula for the & = 4 energy, which we
use to study some of its basic variational properties when (M, g) is a Euclidean space
or a sphere.

Our energy arises upon consideration of a Plateau problem at infinity for minimal
submanifolds of dimension k + 1 of an asymptotically Poincaré-Einstein space (X, g )
of dimension n+ 1 whose boundary at infinity is (M, g). In case (M, g) is a Euclidean
space or a sphere, (X, g+ ) is the corresponding half-space or ball model of hyperbolic
space. Existence theory for minimal currents in the case that g, is hyperbolic is
discussed in [A1], [A2]. Here we are concerned with formal asymptotics: we search
for a submanifold Y**! C X satisfying Y N M = %, which is minimal to high order
at infinity. It turns out that the minimality condition uniquely determines the Taylor
expansion of Y to order k + 2, at which point there is generically an obstruction
H € T'(NX) to existence of a smooth Y. Here NX denotes the normal bundle to ¥ in
M.

The area of any such asymptotically minimal Y is infinite. However, finite quan-
tities can be obtained by consideration of an asymptotic expansion of the area. One
takes X = M x (0, €9), near infinity and writes the Poincaré-Einstein metric in normal
form relative to g as

_dr’+g
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where g, is a l-parameter family of metrics on M satisfying go = g. The area of
Y N{r > e} has an asymptotic expansion in €, and the generalized Willmore energy &
is defined to be the coefficient of log % in the renormalized area expansion. This turns
out to be expressible as an integral over ¥ of a scalar invariant of the local submanifold
geometry of X in (M, g). The integrand involves derivatives of the second fundamental
form of order up to (k —2)/2.

This area renormalization procedure was described in [GW] and has been studied
in different contexts by various authors. A main focus has been the constant term in
the renormalized area expansion, usually called the renormalized area. When k is odd,
the renormalized area is a global invariant of a minimal submanifold of a Poincaré-
Einstein space and there is no log% term in the expansion. The primary interest
of [GW] was the anomaly for the renormalized area when k is even, measuring its
failure to be conformally invariant under rescaling of g. The paper [GW] did point
out the conformal invariance of the coefficient of the log% term and identified it as
the Willmore energy when k = 2. The contribution of the present paper, then, is to
follow up with further analysis of this energy for k > 2, particularly from the point of
view of regarding it as a generalization of the k£ = 2 Willmore energy.

As is well-known and described in [Grl], there is an analogous renormalization
procedure for the volume of the asymptotically Poincaré-Einstein manifold (X, g+ )
itself. In this case, when n is even, the coefficient of the log% term in the expansion
is a conformal invariant of (M, g) which equals a multiple of the integral of Branson’s
Q-curvature. A basic result ([HSS], [GH]) in this setting is that the metric variation
of this coefficient is a multiple of the ambient obstruction tensor, which is a multiple
of the coefficient of the first log term in the expansion of g,.. In Theorem 4.3, we prove
the analogous result for the generalized Willmore energy &: its variational derivative
with respect to variations of 3 is the negative of the obstruction field H. In particular,
this identifies the Euler-Lagrange equation for the energy £ as the equation ‘H = 0.
As a consequence, in Proposition 4.5 we deduce that if (M",g) is Einstein and X
is a minimal submanifold, then ¥ is critical for £. This generalizes a well-known
property of the £k = 2 Willmore energy and produces many examples of E-critical
manifolds. This can be viewed as an analogue in this setting of the fact that the
ambient obstruction tensor vanishes for Einstein metrics.

In Corollary 5.3, we identify explicitly the k = 4 energy £ for general background
(M"™,g) with n > 5. When M = R"™ with the Euclidean metric, our energy simplifies
to:

1

£€=158

/ (|VH|2 — |L*H|)? + l|H|4) das,. (1.1)
5 16

Here L : S?TY — NX is the second fundamental form and H = trL € T'(NY)
is the mean curvature vector. L' : NX — S?T'Y denotes the dual map and V :
I'(NY) — I'(T*Y ® NX) the normal bundle connection induced by the Levi-Civita
connection of g. This energy was derived for £* C R® in [Gu2] by calculating how
various quantities transform under conformal motions of R and searching for a linear
combination which is conformally invariant. However, that derivation dropped a
factor of —2 in the calculations, so ended up with incorrect coefficients for |L* H|? and
|H|*; compare (1.1) above with (61) of [Gu2]. When M = S™ with the round metric
of sectional curvature 1, our general formula reduces to:

1

7
- H? — |L'H]? + 2| H|* + 6|H|? 4>d . 1.2
25 o (VAP = [LHP & {GlHI* + 6lH]? + 48) dax (1:2)
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There are parallels that suggest that £ should be regarded as the correct k = 4
analogue of the kK = 2 Willmore energy, and that &-critical submanifolds of R™ or
S™ are analogues of Willmore surfaces. We mentioned above that £ shares with the
k = 2 Willmore energy the fact that minimal submanifolds of R™ or S™ are critical.
For k = 4 this is evident from the fact that all the nonconstant terms in the integrands
of (1.1) and (1.2) are at least quadratic in H. So, as examples of 4-dimensional &-
critical manifolds we have: totally geodesic S* C S™, or any round S* C R", or
the usual minimal 4-dimensional products of spheres in S™. The latter give rise to
E-critical “anchor rings” in Euclidean spaces via stereographic projection. In light of
the interest of the Willmore conjecture, it is natural to ask about the behavior of £
as one varies over immersions of 3% having the topologies of these -critical anchor
rings. We show:

PROPOSITION 1.1. & is unbounded above and below over embeddings of any of
the following:

5% x 8% c s°
Stx 5% c st
Stx St x 5% st
St x St x 8t x St c s,

Proposition 1.1 rules out the most naive formulations of a 4-dimensional Willmore
Conjecture for £. As we discuss in §6.4 (see also [Gu2]), it is possible to modify & to
obtain non-negative conformally invariant energies by adding appropriate multiples
of the fourth power of the norm of the trace-free second fundamental form. But then
one loses the property that minimal submanifolds of R™ and S™ are critical. This
seems to us an important geometric property of a higher-dimensional energy to be
regarded as a true analog of the Willmore energy.

We do not know whether £ is bounded below over immersions of S* in R5. It
is unbounded above: we used Mathematica to calculate £ explicitly for the family of
ellipsoids in R® with axes of length (1,1,1,1,a) with a > 0. From this one can deduce
that £ — 0o as a — 0 and as a — co. Moreover, a numerical plot suggests that £ is
convex as a function of a and has a unique minimum at a = 1, corresponding to the
round S*. As far as we know, it is plausible that a round S* C R® minimizes £ over
all immersions of S* in R; it would be interesting to resolve this question. Locally
this is the case:

PROPOSITION 1.2. The second variation of £ at a round S* C R® is nonnegative,
and is positive in directions transverse to the orbit of the conformal group.

It might be interesting to study the boundedness properties of £ over immersions
of S1 x 8! x 82 or (51)4 in S°. Likewise, to study variational properties of £ for ¥
with other topologies, for instance, ¥ = CP2. The Veronese embedding CP? — 57
is minimal; hence &-critical. We would like to think, without real concrete evidence,
that there should be some interesting variational problems for the energy &, perhaps
of min-max type.

Gover and Waldron have developed a program to study conformal hypersur-
face geometry based on the singular Yamabe problem and tractor calculus ([GoW1],
[GoW2], [GoW3], [GGHW], [GoWS5]). This includes the derivation of conformally
invariant obstructions and energies for hypersurfaces in both parities of dimension,
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which in the even-dimensional case have the same leading part as those derived here.
The energies were made explicit in terms of underlying geometry for hypersurfaces of
dimension 2 and 3. In [V], Vyatkin used tractor methods to derive an explicit confor-
mally invariant energy for 4 dimensional hypersurfaces in conformally flat 5-manifolds.
In §6.4, we relate his energy to £ in the case when the background manifold is R®.
Conformally invariant hypersurface energies based on volume renormalization of sin-
gular Yamabe metrics are defined and analyzed in [Gr2], [GoW4], where among other
things the singular Yamabe obstruction is identified as the first variation of the energy
which arises as the coefficient of the log term in the renormalized volume expansion.

The paper [Z] of Y. Zhang was posted while this paper was in final preparation.
Zhang also studies the expansion of minimal submanifolds of Poincaré-Einstein spaces
through the terms of order 4, derives a formula for £ for k = 4, and obtains the critical
points we derive in §6.1 for products of spheres in Euclidean spaces.

This paper is organized as follows. In §3, we review the formal asymptotics
of minimal submanifolds of Poincaré-Einstein spaces up to the order of the locally
undetermined term in the expansion. The treatment in [GW] was incomplete in that
it derived non-invariant asymptotic expansions in local coordinates but provided no
explanation of how to formulate the results globally. Such a global formulation is
needed to construct the renormalized area expansion. In Theorem 3.1, we provide
an invariant formulation of the asymptotics using the normal exponential map of the
boundary submanifold. All the coefficients in the expansion are invariantly defined
sections of the normal bundle of ¥ determined by its geometry as a submanifold of
(M, g). We conclude §3 by showing that the obstruction field H € T'(NX), which arises
as the coefficient of the first log term in the expansion, is invariant under conformal
rescalings of g.

In §4, we consider the renormalized area expansion, define the energy &, and
show that it is conformally invariant in Proposition 4.1. We then prove that the first
variation of &£ is the negative of the obstruction field H, and deduce that a minimal
¥ is E-critical if (M, g) is Einstein.

In §5, we derive formulas for the expansion of the minimal submanifold and the
renormalized area through order 4. This gives formulas for € for k£ = 2, 4 and and for H
for k = 2. We use a formalism of Guven to identify H for k¥ = 4 when the background
is a Euclidean space. These formulas for H are in particular the negatives of formulas
for the first variation of £ in the cases k = 2, 4. We conclude §5 by commenting on
the nonzero leading terms in the expansion coefficients, the obstruction field, and the
energy.

In §6, we analyze £ when dim 3 = 4. In §6.1 we calculate explicitly the energy
of products of spheres in S™ as a function of the radii, and use the resulting formulas
to identify £-critical embeddings of products of spheres. This gives examples of some
non-minimal £-critical embeddings. We also make a remarkable observation concern-
ing the relationships between these energy formulas for the different topologies. In
86.2, we stereographically project products of spheres to obtain 4-dimensional anchor
rings in Euclidean spaces, thereby obtaining £-critical anchor rings. We also analyze
the energy of a non-isotropically dilated family of such anchor rings to show that £ is
unbounded above over embeddings of S% x 52 in S°. This combined with the results
in §6.1 enable us to prove Proposition 1.1. In §6.3, we derive a general formula for
the second variation of £ at a minimal immersed hypersurface in S°, precisely gen-
eralizing the corresponding formula derived in [W] for the classical Willmore energy.
We apply this formula to S* C S°, thereby proving Proposition 1.2, and also to the
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standard minimal embedding S? x S2 C S°. Finally, in §6.4 we discuss other energies
obtained by modifying £ by adding conformally invariant expressions. In particular,
we construct non-negative energies and we derive the relationship mentioned above
between £ and Vyatkin’s energy.

Acknowledgements. Research of CRG was partially supported by NSF grant
# DMS 1308266. NR held a postdoctoral position at the University of Washington
while this work was carried out. His research was also supported by NSF RTG grant
# DMS 0838212 and a PIMS Postdoctoral Fellowship. He is grateful to all these
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2. Notation and Conventions. For a Riemannian manifold (M", g), we de-
note the Levi-Civita connection by MY the curvature tensor by R;;i1, the Ricci tensor
by Ric(g) or R;; = Rkik]—, and the scalar curvature by R = R?;. Our sign convention
for Rjji; is such that spheres have positive scalar curvature. S™(r) denotes the Eu-
clidean sphere of dimension n and radius r, and the notation S™ is used for S™(1).
The Schouten tensor of (M, g) is

Fi=3 . 5 (B - sz_ngU)

and the Weyl tensor is defined by the decomposition
Rijri = Wijki + Pirgji — Pirga — Pagjr + Pjigik- (2.1)
The Cotton and Bach tensors are
Cijx =MV Py — MV, Py,
and
Bij = MV*Cyj — PP Wi

In invariant expressions such as these, each Latin index ¢, j, k can be interpreted as
a label for TM or its dual (Penrose abstract index notation).

Y will denote an immersed submanifold of (M, g) of dimension & via an immersion
f X — M. The pullback bundle f*IT'M splits as f*TM =T & NX. We use «,
B, v as index labels for TS and o', 8/, v/ for NX. A Latin index 7 for an element or
section of f*T'M thus corresponds to a pair (o, «’). So, for instance, when restricted
to X, the Schouten tensor P;; splits into its tangential P,, mixed Py, and normal
P,g components. Likewise, the restriction of the metric g;; to ¥ can be identified
with the metric g3 induced on ¥ together with the metric g,/ 3 induced on NX. We
routinely use gos and go/ g and their inverses to lower and raise unprimed and primed
indices.

The second fundamental form is L : S?T% — NY, defined by L(X,Y) =
MV xY)+. We typically write it as Lg/ﬁ, or perhaps as Laga’ or La” o upon lowering
and/or raising indices. Since L has only one primed index and is symmetric in «f3, it
is not necessary to pay attention to the order of the three indices. The mean curvature
vector is H = tr L, i.e. the section of NX given by H = go‘ﬁLg:@ = L,

The Levi-Civita connection on M induces connections on 7% and NX together
with their duals and tensor products, all of which we denote V. So, for instance,
we can form the covariant derivative V,H 0‘,, which is a section of T*Y ® NX. A
point which requires some attention is that if we have a tensor on M defined near ¥
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(such as the Schouten tensor Pij), we can form its covariant derivative Vi P;; and
then consider on ¥ a component of this tensor such as ¥V, P,/ 5. Alternately, we
can first consider on ¥ the component P, g, which is a section of N*¥ @ T™3, and
then differentiate with respect to the induced connection to obtain V,FP,z. Their
relationship

Vapa/g = MVQPQ/B + ngpa/ﬁ’ -

ao’

Py (2.2)

is a consequence of the Gauss formula.
Norms are always taken with respect to the metric on tensor products induced
by the metric on the underlying bundle. So, for instance, in (1.1), we have

IVH|? = Vo HY V*H,y
|L'H[? = L3 L3 Ho HP
Oc, 2
|H|* = (Ho H*)".

We often compute in local coordinates. We always use a coordinate system
{(mo‘,uo‘/) 1< a<kl<dao <n—k}for M near X, with the properties that
Y= {ua/ =0} and 9, L O, on X. Hence, on X, the 9, span T%, the J,/ span N3,
and the mixed metric components g,/ vanish. So our use of indices for coordinates
is consistent with the abstract interpretation described above. When computing in
local coordinates, partial derivatives are expressed using either of the two notations
aaUﬁ = UB,a-

Our sign convention for Laplacians is that A = >~ §? on Euclidean space.

When dealing with embedded submanifolds, as in §3, we typically identify ¥ with
its image and suppress mention of the immersion f.

3. Formal Asymptotics. Let (M™,[g]) be a conformal manifold, n > 2, and
g a chosen metric in the conformal class. By a Poincaré metric g, in normal form
relative to g, we will mean a metric gy on X = M x (0, ¢€),., for some ey > 0, of the
form

B dr? + g,

2 9

9+ r (3.1)

where g, is a smooth 1l-parameter family of metrics on M for which g9 = ¢, and
satisfying

Ric(g+) +ngy = O(r"?).

These conditions uniquely determine the Taylor expansion of g, mod O(r™), and it is
even to this order ([FG]). The form of the expansion changes at order n for solutions
to higher order, but that will not be relevant because these orders do not enter here.
Set g = r?g, = dr? + g,.. We identify M with M x {0}, and view M = 9X as the
boundary at infinity relative to g,. In case M = R" and g = |dx|? is the Euclidean
metric, g, = ¢ is constant in 7, and g4 is the upper-half space realization of the
hyperbolic metric.

In this section we consider local geometry of embedded submanifolds of M. In
the next section we will construct global invariants of immersed submanifolds by
integration of the local invariants derived here.

Let ¥ € M be an embedded submanifold of dimension k, 2 < k < n, with &
even. We consider the formal asymptotics of embedded submanifolds Y*+! ¢ X =
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M x [0,€p) with 9Y = % which are minimal with respect to g;. Such a submanifold
can be described invariantly in terms of a l-parameter family of sections of the g-
normal bundle N¥ of ¥ in M as follows.

The normal exponential map of ¥ with respect to ¢, denoted exps,, defines a
diffeomorphism from a neighborhood of the zero section in N to a neighborhood of
Y in M. Let Y**1 C M x [0,¢) be a smooth submanifold which is transverse to
M and satisfies Y " M = X. For r > 0 small, let Y, C M denote the slice of Y at
height r, defined by Y N (M x {r}) = Y, x {r}. Then Y, is a smooth submanifold
of M of dimension k and Yy = X. There is a unique section U, € T'(NX) so that
exps{U-(p) : p € £} = Y,.. This defines a smooth 1-parameter family U, of sections
of NXY for which

Y = {(expy U;(p),7) :p €S, 7 >0}. (3.2)

In particular, Uy = 0. The submanifolds Y¥ € X which we consider will all be
orthogonal to M at ¥ with respect to g. Thus the tangent bundle to Y along X is
T3 @ span 0,., and the normal bundle to Y along ¥ can be identified with NY. In
this case we have 0,U,|,— = 0, i.e. U, = O(r?).

The condition that Y is minimal becomes a system of partial differential equations
on the normal vector fields U,. Recall that minimality of Y is equivalent to the
statement that Hy = 0, where Hy denotes the mean curvature vector field of Y € X
with respect to the metric g .

THEOREM 3.1. There is a smooth U, so that |Hy|; = O(rk*2). This condition
uniquely determines the Taylor expansion of U, modulo O(r**2), and this Taylor
expansion is even in v mod O(r*+2). The quantity H = r*2Hy|,—¢ defines a
section of NY which is independent of the choice of the O(r*+2) ambiguity in U,.. If
nonzero, H is therefore an obstruction to solving |Hy |z = o(r**2) with U, a formal
power Series.

There is a solution to |Hy (U,)|z = O(r**3|logr|) of the form

U, =V, — (k+2) " "Hr* 2 logr, (3.3)

where V. is smooth. The r**2 coefficient in the Taylor expansion of V. is formally
undetermined.

REMARK 3.2. The same result is true for k odd, but in that case H is always
identically zero.

REMARK 3.3. Boundary regularity for minimal hypersurfaces in hyperbolic space
has been studied in [HL], [L1], [L2], [T], [HJ], and [HSW].

Proof. A local coordinate version of this result was derived in §2 of [GW]. We
show how to reformulate Theorem 3.1 in terms of local coordinates and outline the
proof, referring to [GW] for some details.

We will work in geodesic normal coordinates on M near ¥. Choose a local co-
ordinate system {z® : 1 < a < k} for an open subset V C ¥ and a local frame
{ea(x) : 1 <o/ <n—k} for NE|y. Let {u® : 1< o < n—k} denote the corre-
sponding linear coordinates on the fibers of NX|),. The map exps, (u"‘/ea/ (z)) — (z,u)
defines a coordinate system (x“,u(’,) in a neighborhood W of V in M, with respect
to which X is given by u®" = 0. For each (x,u), the curve t — (z, tu) is a geodesic for
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g normal to Y. In particular, in these coordinates the mixed metric components g,q
vanish on V. Extend the coordinates to Wx [0, €) C X to be constant in r. If U, is a 1-
parameter family of sections of NY and we define u® (z,7) by U, (z) = u® (2, r)eq (z),
then the description (3.2) of Y is the same as saying that in the coordinates (x,u, r)
on X, Y is the graph u® = u® (z,7).

The setting in [GW] was that (;va,u"‘/) is any local coordinate system on M
near a point of ¥ with the properties that ¥ = {u® = 0} and 8, L 9, on %, and
Y is described as the graph u® = u® (z,7). So our geodesic normal coordinates
constructed above and our description of Y in terms of them are of this form.

Let h denote the metric induced on Y by g, and set h = r2h, so h is the metric
induced by g = dr? + g,. Now (x%,7) restrict to local coordinates on Y. In terms of
these coordinates, h is given by:

u?

EQB =4dap + 2ga/(aua ,B) + ga’ﬁ’ua R B

Ea() :gao/ua ,r + ga/ﬂ’ua ,auﬁ ,r (34)
EOO =1+ ga/[g/ua/muﬁlﬁr.

We use a ’0’ index for the r-direction. The components of h and the derivatives of u
are evaluated at (z,7). We have written

gr = gag(m,u,r)dwo‘dxﬂ + 29a0a (wm,r)d:ro‘duo‘/ + ga/g/(x,u,r)duo‘/duﬁl,

and in (3.4), all g;; are understood to be evaluated at (z,u(x,r),7).

It was shown in [GW] that for g4 of the form (3.1) and for Y described as the
graph u® = u (z,7), the usual minimal submanifold equation for a graph takes the
form M(u) = 0, where

1 — / a /
M(u)’)’l - |:ra'f‘ o (k + 1) + 2r£7T:| |:hooga"y’ua N + h 0 (gOé'y’ + goz"y/ua ,a)]

1 —0 ’ - '
+r {aﬁ =+ 2£,5:| [h ,Bga"y/ua -t haB (goc’y’ + ga”y/ua 70‘)]
1 . B ’ 7 7 305
B irha [Qaﬁﬁ' + 29aar,yu” g+ gorpru® a(’uﬁ ’B} o

—a0 o o ﬂ/
=7h " \Gaat y U p A+ Garpr U au”

a/ ’
Gorgy yu® g |

Here £ = log(det h). Components of h and M(u) are evaluated at (z,7), and all g;;
and derivatives thereof are evaluated at (x, u(z,7),r). The equation M(u) = 0 is the
equation we will use to study the asymptotics of U,..

We next relate M(u) to the mean curvature Hy. Recall that —Hy is the first
variation of area of Y, in the sense that if F; : ¥ — X is a compactly supported
variation of Y, then

A(F,(Y)) = */Y<Hy,F>g+day.

Here A denotes the area and day the area density, both with respect to g4, and
denotes O¢|t—o. The area A(F;(Y")) itself is infinite, but A(F(Y)) is well-defined and
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finite since the variation is compactly supported in X. The usual derivation of the
minimal submanifold equation (3.5) for a graph amounts to considering variations
of the form Fi(x,u,r) = (x,us,r) relative to coordinates (z,u,r) as above. That
derivation shows that for such variations, one has

A= —/ rilj\/l(u)yiﬂ/day.
Y
Therefore
r I M(u)yi? = (Hy, F),, = 2(Hy, F)g.
If we write Hy = HP93 + HP 83 + HO9,, then it follows that
gﬂ'y/HB + gﬁ"y’Hﬁ/ = 7"M (U)fy/. (36)
On the other hand, Hy is normal to Y, so
<HY76a _|_uo/’a 6a’>§:()7 <HY7ar+ua/7r aa’>§: 0.

These can be rewritten

’

(gaﬂ + garpu” ,a) == (gaﬂ' + garpru® ,a) H”,
H® = _ga’ﬁualar HP — ga/ﬁ’ualw H

Since gop is smooth and nonsingular up to » = 0 and g3 = 0 at » = 0, the first
equation can be solved to express H? as a linear function of H 5" near r = 0. The
second equation then gives H® as a function of H?" near r = 0. Then (3.6) can be
used to solve for H?' in terms of rM(u)4. It follows that 7| M(u)|g and |Hy |7 vanish
to the same order at » = 0.

As discussed in [GW], the asymptotics of u(z,r) can be derived inductively from
the equation M(u) = 0, starting with the initial condition u(z,0) = 0. For instance,
upon simply setting r = 0, the last four lines of (3.5) vanish and the first gives
u® . = 0. Suppose inductively that u satisfies M(u) = O(r™1). It is not hard to
see directly from (3.5) that

M(u+wr™)y = M(u)y +m(m —k — 2)971,1/11)‘1/7“'”_1 +O(r™). (3.7)

(The only contribution at order mm—1 comes from the first term on the right-hand side.)
So if m < k + 2, one can uniquely determine w|,—¢ to make M(u + wr™) = O(r™).
Hence the Taylor expansion of ' mod O(r*+2) is uniquely determined by the equation
|IM(u)|g = O(r**1). By the discussion in the previous paragraph, this corresponds to
|Hy |3 = O(r**2). That U, is even follows by inspection of (3.5): the map u — M (u)
reverses parity.

To analyze what happens at order k + 2, let v be smooth and satisty M(v) =
O(rk*1). Tt follows from (3.7) with m = k + 2 that 7~*~2M(v)|,—¢ is independent of
the choice of the order 7*+2 ambiguity in v, and if nonzero, is therefore an obstruction
to solving M(u) = O(r**2) with u smooth. To solve at this order it is necessary to
introduce a log term. One calculates from (3.5) that

M(v +wrF 2 logr), = M(v)y + (k + 2)gwla/w°‘,rk+1 +O(r** 2| log 7).
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Hence w® = —(k + 2)_19“/7/7“_"”'_1M(v)7/|r:0 is the unique choice to make u =
v+ wrkt2log r satisfy M(u) = O(r*+2|logr|).

Since v and u are unique mod O(r¥+2) and the equation M(u) = 0 is a coordinate
representation of the invariant condition Hy = 0, the corresponding l-parameter
families V, = Uo‘leo/ and U, = u“/ea/ of sections of NX are globally and invariantly
defined mod O(r**+2). The normal space to Y at r = 0 is span{9g }, and it follows
from (3.6) that g, g " 2H"|,—g = 7 *"*M(v)|,=0. Hence the definition H :=
r~*=2Hy|,—o is equivalent to:

1 = g T M) o, (33)
The determination of w above therefore shows that the coefficient of r*+2logr in U,
is —(k+2)"'H. O
We write the expansion of U, in the form
Uy =Ugr® + ...+ Ugyr® — (k+2) 7" Hr" 2 logr + ..., (3.9)

where each Uyjy, 1 < j < k/2, is a globally, invariantly defined section of N3 deter-
mined by the choice of metric g in the conformal class. The U,y are not conformally
invariant, but H is:

PROPOSITION 3.4. If § = Q%g with € C>(M), then H = (Qs)~*T27.

Proof. Write g, = 7~ 2(dr?+g7) for the analogue of (3.1) with respect to §g. Then
there is a diffeomorphism ¢ on a neighborhood of M in M x [0,¢p), restricting to
the identity on M x {0}, for which ¢*g; = g4 mod O(r"~?) and ¢*7 = Qr + O(r?)
([FG]). If Y satisfies |Hy|gz = O(rF+2), then ¥ = 4(Y) satisfies |Hy |5 = O(7*+2),
where the mean curvature of Y is taken with respect to g.. Since 1) restricts to the
identity on M, it follows that

H=vH = (F 2 Hglrmo) = Q22 Hy g = (Qf ) "I,
a

4. Energy. In this section we consider immersed submanifolds of M. Thus let
> be a manifold of even dimension k£ and f : ¥ — M an immersion. Relative to the
metric g on M, the pullback bundle f*T M splits as

f*TM =TS & NY.

f is locally an embedding, so the considerations of the previous section apply. In
particular, Theorem 3.1 determines a 1-parameter family of sections U, mod O(r*+2)
of NY and an obstruction field % € I'(NX). In this section we set Y = X x [0, ¢9)
immersed in X = M x [0, ¢) via the map f:3x [0,e0) — X given by:

f(p.r) = (expg Un(p), 7). (4.1)

Consider the asymptotics of the area density day for the metric induced by ¢ .
We have day = ¢ daxdr for an invariantly defined function ¢ on X x (0,¢y). Here
day, denotes the area density of 3 with respect to the metric induced by ¢. In terms
of local coordinates (z¢, uo‘/) introduced in the proof of Theorem 3.1, we have

oo r) = | SB[ deth(@r)
det hap(z,0) det sz, 0)
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with h given by (3.4). Since U, is even in r to order k+2; it follows that the expansion

£ det h(x,r)

Tt oo (0.0) has only even terms through order k. Hence we can write

day =r—*1 [a(o) +a@r?2 4+ a®rk 4| dagdr (4.2)
for invariantly defined functions a(*), 1 < j < k/2, on ¥ determined by

det h(-,7)

— ,(0) (2),.2 (k) .k
= =a"/ +a\r 4+ ... +a\"rt 4+ ... 4.3
det hop(-,0) (43)

In particular, a(® = 1. The a(®) are called the renormalized area coefficients for 3.
Assume now that ¥ is compact. It follows upon integration of (4.2) that for ey
fixed,

Area(YN{e<r <ep}) = Ape ¥+ Age™ 2 4 4 A 9% + Slog% +0(1) (4.4)

as € — 0, with

1
k—2j

Ay; /a@j) day, 0<j<k/2—-1, &= / a® das. (4.5)
b b))

PROPOSITION 4.1. & is independent of the choice of representative metric g.

Proof. Let g be a conformally related metric. There is a uniquely determined
defining function 7 in a neighborhood of M in X such that 72gy|7y = g and
|d7/7]y. = 1. The difference & — & is the coefficient of log L in the expansion of
Area(Y N{e <r}) — Area(Y N{e < 7}). Now T > € is equivalent to r > eb(x, ¢) for a
smooth positive function b(x,€). Writing Area(Y N {e < r}) — Area(Y N{e < 7}) as
an integral, it follows without difficulty that the coefficient of log % in its expansion is
equal to zero. See Proposition 2.1 of [GW] for details. O

The motivation for viewing £ as a version of the Willmore energy is the fact,
derived in [GW], that when k& = 2 and (M, g) is 3-dimensional Euclidean space, &
reduces to a multiple of the usual Willmore energy of ¥. This derivation will be
reviewed in §5.

REMARK 4.2. There are other natural invariant immersions ¥ x [0,€ey) — M x
[0, €0) having the same image as f, which give rise to different coefficients a(%7) in (4.2).
The quantity Area(Y N{e < r < ¢}) is independent of the choice of parametrization,
so it follows that as long as the immersion takes the form (p,r) — (®,.(p),r) for a
1-parameter family of immersions ®,. : X — M satisfying ®¢ = f, the coeflicients As;
given by (4.5) will be the same. The corresponding a(?/) will differ by a divergence.
Consequently, one might not expect that the specific coefficients a(?/) will play as
fundamental a role as they do for the case of volume renormalization, where the
product identification M X [0, g) is a canonical parametrization.

Next we consider the variational derivative of £ on the space of immersions of
Yinto M. Let F, : ¥ — M, 0 <t < 6 be a variation of X, i.e. a smooth 1-
parameter family of immersions with Fy = f. Denote by F : ¥ x [0,0) — M the

map F(p,t) = Fy(p). Let 3; denote ¥ immersed into M via Fj, let agk) be the
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corresponding renormalized volume coefficient, and set & = fEf, aik)dagt. Also set
F = 8tF|t:0 S F(f*TM) and g = 8t5t|t:0.

THEOREM 4.3. If k > 2, then

£ = —/(F,H>gdag.
p

Proof. For each t, let Ut be the 1-parameter family of sections of N¥; determined
by ¥; modulo O(r**2) as in Theorem 3.1. For definiteness, we fix the indeterminacy
in U! by truncating the expansion (3.9) after the log term:

Ul(p) = U(tz) (p)r? + ... + U(tk)(p)rk — (k4 2)" 1 (p)r* 2 log r, peX. (4.6)
Let Fy, : ¥ % [0,€9) — X be the immersion defined by analogy to (4.1):

Fi(p,r) = (expg, UL(p),7), (4.7)

and denote by Y; be the corresponding immersed submanifold of X. Then Yy = Y
and U? = U,.

Fix €p small and let 0 < e < ¢p. Set YV, =Y, N{e <r < e} and Y =Y. Then
ﬁt|zx(€760) : X X (e,€9) — Y£ is a variation of the manifold-with-boundary Y¢. The

first variation of area formula for ﬁt|2X(e’60) with background metric g4 states

A(YS) = _/ <Hy,ﬁ)g+ day + (/ +/ ) (n,ﬁ)wdaa, (4.8)
€ YN{r=eo} YN{r=e}

where dag denotes the induced area density and n the outward pointing normal on
Y =Y Nn{r=e})U (Y Nn{r=ce}). Both sides of this equation blow up as € — 0.
We consider their asymptotic expansions in €.

According to (4.4), we have

. . . ) 1
A(Yte).:AOG_k'FAQE_IH—?+...+Ak72€_2+510gg+0(1),

So & occurs as the coefficient of log% in the asymptotic expansion of the left-hand
side of (4.8). The proof will be concluded by showing that the coefficient of log%
on the right-hand side is — fz<F7 M) g das,. It suffices to assume that Fis supported
in a small open set in . In the following argument, we sometimes reduce ¢y and ¢
without mention. ) )

We begin by analyzing F , a section of f*T X. Certainly ﬁ|2 = F. The decom-
position X = M x [0, ¢g) induces a decomposition TX = TM & T([0,¢)). It is clear
from (4.7) that the T°([0, o))-component of F vanishes at each point. Choose V C %
open and local coordinates z = (z1,...,2") for M in a neighborhood of f(V). We can
write

F=Fo. (4.9)

with coefficients F'* which are functions on V x [0, ).
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LEMMA 4.4. Each F' has an asymptotic expansion of the form
fot Far® 4+ 4 fir® + fogr® TP logr + O(rF12) (4.10)

with coefficients fa;, fiog € C°(V).

Proof. As bundles on X x [0,6), the pullback bundle splits as F*TM =T & N,
where T(, ;) = Tp%¢, Ny = NpXy. We define exp : N — M near the zero section
by expv = expy, v for v € N, 4) = NpXs. Let eqr(p,t), 1 <o’ <n —k, be a smooth
frame for Ny y[o,5). This frame determines a diffeomorphism x : V x [0,8) x U — N
onto its image, for U a neighborhood of the origin in R”~*, by

x(p,t,u) = (p,t,u e (p,1)).
If we represent points of M using the local coordinates z = (z!,...,2"), then in these

coordinates the map exp can be expressed as

(expox)(p, t,u) = 2(p,t,u),

where z(p,t,u) is a smooth R"-valued function on V x [0,0) x Y. In these terms, the
definition (4.7) of F; becomes

(ﬁt)(pv T) = (Z(patvur(pv t))aT) ,

where u,. : V x [0,d) — U denotes the components of U! in the frame e,/, defined by

UHp) = u (p,t)ea (p.1). (4.11)

Now z is a smooth function of (p,t,u). So the asymptotic expansion in r of the
z-components of F; can be obtained by composing the Taylor expansion of z about
u = 0 with the expansion of the &, which are determined by combining (4.6) with

r o
(4.11). It follows that each z-component of F; has an expansion of the form (4.10)
with coefficients depending smoothly on ¢. Differentiation in ¢ at ¢ = 0 yields the

stated claim concerning F.O

Return now to consider the right-hand side of (4.8). According to Theorem 3.1,
we have |Hy|; = O(r**3|logr|). Lemma 4.4 shows that \ﬁ\g = O(1). Consequently
[(Hy, F)m‘ = O(r**logr|). Since day = O(r~*~1)dasdr, we deduce that

]/qury,mg+ day| = 0(1)

as € — 0. In particular, this term does not contribute to the log % term in the expan-
sion of the right-hand side of (4.8). Likewise, the integral over Y N{r = ¢} is indepen-
dent of €, so does not contribute to the log % term. So the log % term in the asymptotic

expansion of the right-hand side of (4.8) equals that for fYﬂ{r:e} (n, ﬁ>g+ da.. Here
we denote the induced area density on Y N {r = ¢} by da.. We regard Y N {r = €} as
the immersed submanifold of X' defined by the immersion fe : ¥ — X, fe (p) = f(p,e).

We study the pointwise asymptotics in € of (n, F Yg. lr=¢ and of da, using local coor-

dinates.

o
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Choose a local coordinate system {z® : 1 < o < k} for an open subset V C ¥ and
alocal frame {e, () : 1 < o' < n—k} for NX|y as in the proof of Theorem 3.1. In the
corresponding local coordinates (z,u) for M near f(V), Y is given by u® = u® (z,r),
where u® (z,r) are the components of U,(x) in the frame {e,/(z)}. The metric on ¥
induced by gy takes the form h = r~2h in the local coordinates (x,7) on ¥ x [0, ),
with h given by (3.4). The outward unit conormal to {r = €} is —dr/|dr|, so the
outward unit normal is given in these (z,7) coordinates by

1 O
~ (R°% 05 + 120 0,) = — (hTOO Do + VA0 ar> :

Thus

—n="F <\/h;)% Do + \/hﬁar> = \}/L% (8a + uo‘lya 5a/> + Voo (& + Ual,raa’)

hOa hO’y , ,
— a 00, , \/ ;00
= TOO Ga + < TOOU ~ + Vh9y ,7’) aa + VA 87“

All metric coefficients h°%, h° are evaluated at (z, €).
Take the coordinates z in (4.9) to be z = (x,u). Then (4.9) becomes

F=Fo9,+F",.

Recalling (3.1), it follows that

kS ~  RpOB ke hoY , — ,
—€<n, F>g+ _ gaﬂFa \/Eﬁ + gaﬁ’Fa (muﬁ ~+ },004,8 7r>
~ , RoB I ROy

+ 9par F o + Garpr F' (\/WU

All g;; are evaluated at (z,u(z,€),€). Likewise,

— det hog(z,
da. = \/det hop(z,€) de = ¢ Fy/det hog(w,€) do = e * w das,. (4.13)
det hap(x,0)

(4.12)

B 4+ 1,00,,8 J) .

Consider the asymptotic expansion in € of each of the terms appearing in the
right-hand sides of (4.12), (4.13). In (4.12), the factors g,;, ﬁi, ho8, \/EW, 1/\/W,
uB/’7 and v, all have expansions in nonnegative powers of € and positive powers of
loge. We analyze the powers of € multiplying the log e terms in the expansions.

First consider g;;(x,u(x,€),€). Since g;j(x,u,r) is smooth, the asymptotic ex-
pansion of g;;(x, u(x,€), €) is obtained by composing the Taylor expansion of g;; in u
and r about u = 0, r = 0 with the asymptotic expansion of « in 7, and then setting
r = €. Thus it follows from (4.6) with ¢ = 0 that each loge term in g;;(z, u(x,€),€)
occurs multiplied by € to a power at least k + 2. Next consider the induced metric
coefficients hag, hao, hoo given by (3.4). We claim likewise that log e occurs in each
of these multiplied by € to a power at least k + 2. For Eaﬁ this is clear since the
derivatives of u® which appear are tangential to ¥. Now ua/,r has a term of the form
e**t1loge. However, since gaa:, uo‘l’,JK and ualyr all vanish at € = 0, the log terms in
the expansions of the uo‘,m occurring in hag and hgg all get multiplied by at least one
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extra factor of €, and the claim follows. We conclude that each loge in the inverse
metric coefficients ﬁaﬁ, EQO, 2% also is multiplied by € to a power at least k + 2.

Lemma 4.4 shows that each loge in Fo and F* is multiplied by € to a power at least
k+2. _

The first term on the right-hand side of (4.12) is gag F*h%? /Vh%. From the above
observations it is clear that each loge term in its asymptotic expansion is multiplied
by € to a power at least k + 2. Likewise for the third term gga/ﬁalﬁoﬁ/v h90. The
second and fourth terms of (4.12) include a factor uﬂ/m, whose expansion has a term
of the form ¢**1loge. Now the second term has a leading factor g,ps, which vanishes
at € = 0. So each loge term in the asymptotic expansion of the second term is
multiplied by € to a power at least k + 2. However, this is not the case for the
fourth term. According to (4.6), v, has a term —#% e¥*1loge. Since Fly = F
and EOO.\Z = 1, it follows that the expansion of the fourth term of (4.12) has a term
—garpr F¥HP e 11oge. Putting all this together, we conclude that the expansion of

(n, ﬁ)ng has a term (F, H), " log e, and all other log e terms appear with a coefficient
of €¥*1 or higher.
It is clear that the factor \/det hap(z,€)/ det hog(z,0) in (4.13) has an expansion

with a leading term of 1 and with all loge terms multiplied by a power of € at least
k 4 2. Combining with the conclusion of the above paragraph, it follows that the

log e coefficient in the expansion of (n,ﬁ)g Lda is (F,H), das. Integrating over X
concludes the proof of Theorem 4.3. O

As a consequence of Theorem 4.3, we deduce the following proposition.

PROPOSITION 4.5. Let k > 2 be even and suppose (M™,g) is Einstein. If XF is
a minimal immersed submanifold of (M, g), then X is critical for E.

Proof. The Poincaré metric for an Einstein metric can be written explicitly: if
Ric(g) = 2\(n — 1)g, then g, = (1 — Ar?/2)2g (see [GL], [FG]). So

gr =172 (dr* + (1 - Xr?/2)%g) = ds® + (e — Ae™*/2)%g, s = —logr

It is easy to verify the general fact that if ¥ is a minimal submanifold of a Riemannian
manifold (M, g), then ¥ x R is a minimal submanifold of M x R with respect to any
warped product metric of the form g, = ds? + A(s)g, where s denotes the variable
in R and A(s) is a positive function. Thus when g is Einstein and ¥ is minimal, the
minimal extension Y in Theorem 3.1 is simply ¥ = 3 x R. That is, the corresponding
normal field is U, = 0 mod O(r¥*2). (An alternate, equivalent way to see this is
simply to note that if g, = B(r)g for some positive function B(r) and ¥ is minimal,
then u = 0 solves M(u) = 0 exactly, where recall M(u) is given by (3.5)).

Since U, = 0 has no log term in its expansion, it must be that H = 0. By
Theorem 4.3, it follows that ¥ is critical for £. O

Proposition 4.5 implies in particular that minimal submanifolds of R™ or S™ are
critical for &.

5. Derivation of Formulas. In this section we derive formulas for the renor-
malized area coefficients a(®, a®) in the expansion (4.3), and for the coefficients Uy,
Uy in the expansion (3.9) of U,. This gives formulas for the energy & for k = 2, 4
by integration, and for the obstruction H for k = 2. We also use Theorem 4.3 and a
formalism of Guven to identify H for k = 4 when (M, g) is a Euclidean space.



586 C. ROBIN GRAHAM AND N. REICHERT

The coefficients U(y;) are determined by solving the equation M(u) = 0 induc-

tively order by order, where M (u) is given by (3.5). Using the fact that u"/,r =0 at
r = 0, one sees easily that all terms on the right-hand side of (3.5) are O(r?) except
for the first and third. Thus

-—00 o —af3
(ror — (k+1)(h" garyu® ) — %rh GaBy = o(r?).

Applying 8,|,—¢ and raising an index gives ku® ., = —%ga’v/gaﬁgaﬂﬂl at v = 0.
Therefore
Up) = ! H (5.1)
@) = 9 :

We next turn to the identification of a(® and a®. We will return later to the
determination of Uy, by further differentiation of (3.5).

ProrosITION 5.1. If kK > 1, then

a(2) — _1 (k — 1|H|2 +Paa)

2\ k2

k% — 2k

1 , , —1
4) _ 2 afB B 4
a® = 8k?<|v11r| — L33 LG Ho HY + I

— Waa’ozB/HalHﬁ, — Qk'gaﬁMva’Pa,BHa/ - 4kPao/VaHO/
+ (2k = 3)Po|H|? — (k + 4)Pa/5/H“/Hﬂ/>

1 / 1

- _ Pa'@Pa pov Paa’ Poza 2 7Baa>
8 ( 8+ + ) n—4
Ak

+THO/U(4).

+

In the last line of the expression for a(*, one should substitute the formula for
U4 given in Proposition 5.5 and combine like terms. However, we are primarily
interested in a® for k = 4, when it is the integrand for £. When k = 4, the Uy term
does not appear. Consequently we have left the expression in the above form.

Proposition 5.1 will be proved by calculating in special coordinates. Recall the
geodesic normal coordinate systems (x,u) on M near ¥ constructed at the beginning
of the proof of Theorem 3.1 which are associated to a choice of local coordinates ¢ for
¥ and a choice of frame e, for NX. Given p € X, choose the 2 so that gas~(p) =0
for 1 < «, 8,y < k. (For instance, take = to be geodesic normal coordinates at p for
the induced metric on X.) Choose the frame e, so that Vaeqo (p) =0 for 1 < a <k,
1 <o’ <n—k, where V,, denotes the normal bundle connection on NX.

LEMMA 5.2. In such coordinates (x,u), the following all vanish at p:

Jop Jaa’ B Jo' B’ Jaar 5! Go' B+

At p we also have

JaB,a’ = _2La[3a/ (5.2)



HIGHER-DIMENSIONAL WILLMORE ENERGIES 587

and
Jap,a'p = 2Rar(ap)pr + Layp L or + Lpyg La" o (5.3)

If v is a section of NX, then at p we have
VaVgo® = (Ua Ba+g*7 9[37/75/01116 ) (5.4)

Proof. The x coordinates were chosen so that gog = 0 at p. We have goar,p3 =0
on all of ¥ since goo = 0 on ¥ and 93 acts tangentially. Recall from the construction
of (x,u) that each curve t — (z,tu) is a geodesic. This implies in particular that

Fg,ﬁl =0 and Fz/ﬂ, = 0 on X. The latter equation is equivalent to ga/g:.4» = 0 on 3.
The former is equivalent to

9o’ 8,00 = Gaa!,p’ + Gap’,a! on X. (55)

Since e, = J, on X, the equation V,eo (p) = 0 is equivalent to Fg;/(p) = 0, which
is equivalent to ga'g/ .0 = Jaa’,8 — Gap’,ar at p. The left-hand side is symmetric in
o/ B’ and the right-hand side is skew, so both must vanish. Combining with (5.5), we
conclude that in fact go/g/.0 = gaa’,3r = 0 at p.

Equation (5.2) holds on all of ¥ in any coordinates (z,u) for which E {u= 0}

and 0y L 0o on X. In fact, in this case Vg, 05 = Faﬂa +Fa[38 /80 L7 6 = I‘

_597 o Jap,a’ -
For (5.3), the curvature tensor is given in local coordinates by

—2Rijr1 = Gikji + Gjtik — Gitjk — Gikil — 297 (Litpljng — Likpl'jiq)-
The Christoffel symbols all vanish at p except for
Lapar = Lapars Faag =Taap = —Lapa- (5-6)
So specializing the indices and evaluating at p gives
_QRQQ’BB' = Gap,a’'p’ + 9o’ B ,af — Gap',Ba’ — YBa’,af T 2976[/0475’-[@50/-
Symmetrizing in af gives
2R (ap)s = Gaporp +S¥Mag [(arsr5 = 9p.0r = 9par,p1)s ] = Laver Ls"ar = Lpypr Lo o
But
(9arpr.8 — 98500 — 9par p)a =0 on ¥ (5.7)
since ga'p'.8 — 988 ,a’ — 9par,pr = 0 on X by (5.5), and 0, acts tangentially. Thus (5.3)
holds.
For (5.4), write Vgv® = v® [3 + Fm,v , apply V,, and expand the right-hand
side again in terms of partial derivatives and Christoffel symbols. Using the fact that
all Christoffel symbols vanish at p except for (5.6), one obtains at p:

2 ! !’ !’ ! 1 !’ ’
VaVav® =0 go + g 00" =0 go+ 597 (9v8r.8 + 9y 80 — 9887 ) 0¥

But (5.7) gives gy5,5a = (98,4 + 98+,8') o ON 5, so substituting yields (5.4). O
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Proof of Proposition 5.1. Since the definition (4.2) of the a(*/) and the formulae
in Proposition 5.1 are coordinate-invariant, it suffices to prove them at p in the co-
ordinates (x,u) constructed above. Choose the x coordinates on ¥ so that x(p) = 0.
Then p is represented by (0,0,0) in the coordinates (z,u,r) on X.

The induced metric components are given by (3.4), and according to (4.3), we

need to calculate the Taylor expansion of \/det h(z,7). Now g;; is given ([FG]) by

gij(z,u,r) = gij(x,u,0) — Py (z,u, 0)r? + éij(a:, U, 0)7"4 +..., (5.8)
where
- 17 B
Bij =~ |-—2 + P*Py;| . 5.9

By (5.1), we have

’

u® (z,r) = 2—1kHO‘, (z)r? + u(a4’) (z)rt 4 ... (5.10)

All g;; in (3.4) are evaluated at (x,u(z,7),7). Since gaa(,0,0) = 0, it follows from
(5.8) and (5.10) that gaas (z,u(z,7),7) = O(r?). Then (3.4) shows that hao = O(r?).
Thus

det h = (det hag) - hoo + O(r°). (5.11)

_ Staring at (3.4) and recalling that u = O(r?), it is clear that in order to evaluate
hap and hgg through order r#, we need to know g,z through order 7* and g,/ and
Jarp through order r2. Taking x = 0, corresponding to the point p, we have

9arp (0,u(0,7),7) = garpr (0,u(0,7),0) — Pargr? + o(r?)
= 93 (0,0,0) + gargr 4 (0,0,0)0u” (0,7) — Porgr? + o(r?) (5.12)
= garp(0,0,0) — Porgir? + o(r?),
where we used ga/p/4(0,0,0) = 0 from Lemma 5.2. Likewise
Jaar (0,u(0,7),7) = —Paar? + o(r?).
Now (5.8) gives
905(0,1(0,7),7) = gas(0,u(0,7),0) — Pag(0,u(0,7),0)r + Bagr* + o(r*).  (5.13)
Expanding the first term and substituting from Lemma 5.2 and (5.10) gives
9a3(0,(0,7),0) = a3 (0,0,0) + gap.ar (0,0,00u® (0,7) + L gas.ars (0,0,0)u v + o(r")
= 905(0,0,0) = 2Lagar (3 HY'r* + uiiyr*)
+ 1 (Raraps + Lanp Ls" o) HY HY 14 4 o(r")
= 905(0,0,0) — LLop0 H 1?
+ (—zLaﬁa,u‘(ﬁ) + 25 (Rarapsr + Lavp Lg" o) HQ/HB’) 1 o(rh).
For use in the second term in (5.13), we have

Pos(0,(0,7),0) = Pag(0,0,0) + Pagau® +o(r?) = Pas(0,0,0) + ipaﬁ,a,ﬂa’ﬁ + o(r?).
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Substituting these into (5.13) gives
9ap (07 u(07 ’I“), T) = Gap (07 0, O) + (_%Laﬁa'Ha/ — Lap (07 0, 0)) T2
+ (—QLQﬁQ,ugi{) + Ly (Rarassr + Lonpr Lg o) HY HY — 2 P5 o HY + Eaﬁ) 4 o(rh).

Now substitute all these into (3.4). Henceforth, all g;; and P;; are understood to
be evaluated at p. One obtains

EO&B =JapB + DaBTQ + QO(BT4 + 0(7“4) (5 14)
hoo =1 + Er? + Fr* + 0(r4) '
with
D.g=— La,BH — Pup
Qaﬁ = — 2Laﬁa’u(4) —+ ﬁRa/o‘ﬁﬂ/Ha,Hﬁl 4’1:211& L[g [3/Ha/HB
— 35 Papar HY + Bap = £ ParH® )+ ghagarg HY oH” 5 (5.15)
E= L|H]?
F=— L PugHH” + $Hyuly.
However, again by Lemma 5.2 and using (5.6), at p we have H“lya = V,H and
Papor = Mva/PaB = Laya P7g — Lgyar P o So Py H* = Mvo/PaﬁHa -
2L2‘(QPB)7HO/. Thus the formula for @, above becomes

Qaﬁ = — 2Laﬂa’u((l4/) —+ ﬁRa/algﬁ,HoﬂHﬁ + 4k2 La Lﬁ ,B/HOZ/H,@ 1 ]wva/PaﬂH
+ k ’y(aP,B) H, +Baﬁ /(anH + 4k29a/5/v H” VQHB
(5.16)

We need to calculate det hag to use in (5.11). Taylor expanding the determinant
function shows that for heg of the form (5.14), we have

det hop = det gap [1 + Dr? + (Qaa — %DagDa'B + %(Daa)2) rt 4 0(7“4)} .
Multiplying by hgo and recalling (5.11), we get

det h _ det hap
det gog  detgas
=14+ (Do +E)r’ + (Qaa —1DasD + L(Da®)? + F + EDaa) r*+o(rt).

(5.17)

hoo + O(r°)

Finally, using 1+ =1+ 1z — {22 + o(2?) gives

deth
det gop

=1+ 3 (Do + E)r?
+ 3 (Qa® = DD + 1(Do®)? + F + 3ED™ — 1E%) r* + o(r").

Recalling (4.3) and that has = gas when r = 0, we conclude
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The formula for a(®) in Proposition 5.1 follows upon substituting (5.15) for D,p and
E. To obtain the formula for a(*), one substitutes (5.15) for Do, E, and F, (5.16)

for Qap, (5.9) for Ealg in (5.16), writes Rarqgp in (5.16) in terms of the Weyl and
Schouten tensors via (2.1), and collects terms. O

COROLLARY 5.3. If k =2, then

£= —1/ (|H|* 4+ 4P%,) das.
8 Js

If k=4, then

1

€= 153

’ a ’ 7 ’ 7
/E <VH2 — L Ly HorH 4 o HI' = W o HY HP
—8P% Vo HY —8C% 40 H —8P*PLY H, + 5P |H|?

. 16
—16P*?P,5 4+ 16 P P, + 16(P“,,)? — 4Baa> das,.
n_

Proof. Recall that & = fz a®das, for ¥ of dimension k. The result for k = 2
follows immediately upon setting & = 2 in Proposition 5.1 and integrating. For k = 4,
integrating the formula in Proposition 5.1 and comparing with that in Corollary 5.3
shows that the result reduces to the following identity:

/ (gaBMVa/PagHa’ + POV oH® + Pog fjra’Hﬂ’)daE

by (5.18)

_ / (€ HY + POPLE o) das,
b))

We intend to integrate the V, by parts in the second term on the left-hand side
to obtain —VaPo‘a/Ho‘/. This V. denotes the normal bundle connection, so we are
obliged here to interpret P,/ as a section of TS ® N*¥ on ¥ and V,, as the induced
connection on this bundle. It follows from (2.2) that

Vo P HY = MY Py HY — Pog HY HP + LS, PP H,.

So integrating by parts as described and substituting for —VaP%y H®  one concludes
that the left-hand side of (5.18) equals

/E (gaBJ\/Ivoc’PaBHa, - gaﬁNIVQPBQ’HO‘/ + Lg:@PaﬁHa/)daZ
- / (Caaa’Hal + PaﬁLg/ﬁHa'> day,
b

as desired. O

REMARK 5.4. The coefficients in Proposition 5.1 and Corollary 5.3 become
simpler when written in terms of the alternate convention for the mean curvature:



HIGHER-DIMENSIONAL WILLMORE ENERGIES 591

H = %H In particular, one has

a® = % <|VH|2 - Lg’ﬁLgf’m/Hﬂ' + (K — 2k —1)|H*

— Waa/aﬁlﬁa Fﬁ - QQQBMVQ/ aﬁﬁa - 4Paa/vaﬁa
+ (2k — 3) P [H? — (k+4)Pyg H H"

!’ 1
_ PaﬁPoz,B + PP+ (Paa)Q _ HBQOA>

+(4— k) Ho UG,
and for k =4
9PV~ 20% Y — 2P L H 1 5P [H]?

1

n —

_ Paﬁpaﬁ + Paalpaa/ + (Paa)2 _

4B°‘a> das.

Recall that equation (5.1) identifies Uoy. The next proposition identifies Uyy).

PRrROPOSITION 5.5. If k > 2, then

’ 1 ’ ’ / 2 !’
Uel = —— ((AH)Y + L, L HP — 2 |\ H]2H>
(4) Sk(k _ 2) (( ) + aBp 2 | |

+ Waa/aﬂ’HBI - PaoeHa/ + (k - 4)Pa,/3’Hﬁ, + QkPQﬁLZ/’B

If k =2, then

o 1 o’ o rapf rrp’ 1 2 rra’
1 4<(AH) LI Y — |HPH

+wee o HP — P HY — 2P 5 HP 4 4PP LY,

+29% 7 g*P (MY g P — 2MVaPa6')>~

Proof. Just as in the proof of Proposition 5.1, since these formulas are coordinate-
invariant, it suffices to prove them at p in our special adapted coordinates (z,u). Now
U4y is determined by applying 92|,—o to the equation M (u) = 0, with M(u) given
by (3.5). Recall that in (3.5), we have 7" = O(r®), gary = O(r2) and u® = O(r?).
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Therefore
1 —00 o
M(u)y = (19, = (k+1) + 57L, (A" garru” )
1 —af3 o
+r (66 + 2‘6,5) {h (9047’ 1 Gary ,a)]
—a ’ 1 — ’ ’
g (gaﬁ,w + 2gaar ,ﬂ) N QThoogafﬂ',wU"‘ o+ 0.

Apply 92],—¢ to the equation M(u) = 0. Keeping in mind the orders of vanishing

—00
and the parity of the various terms and the fact that h~ = 1 on X, one obtains at
r=0:

0 :(2 - k)@f’ (Eooga’w’ua/,r) + 3£,r’rga"y’ua/,'rr

1 —a /
+3 (aﬁ + 2£u@> |:h ? (agga’y’ +go¢”y’ua ,ocrr)i|
3—aB o 3 —afi o ’
S (B i )~ S () g i i
(5.19)
Expanding the derivatives gives

—00 / / —00 /
87% (h Jary W) = ga'v’a;lua +3 (Qa'v’agh + 3fgaw'> Uy

atr = 0. Since hop = Jas on X, it follows from Lemma 5.2 that £ g = ¢%7ga~,3 = 0 at

p. Lemma 5.2 also implies that 8gﬁa5, Jaa’ ' and gq g vanish at p. So evaluating
(5.19) at p and solving for &*u®" yield

(k - 2)904%’83”&/ :3(2 - k) (go/'y’azﬁoo + 8390/7’) ua/,rr + 3£,rr9a"y/ua/,rr
+ 39705 (839w + gaw'ua/,m)

3 a 3 —af
-39 P02 gap — 3 (33h )gaﬁ,w-

Expanding the derivative on the second line and reordering terms gives

(k - 2)90/7'8;111’& :3ga"y’gaﬁua rraf + 39055683%7’

’

+ 3(2 — k)ga/.y/ (BEEOO> u”‘/’rr + 3(2 — k) (afgaw/) ua rr

+ 35,1»7-9@/7’“&,,7'7' - ggaﬁa?-gaﬁw’ - g (Bfﬁw) 9apy' -

(5.20)

We have already evaluated many of the ingredients on the right-hand side. For

instance, gag = —2Lapy by (5.2) and 02 = %HO‘/ by (5.1). Also 8EEOO = —2F

and a,%ﬁ“ﬂ = —2D% by (5.14). Similarly, taking the log and differentiating in (5.17)

gives £ .. = 2(Dy“ + E). We have 02g,/,» = —2P, by (5.12). The terms that still

need to be evaluated are g*?u® .05, 9302gay and 92gap . Using (5.4), we have at
p:

1

’ 1 ! 1 ’ ! ’
EQQBHO‘ wp = TAHY — g% %090 gp HY .

gaﬁu(x srraB — A A
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For 0302~ and 02gap,, recall that in (3.5), all components of g and its derivatives
which appear are evaluated at (z,u(z,7),7). We can evaluate 82gnp,, by the same
procedure we used in the proof of Proposition 5.1. First differentiate (5.8) to obtain

Gap . (T,U,7) = Gap oy (2,1,0) — Pogr* + o(r?).
Evaluate at u = u(x, r):
9o (T, u(x,7),7) =gap (T, u(2,7),0) = Pag1* + o(r?)
=gop.y (#,0,0) + gap,yrp (2,0,0)0u” (,7) = Pag yr® + 0o(r)
=gop.y' (2,0,0) + igaﬁ,v’ﬁ’Hﬁ/rz = Papyr? +o(r?).

Thus

1 ,
aggaﬁﬁ’ = Egaﬁ»’v’ﬁ’Hﬁ —2P.g,-

For 0302ga+, begin as above by differentiating (5.8):
Gy 5(2,4,7) = Garyr,5(2,,0) = Posy 72 + 0(r?).
So the chain rule gives
95 (gar (z,u(z,7),7))

=9ay',B (.’IJ, ’LL(.’E, T)7 T) + Jory', ' (1’, u(:c, T), T)UB

s(@,7)
]. 7
:ga’y’,B(:Ca u(z,r),0) — Poz'y’,ﬁTZ + ﬁga'y’ﬁ’ (z,0, O)Hﬁ ,5T2 + O(Tz)

/ ]_ ’
=g ,5(2,0,0) + gar g u” (2,7) = Pany gr* + ﬂgav’,ﬁ'(% 0,0)H” 51 + o(r?)

1 , 1 ,
=ga~',5(7,0,0) + @gavnﬁﬁ’ffﬁ 12 = Poryr p7° + %gav’,ﬁ’(xa 0,0)H” 5r* + o(r?).

At z = 0, corresponding to the point p, we have gq- g = 0. Thus at p we obtain
1 /
007 Gy = 3 9o 55 H ¥ —2Pay 5.

Now substitute all of these into (5.20) and raise the free index. The two terms
involving g./ g cancel, and one obtains

(k — 2)d%u®
’ Y Q—k ’ Q—k ’ ’
:%AHQ +3¢g%7 gaﬁ(Paﬁﬁ, _ QPouy/,ﬁ) _ %EHQ _ %pa 5/Hﬂ
6 @ o 3 o'y« ’ « o
+%(D o+ EB)H* — TR P 9apygHY —6D L.
(5.21)

Expanding the covariant derivatives in terms of partial derivatives and Christoffel
symbols shows that at p:

gaﬁ (Paﬂ,'y/ - 2Pa’)"ﬁ) = gaﬁ (MV’Y/PaB - 2Mv[3P0z’Y’) - 2P’Y'l3/HB/' (5.22)

The formula for U4 in Proposition 5.5 is obtained as follows. In (5.21), substitute
(5.22) for g*P (Pap,n — 2Py 3), substitute (5.15) for Dyg and E, substitute (5.3) for
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Jap ', Write the resulting R,/ ogs in terms of the Weyl and Schouten tensors via
(2.1), collect terms, and finally note that Uy = 5;01U|,—o.

Equation (5.21) confirms that &M (u)|,—¢ is independent of d2u® |,—o when k =
2. In this case, the above calculation shows that ga’W'an(u)M lr=0 equals the right-
hand side of (5.21). However, by (3.8) we have

ga’v'a;”/vt(u)y\r:o = P (rPH )| pmg = 6H .

This gives the formula for H in Proposition 5.5. O

We have also calculated the variation for k = 4 when the background M is R"
with the Euclidean metric. In [Gul], [Gu2], Guven developed a very nice formalism
for identifying the variation of functionals of hypersurfaces in Euclidean space, using
Lagrange multipliers to encode the data of the embedding. As he suggested, it is
straightforward to extend his formalism to submanifolds of higher codimension. We
refer to his papers for the details of the method and formulate the following conse-
quences.

Let S(gap: 9o, Lapar) be a smooth function of g.5 € SiRk*, Jarp € SiR”*k*,
and Lago € S?R¥* @ R"=F*. Here SiRl* denotes the cone of positive definite sym-
metric bilinear forms on R!. Tt is assumed that S is invariant under the natural action
of GL(k,R) x GL(n — k,R) on SZR** & SZR"** @ (S2RF* @ R"7**). Let ¥ be a
compact k-manifold and let

f:/S(gaﬂvga’B/vLaBa’)daE (523)
>

be a functional on the space of immersions of ¥ into R", where at each point g.s
is taken to be the induced metric, gog the metric on the normal space, and Lqga/
the second fundamental form with all indices lowered, all written in some choice of
local frames for T and for N¥X. By the assumed invariance of S, the integrand is
independent of the choice of frames and is a globally defined density on ¥ depending
on the immersion f.

As in Theorem 4.3, let F': ¥ x [0,0) — R™ be a variation of ¥ with infinitesimal
variation ' € T'(f*TM). Guven’s method shows that

F= / (F,K), das,
¥

where IC is the section of N3 given by

/ oS / oS /
K = v, (7) e, =22 sHe 5.24
V Vﬂ 3La5a/ + ay—BB aLaﬂﬁ/ ( )
For instance, for S = 1, F is the area functional and K = —H is the negative of the

mean curvature. For another example, the integrand for the Willmore energy is

S = ‘H|2 = goz b gaﬁgvéLaﬁa’L'\/tSﬁ“

So aLai - = 2g°P H* | and (5.24) gives the usual formula for its variation:

K =2AH® + 2L, Lo  HY — |[HPPH®'.
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We apply Guven’s formalism to the energy functional &£ for k = 4. If M = R",
then all background curvature vanishes, so the formula in Corollary 5.3 for the k =4
energy becomes (1.1). Consider beparately the variation of each of the three terms in
the integrand. For S = |H|*, we have 7 = 49°P|HPH | s

K =4A(H|PH®) + 4Lg’BLg?|H|2Hﬂ’ — |H|*H" .

For S = L3, L% Ho H', we have =2g°P L L HP' + 2099 Hy HY,

oS
0L g0/

K = 20 (LSGLE HY ) + 2V Vs (L7 Hy ™)
+ 2L"5L ?Lopy L7 HY + 2La Ll JLP HY H, — L7 L“ﬂH JHP HY
In addition to functionals of the form (5.23), Guven’s formalism applies to functionals
involving covariant derivatives of L3 ,. For S = [VH/?, it gives (see [Gu2]):
K = —2A2HY 4 200V HP' NV yHy — 2L Loy AHP — |VH[*H .
Recalling that Theorem 4.3 identifies H as the negative of the variation of £ and
combining the above ingredients yields the following.

PROPOSITION 5.6. When k =4 and M = R™ with the Fuclidean metric, we have

1281 = 2A%H® — 20PNV H 'V g Hyr + 2L°° Lopp AHP + |VH?H®
+ ZA( o LaﬁHﬁ”) A <LQBB/H[3,H@,)

+ 2La5Lﬂ, LQMUW HY +2L2 LgB,LaBV HY H, — L) L5 H, HY B

0 2770’ _ 'ra aB 278’ b o
4A(|H| H*') 4LaﬁL5/ \H|2H? + 16|H| HY

We checked this formula by evaluating it on the anchor ring embeddings Té’i and
dlscussed in §6.2. It vanishes exactly for the values of R and r corresponding to
the 8 critical anchor ring embeddings described there.
We close this section by noting that modulo linear terms in background curvature
and quadratic terms in derivatives of g, we have

1-3-5---(20— 1)

! o — 1—1 7o’ <] <
@)1 Ug), k(k—2)-~(k+2—2l)A HY,  1<1<k/2

[HY = A/2H°‘ > 2

MH k(k—2)---2 k2

These follow by induction keeping track only of the linear terms in the calculations
indicated above. Modulo terms involving background curvature and terms of higher
homogeneity degree in the second fundamental form and its derivatives, the energy
has the form

E=cp / (HAP2D2HYdasy,  k>2, ¢ #0.
b
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6. Dimension Four. In this section we take k& = 4 throughout (so n > 5),
and M will be either R™ with the Euclidean metric or S™ with the round metric of
sectional curvature 1. ¥ is a compact 4-dimensional immersed submanifold of M.

If M = R”, then all background curvature vanishes, so the formula in Corollary 5.3
for the k = 4 energy becomes (1.1). If M = S™, then the Weyl, Cotton and Bach
tensors all vanish, and the Schouten tensor is given by P = %g. In this case the
formula in Corollary 5.3 reduces to (1.2). Set £ = 128¢€.

Proposition 4.5 shows that if ¥ is a 4-dimensional immersed submanifold of either
R™ or S™ and ¥ is minimal, then ¥ is critical for £. As noted in the introduction,
this also follows immediately from (1.1) and (1.2), since all terms are quadratic in H
except for the constant term in (1.2), which corresponds to a multiple of the area of
Y. Of course there are no compact minimal submanifolds of R™. But the statement
holds also for noncompact minimal submanifolds in the sense that the Euler-Lagrange
equation for &£ holds, corresponding to compactly supported variations. Note that in
the case that ¥ C S™ is minimal, we have £(X) = 48 Area(X).

6.1. Products of Spheres. Proposition 4.5 provides many examples of &-
critical submanifolds. Just as for the classical kK = 2 Willmore energy, minimal sub-
manifolds of S™ or their images in R™ under stereographic projection are E-critical.
So a totally geodesic §* C S™, or any round S* C R", is E-critical. Likewise, the
standard examples of minimal embeddings of 4-dimensional products of spheres in S™
are E-critical. These are:

SQ(%) X SQ(%) c 8 £ = 19272
SH(E) x $*(%) c s £ = 36V3r° 6.1)
S'(3) x 81(5) x 5*(J5) € 8° £ =96m°
S'(3) % S1(3) x S'(3) x 8'(3) € &7 £ = 457!

For each of the four topologies appearing in (6.1), there is a family of embeddings
generalizing (6.1) obtained by varying the radii of the factor spheres. Namely, we
have

S%(ry) x S?(ry) € S°
St(ry) x S3(ry) € S°
St(ry) x St(ry) x S?(r3) C S°
St(ry) x St(ry) x St(rs) x St(ry) C S7,

(6.2)

where in each case ) r,% = 1. In this section we calculate explicitly the energy of these
embeddings as a function of the . We deduce two consequences. One consequence is
that in the three families other than S? x §2 C S°, £ is already unbounded above and
below when restricted to the family. This will prove Proposition 1.1 in these cases.
The other consequence is that we identify a non-minimal critical point of £ in each of
the three families other than S? x S2. Specifically, we prove

PROPOSITION 6.1. In addition to (6.1), the following are critical for E:

S'(/2) x §°(/2) € &7 £ =16V157°
é:

SU(\/Z) x SM(y/ ) x 8% (y/29) c s 1285 3 (6.3)

SU(yE) < S' () % 8 (a0 xS (V) 5T £= e
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Zhang ([Z]) asserts that (6.1) together with (6.3) constitute all £-critical embeddings
in the families (6.2).

Consider first S?(r1) x S?(r2) C S®. Parametrize S?(r1) C R? using spherical
coordinates:
y1 = 71(sin @1 cos b1, sin ¢y sin Oy, cos ¢1)
and likewise S%(ry) C R3:
Yo = ro(sin ¢g cos O, sin ¢ sin by, cos ¢2)
where 0 < 61,0, < 27, 0 < ¢1,¢2 < 7. Then = = (y1,92) is our embedding S?(ry) x

S2(ry) C S3(1) C RS,
The following is an orthonormal basis for the tangent space to S?(r1) x S2(r):

T 1
€1 = 2= T
[Tg,| 71
=(cos ¢ cos b1, cos ¢ sin By, —sin ¢1, 0, 0,0)
eg =20 _ L x
2 ae, | rising; o
=(—sin#y,cosb1,0,0,0,0)
T 1
€3 = 22 = L
|Z‘¢2| T2
=(0, 0,0, cos ¢ cos O3, cos ¢o sin Oz, — sin ¢2)
T 1
€4 02 =

- |zo,|  rosings o2
=(0,0,0, — sin f, cos 05, 0).

Set

_(_ T2
v=( r1y17r2y2)' (6.4)

It is easily checked that ey, es, e3,e4, v is an orthonormal basis for the tangent space
to S® along S%(r1) x S%(re). In the subsequent discussion in which a unit normal has
been chosen for a particular hypersurface embedding, we identify L and H with their
scalar counterparts determined by the chosen normal. The second fundamental form
in this basis is thus given by

Lag = (Ve,e5,v). (6.5)

Now

R

Veaeg =V daz €8 =

Ones,
90T 0| P

where 01 = 04,,02 = 0p,,03 = 04,,04 = 0p,. From the expressions given above for
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€q, it is easy to see that V. eg = 0 except for the following cases:

1
Ve,e1 =—(—sin ¢ cos b1, —sin ¢y sin by, — cos ¢1,0,0,0)
1

1
Ve,e1 =————(— cos ¢ sin 0y, cos ¢q cos 61, 0,0,0,0)
1 Sln¢)1
1 .
VGQBQ :m(f COS 91, — Slrlal7 O, 0, O, 0)

1
Ves€3 :E(O, 0,0, — sin ¢ cos by, — sin ¢y sin O, — cos ¢2)

1
Ve,e3 =———(0,0,0, — cos ¢2 sin bz, cos ¢ cos 02, 0)
ro Sin ¢g
1
Ve,ea =——(0,0,0, — cos Oy, — sin 5, 0).
ro Sin ¢g

Therefore, in this basis,

= 0 0 0

0o 22 0 0

T1
0 0 o -
)
Thus
2 2
H_2(——E), |L|2:2(%+%).
1 T2 T35 Ty
Substituting into (1.2) and simplifying using 7% + r3 = 1 gives
4
ri+ry — 147213
&= —167" 2.2
72 (6.7)

— 1672 <t2 L2 14)

with 2 = ¢. The function ¢* + ¢2 of t € (0,00) has a unique critical point at ¢ = 1,
a global minimum. Thus £ is unbounded below on this family, with a maximum of
19272 achieved at the minimal embedding. We remark that since the formula for £
above is homogeneous of degree 0 in (r1,72), it is valid by conformal invariance for
the embedding S?(rq1) x S%(re) C S®(\/r} +r3) for all vy, ro > 0.

The calculations for the other families in (6.2) are similar. We briefly outline the
computations in each case.

For S x §3, parametrize S(r1) C R? as

y1 = r1(cosfq,sinbq)
and S3(rp) C R* as
Yo = 1o(sin @1 sin @ sin Oy, sin @1 sin P cos b, sin @1 cos Pg, cos @1 ).

Then = = (y1,y2) is our embedding S*(r1) x S?(re) C S°(1) C RS. The vectors

€1 =

ZTo T x o T2 1
: y €2= o1 y €3 = o2 y €4= 2 , V= ( - Y1 7y2)
|0, |24, | %4, | |6, | rt T
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form an orthonormal basis for the tangent space to S° along S*(r1) x S3(ry). The
second fundamental form (6.5) in this basis now takes the form

20 0 0
0 - 0 0
f— T2
Las=10 ¢ -0
o 0 0 -
T2
So
T T ’1“2 ’1“2
H=-=2-31  |L?=-2+3-1
T1 T2 7"1 7"2

This time substituting into (1.2) and simplifying using 72 + r2 = 1 gives

o7 157"117’% + 147’%1"‘21 — rg

=

= 4 rirs
9% 15t% + 1442 — 1
T4 3

with ¢t = L. This function of ¢ goes to +o0 as t — oo and goes to —oo as t — 0.
So it is unbounded above and below. It has two critical points, a local maximum at
t= %, corresponding to the minimal embedding, and a local minimum at ¢t = /2.
The Principle of Symmetric Criticality ([P]), or alternately Hsiang’s argument [H]

concerning critical orbits of compact groups of isometries, which applies equally well
to &£ as to the area functional, implies that S* (\/g) X 53(\/2) C S5 is critical for &.
This is the first example in (6.3).

For S! x S x §2 parametrize S'(r1) C R? and S'(ry) C R? by

Y1 ="r1 (COS 91, sin 91), Yo = TQ(COS 92, sin 92)
and S%(r3) C R? by
y3 = r3(sin ¢ cos O3, sin ¢ sin b3, cos ¢).

Then x = (y1,y2,ys) is our embedding S*(ry) x St(re) x S?(r3) € S5(1) € R”. The
vectors

e = 20 = MO T, Yo
|79, | |74, | |0, |z

form an orthonormal basis for the tangent space to S*(r1) x St(re) x S?(r3). The
vectors

T2 1
=\ - 5 2y17 5 2y270
ri\/r] + 13 roN/T1 + 13

r3 r3 VT TS
V2 :( yS)

Y1,
SR SR
Vi3 ri+ 3 T3
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form an orthonormal basis for the normal space. The second fundamental forms
Ly = (Ve,ep,var), o/ = 1,2, are given by

T2
= e 0 0 0

1 0 s 00
LaB: T2/ T1+T]5 s

0 0 0 0

0 0 0 0

3

e 0 0 0

0 —— i 0 0
2. Vittrg
o 0 VA e R

T3

and the mean curvatures by

le T%_r% H2: 2(T%+T%_T§)

; 12 8/
rira/T? + 13 r3\/T3 + 13

We used Mathematica and 7% + r3 + r3 = 1 to calculate that

3
£ =~y [10virdra = 56(rtv3 + st + (90 +) — )]
1 2°3
= t3t3 [16t4t2 — B6(4113 + ¢463) + O(¢) + £3) — 146343

with ¢y = 71, ¢5 = 2. It is easily seen that this function of (¢1,t2) € (0,00) x (0, 00) is
unbounded above and below (for instance, this is already the case When restricted to

to = 1) and has critical points at (t1,t2) = (ﬁ’ ﬁ) and (t1,t2) ,/ 10, v/ = 10 (By
symmetry, another critical point is obtained from the latter by mterchangmg tl and
to.) The first critical point corresponds to the minimal embedding r1 = ro = %, ry =

%. The second corresponds to the non-minimal £-critical embedding S 1(, / 25—4) X

Sl(\/i) X 52(\/%) C SS. This is the second example in (6.3).

For (S1)4, parametrize S'(r,) C R?, 1 < a < 4, by
Yo = Ta(cosb,,sinb,).

Then = = (y1, Y2, y3, y4) is our embedding S (r1) x St (rg) x St(r3) x S1(ry) € S7(1) C
R8. The vectors
ea="0  1<a<d,
Ta

form an orthonormal basis for the tangent space to S'(r1) x St(rg) x St(rs) x S(r4).
The vectors

T2 ! T4 T3
=\ - Y1, y2a_ y37 y4
r T2

3 T4 7“1
Vo =\ — —Y1, Ey 7y3a _7y4)

T4 T3 7“2
vy =\ — — Y1, _7y27 —Y3, 7y4
1 T2 T3 T4
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form an orthonormal basis for the normal space. The second fundamental forms
Lgﬁ = <veaeﬁ7 Va/) are given by

2 0 0 0 T3 0 0 0
1 T1
0o - 0 0 Ta 0 0
1 2
LOtﬁ: 0 OT2 ra 0 aLOcﬁ: 0 07"2 _r1 0 )
r3 T3
T T
0 0 0 —i 0 0 0 i
=0 0 0
1
0 = 0 0
3
Las=1o 0 -2 o
T3
0 0 0 -t
4
and the mean curvatures by
2 2 2 2 2 2 2 2 2 2 2 2
r5—7r ri— i ryi—r rs5—rT ry—r r§—r
Hgl="2 1, 5 g2 -3 1,72 4’ 3= 1,3 2
r172 r3T4 T3 TaTy 1Ty r2T3

We used Mathematica and Z =1 to calculate that

ozla

4

E=-5i33 [36 Sym(riryry) — 84 Sym(riryrir})
riTar3Ty
4
= ~waa [9t4t2t4 + 27 Sym(t}t3) — 42 Sym(titats) — 42 Sym(t?t%t%)} 7

where t;, = 7%’ 1 < k < 3. Here we write

Sym(rirbrsr]) = 1 Z T o) @) o)
0'654

Sym(#t5t5) = ; Z toyto@to)
g€S3

for the symmetrization of monomials. It is easily seen that £, viewed as a function of
(t1,t2,t3) € (0,00)3, is unbounded above and below (for instance, this is already the
case when restricted to to = t3 = 1) and has critical points at (¢1,t2,t3) = (1,1,1)

and (t1,ta,t3) \/; , \/g , [ The first critical point corresponds to the minimal
embedding 11 = ro = r3 = r4 = 5. The second corresponds to the non-minimal

E-critical embedding 5" (/) x S*(\/5) x 8" (y/%) x §'(\/&) 7. This is the

third example in (6.3).

We close our discussion of the energy of the embeddings (6.2) with an observation
that we find truly remarkable. Namely, the energy and critical points for the first three
of the families in (6.2), as well as for equatorial S* C S°, can all be derived from the
energy and critical points for the 4-torus family S*(r1) x St (rg) x St(r3) x St(ry) C S7

(SIS
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by specializing the radii. Precisely, the following relations hold:
E(SY(r1) x SY(r2) x S1(r3) x S1(r3)) :f E(SY(r1) x S (rs) x S2(V2r3))

E(SM(r1) x S'(rz) x S'(ra) x 5 (ra)) 375(51@1) x §3(V/3r3))

E(SH(r1) x 81 (r1) x S'(r2) x S'(r2)) :Z 5(52(\@7«1) x 5%(V2r3))
E(S (r1) x S'(r1) x S (r1) x S(r1)) :? £(S4(2r)).

Moreover, the constants appearing in these relations are the corresponding ratios of
the areas of the factor spheres. Namely,

T _ A (r))A(S! (r2)) A(S (r3))?
2 A(S'(r1))A(SH (r2)) A(S2(V2r3))
dm_ A(S(r))A(SM(r2))?
3\f A(SY(r1))A(S3(V/3r9))
T A(SH(r))?A(SM(r2))?
4 A(S2(V2r))A(S2(V2r2))

3w A(SM(r))*
8~ A(SH2r))

It is clear that these relations enable the deduction of the critical points of any of the
families from those for S*(r1) x S(ry) x St(r3) x S1(ry). Also, one may deduce direct
relations between the energy of any one of the families and any other family with
fewer factors. That is, the energy of the family S'(ry) x S*(rg) x S?(r3) determines
the energy of the S! x $2, S2 x S2, and S* families, and the energy of either family
St x S3 or S? x S? determines that of the S* family, by similar relations.

We also note that the same sort of relation holds for the usual 2-dimensional
Willmore energy, with the same rule for the constant. Namely, for the 2-dimensional
energy & given in Corollary 5.3, we have

E(S'(r1) x §(r1)) = 3 E(S*(V2n))

with 5 = %. (No such relation seems to hold for the Willmore energy in the

form [ \L|2 owing to the extra term involving the Euler characteristic.) We have no
understanding of why these relations should be true other than verifying them from
the formulas. It would be interesting to provide a geometric explanation.

6.2. Anchor Rings. We first indicate how the embeddings S7 x S* ¢ §i+k+1
considered in §6.1 can be composed with stereographic projection to obtain embed-
dings S7 x S* c R/*t*+! which are higher dimensional versions of anchor rings. We
then construct a family of embeddings of S2 x S? in R® for which & — oo by dilating
such an anchor ring in only some of the variables. This combined with the results in
86.1 enables us to prove Proposition 1.1.

Fix R > 0 and 0 < r < R. Define the anchor ring embedding S7 x S* — Ri+k+1
by

ST x S35 (y,2) = ((R+rw)y,rv), (6.8)



HIGHER-DIMENSIONAL WILLMORE ENERGIES 603

where we have written z = (v,w) € S¥ C RF*! with v € R¥, w € R. The image Tfé’fj
is the tube of radius r about S7(R) C RI+! x {0}. Note that j and k are not treated
symmetrically: for j # k the two embeddings T{%’ and TI];” of 87 x Sk into RITk+1
are distinct (even dlsregardlng the interchange of the factors)

Next let 72 +72 = 1 and recall the product embedding S7 () x S*(ry) C SI+k+1L ¢
R+ x R¥*+1. Consider its image under stereographic projection, where the base point
for the stereographic projection is a point of $7+#+1 lying in {0} x R**!, which we
can take to be (0,...,0,1) by a rotation of R¥*!. Thus the stereographic projection
7o SItEHL o RIFAFL g

!/
T

77(35/,37]‘+k+2) = ma x' = (71,.. -a$j+lc+1)~
J

It is an easy verification which we leave to the reader that m(57(ry) x S*(ro)) =
TIJ%{’]“T with R = 1/r; and 7 = ry/r;. Since 7 is conformal, £(S7(r1) x S*(re)) =
E(lez]fp) Thus the E-critical embeddings of 2 x S% and St x §? in S® discussed above
give E-critical ¢ anchor ring” tubes in R®. For S? x S2, we obtain the single critical
anchor ring tube T .2 1 which is the stereographic image of the minimal 5’2( \/5) X

SQ( 5) C S°. For Sl x 93, we obtain the two critical anchor ring tubes T f and
3, V2

TQ/f 5.1/v3 corresponding to the minimal embedding, and T\/ﬁ ﬁ \/57 3T

corresponding to the non-minimal embedding. Note that Tf%’fn is a dilate of Tgl’% . for

any ¢ > 0, so we conclude from the last three embeddings that T2311 ,TY \/g Vet and
3,1 oy ’

T\f 3 are E-critical.

We have written down generalizations of the above embeddings to “generalized
anchor rings” which arise as the images under stereographic projection of S7t(ry) x
80 (py) € §irtetitl=l  RivEeAat for ST 02 — 1 Specializing to the &-

i=1 z
critical products S*(r1) x S1(ry) x S%(r3) € S and St (ry) x St(re) x S(r3) x St(ry) C
S7 discussed above gives E-critical generalized anchor ring embeddings in RS and R”.
We next exhibit a family of embeddings of S? x S? in R® with energy unbounded
above. For a > 0, let 6, : R® — R® be given by d,(y,v) = (y,av) for y € R3 v € R2.

PROPOSITION 6.2.

as a — O0.

Proof. Conformal invariance implies 5(6a(T\/§,1)) = £(0a(T, 1/f)) (We sup-
press the 22 on Téﬁ throughout this proof.) Consider d,(T7,) for 0 < r < 1; we will

set r = 1/\/§ later.
Parametrize §,(71,) by introducing spherical coordinates for y, z in (6.8):

T = ((1 + 7 cos ¢2)y, arv)
with

y = (sin ¢ cos 01, sin @1 sin 61, cos ¢1)

v = sin ¢y (cos s, sin s),
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where 0 < 01,02 < 2w, 0 < ¢1,¢2 < m. The tangent vectors e; = z4,, €2 = ¥4,,
€3 = Ty,, €4 = Ty, are orthogonal with

|2, [* = (147 cos ¢2)?

|z, 1% = (1 + 7 cos ¢)? sin? ¢y (6.9)
|zg,|* = 7,2(&2 cos? ¢y + sin? ¢) .
(20, ? = a®r% sin? 6.
A unit normal is
1
s (a(cos h2)y, v)
where (¢3) = /a2 cos? ¢y + sin® ¢y = V/1+ (a2 — 1) cos? ¢po. The second fundamen-
tal form (6.5) in this basis is
cos ¢2(1 + rcos ¢2) 0 0 0
[ .___ ¢ 0 cos ¢z (1 + 7 cos gg)sin® p1 0 0
BT T U y) 0 0 r 0
0 0 0 rsin® ¢y

Recalling (6.9), contraction gives:

_ a 2 cos g2 1 1
"= _€(¢2) [1 +rcosgy  rl(p)? + Tag]
L2 — a? 2 cos? ¢y 1 1
I = U(p2)? {(1 +rcosga)?  r2l(po)* + 702(14} :

Since H depends only on ¢, it follows that

_ _ 2
VHP = r=20(02) (00, H)".
This information is sufficient to calculate the integrand |VH|? — |L|*H? + L H* of
& (5G(T17T)), and clearly it depends only on ¢2. Now (6.9) also gives
da = CLT2(1 -+ 7 cos ¢2)2€(¢2) sin ¢2 sin ¢1d¢1d91d¢2d92.

It follows that we can write

(|VH|2 — |L*H? + lH‘*)da = I(cos ¢o) sin ¢y sin pade df dpodby

16

where I(cos ¢2) is a function only of cos ¢ (depending on a and ). Upon making the
substitution s = cos ¢, it follows that

1

§(5a(T1,T)):87r2/ I(s)ds. (6.10)

-1

We used Mathematica to calculate I(s) for r = 1/v/2. The result is

1 p(a,s)
I(s) = —— ; , (6.11)
) (@)
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where p(a, s) is the polynomial in a, s given by:
pla,s) = 4s'2a'®
+ ( — 2452 — 244/25" — 24510 — 24\/§sg)a14
+ (54512 92251 — 16510 — 128v/2% — 218s% — 172257 — 13256)a12
+ ( —50s'2 — 106v2s'! 4 226510 4 502v/25” + 2465° — 1621/257 — 23455
— 286v/25% — 380" — 188v/2s% — 14452)(110

9512
+ ( = TV2s! - 354510
847s%
1

— 350V/2s° —

n (27312 1 88v/2sM 4+ 208510 — 34v/2% — 4785 — 421/27 + 8165

+ 95v/25 + 32752 + 118v/2s + 9) ad

+ 398v/25° — 2415* — 302v/2s% — 3045 — 108v/2s — 28) a®

25 12
n ( _ ; — 38v/2s'! — 16510 4+ 146v/25° + 1655° — 32227 — 57050

152354
4 2544/25% + —2208

+ ( — 3512 — 14v2sM — 42510 — 4v/25° + 1005° + 84v/257 — 2255 — 88v/27

— 695 + 10v25% + 3252 + 1225 + 4) a?

12 171 8
n (91 +9v2s'! 4 18510 — 18247 — 725

20754
- 48 — 63v/25 — 952 + 18v/25 + 9).

1 64v/25% — 31852 — 104+/25 — 10) at

—18v2s" + 117s% + 72v/25°

(6.12)

Observe that p(a, s) has degree 16 in ¢ and any monomial s‘a’ occurring in p has
j —i < 8. Moreover, the only terms with j — i = 8 are 9a® — 144s2a'0.

In order to derive the asymptotics of &(8q( 1,1/\/)) as a — 0o, we have the
following lemma. Set

7. . B ! a’ s ds
Z7J(a>_/_1 s 2 9 9 11/2'
1+ 25) (14 (a? —1)s?)

LEMMA 6.3.
lim Z; j(a) = f— t24t»1(§§1/2 j—i=1,i<10
a— oo 1,J ]7Z<1’]<11

Proof. Make the substitution ¢ = as to rewrite

T (a) = aj_i_l/ 5 rat T
—a (1 + %ﬁ) (1+¢2 - (t/a)?)
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If j—i =1 and ¢ < 10, dominated convergence shows that lim, . Im‘(a) =

f_oooo (75251%. If j —i¢ < 1 and ¢ < 10, the same argument shows that the limit

is0. If j —i <1, j <11, and i > 10, choose € with 0 < € < 11 — j. Then

a aj_i_l‘t|10_6|t|i+6_10 dt
</ (

‘/ o L di
3 .
—a 1+ f (1+t2—(t/a)2)11/2 1_"_%\/5) (1—|—t2—(t/a)2)11/2

Since |t| < a and i + € > 10, we have

aj_i_l\t|10_6\t|i+€_10 < aj—i—1|t|10—eai+e—10 _ aj+€_11|t\10_6.

Thus dominated convergence again shows that the limit is 0. O

According to (6.10), (6.11), (6.12), a=*€(da(T} 1 /,/5)) is a linear combination of
integrals of the form Z; ;(a) with j < 9 and j—¢ < 1. Lemma 6.3 shows that the limit

vanishes for all terms with j —¢ < 1. As indicated above, this is all but two terms.
Thus

o . 256
lim o€ (84(Ty,,y5) = —72 lim (9To,1(a) — 144 Ty 5(a)) = ~

a— 00 a— 00 35

The result follows upon recalling that £ = 128€. O

Proof of Proposition 1.1. Tt was shown in §6.1 that in the three cases other
than S% x §% C S°, £ is already unbounded above and below when restricted to the
families considered there. It was also shown in §6.1 that £ is unbounded below when
restricted to the corresponding family for S2? x $? C S°. Proposition 6.2 shows that
£ is unbounded above over embeddings S? x §? C §°. O

6.3. Second Variation in S°. In this section we calculate the second variation
of £ at a minimal immersed hypersurface ¥ in S°. We specialize the general formula
to X = 8% and ¥ = S?(1/v/2) x S%(1/v/2)".

Let f: ¥ — S® be a minimal immersion of %% in S°, and F : ¥ x (—¢,¢€) be a
variation of f, i.e. Fy = f. Let V = 9,F;|;—¢ denote the variational vector field. We
assume throughout that V' is normal. Recall the first and second variations of area:

O A(F ()] e= 0=—/E<H,V>dag
Vo, Hl|t—o = =JV
FA(F(2))]e= OZ/E(JV,VMaE.

Here Vjp, refers to the pullback connection on the pullback of the normal bundle

and J = —A — 4 — |L|? is the Jacobi operator, where A denotes the normal bundle
Laplacian.

PROPOSITION 6.4. If ¥ is a minimal immersed hypersurface in S°, then
PE(Fi(2)) 10 = / (TV, V) das
b

IThe results of this section have been generalized in [Ta].
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where

T =2J(J +4)(J +6). (6.13)

Proof. Recall that € is given by (1.2) and £ = 128 €. Since H|,—q = 0, the |H|*
term does not contribute to the second variation. Since |VH|? — |L|?|H|* + 6|H|?
vanishes to second order at ¢ = 0, we have

ORE(FA)) o = [ Ol (IVHF? = [LPHE + 61 das + 48 [ (7V.V) d.
Again using that H|;—o = 0, we have
O li=o (I HI> = |LIP|H|? + 6|H|?) = 2/9Vo, HI* — 2LV, H|? + 12|V, HI?
- 2(|VJV|2 LIV + 6|JV|2).
So

OE(FU(E)) |i=0 = 2/ (=AJV — |LI2JV +6JV + 24V, JV) das,
b
= 2/ (J+4)JV +6JV + 24V, JV) dax,
b

_ 2/ (J(J +4)(J +6)V, V) das,
b

O

Proposition 6.4 shows that the second variation of £ is determined by the spectral
decomposition of the self-adjoint Jacobi operator J. We identify this for ¥ = $* and
¥ = S2(1/v/2) x S%(1/4/2). The subsequent argument follows closely that of [W],
where the second variation of the classical Willmore energy at a minimal surface is
identified. We refer to [W] for elaboration and proofs of some of the statements which
follow.

Let K denote the 15-dimensional space of Killing fields of S° and let Ky, C ['(NY)
denote the space of normal projections of restrictions to X of elements of . The
kernel of the restriction-projection map K — Ky is the space of Killing fields whose
restriction to X is everywhere tangent to 3. Its dimension equals the dimension of the
space of isometries of S® which map X to itself. For ¥ = S* this dimension is 10, while
for ¥ = $2(1/v/2)xS%(1/v/2) it is 6. So dim Kgs = 5 and dim K gz, /2y x52(1/v3) = 9-
For any X, Ky, C ker J.

Let C denote the 6-dimensional space of tangential projections of restrictions to
S5 of constant vector fields on R®, and let Cx; C T'(NX) denote the space of normal
projections of restrictions to 3 of elements of C. Every element of C is a conformal
Killing field of S® and the space of conformal Killing fields of S® equals K @ C. The
dimension of Cx; is 1 if ¥ is a totally geodesic S* C S°, and is 6 otherwise. For any
%, Cx C ker(J +4).

The space of conformal directions to ¥ is Ky @ Cy C I'(NX). These are in the
kernel of J by conformal invariance; this is consistent with (6.13) and the facts that
Ky C ker J, Cs; C ker(J + 4).

Proof of Proposition 1.2. The normal bundle to S* C S° has a parallel non-
vanishing section. So its space of sections can be identified with C°°(S*) and the
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normal bundle Laplacian with the scalar Laplacian. The eigenvalues of —A are

§(j +3) = 0,4,10,--- with multiplicities (“1*) — (“1?) = 1,5,14,---. So the eigen-
values of J = —A — 4 are —4,0,6,--- with the same multiplicities. By comparing

dimensions we see that ker J = Kgs and ker(J + 4) = Cga. So the kernel of J is
exactly the conformal directions. Since all other eigenvalues of J are positive, we
conclude that J is positive transverse to the conformal directions. O

PROPOSITION 6.5. The second variation of & at S?(1/+/2) x S%(1/v/2) C S° has
one negative eigendirection, the direction of the family S*(r1) x S?(rq) considered in
§0.1. It is positive in all eigendirections transverse to this direction and to the tangent
space to the orbit of the conformal group.

Proof. The normal bundle to ¥ = 5%(1/v/2) x S?(1/y/2) C S° has a parallel
nonvanishing section given by (6.4) with r1 = ro. So its Laplacian can be identified
with two copies of the scalar Laplacian of S?(1/v/2). The eigenvalues of —Ag, (1/v3)
are 2j(j + 1) = 0,4,12,--- with multiplicities (/3?) — (J) =2j +1=1,3,5,---. So
the eigenvalues of —Ay are 0,4,8,12,--- with multiplicities 1,6,9,10,---. We have
|L|> = 4 from (6.6), so J = —A — 8. Hence the eigenvalues of J are —8,—4,0,4, -
with multiplicities 1,6,9,10,---. Comparing dimensions shows that ker J = Ky, and
ker(J +4) = Cx. Thus J has exactly one negative direction, its kernel consists
precisely of the conformal directions, and there is a complementary space to these on
which J is positive. The —8 eigenspace of J is spanned by constant multiples of v
from (6.4). This is the variation field of the family S?(r) x S?(ry) analyzed in §6.1.
We noted there that the family had a local maximum at r1 = 79 = 1/ V2 and it is
easily seen from (6.7) that the second derivative at this maximum is negative. So for
S%(1/v/2) x S?(1//2), this is the only eigendirection in which £ decreases. O

6.4. Other Energies. Other conformally invariant energies of ¥4 C M" can
be constructed by adding to £ conformally invariant expressions. The trace-free part
L scales upon conformal transformation of the metric, so fz p(L) day, is conformally
invariant for any quartic scalar contraction p(L) of the trace-free second fundamental
form. The following proposition shows that upon adding appropriate multiples of
\IO/|4, one obtains non-negative energies. Recall that £ = 1288 with & given by (1.1)

when M is a Euclidean space.

PROPOSITION 6.6. Suppose (M, g) is R"™ with the Euclidean metric. If B > 4,
then the energy

§+B/ £ [ das
>z

18 non-negative.

Proof. Decomposing Lg;g = Lg/ﬁ + %H“/gag gives
o 3
§:/ (1VHE =L H? + 2| H]*) das. (6.14)
b

Now B|L|* — |L*H|? + X |H|* > 0 since the quadratic form S22 — zy + 23? is non-
negative for > 5. O

For the subsequent discussion, we denote by W and P the Weyl and Schouten
tensors of the induced metric on X. If dim¥ = 4, then [j, [W/|?dax is conformally
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invariant. The Chern-Gauss-Bonnet formula in dimension 4 states

3272 x (%) :/ [[W|? + 1602 (P)] das, (6.15)
3

where 03(P) = 1 ((tr P)? — [P|?) is the second elementary symmetric function of the
cigenvalues of the Schouten tensor. In particular, [, 02(P)das is also conformally
invariant. So further conformally invariant energies can be obtained by adding a
linear combination of the integrals of [W|?* and o(P). The Gauss equation can be
used to express W and P in terms of L and curvature of g.

In [V], Vyatkin has used tractor calculus to derive a conformally invariant energy
for 4-dimensional hypersurfaces in conformally flat 5-manifolds. By Theorem 5.2.4
and Lemma 5.2.7 of [V], his energy takes the form V = [ V day, where

V= 2000V, VL5 — 4P, L L5 + 2P,%|L|? — 2VP LV L.

Vyatkin’s energy can be related to £ in the case that M is 5-dimensional Euclidean
space as follows. The contracted Codazzi-Mainardi equation gives V“f/ag = %VgH .
Integrating by parts one of the derivatives in the first term and then combining the
first and last terms shows that

Y= / (§|VH|2 — 4P, [P + 2ﬁa“|i|2) das. (6.16)
>

The intrinsic Schouten tensor P can be expressed as a linear combination of quadratic
terms in L via the Gauss equation. Doing so, substituting and simplifying gives

AP L Log + 2P, |L? = 2tr L* — 2|L[* — Htr L* + LH?|L|. (6.17)
Similar calculations express |W|? and o5(P) in terms of L:

WP?=T|L)* — 4t L*

. o . . (6.18)
D\ 4 1 4 3 3172 2 3 4
405(P) = tr L* — LL|* — Her 3 + 3H|L)? — S H.
Combining (6.14), (6.15), (6.16), (6.17), and (6.18) gives
_ 1 2 r4 1174
V=16482(D) +/Z <2trL — i) )dag.
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