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RIGIDITY OF GRADIENT SHRINKING RICCI SOLITONS*

FEI YANG!T AND LIANGDI ZHANGH

Abstract. We prove that an n-dimensional (n > 4) gradient shrinking Ricci soliton with fourth-
order divergence free Riemannian curvature tensor (i.e. div*Rm = 0) is rigid. In particular, such a
soliton in dimension 4 is either Einstein, or a finite quotient of R*, R? x S2 or R x S2. Under the
condition of div3W (V f) = 0, we have the same results.
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1. Introduction. A complete Riemannian manifold (M™, g, f) is called a gradi-
ent Ricci soliton if there exists a smooth function f on M™ such that the Ricci tensor
Ric of the metric g satisfies the equation

Ric+ Hess(f) = \g (1.1)

for some constant A\. For A > 0 the Ricci soliton is shrinking, for A = 0 it is steady
and for A < 0 expanding.

An Einstein manifold with constant potential function is called a trivial gradient
Ricci soliton. (R™, go, @), where g is the flat Euclidean metric, is called the Gaussian
shrinking Ricei soliton. We may refer to an excellent survey by H. D. Cao [1] for more
examples of Ricci solitons.

Taking a product N x R* with N being Einstein with Einstein constant A and
f= %|x\2 on RF yields a mixed gradient soliton. A gradient soliton is rigid if it is of
the type N xp R¥, where I' acts freely on N and by orthogonal transformations on
R* (no translational components). This concept was first introduced by P. Peterson
and W. Wylie [13]. They also showed that a gradient Ricci soliton is rigid if and only
if it has constant scalar curvature and is radially flat i.e., sec(E, V f) = 0.

M. Ferndndez-Lépez and E. Garcia-Rio [8] proved that a compact Ricci soliton
is rigid if and only if it has harmonic Weyl tensor. For the complete non-compact
case, O. Munteanu and N. Sesum [11] showed that a gradient shrinking Ricci soliton
with harmonic Weyl tensor is rigid. G. Catino, P. Mastrolia and D. D. Monticelli [4]
proved that an n-dimensional (n > 4) gradient shrinking Ricci soliton with fourth-
order divergence free Riemannian curvature tensor (i.e. div?W = 0) is rigid.

The classification of gradient Ricci solitons has been a subject of interest for
many people in recent years. In the special case of dimension 4, A. Naber [12] showed
that a non-compact shrinking Ricci soliton with bounded nonnegative Riemannian
curvature is a finite quotient of R* R? x §? or R x S?. X. Chen and Y. Wang [6]
classified four-dimensional anti-self dual gradient steady and shrinking Ricci solitons.
H. D. Cao and Q. Chen [2] proved that a 4-dimensional Bach-flat gradient shrinking
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Ricci soliton is either Einstein or a finite quotient of R* or R x S*. More recently,
J. Y. Wu, P. Wu and W. Wylie [15] proved that a 4-dimensional gradient shrinking
Ricci soliton with half harmonic Weyl tensor (i.e. divW¥* = 0) is either Einstein or a
finite quotient of R*, R? x S? or R x S3.

For general dimensions, M. Eminenti, G. La Nave and C. Mantegazza [7] proved
that an n-dimensional compact shrinking Ricci soliton with vanishing Weyl tensor is
a finite quotient of S™. More generally, P. Peterson and W. Wylie [14] showed that a
gradient shrinking Ricci soliton with vanishing Weyl tensor is a finite quotient of R"™,
S" ! xR, or S" by assuming [, |Ric|?e=f < oo. The integral assumption was proven
to be true for gradient shrinking Ricci solitions (see Theorem 1.1 of [11]). Without
additional assumptions, Z. H. Zhang [16] obtained the same classification of gradient
shrinking Ricci solitons with vanishing Weyl tensor. More generally, H. D. Cao and
Q. Chen [2] proved that an n-dimensional (n > 5) Bach-flat gradient shrinking Ricci
soliton is either Einstein or a finite quotient of R™ or R x N"~!, where N is an
(n — 1)-dimensional Einstein manifold.

In order to state our results precisely, we introduce the following definitions for
the Riemannian curvature tensor.

(divRm)ijk := Vi Riju,
(div Rm)y, := ViViR;j,
(div3Rm)i = Vi V,;ViRijki,

diviRm := ViViV; ViR
For the Weyl curvature tensor, we define

(divW)iji := ViWijni,
(div*W)ig == V;ViWijni,
(div*W); == ViV, ViWiiki,

diU4W = VikaleWijkl.
Our main theorems are following.

THEOREM 1.1. Let (M™, g, f) (n >4) be a gradient shrinking Ricci soliton. If
(i) div*Rm =0, or
(ii) div® Rm(V ) = 0,
then (M™, g, f) is rigid.
G. Catino, P. Mastrolia and D. D. Monticelli [4] proved that a gradient shrinking

Ricci soliton with div*W = 0 is rigid. We will give a different proof in Section 6
Appendix. Moreover, we have another rigid result.

THEOREM 1.2. Let (M",g, f) (n > 4) be a gradient shrinking Ricci soliton with
divd3W (V f) = 0, then it is rigid.
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In dimension 4, we have a classification result.

COROLLARY 1.3. Let (M*,g, f) be a 4-dimensional gradient shrinking Ricci soli-
ton. Under either of the following condition,

(i) div*Rm =0, or

(i

(

i) div3Rm(Vf) =0, or
iii) div*W(Vf) =0,
(M*, g, f) is either Einstein, or a finite quotient of the Gaussian shrinking soliton
R*, R? x S? or the round cylinder R x S3.

REMARK 1.4. As it will be clear from the proof, the vanishing assumptions on
diviRm, div3Rm(V f) and div3W (V) in all the above theorems can be trivially re-
lazed to div*Rm >0, div? Rm(V f) > 0 and div3W(V f) > 0, respectively.

The rest of this paper is organized as follows. In Section 2, we recall some back-
ground material and prove some formulas which will be needed in the proof of the
main theorems. In Section 3, we prove that a compact gradient Ricci soliton with
div*Rm = 0 is Einstein. In Section 4, we finish the proof of Theorem 1.1. In Section
5, we give a direct proof of Theorem 1.2.

2. Preliminaries. First of all, we present some basic facts for gradient shrinking
Ricci solitons.

ProrosITION 2.1. ([7],[10],[11],[14]) Let (M™, g, f) (n > 3) be a gradient shrink-
ing Ricci soliton, then the following identities hold.

ViRijri = ViR, — ViR, (2.1)
VR = 2divRic, (2.2)
RijuVif = ViR, (2.3)
Vi(Rijme ) =0, (2.4)
RyVif = ViRji, (2.5)
Vi(Rje™ ) =0, (2.6)

VR = 2Rie(V ], ), (2.7)
AsRis = 2\Riys — 2Rijia Rj1, (2.8)
A¢R = 2)\R — 2|Ric|?, (2.9)

where Ay := A —Vyy,

A¢|Ric|® = 4\|Ric|* — ARm(Ric, Ric) + 2|V Ric|?, (2.10)
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where Rm(Ric, Ric) = RijpRixRji, and
R+ |Vf]? —2\f = Const. (2.11)

Next, we prove the following formulas.

PROPOSITION 2.2. Let (M™, g, f) (n > 3) be a gradient shrinking Ricci soliton,
then we have the following identities.

1
(div?Rm)g, = 2A\Rix + ViRV f — 5 ViViR — RZ, — RijuRji, (2.12)
(dingm)i = _Rijklkajl; (2.13)

and
div*Rm = V| R,V Rj — |VRic|* — Riju ViV Rj. (2.14)

Proof. By direct computation,

(dinRm)ik = V,;ViR;ju
= ARzk - VJVZRJk
= AfRik + VlRilef - Vz’ijjk + Rijklel - Rlzk

1

=2ARi; — 2RijmRj + ViRV f — §VinR + Ry Rj — R,
1

= 2\Riy, = Riga Ry + ViR Vif = 5ViViR — R},

where we used (2.1) in the second equality. Moreover, we used (2.2) and (2.8) in the
fourth equality.
Using (2.12), we have

(div®Rm); = ViV Vi Riju
1
=Vi(2ARyx — RijuiRj + ViRV f — §VinR - R%)
= AViR = ViRijuRji — RijiuViRj + ViRV Vi f + Vi VIRV f
1
—§VkVNkR — Rijkaklj — RijkRij
= AV;R+ (V;Ry — ViRj;)Rji — RijuuViRji + ViR (Mg — Rir)
1 1
+(ViViRix + RijRij + RiijRji)Vif — iviAfR — ivi(kaka)
1 1
—SRyV;R— SRy ViR~ Ri;ViRy
1 A
= AV,R+ R;;V;Ry — 5vi|Rz‘c|2 = Ry ViR + 5 ViR
1 1
—Ru ViR, + ivlvivaf + iRijij + RjxViRiju
1 1
~AV;R + V| Ric|* — SViVIRV.f = SVIRV, V. f
“Ry;V;R — R VR
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1 A 1
= 5 VilRicl” = Riju ViR + ViR = SR ViR + Rj VR
1 A 1
*§V1|Ric|2 — §V2R + iRHVZR — Rkjkaij

= —RijuiVi R,

where we used (2.2) in the third equality, (2.1) and (1.1) in the fourth equality.
Moreover, we used (2.3), (2.7) and (2.9) in the fifth equality. In the sixth equality, we
used (1.1) and (2.1).

It follows from (2.13) that

div* Rm = ViViViViRj1
= —ViRijuViRji — RijiViVi R
= (ViRjx — ViR;1))ViRji — RijuViViRj
= ViR ViR — |VRic|* — RijuV:ViRi,

where we used (2.1) in the third equality. O

REMARK 2.3. It is clear from (2.12) that div’Rm is a symmetric 2-tensor.
Therefore,

(dinRm)ik = vjleijkl = vlijz‘jkl,

(div®Rm); = ViV ViRijr = ViV ViR = ViViViRiir = Vi.ViV; Rijir,
and

div4Rm = VinVleRijkl = VNleVjRijkl = VkVNjVZRijkl = VkViVleRijkl.

3. Compact gradient shrinking Ricci soltions with div*Rm = 0. In this
section, we prove that a compact gradient shrinking Ricci soliton with div* Rm = 0
must be Einstein. The first step is to derive the following integral equation.

LEMMA 3.1. Let (M™, g, f) (n > 3) be a compact gradient shrinking Ricci soliton,
then

1
/ Vlekkajleif = */ ‘VRiCFeif. (3.1)
M 2
Proof. Calculating directly, we have
/ VlekaRﬂe_f
M
=—/ Rjk.VNkRﬂe*er/ RjkaRlefe*f
M M
= - / Rii(ViViRj, + RjpRpr + RijiRit)e ™’
M

Jr/ Rjkvk(levlf)eif*/ Rijlelefe*f
M M
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—/ Rji(RjpRpk + RipjiRi)e ™ — /M Rk Rji(Agr — Ryg)e ™'
= —/Mtrch e f—i—/ Rm(Ric, Ric)e™ / |Ric|?e f—i—/ trRicie”
/ Rm(Ric, Ric)e / | Ric|?e™ (3.2)

where we used (2.5) and (1.1) in the third equality.
Applying (2.10) to (3.2), we obtain

/ ViR ViRje™!
M

1 1
:77/ Af|Ric|267f+f/ |VRic|*e=/
4 Jm 2J/m

1 1
:7/ (A|Rz‘c\2—va|Ric|2)e*f+f/ |V Ric|>e~/
1
:—f/ Vy|Ricl?e™ 4 = / Vy | Ricl*e™ + = / |V Ric|?e™
— 5/M |VRic|> e~

0

THEOREM 3.2. Let (M™,g,f) (n > 4) be a compact gradient shrinking Ricci
soliton with diviRm = 0, then it is Finstein.

Proof. Note that div* Rm = 0. Integrating (2.14), we obtain
0= / div* Rme™'
M

:/ lejkkaﬂe—f—/ |VR¢C\Ze—f—/ RijuViViRje™!
M M M
1
= - |VRic\26_f—/ |V Ricl*e~!
2 M M
1
~—5 [ VRicPe, (3.3)

where we used Lemma 3.1 and (2.4) in the third equality.
It follows that |V Ric| = 0. By (2.2), we know that

VR =0,

i.e., R is a constant on M™.

Tracing (1.1), we know that Af = n\ — R = Const. Since (M", g, f) is com-
pact, we can easily conclude that the potential function f must be harmonic hence a
constant function. It is clear that (M™,g, f) is Einstein. O

4. The proof of Theorem 1.1. In this section, we finish the proof of Theorem
1.1. First of all, we derive a integral inequality for complete non-compact gradient
shrinking Ricci solitons.
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LEMMA 4.1. Let (M™, g, f) (n > 3) be a complete non-compact gradient shrinking

Ricci soliton. For every C? function ¢ : Ry — R with ¢(f) having compact support
in M and some constant ¢ > 0, we have

| Virairs (e < [ RiePIOrP@ e+ ] [ VR (e,
M M 4 M
(4.1)
Proof. By direct computation, we have
/ ViR ViRj¢” (fle™’
M
=~ [ BV iR e — [ RaViRaV (e + [ BRI (e
M M M
- _/ Rix(ViViRj + RypRpk + RurjiRi)6” (f)e ™! — 2/ RixViRuVifod'e™”
M M
+ [ RiuVe(RuVif)e* (fle”” _/ Rk Ry ViVife?(f)e™?
M M
= f/ Rjk(RjpRpk + RirjiRi) o> (fe ™' — 2/ RixViRuVifos'e
M M
—/ RikRji(Agr1 — Rkl)¢2(f)eif
M

- / trRic*¢*(f)e ' + [ Rm(Ric, Ric)¢*(f)e ! —2 / R ViRj Vi fog e’
M M

M

Y /M |Ric|>¢*(f)e ! + /M trRic* ¢ (f)e !

= [ Rm(Ric, Ric)¢>(f)e ! 72/ R ViRV ifod e’ f,\/ |Ric|*¢*(f)e 7,
M M

M

(4.2)

where we used (2.6) and (1.1) in the third equality.
Applying (2.10) to (4.2), we obtain

/M ViR ViR ¢*(f)e”
=2 [ RuViRWifos'e = [ AlRicto(ne ! + 5 [ VRicPeR (et
- —2/M RixViRjVifode ! — i/M AlRic¢?(f)e™’

+1 | Veslricto(ne ! + 5 [ VRicPe(e!
2 [ RuViRpiose T + ] [ (VIRicR V(e

_3 A VeslRicPR()e + % /M Vgl Ric??(f)e ™! + % /M IV Ricl¢(f)e
=2 [ RuViRaVifod'e ! + [ RuSiRaVifoo'e !

74
1
+g [ VR (p)e!
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1
<c [ \Ric|VS|VRiclol¢e ! + 5 [ VR (p)e !
M 2 M
<c [ WRiPIVIP@ e 4] [ VR (f)e !
M 4 M

for some constant ¢ > 0. O

LEMMA 4.2. Let (M™, g, f) (n > 3) be a complete non-compact gradient shrinking
Ricci soliton. For every C? function ¢ : Ry — R with o(f) having compact support
i M, we have

—/ RijiViViRjup(f)e ! =/ ([VRic|* — Vi Ry; Vi Rj))¢'e 7. (4.3)
M M

Proof. By direct computation, we have
—/ RijuViViRup(fe ! =/ RijuViRu'Vife !
M M
=/ ViRijuViRjg'e ™’
M
B / (ViRji — ViRi;) Vi Rj'e™!
M
= / (|VRiC|2 — Vleijle)ga’e_f,
M
where we used (2.4), (2.3) and (2.1) in the first, second and third equality, respec-
tively. O

The following result by Munteanu-Sesum [11] is needed.

LEMMA 4.3 (Munteanu-Sesum [11]). Let (M, g) be a gradient shrinking Ricci
soliton. If for some B < 1 we have fM |Rm|?e=8/ < 400, then the following identity
holds.

/ \divRm|?e~f = / |VRicl*e ) < +o0. (4.4)
M M

REMARK 4.4. It is clear from their proof that a gradient shrinking Ricci soliton
with [, |divRm|*e~/ < +oo or [,, |[VRic[*e™ < +oo still has (4.4).

Now we are ready to prove the result that a complete non-compact gradient
shrinking Ricci soliton with div* Rm = 0 is rigid.

THEOREM 4.5. Let (M™, g, f) (n > 4) be a complete non-compact gradient shrink-
ing Ricci soliton with div*Rm = 0, then it is rigid.

Proof. Let ¢ : Ry — R be a C? function with ¢ = 1 on (0, s], ¢ = 0 on [2s, 00) and
—7 < ¢'(t) <0 on (s,2s) for some constant ¢ > 0. Define D(r) := {x € M|f(z) <r}.
By Lemma 4.2, we have

—/ RijiViViRud? (f)e ! :/ (IVRic|* — V| Ri;ViRj1)(¢?) e/
M M

= 2/ (IVRic|> = Vi Ry; Vi Rj)pp e
M
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<0. (4.5)

Integrating (2.14) and using Lemma 4.1 and (4.5), we have

/ div*Rme?(f)e=!
M

/V;RJkaleqﬁ /|VRZC| ¢ —/ Rijleinlecéz(f)e‘f
<o [ IRicPIP@ e + 7 [ VR - [ [VRicPo (e
M
< %/ |Ric\2|Vf|26_f—f/ |VRic|?¢*(f)e™. (4.6)
s* Jp@s)\D(s) 4 Ju

Since R > 0 (see B. L. Chen [5]), it follows from (2.11) that |[Vf|> < e(f + 1).
Note that f is of quadratic growth (see Cao-Zhou [3]) and [, |Ric|?e=*f < 400 (see
Munteanu-Sesum [11]), we can derive that

/ | Ricl?|V f|2e~! g/ |Ric2e < 400 (@.7)
M M

for some v € (0, 1]. Therefore,

< IRic|2V f|2e~! =0

52 Jp@s)\D(s)

as s — +o0. .

By taking r — +oo in (4.6), we obtain [, [VRic?¢e™/ = 0. Since
Joy IVRicl?e™ < +o0, it follows from (4.4) that

/|clem|2 f—/ |V Ric|?e™

Hence, |divRm| = |V Ric| = 0.
It is clear divRm = 0 implies that M™ is radially flat. Moreover, by (2.2), we
know that

VR =0,

i.e., R is a constant on M™.
Since M™ is radially flat and has constant scalar curvature, it follows from The-
orem 1.2 of Peterson-Wylie [13] that (M",g, f) is rigid. O

Next, we show that a gradient shrinking Ricci soliton with div3Rm(Vf) = 0 is
rigid.
THEOREM 4.6. Let (M™, g, f) (n > 4) be a gradient shrinking Ricci soliton with
div Rm(V f) = 0, then it is rigid.
Proof. By (2.13), we have
0 = div* Rm(Vf)
= Vi V;ViRijuVif
= —RijuViRjV.f
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1
= i(viRijkl)(lejk — ViRji)
= —%\divaF,

where we used (2.3) in the third equality and (2.1) in the last. It follows that divRm =
0.

It is clear that sec(E,Vf) = 0, i.e., M"™ is radially flat. Moreover, we have
ViR =2V|Rj = Qg““VlRijkl =0, i.e.,, Ris a constant on M". O

To conclude, Theorem 1.1 follows immediately by Theorem 3.2, Theorem 4.5 and
Theorem 4.6.

5. The proof of Theorem 1.2. In this section, we prove Theorems 1.2. We
calculate the following formulas first.

PROPOSITION 5.1. Let (M™, g, f) (n > 3) be a gradient shrinking Ricci soliton.
We have the following identities.

. n—3, .. n—3

(dZUW)ijk == m(dlva)Uk - m(gikij - gjkVZ-R), (5.1)

2y, = T3 g2 . n=3 _ .
(div*W ), = p— (div*Rm)i, D=2 (9ikAR — ViV, R), (5.2)
(div* W), = "3 (d@iP Rm)s + — 3 RLViR (5.3)

n—2 2(n—1)(n—2)""" """

and
div' W = "3 it Rm+ —"—3 (L YRP + RV, VeR). (5.4)
n—2 2(n—1)(n—2) "2

Proof. By direct computation,
(divW )ik = ViWijm
1
= ViRijn — m(giklejl — ViRji — 9;xViRy + V;Ri)
1
(n—1)(n-2)

1
= VlRijkl — mleijkl

+ (9ix ViR — gjrViR)

1 1
_m(giijR — gk ViR) + m(giijR — gk ViR)
n—3 n—3

== 2VIRijkl - m(giijR — 9,k ViR),

where we used (2.7) in the second equality.
It follows from (5.1) that

(div® W)
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= V,;ViWiin
o n—3
G 9 —1)(n—2)

(gikAR — vksz),

By (5.2), we have

(div*W); = ViV ViWiin

= ikl — 2(n_nl—;(i_2)(V1AR — ViViViR)
= Z : 2vkvjleijkl + Q(Tlfnl—;(i*?)RikaR’
From (5.3), we have
div*W =V, ViV, ViWiin
= ikt + 2(n_nl—;(i_2)vi(RikaR)
= LYV ViR
T _n1;(i ! - - BT TR)

As a corollary of Proposition 5.1, we have

COROLLARY 5.2. Let (M™,g) (n > 3) be a gradient shrinking Ricci soliton. We
have the following identities.

. n—3 n—3
(divW)ij1 = Y 2(ijik — ViRj) — m(giijR —9;xViR), (5.5)
(div®W)ix = =2 (ONRup + Vs Rop — R — RigmRit) — — 2 Vi ViR
ik — — 9 ik V fAivik ik ijkl 5] 2(’[7, — 1) iV
n—3 o
_m(vaR-l-D\R— 2|Ric|®) gk, (5.6)
3. — " T3 o, n=3 5
(div°W); = —— 2Rz_]k:lka_]l + S —1)n—2) R, ViR, (5.7)
and
. n—3 )
div'W = 5 (ViR ViR — |VRic|> = RijViViRj)
— 1
n_? (5|VR]* + Rix.ViViR). (5.8)

D22

Proof. (5.5), (5.7) and (5.8) follows immediately by applying (2.1), (2.13) and
(2.14) to (5.1), (5.3) and (5.4), respectively. Moreover, Plugging (2.9) and (2.12) into
(5.2), we can get (5.6). O
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Next, we prove that a gradient shrinking Ricci soliton with div3W (Vf) = 0 is
rigid.

THEOREM 5.3. Let (M", g, f) (n >4) be a gradient shrinking Ricci soliton with
div3W (V f) = 0, then it is rigid.

Proof. By (5.7), we have

div*W (V f)
- _Z : gRijklkajlvif + Mfl—%iﬂRikaRVif
- %(vimjm)(vmﬂ-k — ViRj) + Zl(n—nl—;(i—Q)'V R
_ ,2(71”7::32)|div3m|2 " 4(71_”1—;(2_2)|VR|27 5.9)

where we used (2.3) and (2.7) in the second equality and (2.1) in the last.
It follows from (2.7) that |VR|? < 4|Ric|?|V f|?. Using (4.7), we obtain that

/ |VR|?e™/ < 400,
M
Integrating (5.9) and using the condition of div3W (V f) = 0, we obtain

1
divRm|?e~T = 7/ VR|?e f < 4.
/M | | 2(n—1) Ju | |

It follows from (4.4) that

/ |V Ric|*e~!
M M

I
=
~.
<
=
El
V)
9]
L

|VRic|>e™, (5.10)

where we used |VR|? < n|VRic|?.

Note that 57ty <1, we conclude from (5.9) that

|divRm|?e~f :/ IVR?e~/ =0,
M M

ie., |[divRm| = |[VR| = 0. It follows that M" is radially flat, i.e., sec(E,Vf) = 0.
Moreover, |[VR| =0 on M, i.e., R is a constant on M. By Theorem 1.2 of Peterson-
Wylie [13], (M™, g, f) is rigid. O

6. Appendix. As it is mentioned in the introduction, G. Catino, P. Mastrolia
and D. D. Monticelli [4] proved that an n-dimensional (n > 4) gradient shrinking Ricci
soliton with div*W = 0 is rigid. In their paper, div*W is defined as ViV;ViViWikji.
They showed that div*W = 0 if and only if div3C = 0, where div3C = ViV;iViCijik
and Cjjy, is the Cotton tensor equals to —2=2V,W;;z; for n > 4 (see e.g. [2]). Then,
they proved that div®C = 0 implies C = 0. Therefore, the rigidity result follows
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(see [8] and [11]). Moreover, it is clear from their proof that this result holds for
ViV;ViViWiri < 0. We give a different proof in this section.

REMARK 6.1. The definition of div*W in G. Catino, P. Mastrolia and D. D.
Monticelli [4] differs from ours by a minus sign. To be more precise, we have

ViV;ViViWii = ViViViViWii = =V ViViViWii = = Vi Vi ViV Wik
(6.1)

It follows from (5.2) that V;V Wi,k is symmetric oni and k, then it is also symmetric
onj andl, i.e.,

VleWijkl = VngWijkl. (6.2)
Combining (6.1) and (6.2), we have
ViV;ViViWii = = ViV V;VilWiin.

It is clear from (5.4) that

g, 3y n—3 1 2 Rve
div*W = n_2dw Rm + 2= 1)(n—2)(2|VR| + RixViViR).

THEOREM 6.2. Let (M"™,g,f) (n > 4) be a compact gradient shrinking Ricci
soliton with div*W = 0, then it is Einstein.

Proof. Integrating (5.8), we have

div*Wwe!
M
n — 3 .12 7f
= n—29 M(Vlekkajl — ‘VR’LC| — Rijleinle)e
+"—*3/ (7|VR|2+R ViViR)e
2(n —1 2) kYR

= _2 / |VRic|?e™ ( /|VR|27

n—
———— | |VRPe” 6.3
dn(n — 1) ‘ e (6:3)
where we used Lemma 3.1, (2.4) and (2.6) in the second equality. Moreover, we used
|VR|? < n|VRic|]? in the inequality.
Since div*W = 0, it follows from (6.3) that VR = 0, i.e., R is a constant on M.
Therefore, Ric(Vf,Vf) = 4(VR,Vf) =0. By Lemma 2.3, (M", g) is Einstein. O

THEOREM 6.3. Let (M™, g, f) (n > 4) be a complete non-compact gradient shrink-
ing Ricci soliton with div*W = 0, then it is rigid.

Proof. Let ¢ : R, — R be a C? function with ¢ = 1 on (0, s], # = 0 on [2s, 00) and
-2 < ¢/(t) <0on (s,2s) for some constant ¢ > 0. Define D(r) := {z € M|f(z) <r}.
From Lemma 4.2, we obtain

—/ RijuViViRud*(f)e ' :/ (IVRic|* = ViRy;ViRj)(¢%) e
M M
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= 2/ (IVRic|* — ViRy; Vi Rj) g e f
M
<0. (6.4)

By direct computation, we have
/ RV VRGO (f)e !
M

- / Vi(Rue ™ \VuRE (/) - / VRPg¢ e
M M

—— [ [wREowe
<= / |VR|*¢p%e~/ —|—c/ IVR?(¢')2e™f
— —f ; ne —f
=1 /MIVRI ¢ +C/M |Ric*|V f*(¢')%e (6.5)

where we used (2.6) in the second equality and (2.7) to obtain the last inequality.
Integrating (5.9), we have

/ div*W e (fe=!
M

n—3 . _
= / (ViRjx Vi Rji — |V Ric|> — RijiuViViRj)d*(f)e !
M

n—2
n—3 1 _f
Yo 1) /M<5‘VR\2 + R VTR (e

Sc/ |Ric|2|Vf|2( et 4 3= —3) / IV Ricl26(

(%/ VREGe!
2 —f 2 —f
+12(n—1 / |VR|*p?e —I—c/ |Ric]?|V f*(¢)%e
<L (Ricl?V 12 - / IV Ricl2%(
S D(25)\D(s
ST g VT nfl / IV R|2¢%( (6.6)

where we used Lemma 4.2, (6.6) and (6.5) in the first inequality.
Applying div*W = 0 and |VR|?> < n|VRic|? to (6.4), we obtain

c n?—9
0< 7/ Ric]?|Vf|?e~/ — / VRic|*¢*(f)e 7
52 D(2s)\D(s) | a | 12(n = 1)(n—=2) /i | | ()

(6.7)

It follows from (4.7) that 5% fD(%)\D( )y |Ric|?|Vf|?e~f — 0 as s — +oc.

Note that n > 4. By takmg r — +oo in (6.7), we obtain [, |[VRic[*e=/ = 0.
Since [,, |[VRic|?e™/ < +oo, it follows (2.20) that

/ |divRm|?e~f :/ \VRicl*e=/ =0. (6.8)
M M
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Hence, |divRm| = 0.

It is clear that sec(E,Vf) = 0, i.e., M™ is radially flat. Moreover, we have
VR =2V |R; = 2gileRijkl =0, i.e., R is a constant on M"™. By Theorem 1.2 of
Peterson-Wylie [13], we conclude that (M™, g, f) is rigid. O

From Theorem 6.2 and Theorem 6.3, we have a classification theorem for 4-
dimensional gradient shrinking Ricci solitons with div*WW = 0:

THEOREM 6.4. Let (M*,g, f) be a 4-dimensional gradient shrinking Ricci soliton
with diviW = 0, then it is either

(i) Einstein, or

(i) a finite quotient of the Gaussian shrinking soliton R*, R? x S? or the round
cylinder R x S3.

REMARK 6.5. It is obvious that Theorems 6.2 to 6.4 hold for div*W > 0. More-
over, it follows from (6.1) that Theorem 6.2 to 6.4 still hold if indices of div*W
permutate.
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