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EQUIVARIANT ASYMPTOTICS OF SZEGO KERNELS UNDER
HAMILTONIAN SU(2)-ACTIONS*

ANDREA GALASSOT AND ROBERTO PAOLETTI*

Abstract. Let M be complex projective manifold, and A a positive line bundle on it. Assume
that G = SU(2) acts on M in a Hamiltonian manner, with nowhere vanishing moment map, and
that this action linearizes to A. Then there is an associated unitary representation of G on the
associated algebro-geometric Hardy space, and the isotypical components are all finite dimensional.
We consider the local and global asymptotic properties of the equivariant projector associated to a
weight kv, when v is fixed and k — 4oo0.
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1. Introduction. Let M be a connected complex d-dimensional projective ma-
nifold, and let w be a Hodge form on it. Thus M has a natural choice of a volume
form, given by dVys := (1/d!) w"?.

Suppose given, in addition, an action p : G x M — M of a compact and connected
Lie group G, which is holomorphic (meaning that each diffeomorphism p, : M — M,
g € G, is holomorphic), and Hamiltonian with respect to 2w, with moment map
®: M — gV (g being of course the Lie algebra of G).

Let (A, h) be a positive line bundle on M, such that unique compatible connection
on A has curvature form —2maw; let AV be the dual line bundle, and X C AY the
unit circle bundle, with projection p : X — M. Then X is naturally a contact and
CR manifold by positivity of A; if « is the contact form, X inherits the volume form
dVyx = (2’/T)71 a A p* (dVM)

Furthermore, X has a natural Riemannian structure gx. The latter is uniquely
determined by the following conditions: 1): the vector sub-bundles V(X/M) :=
ker(dp), H(X/M) := ker(a) C TX are mutually orthogonal; 2): p: X — M is a
Riemannian submersion; 3): S! (under the standard action) acts on X by isometries;
4): the fibers of p have unit length. Hence there is on X x X a Riemannian distance
function, that will be denoted dist x.

We shall henceforth identify densities and half-densities on X, and accordingly
use the abridged notation L?(X) for the space of square summable half-densities on
X.

The Hamiltonian action p naturally induces an infinitesimal contact action of g
on X [Kol; explicitly, if £ € g and & is the corresponding Hamiltonian vector field
on M, then its contact lift £x is as follows. Let v¥ denote the horizontal lift on X of
a vector field v on M, and denote by Jy the generator of the structure circle action
on X. Then

Ex =& — (DG op, &) Dp. (1)
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502 A. GALASSO AND R. PAOLETTI

We shall make the stronger assumption that p lifts to a contact action 1 : Gx X — X
lifting p, and preserving the CR structure (in other words, p linearizes to a metric
preserving action on A). This assumption is not always fullfilled and the obstruction
is of a topological nature; in particular, the lifting always exists if G is compact and
simply connected (as in the case of SU(n)), but in general the condition is not trivial,
and involves certain integrality conditions on ®. In particular, an Hamiltonian action
of R can always be lifted to a contact action, but this need not happen for G = S*.
As an explicit example, as is apparent from (1) in the case of the trivial action of S!
on M with constant moment map ® = A\ € R the lifting exists if and only if A\ € Z.
For an exhaustive treatment of this point, the reader may consult [Ko|, [GS4] and
the discussion in the appendix of [GS2]. If A is very ample, the existence of the lift
implies that there is a naturally induced unitary representation of G on H°(M, A),
and that M is an invariant projectively embedded submanifold of P (H O(M, A)V). At
any rate, in the present article we shall focus on the particular case G = SU(2), so
that the existence of the lift is granted a priori.

Under these assumptions, there is a naturally induced unitary representation of
G on the Hardy space H(X) C L?(X); hence H(X) can be equivariantly decomposed
over the irreducible representations of G:

H(X) =P H(X),, (2)

ved

where G is the collection of all irreducible representations of G. As is well-known,
if ®(m) # 0 for every m € M, then each isotypical component H(X), is finite
dimensional (see e.g. §2 of [P4]).

For example, suppose that G = S' and p is trivial, with moment map ® = 1.
By (1), the lifted action on X is fiber rotation z — e~*? z (v € X). The irreducible
representations of S! are indexed by the integers k € Z, and the isotypical component
H (X)), may be naturally and unitarily identified with the space H® (M, A®*) of global
holomorphic sections of A®*. Hence, from this perspective, the spaces H(X),, in (2)
may be viewed as a broad representation-theoretic extension of the usual algebro-
geometric notion of linear series, although they may not, in general, be interpreted
as spaces of sections of some power of A. It is then natural to study their global and
local properties and their geometric consequences, in analogy with the classical case.
Here the paradigm is offered by the TYZ asymptotic expansion and its near-diagonal
extension; we shall work in the general conceptual framework of [BG| and [GS1], and
adopt more specifically the approach developed in [Z], [BSZ] and [SZ], which is based
on the description of IT as an FIO in [BS].

Hence, as discussed in the introductions of [P4] and [GP], the present perspective
departs form the setting of Berezin-Toeplitz quantization; rather, it may be considered
a variant of it, where the structure S'-action on X is replaced by the contact lift of a
general Hamiltonian action of a compact Lie group on M (see for instance [Ch], [MM],
[MZ], [Sch] and references therein for a discussion of Berezin-Toeplitz quantization and
different approaches to near-diagonal kernel asymptotics).

Let I, : L?(X) — H(X), be the orthogonal projector (the v-equivariant Szegd
projector); if H(X), is finite dimensional, the corresponding distributional kernel is
smooth, II,(-,-) € C*°(X x X) (the v-equivariant Szegd kernel). If 0 ¢ &g (M),
then H(X), is finite dimensional for any v. Under this hypothesis, we are generally
interested in the asymptotic properties of the kernels II,, (-, -) when v tends to infinity
in weight space, and in finding analogues of the TYZ-asymptotic expansion and of
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the near-diagonal scaling asymptotics which have been the object of considerable
attention in the standard case G = S', ® = 1. The case where G is a torus has been
considered in [P4], [P5], [Cm]; in [GP], we have focused on the case G = U(2).

Here, we shall consider the case G = SU(2). We shall henceforth write G = SU(2)
and g = su(2) (the Lie algebra of 2 x 2 traceless skew-Hermitian matrices).

The irreducible representations of G are indexed by the integers v > 0. To
emphasize the difference with the case of S* without burdening the notation, we shall
label the representations by the pairs v = (v, 0), and denote them by V,,. As is well-
known (see for instance [V]), V;, = Sym” ™" (C?), and the restriction to the standard
torus T' < G of the corresponding character y,, is

6“9 0 611/197677,1/19
Xu<(0 em))—w (3)

= ¢ (v=1)9 +e! (v=3)9 o+ e—?,(l/—l)ﬂ.

We shall fix v, and consider the pointwise asymptotics of Iy, (-, -) when k — +o0.
To begin with, we shall show that Iy, (z,y) is rapidly decreasing, unless y — G -z
(the orbit of z) at a sufficiently fast pace. Let distx be, as above, the Riemannian
distance function on X.

THEOREM 1.1. Let us fir C, € > 0. Then, uniformly for (x,y) € X x X satisfying
dist x (J:, G- y) > C k12,

we have Iy (z,y) = O (k~°).

Let us consider the asymptotics of Ily, near a point x € X. To build-up to our
next Theorems, we need to introduce some more terminology.
If © € X, we shall set m, := p(x).

DEFINITION 1.1. For m € M, ®g(m) € g is a traceless skew-Hermitian 2 x 2
matrix. Suppose ®g(m) # 0. Then
1. A(m) > 0 will denote the (unique) positive eigenvalue of —1 @ (m);
2. hy, T € G/T will denote the unique coset such that

D (m) = 1hy, (*(6”) B ;(’m)> hls (4)

3. we shall set, for v € N,

v

ug(v,m) := 530

If © € X, we shall generally write ug(v, x) for ug(v, my).

The assignments A : M — (0, +o0) and m € M — h,, T € G/T are C*, provided
of course that ®g(m) # 0 for every m € M.

REMARK 1.1. The positive eigenvalue A(m) has a symplectic interpretation,
being closely related to the moment map for the action restricted to a suitable torus

T, < G. Let us set
1 0
o= (o %) 6
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thus 8 is the infinitesimal generator of the standard torus T', and therefore Ady, (5)
is the infinitesimal generator of the torus Ty, := Cy,, (T') (here Cy(h) := ghg™!, for
all g, h € G). Then for any m € M we have

2X(m) = (hy,! @G (m) hn, B) = (Pc(m), Ady,, (B))- (6)

In §3, we shall prove that if € X and ®g(m,) # 0, then g is locally free at
x. Hence the stabilizer subgroup G, < G is finite. In addition, by equivariance of
®¢, G, stabilizes ®¢(m). By (4), Gy C hy,, T hy,' . Thus G, is finite and Abelian.
Therefore, there exist e’i € S, j =1,..., N,, such that

e 0 _ .
Gm{hmm < 0 6“9],) hot :jl,...,NI}. (7)

We shall set, for every j =1,..., Ny,
eV 0 _
ty = ( 0 6“9]_> g5 =P, tih (8)

DEFINITION 1.2. Let Z := {+I} < G be the center of G, and set Z, := G, N Z.

We shall see that there is a contribution to the asymptotics of Ilg, near x asso-
ciated to each g € G, and that the shape of the contribution is different depending
on whether g € Z, or g € G, \ Z,.

If h € Gy \ Zg, then h # h~!. Hence G, \ Z, has even cardinality b, = 2a,,
and G, has cardinality b, + h, where h = 1 or 2. Perhaps after renumbering, we can
assume that

Gz \ Z:L’ = {917 cvsY9aysY9a,+1 = 9;17 sy 9b, = ga_zl} (9)
(it may well be that a, = 0).
DEFINITION 1.3. If £ € Z, let us define f; : T'— C by letting

fe:e®PeT —et? e,

Let us first consider the on-diagonal asymptotics of ITy,, (x, x), assuming only that
i is locally free at x.

DEFINITION 1.4. If z € C, let us set

A(2) =1 <2 g) € g

Suppose g; € G5 \ Z,. Then, with notation as in (8), the R-linear map
nj:z2€Cr (Adtfl — idg) (A(Z)) €9
J

is injective. Therefore, since g is locally free at x, there is a positive definite 2 x 2
matrix C(x;j) such that

[Adn,.. (1) x @ = 52 Casi) 2 (z€©)
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where Z = (a b)t € R2if 2 = a+1b. Let us define

B(z;j) == C(x;7) + 41 sin(29;) - AM(my) L. (10)

Finally, let us denote by V3 the area of the unit sphere S® C R*, and set
D¢ )r =27/ V3. (11)

The geometric meaning of Dg,r will be elucidated by Lemma 4.6.
We shall prove the following.

THEOREM 1.2. Assume that ®g(m,) # 0, and that

Go\Zo={91.01", 9. 02} (12)

Then as k — 400 there is an asymptotic expansion

Hip (2, 2) ~ gy (2, 2) 2, + g p (2, 2) g0\ 2,

where
1 vk ¢
H 174 b ~ ’ 1
ko(2,2) 2, 2\ (1) <27T)\(m,;)> "
oo
. Z fl—k-l/(g) 1+ Z kiJng(m;c) )
geGm j=1
and
d
ko(T,2)G,\2, AT\ 27 Nmg)
Ay in(y —ikv-9;
Z R ZSII’I( J) e +Zk P]l mm s
= det (B(z; 1)) 1>1

where B(z;j) is as in (10), and Bgyj, Pj; are appropriate C* real functions on the
image in M of the locus of those ' € X such that |Gy | = |Gyl

Let us elucidate (14). As will emerge from the proof, Il (x,z)q,\ z, asymptoti-
cally splits as a sum of local contributions, each coming from a small neighborhood of
an element of G, \ Z,. Each such contribution, say associated to g; € G, \ Z, may
be estimated by a stationary phase computation, and the resulting expansion, given

by (120), has the familiar shape divisible by y/det (B(x;7)); here we are numbering

the elements of G \ Z, as in (9), say. If on the other hand we list the elements of
G4\ Z, as in (12), and pair the local contributions of g; and g;l (j=1,...,az), we
are left with an expansion of the form (14); in other words, the j-th summand in (14)
is the joint contribution of g; and gj_1

Let us next consider the near-diagonal asymptotics of II,. As usual, these are
conveniently expressed in Heisenberg local coordinates (HLC’s) on X (the reader is
referred to [SZ] for a precise definition and a general discussion thereof), and involve
an invariant 1o that we shall recall below. To simplify our treatment, we shall assume
in this case that G, = Z,.
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Thus, given z € X, let us choose a system of Heisenberg local coordinates (HLC’s)
on X centered at x. Following [SZ], we shall denote this by the additive expression
r+v € X, where v = (0,v) € R x R?", with § € (—7,7) and v sufficiently small.
Translation in the ‘angular’ coordinate 6 corresponds to rotation in a fixed fiber of
the circle bundle X — M: whenever both sides are defined,

z4+ (0 +9,v) =rg(z+ (V,v)),

where 74(y) is the standard action of e*? € S! on y € X. On the other hand, the
curve v : 7 +— x + (0,7v) is ‘horizontal’ for 7 = 0, that is, (0) € H,, ) (X/M).
When 6 = 0, we shall abridge 2 + (0,v) to = + v.

HLC’s come with built-in unitary isomorphisms 7, M = C¢ and T, X = R x
Ty, X; with this in mind, we shall use the expression x + (0,v) for (0,v) € T, X or
x+v for v e T, M, where m, = n(x).

If g € Gy, then dy g : Trp, M — T, M is a unitary isomorphism. For any
v € T,,, M, we shall set

v9) .= A, frg-1(V).

The following invariant plays an ubiquitous role in the study of rescaled local
asymptotics of equivariant Szegd kernels.

DEFINITION 1.5. If m € M and vy, vy € T,,, M, following [SZ] let us set

1
Ya(vi, va) == —twn(vi, va) = 5 Vi = Ve,

where wy, : Ty M x T,, M — R is the symplectic form, and || - ||, : T, M — R is the
norm function.

THEOREM 1.3. Let us assume that © € X and that p is locally free on X in
a neighborhood of x. Let G, < G be the stabilizer subgroup of x, and suppose that
G, < Z. Let us a choose system of Heisenberg local coordinates on X centered at x.
Let us fix C > 0 and € € (0,1/6). Then, uniformly for vy, va € T,,, M satisfying
Ivill < Ck® (5 =1,2), and belonging to a subspace of T,,, M transverse to the G-orbit
through m,, we have for k — 400 an asymptotic expansion of the form

1 1
g |2+ —=vVvi, 24+ —4=V
’ ( Vi TV 2)
(

1 vk d uo<v’mw>-w2(vlg>,w)
T 2A(my) <2M(mm)) DRSO

9€G,

+oo _
LSSt |
jz1
where Agj(z;-,-) is a polynomial of degree < 3j and parity (—1)7.

We can apply Theorems 1.2 and 1.3 to estimate the dimension of H (X )y, when
k — +o0. Let us make this explicit in the case where g is generically free, leaving the
possible variants to the interested reader.
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COROLLARY 1.1. Assume that [i is generically free (that is, G, is trivial for the
general x € X ). Then

im {(ljy)d.dim (H(X)k,,)} — /M AV (m) KM?m))dH] . ()

In closing this introduction, it is in order to illustrate some natural possible devel-
opments, given by variants of the current problem to which the present approach can
be applied but won’t be treated here. Since the G-action on X, fi, and the standard
S action given by fiber rotation commute, they combine to yield an action p of S x G
on X. Correspondingly, there is an induced unitary representation of S x G on H(X).
The irreducible representations of S! x G are indexed by the pairs (j,v), where j € Z
and v = (v,0), v > 0; hence we have an equivariant unitary decomposition

+oo
H(X)=PEPHX)jw», where H(X);, = H(X);NH(X),.

j=0 v

Let I, : H(X) — H(X);. denote the corresponding equivariant Szegd projec-
tion; it is smoothing, and its distributional kernel II; ,, € C>°(X x X) is simply the
j-th Fourier component of II,,. It is natural to investigate the local asymptotics of
11, when (j,v) drifts to infinity along various rays in Z x Z.

For instance, if we fix jo and let v — 400, then H(X);, , = (0) for v > 0; this
is so because, by the theory of [GS3], H(X),,» = (0) unless v € jo (M), and this
condition obviously fails when v > 0, since jo @ (M) is a fixed compact subset of
g¥. At the opposite extreme, we can fix vg = (1, 0), and let j — +oo. If, as we are
presently assuming, 0 ¢ ®¢(M), then vy & j ®o(M) for j > 0, whence IT; ,, = 0
for j > 0. On the other hand, if 0 € & (M), and 0 is a regular value of @, then
the local asymptotics of 1I;,,, for j — +oo are non-trivial and concentrate along
the submanifold @51(0); in fact, such asymptotics were already studied by Szego
kernel techniques and for arbitrary G in [P1], [P2] and [P3]. On the other hand, we
can fix a pair (jo,v0) and consider the local asymptotics of Il j, 1 v,); these ladder
asymptotics are precisely of the kind described at the beginning of this introduction,
with G replaced by S x G, and they can be studied by a combination of the methods
of the present paper and those in [Z] and [SZ]. Differently from the present setting,
the concentration will be along the inverse image under ®¢ of a sphere of radius vy /jo
[P1]. Still more generally, one might consider commuting Hamiltonian actions of G
and of an r-dimensional torus T, and combine the methods of the present paper, [P1]
and [P4] to study the local asymptotics of the corresponding equivariant Szeg6 kernels
(thus with G now replaced by T' x G).

Another direction for future research motivated by the present results lies in the
quest for a geometric interpretation of the local invariants associated to the point-
wise asymptotic expansions of the equivariant Szegd kernels, in terms of the local
properties of appropriate symplectic manifolds/orbifolds.

The present paper covers part of the PhD thesis of the first author at the Uni-
versity of Milano Bicocca.

Acknowledgments. We gratefully thank the referee for suggesting many useful
expository improvements and proposing some motivating remarks.
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2. Examples. Given Z € C%*!\ {0}, we shall denote by [Z] € P its image in
projective space. If Z = (zg,--- ,zq), then [Z] = [z0: -+ : 24).

To begin with, let us test our normalizations against the simplest case of the
standard action of G on P'.

EXAMPLE 2.1. Let wpg denote the Fubini-Study form on P'. The standard
action of G on P!, given by pua([Z]) := [AZ], is Hamiltonian with respect to 2wpg,
with nowhere vanishing moment map

\p([ZO . 21]) L N <é (‘Zo|2 — |Zl|2) 20 - Z1 ) . (16)

IRETEENAE Zo - 21 3 (1212 = 120?)

Then A([20 : 21]) = 1/2 for any [z : z1] € P!, and the contact action g on S3
is free, since it may be identified with action of SU(2) on itself by left translations.
Furthermore, Hy, (X) = Hy,—1(X), where the right hand side is the (k- v — 1)-th
isotype for the S'-action. With v = 1 the leading order term of the expansion of

Theorem 1.3 is
d
(’“) - eva(viva),
T

in agreement with the standard off-diagonal scaling asymptotics for Szego kernels on
P! ([BSZ], [SZ)).

EXAMPLE 2.2. Let us consider the diagonal action of G on P! x P!,

For r = 1,2,..., consider the symplectic structure €2, := wps B (rwrs) on P! x PL.
Then p is Hamiltonian with respect to 2 €),., with moment map

@, : ([2), W]) = ¥([2]) +r ¥ ([W]).

If » > 2, then ®, is nowhere vanishing.

On the other hand, €2, is the normalized curvature of the positive line bundle
A, = Op1(1) ¥ Op1(r). The unit circle bundle X, associated to A, is the image of
S3 x S under the map

(ZW)e P xS CcC2xC2 ZaWe eC2,
and the contact lift of p is given by
fia (Z@We) = (AZ) @ (AW)®".
Let us consider the stabilizer subgroup of Z @ W®”. We have
fa(Z@WET)=Z@W® & AZ=X\Z, AW =X\W

for certain A\, Ay € St with A\; - A} = 1.

If Z and W are linearly dependent, then A\; = Xy and /\’1qul = 1. The stabilizer
subgroup of Z ® W®" is therefore cyclic of order r + 1. Otherwise, (Z,W) is an

eigenbasis of A and Ay = A\', AJ7! = 1. Hence, assuming that Z A W # 0, the
stabilizer subgroup of Z®@ W®" is cyclic of order r — 1 when (Z, W) is an orthonormal
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basis of C?, and otherwise it is trivial when r is even and {£I5} when 7 is odd. Thus
1 is locally free for » > 2. Furthermore, the action is generically free when r is even,

and the stabilizer is generically of order two when r is odd.
Let us now consider how Vj, appears in

“+oo
H(X,) =@ Hi(X,), H(X,)=H® (P xP', A,
=0

Since A®! = Op:1 (1) X Op1 (I7), by the Kiinneth formula we have

H° (P' x P',A®Y) = 0O (P, Opi (1)) @ H® (P*, Opi (I 7))
= Vis1,0) @ Viir41,0)-

Thus the character of H° (]P’l x Pt A?l) as a G-representation is x;41 - Xir+1. Using
(3), we see by a few computations that

o) (%)) (17)

1(Ir4+1)0 _ —2(lr+1)6
:<6110+ez(l—2)0+._._~_e—zl9>.e( : e )

619 _ 6—10

et (I+lr+1-25)60 _ et (I+lr+1-25) 6

l
et 6 _ e 6
j=0

Therefore,
1
H’ (]Pl x P!, Af?l) = @V(H-l r+1-24,0)-
§=0

We conclude that V},, appears at most once in each H;(X,); it does appear once, in
fact, if and only if kv and I (r + 1) 4+ 1 have the same parity, and

kv—1 kv—1
> > .
r—1 — 7 r+1

(18)

Suppose, for example, that kv and r 4+ 1 are both even. Then [ (r + 1) 4+ 1 is odd for
any choice of [ and we conclude that Hy, (X) vanishes. Notice that at the general
z € X, we have G, = {xI5}, and deGm fi—kv(g) = 0. If, on the other hand, r+1 is
even and k v is odd, then there is a copy of Vi, in H;(X,.) for every integer [ satisfying
(18). Hence the number of copies of Vj,, in H(X,) is ~ 2kv/ (r? — 1), so that the
dimension of Hy,(X) is ~ 2(kv)?/ (r* — 1). For the general € X,, we have in this
case > . fi-ku(g) = 2.

When r + 1 is odd, on the other hand, the generic stabilizer is trivial. For the
general z € X, therefore, > o fi—k.(g) = 1 irrespective of kv. If kv is even
(respectively, odd) then there is a copy of Vi, in H;(X,) if and only if [ is odd
(respectively, even) and satisfies (18). Thus the number of copies of V3, in H(X,) is
~kv/(r? —1), so that the dimension of Hj,(X) is ~ (kv)?/ (r* —1).
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3. Preliminaries. In this Section, we shall collect various basic concepts and
foundational results that will be invoked in the following proofs; in addition, in §3.5
we shall establish a technical preamble to the proofs in §4.

For any z € X and g € G,

Wy (g (2), g (2)) = Mo (, );

furthermore, transplanting a system of HLC’s centered at z by ¢ € G (in an obvious
sense) yields a system of HLC’s centered at fi,(x). Therefore, with no loss of generality
we might replace x by fix,, () (recall (4)), and assume that

vom) =1 (MG o) (19)

Since however it is convenient to keep explicit track of h,,,, we shall make the generic
assumption that ®(m,.) is not anti-diagonal.
The following Lemma is specific to the case G = SU(2).

LEMMA 3.1. Suppose x € X and ®g(m,) # 0. Then i is locally free at x.

Proof. Given that ®¢(m,) # 0, 11 is locally free at « if and only if @ is transverse
at my to the ray Ry - @ (m,) (see the discussion in §2 of [P4]). By the equivariance
of @, this is equivalent to the condition that 4 be transverse at m, to the cone
over the coadjoint orbit through ®g(m,). However g = R3 and the non-trivial orbits
in g = g¥ are spheres centered at the origin, hence the previous condition is trivially
satisfied.

Perhaps more explicitly, recall from Remark 1.1 that G, C hy,, Th,)t = St and

T

that the latter torus is generated by Ady, (5). On the other hand, by (1) and (6),

Ady,, (8)x (mg) = Adp,, (B)a(ma)* — 2X(m) 9yl,,, ,

which is certainly non vanishing if A(m) > 0. O

3.1. Recalls on Szegd kernels. Let IT: L?(X) — H(X) be the Szegd projec-
tor, II(+,-) € D'(X x X) the Szegd kernel (that is, the distributional kernel of X).
After [BS] (see also the discussions in [Z], [BSZ], [SZ]), II is a FIO with complex
phase, of the form

+oo
W) = [ e s,y ) du, (20)
0
where () > 0 and
s(a,y,u) ~ > uts(z,y).
Jj=0

We shall rely on the rather explicit description of ¢ in Heisenberg local coordinates
in §3 of [SZ].

3.2. The Weyl Integration Formula. By composing II with the equivariant
projector associated to g = (p > 0) (see the discussion in [GS1]), we have

HM(:C/,JJ”) S /

Ve (9) [Xulg) T (g (a),2") | (21)
G
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We can remanage (21) as follows. Let us define F : T — D’(X x X) by setting
F(t;2' 2") = / AVeyr(9T) [H (-1 4-1(2"),2")] (t€T).
G/T

Since t and t~! are conjugate in G, F(z',2";t) = F (x’,x”; t_l). Let t; and to = t;*
denote the diagonal entries of ¢ € T. Then by the Weyl Integration and character
formulae [V]

I, (2, 2") (22)
- % /T AVp(t) (7 =) (b — 1Y) F(ta),2")
=Ly (o’ 2") — I (w2, 2"),

where

Ip(py 2’ 2" = % /T dvr(t) [t77- (b — tfl) CF(ta 2] (23)

In (23), the change of variable ¢t — ¢! shows that I_(u;2’,2") = —I(u;2',2").
Hence,

Hu ($/,$,/) = 2I+(,l1,;:17/,$//) (24)

— e [ Vi) [ (- )P ).

3.3. The Haar measure on G/T. As is well-known, G is diffeomorphic to the
unit sphere S C C? by the map

(g ‘f) eG-L (g) €53, (25)

Furthermore, v intertwines the right action of T = S! on G with the standard circle
action on S3. Therefore, the projection G — G/T may be identified with the Hopf
map S% — P! = §2. It follows that the Haar measure on G /T is a positive multiple of
the pull-back of the standard measure on S2. Explicitly, using the local coordinates
(6,6) € (0,7/2) x (—m, ) for the coset in G/T of the matrix (25) with o = cos(6) e,
B = sin(@), then the Haar volume element on G/T is

dVgr(gT) = % sin(2 6) dé do.

3.4. (G-equivariant Heisenberg Local Coordinates. Although inessential,
it will slightly simplify our exposition to make a convenient choice of HLC’s centered
at © € X. These depend on a system of preferred adapted local coordinates at m.,
and of a preferred local frame for A at m, [SZ]. As to the former (which needn’t
be holomorphic), we may use the exponential map at m,, and for the latter we may
assume without loss that it is G-invariant (by an argument as in §3 of [P3]). With
this choice, we have the convenient equality

fig(z+ (0,v)) =2+ (0,dm, (V) (9 € Gy). (26)
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3.5. Reduction to compactly supported integrals. For an arbitrary pair
(x1,22) € X x X, we consider the asymptotics of II, (xl, xg). Since

11, (1'171‘2> =1, (ﬁg(l‘l),ﬁg(wg)) Vg S G, (27)

we may assume without loss, by choosing g € G general, that ®¢ o m(x2) is not anti-
diagonal; choosing g = Ay, (Definition 1.1), we may even reduce to the case where
D (my,) is diagonal.

By (21) with p= kv,

My (21, 20) = kv / V() [ @) 1T (1 (1), 2) | (28)
G
For some suitably small § > 0, let us define

Ges(xy,20) = {g € G : disty (ﬁg—l(.’xl),mg) < 5}, (29)
Gss(x1,m9) := {g € G : distx (ﬁgfl(xl),xQ) > 6}.

Then U := {G<a5(x,y), Gs5(x,y)} is an open cover of G, and we may consider
a C* partition of unity {o, 1 — o} of G subordinate to U. One can see that 0 = 04, 4,
may be chosen to depend smoothly on (z1,x2) € X x X; we shall omit the dependence
on (x1,x2).

When o(g) # 1, we have distx (fig-1(21),22) > & > 0. Because II is smoothing
away from the diagonal, the function

g (1—o0(g) -1 (fig-1(x1), 22)

is C* on G. Therefore, taking Fourier transforms and arguing as in §3.2, we obtain
the following Proposition.

PRrROPOSITION 3.1. Only a rapidly decreasing contribution to the asymptotics is
lost, if the integrand of (28) is multiplied by o(g).

On the support of g, (/Aj:gfl (1), .’132) lies in a small neighborhood of the diagonal;
since any smoothing term will contribute negligibly to the asymptotics, we may replace
IT by its representation as an FIO (§3.1). If we insert (20) in (28) (with the factor
0(g) included), and apply the rescaling u +— ku we obtain

“+00
; dVa(g) /0 du (30)

[e9) - Xuwg) e F VP 0] g (g (1), 0, )

Hk,,(xh:rg) ~ k21//

Integration in (30) can be reduced to a suitable compact domain without altering
the asymptotics.

PROPOSITION 3.2. Let D > 0 and let p € C°(R) be > 0, supported in (1/D7 D),
and =1 on (2/D,D/2). Then only a rapidly decreasing contribution to the asymp-
totics is lost, if the integrand on the last line of (30) is multiplied by p(u).

Proof of Proposition 3.2. Let us deal with the cases u > 0 and 0 < v < 1
separately.
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Case 1: u > 0. To begin with, let p} : (0,400) — [0,+00) be C*, = 1 on
(0,D/2) and = 0 on (D, +00) L. Let us set ph(u) := 1 — p(u). By (30),

My (21, w2) ~ My (21, 22) + Hp (21, 22),, (31)
where
+oo _
Hku(mlaxZ)j ~ kZV/ dVG(g) / du [ezkuw(ﬂg—l(wl),wz)
G 0

0(9) - () - Xk () 5 (g1 (1), 22, k)] (32)

We need to show that IIj, (xl,x2)2 =0 (k™).

Let us set

G :={g € G : distg(g, {+L}) < 26}, (33)

"i={g€ G : dista(g, {xI}) > 0}

Then {G’,G"} is also an open cover of GG, and we may consider a C* partition of
unity 8 4+ 38” = 1 on G subordinate to it. Let us set

=00, o =0p"
Then o = ¢’ 4+ 0", where ¢’ is supported in a small neighborhood of {+/I5}, and o”

supported away from {+/1}.
Accordingly, we have

Mgy (21, 2), = Mgy (951,352)/2 + Ik (1:1,:02);', (34)

where in the former (respectively, latter) summand p(g) has been replaced by o'(g)

(respectively, 0”(g)).
We shall deal with the two summands in (34) separately.

LEMMA 3.2. Hk,,(:cl,xz); =0 (k™) as k — +o0.

REMARK 3.1. In the integration defining Iy, (xl, xg);, fig-1(x1) is close to x2, g
is close to {15}, and w is very large.

Proof of Lemma 3.2. Let us assume to fix ideas that kv = 2¢ + 1 is odd. Then
Vi may be identified with the vector space c@9 [21, z2] of complex homogeneous
polynomials of degree 2¢ in two variables. A natural basis of the latter is given

by the monomials P, (z1,22) := zi * 25" where u € {—(,...,0,...,£}. We shall

accordingly denote the matrix elements of the representation Vk,, by M((Ik;' ) (g), where
g€ Ganda,be{—¢...,0,...,¢}. Thus

My (21, 72),, Z My (21, 72),, (35)
a=—/
where
! 2 e ”ﬂuw(ﬁ 1(z1) 902)
Hku(l‘l,l’g)Qa =k V/ dVg(g)/ du {e 9 ' (36)
’ G D/2

MED(9) - 6/(9) - ph(w) -5 (g (@), w2, k)|

IThroughout this proof, the primes do not stand for derivatives.
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On the support of ¢, either g ~ Iy or g ~ —1I5; hence we can write

_ (Alg)ee@  —(g)
s~ (00w 0

where A(g) > 0, and either 6g(g) ~ 0 or 0c(g) ~ m. Furthermore, A, v, g are C*™
functions of g € G on a neighborhood of the support of p'.
By the discussion in §2.6.3 of [A] and in §11 of [RT], with ¢ as in (37) we have

MED(g) = e 2299 Ry, (A(9)%) (38)

where R, , may be expressed in terms of suitable Jacobi polynomials, and is itself a
real polynomial. Since the left hand side of (38) is an entry of a unitary matrix, we
have at any rate |R4’a (A(g)z)‘ <1.

Inserting (38) in (36), we obtain:

iy (1, 332 / dVal(g / du [elk‘l’a/k(ﬂﬁlvm%uvg) (39)
D/2

Rea (A(9)?) -0 (9) - pa(u) - 5 (Fig-1 (1), w2, kw)] .

where for every b € R we set
Uy (x1, wo;u,g) = u - (ﬁgfl(xl),ﬂfg) +2b-0c(9). (40)

Since |a/k| < /2, the phases ¥, form a bounded family.
Let E:n € g+ E(n) :=¢" € G be the exponential map, and let 5 be as in
Remark 1.1. Then every element of the standard torus T' < G may be written

— B(8) = " = (e(l)e e()29) ' (41)

Let us view 3 as a left-invariant vector field on G; the corresponding 1-parameter
group of diffeomorphisms is ¢, (g) := ge™?. Thus

u —v u-e’T —v-e 7
o A Y Gy (12)

Therefore, if Lg is the same vector field viewed as a differential operator on G,
then Lg(0g) = 1 on the support of ¢'. Also, Lg is a skew-hermitian operator on
L?(G), since ¢, induces a l-parameter group of unitary automorphisms of L?(G);
hence, LtB = —Lg. Furthermore, the function g — A(g)? is in C*°(G), real and
¢--invariant for every 7 € R; therefore, L (A(g)?) = Lg (A(g)?) = 0.

On the other hand, by (1) we have

d d _ -
E;U’gof(g)_l(xl) = E:U’e*Tﬁ (ug—l(ml)) (43)

=0 7=0
= —fBx (fig-1(21))
= _BM (ﬁg*l(mwl))u + <(I)G' (Mg*l(mwl)) a6> 80~
For o(g) # 0 we have distx (ﬁg—l(l‘l),l‘g) < 26; therefore,

(@ (1g-1(may)) , B) = (@ (may) , B) + O(9). (44)
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If ¢ is sufficiently small, (44) is non-zero, since we are assuming that ®¢(my,) is not
anti-diagonal; assuming to fix ideas that ®s(m,,) is diagonal, then the right hand
side of (44) is (Pg (my,), B) = 2 X(my) + O(9).

In addition, by the discussion in §3.1, where o(g) # 0

A s enren)? = (05,1 (@1), —02, ) + O(). (45)
Therefore,
Lg(Vy(z113u,9)) =2 [u- A(mg) + b] + O(6). (46)

For u > 0, we conclude that Lg(¥,/x(u,g)) > C"-u+1 for some C’ > 0, which can be
chosen uniformly for all a € {—¢,...,0,...,¢}; by iteratively ‘integrating by parts’ in
(39) by the transpose operator L = —Lg, we conclude that 1T, (21, .%'2)/2 , =0 (k™)
uniformly for a € {—¢, ..., ¢}. Since this holds uniformly for each of the k v summands
n (35), the statement of Lemma 3.2 is established in the case where kv is odd.

The case where k v is even is only slightly different - one takes ¢ to be half-integer
(see Theorem 11.7.1 of [RT]). O

LEMMA 3.3. Hk,,(xl,xg)g =0 (k™) as k — +oo.

REMARK 3.2. In the integration defining ITj,, (331,.132)12/, fig-1(x1) is close to w,
g is at a positive distance from {£1I5}, and v is very large.

Proof of Lemma 3.3. The proof is similar to the one of Lemma 3.2, except that
we shall use eigenvalues rather than matrix elements, so we’ll be somewhat sketchy.

If g € G\ {£L,}, then there is a unique J¢(g) = cos™! (trace(g)/2) € (0,7) such
that the eigenvalues of g are e**?¢(9). The map g € G\ {+L} — ¥5(g) € (0,7) is
C*°. On the same domain, the character of Vi, is thus given by

kv—1

Xilg) = 3 b6, (a7)
j=0

In place of (35), we shall now write

kv—1
Iy ( 551,302 Z gy xl,xg (48)
where
" 9 +o0 zlcuﬂll(~ (21),2 )
ey (21,22), ;= k 1// dVG(g)/ du [e fiy—1(1),w2 (49)
' G D/2

e~ (v =1=20)96(9) () - pl(u) - 5 (ﬁg*1<xl)7x2,ku)i|

/dVG / du [el“hwn/k(ml»fw;u,g)
D/2
0" (9) - () - s (fig—1 (1), 22, k)],

where we have set for b € R

Ly (21,2230, 9) 1= ut (fig-1 (1), 22) — (v +b) - Ve (g)- (50)
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Again, the phases I'(1125)/k(2jx; -, ) vary in a bounded family.

Furthermore, since § is small but fixed, ¥¢ is bounded in C" norm for every r > 0
on the support of ¢”’. We can then complete the proof by arguing as in the final part
of the proof of Lemma 3.2. O

Given (34), Lemmata 3.2 and 3.3 imply that for Hk,,(xl,xg)
k — 4o00.

Case 2: 0 <u < 1. Let pf : (0,400) > RbeC>®, >0,=00n (0,1/D) and =1
on (2/D,+00). Let us set pf :=1— p}. By the above, we can replace (34) by

Mgy (21, w2) ~ Mgy (21, 22) , = Mg (21, 22) , + Hiw (21, 22) ., (51)

, = O (k™) for

where ITj,, (ml, xg) Y is defined as in (32), except that in the integrand p’;(u) is replaced
by pi(u) - pf (u).
LEMMA 3.4. II;, (xl,xg)u =0 (k=) as k — +o0.

Proof of Lemma 3.4. Let us rewrite II, (wlk, l’Qk) 1, by means of the Weyl inte-
gration and character formulae, as in §3.2. Introducing coordinates on 7" in (24), we
obtain

My (21, 22) (52
kK d o [ a0 [ du [erk Va0 o
== Ve, r(97) u |e p1(w) P (u)

T Jg/T - 0

0" (g eiﬂﬁgil) : (6“9 - 67“9) "8 (ﬁge"“fg‘l(xl)?x?’ku)] J

where we have set
U(xy, xo;u, gT,9) :=u - 1) (ﬁgefmgq(xlk),x%) —v-9. (53)
Thus if D > 0 on the support of p5(u) we have
OV (a1, x5 u, gT,0) < —g;
the claim then follows in a standard manner by iteratively integrating by parts in
d¢.0

We conclude that 11, (a:l, .132) ~ I, (xl, mg)n. To complete the proof of Propo-
sition 3.2, we need only factor p(u) = pj(u) - pf(u). O

REMARK 3.3. Let v; € T;,, M be as in the statement of Theorem 1.3, and set
zjr = = + k™ Y/?v;. As a variant of Proposition 3.2, we can replace (x1,x2) by
(21k, 2r). The same arguments apply with minor modifications; in particular, one
will replace G <s5(x1,z2) in (29) by a d-neighborhood of the stabilizer subgroup G,.

4. The proofs. We collect in this Section the proofs of Theorems 1.1, 1.2, 1.3.
4.1. Theorem 1.1.

Proof of Theorem 1.1. We can replace x and y by any other points in their
respective orbits, and therefore we may assume without loss that ®gom(y) is diagonal,
in form (4). By Proposition 3.2 (with x; = 2 and z9 = y), we have

1. (x,y) ~ kv /

+oo
W) [ au (54)

{p(U) - 0(9) - Xaw(g) e F U1 @) (ﬁg—l(x),y,ku)} :
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where ¢ € C*°(G) is a bump function supported where distx (ﬁg_1 (z), y) < 26, and
identically = 1 where distx (ﬁgfl (2), y) < 4, while p is as in Proposition 3.2.
Where distx (G - 2,y) > C k*~'/2 by Corollary 1.3 of [BS] we have

[ (g (2):9)| 2 S (¥ (g2 (@), 9) [ 2 Crk> (55)

for some constant Cy > 0.
The statement of Theorem 1.1 then follows by iteratively integrating by parts in
du, since at each step we introduce a factor O (k*k). ]

For expository reasons, we shall give the proof of Theorem 1.3 before the one of
Theorem 1.2.

4.2. Theorem 1.3.

Proof of Theorem 1.3. By (27), we may assume without loss that ®¢(m,) is not
antidiagonal. Let x5 be as in Remark 3.3. By the discussion in §3.5, with § as in
(5), we have

Iy, (1?1k, To) (56)
371'/2 _
~ / du / dVG/T(gT) [elk [t (Fye—r9B g1 (T15) w2k )~V O]
1/D /2 G/T

o 0 (97 g™") - (¢ = e7?) -5 (fgeman, s () s b))

The bump function ¢ is supported near G, = Z, < {£l>} (Remark 3.3). Hence,
0 = o0+ + o—, where p; is supported in a small neighborhood of I, while o_ is
supported in a small neighborhood of —I5, and vanishes identically if G, is trivial.
Writing 0 = o4 + o— in (56), we obtain (with an obvious interpretation)

Wiw (@15, 22k) ~ Wy (211, $2k)+ + Wy (@14, T2k) s (57)

let us examine the two summands in (57) separately.

4.2.1. The asymptotics of 11, ($1k, xzk)+. Integration in dVi(g) is supported
in a small neighborhood of I5.

PROPOSITION 4.1. Under the assumptions of Theorem 1.3, as k — +o00 we have

d
1 . Vk . euo(l”mw)'w2(v17v2)
2A(mg) \ 27 A(mg)

Hyw (T1k, T2k) 4 ~

“+oo
1+ Zkﬂ/QAj'(x;vl,VQ) ,
Jj=1

where A+( x;-,+) is a polynomial of degree < 335 and parity (—1)7.

Proof of Proposition /4.1. Hku(mlk,ajgk)Jr is given by (56), with the cut-off
0 (ge_“wg_l) replaced by o4 (ge_“”gg_l); therefore, integration in d¢ is restricted
0 (—24,26); we may assume that ot (ge_“wg_l) is identically equal to one for
¥ € (=4,9).

Let us fix constants C7 > 0, ¢; € (0,1/6). Tteratively integrating by parts in
du, similarly to the proof of Theorem 1.1, we conclude that the locus where |¢| >
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C1 k1 =1/2 contributes negligibly to the asymptotics of I, ($1k7x2k)0. Hence we
conclude the following.

LEMMA 4.1. Suppose that o1 € C.(R) is > 0, supported in (— 2,2), and =1 on
(—1,1). Then the asymptotics of Iy, (a:lk,mgk) are unchanged, if the integrand is

multiplied by 01 (kl/z_“ 19).

+

Applying the rescaling ¥ — 9/v/k, we recover

[y (x1k7x2k)+ (58)
k3/2 v +oo +o0 B
~ / du / dd / dVG/T(gT) |:€zk\1ll:r - 01 (k e 19) . p(u)
2rJo o G/T
. (em?/\/g _ 67“9/\/%> .5 (ﬁge*ﬁﬁ/ﬁgfl(xlk)"TQk’ ku)} R
where
n - 9
U (u,vi,ve,0,9T) :=ut) (Mge—vﬁ/ﬁg—l(xlk)»$2k) - ﬁ v. (59)

Integration in dv is over an interval of length 4 £kt centered at the origin.
Let us make ¥y, more explicit. By Corollary 2.2 of [P4], with m, = w(x) we have

ﬁge—mB/\/Eg—l(xlk) = ﬁe—ﬁAdg(ﬂ)/x/ﬁ(mlk) (60)

1 1 1
=x+ (@k(Vl,ﬂ,gT)’ EV(vl,ﬁ,gT) + Ry (\/E 1, \/E“)) )

where (for appropriate C*° functions R; vanishing to j-th order at the origin and
allowed to vary from line to line)

O (01, 0,9 T) = %19- (26(m.). Ady(8)) (61)
+% U Wi, (Adg(B8)ar(m),v1) + Rs (\}E v, \;EW) )
V(vi,0,9T) :=vi — 9 Ady(B) ,,(ma). (62)

We shall use the abridged notation O and V.
In abridged notation, let us set

~ 1 1 1 1
Ok(v1,v2,9,gT) = —= A+ - B+ Ry [ =0, —=v1 ),
(v, v, 9, ) VEk k 3(\@ \/EW)
where
A= A(vy,ve,9,9T) ::19-<q>g(mx),Adg(ﬁ)>, (63)

B=B(v1,9,9T) =90 wn, (Adg(ﬂ)M(m),Vl). (64)



SZEGO KERNEL ASYMPTOTICS UNDER SU(2)-ACTIONS 519

Then
\Iﬁ(u vi,ve,0,9T) =1u [1—e’é’“] —iu—zgwg(VvQ>
k ) ) sy Uy \/E L 9
1
+R3 <\/E (19,V17V2)) . (65)

In view of §3 of [SZ] (see especially (65)), by a few computations we obtain the
following.

LEMMA 4.2. We have
1

1
\I/Z_(U7V1av27ﬂagT) = \/% g(uvﬂun) =+ %D(uvvlaVQaﬂagT)

Ry (\/1% (ﬁ,vl,w)) ,

where

G(u,9,gT) =uA—dv
=9 [u <‘1>G(mm),Adg(5)> - V} )

D(u,v1,va,9,9T) =u [B—i—z (; A? _1/,2(1/'7v2)>} .

From (58) and Lemma 4.2, we conclude that

Wiy (218, Tok) (66)

+
k3/2 +o0 +oo
0 —o0 G/T

|:ez VEkG(u,9,9T) | ezuB-‘ru [1[12 (V,V2>—%A2:| 01 (k'_el 19) ) ez k-R3(ﬁ (19.,v1,v2))

(em/\/E _ 67“9/\/%) s (~

p(u) - /Jfge—ﬂﬂ/\/ﬁg—l(xlk)akaaku):| )

with A and B as in (63) and (64).

We can make (66) yet more explicit, introducing coordinates (6, 6) on G/T as in
§3.3. Furthermore, let h,, T € G/T be as in (4), and operate the change of variable
gT = hmgT in G/T; we shall write g in the form (25) with a = cos(#) e and
B =sin(#). Then

s o (o (458 ) )]
=9 [u-cos(20) - 2 \(m,) — v]. (67)

Let G'(u,,0) denote the expression on the last line of (67). We can rewrite (66)
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in the following form:

Wy (215, Tok) | (68)

k3/2 +o0 400
g / du / do / dg / dé
a —Tr

|:ez\/EQ'(u,19,9) CgruBru [va(Viva) -3 42] o (k=1 9) _eng(ﬁ (@v1,v2))

o) - (euw% ~ ew/@> s (ﬁgefﬁﬁ/ﬁg,l(m),x%,k@ sin(ze)} ,

where (with abuse of notation) ¢ = ¢(0,0) and A = A(6,5), B = B(0,9) by the
obvious change of variables.

Setting ¢ = cos(26), we can reformulate (68) as follows. With slight abuse, let us
write ¢ T = g(t,d) T and define

L(t;u,9) :=G"(u,9,0) =9 [2X(mg) -u-t —v]. (69)
Then
Iy (21, o) | (70)
3/2, +oo +oo 1 ™
s, L[] e
|:el VET (t;u,9) . GZUBtJrU [1!12 (W,VZ)*%A?] 01 (kfel ,19) . e’tk'R?’(ﬁ (19,V17V2)>

S R CRAGREL ) RPY R e e e

we have denoted by A;, B; the functions
At(vl7v271976) = At(Vl,Vg,’l?,g(t,(S) T)a Bt("laﬁa(s) = B(Vl,ﬂ,g(t,é) T)a

and similarly for V;.
Let us remark that

.
WIVE g9 VE _ 21 - 0 7
‘ Z @i+ 1) K (1)

21 0
~ 2y ier ()} |
vk { “\Vk
Furthermore, working in HLC’s, Taylor expansion yields an asymptotic expansion

s (ﬁge,mmg,l(mk),x%,ku) ~ (k:)d {1 + R (\;9% \V/JEH . (1)

As a consequence, we have an asymptotic expansion

emRa(ﬁ (@viv)) (6“9/‘/E — 67“9/\/%> -5 (ﬁgefﬂﬁ/ﬁg—l (T1k), T2k, ku)

Eu\? 24 )
~—] - —=-9- |1+ k=12 Pz, w9, vi, va) | 73
<7T> 7k ]22; i ( 1,V2) (73)



SZEGO KERNEL ASYMPTOTICS UNDER SU(2)-ACTIONS 521

where P;(z,u;1,v1,v2) is a polynomial of degree < 3j and parity (—=1)7.
Therefore, the amplitude in (70) is given by an asymptotic expansion in descend-
ing half-integer powers of k, and the asymptotic expansion for the integrand may be
integrated terms by term. By a few computations, by (69) one sees that the dominant

term of the resulting expansion for (70) is the dominant term of the expansion for the
following oscillatory integral:

. d k3/2 +o0 +00
Iv1,vz(k) = ﬁ : (71’) / du/ dd / dt d6
|:ez VET (tu,9) | ezuBﬁ-u [1/)2 (V,,,vz)—§ Aﬂ

() o1 (k7 0) -9 ]

d+1 “+o0o “+o00 1 ™
”(k) / du/ dﬂ/ dt/ a5
8 71' 0 —00 —1 -7

|:61 \/EF(t;u,ﬁ) . (22 L9 - u)

om0 1)) (70 0) ]

The latter may in turn be rewritten

d+1
IV17V2(k) V : <k> !

s \f A(mg)
+o00 o0
'62uBt+u [1/12 (V},,Vz)—§ Aﬂ - 01 (u) - 02 (k_el 19) . Ud_1:| . (74)

Integrating by parts in dt, we obtain

v k d+1 1
IV1 Vo k‘ = — . — - 75
wa (k) = o (W) V- A(my) (75)
[J‘/'th (k) J\/’ll va (k) J\/'Ii,vz (k)],
where
+00 +oo
J\Ill v2(k ::/ d5/ du/ l\/El_‘(l;uﬂ) (76)

+oo +oo
V17Vz / d(5/ du/ 1\/EF(—1;u,19) (77)

U Boitu [wg(v,l,vQ)—%Ail] pl) - 01 (k™ 9) _ud—1:| ’
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1 ™ +o0 400
viva (K )::/ dt/ dé/o du ad [ezﬁm;uﬂ) (78)

J///
-1 - —0o0
Oy <ezuBt+“ [wz (Vt"’l’)*% A ) <p(u) - 01 (kﬁq 19) ~ud1} .

Let us estimate the three terms (76), (77) and (78) separately.

LEMMA 4.3. As k — +oo, there is an asymptotic expansion of the form

d—1
J! (k) ~ ﬁ . 41 . evo(vsma)Pa(vive) | v
Viv2 VE  2A(myg) 2A(myg)

+oo
1+ Z k2 ar(mgq; v, VQ)] )

=1

where aj(my;-,-) is a polynomial of degree < 31 and parity (—1)!, whose coefficients
are C* functions on M.

Proof of Lemma 4.3. Let us view Jg, . (k) as an oscillatory integral in the pa-
rameter vk, with real phase
D(Lu,9) =9+ [2A(my) -u—v], (79)
and amplitude
Bl (Vve) =241 () gy (k0 ) - ut (30)
Explicitly, the exponent is
1
E1(u, 9, vi,va) == 1u By +u [1ha(Vi, va) — *Aﬂ (81)

—u [ 2w, (V1,V2) + 29 W, (Adh% B)as(ma), v1 +v2)

_%H(Vl_VQ)_ﬁAdh ]

Under the hypothesis of the Theorem, therefore, R(&;) < —C’'9¥2 + C” for some
constants C’, C” > 0.

Furthermore, the phase has a unique critical point, given by (uq (v, m,),0) (Defi-
nition 1.1), and Hessian matrix

Hess(T'(1;-,-)) = (2 )\8%) 2)\((;%)> :

Hence the Hessian determinant is —4 \(m,)? and its signature is zero. Thus the critical
point is non-degenerate, and the critical value is T'(1;ug,0) = 0. At the critical point,
the exponent in the amplitude is

&1 (uo(u, mm),O,vl,Vg) = ug(v,my) - Pa(vy, va).
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When applying the Stationary Phase Lemma, at the [-th step we need to let the
differential operator k~!/2 R% act on the amplitude (80), where

7 0?2

Br= 1 3my)  Budw’

and evaluate the result at the critical point. One sees inductively that
k‘_l/2 er (ezgl(u,ﬂ,vl,vfz)) — H, ezgl(u,ﬂ,vhvﬁ,

where H; is a polynomial of degree < 31 in (¥, v, vo) and parity (—1)’.

The proof of Lemma 4.3 is complete. O
LEMMA 4.4. As k — 400, we have J , (k) = O (k~*°).

Vi,V2

Proof of Lemma 4.4. Let us view JJ | (k) as an oscillatory integral in Vk, with
phase Ty, g,(—1;u,?). By (69),

Ol (—L;u,9) = —2u - A(my) —v < —u.

The claim follows by iterated integration by parts in . O

Lemma 4.5. T, (kt,0)2 = O (k’l) as k — +oc; furthermore, JJ ., (k;t,8)2
admits an asymptotic expansion of the same kind as Jy, ., (k;t,6)2 (of lower leading
order).

Proof of Lemma 4.5. Let us choose ¢ € (0,v/(4D - X(m;))), and consider the
open cover U = {[—1,2€¢), (¢, 1]}. Let v1(t) + ¥2(t) = 1 be a smooth partition of
unity on [—1, 1] subordinate to &. Thus

Tar v (B) = I o, ()1 + T4, ()2,

Vi,Va Vi,V2

where J! | (k); is defined as in (78), with the extra factor v;(¢). Explicitly, let us set

v1,VU2

1
E(u, ¥, vy, va) :=1u By +u [wg (‘/t,VQ) ~3 A?] (82)
Then
™ 1
Ty = [ a5 [ at [, 06,),).
- —1
where
“+oo +oo
T o, (k;t,8); = / du / v [elﬂm;m -5 (t) (83)
0 —00

0, (Et(u7197vl,vQ)) LEIVIV) L () gy (K4 ) .ud—l} _

Let us view J ,(k;t,0); as an oscillatory integral with phase T';(u, ) := T'(t; u, ).
On the support of p(u) - v1(t), we have u < D and t < €; therefore,
v

OpTi(u,9) =2u-t-ANmy) —v<2D-€ - XNmy) —v < —5
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Therefore, integration by parts in ¢ implies that J‘ﬁ’l’ v (k;t,0); = O (k~>°), uniformly
for ¢ in the support of ;. Hence J7! ,, (k)1 = O (k ;O

On the support of v9, on the other hand, T'(¢; -,
point

)-
has the non-degenerate critical

(u(t),0) = (mzm)@

with Hessian matrix

How(l) = (215 Aoy Ao(w)) -

Therefore, we can apply the Stationary Phase Lemma as in the proof of Lemma 4.3,
viewing t as a parameter. The asymptotic expansion will be non trivial only for
t € [v/(2(my) D), 1], for otherwise p vanishes identically in a neighborhood of u(t).

Given (62), (63), and (64) (with g T replaced by hy,, g(t,0)T), the integrand
in (78) is divisible by ¥; hence it vanishes at the critical point. Furthermore, the
integrand is of class L' as a function of the parameter ¢, since the exponent getting
differentiated is a smooth function of ¢ and /1 — ¢2.

Hence Jy ,,(k;t,0)2 admits an asymptotic expansion in descending half-integer
powers of k, with leading power k!, and coefficients of class L' as functions of t.
The general term of the expansion will be a scalar multiple of

k-(+0/2 . R (é% <5t(u’?9"’1’v2)) ' egt(uyﬁ’vmg)) ' -

Given integers a,b > 0, let us denote by H, ,(¥;v1,va) a generic polynomial
n (¥,vy,ve), which is separately homogeneous of degree a in ¥, and of degree b
in (vq,vs), and by H,(¢,v1,vs) a generic polynomial in (¢; vy, ve) homogeneous of
degree a (but perhaps not polyhomogeneous); both H,; and H, are allowed to vary
from line to line, and their coefficients depend smoothly on u. Thus & = u - Hy =
u- (Hoo+ H11+ Hop), 01& = u(Hao + Hi 1) (here the polynomials do not depend
on u). Hence we can split (84) as

E—+D/2 [er (p(’u) “Hyg - eu'(H2,0+H1.1+Ho,2)>
+RE, (pu) - Hyy - e (ot it io)) | (85)

The proof of Lemma 4.5 is completed by the following two claims, which can be
proved inductively from the cases [ = 0, 1:

Cram 4.1. Forl=0,1,2,...,
Ry, (p(u) - Hyy - )

is a sum of terms of the form
(Hox - Hy, + Hyy - Hy | e,
where p; +1 < 31, (=1)Prt! = (=1)!, and ¢ < 31, (=1)@ = (=1)".
Cramv 4.2. Forl=0,1,2,...,

Ry (p(u) - Hap - )
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is a sum of terms of the form H, - e, where b < 31 and (—1)%T? = (=1)\. O

Since at the critical point ¥ = 0, the summands with a factor of the form H,
with a > 1 all vanish at the critical point. It follows that the asymptotic expansion
for (74) is as in the statement of Proposition 4.1. The contributions to the asymptotic
expansion for (70) coming from the lower order terms in (73) can be dealt with by
similar arguments. This completes the proof of Proposition 4.1. O

4.2.2. Iz, (Im, ’ng) . Let us now consider the asymptotics of the second sum-
mand in (57). We shall prove the following analogue of Proposition 4.1.

PRrROPOSITION 4.2. Under the assumptions of Theorem 1.3, suppose in addition
that —Is € G,. Let us set V1_12 = dpm, p—1,(v1). Then as k — +oo we have an
asymptotic expansion

T(1—k-v d
o (T1k, Tok) o )~( % ) o (vme) e (vi 2 va)

2A(my) 27 A(my)

—+oo
1+ Z k_J/QA;(.T;Vl,VQ) ,
i>1
where Aj (z;-,+) is a polynomial of degree < 3 j and parity (—1)7.

Proof of Proposition 4.2. The proof is a slight modification of the one for Propo-
sition 4.1.
JEP (I1k71'2]€)7 is given by (56), with ¢ replaced by p_; therefore, integration in

d¥ is now restricted to (7 — 24,7 + 26) With the change of variable ¥ — ¥ + 7,

ge ""Bg~1 gets replaced by —ge_“gB Pand ¥ € (=9,0).

Lemma 4.1 still applies, so that we can again rescale in . By (26), we have
et = o (T) = T+ . vt (86)
Vk

Therefore, in place of (58), we obtain the following:

Wiy (21, Tok) _ (87)
k3/2 +oo +o0 .
/ du / dv / dVe,r(9T) [ PRLE L 09 (kiﬁl 19)

o(u) - ( o(m+9/VE) _ Z(7Um9/f)) 5 (ﬁge S (xfk12)7x2k,ku>],

where

~ _ 9
Ti(u,vi,vo,9,9gT) :=utp (uge,mB/\/ﬁQ,l o (xlkb),zgk> — ﬁ N Y

= Uy (u,vi 2, v, 0,gT) — 7 - v. (88)

Let us write U} := Uy (u, v}, v, 9, ¢T). Thus we may rewrite (58) in the following
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manner:
Wiy (21, Tok) _ (89)
k3/2 +oo +oo
~ et k) / du/ dﬁ/ AV r(gT) |e [ RV gy (k7€ 0)

'Ql(u) . (ezﬁ/\f _ e—zﬂ/\f) .S (ﬁge_mgB/\/;g_l(fL'lk)?{EQk,k”u):|

1 1
vm(l=k-v) I
~ € 11 T+ —=vV ,.’II+7V . 90
ku( \/E ! \/E 2) ( )

The statement of Proposition 4.2 follows from (89) and Proposition 4.1. O

The proof of Theorem 1.3 is complete. O
4.3. Theorem 1.2.

Proof of Theorem 1.2. Let o : G — [0, +00) be a smooth bump function supported
in a small neighborhood of I, and identically equal to 1 on a smaller neighborhood.
With g; asin (8), j =1,..., N, let us set 0;(g) := o (gg;l). Then

Oy (z,2) = kl/-/

AVa(9) [xew (o) 1 g+ (2), )]
G

Nzky /dVG ) Xeo @1 (Fpr(@).2)] . (o)

Let us write I, (z,2); for the j-th summand in (91).
With Z, as in Definition 1.2, we can rewrite (91) as follows:

Ui o (2, 2) ~ (2, 2) 2, + 1w (2, 2) 0,0\ 2, » (92)
where
Iy (z,2) 7 Z Hip(z,2)j, pw(z,2)g,\z, = Z (2, 2);. (93)
gJEZ QJ€Z1

The asymptotic expansion (13) for the first summand in (92) follows from The-
orem 1.3, with vi = vo = 0. Hence, Theorem 1.2 will be proved by establishing the
following.

PROPOSITION 4.3. Assume, as in (9), that G\ Z, = {gj,gj+a$ = _1}J o a
let B(x;j) be as in Definition 1.4. Then as k — ~+oo there is an asymptotic expansion

vk d
11 (2, , ~4 _

kv

Zmlmﬁ‘f S k2 Py (vim,)
det (B(z; 7)) 1>1

where Pj(v;-) is C* on the loci (in M) defined by the cardinality of Gy, x € p~*(m).
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Proof of Proposition 4.5. Let p: G/T xT — G, (gT,t) — gtg™'; each g; €
G2 \ Z, being a regular element of G, is a regular value of p. If t; is as in (8), then

p ) = (T, G T), b= (3 1) 08

Let E: & € g+ ef € G be the exponential map. We shall write the general ¢ € T in
exponential form as

et? 0
= ( 0 €“9> :E(ﬁ6)7

where (3 is as in Remark 1.1.
By the Weyl integration and character formulae, we have

kv T
Hk,,(a?,m)j = ﬁ . G/T dVG/T(gT) / d’19 (95)

l0j (g€ g7") - e™™ VI (fige-op g1 (x), ) (e’ —e™"7)].

Since gjop : (g T, 6“9) = 0j (g e?P g’l) is supported in a small open neighborhood
of the pair (94), we can split (95) as

Oy (z,2); = M (2, 2) 51 + Ui o (2, 2) 52, (96)

where in Iy, (2, z) ;1 (respectively, Il (z, ) j2) integration is over a small neighbor-
hood of (hpm, T,t;) (respectively, (kn,, T, tj_l)).

Let us first consider each Ilj,(z,2);1. To this end, we shall introduce local
coordinates on G/T and on T.

First, for some suitably small § > 0 and z € D(0,6) C C, we set

h(z) == hp, E(A(z)), (97)
where A(z) is as in Definition 1.4; then
z€ D(0,9) — h(z)T € G/T (98)

is a system of local coordinates on G/T centered at h,, T. The Haar measure on
G/T, expressed in the z coordinates, is Vg r(2) dVe(z), for an appropriate smooth
function on Vg 7. The proof of the following Lemma will be omitted.

LEMMA 4.6. Let us set Dgyr = Vg 7(0). Then Dgp = 27/Vs, where Vs is the
surface area of S3.

Next, as a system of local coordinates on 7' centered at t; we shall adopt
0 € (—6,6) — t; E(0B) € T. Furthermore, since (fige—vs,-1(2),2) is in a small
neighborhood of the diagonal in X x X, we may replace II by its representation as an
FIO. After performing the rescaling u — ku, and recalling Proposition 3.2, we obtain

Hk,,(x,x)jl (99)

k2 ) —+oo
~ Y kg / dVe(2) / dé / du
27 D(0,5) -5 0

sz [uw<ﬁh(z)E(—9[f)t;1h(z)_1(I)7m> 71/.6} Ver(z)

p(w) - 551 (ﬁh(z)E(feﬁ)tj_lh(z)*l(:C)vkau> , (el (9;40) _ eﬂ(ﬁﬁe))] .
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Here, dV¢(2) is the Lebesgue measure on C = R?, and s;; denotes the usual amplitude
of the representation of IT as an FIO, with the above cut-offs incorporated.
In order to proceed, we need to express the phase more explicitly. We have

h(z)E(—0B)t; ' h(z)~" (100)
= Ch,.. (E(A(2)) B(-08)B(~ Ad, 1 (A(2)) ) 57"
= B~ Adw,,, (3(=.9) ) g "

where (by use of the Baker-Campbell-Hausdorff formula)

7](27 9) = ’7j1(2”7 9) + ’ij(Za 9) + R?)(Za 9)7

with
%1(2,0) = 0 B+ (Ad—r —idg) (A(2)), (101)
vi2(2,0) == —% [08,A(z) + Adtj—l (A(2))]
15 [4(), Ady: (A(2)).

while R; denotes a generic C*° function vanishing to j-th order at the origin. Note
that 7; is homogeneous of degree j in (3?(2), $(z),0),
By Corollary 2.2 of [P4], we obtain in HLC’s

Py -09)t5 (o) (B) = P (Lag, (r(20)) )
—z+ (@(z, 0),V (0, z)), (102)
where
6(2,0) = (a(ma), Ady,,, (3(26)) ) + Rs(2,0) (103)
V(0,2) = —Ady, (3(2,0)) ,(m) + Ba(z,0).

By the discussion in §3 of [SZ], we conclude that

) (i) oyt niey - () 2) = v -0

= wep (w + (@(z,G),V(Q,z)),x) —v-f

=1 [1— e ®E0] L 20 [V(0,2)[* +u Ra(z,0)

= uO(z,0) + % : [@(z, 0)% + ||V (6, z)||2} +uRs(2,0). (104)

Let us choose C' > 0, € € (0,1/6). Since p is a local diffeomorphism at (hy,, T',t;)
and g is locally free at x, the contribution to the asymptotics of (99) of the locus
where ||(2,0)|| > C k=2 is O (k=°°). Adopting the rescaling z — z/Vk, 0 — 0/Vk
we can rewrite (99) in the following form:

k1/21/ oD
My (z,2) 41 ~ 5 ceT My / dVe(z) [Ik(x;z)], (105)
C
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where
+oo “+o0
Lik(z; 2) :z/ de / du [elkq”“(m;“’e’z) ~Ajk(m;u,0,z)} ; (106)
—o0 0
n (106) we have set
vk U2 u,0,2) :=1Vk {u . <<I>G(mz),AdhmI (vi1(z, 9))> -0 V:|

tru- (6 (ma), Adn,, (132(2,0)) ) = 5 - [[Adn,, (371(2,0) (@)

kR ( : ) (107)

~ z
Aji(z3u,0,2) := spn (Mh(z/\/E)E(fﬁﬁ/\/é)tglh(z/\/z)ﬂ(95)756, ku) “Va/r (\/E>
0 (k_€ (2, 9)) : (eZ (0, +0/VE) _ 6_1(19j+9/\/%)) ) (108)

with ¢ an appropriate bump function. Integration in (z,6) in (105) is over a ball of
radius O (k€) centered at the origin.
Let us derive an asymptotic expansion for (106).

PROPOSITION 4.4. As k — 400, we have

d .
Ii(w;2) ~ kuo\" 7 2s(0)) gt a2
7 ™ Vi A(my)

14+ > k2 Rj(mas 2) | (109)

>1

where Rjj(my; Z) is polynomial in Z of degree < 3l and parity (—1)".

Proof of Proposition 4.4. The second summand in 7;(z,0) in (101) is anti-
diagonal. Therefore,

(®a(m.), Adn,,, (471(2,9) ) (110)
= (Adyot (®c(me)) 751 (2.0) ) = (A(my) 8,0 8) = 2X(m,.) 6.
Thus we have
Lin(z;2) = /+oo a0 /{:0o du [61@%(“,9) -Ajk(:c;u,a,z)} , (111)
where now
Uy, 0) =0+ [2X(mg) -u—v] (112)
Aje(wsu, 0, ) = £00) . ST T0) L 4 (6, 2),
with
E(u0,2) = 1u- <<I>G(mm),Adh (v 2(279))> (113)

u
A, (1 (2.0)) @]
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It follows from (101) and (113) that &(u,6,z) is homogeneous of degree 2 in
(%(z),%(z),@); furthermore, since i is locally free at z, on the support of the in-
tegrand we have

R(Ex(2,0)) < D'+ (|22 + 6] (114)

for some positive constant D > 0.
Noting that sin(d,) # 0 as g; & Z,, we have

e* s t0/VE) _ =1 (9;40/VF) — 9, sin(d;) - |1+ Z k=% a0 (115)
1>1
for certain a;; € R. Similarly,
Var(z) e Ra(Jpr) = Dgyr+ Y k7 Po(2,0) (116)

r>1

where P.(z,0) is a polynomial in (R(z),$(z),0) of degree < 37 and parity (—1)"
(possibly also depending on j). Pairing (115) and (116) we conclude that

d
Aji(z5u,0, 2) ~ 24 sin(v;) - (k;u) L E(w0,2)

iy
1+ k2 Pi(2,0)], (117)
r>1

o

where Pj,.(z,6) is again a polynomial in (R(z),3(z),60) of degree < 3r and parity
(=1

The following is straighforward.

LEMMA 4.7. W, has a unique critical point, which is non-degenerate and given
by (ug,bo) = (V/(Z)\(mm)),O); we have W, (ug,0p) = 0. The Hessian matriz has
determinant —4 \(my)? and vanishing signature.

We can apply the Stationary Phase Lemma to determine the asymptotic expan-
sion of (111). In view of (101), by a few computations we get

—2119; _ .
vi1(2,0) =1 <(62“9j 0_ 1)z (e 0 Y Z) ; (118)
v2(2,0) = f|z|2 -sin(29;) B.

If z=a+1b with a,b € R, let Z = (a b)t € R? be the corresponding vector; thus
|z| = || Z]|. Then

2 1 )
[Adn,, (1 (2:0)) @) = 5 - 2" Olas) 2
where C'(z;7) is as in Definition 1.4. From (113) and (118) we conclude
E(uo,0,2) = — 2" B(x:j) Z.

where B(x;7) is also as in Definition 1.4.
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Finally, by (117) the general term of the asymptotic expansion is the evaluation
at the critical point of an expression of the form

C.; - kd78/2 82 ’ k*’r‘/2 P. 2] E(u,0,2) 119
Tl 900 JT(Zv )6 ) ( )

for some constant C,.; € C. Writing E(u,0,2) = u - (Hao + Hy 1+ Hpz2), where H,
is bihomogeneous of bidegree (a, b) in (0, Z), as in Claims 4.1 and 4.2 we conclude by
an inductive argument that (119) has the form k4=(+7/2Q, (0, Z) e (%92) where
Qs is a polynomial of degree < 3 (r + s), and parity (—1)"**. The proof of Lemma
4.7 is complete. O

Let us insert (109) in (105), and remark that by parity odd polynomials do not
contribute to the integral over C. Hence after integration the half-integer powers of
k drop out and we obtain

k;uo>d v sin(49;) 27

Hky(x7x)j1 ~ - e—zky~19j . (
T )\(mx) ug - 1/ det (B(maj))

Dgyr+ Y k™' Pu(m,)

I>1
. kD, d
:471_'18111(’(%')'6 kﬁ7.< vk )
det (B(z; j)) 2m - A(my)
Deyr+ > k™ Pu(ma)| . (120)
>1

Let us remark that g; # gj_1 since g; # *I,; summing the contributions (120)
corresponding to g; and gj4q, = g;l, we obtain

1 sin(v;) - e~ v Y; vk d
Uy oy (z,2) 51 + U (2, 2) 511 = 87 - N ) . (m))

det (B(x,j)) 27X
Deyr+ Y k™'? Rj(ma) | . (121)
>1

To deal with Iy, (z,2);2, in view of (94) we need only go over the previous
computations replacing h,,, with k,,,, and t; with t;l. In the analogue of (111), in
place of the phase ¥, in (112), we obtain

W (u,0) = =0 [2A(my) - u+v],

so that Oy, (u,0) = —[2A(my) - u+ v] < —v on the domain of integration. Thus
My (2, 2)52 = O (k).
The proof of Proposition 4.3 is complete. O
d

Proof of Corollary 1.1. The function x + Ij, (z,z) is S!-invariant, hence it
may be interpreted as a C* function on M (pulled back to X). On the other hand,
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Theorems 1.2 and 1.3 imply that x ~ (7/k)? - Il (z, z) is bounded, and that, with
the previous interpretation, it converges almost everywhere to the integrand on the
right hand side of (15). The claim follows by the dominated convergence Theorem,
in view of the choice of volume form on X. O
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