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THE STAR MEAN CURVATURE FLOW ON 3-SPHERE AND
HYPERBOLIC 3-SPACE*

HSIAO-FAN LIUT

Abstract. The Hodge star mean curvature flow on a 3-dimensional Riemannian or pseudo-
Riemannian manifold is one of nonlinear dispersive curve flows in geometric analysis. Such a curve
flow is integrable as its local differential invariants of a solution to the curve flow evolve according to a
soliton equation. In this paper, we show that these flows on a 3-sphere and 3-dimensional hyperbolic
space are integrable, and describe algebraically explicit solutions to such curve flows. Solutions to
the (periodic) Cauchy problems of such curve flows on a 3-sphere and 3-dimensional hyperbolic space
and its Bécklund transformations follow from this construction.
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1. Introduction. Suppose g is a Riemannian or Lorentzian metric on a 3-
dimensional manifold N3. The hodge star mean curvature flow (+-MCF) on (N3, g)
is the following curve evolution on the space of immersed curves in N3,

= *“/(H('Y("t)»v (1'1>

where #.(, is the Hodge star operator on the normal plane v(v), and H(y(:,t)) is
the mean curvature vector for v(-,¢). It can be checked that *-MCF preserves arc
length parameter. As shown in [15], the *-MCF on R? parametrized by arc length is
the vortex filament equation (VFE), first modeled by Da Rios [3] for a self-induced
motion of vortex lines in an incompressible fluid,

Yt = Yo X Vex, (1-2)

which is directly linked to the famous nonlinear Schréodinger equation (NLS)

i
= 5(¢a + 2|q|*q). (1.3)

Hasimoto transform [4] shows that the correspondence between the VFE and the
NLS is given as follows. If v is a solution of the VFE, then there exists a function
0 : R — R such that

qt

g(x,t) = k(z,t)e OO Hg 7(s0ds) (1.4)

is a solution of the NLS, where 7(-, t) is the torsion for v(-,¢) and x is the arc-length
parameter. Due to this transform, the VFE is regarded as a completely integrable
curve flow and has been studied widely (see [5, 16]). In [11, 12], Terng and Uhlenbeck
provided a systematic method to construct such a correspondence and they further
gave a way to derive explicit Backlund transformations for curve flows.

A large literature has been developed about a more generalized NLS or the Gross-
Pitaevskii equation in [7] given by

iy pp = —thg + u(x) + arp|t)|? (1.5)
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with a trapping potential u(x) and a chemical potential constant p. ¢ and [t)]?
represent a condensated wave-function and its local density of matter, respectively.
a = 41 or —1 is repulsive or attractive interactions between atoms. The Gross-
Pitaevskii equation (1.5) is a fundamental model in nonlinear optics and low temper-
ature physics, such as Bose-Einstein condensation and Superfluids [2, 6, 9, 10].

In the present article, we will show that the *-MCF on 3-sphere and hyperbolic
3-space is respectively related to

@ = %(qmiq+2lqlch% (1.6)
the simplest case of Gross-Pitaevskii equation, which is more natural in the physi-
cal context [8]. This is a Schrodinger-type equation, however, the Gross-Pitaevskii
equation is not integrable in general because of the external potential. For certain
potentials, the Gross-Pitaevskii equation (1.5) admits special solutions. Fortunately,
the equation (1.6) is completely integrable, since there exists a transform ¢ ~— etitq
between solutions of (1.6) and that of NLS. From now on, we refer (1.6) to (GP¥),
where the superscript + indicates the sign in front of the external potential ¢ in (1.6).

We aim to write down the explicit solutions of such a curve evolution on S? and
H? using the relation with (GPi). This paper is organized as follows. In Section 2,
we review and modify moving frames along a curve in R* from that in [15] and find
periodic frames along a closed curve in order to investigate periodic Cauchy problems
for -MCF. We then show how the *-MCF is related to the nonlinear Schrodinger
flow in Section 3 and a Lax pair is given for (1.6) in Section 4. Section 5 is devoted
to find solutions of (periodic) Cauchy problems of +-MCF on certain spaces. We give
the Béacklund transformations (BT) in the last section.

2. Moving Frames along a Curve. Let vy(z) : R — R*? be a curve
parametrized by its arc-length parameter z, then there exists an orthonormal frame
g € SO(4) such that g—'g, is a so(4)-valued connection 1-form consisting of 6 local
invariants. Since two orthonormal frames are differed by an element in SO(4), one
may choose a suitable frame that contains the least number of local invariants. Let

R(c) = ( cos ¢ sinc)

—sinc cosc

denote the rotation of R? by angle ¢, we consider the following types of frames.

2.1. Parallel Frame along curves on S*. Given a curve v : R — §* c R*
parametrized by arc length z. Since the position vector « is perpendicular to the
tangent vector ., we choose ey = v,e1 = 7, ne and ng normal to ey and e; such
that {eg, e1,n2,n3} is an orthonormal basis in R*. Then

0O -1 O 0
1 0 —& -

<607617n27n3):v = (60361)’”‘2)”3) 0 gl 051 7% * (21)
0 & 0

Rotating nsy, n3 by the angle 6 for 0, = —w, i.e.,

I 0
(eo,e1,€2,e3) = (o, €1, n2,n3) (02 R(G)) ; (2.2)
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one obtains an orthonormal frame g = (e, e1, 2, e3) satisfying

0 -1 0 0
0 =k =k

0 ko 0 0

where k1 = & cos 0+ &xsinf, ko = —&; sinf + & cos 0. The frame g is called a parallel
frame and k;_; the principal curvature along e; for i = 2,3 for v. Moreover, g~lg, is
0(4)-valued.

Next, we consider the Minkowski spacetime, denoted by R*!, with Lorentzian
metric —dx3 + dz? + da3 + dz3, and the hyperbolic 3-space H? is the hyperquadric
defined by

2 2 2 2
—x5+x] + 25 + 25 =—1.

2.2. Parallel Frame along curves on H3. Let v(z) € H? C R*! be a curve
parametrized by arc length z. A similar discussion to Subsection 2.1 shows that there
exists a parallel frame h = (e, €1, €2, e3) with eg = 7, e1 = 7, such that

0 1 0 0

_ 10— —pe
R A S (2.4)
0 s 0 0

Notice that h=1h, € o(1, 3).
From (2.2), we see that there are other choices for orthonormal base. Hence, given
a periodic curve y(z), there exists a periodic frame along the curve ~y(x).

2.3. Periodic moving frames on S and H?. (cf. [15]) The following idea is
modified from the 3-dimensional Euclidean space in [15] to suit our case. Let ¢y € R
be a constant, and

M., ={v:S" = N ||[7.]| = 1, the normal holonomy of v is R(—2mco)},
where N = S? and H3. If (eq, €1, €2, €3) is a parallel frame along v € M., then
(€0, e1,e2,€3)(2m) = (eq, €1, e2, €3)(0)diag(l2, R(—2mcy)).

Let (v2(x), v3(x)) be the orthonormal normal frame obtained by rotating (ez(z), e3(z))
by copx. Then the new frame

- I 0
g(fE) = (60, €1, V2, /03)(‘%.) = (607 €1, €2, 63)({17) ( 02 R(Co.f))
is periodic in x (see Lemma 2.1). Moreover,

2
97192 = (ea1 — oe12) + co(eas — e3a) Zk €i42,2 — €2,i12), (2.5)

where o = 1 and —1 when N = S? and H?, respectively, and e;; denote a matrix with
11in (7,7) entry and 0 elsewhere. Direct computations imply that

(ky + iko)(, t) = €777 (ky + ko) (x, )
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is periodic, where ki (z,t) and ko(z,t) are principal curvatures along es and es, re-
spectively. We call g = (eg, e1,v2,v3) a periodic h-frame along v on N.

LEMMA 2.1. Let ¢y € R and v € M. If (eq,e1,€e2,e3) is a parallel frame along
~ and for any non-negative integer n, define

(v3,05)(x) = (€2, e3)(x) R((co + 1)), (2.6)

Then (v, v8)(x) is periodic in x for all n.

Proof. Since

v¥(2m) = cos((cop + n)2m)ex(2m) — sin((co + n)2m)es(2m)
= c8?(227;co)62 (27) — sin(2mcg)es(2m) (2.7)
= wvy(2m

and v9(0) = v9(2m) followed from [15], v¥(x) is periodic and so is v} (x) similarly. O

REMARK 2.2. One notes that if a curve v(z) € R* parametrized by arc length
is given to be periodic in z, it is obvious that e; = =, is periodic as well. Therefore,
(eo, e1, vy, v})(x) is a periodic h-frame in z, where eg = 7.

3. *-MCF on 3-Sphere S? and Hyperbolic 3-space H?. In what follows,
evolutions of invariants for the +MCF on a 3-manifold N = S and H? will be
discussed. Denote 0 = 1 and —1 for N = S? and H?, respectively. Now, let us evolve
v :R? — N with the +-MCF flow (1.1), where x is the arc-length parameter, eg = 7y
and e; = ;.

Recall that the Hodge star operator on an oriented two dimensional inner product
space is the rotation of 7. So if (u1,u2) is an oriented orthonormal basis then

*(u1) = ug, *(uz) = —uy.

Under this orthonormal frame {eg, e1,n2,n3} showed in Section 2, the mean cur-
vature vector H is &1na + &ong, and +-MCF (1.1) on N is written as

e = &1ng — Eana. (3.1)
On one hand, a direct computation implies the following properties.

PROPOSITION 3.1.  For any v(x,t) € N satisfying the x-MCF (3.1) that is
parametrized by arc length, there exists a moving frame h = {eg,e1,n2,ng}, where

€0 =71 = Va, Satlsfylng

0 —o O 0

= | 1Y T —& ,
0 51 0 —Ww
0 & w 0 (3.2)
0 0 &2 —0é1

h=1h — 0 0 (§2)z + 61w —(&1)z + Sow

=

—& _(§Z)x —&§1w 0 —U
& (gl)m —&ow u 0
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where

(gl)t = 7(52)363’: - 2(61).2(*) —&iws + 52(‘*}2 —o+ u)7
(52)t = (gl)mm - 2(52):6‘*) - €2wx - 51(w2 — 0o+ u), (33)
w = Uy + 5 (& + &3)a-

A similar result in [15] has been derived:

PROPOSITION 3.2. Let y(z,t) : R?> — N be a closed curve parametrized by arc
length and v(0,t) = v(2m,t) for allt. Then

2m
/ w(z,t) dx (3.4)
0

is independent of t.

Proof. Tt follows from Proposition 3.1 that there exists a moving frame h satisfying
the system (3.2). The third equation of (3.3) implies

d 2m 2 27 1
— w(z,t) dx:/ wi(x,t) dxz/ Up + = (&2 +€2), dz = 0.

REMARK 3.3. The normal holonomy of v (cf. [15]) is then defined as

1 27

s w(zx,t) du.

On the other hand, if one considers parallel frames for curves, we have the fol-
lowing consequence.

PROPOSITION 3.4. For any y(x,t) € N satisfying the x-MCF (3.1) that is
parametrized by arc length, there exists a parallel frame g = (eg, e1,e2,e3) € G with
eo =y and e; = v, such that

0 —o O 0
» 10—k —k
g "9z = 0 & 0 0 )
0 k 0 0
? (3.5)
0 0 0’/{12 —O’kl
-1 _ 0 0 (k2)ac *(kl)m
g "9t = 1(7.2 2 )
—ko  —(k2)s 0 5(k{ +k3)
ki (k)e =5 (R +E3) 0
where ki, ko are principal curvatures along es, es, and (G,o0) = (SO(4),1) and

(0(1,3),—1) when N =S3 and H3, respectively.

Proof. We give computations for the 3-sphere case below, and omit the similar
calculations for the case H3. Using the curve evolution (3.1), we get

(e0): = kies — kaea,

(e1)t = (k1)wes — (ka2)zea. (3.6)
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Therefore, we may assume

0 0 ko —k1

0 0 k x k T
(60761a€2763)t = (60361762763) _kQ _(kQ)x ( (2)) (_;)

kq (k1) v 0

Since (e2)ts - €3 = (€2) 4t - €3, it is easy to see
(€2)at - €3 = —k1(k1)e and (e2)tr - €3 = ka(k2)e + Va,

which implies

Ve = —ki(k1)z — k2(k2)z = —%(k% + K3z
So,
v= —%(k’f +k3) +c(t).
Changing frames again to make ¢(¢) = 0, and then we have the equation (3.5) as

desired. O
The compatibility condition of (3.5) leads to

2 2
{(kl)t ~ (ke k- R ; (3.7)

2 2
(k2)t = (k1)ex + ok + kl@
therefore we have the following theorem.

THEOREM 3.5. Let y(x,t) € N be a solution to the curve evolution (3.1)
parametrized by arc length with principal curvatures ki, ko and a parallel frame g € G
along v with G = SO(4) and SO(1,3) when N = S and H3, respectively. Then
k(- t) = (k1 +iks) (-, t) solves

1
ki = i(kyy + ok + §|k;|2k;). (3.8)

Proof. The assertion follows directly from (3.7). O
Let ¢ = g Then it is obvious that

4 = i(qux + 0q + 2|q|*q). (3.9)

We denoted the equation (3.9) by (GPT), where + indicates the sign of the external
potential ¢, i.e., (3.8) is called (GP™) or (GP™) when ¢ = 1 or 0 = —1, respectively.
4. Lax Pair of GP*. In the previous section, we see that the *-MCF is related
to (3.9), which also can be transformed to the NLS. In this section, we will give Lax
pairs of (GPT), and the relation between (GP*) and NLS, which implies that (GP¥)
is integrable. We first review some known results of the NLS.
Suppose «a is a 2-by-2 diagonal matrix with entries ¢ and —i,

(0 ¢ i (= ¢
(4 ). e (2 %)
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a Lax pair of the NLS

)
is known as
0 = (aX + u)dz + (aX* + ud + Q_1(u)) dt. (4.2)

The following statement is known and the readers can see more details in other
articles or books.

PROPOSITION 4.1 (cf. [13], [14]). Given a smooth q : R? — C, the following
statements are equivalent:

1) q is a solution of the NLS,

2) 0 is a flat connection one form,

3) the ODE system

E'E,=a\+u
E71E = a)? + ul+ Q_1(u)

is solvable for E(z,t,\) € SL(2,C) satisfying E(x,t,\) = E(z,t,\). (A
solution E that is holomorphic for X\ € C is called a frame).

Due to the connection between solutions of (GPi) and NLS, we are able to
construct Lax pairs of (GPE).

PROPOSITION 4.2. Let 0 = +1, a = diag(i, —i),

0 q i 7‘Q|2 qx )
U= _ and Q_1=—-{ _ .
<_q O) Q ! 2 ( Gz |Q|2
1) Ifv is a solution of the focusing NLS (4.1), then a solution to (GP¥) is given

via the transform

g

bo. (4.3)

S
I
(9]
s
<

2) The equation (GP*)

g = %(qu +oq+2/ql*q)
has a Lax pair
7= (a\ +u)dr + (aX® +ul+ Q_1 — %a)dt. (4.4)
3) If E(z,t,\) is a frame of the solution q of the NLS, then

F(z,t,\) = E(z,t,\)et ¥

is a frame of the solution ¢= = qe*% of the (GPF).
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Proof. (1) follows from direct calculations and the flatness of 7 implies (2). For
(3), we let g = €17 and then

FY4Fr = ~
g9~ —dgg~
gE~"(dEg™" — Eg~'dgg™")
= gE Yd(Eg™t).

1 1

O
We also notice that two frames of the solution for the (GPi) are differed by a
constant element in SU(2).

5. Solutions to *-MCF on S® and H?. In this section, we construct solutions
of the *-MCF on S? and H? under identifications of the ambient spaces R* and R3.
For later use, we write down the identifications in need as below.

R* as the Quaternions. (cf. [1]) Now we identify R* as the quaternion matrices
‘H, where

HE{<g _f> | a,8€C =R

As a real vector space, H has a standard basis consisting of the four elements

1 0 1 0 0 1 0
I2(0 1>,a<0 —i>’b<—1 0>,andc(i O>’ (5.1)

with multiplication rules

a? =0 =c? = I,

ab = —ba = c¢,bc = —cb = a, and ca = —ac = b.

We identify H as the Euclidean R* via

xls + ya + zb 4+ we = ( Ty z—l—zw) —

—Zz 4w T -y

[SEIRSIINSI Y
=
K

Let SU(2) x SU(2) act on R* by
(h—,hy)-v=h_vhi',
where (h_,hy) € SU(2) x SU(2) and v € R™.

This gives an isomorphism SO(4) = SU(2) x SU(2)/ + I>. Let 6 = (I2,a,b,c)
be an orthonormal basis of H, where I5,a,b and ¢ are defined as in (5.1). Denote
(h—,hy) -0 by

(h—,hy) -6 = (h_hi',h_ahi',—h_chi' h_bhi"). (5.3)

Then (h_,hy) -0 is in SO(4).
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R!3 as the collection of Hermitian matrices. (cf. [1]) Every point x € R*3
can be identified as a 2 x 2 self-adjoint matrix as follows:

Lo
To— T3 T1 —IT x
= (70 s ) represents x = ! (5.4)
xr1 +1xe X9+ I3 To
T3
Notice that
v*=1'=rand det x = || x||? = 2% — 27 — 23 — 23.

Let M be the collection of 2 x 2 self-adjoint matrices. Then M is a 4-dimensional
real vector space, whose basis consists of the identity matrix I and

1 0 0 — 0 1
apnr — (0 1) ,bM = (Z OZ> 5 and Chn = (1 O) . (55)

We have identified the vector x = (xq, 21, 22, v3)" with the matrix
x = xolo + ;1001 + T2bps + T30

Let M be equipped with an inner product
1
<T,Yy >= itr(zy),
then 8y = (I, apr, bar, car) is an orthonormal basis of M. Let SL(2,C) act on M by
h-v = hvht,

where h € SL(2,C) and v € M. This action preserves the determinant. Therefore,
it maps to a subgroup of O(1,3). Indeed, the image is the identity component of
0O(1,3). Moreover, h - dpq is in SO(1,3). Note that

(arr,bar,enr) = —i(a, b, ¢), (5.6)

where (a,b,c) is defined as in (5.1).

5.1. Constructions of Solutions to *-MCF on S?. There are many solu-
tions for the NLS constructed, and hence solutions to (GP®) are obtained via /2
transform. We have seen how the +MCF relates to (GP¥) and their Lax pairs in
previous sections. The natural question is that can we construct a *-MCF corre-
sponding to a given solution of (GPi)? The answer is positive. We will use such a
correspondence to establish solutions to *-MCF. That is, solutions to *-MCF can be
written down explicitly.

THEOREM 5.1. Let A, Ay € R\ {0} and Ay # A\o. Suppose E is a frame of a
solution q to (GP') and define

n(x,t) = Bz, t,\)E(x,t, )" . (5.7)

Then

1 1
ALt Ao t) (5.8)

t) = -
V() ”(Alxzx VD VL W
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is a solution of x-MCF (3.1) on S3.
Proof. Note that for any arbitrary A\, E(x,t, \) satisfies (4.4), that is,

a

E'E,=a +u and E'E, =a)+u\+Q_; — T

where a = diag(i, —1),

0 ¢ lq|? qx)
= _ and = .
Y <—q 0> @1 2( @ a?

We denote E(x,t,A;) by E; and E; . indicates the partial derivative of E; with respect
to the variable z. Then it is easy to see

Ny = B Byl — ElE—lEmE—
El(a)\1+ ) El(a)\g—i—u) (59)
()\1 )\Q)ElaEQ s

and similarly,
=\ = A)E1aB; ' + (A — \)EjuFEy (5.10)
Let

co = E1Ey Y (%,1), e1 = FraFy '(i,1),
eo = —E1cEy Y(#,1), ez = E1bE, ' (,1),

where 7 = 5 1/\ r— )‘1+)‘2t t= s ;¢ and a, b, c are the same as stated in (5.1). Since

Ei, By € SUI( 2) “and (IQ, —c,b) is ar21 orthonormal basis for H, we see (e, €1, €2, €3) €
SO(4). We write ¢ = g1 +1ig2 and hence u = ¢1b+ gz2c. Use (5.9) and (5.10) to obtain

Yz = PV /\2 Ne = €1,
_ A1t 1

L T P Y v (5.11)
= EluE_
= ({¢i1€3 — (q2€2.

We compute the following items:

(eo)a: = €1,

(61)1’ = Wﬁzz
= W { (A1 = A2)2e0 + (A1 — X2)(2q1ea + 2q2e3) } (5.12)
= —eo+ x5, (2q162 + 2q2e3),

(e2): = *,\12’“,\ el + ii*ii €s,

namely, if g = (eg, e1, €2, €e3), then

0 -1 0 0
1 L0 5y
9 9= ¢ _2a o x| (5.13)
]27)\2 A1—A2
0 q2 A1+ 0

A1—A2 A1 —A2
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Next, we compute the t-derivative of g. We also notice that (5.11) implies (eg); =
Y = qres — qaez and (e1): = (Vz)t = () = (q1e3 — g2€2) . Together with (5.13), we
get

. 1 A+ Ao 1 A+ Ao
(e1)e = ( M — A (2)z N qi)ez + ()\1 W (q1)z N g2)es.

Since (e2); can be computed as

1 )\1 + )\2 1 2/\1)\2 + |Q|2
YW R v WPl b7 v v Ry ey w

)637

q2e0 + (

we obtain ¢ 'g; = A, where A is equal to

O 0 q2 —q1
(92)= A1t+A2 _ (a1)a A1+Ao
0 0 A1—A2 + )\1—>\2q A1—Ag A1—>\2q 4
_ _(@2)a _ At 0 1 + 2X1 Ao +|q|? : (5'1 )
ECD VI R v ,  20u-22) XX
(a)e  _ Ai+A2 _ 1 _ 2X122+4q|
a A1—A2 N —xg 12 2(A1—A2) A1—A2 0

o
In particular, by choosing \; = 1, As = 0, one obtains a neater solution. We state
as follows:

COROLLARY 5.2. Let E be a frame of a solution q of (GP") and n(x,t) is
defined as in (5.7). Then ~y(x,t) = n(x — t,t) solves the x»-MCF on S3 (3.1) with
principal curvatures 2qq,2qs. Moreover, let ¢(x,t) = E(x,t,1),¢¥(x,t) = E(x,t,0)
and g = (¢,1) - §(x —t,t). Then g satisfies

0 -1 0 0
o Y0 210 —2¢

g gz = )
0 2Q1 0 —1
0 0 q2 —q1

glg, = 0 0 (@) + a1 —(q1)z + @2
-2 —(@2): — @ 0 L+ gl ’
a (@)e—a —3—lq 0

where ¢ = q1 + iqo.

Notice that a frame F is not unique. In other words, the solution constructed in
this method is unique (up to the conjugation).

PROPOSITION 5.3. Let q be a solution of (GP') and E its frame. Let F = CE
for some constant C € SU(2) and y(x,t) defined as in Corollary 5.2. Define

i(z,t) = F(x,t, ]-)F(xatao)il and y(z,t) =17q(z —t,1t).
Then F is again a frame for q and 7(x,t) is also a solution of x-MCF, (3.1), on S3.

Proof. Denote Ey, Ey by E(z,t,1), E(z,t,0) and Fy, Fy by F(z,t,1), F(z,t,0),
respectively. One sees that F~'dF = E~'dE and FlFO_1 = C’ElEO_lC_l7 that is,
7 = C~yC~1. Since v solves (3.1), we have

F = CyC~t = CEuEy'C™! = FiuFy . (5.16)
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0

According to (4.3), *MCF on H? is closely related to (GP™) as well. And using

the transform (4.3) again, the (GP™) can be linked to (GP™). Therefore, we derive a
solution by means of frames for a solution u to (GP™) and (5.6). A similar construction
of solutions to *-MCF on H? can be derived using Theorem 5.1. We state it as follows.

THEOREM 5.4 (Solutions on H?). Let A = 3(1 — i) and suppose E is a frame of
a solution q to (GP') and define
n(x,t) = B(x, t, \)E(x, t,\) " . (5.17)
Then

V(Z» t) = 77(5” —t, t) (518)
is a solution of x-MCF (3.1) on H?.
Proof. Since E satisfies the SU(2)-reality condition, it is clear that

N = —iB(x,t, \)aFE(z,t,\) ™" = B(z,t, N an E(z,t, \)*,

where a and ay are defined as in (5.1) and (5.5).
Using the fact that E is a frame of (GP™) together with(5.2) and (5.5), it is easy
to show

ne = —iB(x,t, \)aE(x,t,\) "' + (=) E(z, t, \uE(x,t,\) " (5.19)
=Nz + Q1E(I, t, )‘)bME(xa t, 5‘)71 + Q2E(x7 L, )‘)CME(I7 L, 5‘)717 (520)

and

New = —1 (E(x,t, N =X+ [u,a))E(z,t, )" )
= E(x,t,k)E(:ﬂ,t,X)fl *ZE(.Z,L )[q1b+q20 a] (l’,t, 5‘)71
= B0 (2ab - 200) B, £A)
= 77+2qu($ t, by E(z,t, \) 71 — 2q1E(sr:,t,)\)cME(sc,t,5\)_1

Therefore, v, = 1, and v = —n, + 1: as desired. O

Similarly, choose any arbitrary A € C \ R, solutions to *-MCF on H? are con-
structed as follows.

THEOREM 5.5. Suppose A =r —is, where r,s € R and s > 0. Let E(x,t,\) be a
frame of a solution q to (GPT). Define

T r t

n(z,t) = E(z, t, \)E(z,t,\) " and y(z,t) = (5~ 5t os

). (5.21)

Then ~y(x,t) solves x-MCF on H?.

An immediate example follows from our discussion above and simple computa-
tions.

EXAMPLE 5.6. Note that ¢ = 0 is the trivial solution of both NLS and (GP™).
Then we see that E(z,t,\) = exp(az + (aA\? — a)t) is a frame of the *-MCF on
S3, namely, E~'dE = 7 in (4.4). By Corollary 5.2 and having A = 0,1, we have
n(z,t) = e+l which implies the solution of the *-MCF on S? is the matrix

et 0
0 efix .
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Such a solution is identified as a vector (cosx,sinz,0,0)! € R On the other hand,
Theorem 5.4 (A = (1 — i)) shows that

n(z,t) = Bz, t, ) E(z,t,\) ! = ¢~ilavtat)

and the solution of +-MCF on H? is therefore v(x,t) = ¢~ %, Indeed, the solution on
H? is (coshx, 0,0, —sinh z)t.

5.2. Cauchy Problems. Using the correspondence between Lax pairs of (GPi)
and x-MCF, we are able to write down the explicit solutions to the curve evolution.
In this section, we further investigate the Cauchy problem of the *-MCF with an
arbitrary initial curve or a periodic one. Without loss of generality, we assume the
period is 2.

THEOREM 5.7 (Cauchy problem for *-MCF on S?). Let yo(z) : R — S? be an arc-
length parametrized curve, go(z) a parallel frame along vo, and g1, g2 the corresponding
principal curvatures. Given ¢o,vo € SU(2) such that go(0) = (¢o,%0) - 0. Suppose
q = ki + iky is a solution of (GPT) with q(-,0) = q1 +iqa. Let E,F be the frames
of q satisfying E(0,0,\) = ¢q, F(0,0,\) = o, n(z,t) = E(x,t,1)F(x,t,0)~" and
alz,t) =n(x—t,t). Then y(z,t) = a(x,t) —n(0,0) +v9(0) is a solution of (3.1) with
7(x7 0) - 70(1,)

Proof. Note that v, = o, and Theorem 5.1 shows that + satisfies the +-MCF (3.1).
In particular, «(x,0) = n(x,0). We claim that n(z,0) = vo(x) + n(0,0) — 70(0). In
this case, one obtains y(x,0) = vo(z). Note that

1:(2,0) = E(z,0)aF(2,0) ™" = ¢payp ™" = yy(x), (5.22)
which implies

77($7O) = ’70(1;) +c,
for some constant ¢. So ¢ =1(0,0) —v(0). O

Next, we turn our attention to construct a-periodic solutions to *-MCF (3.1) on
S3. By the construction of solutions in Theorem 5.1, the formula (5.7) implies that it
suffices to find periodic frames E.

THEOREM 5.8. Let v(x,t) be an arc-length parametrized solution of the x-MCF

on S and periodic in x with period 2m. Suppose (eq, €1, 7z, i13) is orthonormal along
v such that eg = v and e; = 7,. Let w = (fi3), - 7i3. Then ¢y = % O%w(x,t) dx is
constant for all t, and there exists g = (ug,u1, us, uz)(x,t) such that

1) g(-,t) is a periodic h-frame along v(-,t),

0 -1 0 0
- L0 -G =G
1 —
2) g gz - O Cl O _2CU Y

0 CQ 260 0
3) q = 5(C1 +i2) is a solution of the (GP™).
LEMMA 5.9. Let q be a z-periodic solution of (GPT) with period 27, A\¢ € R, and

E(x,t, \) the extended frame of q. If E(x,0, \g) is periodic in & with period 27, then
so is E(x,t, \g) for all ¢.
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Proof. Recall that E satisfies the following linear system

E'E, — a)
{ AT (5.23)

E7'E,=a) +ul+Q_1 — T

Let y(t) = E(2m,t,X0) — E(0,t,Xo) and A(z,t) = aX} + uho + Q—1 — %. Note that
A(2m,t) = A(0,t) because of periodicity of q. Take the derivative with respect to ¢ to
obtain

J(t) = E,(2mt ) — Ei(0,1,\o)
= B2t \0)A(2m, 1) — E(0,t, \0)A(0,1) (5.24)
= y(t)A(0,1).

Since y(0) = 0 solves y'(t) = y(t)A(0, ), the uniqueness theorem of ODE implies that
y(t) is identically zero. O

As a consequence of Theorem 5.1 and Lemma 5.9, we have the following.

THEOREM 5.10 (Periodic Cauchy problem for *-MCF on S%). Given a closed
curve vo(z) : [0,27] — S* parametrized by arc length and principal curvatures q0, q3.
Let (€3, €9, u3,ul) be a h-frame along vy and ¢, € SU(2) such that

(6876971&2?“3) ((b’(/} ¢a¢_ (bcz/)_l?(bb,(/)_l)a

where a, b, c are defined as in (5.1). In addition, let q : R? — C be a periodic solution
of (GP" ) with initial data q(x,0) = 3(qd+iq9)e~"®  where cy is the normal holonomy
of vo. Let E and F be frames with E(0,0,co+ 1) = ¢ and F(0,0,cp) = v. Define

n(z,t) = EF Y (x,t) and a(z,t) = n(z — (2¢co + 1)t,1).

Then v(z,t) = alz,t) —n(0,0) + 10(0) is a solution of periodic Cauchy problem of
*-MCF on S* with initial data vo(x).

Proof. Theorems 5.7 and 5.1 imply that « is a solution of *-MCF and the peri-
odicity of v follows from Lemma 2.1 and Lemma 5.9. O

6. Backlund Transformation. From a conceptual point of view, once a solu-
tion ¢g(z) of the NLS is given, and consequently, through formula (4.3), one obtains a
solution Q(z) of GP. By solving the standard Backlund Transformation (BT) for the
NLS [11], a new solution g(z) of NLS is derived and thus, using the transformation
(4.3) again, one recovers a new solution of the GP equation. Of course, since we have
established the correspondence between x-MCF and the GP equation, we shall try to
construct a BT for +-MCF on a 3-sphere and H?. In this section, we first state the
BT for NLS and give one-soliton solutions for both NLS and «-MCF.

Given a € C\ R, a Hermitian projection 7 of C?, and let

a—0a |

gar(N) =T+ 5=, (6.)

where 7+ = I — 7. Then go.-(A) 7! = gax(N)*.
THEOREM 6.1 (Algebraic BT for NLS). ([11]) Let E(xz,t,\) be a frame of a
solution u = <Oq g) of the NLS, © the Hermitian projection of C*> onto Cv, and
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a € C\R. Let v = E(z,t,a) ' (v), and & the Hermitian projection of C* onto Cd.
Then

u=u+(a— a)r,a|

is a solution of the NLS. Moreover, E(x,t,\) = go-(\)E(z,t, )\)g;;(w 4 15 a new
frame for a.

Let
W =e 79

where o = 1 and —1 for S? and H?, respectively. Since E(x, t, \) described in Theorem
6.1 is a new frame for a solution @ to NLS, the relation between frames the GP and
NLS in Proposition 4.2 implies that F := gam(/\)E(x,t,)\)g;;(w t)()\)W is a new
frame of the (GP™).

LEMMA 6.2. Suppose E(x,t,)\) = ga_,ﬂ()\)E(m,t,)\)g;;(z t)()\) and F(x,t,\) =
E(x,t, )W is a frame of the (GP"), where o, E(x,t,\), 7 and Jo7(x,t) 0re defined as
that in Theorem 6.1. Then

F=ga . FW g L W (6.2)

7 (2,1)

is a new frame of the (GPT).

THEOREM 6.3 (Algebraic BT for +-MCF on S?). Let v be a solution of x-MCF on
S? and F the frame of a solution q of (GP1). Let 7 be the Hermitian projection of C?
onto Cv, and o € C\R. Let © = WF(x,t,a)" (v), and 7 the Hermitian projection
of C% onto Cv. Then

—a) a—«
T

iz, t) = go <a .

21— o) qsOWlfqus;l) gt (6.3)

and F(z,t) = ij(t — x,—t) is a new solution of »-MCF, where W = e~ gy =
ga,ﬂ(o)agl = ga,ﬂ'(l)7¢0 = F(m7ta0)7 and (bl = F(Z‘,t, 1)

Proof. Since F defined as in Lemma 6.2 is a new frame of the (GPT), Theorem
5.1 implies that

5 = F(x,t,0)F(z,t,1)7" (6.4)
= Ga,n(0)F(2,t,00W (o 7(26)(0) ' Gz () D)W F (2,8, 1) 1 ga - (1)™"  (6.5)

= Gar(0)F(z,t,0)W ! (28 = Z; ai_—o;) fr) WF(z,t,1)  gar(1)"1. (6.6)

The equality (6.6) is obtained by the definition (6.1) and properties of the Hermitian
projection 7. Multiplying it out to have the desired result. O

Based on the connection between constructions of solutions to *-MCF on S® and
H3 (see Theorems 5.1, 5.4), we omit the similar statement for BT for »-MCF on H?3.
One-soliton solutions are illustrated below for the x-MCF.

ExaMPLE 6.4 (Soliton solutions for the *-MCF). Note that v(z,t) = €% is a
solution of the star mean curvature flow on S3. Then ¢ = 0 is the corresponding
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trivial solution of NLS and E(z,t,\) = exp(alxr + aA’t) is a frame for ¢ = 0 with
E(x,t,0) = Id.

Let o =r+is € C\R, v =(1,7), and 7 = va* the Hermitian projection of
C? onto Cv. Then

3

o(x,t) == E(z,t,a) v = (e—(AHB)’Z-eAHB)t

where A = —(sx + 2rst), B = rx + (r? — s?)t and the Hermitian projection 7(x,t)
onto Co(z,t) is

B 1 672A _Z'6727,B
w(z,t) = oA L 2A (ieQiB YO (6.7)
It follows from Theorem 6.3 that a new solution on S? is given by
_ a a—a a(l —a) a-a _\ _ 11—« a—a
=(-Id 1d (az-+at) Id :
K (a + a W) (a(l—a) +a(1—o¢)7r)e 1-a —i_l—d?T
If we choose a = i, then

1 [eilt+z) ((1 + Z) + 2¢(2—2i)x + (1 _ 1)641) ei(z+t) (
5 e—H(z+t) (1 — i — 2e(24+2i)= 4 (1 + Z')64x) e—i(t+z)

7"]_ 74+2€(2 21)1+( 1+Z€4z)

( 1 + 26(2-9—21)33 1 +’L 647)

where D = 2(1 + ¢*®). The vector form of 7j(z,t) on S is

cos(t — x) sech(2z) + cos(t + ) + sin(t + x) tanh(2x)
1| sin(t — z)sech(2z) + sin(t + x) — cos(t + x) tanh(2x)
2 | cos(t — x)sech(2x) — cos(t + ) — sin(t + z) tanh(2z)
sin(t — x) sech(2z) — sin(t 4+ x) + cos(t + x) tanh(2x)

A 1-soliton solution of the *-MCF on S? is given by J(x,t) = j(t — z, —t).
Furthermore, Theorem 5.5 suggests that a 1-soliton solution of the *-MCF on H3
is given by a new frame F' in Theorem 6.3 with Ay = % With o = i, we indeed

have 1-soliton solution on H?
- M1 e
xr,t) = | - -
et = (I 1),

where

1 = % sech(2x) (15 cosh(t — ) 4+ 3 cosh(t + 3z) — 8(cos(2t — x) + sin(2t — z))
— 5sinh(t — z) — sinh(t + 3x)),

Mo = % sech(2z)(6i cos(2t — ) — bicosh(t — x) — ¢ cosh(t + 3x) — 2sin(2t — x)
+ 5sinh(t — ) + sinh(t + 3z)),

o1 = % sech(2z)(—61 cos(2t — x) 4 bicosh(t — x) + ¢ cosh(t + 3z) — 2sin(2t — x)

+ 5sinh(t — ) + sinh(t + 3z)),

Tlog = ILO sech(2z)(—8 cos(2t — x) + 15 cosh(t — x)
+ 5sinh(t — x) + sinh(

+ 3 cosh(t + 3z) + 8sin(2t — x)
t+ 3z)).
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Or, equivalently the following vector on H?

14]

(15]

(16]

—8cos(2t — x) + 15 cosh(t — ) + 3 cosh(t + 3z)
—4sin(2t — x) + 10sinh(t — ) + 2sinh(¢ + 3z)
—12cos(2t — x) + 10 cosh(t — =) + 2 cosh(t + 3x)
8sin(2t — x) + 5Hsinh(t — x) + sinh(¢ + 3z)

1
— sech(2
1osec (2x)
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