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LOWER BOUNDS FOR THE NUMBER OF NODAL DOMAINS FOR
SUMS OF TWO DISTORTED PLANE WAVES IN NON-POSITIVE
CURVATURE*
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Abstract. In this paper, we will consider generalised eigenfunctions of the Laplacian on some
surfaces of infinite area. We will be interested in lower bounds on the number of nodal domains of
such eigenfunctions which are included in a given bounded set.

We will first of all consider finite sums of plane waves, and give a criterion on the amplitudes
and directions of propagation of these plane waves which guarantees an optimal lower bound, of the
same order as Courant’s upper bound.

As an application, we will obtain optimal lower bounds for the number of nodal domains of
distorted plane waves on some families of surfaces of non-positive curvature.
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1. Introduction. Let (X, g) be a compact Riemannian manifold, and let us de-
note by (¢;);en an orthonormal basis of L?(X) made of eigenfunctions of the Laplace-
Beltrami operator:

~Agp; = Ap;.

The nodal domains of ¢; are the connected components of X\{cp}l(O)}. Let us
denote by N the number of nodal domains of ¢;. It is known since Courant ([6])
that we have

N, = 0(X). (1)

This bound is in general not optimal. Indeed, we know since Stern that there
exists some examples of spherical harmonics ¢; having only two nodal domains, while
Aj — 00 ([22], see also [10, Theorem 2.1.4]). However, it is thought that in a “generic”
setting, the bound (1) should be optimal.

On the two-dimensional torus, Buckley and Wigman ([5]), generalizing results
by Bourgain ([4]) were able to build many families (¢;) of eigenvalues of —A which
satisfied N; > c/\? for some ¢ > 0, thus saturating the Courant bound. To do so,
they were able to relate locally the nodal domains of trigonometric polynomials to
the nodal domains of Random Gaussian Fields, and to use the powerful machinery
developed by Nazarov and Sodin in this framework ([17], [18]). Actually, Bourgain,
Buckley and Wigman are able to show that N ~ co)\?, where ¢g is a (hardly explicit)
constant depending on the family (¢,), known as the “Nazarov-Sodin constant”.

Gaussian Random Fields should be useful to describe nodal domains on manifolds
which are more general that the torus. Indeed, it is believed since the work of Berry
[2] that generic eigenfunctions of —A on compact manifolds of negative curvature
behave according to the so-called random wave model, and hence their nodal domains
should behave somewhat like those of Gaussian Random Fields.
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Apart from the torus and the sphere, we have very few examples of families of
eigenfunctions whose number of nodal domains go to infinity with the frequency.
The only papers dealing with this question are [8], [9], [23], [12] and [13] where the
authors count the number of sign changes of the eigenfunctions on a special curve (for
instance, an axis of symmetry, or part of the boundary), and deduce the existence of
nodal domains. For all of these examples, the lower bound which is proved is much
smaller that the upper bound (1).

Nodal domains on manifolds of infinite volume. In this paper, we will
mainly be interested in eigenfunctions of the Laplacian on manifolds of infinite volume,
hence non-compact. On such manifolds, there are no L2-eigenfunctions, but in general,
for any h > 0! |, there exists many solutions ¢, € C*°(X) to the equation

_h2A9¢h = ¢n.

If ¢y, is such an eigenfunction, it will not be compactly supported, hence it may
have infinitely many nodal domains. However, if 2 C X is a bounded set, we may
consider

Nca(on) = #{ nodal domains of ¢, included in Q}. (2)

Note that, if Q C ', then Ncq(dn) < Neq/(¢p). Furthermore, for any Q € X
bounded with smooth boundary, there exists Cq such that

Neal(o) < - (3)

To prove this bound, we may just use [1, Lemme 16] (which generalizes results
of [20] and [19]), which gives us a constant cq > 0 such that for any solution of
(—=h%2A —1)f = 0, every nodal domain of f included in Q has a volume larger than
Cth.

The estimate (3) can be seen as an analogue of (1) on manifolds of infinite volume.
Just as in the compact case, it is natural to wonder if a lower bound of the same order
holds. We will give a positive answer to this question for certain eigenfunctions on
some families of surfaces which are Fuclidean near infinity.

Distorted plane waves on Euclidean near infinity surfaces. Consider a
Riemannian surface (X, g) such that there exists a bounded open set Xy C X and
Ry > 0 such that (X\ Xy, g) and (R?\B(0, Ry), geuc) are isometric (we shall say that
such a surface is Euclidean near infinity).

The distorted plane waves on X are a family of functions Ej, (z; w) with parameters
w € S' (the direction of propagation of the incoming wave) and h (a semiclassical
parameter corresponding to the inverse of the square root of the energy) such that

(—=h*Ag = 1) Ep(z;0,9) =0, (4)
and which can be put in the form

Ep(z;w,9) = (1 — X)€" + Eyyy. (5)

1The parameter h > 0 here corresponds to )\;1 in the previous paragraph. We will therefore be
considering the semi-classical limit h — 0.
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Here, x € C is such that x = 1 on Xy, and FE,,; is outgoing in the sense that
it satisfies the Sommerfeld radiation condition, were |z| is the distance to any fixed
point in X:

0 0}
lim (d=1/2(_~_ _ “\gl —.

It can be shown (cf. [16, §2] or [7, §4]) that there is only one function Ej(-;w)
such that (4) is satisfied and which can be put in the form (5). In the sequel, we will
mainly be interested on the nodal domains of the sum of two distorted plane waves
with close enough directions of propagation.

To obtain results on the nodal domains of such eigenfunctions, we need to make
some assumptions on the classical dynamics of the geodesic flow on (X, g).

Classical dynamics. If (X, g) is a Riemannian surface which is Euclidean near
infinity. We denote by (®})ier : S*X + S*X the geodesic flow induced by the metric
g.

The trapped set for the metric g is defined as

Ky :={(z,¢) € §*X; @ (z,£) remains in a bounded set for all ¢ € R}.
In the sequel, we will always make the following two assumptions:

K, is a hyperbolic set for <I>g. (7)

dim praus (K,) < 2, 8)

where dim g qq,s denotes the Hausdorff dimension.

These two assumptions are stable by sufficiently small perturbations of the metric
(for (7), this is known as the Structural stability of hyperbolic sets, cf. [14, Chapter
17]). Note that if the sectional curvature is strictly negative in a neighbourhood of
wx (Ky), where mx denotes the projection on the base manifold, then (7) is automat-
ically satisfied.

Generic perturbations of a metric. Our result will concern distorted plane
waves for a generic perturbation of a metric satisfying (7) and (8). Let us define what
we mean by generic.

Let (X, g) be a Riemannian manifold, and 2 C X be a bounded open set. We
denote by Gq the set of metrics on X which coincide with g outside of 2. For any
k > 2, the distance [|g — ¢'[|cr () between elements of Gg is not intrinsic, since we
define it using a coordinate chart. However, the topology this distance induces does
not depend on the choice of coordinates.

Let P(¢') be a property which can be satisfied by a metric ¢’ on X. We shall
say that P is satisfied for a generic perturbation of g in € if there exists an open
neighbourhood Gg of g in Gq such that the set of {¢’ € Go; P(¢') is satisfied} is open
and dense in Gy for the C*(9) topology.

Main theorem. Our main theorem says that, for a generic perturbation of a
metric satisfying (7) and (8), the sum of the real parts of two distorted plane waves
with close enough directions of propagation will have at least ch~2 nodal domains in
a given bounded set €2, for some ¢ > 0 depending on €.
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THEOREM 1. Let (X, g) be a Riemannian surface of non-positive curvature which
is Euclidean near infinity, and which satisfies (7) and (8). Let Qo C X be a bounded
open set. There exists € = €(Qy) > 0 such that for any wy,w; € St with |wy — w1| < €
and wy # wy, and for any non-empty open set Q C Qq, the following holds. For a
generic OF(Xy) perturbation g' of g, there exists a constant ¢ > 0 and hg > 0 such
that for all 0 < h < hg, we have

Nea(R(Ew(-,wo; ¢") + R(En (- wi;9'))) > ch™>.

The fact that we need to perturb the metric in a generic way is probably an
artefact of the proof. However, it is not clear if we really need to have two distorted
plane waves to produce ch~2 nodal domains, or if a single distorted plane wave could
be enough under some more stringent assumptions.

The cornerstone of the proof is Proposition 1, which implies that the sum of three
plane waves with random amplitudes will have a compact nodal domain with positive
probability. Our proof, though elementary, works only in dimension 2, and we do not
know if a similar result (with more plane waves) holds in higher dimension; if it did,
Theorem 1 would hold true in any dimension provided we replace the assumption on
the Hausdorff dimension of trapped set by a topological pressure assumption as in
[11].

REMARK 1. Distorted plane waves may also be defined on manifolds X which are
hyperbolic near infinity. We refer the reader to [11, Appendiz B] for the definition of
such manifolds, and of distorted plane waves in such a setting. They do still satisfy
(4) and an analogue of (5), and depend on a parameter w € X .

The analogue of Theorem 1 holds on manifolds which are hyperbolic near infinity,
replacing “for any wo,w1 € S' with |wy — wi| < €” by “for any wo,w; € 0X with
d(wo,w1) < €”, where d is the distance induced by the metric on 9X. The proof of the
statement on such manifolds is exactly the same as the proof of Theorem 1. Indeed,
the only thing we use about distorted plane waves in the proof of Theorem 1 is the
expansion (25), which was proved in [11], both on manifolds that are Fuclidean and
hyperbolic near infinity.

Idea of proof and organisation of the paper. The proof will heavily rely on
the results of [11], which say that on manifolds of negative curvature with a condition
on some topological pressure generalizing (8), distorted plane waves can be written
locally as a sum of plane waves (see section 3.1). The phases of these plane waves are
somehow “random”, at least in a generic case, due to the chaotic dynamics induced
by the negative curvature. However, the directions and amplitudes are perfectly
deterministic, and the amplitudes decay exponentially.

The situation is therefore quite different from the framework of Gaussian random
fields and from the Random Waves Model, and we are led to study the nodal domains
of a finite sum of plane waves with given amplitudes and direction of propagation,
but random phases. More precisely, we look for criteria which guarantee that, with
positive probability, such a function has at leat cR? nodal domains in a ball of radius
R.

We will present such a criterion in section 2. Though our study barely scratches
the surface of the problem, the criterion we find is enough to obtain the desired result
on sum of distorted plane waves, which we will prove in section 3.
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2. A criterion for a finite sum of plane waves to saturate the Courant
bound.

2.1. Definitions and statement of the criterion.

Stable nodal domains. In the sequel, we will want to perturb slightly the
functions we consider, so we have to give a definition of stable nodal domains, which
will not be affected by such perturbations.

DEFINITION 1. Let Q@ C R?, and f € C(Q). Let N € N, z1,....,2y € R? and
€ > 0. We shall say that x1,...,xN belong to different e-stable compact nodal domains
of f if for all g € C(R?) such that lgllc®2) <€, and for alli,j =1,...,N, x; belongs
to a compact connected component of {x € Q; f + g # 0}, and if x; and z; do not
belong to the same connected component of {x € Q; f + g # 0}.

If this is true for some choice of x1, ..., x N, we shall say that f has at least N e-
stable compact nodal domains. We shall say that f has N e-stable compact connected
components if f has at least N e-stable compact connected components, but f does not
have at least N + 1 e-stable compact connected components.

If f € C(R?), we shall write
Ny.o(R) = #{ Compact, e — stable nodal domains of f included in B(0,R)}. (9)

Note that Ny . is a non decreasing function.
In the sequel, we will be interested in compact nodal domains of a function of the
form

> aicos(k; - x + ;). (10)
i€l

Theorem 2 below gives us a lower bound on the number of nodal domains of such
a function, under some hypotheses on the direction k; and on the amplitudes a;, which
we shall now describe.

e-independence.

DEFINITION 2. Let kq,....,k, € R2, and let ,T > 0. We shall say that k1, ..., ky,
are (e, T)-independent if there exists u € S' such that for all 0,0' € T, there exists
t(0,0") € [0,T] such that

(9+t(k1 Uy o - u)) mod 1 € B(¢,e). (11)

We will sometimes say that k1, ..., ky, are e-independent if there exists T > 0 such that
k1,...,k, are (¢,T)-independent.

Note that if a family k of vectors is (¢, T')-independent, any non-empty subfamily
of k is also (e, T)-independent.
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For any € > 0 and n € N, there exists ¢(e) > 0 such that for any family of vectors
k = (ki,....,k,) € (R?)", the family k is e-independent if and only if there exists a
u € St such that

Vpi,...,pn € Z, (Zpik‘i ‘U= 0) = (Vi, Ipi| = O) ou (Hi7 |ki| > c(e)). (12)

We refer the reader to [3, §4] for a proof of this fact, and for a bound on ¢(e).

By contraposition of (12), the set of vectors which are not e-independent is a
union of a finite number of kernels of non-zero linear forms. Therefore, an application
of Baire’s Theorem gives us the following remark.

REMARK 2. For any ky,....kn € R2, for any €,6 > 0, the set of (k},...,kly) €
(R%)N such that (ki + K}, ...,kn + k) is e-independent and |k}| < 6 for alli=1,..,N
is open and dense in B(0,5) C RV,

Furthermore, if the family (ki,...,kn/) is e-independent for some n’ < N, then
the set of (k! iy, ki) € REN=") such that (ky, ..., kns, kng1 + kly s s by + Kiy)
is e-independent and |ki| < 0 for alli =n"+1,...,N is open and dense in B(0,0) C
RZ(an')‘

e-non-domination. We shall ask that within the amplitudes a;, there is not a
subfamily of amplitudes which dominates all the others, in the sense of the following
definition.

DEFINITION 3. Let € > 0 and let (a;)ic; be a finite or countable family of

real numbers. We shall say that (a;)ier is e-non-dominated if there exists (u;)i;cr €
{=1, 1311 such that

<e.

‘ E Uiaq

icl

For example, it is a standard exercise to show that if I = N and a; — 0 but
> ien @il = +oo, then (a;) is e-non-dominated for all € > 0.

If the (a;)ier can be regrouped by pairs a;, a;; with |a;| = |a;/|, then the family
will be e-non-dominated for any € > 0. We will always be in this situation in section
3.

Statement of the criterion. Let k = (k;);c; be family of vectors of St C R?
indexed by a finite set I, and let a = (a;);cr be a set of positive real numbers indexed
by I, such that Y., |a;|* = 1. We define the measure

Hk,a = Z ‘ai|2(5k7¢ + 5—k7~,)a
el

which is a probability measure on S', symmetric with respect to the origin.
If 0 = (0;);cs is a family of real numbers, we set

fakeo(x) = Z a;cos(k; - x +6;)
iel
Recall that the quantity Ny .(r) has been defined in (9).

THEOREM 2. Let I, k, a and 0 be as above. Suppose that the measures pix o on
S! has at least 6 points in its support.
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Then there exists strictly positive constants Rg, €o, €1, €2, €3 and ¢ depending only
on sup;c; a; and on the 6 points in the support of u and on their masses, such that
the following holds.

Suppose that the vectors (k;)icr are (g, Tp)-independent. Suppose furthermore
that there exists a disjoint partition S* = |_]lL:1 S) into sets of diameters all smaller
that €1, such that for alll = 1,...,L, the set {a;;i € I and k; € S;} is €2 non-
dominated.

Then for all v > Ry, we have

Nfa‘k,e,eg/Q (7") > cr?.

REMARK 3. This result is stable by small perturbations of a and k in the following
sense. Suppose that I, k, a and 0 satisfy the hypotheses of the theorem. Then there
exists €4 > 0 such that, if a’, k' and @' are such that |a — a’| < ¢4 and |k’ — k| < €4,
then

¢
/)k/,9;63 (T‘) 2 §T2.

Ny

al

An application to the torus. The aim of this paragraph is to explain how
Theorem 1 can be used to find a lower bound on the number of nodal domains of
some families of eigenfunctions on the torus.

These families will somehow be exceptional, since they are supported on a num-
ber of Fourier modes which does not depend on the frequency. This is hence very
different from the framework of [5], where the authors consider eigenfunctions which
are supported on a large number of Fourier modes. It would be interesting to obtain
a theorem which could describe the number of nodal domains in a larger framework
containing these two situations.

Take n > 3, and fix any ki, ..., k, € S! such that k; # +k; for all i,j € {1,...,n}.
For any € > 0 and i = 1,...,n, we may find kf € Z? and iff such that

o |kf| = |I%§| for any i,5 € {1,...,n}
k< ke
ki — IT%I k; — W
e The family J_, {k¢, k¢} is e-independent.
To obtain the last point, we simply made use of Remark 2.

Take any sequence of amplitudes ay,...,a, € R with aj,as,a3 # 0, and any
sequence of real numbers 61, ..., 0, él, 0,

The function f¢ € C*°(R?) defined by

° < € and <eforanyi=1,..,n.

n

f(z) = Z ai(cos(kf x4 0;) + cos(kS -z + él)>
i=1

will then satisfy all the assumptions of Theorem 2, provided that e is taken small
enough. Therefore, if € has been taken small enough, we may find for any n > 0 a
constant ¢ > 0 such that

c2
Nyemm 2 - (13)
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Now, for any p € N, the function

n

op(x) = f(pz) = Z ai<cos(pk:f -2 + 0;) + cos(pk -z + 91))

i=1
defines a function on T2, which satisfies
_A¢I) = A§¢P7

where A\, = plk{|.
The bound (13) allows us to find a constant ¢’ > 0 such that

/2
N¢PZC)\p.

2.2. Proof of Theorem 2. The proof relies mainly on the following proposition,
which we shall prove in the next subsection.

PRrROPOSITION 1. There exists €5 > 0 such that the following holds. Let
ki, ko ks € St be (e5,T)-independent. Then there exists Ro,eq > 0 such that for
each N € N and any k), ...,kly € S, there exist an open set Q C R**N such that for
all (ay,as,a3,dy,...,ay\) € Q, and (g1, pa, d3, P}, ..., d'y) € R3FN | the function

3 N
f(z) = Zaj cos(k; -a:—!—%)—l—Za} cos(kj -z + ¢) (14)

j=1 j=1
has an e4-stable compact connected nodal domain in B(0,T + Ry).

REMARK 4. This proposition implies that, if p is a symetric measure on S' with
at least 6 points in its support, then the Nazarov-Sodin constant of u, as defined in
[15] is strictly positive.

REMARK 5. The set Q C R3TN given by the proposition is almost conical, in the
following sense. If (a1,az2,as,al,...,ay) € Q, then if X > 0, the function

3 N
Z Aajcos(kj -z + ¢;) + Z Aa; cos(kj - + )
j=1

j=1
has a compact nodal domain which is \e4-stable and included in B(0,T + Ry).

Let us explain in an informal way the idea of the proof of Theorem 2 from propo-
sition 1.

We want to consider the function fake(x+y) = fu(y) = > a; cos(k;-x+k;-y+0;),
by seeing ¥ as a variable, and x as a parameter. To show that f has at least cr? nodal
domains in B(O,r), we will show that for every point xzq, there exists a parameter x
close to xg, such that f, has at leat a compact nodal domain. By covering B(O,r)
by cr? balls centred around different xy for some ¢ > 0, we will obtain the result.

Proposition 1 roughly says that if we consider a sum of plane waves with inde-
pendent random amplitudes, we will have a compact nodal domain with probability
> 0.

A priori, we do not have random amplitudes here, by the hypothesis of e-
independence between the directions of propagation k; roughly tells us that we can
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see the k; - x as random phases. To go from random phases ¢; to random amplitudes,
we want to use the following trick:

i — ki + ki i + Qi
cos(k; -y + ¢i) +cos(kir -y + ¢ir) = 2 cos (%) COS( —; ~y+¢ —;(b ) (15)
The factor QCOS(@) can then be seen as a random amplitude. Equation (15)

hence allows us to go from a sum of two plane waves with independent random phases
and having the same amplitude to a plane wave with a random amplitude.

To apply this trick, and put the function f,(y) in the framework of Proposition 1,
it is therefore essential that the amplitudes which we consider are two by two equals.
It is the hypothesis of e-non-domination which will ensure us that we are almost in
this situation, and which will allow us to prove the theorem.

Proof that Proposition 1 implies Theorem 2. Let €; > 0, and consider a disjoint
partition of S~1 = |_|lL:1 S; into sets of diameters all smaller that €;. Let us denote
by I; C I the subset of indices such that k; € S;. For each [, we fix a i; such that
kil € 5.

By assumption, on g = jik a, by possibly taking €; smaller, we may suppose that
there exists 3 sets Sy, , S,, Si, such that S;; N (fSl/j) = () for all 5,5’ € {1,2,3}, and
such that we have

1(Si;) > 0, (16)

for some constant cj > 0.
Take x,y € R%2. We have

flx+y) = Z%‘COS (ki -y +0;(2)),
iel
where
O;(x) :=k;-x+ 0.
For each [ =1, ..., L, let us write
fY(z) = Z a;cos(k; - x +0;).

i€l

Hence, if z,y € R?, we have
fllz+y) = Z aicos (ki -y +6;(x)) = Z a;(cos(ks, -y + 0i(z)) + O(|yler)).
il i€l

Using the non-domination. Suppose now that the set {a;;i € I;} is ex-non-
dominated for some ey > 0.
We may then find a partition of I; into two subsets J; and .J/; such that

Zai: Zai—i—m, (17)
ieJ; ieJ’;
where || < €.

LEMMA 1. Equation (17) implies that it is possible to build p; € N for each i € I,
and weights t}, ""t;,; such that the following holds, where we write J; := {(i,7);1 €
Jyoand j < p;}, and J'y = {(',5');i' € J'y and j' < py}.
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o For every i € I, ] 1t;—l
e There exists a bijection T : (i,7) — (i'(i,4),5'(i,7)) between J; and J'; such
that
ta; =t "(4.9) T+
j% = ](z])l(lJ) 70
where

Z |7“§| <7 < es.

(i,5)€ 1
e The set J; has a cardinal lower or equal than |1;].

This lemma, a bit technical to state, simply says that it is possible to break the
right-hand side and the left-hand side of (17) into small pieces, so that there are not
more than |I;| pieces on the right and on the left, and that to each piece on the left
corresponds a piece on the right which has almost the same amplitude.

Proof. The proof is done by recurrence on |[;|. If the set has cardinal 2, the result
is obvious by taking p; = 1, t{ = 1 for the two elements i.

Suppose that |I;| has a cardinal grater than two. There is at least one smaller
element in the a;, for ¢ € I;, which we shall write a;,. We may suppose for instance,
without loss of generality, that iy € J;. Take any 4(, € J';. (17) may be rewritten as

Z a; = Z ai+( Zz:?)ai()—Fm.

i€Ji\{io} i€J’\if o

By applying the recurrence hypothesis to this new equation which contains one less
term, we may deduce the lemma. O

We therefore have

fla+y) = Y thai(cos(ky -y +0i(x)) + O|yler))

(i,5)€]1

+ > thau(cos(ki, -y + 0 () + O(lyler))
(i",3")€T"

= Y [tai(coshi, -y + 6:(x)) + O(lyler))
(i)j)ejl

=+ tz»ai(cos(kil Y+ O () + O(|y‘61))} + iz, y)

- Z Qtj'ai[cos(ei(x)_Gi’(i,j)(@"))

- 2
(i,7)€T

61' +9i/i ;
X COS (k” -y + (SC) 5 ( 7])((E)) + O(|y|61):| —+ Tl(x,y)

where |r;(z,y)| < e for all z,y € R%

Turning independent vectors into independent amplitudes. Since we as-
sume that the vectors (k;);er are (g, To)-independent for some T > 0, we have that
for all ; € Tl and for all 2y € R?, there exists « € B(z, Tp) such that for all i € T,
10:(z) — il < eo.
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. = . 0,(x)—0,/,, .

Since we have |J;| < |I;|, this means that the phases M
any v; € TH! by moving z in B(xo, Tp).

In particular, for all zo € R? and for any sequence (b; ;)

can e-approach

ey, 7 With [ba ] <
S\t;ai|, we may find x € B(xo,Tp) such that for all (,7) € |J, Ji, we have

0i(w) — O; i) (z

by — 2t§ai cos ( 5

))\ < 2etia; < Coeo,

with Cp := max _2tia;.
(i,j)GU, Ji

Applying Proposition 1. For each z € R?, set

fay) = ZL: Z [Ztéai cos (91(37) - 91-/(1-,]‘)(33))} cos (kil “y 4 0i(x) + 92‘/(1',]')(3:)).
=1 (

~ 2 2
,J)EJ;

We want to apply Proposition 1 to the function f.

Thanks to (16), for each S;,,S;,,5j,, we may find (¢, j) € jlj such that t%a; # 0.
The 3 terms containing these in the definition of f, will correspond to the 3 first terms
in (14), while the remaining terms in f, will correspond the remaining terms in (14).

We want to make sure that the amplitudes [2t§ai cos (M)] fall in the
open set ) described in Proposition 1. Thanks to the previous paragraph, we know
that, if we take €y small enough, we can always find € B(xz¢,Tp) such that this is
true.

We obtain that the function f, has an e4-stable nodal domain in B(0,7 + Ry).

Since we have

‘fx(y) — faxo(r + y)| < e+ O(lyler),

we get that if we have €;, €2 and e3 small enough, then f, x ¢ has an e3 stable nodal
domain in B(z, T+ Ro), and hence has an ez-stable nodal domain in B(zo, T+ Ro+Tp)
for any z9. We may then find ¢ > 0 such that there are cR? disjoint balls of radius
T+ Ro + Tp in B(0,R) for R large enough. Since each of these balls contains an
es3-stable domain for f, x ¢, the theorem follows. O

2.3. Proof of Proposition 1. Let k = (kq, ko, k3) € (51)3 be such that for any
1 Saj/j < 3, ] 7’5 jl, we have kj 75 :tkj/.
For any family a = (ay,as,a3) € R?, write

3
ga(x) := Zai cos(k; - ).

The proof of Proposition 1 relies on the following lemma :

LEMMA 2. There exists €5, Ry > 0 and an open set Qy C R? such that for all
a € Qy, 0 belongs to an eg-stable compact nodal domain of ga, and this nodal domain
is contained in B(0, Ry).

Note that the set Q is almost a cone, in the sense that if a € Qy and if A € R\{0},
then zero belongs to a (|A|eg)-stable compact nodal domain of gxa.
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Fic. 1. The sign of the function f(z,y) = a1 cos(x) + az cos(y), with |az| slightly larger than
la1|. f is positive in the region in grey, and negative in the region in white. We want to add a third
cosine which is positive in A and C, and negative (or at least not too positive) in B and D, so as
to 7close” the nodal domain containing (0, 0).

Proof that Lemma 2 implies Proposition 1. Suppose that k = (k1, ko, k3) € (81)3
are (€5, T)-independent, for some €5 to be determined later.

Let (¢1, ¢2, ¢3) € R®. We may find # € B(0,T) such that for all j € {1,2,3}, we
have |k; -« + ¢;| < e5. We hence have for all j € {1,2,31} and for all y € R?:

’cos (kj - (z+y) + ¢;) — cos (k; y)‘ < Ces,

for some universal constant C' > 0.

In particular, if we take some coefficients a1, as, ag € Qi as in Lemma 2, and if €5 is
chosen small enough so that Ces sup;_; 5 5 a;| < %, we see that 2?21 a;j cos(k;-z+o;)
has an (eg/2)-stable compact nodal domain in B(0, Ry + T)).

Now, if N € N, we just have to impose that for all j = 1,..., N, we have |a}| < 7%
to make sure that the function

3 N
Z ajcos(kj -+ ¢;) + Za’j cos(kj - x + ¢)
j=1 =1

has an -stable compact connected nodal domain in B(0,7" + Rp). This concludes

the proof of the proposition. O

Before proving Lemma 2, let us give an informal sketch of the proof. Consider
first the sum of two cosine a; cos(ky - ) + ag cos(ka - ). It will never have a compact
nodal domain as soon as |ai| # |az|. However, if |a1] and |ag| are very close to each
other, the nodal domains are very thin in certain places, as represented in Figure
1. By adding a third cosine in a precise way, it is possible to ”obstruct these thin
passages”, thus building a compact nodal domain around the origin.

Proof of Lemma 2. We have by hypothesis three non zero real numbers A, u, v
such that Ak1 + uks + vks = 0. Dividing by the coefficient with the greatest modulus
and exchanging the vectors, we may assume that

kg = /\/kl + /.1,//427
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with |N| <1, [¢/] < 1.
Furthermore, we must have
(IN=1/2) # (1/2 = |i/]). (18)

Indeed, if there were equality in (18), then we would have |N'ky|+ |u'k2| = [N+ |p/| =
1 = |k3| = |Nk1 + k2|, which would imply that ky and ko are collinear.

In particular, we have cos(u/m) # — cos(Nm). Without loss of generality, we may
thus suppose that

If cos(p/m) and cos(N'7) do not have the same sign, then | cos(\'m)| < | cos(u'x)].
(19)
Without loss of generality, we will always suppose that a; > 0.

Step 1 : understanding the sum of two cosine. From now on, we will suppose that
a; —e<as <aj,

with € << 1 to be determined later.
We shall write S := {z € R*;z - k; = £ and x - ks € [-m;7]}. For z € 1, we
have

Jay.,a2,0(T) = —ay + azcos(ke - ) < —e < 0.
Furthermore, we have for z € Sy,
Gara2,0(2) = —a1+az(1— (ko -2)* /24 0o((ka-2)*) < —& — (ko -2)* +0((k2-2)?). (20)

We deduce from this that for any A > 0, there exists c4 > 0 independent of &
and a €4 > 0 such that for all 0 < e < e4 and for all z € Sy, we have :

|z - ka| > cavE = Gay a0.0(x) < —Ae (21)

Next, we consider the set Sy := {x € R2 such that z - ks = +7 and such that z -
ki € [-m;7]}. If € Sa, we have

Gay,a2,0(x) = aq cos(ky - ) —as < e.

Furthermore, just as before, we see that for each B > 0, there exists a cg > 0
independent of ¢ and an eg > 0 such that for all 0 < ¢ < g, and for all z € Sy, we
have

|z - k1| > cBVE = Gay.a0.0(x) < —Be. (22)

Step 2 : adding a third cosine. We now consider the function go, g,,q5- As long
as |az| < 2|a1| — &, we have gq; 44.45(0) > 0. Let us find conditions on ag which will
guarantee that go, q,.q4() < 0 if € S U Sy, which will show that gg, a,,q, has a
compact nodal domain.

Let # € Sy be such that |z - k| < e'/%. Then we have k3 -z = Nky -2+ p'ky -2 =
N7 + O('/*). Therefore, we have

|z - ko| < e/* = cos(ks - ) = cos(|N|7) + O(/*). (23)
Similarly, for all x € S5, we have

|- k1| < eY* = cos(ks - z) = cos(u/'7) + O('/*). (24)
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Suppose first that cos(\'7) and cos(u/7) have the same sign. This means
that ||, |¢'| > 1/2, so that the sign of cos(A'7) must be negative. We may take

R 2e 2 }
s min(| cos(N'7)|, | cos(p/'m)|)" | cos(Nm)|d’

If ag is chosen so, then we have gq, a,,05(0) > 0 as long as ¢ is small enough. Take
A= B =2+2/min(| cos(\')|, | cos(p/'n)]|),

and cga, cp as above. Since |ag| < Ae, Be, we see from (21) that for all z € S; such
that |z - k2| > cav/e, we have ga, ay.05(2) < 0. Similarly, from (22), we have that for
all z € Sy such that |z - k1| > cg/e, we have ga, 45,05 (%) < 0.

Now, if 2 € Sy is such that |z-ka| < cav/e, or if & € Sy is such that |z-ks| < cpy/e
we have from (23) and (24) that ag cos(ks - ) < —2e. Therefore, gq,,a4,a5(x) < 0 for
all z € S1US,. Therefore, gq,,q4,,0; has a compact nodal domain which is eg-stable
for e small enough, and which belongs to B(0, Ry) for Ry large enough.

All in all, we have shown that g, 4,4, has an eg-stable compact nodal domain in
B(0, Ry) for all (a1, as,as) such that a; — as € (0,e0) and a3 € (—(az —ay) — (a1 —
as)/c; —(ay —ag)/c) for some ¢ depending only on kq, ko, k3. This is a non-empty open
set, and the connected which proves the lemma.

Suppose that cos(\'7) and cos(u/m) have opposite signs. Then (19) implies
that | cos(N')| < |cos(p'm)|. In particular, we have | cos(u/m)| # 0.
Take

—sgn(cos(u'm))e —sgn(cos(u'm))e ] '

< [1/3| cos([/[m)[ + 2/3[ cos(am)| 2/3[ cos([u/[m))] + 1/3] cos(Ar)]

If ag is chosen so, then we have gq, a,,05(0) > 0 as long as ¢ is small enough. Take
A= B=1/|cos(\N')|,

and c4, cp as above. Since |ag| < Ag, Be, we see from (21) that for all 2 € Sy such
that |z - ko| > cav/e, we have go, a5 .q4(2) < 0. Similarly, from (22), we have that for
all z € Sy such that |z - k1| > ¢/, we have g4, a4y.05(2) < 0.

Now, if x € Sy is such that |z - k2| < ca+/e, we have from (23) that

el cos(|N' )]
0 : ks - <
< s cos(hs ) < sl + 23] cos (V)

+ o(e).

- [cos(|N' )|
Since e T2/3 eosormy] < 1» we deduce from (20) that ga, 45,05 <0 on Sy.

If © € Sy is such that |z - k2| < cg\/e we have from (24) that

- el cos(|/'m)|
= 2/3[cos([m)] + 1/3] cos(Ar)|

|as cos(ks - x)

+ o(e).

[ cos(|p'm)]

Since 573 F1/aTeosony] > L We deduce from (24) that ga; 4y.05 < 0 on Ss.

Hence, gq,,a5,05(2) < 0 for all & € S; U Sy. Therefore, ¢4, 45,05 has a compact
nodal domain, which is eg-stable for eg small enough, and contained in B(0, Ry) for
Ry large enough.

All in all, we have shown that g4, ,.q; has a compact nodal set for all (a1, as, as)
such that a; —as € (0,20) and as € ((a1 —a2)/c; —(a1—az)/c’) for some ¢, ¢ depending
only on ki, ks, k3. This is a non-empty open set, which proves the lemma. O
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3. Proof of Theorem 1. Before proving Theorem 1, let us recall the main fact
from [11] which we will use in the proof.

3.1. Recall of the results of [11]. Let O C X be a bounded open set, and let
X € C(X) be equal to 1 on O. The main result in [11] implies that we can write

M| log h|
XEp(z,w; g) Z Z ag(z;w, g, h)es@wa/h L R, (25)
n=0 BeByn

Here, M > 0, and B, , is a set whose cardinal grows exponentially with n. The
ag are smooth functions of x,w, and their derivatives are bounded independently of
h. The g are smooth function defined in a neighbourhood of the support of ag. We
have

[Billoc = O(h).

Furthermore there exists P < 02 such that, for any ¢ € N, € > 0, there exists Cy
such that

> llagllor < CreemPte). (26)
BEBy,n

It was shown in [11, Corollary 2] that for any z € X w € S', and ng € N we have
ST Y Jap(iwng)l > 0. (27)
nZ"o ﬂeBx,n

To obtain (25), the author built a well-chosen open cover of S* X, denoted (V;)pe 5,
with all the V4 bounded except one. The set B, , is actually a set of words on the
alphabet B, of length approximately n.

Interpretation of s in terms of classical dynamics. For each w € S!,
define

Ay ={(z,w);z € X\ Xo}.
If B=b,...,by, define
DY (Ay) = Voy N (Vi , NO'(.Vh, NN (AL)..)).
It was shown in [11] that
Y (Ay) = {(, Vaps(z;0)); 2 € O}, (28)

for some set Op C mx(Vpy ). Therefore, Vo, (x;w, g) is the direction of the unique
trajectory coming from A, which was in V;, at time k, and which is above z at time
N.

REMARK 6. As explained in [11] (this is, for instance, a consequence of Corollary
4), if K # 0, then for any x € X and anyw € S*, the vectors V,p(x,w, g) are different
for different values of (3.

2P is actually the topological pressure associated to half the unstable Jacobian of the flow on
the trapped set (see [11] for more details). The fact that this number is negative is equivalent, in
dimension 2, to condition (8).
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2. From Theorem 2 to Theorem 1.

Proof. Let us fix y € C°(X) be equal to one on . From now on, we fix 2y € ,
and consider a local chart v from an neighbourhood of the origin in R? to an open
neighbourhood of zg included in . For all > 0, the results of section 3.1 give us a
M, > 0 such that for all A > 0 small enough, we have for all x € B(0, h=1/3)

M,

=3 S (@(w0iw) + Offa|h))eh #o o) HiTay a0t Oel | g
n= OﬁGBIC n

M,

:Z Z a%(xO;w)ehwﬁ(wo,W)-HVmows(lo,w)m_i_Rm
n=0B€Bk n

where || Ryllc(po,n-1/3)) < 0

Let us write Fj,(z) = R(En(z,wo)) + R(Ep(z,w1)). Since w — af(wo;w) is
continuous for every 3, we deduce that there exists €, > 0 such that if [wg —w1| < €,
we have for x € B(0,h=1/3):

M, ,
Rt =3 T Raenunlet s Ty
n=0 BEBx n

+ a%(xo; wl)e%mwo;wlwvmmle”} +2R,

n= OﬁeB/c n

+ 6}%90{1‘(IO§W1)+inO<P[3(m0§wl)'1):| + R;W

where || R} (g (o,n-1/3) < 3n. The value of > 0 will be fixed at the end of the proof.
This can be rewritten in a more condensed way as

Z Z [bg cos (z-kp, w0—|—95 n)+bg cos (z-kpg, w1+95 h)] +R;(z). (29)
n=0 B€Bx n

Here, we have kg, = kgw,(T0) = Vaop(zo,w;) for i = 0,1 and bg = bg(zg) =
|ap(zo,wo)l-

REMARK 7. If O @ X is an open set, and if ¢’ is a small enough perturbation
of g in the sense that C*(O), then the manifold (X, g") will still satisfy (7) and (8),
so that the resuls from section 3.1 will apply, and we will have a similar expression
for Fp(p(hx)) on (X,g'). Furthermore, all the objects appearing in the decomposition
(29) depend on the metric in a continuous way. When we will want to emphasize the
dependence of the directions of propagation on the metric, we will write kg ., (g’).

We want to apply Theorem 2 to the function
G(z) = Z Z {bg cos (2 kg u, —|—95 n) +bscos (z- kg, +0[5 h)} (30)
n=0BEBk,n

The first hypothesis in Theorem 2 is that there are at least six different kg, with
non-zero amplitudes. We know from Remark 6 that the kg, take different values
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P1

P2

Fic. 2. The curve in red going from p1 to p2 is a geodesic for the metric g. By perturbing the
metric in 2, we can obtain a geodesic going from p1 to p’2.

for different 5. Furthermore, we have by (27) that infinitely many amplitudes bg are
non-zero. We may therefore find a constant ¢y > 0 and six indices 3;, ¢ = 1, ...,6 such
that bg, > co.

In Theorem 2, the constants Ry and e3 depend only on the supremum of the
amplitudes, and on the positions and amplitudes associated to the six points men-
tionned in the statement. In particular, if we can check that the two other hypotheses
of Theorem 2 are satisfied for metrics ¢’ in a neighbourhood of g, then Ry and e3 will
depend continuously on g'.

We may take N large enough, and hg small enough so that for all A < hg and all
o € O, we have

€3
[Bh + Rellc(po,n-1/3) < 5 (31)

Note that the hypothesis of e€;-non-domination is always satisfied as soon as € is
chosen small enough, since the amplitudes in front of the cosine are two by two equal
for close enough directions of propagation.

To make sure that the hypothesis of e¢p-independence is satisfied, we must now
perturb the metric in a generic way.

Local perturbation of the metric. The following lemma is standard, and can
for example be seen as a consequence of Proposition 5 in [21]. Note that it holds in
any dimension. See Figure 3.2 for an illustration of the statement.

LEMMA 3. Let O C X be a small open set. Fiz a distance dg+x on S*X, and a
way of computing the C* distance dor (o) between metrics in Go.

Let p1, p2 € S*X such that wx(p1), 7x(p2) € 00, wx(p1) # wx(p2). We suppose
that there exists T € R with ®] (p1) = p2, and wx (®L(p1)) € O for all t € (0,T).
Then there exists g > 0 such that the following holds.

Let phy € S*X with wx (p5 € 0O) be such that dg-x (p2, ph) = € < €g. Then there
exists g' € Go with ||g — ¢'llcr(0) = 0c—0(1) and T" > 0 such that <I>g7 (p1) = phy and
mx (®!,(p1)) € O for all t € (0,T").

DEFINITION 4. We will say that the property P(g', €, wo, w1, N) is satisfied if the
family {kg ., (g'); B € Bn,n < N,i=0,1} is e-independent.
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LEMMA 4. There exists an open set O € Xo such that for all € > 0, wy,w, € St
and N € N, P(z,¢', €,wo, w1, N) is true for a generic perturbation g' of g in O in any
C*(O) topology for k > 2.

Proof. Recall that we write A, = {(z,w),x ¢ Xo}, and that by (28), kg (g) is
the direction of the unique trajectory coming from A, which is above x( at time n,
and which was in V3, at time k for k& < n—1. Therefore, kg ,(g) depends continuously
on g in the C*(O) topology for k > 2, and hence P(z,¢’, €, wp, w1, N) is true for ¢’ in
an open neighbourhood of g by Remark 2. Let us show that this open set is dense.

Note that, X being Euclidean near infinity, for any 29 € X and w € S', there
exists at most one trajectory starting from a point in A, and going through xy without
going through X,. This is the case precisely when xo belongs to the Euclidean region,
and the trajectory is a straight line. If such a trajectory exists, it therefore corresponds
to 5 =(0,...,0).

o and w being fixed, we may find an open set O @ X such that there exists at
most one trajectory starting from a point in A,, and going through z¢ without going
through O. O being an open set, this property will remain true if we perturb slightly
the metric, and if we replace w by some w’ close enough from w.

For each w;, i = 0,1 and each 8 € By # (0,...,0), k < N, let us take a small open
set Op . C O such that

0if B #£Bori+#j

t>0; ot Jkagr o €0y} =
2 05mc(@7 (w0 kg, )) € Opu) {]tutz[withh<t2if6’:ﬁandi:j.

It is always possible to find such open sets, since the trajectories we consider are in
finite number, and they are all disjoint.
Let k be a vector close enough from kg, , so that

{t >0 57mx (27" (20, kpw,) € Op .} =t t5[# 0.

We have in particular that ®'1 (zg, k) is close from ® (z, ks, ).
By Lemma 3, we know that it is possible to perturb the metric in O%’wi so that
the trajectory of (®f,) which starts in (®, " (z¢, kg ;) leaves S*Oj , in the future in

o, " (20, k).

By perturbing the metric slightly in such a way, we may therefore modify slightly
a direction kg, as we wish, without changing the other directions kg ;.

Since, on the other hand, for 8 = (0,...,0), the family (kg .u,,k8w,) IS €
independent as long as we take wy and w; close enough from each other, we deduce
from Remark 2 that the set of metrics ¢’ such that P(z,¢’, €,wp, w1, N) is satisfied is
dense in a neighbourhood of ¢g. O

End of the proof of theorem 1. For a C*(0)-generic perturbation of g, we
may apply Theorem 2 to the function G, in (30). We obtain that there exists ¢ > 0
such that for 7 large enough, this function has at least ¢r? nodal domains which are
es-stable. By taking 1 < €3/6, the remainder in (29) can be made smaller that e3/2,
so that R(Ep (-, wo;¢")) + R(En(-,wi;¢’)) has at least ch~2/? nodal domains contained
in a ball of radius h2/? around zo.

Since the kg o, (z0) and bg(zo) depend continuously on xy, we may use Remark
3 to find €5 > 0 small enough, so that for all z; € B(zg,€5), G, has at least cr?/2
nodal domains which are %-stable, so that R(Ep(-,wo;g’)) + R(En(-,wi;9')) has at
least ch~2/3 nodal domains contained in a ball of radius h2/3 around z.
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We may find ¢/h~*/? points x; € B(xg,€s5), with ¢ > 0 independent of h, such
that the balls B(z;, h?/?) are two by two disjoint. By what precedes, in each of these
balls, R(Ep(-,wo; 9')) + R(En(-,wi; ¢')) has at least ch~?/3 nodal domains. All in all,
R(En(-,wo; ")) + R(ER(-,w1;¢')) has at least ¢’h~2 nodal domains in B(xg, €5). This
concludes the proof of Theorem 1. O
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