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AUTOMORPHISM GROUPS OF INOUE AND KODAIRA SURFACES*

YURI PROKHOROV! AND CONSTANTIN SHRAMOVT

Abstract. We prove that automorphism groups of Inoue and primary Kodaira surfaces are
Jordan.
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1. Introduction. It sometimes happens that groups of geometric origin are com-
plicated and difficult to study. On the other hand, in many situations they are easier
to access on the level of their finite subgroups. In particular, the following notion
appeared to be very useful.

DEFINITION 1.1 (see [Popll, Definition 2.1]). A group T is called Jordan (al-
ternatively, we say that T' has Jordan property) if there is a constant J such that for
every finite subgroup G C I' there exists a normal abelian subgroup A C G of index
at most J.

An old result due to C. Jordan says that the group GL,(C) is Jordan (see
e.g. [CR62, Theorem 36.13]). S. Meng and D.-Q. Zhang proved in [MZ18] that an au-
tomorphism group of any projective variety is Jordan. T. Bandman and Yu. Zarhin
proved a similar result for automorphism groups of quasi-projective surfaces in [BZ15],
and also in some particular cases in arbitrary dimension in [BZ18]. J. H. Kim in
[Kim18] generalized the result of [MZ18] to the case of automorphism groups of com-
pact Kéhler varieties. There are many further results on the Jordan property for
diffeomorphism groups of smooth compact manifolds, see [Pop16], [CPS14], [Munl6],
[Mun14], [Munl3], [Munl7], [Munl8], [Yel7], and references therein. There are also
numerous results concerning Jordan property for groups of birational automorphisms
of projective varieties, see [Ser09], [Popl1], [PS16], [PS14], [PS18al, [BZ17], [PS17],
[PS18b], [Yasl7].

Our goal is to study finite subgroups of automorphism groups of compact complex
surfaces, that is, connected compact complex manifolds of dimension 2. Recall that
such a surface is called minimal if it does not contain smooth rational curves with
self-intersection equal to (—1). There is a classification of minimal compact complex
surfaces, known as Enriques—Kodaira classification, see e.g. [BHPVAV04, Chapter VI].
Two important classes of such surfaces are Inoue surfaces (see [Ino74]) and primary
Kodaira surfaces (see [Kod64, §6], [BHPVAV04, §V.5]). The former are minimal
compact complex surfaces of Kodaira dimension —oo, vanishing algebraic dimension,
vanishing second Betti number, and containing no curves. The latter are minimal
compact complex surfaces with trivial canonical class and first Betti number equal to
3. Both of these classes do not contain projective or Kahler surfaces, so the methods
of [MZ18] and [Kim18] do not provide an approach to their automorphism groups.

The main goal of this paper is to prove the following.
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THEOREM 1.2. Let X be either an Inoue surface or a primary Kodaira surface.
Then the automorphism group of X is Jordan.

One feature of our proof that we find interesting to mention is that Inoue and
Kodaira surfaces are treated by literally the same method which is based on the fact
that they are diffeomorphic to solvmanifolds (cf. [Has05, Theorem 1]), and for which
we never met a proper analog in the projective situation. It is possible that one can
generalize this approach to higher dimensional solvmanifolds.

The plan of the paper is as follows. In §2 we collect some auxiliary facts. In
§§3-6 we establish assertions about discrete groups (more precisely, Wang groups,
see [Has05]) that will be used in our analysis of automorphism groups of surfaces.
In §7 we prove Jordan property for automorphism groups of Inoue surfaces. In §8 we
do the same for automorphism groups of primary Kodaira surfaces. Our main result,
Theorem 1.2, is just a composition of Lemma 7.6 and 8.3.

NotAaTION. For every group I' we denote by z(I') the center of I', and for a
subgroup IV C T" we denote by z(I",T) the centralizer of IV in I". Given a compact
complex surface X, we denote by Jx its canonical line bundle, by b;(X) its i-th
Betti number, by xtop(X) the topological Euler characteristic, by »(X) the Kodaira
dimension, and by a(X) the algebraic dimension of X By h?%(X) we denote the
Hodge numbers h?9 = dim H?(X, Q% ), where QF is the sheaf of holomorphic p-forms
on X.

Acknowledgements. We are grateful to M. Finkelberg, S. Gorchinskiy, S. Ne-
mirovski, D. Osipov, E. Rousseau, and M. Verbitsky for useful discussions.

2. Preliminaries. In this section we collect several auxiliary facts that will be
used in the remaining parts of the paper.

We say that a group I' has bounded finite subgroups if there exists a constant
B = B(T') such that for any finite subgroup G C I one has |G| < B. If this is not
the case, we say that I has unbounded finite subgroups. The following result is due to
H. Minkowski (see e.g. [Ser07, Theorem 1]).

THEOREM 2.1. For every n the group GL,(Q) has bounded finite subgroups.

LEMMA 2.2. Let
1—I"—T1—T1"

be an exact sequence of groups. Suppose that T is Jordan and T has bounded finite
subgroups. Then T' is Jordan.

Proof. Obvious. O

The following facts from number theory are well known to experts; we include
their proofs for the reader’s convenience.

LEMMA 2.3. The following assertions hold.

(i) Let « be an algebraic integer such that for every Galois conjugate &’ of o one
has |&/| = 1. Then « is a root of unity.

(ii) Let n be a positive integer. Then there exists a constant € = e(n) with the
following property: if an algebraic integer o of degree n is such that for every
Galois conjugate o of a one has 1 —e < |o/| < 1+ ¢, then « is a root of
unity.
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Proof. To prove assertion (i), fix an embedding Q(«) € C. Then & is a root
of the minimal polynomial of o over Q. Hence & is an algebraic integer. On the
other hand, one has @ = a~!. Since both a and a~! are algebraic integers, we
conclude that all non-archimedean valuations of « equal 1. At the same time all
archimedean valuations of a equal 1 by assumption. Therefore, assertion (i) follows
from [Cas67, Lemma I1.18.2].

Now consider an algebraic integer a of degree n such that all its Galois conjugates
have absolute values less than, say, 2. The absolute values of the coefficients of its
minimal polynomial are bounded by some constant C' = C(n); for instance, one can
take C' = 22", Consider the set of polynomials with integer coefficients

0= {Q =a"+an,_ 12" "+ ... +ag ‘ la;] < C, and Q is irreducible}.
The set Q is finite. Put
II= {(:vl, cey Tn) ‘ x1,...,T, are different roots of some polynomial Q) € Q} cCcn.

Then IT is a finite subset of C"; furthermore, all algebraic integers of degree n such
that all their Galois conjugates have absolute values at most 2 appear as coordinates
of the points of II. There is a number u = p(n) such that for every point P =
(a1,...,ay,) € II the inequalities 1 — p < || < 14 w for all ¢ imply that |o;| = 1 for
all 7. In the latter case a; are roots of unity by assertion (i). Thus it remains to put
€ = min(p, 1) to prove assertion (ii). O

LEMMA 2.4. Let M € GL,,(Z) be a matriz. Suppose that for every C there is an
integer k > C' such that there exists a matriz Ry, € GLy(Z) with R} = M. Then all
eigen-values of M are roots of unity.

Proof. Let A\ be an eigen-value of Ry. Then Ay is an algebraic integer of degree
at most n, because it is a root of the characteristic polynomial of the matrix Ry.
Moreover, A} is an eigen-value of M. This means that

y lmin § |/\k| < k\/ lmamv (25)

where [, and l,,4, are the minimal and the maximal absolute values of the eigen-
values of the matrix M, respectively. Both of the above bounds converge to 1 when
k goes to infinity. All Galois conjugates of Ay are also eigen-values of Ry, hence the
inequality (2.5) holds for them as well. Therefore, for k large enough all eigen-values
of Ry, are roots of unity by Lemma 2.3(ii), and thus so are the eigen-values of M. O

3. Lattices and semi-direct products. Consider the groups I'y = Z3
and I'; 2 Z. Here and below we will use multiplicative notation for the operations in
all arising groups, in particular, in I'y and I';. Let v be a generator of I';. Fix a basis
{81,82,85} in T'y. Then End(Ty) can be identified with Matsx3(Z), and so for any
integral 3 x 3-matrix M = (m; ;) one can define its action on I'y via

M(8;) = 8" 85185
If M € GL3(Z), this defines a semi-direct product I' = T’y x I';.
The following facts are easy exercises in group theory.

LEMMA 3.1. Suppose that the matriz M does not have eigen-values equal to 1.
Then the following assertions hold:
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(i) [I,T] =Im(M —1d) C Tg is a free abelian subgroup of rank 3;
(ii) one has T = z([T,T],T); in particular, Ty is a characteristic subgroup of T';
(iii) the center z(T') is trivial.

Proof. The subgroup [I',T'] C Ty is generated by the commutators
by, 8:] = yoy 18,1 = 87 o 5,

where i = 1,2,3. Therefore, it can be identified with the sublattice in I'g that is
the image of the operator M — Id. Since the latter operator is non-degenerate by
assumption, we conclude that [[',T] is a free abelian group of rank 3. This proves
assertion (i).

Since T’y has no torsion, by assertion (i) we have z([I',T'],I') = z(To,T") D T\.
Thus, to prove assertion (ii) it is enough to show that no non-trivial power of y is
contained in the above centralizer. But if y* € z(Tg,T'), then (M — Id)* = 0. This
contradicts our assumptions, which proves assertion (ii).

By assertion (ii), we have z(I") C T'g. Considering the commutators with v, we see
that z(I") € Ker(M —Id). Thus, we have z(I') = {1}, which proves assertion (iii). O

It also appears that one can easily describe all normal subgroups of finite index
in I' (and actually do it in a slightly more general setting).

LEMMA 3.2. Let Ao be an arbitrary group (and I'v = Z as before be a cyclic
group generated by an element y). Consider a semi-direct product A = Ao x I'y. Let
A’ C A be a normal subgroup of finite index. Then

(i) A" = Al x T, where A) = A' N Ag, and T = Z is generated by Y& for

some positive integer k and & € Ag;

(ii) A/A" has a normal subgroup of index k isomorphic to Ag/Aj.

Proof. The subgroup A’/A({ has finite index in I'y = Z. Thus it is generated by
the image of an element v* for some positive integer k. Choose a preimage 8 = y*§ in
A’ where § € A{,. Let '} be the subgroup of A’ generated by 6. Then A’ is generated
by its subgroups Aj and I'} = Z. This proves assertion (i).

Consider the image Ay of Ag in the quotient group A/A’. It is isomorphic to
Ag/Aj. Furthermore, the quotient (A/ A")/Ap maps isomorphically to the quotient
of I'y by the subgroup generated by y*. Thus, Ag is a normal subgroup of index k
in A/A’. This proves assertion (i). O

LEMMA 3.3. Let I' =Ty x I'y be a semi-direct product defined by a matriz M as
above. Suppose that the matriz M does not have eigen-values equal to 1, and at least
one of its eigen-values is not a root of unity. Then there exists a constant v = v(T")
with the following property.

Let T' = 1"0 X 1"1, where I‘O ~ 72 and I‘1 > Z. Suppose that I' contains T as
a normal subgroup. Then the group G = 1"/1" is finite and has a normal abelian
subgroup of index at most v.

Proof. The group G is finite for obvious reasons. By Lemma 3.1(ii) we
have ['y = 'NTy. Thus by Lemma 3.2 there is a positive integer k£ with the fol-
lowing properties: first, the subgroup I'y C I' is generated by an element V8, where
Y is a generator of I'1, and § is an element of I'o; second, the group G contains a nor-
mal abelian subgroup of index k. Note that the subgroup I'g is normal in I‘ because
I' is normal in f‘, while T'g is a characteristic subgroup of I' by Lemma 3.1(ii). Let
R € GL3(Z) be the matrix that defines the semi-direct product I' = T'g x T'y. Consid-
ering the action of the element ¥ on the lattice I'g 2 Z? and its sublattice 'y = Z3, we
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see that R is conjugate to M. Thus k is bounded by some constant v that depends
only on M (that is, only on I') by Lemma 2.4. O

4. Heisenberg groups. Let r be a positive integer. Consider a group
f%ﬁ(T) = <61,62,63 | [51',53] = 1, [51,52] = 5§> (41)

One can think about J#(r) as the group of all matrices

€ GL3(Q),

o O =
[
= SUsle

where a, b, and c¢ are integers. One can choose the generators so that the element 8,
corresponds to a = 1, b = ¢ = 0, the element & corresponds to a = 0, b = 1,
¢ = 0, and the element &3 corresponds to a = b = 0, ¢ = 1. The group (1)
is known as the discrete Heisenberg group. The center z(J(r)) = 7 is generated
by 83, while the commutator [(r), #(r)] is generated by 85. For the quotient
group S (r) = H(r)/ z(A(r)) one has J(r) = 7.

LEMMA 4.2. Every subgroup of finite index in J€(r) is isomorphic to (r'") for
some positive integer v'. Fvery subgroup of infinite index in € (r) is abelian.

Proof. Let A be a subgroup of 5 (r). Denote by A, the intersection ANz(F(r)),
and let A = A/A, be the image of A in JZ(r).

Suppose that A has finite index in J#(r). Then A, has finite index in z(.#(r)),
so that it is generated by 6§ for some positive integer k. Furthermore, A has finite
index in ﬁ(r) =~ 72, so that A = Z2. Choose generators 0;, i = 1,2, of the group A,
and let 0;, i = 1,2, be their preimages in A. Then A is generated by 01, 02, and 8%.
One has [01,05] = 8¢ for some integer d. In particular, we see that d is divisible by
k. This implies that A = JZ(r") for v’ = I%‘.

Now suppose that A has infinite index in Z(r). If A, is trivial, then A = A is
abelian. So we may assume that A, is not trivial. This means that A, has finite index
in z(#(r)) = Z, and A has infinite index in #7(r). The latter implies that A = Z.
Thus A is a central extension of a cyclic group, so it is abelian. O

Note that a subgroup in J(r) generated by 8¢, 82, and 8% is isomorphic to
H (“—CT) Hence any group (1) is realized as a subgroup of a given group J2(r).
We will be interested in properties of normal subgroups of JZ(r).

LEMMA 4.3. Let Ty C (r) be a normal subgroup of finite index, and
put Go = H(r)/To. Then there are integers a1, as,as, by, by, bs with a1by — asby # 0,
and ¢ > 0 such that 8§ generates the intersection of T'g with z(7(r)), and

Lo = (8]85285°, 878528%, 85).
Moreover, the number ¢ divides r ged(a1, as,b1,b2), one has

FO o % (T|a1b2 — a2b1|> 7
C

and the group Go contains a normal abelian subgroup of index at most ged(ay, by).

Proof. Since Gy is finite, the image Lo of Ty in 7 (r) is isomorphic to 7Z?. Choose
the vectors (a1, az) and (by,bs) in 7 (r) = Z? generating I'g. The group I'g contains
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the elements ¢ = 8163265 and & = 82185285 for some integers az and bs. The
subgroup of 'y generated by ¢ and & maps surjectively to I'g. Hence I'y is generated
by ¢, &, and the intersection I'o Nz(.#(r)). The latter is a subgroup of z(J(r)) = Z,
and thus is generated by some element of the form &5.

Since the subgroup I'y is normal, we have égbl = [01,{] € Ty, so that ¢ di-
vides ras. Similarly, we see that ¢ divides ray, rby, and rbs, and thus also divides
rged(ay, az, by, ba).

It is easy to compute that [, &] = 5g(a1b2_a2b1). Therefore, one has

r|a1b2 — a2b1|)

c

FOZ%(

Let F be the subgroup of #(r) generated by the elements 85 and 83, and F' be
its image in Gy. The subgroup F is a normal abelian subgroup of #(r), hence Fis
a normal abelian subgroup of Gy. Let f: 52(r) — GO/Z:" be the natural projection.
Then the group Go/F is generated by f(81), and one has

FI) = F(0) =1=f(&) = f(57").

Hence [Go : F] = |Go/F| is bounded from above by (and actually equals) the num-
ber ged(ay, by). O

An immediate consequence of Lemma 4.3 is the following boundedness result.

~ COROLLARY 4.4. Let Ty C Iy be a normal_subgroup, where I'o = H(r1) and
Iy & 5(re). Then the quotient group Go = T'g/Tq is finite, and Gy contains a
normal abelian subgroup of index at most ry.

Proof. The group Gy is finite for obvious reasons. By Lemma 4.3 there are integers
a1, as,b1,be with a1by — asb; # 0, and ¢ > 0 such that ¢ divides r ged(aq, as, by, ba),
one has

r2]a1by — azb |
™ = )
c
and G contains a normal abelian subgroup of index at most gcd(aq,by). On the other
hand, one has

rala1by — agbi]| o T2 ged(ar, by) ged(az, ba)
¢ - c
ro ged(ar, as, b, ba)

> ged(aq,by)
c
2 gcd(al, bl)
0

5. Heisenberg groups and semi-direct products. Consider the groups I'y =
H(r) and Ty = Z. Let vy be a generator of I'y. Counsider a semi-direct product
I' =Ty x I'y. The action of y on I'y gives rise to its action on

fo = Fo/Z(Fo) = ZQ,

which is given by a matrix M € GLg(Z) if we fix a basis in [y (cf. [Osil5] for a
detailed description of the automorphism group of the discrete Heisenberg group).

LEMMA 5.1. The following assertions hold.
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(1) One has ydzy~! = 8get M.

(ii) The center z(T") is trivial if and only if det M = —1.
(iii) One has [T,T] C Ty.

Proof. For i = 1,2 one has
]/(Sﬂ/il — 61”116;”216;?,

where M = (m;;), and p; are some integers. Obviously, we have yd3y~! = &% for
some integer ¢t. Therefore

rt ry,—1 —1g—-1,,—1 M1,1 ¢M2,1 ¢M1,2¢M2,2¢~M2,1¢—M1,1¢~M2,2¢M1,2
S5 = yohy Tt = 818507 165 by Tt = 8L s 25 2, R s M, 2 g)

_ ér(m1,1m2,2—m1,2m2,1) _ grdet M

- Y3 - Y3 ’

which implies assertion (i). Assertion (ii) easily follows from assertion (i). Asser-
tion (iii) is obvious. O

We will need the following notation. Let Y be a group, and A be its subset.
Denote

rad(A,Y) = {g € T | g* € A for some positive integer k }.

If A is invariant with respect to some automorphism of T, then rad(A, T) is invariant
with respect to this automorphism as well. If a group Y has no torsion and A C A’ is
a pair of subgroups in T such that the index [A’: A] is finite, then A’ C rad(A, T).

LEMMA 5.2. Suppose that the matriz M does not have eigen-values equal to 1.
Then the following assertions hold:
(i) one has

[0,T]/ ([T, T)) = Im(M —1d) C T

is a free abelian group of rank 2;
(ii) [I,T) =2 52(r") for some r', and [T',T] is a subgroup of finite index in Ty;
(i) To = rad([T,T],T); in particular, Ty is a characteristic subgroup of T'.

Proof. The subgroup [[,T]/z([[,T]) C Ty is generated by the images of the
commutators [y, d;], where i = 1,2. Therefore, it can be identified with the sublattice
in 'y that is the image of the operator M — Id. Since the latter operator is non-
degenerate by assumption, we conclude that [[',T']/ z([T',T]) is a free abelian group of
rank 2. This proves assertion (i).

Since [I',T']/z([I',T]) has finite index in Ty by assertion (i), and [[',T] contains
the element 5$°* ™ by Lemma 5.1, we conclude that [T, I'] is a subgroup of finite index
in Tg. Therefore, it is isomorphic to a group (') for some positive integer r’ by
Lemma 4.2. This gives assertion (ii).

Since [I', '] has finite index in Ty, we see that T'g C rad([T’,T'],T"). Since I'/Ty = Z
has no torsion, we see that the opposite inclusion holds as well. This gives asser-
tion (iii). O

REMARK 5.3. If the matrix M does not have eigen-values equal to 1, then the
group I' does not contain subgroups isomorphic to Z3. Indeed, suppose that A C T is
such a subgroup. Then both the intersection A, = ANz(T") and the image Ag of ANy
in Ty are non-trivial. Now the contradiction is obtained by taking a commutator of
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a non-trivial element of A, with a preimage in A of a non-trivial element of Ay and
using the fact that the operator M — Id is non-degenerate.

LEMMA 5.4. Suppose that the eigen-values of the matriz M are not roots of unity.
Then there exists a constant v = v(I') with the Jollowing property. Let D=0¢gxIy,
where Ty = j‘fﬁr ) and | = Z, and suppose that ' C ' is a normal subgroup. Then
the group G =T'/T" is finite and has a normal abelian subgroup of index at most v.

Proof. The group G is finite for obvious reasons (cf. Lemma 4.2). By
Lemma 5.2(iii) we have Ty =T'N I'o. Thus by Lemma 3.2 there is a positive integer k
with the following properties: the subgroup I'y C I' is generated by an element yké
where ¥ is a generator of Fl, and b is an element of Fo, and the group G contains a
normal subgroup Gy = Fo /Ty of index k. Note that the subgroup I'y is normal in I,
because I is normal in I, while Iy is a characteristic subgroup of I' by Lemma. 5. 2(iii).
Let R € GL2(Z) be the matrix that defines the semi-direct product =Ty xTI;. Con-
sidering the action of the element ¥ on the lattice To/z(T) = Z? and its sublattice
To/z(Tg) = Z?, we see that RF is conjugate to M. Thus k is bounded by some con-
stant that depends only on M (that is, only on I') by Lemma 2.4. On the other hand,
the group Gy contains a normal abelian subgroup of index at most r by Corollary 4.4,
and the assertion easily follows. O

6. Heisenberg groups and direct products. Consider the groups I'y & 52(r)
and I'y 2 7Z, and put I' =T’y x I';. One has

Z(F) = <537V> = Z27

and I' =T/ z(T) = 72

Unlike the situation in §3 and §5, the subgroup I'g is not characteristic in T'.
Indeed, let 81, 62, and 83 be the generators of Iy as in (4.1), and y be a generator
of I'y. Define an automorphism 1 of ' by

P(81) = d1y, ¥(82) = 82, Y(83) = 83, Y(v) =",

cf. [Osil5]. Then 9 does not preserve I'g. However, the following weaker uniqueness
result holds.

LEMMA 6.1. Let Ty C T be a normal subgroup isomorphic to S (r") for some
positive integer r'. Suppose that <: T/ = Z. Then the natural projection 'y — Tg
is an isomorphism. In particular, one has r =r’.

Proof. Put Ty = I'1/T{ NIy and Yo = Ty/s(Ty). Then I'/T{ = Ty x Ty.
Therefore, either Yq is trivial and Y1 &2 Z, or Toq = Z and Y is trivial. In the former
case ¢ provides an isomorphism from T’ to T'g. In the latter case I'y C T’ and the
group ¢(I'f) = I')/T'; is abelian by Lemma 4.2. Thus the group I is abelian as well,
which is a contradiction. O

LEMMA 6.2.  Suppose that I' is a normal subgroup in a group I =Tg x fl,
where Ty =2 F(7) and Ty =2 Z. Then the group G = T'/T is finite and has a nor-
mal abelian subgroup of index at most r.

Proof. The group G is finite for obvious reasons. Put I'j, = I'Nly and Gy = f‘o/l"f).
By Lemma 3.2 one has I' = I'y «T'}, where I'} = Z is generated by ¥*5 for some positive
integer k, a generator y of I'y, and an element o € T'g. Thus I'/T'{; & Z. Since Iy is
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a subgroup of finite index in Ty, by Lemma 4.2 one has Ty = #(+') for some /. By
Lemma 6.1 we know that ' = r. Thus Gy contains a normal abelian subgroup N of
index at most r by Corollary 4.4. On the other hand, G is generated by Gy and the
image y of y. Since ¥ is a central element in G, the group generated by N and v is a
normal abelian subgroup of index at most r in G. O

7. Inoue surfaces. In this section we study automorphism groups of Inoue
surfaces.

Inoue surfaces are quotients of C x H, where H is the upper half-plane, by certain
infinite discrete groups. They were introduced by M. Inoue [Ino74]. These surfaces
contain no curves and their invariants are as follows:

a(X)=0, bi(X)=1, by(X)=0, h'9X)=0, h"'(X)=1.

LEMMA 7.1. Let X be an Inoue surface, and G C :Aut(X) be a finite subgroup.
Then the action of G on X is free, and the quotient X = X/G is again an Inoue
surface.

Proof. Assume that the action of G on X is not free. Let g be an element of G
that acts on X with fixed points. To get a contradiction we may assume that the
order of g is prime. Since X contains no curves, the fixed point locus of G consists of
a finite number of points. Denote by n the number of such points. By the topological
Lefschetz fixed point formula, one has

4
n = Z(—l)z trHi(X,]R) g* =2- 2trH1(X,R) g*
=0

K2

Hence the action of g* on H'(X,R) = R is not trivial. This is possible only if g is of
order 2 and n = 4.

Consider the quotient X of X by the cyclic group generated by g. We see that
X has exactly 4 singular points which are Du Val of type A;. Let Y — X be the
minimal resolution of singularities. Then

1
a(Y)? = e1(Hx)? = e (X)* =0,
and Yiop(Y) = 4 + Xtop(X) = 6. This contradicts the Noether’s formula, see
e.g. [BHPVAV04, §1.5]. R
Therefore, the action of G on X is free, and the quotient morphism X — X =

X/G is an unramified finite cover. This implies that xtop(X) = 0. Furthermore, one
has

bo(X) = rk H?(X, )% = 0,

and so bl(X ) = 1. Therefore, by Enriques—Kodaira classification X is a minimal
surface of class VII. Clearly, the surface X contains no curves, so that in particu-
lar bo(X) = 0. Thus X is either a Hopf surface or an Inoue surface (see [Bog77]
and [Tel94], cf. [BBK17]). Since every Hopf surface contains a curve (see [Kod66,
Theorem 32]), we conclude that X is an Inoue surface. O

There are three types of Inoue surfaces: Sy, S(H), and S(=). They are distin-
guished by the type of their fundamental group I' = 71 (X), see [Ino74]:
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type | generators relations
Sm 81,89,83,v | [64,8;] =1, 8y~ =8"""65""85""", (m;.i) € SL3(Z)
S(i) 617 62; 535Y [617 63] = 17 [61; 52] - éga ’YSZ”Y71 = 6;’[n1ﬂ612n2J6§i fOI'?; = 17 25

’}/53’}/_1 = 63:1, (mjﬂ-) S GLQ(Z), det(m‘m) ==+l

In the notation of §3 and §5, one has I' 2 T’y x I'y, where I'1 & Z, while I'y = Z3
for Inoue surfaces of type Sy, and Ty = #(r) for Inoue surfaces of types S(+).
In the former case the matrix M € SL3(Z) that defines the semi-direct product has
eigenvalues «, B, and B, where « € R, oc > 1, and p ¢ R. In the latter case the matrix
M € GL(Z) that defines the action of Z on J#(r)/ z((r)) = Z? has real eigenvalues
o and B, where & > 1 and «p = +1 depending on whether I is of type S(*) or (=),
see [Ino74, §§2-4).

LEMMA 7.2. Let T be a group of one of the types Sy, SH), or S(). Then
(i) T is of type Sm if and only if T' contains a characteristic subgroup isomorphic
to 73;
(ii) T is of type SO if and only if T' contains no subgroups isomorphic to Z*
and z(T') # {1};
(iii) T ds of type S) if and only if T contains no subgroups isomorphic to 77
and z(T') = {1}.

Proof. This follows from Lemmas 3.1(ii) and 5.1(ii) and Remark 5.3. O

COROLLARY 7.3. Let X be an Inoue surface, and G C Aut(X) be a finite sub-
group. Then the action of G on X is free, and the following assertions hold.
(i) If X is of type Sm, then so is X/G;
(i) If X is of type SC), then so is X/G;
(iii) If X is of type SOV, then X/G is of type S'T) or S(-).

Proof. Put X = X/G. Then the action of G on X is free, and X is an Inoue
surface by Lemma 7.1. Put I’ = 7 (X). Then I is a group of one of the types Sy,
S, or S(-), and I C I' is a normal subgroup of finite index. Now everything follows
from Lemma 7.2. O

LEMMA 7.4. Let X be an Inoue surface of type Sm. Then the group Aut(X) is
Jordan.

Proof. Let G C Aut(X) be a finite subgroup, and put X = X/G. By Corollary 7.3
the action of G on X is free, and X is also an Inoue surface of type Sy. Put I’ = 7 (X)
and I = m (X) Then T is a normal subgroup of I', and f‘/I‘ = G; moreover, both I’
and T are semi-direct products as in §3. Now it follows from Lemma 3.3 that there is
a constant v that depends only on I' (that is, only on X)), such that G has a normal
abelian subgroup of index at most v. O

Now we deal with Inoue surfaces of types S(*) and S(-).

LEMMA 7.5. Let X be an Inoue surface of type S or S(). Then the group
Aut(X) is Jordan.

Proof. Let G C Aut(X) be a finite subgroup, and put X = X/G. By Corollary 7.3
the action of G on X is free, and X is also an Inoue surface of type St or S(-).
Put I' = 7;(X) and T' = 7;(X). Then T is a normal subgroup of I', and T'/T" & G;
moreover, both I' and I' are semi-direct products as in §5. Now it follows from
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Lemma 5.4 that there is a constant v that depends only on I' (that is, only on X),
such that G has a normal abelian subgroup of index at most v. O

We summarize the results of Lemmas 7.4 and 7.5 as follows.

COROLLARY 7.6. Let X be an Inoue surface. Then the group Aut(X) is Jordan.

REMARK 7.7. There are certain types of minimal compact complex surfaces of
class VII whose automorphism groups are studied in details, for instance, hyperbolic
and parabolic Inoue surfaces, see [Pin84] and [Fuj09]. Note that surfaces of both of
these types have positive second Betti numbers (and thus they are not to be confused
with Inoue surfaces we deal with in this section).

8. Kodaira surfaces. In this section we study automorphism groups of Kodaira
surfaces. Our approach here is similar to what happens in §7.

Recall (see e.g. [BHPVAV04, § V.5]) that a Kodaira surface is a compact complex
surface of Kodaira dimension 0 with odd first Betti number. There are two types
of Kodaira surfaces: primary and secondary ones. A primary Kodaira surface is a
compact complex surface with the following invariants [Kod64, §6]:

Hx ~0, a(X) =1, bi(X) =3, ba(X) =4, xtop(X) =0, "' (X)=2, h"*(X)=1.

A secondary Kodaira surface is a quotient of a primary Kodaira surface by a free
action of a finite cyclic group.

Let X be a primary Kodaira surface. The universal cover of X is isomorphic to
C?, and the fundamental group I' = 71(X) has the following presentation:

I'= <61,62,53,Y | [61762] = 657 [61,63] = [ézaY] = 1>7 (81)

where 7 is a positive integer [Kod64, §6]. In the notation of §6 one has I' = JZ(r) x Z.
Denote by Aut(X) C Aut(X) the subgroup that consists of all elements acting
trivially on H*(X,Q) and H*(B, Q).

_ LEmMmA 8.2 (cf. Lemma 7.1). Let X be a primary Kodaira surface, and G C
AAut(X) be a finite subgroup. Then the action of G on X is free, and the quotient
X = X/G is again a primary Kodaira surface.

Proof. Let ¢: X — B be the algebraic reduction of X. Then B is an elliptic curve,
and ¢ is a principal elliptic fibration [Kod64, §6], [BHPVdV04, § V.5]. Furthermore,
¢ is equivariant with respect to Aut(X).

Let g be an element of G. Since the curve B is elliptic, we see that g acts on
B without fixed points. This means that there are no fibers of ¢ that consist of
points fixed by g. On the other hand, every curve on X is a fiber of ¢: X — B.
Indeed, otherwise one can construct a curve on X with a positive self-intersection,
which would imply that X is projective, see [BHPVAV04, §IV.6]. Hence there are no
curves that consist of points fixed by g on X at all. Now the topological Lefschetz
fixed point formula shows that the number of points on X fixed by g equals

4

4
Z(—l)itrm(x,n@) g" = Zbi(X) =0.

1=0 =0

Therefore, the action of G on X is free, so that X is a smooth surface and the

quotient morphism X — X is an unramified finite cover. Hence s(X) = s(X) = 0.
Moreover, we have

a(X)?=ci(X)2=0.
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This means that the surface X is minimal. Since G C Aut(X), we have

by(X) = by (X) = 3.

Therefore, X is a primary Kodaira surface by Kodaira—Enriques classification. O

LEmMA 8.3. Let X be a primary Kodaira surface. Then the group Aut(X) is

Jordan.

Proof. Let G C Aut(X) be a finite subgroup. By Theorem 2.1 and Lemma 2.2 we
can assume that G C Aut(X). Put X = X/G. Tt follows from Lemma 8.2 that G acts
freely on X, and X is a primary Kodaira surface. Put I' = m;(X) and I' = m (X).
Then I' is a normal subgroup of f, and f/F >~ (&; moreover, both I' and I are as
in §6. Now it follows from Lemma 6.2 that there is a constant r that depends only
on I' (that is, only on X), such that G has a normal abelian subgroup of index at

most r. O

[BBK17)

[BHPVAV04]

[Bog77]
[BZ15]
[BZ17]
[BZ18]

[Cas67]

[CPS14]

[CR62)

[Fuj09]
[Has05]

(Ino74]
[Kim18]

[Kod64]
[Kod66]
[Mun13]

[Mun14]

REFERENCES

F. BuoNErBA, F. BocomoLov AND N. KuUrNoOsov, Classifying VIIg surfaces
with ba = 0 via group theory, ArXiv e-print, 1709.00062, 2017.

W. P. BArTH, K. HULEK, CH. A. M. PETERS AND A. VAN DE VEN, Compact complex
surfaces, volume 4 of “Ergebnisse der Mathematik und ihrer Grenzgebiete. 3.
Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics
and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics].
Springer-Verlag, Berlin, second edition, 2004.

F. A. Bocomorov, Classification of surfaces of class VIlg with by = 0, Math.
USSR, Izv., 10 (1977), pp. 255-269.

T. BANDMAN AND YU. G. ZARHIN, Jordan groups and algebraic surfaces, Transform.
Groups, 20:2 (2015), pp. 327-334.

T. BANDMAN AND YU. G. ZARHIN, Jordan groups, conic bundles and abelian vari-
eties, Algebraic Geometry, 4:2 (2017), pp. 229-246.

T. BANDMAN AND YU. G. ZARHIN, Jordan properties of automorphism groups of
certain open algebraic varieties, Transform. Groups, 2018.

Algebraic number theory. Proceedings of an instructional conference organized by
the London Mathematical Society (a NATO Advanced Study Institute) with the
support of the International Mathematical Union. Edited by J. W. S. Cassels
and A. Frohlich. Academic Press, London; Thompson Book Co., Inc., Wash-
ington, D.C., 1967.

B. Csik6s, L. PYBER, AND E. SzABO, Diffeomorphism groups of compact /-
manifolds are not always Jordan, ArXiv e-print, 1411.7524, 2014.

CH. W. CuURTIS AND I. REINER, Representation theory of finite groups and associa-
tive algebras, Pure and Applied Mathematics, Vol. XI. Interscience Publishers,
a division of John Wiley & Sons, New York-London, 1962.

A. FuJiki, Automorphisms of parabolic Inoue surfaces, ArXiv e-print, 0903.5374,
2009.

K. HAsecAwA, Complex and Kdhler structures on compact solvmanifolds, J. Sym-
plectic Geom., 3:4 (2005), pp. 749-767. Conference on Symplectic Topology.

M. INOUE, On surfaces of Class V1lp, Invent. Math., 24 (1974), pp. 269-310.

J. H. Kivm, Jordan property and automorphism groups of normal compact Kdhler
varieties, Commun. Contemp. Math., 20:3 (2018), 1750024, 9.

K. KODAIRA, On the structure of compact compler analytic surfaces. I, Amer. J.
Math., 86 (1964), pp. 751-798.

K. KODAIRA, On the structure of compact complexr analytic surfaces. II, Amer. J.
Math., 88 (1966), pp. 682-721.

I. MUNDET 1 RIERA, Finite group actions on manifolds without odd cohomology,
ArXiv e-print, 1310.6565, 2013.

I. MUNDET 1 RIERA, Finite group actions on homology spheres and manifolds with
nonzero Euler characteristic, ArXiv e-print, 1403.0383, 2014.



AUTOMORPHISM GROUPS OF INOUE & KODAIRA SURFACES 367

[Mun16] I. MUNDET I RIERA, Finite group actions on 4-manifolds with nonzero Euler char-
acteristic, Math. Z., 282:1-2 (2016), pp. 25-42.

[Mun17] I. MUNDET I RIERA, Finite groups acting symplectically on T2 x S%, Trans. Am.
Math. Soc., 369:6 (2017), pp. 4457-4483.

[Mun18] I. MUNDET I RIERA, Finite subgroups of Ham and Symp, Math. Ann., 370:1-2 (2018),
pp- 331-380.

[MZ18] SH. MENG AND D.-Q. ZHANG, Jordan property for non-linear algebraic groups and
projective varieties, Amer. J. Math., 140:4 (2018), pp. 1133-1145.

[Osil15] D. V. Ostpov, The discrete Heisenberg group and its automorphism group, Math.
Notes, 98:1 (2015), pp. 185-188.

[Pin&4] H. C. PINKHAM, Automorphisms of cusps and Inoue—Hirzebruch surfaces, Compo-
sitio Math., 52:3 (1984), pp. 299-313.

[Pop11] V. L. Porov, On the Makar-Limanov, Derksen invariants, and finite automor-

phism groups of algebraic varieties, in “Peter Russell’s Festschrift, Proceed-
ings of the conference on Affine Algebraic Geometry held in Professor Rus-
sell’s honour, 1-5 June 2009, McGill Univ., Montreal.”, volume 54 of Centre de
Recherches Mathématiques CRM Proc. and Lect. Notes, pp. 289-311, 2011.

[Pop16] V. L. Poprov, Finite subgroups of diffeomorphism groups, Proc. Steklov Inst. Math.,
289:1 (2016), pp. 221-226.

[PS14] YUu. PROKHOROV AND C. SHRAMOV, Jordan property for groups of birational self-
maps, Compositio Math., 150:12 (2014), pp. 2054-2072.

[PS16] Yu. PROKHOROV AND C. SHRAMOV, Jordan property for Cremona groups, Amer. J.
Math., 138:2 (2016), pp. 403-418.

[PS17] Yu. PROKHOROV AND C. SHRAMOV, Jordan constant for Cremona group of rank 3,
Moscow Math. J., 17:3 (2017), pp. 457-509.

[PS18a] Yu. PROKHOROV AND C. SHRAMOV, Finite groups of birational selfmaps of three-
folds, Math. Res. Lett., 25:3 (2018), pp. 957-972.

[PS18Db] Yu. PROKHOROV AND C. SHRAMOV, p-subgroups in the space Cremona group, Math.
Nachrichten, 291:8-9 (2018), pp. 1374-1389.

[Ser07] J.-P. SERRE, Bounds for the orders of the finite subgroups of G(k), in “Group
representation theory”, pp. 405-450. EPFL Press, Lausanne, 2007.

[Ser09] J.-P. SERRE, A Minkowski-style bound for the orders of the finite subgroups of the
Cremona group of rank 2 over an arbitrary field, Mosc. Math. J., 9:1 (2009),
pp. 193-208.

[Tel94] A.-D. TELEMAN, Projectively flat surfaces and Bogomolov’s theorem on class VIl
surfaces, Int. J. Math., 5:2 (1994), pp. 253-264.

[Yas17] E. YaSINSKY, The Jordan constant for Cremona group of rank 2, Bull. Korean
Math. Soc., 54:5 (2017), pp. 1859-1871.

[Yel7] Su. YE, Symmetries of flat manifolds, Jordan property and the general Zimmer

program, J. Lond. Math. Soc. (2), 100:3 (2019), pp. 1065-1080.



368 Y. PROKHOROV AND C. SHRAMOV




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


